
���

������	
�

1.1 �

�������������������� !"�#�$%� 
&'()*����+!

tan xL� xL = 0 (1.1)

,-�������./0123���0(�4567189:;<
�(�!=>?@ABC�D�0EF1GH��1IJK!

1.2 LMNOP

23QR0S89:;0T�UV=W�4,-�:;07XYS
23QR04Z[U\]^!_0`?ab56������ (1.2)4c
de� (1.3)�W�!

f(x) = 0 (1.2)

x = g(x) (1.3)

f x = �S��� (1.2)�5+4g x = �hS� (1.3)�5+4i f(�) =

0; � = g(�)!j�kiSlm(��k4no� �p/0qr4s<t
uX1v5wxy4z5{|�k}~X����l���k!�\{|
x = xoS�~k4QR� (1.3)����;� g(xo)�k4f g(xo) 6= xogxo
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�Sl(�+4��Sx14ix1 = g(xo)!�1x = x1QR� (1.3)���
�;�x2 = g(x1)!"j�91)��;4X��;�x1; x2; :::; xn�k!

xi+1 = g(xi); i = 0; 1; :::; n� 1 (1.4)

f&��9�;U�X�xn� ¡�¢� xn�14¡ jxn � xn�1j < �£�
T �S5¤¥k4XD1¦§¨©ª4gxni� ¡�¢� lm(��
�4hixnX«¬l(�+�!&��9®;Es5w.¯«¬l(
�+!JK [°5 ]±²³4Xr´µ� jdg(x)

dx
jx=� < 1¶4·*x1; x2; :::; xn

¸�«¬!

°5 23QR0
¹º5»¼½¾¿À23QR0ÁÂD4m(p

3�k4Ãn ()
*����+!

f(x) = x
2 � 3 = 0 (1.5)

&*���cde� (1.3)XµÄÅCsÆW�4)*ÇºÈCW�É1
]^!

x =
1

2
(x+

3

x
) (1.6)

x = x
2 + x� 3 (1.7)

x =
3

x
(1.8)
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:Î xo = 2S�~kÏz� (1.6)X� x1 = 1:754 x2 = 1:732144 x3 =

1:732054 x4 = 1:73205Ðz� (1.7)X� x1 = 34 x2 = 94 x3 = 874
x4 = 7653Ðz� (1.8)X� x1 = 1:54x2 = 24x3 = 1:54 x4 = 2!ÑoX
Ò4z� (1.6)X1¤Ó(�p

3�k4Ôz� (1.7)Õ� (1.8)g./0«
¬p

3!¹�;È�� g
0(x)�ÖSÏ 1

2
(1 � 3

x2
)4 2x + 1×� 3

x2
!È��

g
0(
p
3)�ÖSÏ 04 4:4641×�1!ØjXÙÚ_k�ÛÜk¥  1Ý�«

¬ÐÞgis«¬!
1)ßà&�«¬áâ�ã^+äÏ?� (1.3)T� g(xi)Ü x = �å

æçè (Taylor)é·ê}"� (1.9)4�T g(�) = �4Z�� (1.10)4¡�
(1.11)4�T �i = xi � �!

xi+1 = g(�) + g
0(�)(xi � �) + � � �+

1

p!
g
(p)(�)(xi � �)p + � � � (1.9)

= � + g
0(�)(xi � �) + � � �+

1

p!
g
(p)(�)(xi � �)p + � � � (1.10)

�i+1 = g
0(�)�i +

1

2
g
00

�
2
i
+ � � �+

1

p!
g
(p)(�)�

p

i
+ � � � (1.11)

f
g
0(�) = g

00(�) = � � � = g
(p�1)(�) = 0; g

(p)(�) 6= 0 (1.12)

g

�i+1
:
=

1

p!
g
(p)(�)�

p

i
(1.13)

Ø 1
p!
g
(p)(�)S5ëw�k4 �i+1�,¥iìí  �

p

i
Ôîï456ðj2

3QR0�«¬ñ· (convergence order)S p!�Ò�23QR0�«¬
ñ·S 1¡ 24sòóôµ p > 2��04)õ?@A�ö÷ {øùú0
(Newton{Raphson method)�«¬ñ·S 2!n«¬ñ·S1¶423QR
0ûÞ�«¬4üoýþÿ  jg0(�)jûÞ¥  1�!

23QR0�GH����»¼4)*S5�D�23QR0GH�
��4_���\�R5�~kX = xo4EPS = �ÕN = n!����
; g(xi)`���DÝüd	·G(X)S�!
��D� (1.4)�;x1; x2; :::

xnSÔ�®;4��f�� jxi+1 � xij < �4gs�®;xn4E
�� xiÕ xi+1æSl(��!����lFüd	·`1� (1.6)S¾d
e4XæS�d��	·�JK!
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************************************************************************

IMPLICIT REAL*8 (A-H,O-Z)

READ(*,'(2F10.2,I5)') X,EPS,N

DO 20 I=1,N

XOLD=X

X=G(X)

IF(ABS(X-XOLD).LE.EPS) GO TO 40

20 CONTINUE

WRITE(*,'(/'' NOT CONVERGE IN'',I4,'' ITERATIONS WITHIN'',1PE10.3

* /'' THE LAST TWO SUCCESSIVE X VALUES ARE'',2E13.6

* /'' TRY ANOTHER TYPE OF G(X) FUNCTION.'')') N,EPS,XOLD,X

STOP

C** ------------------------------------------------------------ **

40 WRITE(*,'(/'' THE SEQUENCE CONVERGES IN'',I4

* ,'' ITERATIONS WITHIN'',1PE10.3

* /'' THE LAST TWO SUCCESSIVE X VALUES ARE'',2E13.6)')

* I,EPS,XOLD,X

STOP

END

************************************************************************

FUNCTION G(X)

IMPLICIT REAL*8 (A-H,O-Z)

G=0.5*(X+3.0/X)

RETURN

END

************************************************************************

1.3 �� {���P

ö÷ {øùú0£Newton-Raphson methodª���� (1.2)�+4Ã
n �23QR0T��

g(x) = x�
f(x)

f 0(x)
(1.14)

hi1)�æ�9®;1(�!
xi+1 = xi �

f(xi)

f 0(xi)
(1.15)

� (1.15)�ßàÏ? f(xi+1)Ü x = xiåæçèé·ê}"� (1.16)4
��� !4E� f(xi+1) = 04�xi+1i�� (1.15)!ØSD1( xi+1�

f(xi+1) = 0����S��� !��¢�4Zl��xi+14Es¯"Á
� f(xi+1)S#4$Â_ûíxi%&Á�¢k4Øj'æÅ �9®;!

f(xi+1) = f(xi) + f
0(xi)(xi+1 � xi) + � � � (1.16)

ö÷ -øùú056«¬¤Ó4ØS	· g(x)�à	·SÏ
g
0(x) = 1 �

[f 0(x)]2 � f(x)f 00(x)

[f 0(x)]2
=
f(x)f 00(x)

[f 0(x)]2
(1.17)
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n x = �¶4Ø f(�) = 04Zf f
0(�)s�  04g g

0(�) = 04Z�
(1.15)�+x = ��F�*o�«¬4�«¬ñ·S 2! [°+ ]¿Àö÷ {

øùú0�89®;<�Õ«¬²³!
põl*GH���hXDb1ö÷{øùú0(� (1.1)�+!´�

üd5	·G(x)D1�;x� f(x)=f 0(x)�	·kiX!1� (1.1)���
����S¾!

g(x) = x�
tan xL� xL

(sec2 xL� 1)L
=

x

sin2 xL
�

cos xL

L sin xL
(1.18)

�GH	·Xde")4��S,R-.Õ�;/0!

°+ ö÷ {øùú0

************************************

FUNCTION G(X)

IMPLICIT REAL*8 (A-L,O-Z)

DATA L/10.0/

XL=X*L

CS=COS(XL)

SS=SIN(XL)

G=X/(SS*SS)-CS/(L*SS)

RETURN

END

************************************

0.43 0.00001 10

THE SEQUENCE CONVERGES IN 8 ITERATIONS WITHIN 1.000E-05

THE LAST TWO SUCCESSIVE X VALUES ARE 4.493471E-01 4.493409E-01

1.4 123P

f��� (1.2)Çµ5¼+@ xa×xb��44	· f(x)�xa×xb�
���4g f(xa)× f(xb)*S5�k!� xc = (xa + xb)=24E�; f(xc)

4�+ä f(xc)�ì64æ)*�78Ï
(1)f f(xc)× f(xb)Æ�4+*@ xa×xc��!Xc�xb� xc4E�
9&�®;!

(2)f f(xc)× f(xa)Æ�4+*@ xb×xc��!Xc�xa� xc4E�
9&�®;!

s9 f(xc)×:ÝÆ�4+�X¯;<i=¥5>!fp��?@AB n

 4g+�CD?¥  jxa � xbj � 2�n4ØjX1+ä xa× xb�Dk4E
n��nkÔF�l�(�¨©!
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f+�;<s¯Gw�H5I�¶4XÎ5Jw�U¥kxmin}~

41 �xS5I�4KLM5I�ûÞµ+N�!Oi�\78 xmin ×
xmin + �x��4 f(x)ûÞP�4"QP�4g78xmin + �x×xmin + 2�x

��4 f(x)ûÞP�4
jRß42H5I� f(x)P�S!�1p
�>I�0(�S¨G�+!"m(SÅ�+4XDT(��+��U
kSxmin4V�K(SÅ�+!

�x�ÿwÂWOX!agÏ5S �xY,gK(Z©Ó4$'æSÅ
 �>I�78Ð+S �x'¥ U[��X+�Dk4Þg�KL<�
T4X¯�\]l��+!

[^5 ]iS1>I�0(+�5�D_��4__��¯ÎXMIN

}~1DXS5I�KLµ+�I��c1>I�0(%¨G�+!l
�+�CD¥ DX � 2�M 4"0KLXMAX`/+¶4ga���
��!

[^5 ] >I�0_��
************************************************************************

SUBROUTINE SEARCH(XX,FX,F,XMIN,XMAX,DX,ICUT,FLMT)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

C** ============================================================ **

FA= 1.0

FB=-1.0

XX=XMIN

IR=0

C** +----------------------------------------------------------+ **

C** | Compute function value | **

C** +----------------------------------------------------------+ **

30 FX=F(XX)

IR=IR+1

IF(FX.EQ.0.0) RETURN

C* WRITE(*,'('' IR,FX,XX'',I5,1P2E15.6)') IR,FX,XX

C** +----------------------------------------------------------+ **

C** | Return on discontinuous point | **

C** +----------------------------------------------------------+ **

IF(DABS(FX).GE.FLMT) RETURN

C** +----------------------------------------------------------+ **

C** | Set limits for next new root | **

C** +----------------------------------------------------------+ **

IF(FX.LT.0.0) THEN

XA=XX

FA=FX

ELSE

XB=XX

FB=FX

ENDIF

C** +----------------------------------------------------------+ **

C** | Search interval for changing sign | **

C** +----------------------------------------------------------+ **

IF(FA*FB.GT.0.0) THEN
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IF(XX.GT.XMAX) THEN

WRITE(*,'('' NO ROOT BETWEEN'',1P2E15.6)') XMIN,XMAX

RETURN

ENDIF

XX=XX+DX

IE=IR+ICUT

GO TO 30

ENDIF

C** +----------------------------------------------------------+ **

C** | Get new root by half interval method | **

C** +----------------------------------------------------------+ **

XX=0.5*(XA+XB)

C** +----------------------------------------------------------+ **

C** | Get new root by false position method | **

C** +----------------------------------------------------------+ **

C 75 XX=XA-FA*(XB-XA)/(FB-FA)

C** +----------------------------------------------------------+ **

C** | Check the iteration numbers | **

C** +----------------------------------------------------------+ **

IF(IR.LE.IE) GO TO 30

WRITE(*,*) ' THE NUMBER OF ITERATIONS EXCEEDS',ICUT

RETURN

END

************************************************************************

"m(��� (1.1)@  1:0 100:0�� 10b+4XD [^+ ]���
�ÕÜÂ�	·��4cd [^5 ]�_��(�!

[^+ ] >I�0���
************************************************************************

IMPLICIT REAL*8 (A-H,O-Z)

EXTERNAL F

XMAX=100.0

XMIN=1.0

DX=0.1

ICUT=20

FLMT=1000.

DO 30 I=1,10

CALL SEARCH(X,FX,F,XMIN,XMAX,DX,ICUT,FLMT)

IF(ABS(FX).GE.FLMT)

*WRITE(*,'('' FOLLOWING MAY BE A DISCONTINUOUS POINT'')')

WRITE(*,'('' I=''I3,'', X(I)=''1PE13.6,'', F(X)=''E13.6)') I,X,FX

XMIN=X+DX/10.0

IF(X.GT.XMAX) STOP

30 CONTINUE

STOP

END

************************************************************************

FUNCTION F(X)

IMPLICIT REAL*8 (A-L,O-Z)

DATA L/1.0/

XL=X*L

F=SIN(XL)/COS(XL)-XL

IF(ABS(F).LE.0.00001) F=0.0

RETURN

END

************************************************************************
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[^È ]S&*���,�/04WO�Te 1,3,5,7,9�fb xlÜÂ

� f(x)�ÖS 2066:7; �2528:5; �4769:0; 4952:2; 3032:97Ãn,4XrE
� f(x) = 0Á+!½g& f(x)�hfb xkiSs��4 xkXU� f(x)

45�j ì/k,45�j 6/k,4Øj��D>I�0¶4Âl
mU�;�� f(x)178l��xûÞSl��+!noWO�F 	·�
�T� IF (ABS(F ):LE:0:00001) F = 0:0J�4XD1p jf(x)j < 0:00001

�áâ/q89�:;!
[^È ] >I�0,�/0

FOLLOWING MAY BE A DISCONTINUOUS POINT

I= 1, X(I)= 1.570313E+00, F(X)= 2.065321E+03

I= 2, X(I)= 4.493409E+00, F(X)= 0.000000E+00

FOLLOWING MAY BE A DISCONTINUOUS POINT

I= 3, X(I)= 4.712784E+00, F(X)=-2.535118E+03

I= 4, X(I)= 7.725252E+00, F(X)= 0.000000E+00

FOLLOWING MAY BE A DISCONTINUOUS POINT

I= 5, X(I)= 7.854002E+00, F(X)=-4.923385E+04

I= 6, X(I)= 1.090412E+01, F(X)= 0.000000E+00

FOLLOWING MAY BE A DISCONTINUOUS POINT

I= 7, X(I)= 1.099537E+01, F(X)= 4.926082E+03

I= 8, X(I)= 1.406619E+01, F(X)= 0.000000E+00

FOLLOWING MAY BE A DISCONTINUOUS POINT

I= 9, X(I)= 1.413713E+01, F(X)= 2.811500E+04

I= 10, X(I)= 1.722076E+01, F(X)= 0.000000E+00

1.5 rsPtuvP

 põl��>I�0�;w xi+1`þI��Tå4$"w xi+1þ
(xa; f(xa))× (xb; f(xb))Xå���× xx�yå� xi+1k4gðS{z
0£ false position methodª!£Ò [^5 ]�F{J� 75ª!|"wxi+1þ
U�l��Xå (xi�1; f(xi�1))4 (xi; f(xi))��×xx�yå�xi+1k4g
ðS}�0£ secant methodª!}�0�&iS(+Z©Ó4$~åSs
X[4Ø�s�{z0¡>I�0��D� f(x)S5�ÁXbå4Øj
4nF�� f

0(x)3�#¶4l�wxi+1X¯���xi�1; xi�k4Ôs¯
j�F��+!

[^� ]��`�D}�0×{z0(+!ì�®;1}�0(wxi+1

4$h"Æ>I�0¡{z0��5bU¥I�4_I�X��	·S
5�k!n}�0l��wxi+1� I��¶g[�D48�4n}�0
l��wxi+1� I��¶4gü�cDI�X�å1{z0�;wxi+1

4g_xi+1*� I��Ô��xi+1j� I���+!
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j0�µ}�0Z©Ó×{z0�wX[�&i4Øj�Öß��
D!��5~åS´ED (;¼5	·�½+!

[^� ] }�0×{z0de_��
************************************************************************

SUBROUTINE SEARCH(XX,FX,F,XMIN,XMAX,DX,ICUT,FLMT)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

C** ============================================================ **

C*I XX = Argument of function **

C*I FX = Function value of XX, F(XX) **

C*F F(X) = Function to calculate F(X) **

C*I XMIN,XMAX,DX = Search limits and increment for root **

C*I ICUT = Max number of iterations **

C*I FLMT = Limited function values of F(XX) **

C** ============================================================ **

FN= 1.0E30

FP=-1.0E30

XX=XMIN

IR=0

C** +----------------------------------------------------------+ **

C** | Compute function value | **

C** +----------------------------------------------------------+ **

30 FX=F(XX)

IR=IR+1

IF(FX.EQ.0.0) RETURN

C* WRITE(*,'('' IR,FX,XX'',I5,1P2E15.6)') IR,FX,XX

C** +----------------------------------------------------------+ **

C** | Return on discontinuous point | **

C** +----------------------------------------------------------+ **

IF(DABS(FX).GE.FLMT) RETURN

C** +----------------------------------------------------------+ **

C** | Push down old values, and put the new one on top | **

C** +----------------------------------------------------------+ **

X1=X2

X2=XX

F1=F2

F2=FX

C** +----------------------------------------------------------+ **

C** | Set limits for next new root | **

C** +----------------------------------------------------------+ **

IF(FX.LT.0.0) THEN

XN=XX

IF(FX.LT.FN) IE=IE-1

FN=FX

ELSE

XP=XX

IF(FX.GT.FP) IE=IE-1

FP=FX

ENDIF

C** +----------------------------------------------------------+ **

C** | Search interval for changing sign | **

C** +----------------------------------------------------------+ **

IF(FN*FP.GT.0.0) THEN

IF(XX.GT.XMAX) THEN

WRITE(*,'('' NO ROOT BETWEEN'',1P2E15.6)') XMIN,XMAX

RETURN
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ENDIF

XX=XX+DX

IE=IR+ICUT

GO TO 30

ENDIF

C** +----------------------------------------------------------+ **

C** | Get new root by secant method | **

C** +----------------------------------------------------------+ **

IF(F1.NE.F2) THEN

XX=X1-F1*(X1-X2)/(F1-F2)

C** +--------------------------------------------------------+ **

C** | Check if the new root goes outside the limits | **

C** +--------------------------------------------------------+ **

IF((XX-XP)*(XX-XN).GT.0.0) THEN

C** +------------------------------------------------------+ **

C** | YES: Get new root by false position method | **

C** +------------------------------------------------------+ **

XX=XP-FP*(XP-XN)/(FP-FN)

ENDIF

ENDIF

C** +----------------------------------------------------------+ **

C** | Check the iteration numbers | **

C** +----------------------------------------------------------+ **

IF(IR.LE.IE) GO TO 30

WRITE(*,*) ' THE NUMBER OF ITERATIONS EXCEEDS',ICUT

RETURN

END

************************************************************************

1.6 �����

nf(x) = 0µ�+¶4X�u(x) = f(x)=f 0(x)4�c(u(x) = 0�+!
z)*�`X�Àu(x) = 0�+.S f(x) = 0�+44.S¼+!
| f(x) = 0�+�S q�+ (q � 14i1)ßàhED ¼+ )4g

f(x) = (x� �)qh(x); h(�) 6= 0 (1.19)

f
0(x) = (x� �)q�1[q h(x) + (x� �)h0(x)] (1.20)

Z
u(x) = (x� �)k(x); k(�) 6= 0 (1.21)

&�T
k(x) = h(x)=[q h(x) + (x� �)h0(x)] (1.22)

k(�) = h(�)=[q h(�)] = 1=q 6= 0 (1.23)

Zu(x) = 0µ��+4S¼+!
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1.7  ¡¢£¤¥

p�l¦I�(���.�D56§D���Ïi	·��;z(
����-23���DÝ¦I�	·��!jC���	·��¨�
D�¤ÅJ·¶4�µÄÅs©�i! [^f ]l¦I�(���XZERO

4?s�23��ª:_��¡	·��4lµ·k.z�DÝ ��
XZERO¶«<��J·¦I!Ü�DÝÔ¬4j(���ý�5b®
¯4j��X+ä° l�-.£"x× f(x)kª4®D�l�D�04
a95b%3� f(x) = 0�+�xk!S��Æ5b��Æ¶X1(�¤
ÅsÆÁ���4�l¨�NÁ-..±² �DÝl¦I�³N·*
BUF (11)T4Ez�DÝüB�N!

�D [^f ]_��4 [^5 ] [^� ]�_��4iXcS" [^´ ]�
_��!n��1�·õ�(�Åµ������T4lµ¶Õ5µ�
���(�.��j��!"0h·��s��j��4Ô��156
§D��de���4g*Ñ�Ãn¸¹!

[^f ] 5µ���(+_��
************************************************************************

FUNCTION XZERO(X,F,DX,ISTEP,B)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(11),B(11)

EQUIVALENCE (A(1),X0),(A(2),X1),(A(3),X2)

* ,(A(4),F0),(A(5),F1),(A(6),F2)

* ,(A(7),XP),(A(8),XN),(A(9),FP),(A(10),FN),(A(11),ST)

C** ============================================================ **

C*I X = Argument of function **

C*I F = Function value of X, F(X) **

C*O XZERO = A better guess for F(XZERO)=0 **

C*I DX = In case no better formula to guess XZERO, **

C** This function will return : **

C** Either XZERO = X + DX, if DX .NE. 0 **

C** Or XZERO = X + F, if DX .EQ. 0 **

C** this will simulate XZERO = G(X) **

C** as in the direct substitution method **

C** if set F(X) = G(X) - X **

C*I ISTEP = 1 : For the first call of a new function **

C** > 1 : Otherwise **

C** **

C** For ISTEP = 1 : **

C** XZERO = X + DX or XZERO = X + F **

C** **

C** For ISTEP > 1 : **

C** XZERO by secant method or **

C** by false position method (if applicable) **

C** if XZERO by secant method goes outside (XP,XN) **

C** ============================================================ **
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IF (ISTEP.EQ.1) THEN

DO 10 I=1,11

10 A(I)=0.0

FP=-1.0

FN=+1.0

ELSE

DO 20 I=1,11

20 A(I)=B(I)

ENDIF

ST=ST+1

C** +----------------------------------------------------------+ **

C** | Save the most newly 3 points | **

C** +----------------------------------------------------------+ **

X0=X1

X1=X2

X2=X

F0=F1

F1=F2

F2=F

C** +----------------------------------------------------------+ **

C** | Find new points (XP,XN) that bracket the root | **

C** +----------------------------------------------------------+ **

IF (F.LT.0.0) THEN

XN=X

FN=F

ELSE

XP=X

FP=F

ENDIF

IGET=0

XX=0.0

C** +----------------------------------------------------------+ **

C** | For slow convergence due to multiple roots | **

C** | Then use secant method on U(X)=F(X)/F'(X)=0 | **

C** | After 13 iterations (13 in statement below, >=3) | **

C** +----------------------------------------------------------+ **

IF (ST.GE.13) THEN

IF ((F2-F1).NE.0.0.AND.(F1-F0).NE.0.0) THEN

U1=F1*(X1-X0)/(F1-F0)

U2=F2*(X2-X1)/(F2-F1)

IF ((U2-U1).NE.0.0) THEN

XX=X2-U2*(X2-X1)/(U2-U1)

IGET=4

ENDIF

ENDIF

ENDIF

C** +----------------------------------------------------------+ **

C** | If we have at least 2 functions and no XX get | **

C** | Then use secant method on F(X)=0 | **

C** +----------------------------------------------------------+ **

IF (ST.GE.2.AND.IGET.EQ.0) THEN

IF ((F2-F1).NE.0.0) THEN

XX=X2-F2*(X2-X1)/(F2-F1)

IGET=3

ENDIF

ENDIF

C** +----------------------------------------------------------+ **

C** | If root is bracketed by (XP,XN) | **

C** | And if no XX get or XX goes outside (XP,XN) | **

C** | Then use false position method by (XP,XN) | **



1.7 ������ 13

C** +----------------------------------------------------------+ **

IF (FP.GE.0.0.AND.FN.LT.0.0) THEN

IF (IGET.EQ.0.OR.(XX-XP)*(XX-XN).GT.0.0) THEN

XX=XP-FP*(XP-XN)/(FP-FN)

IGET=2

ENDIF

ENDIF

C** +----------------------------------------------------------+ **

C** | If secant method & false position method cannot be used: | **

C** | If DX.NE.0 : Arbitrary set XX=X+DX | **

C** | Else : Set XX=X+F(X) | **

C** | To simulate direct substitution method | **

C** | If set F(X)=G(X)-X in calling program | **

C** +----------------------------------------------------------+ **

IF (IGET.EQ.0) THEN

IF (DX.NE.0.0) THEN

XX=X+DX

ELSE

XX=X+F

ENDIF

IGET=1

ENDIF

C** +----------------------------------------------------------+ **

C** | For debug | **

C** +----------------------------------------------------------+ **

X0=IGET

F0=XX

C** ------------------------------------------------------------ **

DO 30 I=1,11

30 B(I)=A(I)

XZERO=XX

RETURN

END

************************************************************************

[^´ ] ��XZERO�(+_��
************************************************************************

SUBROUTINE FROOT(XX,FX,F,XINI,DX,EPS,ITMAX,FLMT)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION BUF(11)

C** ============================================================ **

C** Find root of F(XX)=0 from the initial guess XINI **

C** ============================================================ **

NSTP=ITMAX

IF(NSTP.EQ.0) NSTP=12

ERRX=EPS

IF(ERRX.EQ.0.0) ERRX=0.000001

IF(XINI.NE.0.0) ERRX=ERRX*ABS(XINI)

FLMY=FLMT

IF(FLMY.EQ.0.0) FLMY=1.0E30

C** ------------------------------------------------------------ **

XN=XINI

DO 20 ISTEP=1,NSTP

XX=XN

FX=F(XX)

XN=XZERO(XX,FX,DX,ISTEP,BUF)

WRITE(*,'('' FROOT''/(1X,1P6E13.6))') BUF

IF(DABS(XN-XX).LE.ERRX) RETURN
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IF(DABS(FX).GT.FLMY) RETURN

20 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE GROOT(XN,XX,G,XINI,EPS,ITMAX)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION BUF(11)

ZERO=0.0

C** ============================================================ **

C** Find root of XX=G(XX) from the initial guess XINI **

C** ============================================================ **

NSTP=ITMAX

IF(NSTP.EQ.0) NSTP=12

ERRX=EPS

IF(ERRX.EQ.0.0) ERRX=0.000001

IF(XINI.NE.0.0) ERRX=ERRX*ABS(XINI)

C** ------------------------------------------------------------ **

XN=XINI

DO 20 ISTEP=1,NSTP

XX=XN

XN=G(XX)

XN=XZERO(XX,XN-XX,ZERO,ISTEP,BUF)

WRITE(*,'('' DIRSUB''/(1X,1P6E13.6))') BUF

IF(DABS(XN-XX).LE.ERRX) RETURN

20 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE SROOT(XX,FX,F,XINI,XFIN,DX,EPS,ITMAX,FLMT)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION BUF(11)

C** ============================================================ **

C** Search root of F(XX)=0 from XINI to XFIN step DX **

C** ============================================================ **

NSTP=ITMAX

IF(NSTP.EQ.0) NSTP=12

ERRX=EPS

IF(ERRX.EQ.0.0) ERRX=0.000001

IF(XINI.NE.0.0) ERRX=ERRX*ABS(XINI)

FLMY=FLMT

IF(FLMY.EQ.0.0) FLMY=1.0E30

DXX =(XFIN-XINI)/16

IF(DXX .NE.0.0) DXX =SIGN(ABS(DX),XFIN-XINI)

C** ------------------------------------------------------------ **

XN=XINI

FX=1.0

DO 20 ISTEP=1,NSTP

10 XX=XN

FO=FX

FX=F(XX)

C** +--------------------------------------------------------+ **

C** | Search interval with root | **

C** +--------------------------------------------------------+ **

IF(ISTEP.EQ.2) THEN

IF((XFIN-XX)*(XINI-XX).GT.0.0) THEN

WRITE(*,'('' NO ROOT BETWEEN'',1P2E15.6)') XINI,XFIN

RETURN
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ENDIF

IF(FX*FO.GT.0.0) THEN

XN=XZERO(XX,FX,DXX,1,BUF)

WRITE(*,'('' SROOT''/(1X,1P6E13.6))') BUF

GO TO 10

ENDIF

ENDIF

C** ---------------------------------------------------------- **

XN=XZERO(XX,FX,DXX,ISTEP,BUF)

WRITE(*,'('' SROOT''/(1X,1P6E13.6))') BUF

IF(DABS(XN-XX).LE.ERRX) RETURN

IF(DABS(FX).GT.FLMY) RETURN

20 CONTINUE

RETURN

END

************************************************************************

1.8 ¿ÀÁÂÃsÄÅ¤¥�ÆP

p�±õl��0Ç¶Õ5bQr·i5µ�²³4h·�0E�
7XED ÅµÇÈ�²³!�T23QR0×ö÷ {øùú0X123
ÉÊ�D Åµ! }�0hX�D Åµ�²³4$�ã^VËs�5
µÌÍ¼Î4ØjsÏ�=>@A!XÐÁû4�X[ÑåÁ{z0£
×>I�0ªýÒplr`/0ED Åµ!s<5µÁ{z0×}�
0`oX1�3�D =>?@A�îÓ®;0×89:;0!_+0
.?NµÇÈ���YSN b5µ���(�!1)?1ÈbQr·S
¾¿À±C�0!

1.9 ¿ÀLMNOP

23QR0�Åµ²³hS89:;0�UV=W�4_0`?ab
56������ (1.24)4cde� (1.25)�W�!

f1(x; y; z) = 0

f2(x; y; z) = 0 (1.24)

f3(x; y; z) = 0

x = g1(x; y; z)

y = g2(x; y; z) (1.25)

z = g3(x; y; z)
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f (x; y; z) = (�; �; )S��� (1.24)�5+4g�hS� (1.25)�5+4
if f1(�; �; ) = 0; f2(�; �; ) = 0; f3(�; �; ) = 04g� = g1(�; �; ); � =

g2(�; �; );  = g3(�; �; )!j (�; �; )kiSlm(��k4no� �
p/0qr4s<tuX1v5wxy4z5{|�k}~X����
l�� (�; �; )k!�\{| (x; y; z) = (xo; yo; zo)S�~k4QR� (1.25)

����;� (g1(xo; yo; zo); g2(xo; yo; zo); g3(xo; yo; zo))�k4f (xo; yo; zo) 6=
(g1(xo; yo; zo); g2(xo; yo; zo); g3(xo; yo; zo))4g (xo; yo; zo)�Sl(�+4��
S (x1; y1; z1)4i x1 = g1(xo; yo; zo); y1 = g2(xo; yo; zo); z1 = g3(xo; yo; zo)4�
1(x; y; z) = (x1; y1; z1)QR�(1.25)����;� (x2; y2; z2) = (g1(x1; y1; z1);

g2(x1; y1; z1); g3(x1; y1; z1))4"j�91)��;4X��;� (x1; y1; z1);

(x2; y2; z2); :::; (xn; yn; zn)�k")Ï
xi+1 = g1(xi; yi; zi)

yi+1 = g2(xi; yi; zi); i = 0; 1; :::; n� 1 (1.26)

zi+1 = g3(xi; yi; zi)

f&��9�;U�X� (xn; yn; zn)� ¡�¢�  (xn�1; yn�1; zn�1)4
¡ jxn�xn�1j<�4 jyn�yn�1j<�4 jzn�zn�1j<�£�T �S5¤¥k4XD1
¦§¨©ª4g (xn; yn; zn)i� ¡�¢� lm(�� (�; �; )4hi
(xn; yn; zn)X«¬l(�+ (�;�; )!&��9®;Es5w.¯«¬
l(�+!´µ� jJ(g1;g2;g3

x;y;z
)j(x;y;z)=(�;�;) < 1¶4·* (x1; y1; z1); (x2; y2; z2);

. . . ; (xn; yn; zn)¸�«¬!�TJSÔÕíÖ× (Jacobian)!

1.10 ¿À�� {���P

�ÇÈ�������ö÷{øùú04Xz)*çèê}�£T��
� !ª�fj(xi+1; yi+1; zi+1) = 0; j = 1; 2; 34i�XD1�(xi+1; yi+1; zi+1)

�ÇÈ�����!
8>><
>>:

f1(xi+1; yi+1; zi+1)

f2(xi+1; yi+1; zi+1)

f3(xi+1; yi+1; zi+1)

9>>=
>>;

=

8>><
>>:

f1(xi; yi; zi)

f2(xi; yi; zi)

f3(xi; yi; zi)

9>>=
>>;
+

2
664

@f1

@x

@f1

@y

@f1

@z

@f2

@x

@f2

@y

@f2

@z

@f3

@x

@f3

@y

@f3

@z

3
775
i

8>><
>>:

xi+1 � xi

yi+1 � yi

zi+1 � zi

9>>=
>>;

(1:27)

ö÷ {øùú0�+ÁF���«¬¤Ó4�«¬ñ·S 2!$hX
¯s«¬!���" [^Ø ]lÙ4_��'�� JAC_��× FUN 	
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·��1�;� (1.27)T�Ö× (ðÔÕí (Jacobian)Ö× )×±	·�
(xi; yi; zi)å�k!���ÇÈ����_��LUFPDC×LUFPSBoJ
KeÈ>!�+b¡%ÅQr·�²³4E/R¢{z0¡>I�04
X1z	·k�ì61Gw+�H5;<��04Øjßýsóôà�
¯á�Ú�«¬4«¬Z©ÓÁ�0�!

[^Ø ] ö÷ {øùú0(+_��
************************************************************************

SUBROUTINE NROOTN(N,FX,XX,X0,ERR,D,LI,LJ,JAC,FUN)

C** ============================================================ **

REAL*8 X0(N),ERR(N)

REAL*8 FX(N),XX(N),D(N,N)

INTEGER LI(N),LJ(N),N,I,ITER,NITER/500/

C** ============================================================ **

C*I N = Number of variables **

C*O FX(N) = Function values **

C*O XX(N) = Root find by this subroutine **

C*I X0(N) = Initial values for the first try **

C*I ERR(N) = Tolerance of X(N) **

C*W D(N,N) = Jacobian matrix **

C*W LI(N) = Row permutation index **

C*W LJ(N) = Column permutation index **

C*S JAC(X,D) = Subroutine to calculate D(N,N) for given X(N) **

C*F FUN(X,I) = Function to calculate F_I(X) for given X(N) & I **

C** ============================================================ **

DO 10 I=1,N

10 XX(I)=X0(I)

DO 80 ITER=1,NITER

C** +----------------------------------------------------------+ **

C** | Compute FX(N),D(N,N) | **

C** +----------------------------------------------------------+ **

DO 40 I=1,N

40 FX(I)=FUN(XX,I)

CALL JAC(XX,D,N)

C** ------------------------------------------------------------ **

C* DO 45 I=1,N

C* 45 WRITE(*,'(I4,1P5E15.6)') I,(D(I,J),J=1,N)

WRITE(*,'(I4,1P5E15.6)') ITER,(FX(I),I=1,N)

C** +----------------------------------------------------------+ **

C** | Solve -DX from D(N,N)*DX(N) = -FX(N) | **

C** | Get XX(N).new = XX(N).old + DX | **

C** +----------------------------------------------------------+ **

CALL LUFPDC(D,LI,LJ,N,N)

CALL LUFPSB(D,FX,LI,LJ,N,N)

DO 50 I=1,N

50 XX(I)=XX(I)-FX(I)

C** ------------------------------------------------------------ **

C* DO 55 I=1,N

C* 55 WRITE(*,'(I4,1P5E15.6)') I,(D(I,J),J=1,N)

WRITE(*,'(I4,1P5E15.6)') ITER,(FX(I),I=1,N)

C** +----------------------------------------------------------+ **

C** | Convergence check | **

C** +----------------------------------------------------------+ **

DO 70 I=1,N

IF(DABS(FX(I)).GT.ERR(I)) GO TO 80
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70 CONTINUE

RETURN

80 CONTINUE

WRITE(*,*) ' THE NUMBER OF ITERATIONS EXCEEDS',NITER

RETURN

END

************************************************************************

1.11 âãäåP

Ü 5µ������4z X1cd}�0×{z0ÔeS5Ó
ZÔX[Á�04Øj1)¦I5Cæç1�5µ������Á��
b�ÅµÇÈ������Á�0!hb�0�µp�5µ�0ÁX[
�ÁÑå4$Qr·YÅgèé�PD4Øjêë�D�Qr·ì  10

�²³Sí!"0�5µ� î.¨:;M 4g�NµÁ� ï¨:
;M

N  !1M = 4:642S¾Ï"N = 34gM
N = 100Ð"N = 64g

M
N = 10000Ð"N = 94gM

N = 106!
îÓ®;0�®;<�SÏz)*5µ���(x

F1(x) = f1(x; y(x); z(x; y(x))) = 0 (1.28)

�T y(x)'ðñ)*5µ���£ ySQr4xSTrJ·ªÏ
F2(y;x) = f2(x; y(x); z(x; y(x))) = 0 (1.29)

Ô z(x; y(x))'ðñ)*5µ���£ zSQr4x× ySTrJ·ªÏ
F3(z;x; y) = f3(x; y(x); z(x; y(x))) = 0 (1.30)

WO&�TÏF1(x) = 0ÇxSQr·ÐF2(y;x) = 0Ç ySQr·4xYS
Tr�J·Ð F3(z;x; y) = 0Ç zSQr·4 x× y.YSTr�J·!�
�;F1(x)�k¶4'\(�ðñ F2(y;x) = 0� yÕðñF3(z;x; y) = 0�
z4Æò��;F2(y;x)�k¶4h'\(�ðñF3(z;x; y) = 0� z!

1N = 3S¾4���X" [^ó ]lÙ!Ü ªON µÇÈ���
4���X" [^ô ]lÙ!oõöíS [^ó ]× [^ô ]4 [^ô ]÷oí
[^ó ]»øÄÅ4$ùX1æsúû·ÁÓû4i [^ó ]ÇæëwÈb
ÓûÐÔ [^ô ]XæªONbÓû!"0�DîÓ (�� )�� (recursive

method)iã4��ü��Sýþ4$Òp,-�GHÿ��`Q�Ä�
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DîÓ����4Z [^ô ]���EQ�DîÓ����4$ùT��
D�îÓÁ	
4Øj_��¡XæSiãîÓÁ5b;¾!

[^ó ] îÓ®;0�Èµ���(+_��
************************************************************************

SUBROUTINE FROOTN(N,FX,XX,XN,X0,DX,ERR,FLM,STEP,BUF,FUN)

C** ============================================================ **

REAL*8 X0(N),DX(N),ERR(N),FLM(N)

REAL*8 FX(N),XX(N),XN(N),BUF(11,N)

INTEGER STEP(N),N,I,NSTEP/12/

C** ============================================================ **

IF(N.NE.3) STOP 'FOR N=3 ONLY'

DO 5 I=1,3

5 XN(I)=X0(I)

C** ------------------------------------ LOOP 1 for F_1(XX(1))=0 **

STEP(1)=1

10 XX(1)=XN(1)

C** ------------------------------------ LOOP 2 for F_2(XX(2))=0 **

STEP(2)=1

20 XX(2)=XN(2)

C** ------------------------------------ LOOP 3 for F_3(XX(3))=0 **

STEP(3)=1

30 XX(3)=XN(3)

FX(3)=FUN(XX,3)

XN(3)=XZERO(XX(3),FX(3),DX(3),STEP(3),BUF(1,3))

IF(ABS(XN(3)-XX(3)).LE.ERR(3)) GO TO 110

IF(ABS(FX(3)).GT.FLM(3)) GO TO 310

STEP(3)=STEP(3)+1

IF(STEP(3).LE.NSTEP) GO TO 30

C** ---------------------------------------------- End of LOOP 3 **

110 FX(2)=FUN(XX,2)

XN(2)=XZERO(XX(2),FX(2),DX(2),STEP(2),BUF(1,2))

IF(ABS(XN(2)-XX(2)).LE.ERR(2)) GO TO 210

IF(ABS(FX(2)).GT.FLM(2)) GO TO 310

STEP(2)=STEP(2)+1

IF(STEP(2).LE.NSTEP) GO TO 20

C** ---------------------------------------------- End of LOOP 2 **

210 FX(1)=FUN(XX,1)

XN(1)=XZERO(XX(1),FX(1),DX(1),STEP(1),BUF(1,1))

IF(ABS(XN(1)-XX(1)).LE.ERR(1)) GO TO 310

IF(ABS(FX(1)).GT.FLM(1)) GO TO 310

STEP(1)=STEP(1)+1

IF(STEP(1).LE.NSTEP) GO TO 10

C** ---------------------------------------------- End of LOOP 1 **

310 RETURN

END

************************************************************************

[^ô ] îÓ®;0�(+_��
************************************************************************

SUBROUTINE FROOTN(N,FX,XX,XN,X0,DX,ERR,FLM,STEP,BUF,FUN)

C** ============================================================ **

REAL*8 X0(N),DX(N),ERR(N),FLM(N)

REAL*8 FX(N),XX(N),XN(N),BUF(11,N)

INTEGER STEP(N),N,I,NSTEP/12/

C** ============================================================ **
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C*I N = Number of variables **

C*O FX(N) = Function values **

C*O XX(N) = Root find by this subroutine **

C*W XN(N) = New values of X(N) during iteration **

C*I X0(N) = Initial values for the first try **

C*I DX(N) = Increment values for the second try **

C*I ERR(N) = Tolerance of XX(N) **

C*I FLM(N) = Limited function values of FX(N) **

C*W STEP(N) = Current iteration step for each variable **

C*W BUF(11,N) = Buffers **

C*F FUN(X,I) = Function to calculate F_I(X) for given X(N) & I **

C** ============================================================ **

DO 10 I=1,N

10 XN(I)=X0(I)

C** ------------------------------------------------------------ **

I=0

50 I=I+1

C** +----------------------------------------------------------+ **

C** | Enter I-th LOOP : DO STEP(I)=1,NSTEP | **

C** +----------------------------------------------------------+ **

WRITE(*,'(I3)') I

STEP(I)=1

60 XX(I)=XN(I)

IF(I.LT.N) GO TO 50

C** ------------------------------------------------------------ **

70 FX(I)=FUN(XX,I)

XN(I)=XZERO(XX(I),FX(I),DX(I),STEP(I),BUF(1,I))

C* WRITE(*,'('' I,XX,FX'',I3,1P2E15.6)') I,XX(I),FX(I)

IF(DABS(XN(I)-XX(I)).LE.ERR(I)) GO TO 80

IF(DABS(FX(I)).GT.FLM(I)) GO TO 90

STEP(I)=STEP(I)+1

IF(STEP(I).LE.NSTEP) GO TO 60

C** +----------------------------------------------------------+ **

C** | Leave I-th LOOP | **

C** +----------------------------------------------------------+ **

80 I=I-1

WRITE(*,'(3I3,1PE15.6)') I,STEP(I),STEP(I+1),FX(I+1)

NT=NT+STEP(I+1)

IF(I.GE.1) GO TO 70

90 CONTINUE

WRITE(*,'('' NUMBER OF FUNCTION EVALUATIONS :'',I9)') NT

RETURN

END

************************************************************************

1.12 ��åP

Ü H·�w� 4"���	·�<�Ö��Á²³4gX¯X
1D)*�0(�Ï

F1(x) = f1(x; y; z) = 0

F2(y) = f2(y;x; z) = 0 (1.31)

F3(z) = f3(z;x; y) = 0
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����	
���	
�����������������

��������������� !�"#�$	
�% �&'(

)#*�+,-./	�012

F1(xi+1) = f1(xi+1; yi; zi) = 0

F2(yi+1) = f2(yi+1;xi+1; zi) = 0 (1.32)

F3(zi+1) = f3(zi+1;xi+1; yi+1) = 0

3�	456�7189:;	
�<=> {?@ (Gauss-Siedel),-

A/4BC2 D4<A/E�FGHI�	4�JKL���MNOP

QRE	M	�NO2STUVFK���MNOPNOA/E�2�

D4<WX�F� GYZ�[\]F� U+^D4012I_`a

bMcdef�ghi[]gjkM]% ^l��	
�1l���

��2mn% ^l���opq� (1.24)�<F1(x)^+1���xr2

f1(x; y; z) = 0s�01 x<tu� f1vx<wxyz{|}M!M~v!

���v�����<wxy!M~v!2nV����wxy!<~

v!<���������n'�uD4�GYZ2

z [�� ]�<����4�U����89	
��������

(x; y))��89� y � x = 0� y � g(x) = 0���^6�	4012�

g0(�) < 1�u+F1(xi+1) = yi � xi+1 = 0�F2(yi+1) = yi+1 � g(xi+1) = 00

1GYZ�'�01�
�p�����42,<�� g0(�) > 1�uU

�+F1(xi+1) = yi � g(xi+1) = 0�F2(yi+1) = yi+1 � xi+1 = 001��GY

Z��YZ "�: "u��7��� 	¡�,2F�'¢#��< yi+

yi � g(xi+1) = 01xi+1)�^�$	401��£F¤�����42

[¥¦ ]�I§	4M
��'
�<¨
© [¥ª ]hi��F(^«

¬	�®��)¯�,-./M¬°DO 802

[¥¦ ] ,-A/4<0{±
�

************************************************************************

SUBROUTINE GSITER(N,FX,XX,XN,X0,DX,ERR,FLM,XI,BUF,FUN)

C** ============================================================ **

REAL*8 X0(N),DX(N),ERR(N),FLM(N)

REAL*8 FX(N),XX(N),XN(N),XI(N),BUF(11)

INTEGER STEP,N,I,NSTEP/12/,ITER,NITER/500/

C** ============================================================ **

C*I N = Number of variables **

C*O FX(N) = Function values **

C*O XX(N) = Root find by this subroutine **

C*W XN(N) = New values of XX(N) during equation solving **
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C*I X0(N) = Initial values for the first try **

C*I DX(N) = Increment values for the second try **

C*I ERR(N) = Tolerance of XX(N) **

C*I FLM(N) = Limited function values of FX(N) **

C*W XI(N) = Initial values of XX(N) during iteration **

C*W BUF(11) = Buffers **

C*F FUN(X,I) = Function to calculate F_I(X) for given X(N) & I **

C** ============================================================ **

DO 10 I=1,N

XX(I)=X0(I)

10 XN(I)=X0(I)

C** ------------------------------------------------------------ **

DO 80 ITER=1,NITER

C** ------------------------------------------------------------ **

DO 60 I=1,N

XI(I)=XN(I)

C** +----------------------------------------------------------+ **

C** | Find XX(I) such that FX(I)=F_I(XX)=0 | **

C** +----------------------------------------------------------+ **

DO 50 STEP=1,NSTEP

XX(I)=XN(I)

FX(I)=FUN(XX,I)

XN(I)=XZERO(XX(I),FX(I),DX(I),STEP,BUF)

IF(DABS(XN(I)-XX(I)).LE.ERR(I)) GO TO 60

IF(DABS(FX(I)).GT.FLM(I)) GO TO 90

50 CONTINUE

C* 55 WRITE(*,'(3I4,1P2E15.6)') ITER,I,STEP,XX(I),FX(I)

60 CONTINUE

C** +----------------------------------------------------------+ **

C** | Convergence check | **

C** +----------------------------------------------------------+ **

DO 70 I=1,N

IF(DABS(XX(I)-XI(I)).GT.ERR(I)) GO TO 80

70 CONTINUE

GO TO 90

C** ------------------------------------------------------------ **

80 CONTINUE

WRITE(*,*) ' THE NUMBER OF ITERATIONS EXCEEDS',NITER

90 RETURN

END

************************************************************************

1.13 ½¾ {¿ÀÁÂÃÄÅÆÇ

�0hÈ�6��+������mÉÊ�®Ë�UÌ^�N��

��<ÍÎ2Ï f1(x; y) = 0� f2(x; y) = 0��z (x; y)<�ÐÑ_�<�

ÒÓ:�uD�ÒÓ:<ÔX (�; �)��89�<{2ÕÖ z = f1(x; y)7

z = f2(x; y)�u�U��z (x; y; z)<�Ð×ØÙM��Ó_23��Ó

_7 z = 0<Ñ_<�ÒÔ:��I§z (x; y)<�ÐÑ_�<�ÒÓ:2

56���ÚL z = f1(x; y)7 z = f2(x; y)�Ó_z�Ð×ØÙMÔ:Û

Ü�uz z = 0ÝUÞb89	
�M{ (�; �)2
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�z×ØÙÞbã�Xäz�Ó_MÔ:�6å�F]æçè2�

]néÏÓ_v z	¡©mêë� z = s1f1(x; y)7 z = s2f2(x; y)�uvì

í (xi; yi)îï�Ö z1 = s1f1(xi; yi)� z2 = s2f2(xi; yi)��ð s1 = 1=f1(xi; yi)

� s2 = 1=f2(xi; yi)ñ z1 = z2 = 1�u (xi; yi; 1)�äz�Ó_<Ô:�2

nòó (xi; yi; 1)ÚLÓ_<Ô:ÛÜ�uÛÜ	¡ (dx; dy; dz)Ý�Ô

:Mô:	¡2Dô:&õ¢äz�Ó_��öDô:()7�Ó_<

4:	¡ (s1@f1=@x; s1@f1=@y; �1)7 (s2@f2=@x; s2@f2=@y; �1)÷���

(dx; dy; dz)#*�0ø�

"
s1

@f1
@x

s1
@f1
@y

�1

s2
@f2
@x

s2
@f2
@y

�1

#
i

8>><>>:
dx

dy

dz

9>>=>>; =

(
0

0

)
(1.33)

��ydù+ s17 s2�ú�û+ f1(xi; yi)7 f2(xi; yi)��Ï dzüýTrþ

ÿ���ø "
@f1
@x

@f1
@y

@f2
@x

@f2
@y

#
i

(
dx

dy

)
=

(
f1(xi; yi)

f2(xi; yi)

)
dz (1.34)

'�`ø< (dx; dy)�7�� {���4< (dx; dy)	¡�õ2 Ö���

dz = �1�u7�� {���4<./��õ2

£#�§v�� {���4�7�ü��ÉÊ	�ÝDvD4¯


���M��PVzA/�
�q��®M��2mn (dx; dy)M	¡

% 	�Uêë����ñ�FT����Ó:MÔ:2��úU{�

Err =
P

2

j=1 s
2
jf

2
j (xi+ �dx; yi + �dy)<g�!% ���2zÚ:ÛÜ�


�UVGÞb z�����!<X�3�XM z�!"\]#Q�� {

���4FGYZM$�t&�A/X£"GzDX|}%&PFYZ

2'¢<®	�U+�� (1)'(DX)Þj*XA/+ (2)ÚLÔ:,

-ÜÞ{M./��n0I§Err<g�!% ���u)1¢��ÜÞ

Err<g�!�<	�23�ÜÞErr<g�!2

1.14 4567Â

8�9:4 (Arc length control)�z;<���:;y=�"^<

	4�;<���:;y= $�z>/;<?@�A�ÈBC fPg =

f1p; 2p; . . . ;NpgD^¢vÝ�.fUg = f1u; 2u; . . . ;Nug<�ÈÍÎ2+E
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F4y=¢�BC7�.¡G<H�N�;<�.<ó#F (�I )2J

fUg7 fPg��*�<KÑLM"��� fFg = f1f; 2f; . . . ;Nfg2

fF (fUg; fPg)g = f0g (1.35)

�N^��4�u�OnEA/¢���+PQRS�ð�H}C�

lf(fUn�1g; fPn�1g) +
X
j

@lf

@ju
�jun +

X
j

@lf

@jp
�jpn = 0 (1.36)

� (1.35)�< fPg�D^zó#F<TK�zK	<UË���� (�ú

UVWBCKD^./��nXKBC (follow load))���� !�&'

� (1.36)�< @lf

@jp
= ��lj2Ö [Kn�1]�

h
@lf

@ju

i
zfUn�1g; fPn�1g¢<!�Y�

ô:EF2Ö f� bPng = �fFn�1g = �fF (fUn�1g; fPn�1g)g��O n�1EA

/<FÑLK2�+Zþ f� ePng¥����< f�1pn;�2pn; . . . ;�Npng�

u��U[Q

[Kn�1]f�Ung = f� bPng+ f� ePng (1.37)

�� BC�.Ó: �\ YZ�]

�^V.ý7BC

�FÑLK

�YZX

BC7�.M"�_U`QBC�.Ó: (Load{displacement curve)2D

Ó:!"¯*��üc; (^V�� )�

(1)Ja{b<Ø [K]�"���fP gab� <©m��U[QfP g = �f ~P g

�ufUg = �f ~Ug�öa{b��c�:2&'�d1�E*�89��U2

[K]f ~Ug = f ~Pg (1.38)
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(2)b{c<Ø [K]� fUg; fPg<�:;e�2'c<>/�!"ÏÓ:y

Q�f�c��gJ fU i�1
g; fP i�1

g�£0h��^,-A/	�0h

fU i
g; fP i

g2�Ö

fU i
g = fU i�1

g+ f�Ug ; fP i
g = fP i�1

g+ f� ePg (1.39)

u f�Ug7 f� ePgY��c<NG2'NGn+��401�uO nEA

/<;é�

f�Ug =
n�1X
k=1

f�Ukg+ f�Ung ; f� ePg = n�1X
k=1

f� ePkg+ f� ePng (1.40)

�� f�Ung#� (1.37)>/���¯M< fUn�1g7 fPn�1g�

fUn�1g = fU i�1
g+

n�1X
k=1

f�Ukg ; fPn�1g = fP i�1
g+

n�1X
k=1

f� ePkg (1.41)

pn!1¢�� f�Ung ! 0�uUYZ0ø f�Ug2

�§q4 (+ cX|}Pi )�zP � PL¢�jUVYZ0øf�Ug+

�]zP > PL¢�&kvÝ<1f�Ug�ö�§<,-A/k4YZ21

%<4�� iX<./F+ f� ePg<!% �P��# i� 1T iX<8��

� !% ��`l8�9:2+ f� ePg<!% �Y�BC9:2m�
úU+ f�Ug<ã�yG�� !q9:�Y��.9:���zdX|

}úG#QBCnoPkYZ<12&'8�9:Ý�g®p<	42

+8�9:��¢� f� ePgF��� !�ö+�BCq���n¥�

BC��� f� ePg = �f ~Pg� f� ePng = �nf ~Pg2P8�<Ñ	U r�

f�UgTf�Ug+ f� ePgTf� ePg = f�UgTf�Ug+ �2f ~PgTf ~P g (1.42)

�D8�< rG@�.7BC`^<i.<st�&��&EFõ2

�Ï�ju; �jpù+�vÝ<u*!�ju
1; �jp

1�u�k&E<�v!�

�F@`^i.<st2)Tv�v!úUyd�û+w!
q
�ju1�jp1

�Pø�j�u =
q
�ju1�jp1(�ju=�ju

1)7�j �p =
q
�ju1�jp1(�jp=�jp

1)2x

íw!<Ñ	�Dó#F<Kv;<`D<y< 2z�n'�UVWvy

G<C�;2&'8�<Ñ	� r�

X
[(�j�u)

2 + (�j �p)
2] =

X
(�ju

1�jp
1)
h
(
�ju

�ju1
)2 + (

�jp

�jp1
)2
i

(1.43)
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z+	<ÉÊ��N^� (1.42)<Zþ�+��<8� r<D4�õ2

!" [K]{|�vY�nÏ���q�����Ïñ{|�QFvY

�&'N^Batoz7Dhatt<q4Ïf�UngyQ��y�f� bUng7f� eUng =

�nf
eUngyd�vÝ� f� bPng7 f� ePng = �nf

ePg<1��
f�Ung = f� bUng+ f� eUng = f� bUng+ �nf� eUng (1.44)

[Kn�1]f� bUng = f� bPng ; [Kn�1]f eUng = f
ePg (1.45)

&'� (1.40)U[Q

f�Ug =
n�1P
k=1

f�Ukg+ f�Ung =
n�1P
k=1

f�Ukg+ (f� bUng+ �nf
eUng) (1.46)

f� ePg =
n�1P
k=1

f� ePkg+ f� ePng = (
n�1P
k=1

f�Pkg+ f� bPng) + �nf ePg (1.47)

���<
n�1P
k=1

f�Pkg =
n�1P
k=1

f� ePkg�f� bPng =
n�1P
k=1

f� ePkg+fF (fUn�1g; fPn�1g)g

�^+ÑL#
n�1P
k=1

f�Ukg<�.`NO<ÙK2Ï� (1.47)��� (1.42)�

Ö��� !L2�Uø

jj

n�1X
k=1

f�Ukg+ f� bUng+ �nf
eUngjj

2

2 + jj
n�1X
k=1

f� ePkg+ �nf
ePgjj22 = L2 (1.48)

pn = 1¢� f� bP1g = f� bU1g = f0g�&'ø�1�

�1 =
q
L2=(jjf eU1gjj22 + jjf ePgjj22) (1.49)

pn > 1¢�� (1.48)RSUø

A�2n + 2B�n + C = 0 (1.50)

��

A = jjf
eUngjj

2

2 + jjf
ePgjj22 (1.51)

B = (
n�1X
k=1

f�Ukg+ f� bUng)
T
f
eUng+ (

n�1X
k=1

f� ePkg)
T
f
ePg (1.52)

C = jj(
n�1X
k=1

f�Ukg+ f� bUngjj
2

2 + jjf�
bUngjj

2

2 � L2 (1.53)
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� (1.50)<1!"¯�{��¯�A (f�Ug; f� ePg)<1�#'`ø<��
¡G ffU i

g; fP i
gg7I�X ffU i�1

g; fP i�1
ggØ<8��r���<{Ý�

ñ*�<!����
���+ñ��¡G<�È
Ñ�2�\�8�

9:<YZÍÎ2

f�U i�1
g
T
f�U i

g+ f� eP i�1
g
T
f� eP i

g (1.54)

xíp [Kn�1]���{| (��} )¢�& jjf
eUngjj

2
27 jjf

bUngjj
2
2�æ��ö

A � jjf
eUngjj

2

2
; B � f� bUng

T
f
eUng ; C � jjf� bUngjj

2

2
(1.55)

u#Cauchy-SchwarzFr�UøB2
� AC�&'U�� (1.50)k�{<1

2*�Ïv'no�DU���ÉÊ®	42

1.15 ������Ã��

6�Ï�Uô:EF{|[Kn�1]���{|<ÍÎ2+*ÉÊ�hÈ

ZþÏ��*ïn�12ÕÏBC¡G fPg7vÝ�.¡GfUgy��A�

fPg = fP1; P2g� fUg = fU1; U2g26�< fUg�¥��< f� bUg� f� eUg
+ fPguvÝ�¥��< f� bPg� f� ePg2&'BC¡G7�.¡G<M
"U[Q "

K11 K12

K21 K22

# (
U1

U2

)
=

(
P1

P2

)
(1.56)

�K11����r�L11D11L
T
11���L11�*��{|�D11�v�{|�

u+L11�D11qI���./�Uø24 LT
11 D�1

11 L
�1
11K12

0 K22 �K21K
�1
11 K12

35
8<: U1

U2

9=; =

8<: D�1
11 L

�1
11 P1

P2 �K21K
�1
11 P1

9=; (1.57)

��U^*�<�ZþhÈ[Q24 LT
11

�K12

0 �K22

358<: U1

U2

9=; =

8<: �P1
�P2

9=; (1.58)

(1)� �K22����uU1hU2 = �K�1

22
�P2��^LT

11q,¡��./�Pø8<: U1

U2

9=; =

8<: L�T
11

�P1 � L�T
11

�K12
�K�1

22
�P2

�K�1
22

�P2

9=;
=

8<: K�1

11 P1

0

9=;+

24 �K�1

11 K12

I22

35 f �K�1

22
�P2g (1.59)
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�ÏBC¡GyQ��y� fPg = fP 0
g+ fP 00

g�n*�8<: P1

P2

9=; =

8<: P1

K21K
�1
11 P1

9=;+

8<: 0

P2 �K21K
�1
11 P1

9=; (1.60)

u�vÝ<��y�.� fUg = fU 0
g+ fU 00

g��n� (1.59)`�2

(2)� �K22 = 0��p �K22�}��¢�� (1.50)�<B2
�AC < 0�uUV

¯*§��Í�� (2a)P 00
6= 0+ (2b)P 00 = 02�ydUËn*

(2a)pP 00
6= 0(� �P2 6= 0)¢��.¡G U 00Ï�}�k���'¢< U 07

��©u��PU��2��0ø¯ <�.¡G�()Ö �P2 = 0��

"�<!PÏ �K�1

22
�P2��ìíJ <¯ �.¡G fU2g�+0øU = U 00

<!n*

fU 00
g =

24 �K�1

11 K12

I22

35 fU2g (1.61)

(2b)pP 00 = 0(� �P2 = 0)¢�U¡*�	�0øU = U 0�

fU 0
g =

8<: K�1
11 P1

0

9=; (1.62)

��<1�_Y�y¢1�!"�Fp0øM12&'�£F¤'1hÕ

PöíO���`lMF¥¦BC+ñ �P2 6= 0PQ�I§ (2a)<ÍÎ�&

'PU§¨y¢1hÕ2�#�§y=U���hÕ �K22 = 0<ÍÎ�^

� (1.61)01�UF(©ªF¥¦BC<	�1%2

pô:EF{|���¢�UVWFz'HcÑLIHc<FÑLK�

P«¬*Hc�ÑL2�'HcUJ f� bPng = f0g7 f� ePng = f0g�&'

f� bUng = f0g�P f� eUng = f� eU 00

ng"#� (1.61)0ø2&'� (1.48)rh

È�

jj

n�1X
k=1

f�Ukg+ �nf eUngjj
2

2
+ jj

n�1X
k=1

f�Pkgjj
2

2
= L2 (1.63)

A = jjf
eUngjj

2

2
(1.64)

B = (
n�1X
k=1

f�Ukg)
T
f
eUng (1.65)

C = jj

n�1X
k=1

f�Ukgjj
2

2 � L2 (1.66)

v����{|7��{|<y1701^VO�®7O\®2
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¯°

1. 0	
�x3 � 2x � 5 = 0<�{2

2. 0	
� coshx cosx+ 1 = 0<g�{2

3. zXZEROe�
����MXXXúU�^!� (X0; F0), (X1; F1),

(X2; F2)�X<�EÓ:7x±MÔX0ø�A²�XZEROO�'

üyV2

4. z�� {���4��� f 0(x)Fè0ø�u� (1.15)�< f 0(xi)U+

^*�³y}C<��_Y'4�´:4 (secant method)�

f 0(xi) =
f(xi)� f(xi�1)

xi � xi�1

A¡�§	4[�Zµ
�2

5. z¶��� {���4���·¸©{|Fè��0ø�UBC�o

	�+³y}C<2A[�JAC±
��+¹ºFUN/ø<e�<

³y>/·¸©{|2

»¼½¾

1. Lin, T.W., Yang, Y.B. and Shiau, H.T., "A Work Weighted State Vector

Control Method for Geometrically Nonlinear Analysis," Computers and

Structures, Vol.46, No.4, pp.689{694, 1993.
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���

�����

2.1 �	


��������������������� ����!
"#$��%��&'(�%���)*+,-.�/012�%��
�3456789����:3;<.� (Simpson's rule)�=>�?@�
ABC��� (Romberg table)/4DE5(ABC���FG�789�
�3HI�JKL5MN%��O�PQ�2��%(RM)S�%�
��3TU��� (Gaussian quadrature)�V�L5WXY�6Z[\5
Z]2��^�_`�a5b)c2��^(defghijk%6�
�l�mno6��6)pqr��(/s�+tu)Svwxyz{
��^�|6���}~>�(

2.2 �����

��&'���� I

I =
Z b

a
f(x) dx (2.1)

`g a; bo�3 n���@�)��6o�3 h = b�a
n
(g�)o��6

9��378�+gVn�789����`��� I6��%Tn3

Tn =
h

2
[f(a) + 2f(x1) + 2f(x2) + � � �+ 2f(xn�1) + f(b)] (2.2)

�?xi = a+ ih� i = 0; 1; :::; n(
31
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2.3 ����

&'� (2.1)����� a; bo��3 n����)��6o��3
h = b�a

n
�=g�)1�69��3 ¡¢�69��_V ¡¢$l£

Y�¤¢¥no¦§^}?^�¨q�X(©sgVn�1�9����
`��� I6��%Sn3

Sn =
h

6
[f(a) + 4f(x1=2)+ 2f(x1) + 4f(x3=2) + � � �

+2f(xn�1) + 4f(xn�1=2) + f(xn)] (2.3)

�?xi = a+ ih� i = 0; 1
2
; 1; 3

2
; :::; n� 1; n � 1

2
; n(

2.4 ª«¬��

®�¯°`±²
I =

Z b

a
f(x) dx

=
h

2
[f(a) + 2

n�1X
i=1

f(a+ ihN) + f(b)] + C
(1)
2 h2 + C

(1)
4 h4 + C

(1)
6 h6 + � � �(2.4)

�? h = b�a
n
�C

(1)
2 ; C

(1)
4 ; C

(1)
6 ; . . .�3³l f(x)}�°Y�´µ_l h�

µ6¶��·� (2.4)?,¸h6j:¹º6¶�(
�»¼n = 2N�1�N3½¾W¿�(ÀhN = b�a

n
= b�a

2N�1
�}

A
(1)
N =

hN

2
[f(a) + 2

n�1X
i=1

f(a+ ihN ) + f(b)] (2.5)

@� (2.4)`ÁÂ
I = A

(1)

N + C
(1)
2 h2N + C

(1)
4 h4N + C

(1)
6 h6N + � � � (2.6)

Ã¾A
(1)

N �Ä789���3 n��'�69� Tn(Å hN �Æ��®�
(2.6)ÇA

(1)

N 6ÈÉbÊlh2NÂWË�!"ÌA
(1)

N ÍTn6��Î:3 2(
Ïr��»¼n = 2N �@hN+1 =

b�a
2N

= hN
2
�}

A
(1)

N+1 =
hN+1

2
[f(a) + 2

n�1X
i=1

f(a+ ihN+1) + f(b)] (2.7)

I = A
(1)

N+1 + C
(1)
2 h2N+1 + C

(1)
4 h4N+1 + C

(1)
6 h6N+1 + � � � (2.8)
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Í

I = A
(1)
N+1 +

C
(1)
2

4
h2N +

C
(1)
4

42
h4N +

C
(1)
6

43
h6N + � � � (2.9)

®� (2.9)Ó� 4�ÔÕÖ� (2.6)`×Ö¸¶�C
(1)
2 6º�+�� I%

���Ø

I =
4A(1)

N+1 �A
(1)
N

4� 1
+

(4�1 � 1)C(1)
4

4 � 1
h4N +

(4�2 � 1)C(1)
6

4 � 1
h6N + � � � (2.10)

À

A
(2)

N =
4A

(1)

N+1 �A
(1)

N

4� 1
; C

(2)
4 =

(4�1 � 1)C(1)
4

4� 1
; C

(2)
6 =

(4�2 � 1)C(1)
6

4 � 1
; � � �

@� (2.10)`0Ù3
I = A

(2)
N + C

(2)
4 h4N + C

(2)
6 h6N + C

(2)
8 h8N + � � � (2.11)

Ïr�`�
I = A

(2)
N+1 + C

(2)
4 h4N+1 + C

(2)
6 h6N+1 + C

(2)
8 h8N+1 + � � � (2.12)

@��I6��%A
(2)
N 6��Î�34(®� (2.12)Ó�42�ÔÕÖ� (2.11)

`×ÖC
(2)
4 6º�+�� I%���Ø

I =
42A

(2)

N+1 �A
(2)

N

42 � 1
+

(4�1 � 1)C
(2)
6

42 � 1
h6N +

(4�2 � 1)C
(2)
8

42 � 1
h8N + � � �(2.13)

À

A
(3)
N =

42A(2)
N+1 �A

(2)
N

42 � 1
; C

(3)
6 =

(4�1 � 1)C
(2)
6

42 � 1
; C

(3)
8 =

(4�2 � 1)C
(2)
8

42 � 1
; � � �

@� (2.13)`0Ù3
I = A

(3)

N + C
(3)
6 h6N + C

(3)
8 h8N + � � � (2.14)

®� (2.6)¯°�� (2.11)��� (2.14)6Ú>�`ÛÜ&'A
(m+1)

N 6
Ý�3

A
(m+1)

N =
4mA

(m)

N+1 �A
(m)

N

4m � 1
(2.15)
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gÞA
(m)

N %�Â [ß) ]�ÌABC��ß(
[ß) ] [ß¦ ]

A
(1)
1

A
(1)
2 A

(2)
1

A
(1)
3 A

(2)
2 A

(3)
1

A
(1)
4 A

(2)
3 A

(3)
2 A

(4)
1

A
(1)
5 A

(2)
4 A

(3)
3 A

(4)
2 A

(5)
1

� � � � � �

A(1)

A(2) A(1)

A(3) A(2) A(1)

A(4) A(3) A(2) A(1)

A(5) A(4) A(3) A(2) A(1)

� � � � � �

&'àß��´��á^âãÃ¾Ø
1. ä®å)�'æ�Ô'å¦��å¨�� ...(
2. ��®çèé6:ê&'(
3. ��6/é��%A

(m)
1 3V���Î� (2m)/Tëìí3/î�%

(ËPïsð�6/î�%�`ñò��%6î�óôõöw��
÷øôõùÔúK':)�(

4. ��/çû�%A
(1)
N 6&'`L5ï�/çû%A

(1)
N�1�_³ù&'

ï�&'^o6?o^6Y�%(

A
(1)
N =

hN

2
[f(a) + 2

n�1X
i=1

f(a+ ihN) + f(b)]

=
1

2

hN�1

2
f[f(a) + 2

n�2X
i=2;4

f(a+ ihN) + f(b)] + 2
n�1X
i=1;3

f(a+ ihN)g

=
1

2

hN�1

2
f[f(a) + 2

n=2�1X
j=1

f(a+ jhN�1) + f(b)] + 2
n�1X
i=1;3

f(a+ ihN )g

=
1

2
[A(1)

N�1 + hN�1

n�1X
i=1;3

f(a+ ihN)] (2.16)

5. A(2)
N �Äg a; bo�Â n = b�a

n
����)��5;<.�ü�6�

�%Sn(�N = 13ýØ

A
(2)
1 =

4A(1)
2 �A

(1)
1

3
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=
4

3

(b� a)

4
[f(a) + 2f(

a+ b

2
) + f(b)]�

1

3

(b� a)

2
[f(a) + f(b)]

=
(b� a)

6
[f(a) + 4f(

a + b

2
) + f(b)] = S1

6. >�&'��������Vß��6�	
��`³�/s)
��%�_g��Ä)è�A?�� [ß¦ ]ü��gA

(m)
N �ÄA(N)

?(ý���'�å��_G&'å����`�������Ø
(a) ®A

(1)
4 ��ÄA(4)�L5� (2.16)&'A

(1)
5 �_�ÄA(5)(

(b) ®A
(1)
5 }A

(1)
4 ��]�ÄA(5)}A(4)�L5� (2.15)&'A

(2)
4 �

_�ÄA(4)�!"¼��£�6A
(1)
4 �(

(c) ®A
(2)
4 }A

(2)
3 ��]�ÄA(4)}A(3)�L5� (2.15)&'A

(3)
3 �

_�ÄA(3)�!"¼��£�6A
(2)
3 �(

(d) ®A
(3)
3 }A

(3)
2 L5� (2.15)&'A

(4)
2 �_�ÄA(2)(

(e) /s®A
(4)
2 }A

(4)
1 &'A

(5)
1 _�ÄA(1)���å��6&'(

2.5 ª«¬���� !

[ß¨ ]>�¶L5ï�ü���}Ú>&'����Ø

AREA =
Z XB

XA
F (x) dx (2.17)

V>�?�"#À6ï¨�$%3 'C*1'ë�¶&3�}'ÜABC�
�ß65�$G�`g�Ö((

[ß� ]�)F>�5�)*~>�ROMBRG&'��¦����+
'ÜABC��ß�� [ß� ]6+Ü�»(

Z 1

0

dxp
1 + x2Z 1

�1
x sinx dx

[ß¨ ] ~>�ROMBRG

************************************************************************

SUBROUTINE ROMBRG(XA,XB,F,AREA,AOLD,EPS)

IMPLICIT REAL*8 (A-H,O-Z)
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C** ============================================================ **

C** AREA = Int_XA^XB F(X) dX

C** ------------------------------------------------------------ **

DIMENSION A(20)

C*1 DIMENSION T(20,20)

C** ============================================================ **

H=XB-XA

A(1)=0.5*(F(XA)+F(XB))*H

AREA=A(1)

C*1 T(1,1)=A(1)

C*1 WRITE(*,'(1X,1PE13.6)') T(1,1)

C** +----------------------------------------------------------+ **

C** | COMPUTE T^{(1)}_N | **

C** +----------------------------------------------------------+ **

JJ=1

DO 30 N=2,20

AOLD=AREA

AN=0.0

X=XA+H*0.5

DO 15 J=1,JJ

AN=AN+F(X)

15 X=X+H

A(N)=0.5*(A(N-1)+H*AN)

C*1 T(N,1)=A(N)

C** +----------------------------------------------------------+ **

C** | COMPUTE T^{(m)}_N | **

C** +----------------------------------------------------------+ **

R=1.0

DO 20 I=N-1,1,-1

R=R*4.

A(I)=A(I+1)+(A(I+1)-A(I))/(R-1.)

C*1 T(N,N+1-I)=A(I)

20 CONTINUE

C**

C*1 WRITE(*,'(1X,1P10E13.6)') (T(N,M),M=1,N)

C**

AREA=A(1)

IF(DABS(AOLD-AREA).LE.EPS*DABS(AREA)) RETURN

H=H*0.5

30 JJ=JJ+JJ

RETURN

END

************************************************************************

[ß� ] ��F>�
************************************************************************

C** PROGRAM FOR ROMBERG INTEGRATION

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

EXTERNAL FA,FB

C** ============================================================ **

EPS=0.000001

C** ------------------------------------------------------------ **

XA=0.0

XB=1.0

CALL ROMBRG(XA,XB,FA,AREA,AOLD,EPS)

WRITE(*,'('' AREA ='',1PE13.6/)') AREA

C** ------------------------------------------------------------ **

XA=-1.0
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XB= 1.0

CALL ROMBRG(XA,XB,FB,AREA,AOLD,EPS)

WRITE(*,'('' AREA ='',1PE13.6/)') AREA

C** ------------------------------------------------------------ **

STOP

END

************************************************************************

FUNCTION FA(X)

IMPLICIT REAL*8 (A-H,O-Z)

FA=1.0/SQRT(1.0+X*X)

RETURN

END

************************************************************************

FUNCTION FB(X)

IMPLICIT REAL*8 (A-H,O-Z)

FB=X*SIN(X)

RETURN

END

************************************************************************

[ß� ] ���»
8.535534E-01

8.739903E-01 8.808026E-01

8.795308E-01 8.813776E-01 8.814159E-01

8.809131E-01 8.813739E-01 8.813737E-01 8.813730E-01

8.812585E-01 8.813736E-01 8.813736E-01 8.813736E-01 8.813736E-01

AREA = 8.813736E-01

1.682942E+00

8.414710E-01 5.609807E-01

6.604483E-01 6.001074E-01 6.027158E-01

6.167642E-01 6.022028E-01 6.023425E-01 6.023366E-01

6.059378E-01 6.023290E-01 6.023374E-01 6.023374E-01 6.023374E-01

6.032371E-01 6.023368E-01 6.023374E-01 6.023374E-01 6.023374E-01

6.023374E-01

AREA = 6.023374E-01

2.6 ./��

ï9Þ�ü016���2��o32Y�%Ó)¶�s��_�
Y�6��%�4

I =
nX
i=0

Wifi =
nX
i=0

Wif(xi) (2.18)

�?fi = f(xi)�xi = a+ih�¶�WiÌ35%(�789��65%?o
Þ^3h�¦§^3h=2(67à����ü5Y�%6xi,#3�o3(
r8à��»Y�f(x)3n:�º��9):½¾\;6 (x0; x1; . . . ; xn)�
2`®� (2.21)��):9â65% (W0;W1; . . . ;Wn)�<� (2.20)'�6



38 ��� �����
��3W�%(

I =
Z b

a
w(x)f(x) dx (2.19)

:
=

nX
i=0

Wif(xi) (2.20)

�?
Wi =

Z b

a
w(x)Li(x) dx (2.21)

�?Li(x)3=C>? (Lagrange)�º�Ø

Li(x) =
1

�0(xi)

�(x)

x� xi
(2.22)

�?
�(x) = (x� x0)(x� x1)(x� x2) � � � (x� xn) = �n

i=0(x� xi) (2.23)

À p(x)¶®n:�º�6Li(x)Ó� f(xi)s��_�Ø

p(x) =
nX
i=0

f(xi)Li(x) (2.24)

Ã¾�?6 p(x)f3n:�º�(L5=C>?�º�6��[@�`Ç
p(xi) = f(xi)(=!ÝÚ (x0; x1; x2; . . . ; xn)6n:¤¢3A)�í"f(x)3
n:�º��@ f(x) = p(x)��B� (2.19)`�� (2.20)}� (2.21)(f4
®"`CÇ� (2.20)ü�6%�9Än:�º�6 f(x)_D�WE�Ä�
(2.19)6��(

Li(xj) = 0; i 6= j

Li(xi) = 1; i = 0; 1; � � � ; n (2.25)

Ã¾� (2.19)6���?��)ºY�w(x)�Ì35Y� (weighting func-

tion)(�ïÞ�6���`�3d����?6 w(x) = 16Zý�!"
d�ü���ÏFfG5Ä� (2.1)6���(

d�üG012TU����`�5n+1�^2Y�%��� (2.20)

W���� (2.19)?6 f(x)3 2n + 1:�º��6��%(,Ú"�6xi

,v½¾\¼(��gHIJ² xil5Y�w(x)}9â��KL [a; b]o
6µ¶(
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Mä01)SG5Ä�%��6WXY� (orthogonal function)Ø9Ä
)Zø5Y�w(x)Ä)Zøno [a; b]�"�¥):n:�º� pn(x); n =

0; 1; . . .�Nö��µ¶�@Ìpn(x)39âÄ5Y�w(x)}no [a; b]6W
XY�(

Z b

a
w(x)pn(x)pm(x) dx = 0; n 6= m (2.26)

Z b

a
w(x)pn(x)pn(x) dx = Pn 6= 0 (2.27)

L5à�6WXY��`�g 2n+ 1:�º� f2n+1(x)ÁÂØ
f2n+1(x) = pn+1(x)gn(x) + hn(x) (2.28)

= pn+1(x)
nX

i=0

�ipi(x) + hn(x) (2.29)

�? gn(x)l hn(x)23 n:�º�(_ gn(x)`Ù3Pn
i=0 �ipi(x)� �i34

¶���� (2.29)ü�(g� (2.29)�B� (2.19)`�Ø
I =

Z b

a
w(x)f2n+1(x) dx

=
nX
i=0

�i

Z b

a
w(x)pn+1(x)pi(x) dx+

Z b

a
w(x)hn(x) dx (2.30)

=
Z b

a
w(x)hn(x) dx (2.31)

� (2.31)6�»L5�� (2.26)6µ¶� i < (n+ 1)í i 6= (n+ 1)�(g�
(2.28)�B� (2.20)`�� (2.32)(Ã¾Å pn+1(xi) = 0�4Å xi3�º�
pn+1(x)6O��`�� (2.33)(

I
:
=

nX
i=0

Wif2n+1(xi)

=
nX
i=0

Wipn+1(xi)gn(xi) +
nX

i=0

Wihn(xi) (2.32)

=
nX
i=0

Wihn(xi) (2.33)

OPï�9� (2.20)68C�`Ç� (2.33)6%QWE�Ä� (2.31)6
���!"`�

I =
Z b

a
w(x)f2n+1(x) dx =

nX
i=0

Wif2n+1(xi) (2.34)
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f4³5n+1�ZR^xi6Y�%�4`'� 2n+1:�º� f2n+1(x)6
W���%��� (2.34)ü�(SS�%����Ì3TU���(Ã¾
n+ 1:WXY� pn+1(x)43� (2.23)?6Y��(x)(

2.7 TUVWXY

[ßZ ]�Ü)p456WXY�6�º����nol5Y�(
[ßZ ] WXY�

polynomial [a; b] w(x)

Legendre [�1; 1] 1

Jacobi [0; 1] xk

Legendre [a; b]
p
b� x

Legendre [a; b] 1p
b�x

Chebyshev [�1; 1] 1p
1�x2

Chebyshev [a; b] 1p
x�a

p
x�b

Laguerre [0;1] e�x

Hermite [�1;1] e�x
2

Special [0; 1] ln(x)

[ß[ ]³�ÜP456 Legendre�º� Pn(x)� Chebyshev�º�
Tn(x)� Laguerre�º� Ln(x)� Hermite�º�Hn(x)(Þ�º�6\
:Y�23 1�4Po(x) = To(x) = Lo(x) = Ho(x) = 1�]�Äß?()*
WXY�2´9â6^_µ¶�¥�!"f�¥ÞV�º�6s(

[ß[ ] 45WXY�
P1(x) = x

P2(x) = (3x2 � 1)=2

P3(x) = (5x3 � 3x)=2

P4(x) = (35x4 � 30x2 + 3)=8

Pn(x) =
2n � 1

n
xPn�1(x)�

n� 1

n
Pn�2(x)
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T1(x) = x

T2(x) = 2x2 � 1

T3(x) = 4x3 � 3x

T4(x) = 8x4 � 8x2 + 1

Tn(x) = 2xTn�1(x)� Tn�2(x)

L1(x) = �x+ 1

L2(x) = x2 � 4x+ 2

L3(x) = �x3 + 9x2 � 18x+ 6

L4(x) = x4 � 16x3 + 72x2 � 96x+ 24

Ln(x) = (2n� 1 � x)Ln�1(x)� (n� 1)2Ln�2(x)

H1(x) = 2x

H2(x) = 4x2 � 2

H3(x) = 8x3 � 12x

H4(x) = 16x4 � 48x2 + 12

Hn(x) = 2xHn�1(x)� 2(n� 1)Hn�2(x)

[ße ] WXY�6O}5%
polynomial n+ 1 xi Wi

Legendre 2 �
q
1=3 1

3 0;�
q
3=5 8=9; 5=9

4 �0:33998 10435 84856 0:65214 51548 62546

�0:86113 63115 94053 0:34785 48451 37454

5 0 0:56888 88888 88889

�0:53846 93101 05683 0:47862 86704 99366

�0:90617 98459 38664 0:23692 68850 56189

6 �0:23861 91860 83197 0:46791 39345 72691

�0:66120 93864 66265 0:36076 15730 48139

�0:93246 95142 03152 0:17132 44923 79170

Chebyshev n+ 1 cos (2i+1)�

2n+2
�

n+1
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[ße ] WXY�6O}5%�K�

polynomial n+ 1 xi Wi

Laguerre 2 2�
p
2 0:85355 33905 93

2 +
p
2 0:14644 66094 07

3 0:41577 45567 83 0:71109 30099 29

2:29428 03602 79 0:27851 77335 69

6:28994 50829 37 0:10389 25650 16E � 1

4 0:32254 76896 19 0:60315 41043 42

1:74576 11011 58 0:35741 86924 38

4:53662 02969 21 0:38887 90851 50E � 1

9:39507 09123 01 0:53929 47055 61E � 3

5 0:26356 03197 18 0:52175 56105 83

1:41340 30591 07 0:39866 68110 83

3:59642 57710 41 0:75942 44968 17E � 1

7:08581 00058 59 0:36117 58679 92E � 2

12:64080 08442 76 0:23369 97238 58E � 4

6 0:22284 66041 79 0:45896 46739 50

1:18893 21016 73 0:41700 08307 72

2:99273 63260 59 0:11337 33820 74

5:77514 35691 05 0:10399 19745 31E � 1

9:83746 74183 83 0:26101 72028 15E � 3

15:98287 39806 02 0:89854 79064 30E � 6

Hermite 2 �
q
1=2 0:88622 69254 528

3 0 1:18163 59006 04

�
q
3=2 0:29540 89751 509

4 �0:52464 76232 75290 0:80491 40900 055

�1:65068 01238 85785 0:08131 28354 4725

5 0 0:94530 87204 829

�0:95857 24646 13819 0:39361 93231 522

�2:02018 28704 56086 0:01995 32420 5905

9ÄÞS n%6 (x0; x1; . . . ; xn)l (W0;W1; . . . ;Wn)�)*`®�fg
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hi [1,2]��Y�jkl�( [ße ]f³��P45�º�6m�xil
Wi%�ufg(

L5TU����#$´�Ï2no}5Y�( (1)G<no�Ï�
)*`&GÅ6n�op����Ký6� (2.36)l� (2.39)( (2)G<5
Y��Ï�)*`g£��Y�q�5Y�&3� (2.19)6 f(x)����
Ký6� (2.40)(

I =
Z b

a
F (z) dz = (

b� a

2
)
Z 1

�1
f(x) dx (2.35)

z = (
b� a

2
)x+ (

b+ a

2
); x = (

2

b� a
)z � (

b+ a

b� a
) (2.36)

f(x) = F ((
b� a

2
)x+ (

b+ a

2
)) (2.37)

I =
Z 1

a
F (z) dz =

Z 1
0

e�xf(x) dx (2.38)

z = x+ a; x = z � a (2.39)

f(x) = exF (x+ a) (2.40)

��6n�op? r%6÷ø�v< g(z) = z�r+1G(z)¥��nonÙ,
rÍs�4�3£@��"@ f(x) = g(z)fgnÙ,rÍs�4�(t
© r%6rÆ¶¼÷ÄY�G(z)6Z[ì= s%@`½¾\ø(3�0u
�`¼ s = 1�@ops6���`5ABC���&'(� (2.42)l�
(2.43)6n�opµ¶`® zr�1 dz = xs�1 dx6����(

Z zb

za
G(z) dz =

Z zb

za
zr�1g(z) dz =

Z xb

xa
xs�1f(x) dx =

Z xb

xa
F (x) dx (2.41)

z = (
r

s
)1=rxs=r; x = (

s

r
)1=szr=s; r 6= 0 and s 6= 0 (2.42)

z = exp(xs=s); x = [s ln(z)]1=s; r = 0 and s 6= 0 (2.43)

F (x) = xs�1f(x) = xs�1z1�rG(z); f(x) = g(z) = z1�rG(z) (2.44)

[ßv ]3E5à�n�op6���6)Ký>��ü5��Y�3
� (2.64)(�?~>�ROMR{wY�~>�F`&� (2.42)Å 1 > r > 0

· s > r�Í� (2.43)Å s = 1�6n�op6���=$Ã¾��noâ
xw zb > za > 06yz(�?)*6~>�ROMQ{fg [ß|� ](¥ [

ßv ]>�?äg�mno [0;1]6��}� (2.65)oÂ´mno [0; 1]6�
��=ops6Y�1=2

p
� lnx¥x = 13jk^�®��6~�µ¶`Ç
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Y�¥x = 1��6nÙ�� 1=

p
1� x�!"g��no�3¦� [0; 1=e]

l [1=e; 1](s�5 v = 1 � xopn�s�Ô5� (2.42)� r = 1=2} s = 1

&op4`5�a2��^����%(ï�6��t©¥x = 0���
´jk^�=�nÙ+,�ÛÜ�}®�È��`ÇÅ r%¥ 0:24� 0:35

6o��`5Pa2��^����%�!"VKý>�4\ r = 1=3 (
f{Ã¾s� [1=e; 1]6��f`�s®£Y� e�z

2&'no [0; 1]6��(

ln(1 � x) = �x�
x2

2
�
x3

3
�
x4

4
�
x5

5
+ � � � (0 < 1� x � 2)

[ßv ] n�op�6��>�Ký
************************************************************************

PROGRAM ROMQMN

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

COMMON/ROMQ00/ LTMAX,LSMAX,LYMIN,IDEBG,KFUNC,KSUBC,KLVLM,KDIMM

COMMON R,S,R1,S1,RS,SR

EXTERNAL F0,F1,G0

C** ============================================================ **

C** Find the integral of exp(-Y**2) from YA to YB. **

C** The change of variable Y=sqrt(-ln(Z)) transforms **

C** the integral into (1/2)sqrt(-ln(Z)) **

C** from ZB=exp(-YB**2) to ZA=exp(-YA**2). **

C** Then divide the interval into [ZB,1/e] and [1/e,ZA]. **

C** For Z:[ZB,1/e] change variable to X by Z^{1/3-1}dZ=dX **

C** For Z:[1/e,ZA] change variable to V by Z=1-V **

C** and V:[1-ZA,1-1/e] change var. to X by V^{1/2-1}dV=dX **

C** ============================================================ **

10 READ (*,'(3F10.0,4I5)') YA,YB,EPS,LTMAX,LSMAX,LYMIN,IDEBG

IF(YA.EQ.0.0) YA= 1.0D-6

IF(YB.EQ.0.0) YB= 1.0D+6

IF(EPS.EQ.0.0) EPS=1.0D-7

IF(LTMAX.EQ.0) LTMAX=41

IF(LSMAX.EQ.0) LSMAX=7

IF(LYMIN.EQ.0) LYMIN=1

C** +----------------------------------------------------------+ **

C** | AREA = Series expansions + Asymptotic expansion | **

C** +----------------------------------------------------------+ **

YA2=YA**2

YB2=YB**2

AREA=DSQRT(3.14159265358979D0)/2-YA

* *(1-YA2/(3*1)+YA2**2/(5*2*1)-YA2**3/(7*3*2*1))

IF(YB.LT.7.0D0) AREA=AREA-EXP(-YB2)/(2*YB)

* *(1-1/(2*YB2)+1*3/(2*YB2)**2-1*3*5/(2*YB2)**3)

WRITE(*,'(1X,1P3E11.4,E22.14)') YA,YB,DEXP(-1.0D0),AREA

C** +----------------------------------------------------------+ **

C** | Integration by the change of variable: | **

C** | Y = sqrt(-ln(Z)), Z = exp(-Y**2) | **

C** | Z:[ZA,ZB] divided into Z:[ZA,1/e] and Z:[1/e,ZB] | **

C** +----------------------------------------------------------+ **

ZA=DEXP(-YA**2)

ZB=DEXP(-YB**2)

ZC=DEXP(-1.0D0)
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S=1.0D0

C** +----------------------------------------------------------+ **

C** | For Z:[ZB,1/e] change variable by Z^{R-1}dZ=dX | **

C** | F0(X) = G0(Z)*Z**(1-R) | **

C** | G0(Z) = sqrt(-ln(Z)) | **

C** +----------------------------------------------------------+ **

R=1.0D0/3.0D0

CALL ROMR (ZB,ZC,F0,ARA0,ARB0,EPS)

IF(IDEBG.LE.0) WRITE(*,'(2X,4I3,4I5,1PE22.14,E12.4)')

* LTMAX,LSMAX,LYMIN,IDEBG,KFUNC,KSUBC,KLVLM,KDIMM

* ,ARA0,ARB0-ARA0

C** +----------------------------------------------------------+ **

C** | For Z:[1/e,ZA] change variable by Z=1-V to V | **

C** | V:[1-ZA,1-1/e] change variable by V^{R-1}dV=dX | **

C** | F1(X) = G1(V)*V**(1-R) | **

C** | G1(V) = G0(1-V) = sqrt(-ln(Z)) | **

C** +----------------------------------------------------------+ **

R=1.0D0/2.0D0

CALL ROMR (1.0D0-ZA,1.0D0-ZC,F1,ARA1,ARB1,EPS)

IF(IDEBG.LE.0) WRITE(*,'(2X,4I3,4I5,1PE22.14,E12.4)')

* LTMAX,LSMAX,LYMIN,IDEBG,KFUNC,KSUBC,KLVLM,KDIMM

* ,ARA1,ARB1-ARA1

C** ------------------------------------------------------------ **

WRITE(*,'(1X,1P3E11.4,E22.14,E12.4)')

* ZB,1-ZA,EPS,ARA0+ARA1,AREA-ARA0-ARA1

C** +----------------------------------------------------------+ **

C** | ARAA = value by Romberg integration tree | **

C** +----------------------------------------------------------+ **

CALL ROMQ (ZB,ZA,G0,ARAA,ARBB,EPS)

IF(IDEBG.LE.0) WRITE(*,'(2X,4I3,4I5,1PE22.14,E12.4)')

* LTMAX,LSMAX,LYMIN,IDEBG,KFUNC,KSUBC,KLVLM,KDIMM

* ,ARAA,ARBB-ARAA

C** ------------------------------------------------------------ **

WRITE(*,'(1X,1P3E11.4,E22.14,2E12.4)')

* ZB,ZA,EPS,ARAA,ARBB-ARAA,AREA-ARAA

GO TO 10

END

************************************************************************

SUBROUTINE ROMR(ZA,ZB,F,ARAA,ARBB,EPS)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

COMMON R,S,R1,S1,RS,SR

EXTERNAL F

C** ============================================================ **

C** ZB ZB XB XB **

C** / / R-1 / S-1 / **

C** | G(Z) dZ = | g(Z) Z dZ = | f(X) X dX = | F(X) dX **

C** / / / / **

C** ZA ZA XA XA **

C** 1-R **

C** f(X) = g(Z) = G(Z) Z **

C** **

C** S-1 1-R S-1 1/R-1 S/R-1 **

C** F(X) = f(X) X = G(Z) Z X = G(Z) (R/S) X **

C** **

C** R-1 S-1 **

C** Z dZ = X dX **

C** ----------------------------------------------------------- **

C** IF R .NE. 0 (.AND. S .NE. 0 ) : **

C** **
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C** 1/R S/R 1/S R/S **

C** Z = (R/S) X and X = (S/R) Z **

C** ----------------------------------------------------------- **

C** IF R .EQ. 0 (.AND. S .NE. 0 ) : **

C** **

C** S 1/S **

C** Z = EXP((1/S) X ) and X = (S LOG(Z)) **

C** ============================================================ **

C** This program requires the conditions (0) and ((1) or (2)) **

C** (0) ZA > 0 and ZB > 0 **

C** (1) 1 > R > 0 and S > R (S = 1 is the best) **

C** (2) R = 0 and S = 1 **

C** ============================================================ **

IF(R.NE.0.0D0) THEN

R1=1.D0/R

S1=1.D0/S

RS=R*S1

SR=S*R1

R1=RS**R1

S1=SR**S1

XA=S1*ZA**RS

XB=S1*ZB**RS

ELSE

XA=DLOG(ZA)

XB=DLOG(ZB)

ENDIF

CALL ROMQ (XA,XB,F,ARAA,ARBB,EPS)

RETURN

END

************************************************************************

FUNCTION F0(X)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

COMMON R,S,R1,S1,RS,SR

C** ============================================================ **

IF(R.NE.0.0D0) THEN

Z=R1*X**SR

IF(S.EQ.1.0D0) THEN

F0=G0(Z)*Z**(1-R)

ELSE

F0=G0(Z)*R1*SR*X**(SR-1)

ENDIF

ELSE

Z=DEXP(X)

F0=G0(Z)*Z

ENDIF

RETURN

END

************************************************************************

FUNCTION F1(X)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

COMMON R,S,R1,S1,RS,SR

C** ============================================================ **

IF(R.NE.0.0D0) THEN

Z=R1*X**SR

IF(S.EQ.1.0D0) THEN

F1=G1(Z)*Z**(1-R)

ELSE

F1=G1(Z)*R1*SR*X**(SR-1)
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ENDIF

ELSE

Z=DEXP(X)

F1=G1(Z)*Z

ENDIF

RETURN

END

************************************************************************

FUNCTION G0(Z)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

C** ============================================================ **

IF(Z.LE.0.0D0) THEN

G0=0.0D0

ELSE IF(Z.GE.1.0D0) THEN

G0=1.0D7

ELSE

G0=0.5D0/DSQRT(-DLOG(Z))

ENDIF

RETURN

END

************************************************************************

FUNCTION G1(Z)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

C** ============================================================ **

C** G1=G0(1.0D0-Z)

IF(Z.LE.0.0D0) THEN

G1=1.0D30

ELSE IF(Z.GE.1.0D0) THEN

G1=0.0D0

ELSE IF(Z.LE.1.D-3) THEN

G1=0.5D0/DSQRT(Z+Z**2/2+Z**3/3+Z**4/4+Z**5/5)

ELSE

G1=0.5D0/DSQRT(-DLOG(1.0D0-Z))

ENDIF

RETURN

END

************************************************************************

2.8 �����

g�������" r � 0�@��%3WÍ���r�)*�3
,`��(" r > 0�@��%3´m6%�4ÌV���3`��("
1 > r > 0�@t©���`���=��Y�¥x = a6%3��r�)
*Ì x = a3Y�6jk^�"�%���$5�jk^� x = a�6Y
�%��ý�789��ÍABC����@V���,v�sG5(

Z b

a
(x� a)r�1 dx =

1

r
(x� a)rjba; r 6= 0 (2.45)

= ln(x� a)jba; r = 0 (2.46)
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��J²áSqrjk^��6��Ø
(1)��TU���Ø9Ä)pl [ßZ ]Y��µ6��`L59â6T
U���(ý�� (2.41)?6 r = 1

2
6�8`5Chebyshev�º�6TU�

��(
(2)n�op�Ø9Ä�Ç r%6�8�`L5� (2.42)Í� (2.43)6n�o
p�"¼ s = 1�@ops6��Y�f(x)�,Ô´x = 06jk^�!"
4`E5ABC���Í�Q��TU����4 [a; b] = [�1; 1]; w(x) = 1

��`fg [ßv ]6~>��(E5n�op��q$Ç r6%M�f$
Çjk^6
���uägn����<jk^¥�n�3\6^�©
sÔL5� (2.42)Í� (2.43)&n�op(
(3)m������Øg�� (2.42)?zr�1g(z)6���gg(z)5��~��
�� g(z) = g(0)+ g0(0) z+ 1

2
g00(0) z2+ � � � + 1

(p�1)!g
(p�1)(0) zp�1+ 1

p!
g(p)(0) zp +

� � ��" g(0) = g0(0) = � � � = g(p�1)(0) = 0� g(p)(0) 6= 0�@ zr�1g(z) =
1
p!
g(p)(0) zp+r�1 + zr�1(g(z)� 1

p!
g(p)(0) zp)(" p+ r > 0�@�å)º`�s

®���&'��%�fg� (2.45)�ìå¦º@,Ô´ z = 06jk^
�!Vº? z6/�:º3 1

(p+1)!
g(p+1)(0) zp+r��%¥ z = 0q3\��_

`5ABC���Í�Q��TU���&'(75à�®���&'
6å)º`�¸��T:º�å¦ºf$�q9âº�(ý�Å p + r,
3¿�_ÆÄ 1��/Eå)º�¸�å¦º��� 1

(p+1)!
g(p+1)(0) zp+r�

`<å¦º6�%��&'�î�Í5/a2��^("�$�Y� g(z)

6 �3�¡^�¢E/4£2�83 p = 04 g(0) 6= 0�"�4`,#
�Y� g(z)6 �(m������¤`5ÄY�%s���r6^q6
���� R b�a f(x)dx

x2+c2
? c%�Æ6�8(

(4)jk%W�¥×�Ø¥��� R ba f(x)dx

x
?¦§f(0) 6= 0(�»a = 0; b >

0Ía < 0; b = 0@���%3WÍ���r_3,`��(="a < 0; b >

0@x = 0ðû6Y�%�]3WÍ�2��r%�!¦ë`�¨�¥×�
í���%3´m(©� jaj > jbj3ýJ²�ª�"��%Øg��no
[a; b]�Â [a;�b]l [�b; b]¦��å)�,¸jk^�`�s&�%��(
��J²¸jk^6å¦���6qr��Øgno [�b; b]Ô�Â [�b;0]
} [0; b]�À x = �ygï���n�«3 y`� R 0�b f(x)dx

x
=
R 0
b
�f(�y) dy

�y =

�
R b
0

f(�y) dy
y
(�?y`«3x_3�

R b
0

f(�x) dx
x
�Ôls�w¬4�� (2.47)

("�! [f(0) � f(�0)] = [f(0) � f(0)] = 0�" f 0(0)´m�@ x = 04,
Ôôjk^�_`5)*�%������%(Ã¾� (2.47)?6�%"
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3xp�f`&��6qr(
Z b

�b

f(x) dx

x
=
Z b

0

[f(x)� f(�x)] dx
x

(2.47)

���� (2.48)6��3ýhin�op25}EqØ� (2.48)ç
�6��`�s5��no3 [a; b]6Chebyshev�º�TU��ìÍä}
� (2.48)é�6n�opsÔ5��no3 [�1; 1]6Chebyshev�º�T
U��ì�»�)®Ô}� (2.49)}� (2.50)6n�ops�4`E5�
�TU��({Z]Ã¾Ø� (2.48)ç�lé�6��¯´¥���no
3�?ü�ë�`L5�ü9â6TU��(67à�rm���TU
��6��no2°mÄ5Y�_���«(=ô}op3� (2.50)6�
�s����no`,mÄ [�1; 1]�4�ÅÄ� (2.48)?6no,#±m
Ä [a; b]Í [�1; 1](Sô!3��TU��65Y�3w(x) = 1��´no
Z[¥��·,°n�op2²³(ß9àt©�no$3 [�1; 1]�=½
ªno2`}¢[�4��}Ëý´µ�2n�op_o3 [�1; 1](!"
Å��no,vl��TU��6no)¶���,v�s<5"��
TU���_$ä}n�opsÔL5��TU���(� (2.50)6��
q`5��TU��M�f`L5ABC����Í�·uÄ¼�6¸
¹>�(� (2.48)ç�6��¤`5� (2.42)6n�op(Vn�op�
g�)�jk^6Z[3F�!"g��no�3¦m���� (2.51)ü
�(¦m�6�%m�6Y�º���Y�¥jk^��6nÙZ[�
�»m�6Y�%��9Ä�%m�6Y�%�¥jk^��@nÙ,
r(¦m�6��n�ä�]���£^�jk^s�4`¼� (2.42)�

r = 1
2
6�8&n�op(
n�opvgjkY�oÂ½jkY�6£r�`�01¾®áª

µ¶J²Ø4�n�6o3l¿n�6o36Ëý"l¿Y�%6rÆ
ÂWË�@�Y�%6rÆ4`s�4��!"¤PÀ�&�%��(
Z b

a

f(z) dz
p
z � a

p
b� z

=
Z 1

�1

f(( b+a
2
) + ( b�a

2
)x) dx

p
1� x2

(2.48)

=
Z �

0
f((

b+ a

2
)� (

b� a

2
) cos �) d� (2.49)

=
�

2

Z 1

�1
f((

b+ a

2
)� (

b� a

2
) cos(

�

2
+
�

2
y)) dy (2.50)

Z b

a

f(z) dz
p
z � a

p
b� z

=
Z b+a

2

a

[f(z)=
p
b� z] dzp

z � a
+
Z b

b+a

2

[f(z)=
p
z � a] dzp
b� z

(2.51)
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2.9 �	
���

������������������� !�"#$%&�"

�'()��"*+���,#�-./012��34���5"6

(1)789:��"6;<=>? [@A ]B+CD���EFG;H�9

:��",I�J (2.38)�K%EGLaguerreLMJ�9:��",��

�!��1�K%EGHermiteLMJ�9:��",

(2)N+OP"6FGN+OP"E#Q��34O�R�34,SR>

B+TOPUEVWRXYZ[34�\Z�]^_`aGbcde�5

"12,R>B+EV_`�fgh�+h�i*+����deN+O

P"EG#12j��34�kU=h��,J (2.52)lJ (2.65)�=>m

G�N+OP�noOPB+x(z)[��34p_�qrB+ (monotonic)

,J (2.60)?J (2.62)�����!Es� 0, [@t ]#J (2.64)�I�u

j+0N+OP#��h���vG�wxyz{|}J~�-.,
Z
1

0
e�zf(z) dz =

Z 1

0
f(� lnx) dx (2.52)

z = � lnx; x = e�z; dz = �
1

x
dx (2.53)

Z
1

a

f(z) dz =
Z 1

0
f(
a+ bx

1� x
)
a+ b

(1� x)2
dx (2.54)

z =
a+ bx

1 � x
; x =

z � a

z + b
; dz =

a+ b

(1 � x)2
dx (2.55)

Z
1

a

f(z) dz =
Z 1

0
f(
a+ b� bx

x
)
a+ b

x2
dx (2.56)

z =
a+ b� bx

x
; x =

a+ b

z + b
; dz = �

a+ b

x2
dx (2.57)

Z
1

a

f(z) dz =
Z 1

�1
f(a+ b

1 + x

1� x
)

2b

(1 � x)2
dx (2.58)

z = a+ b
1 + x

1� x
; x =

z � a� b

z � a+ b
; dz =

2b

(1� x)2
dx (2.59)

Z
1

�1

f(z) dz =
Z 1

�1
f(
1

2
ln

1 + x

1� x
)

1

(1 + x)(1� x)
dx (2.60)

z =
1

2
ln

1 + x

1� x
; x =

ez � e�z

ez + e�z
; dz =

1

(1 + x)(1� x)
dx (2.61)
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Z
1

�1

f(z) dz =
Z
�=2

��=2
f(tan x)

1

cos2 x
dx (2.62)

z = tan x; x = tan�1 z; dz =
1

cos2 x
dx (2.63)

Z
1

0
e�z

2

f(z) dz =
Z 1

0
f(
p
� lnx)

1

2
p
� lnx

dx (2.64)

z =
p
� lnx; x = e�z

2

; dz = �
1

2x
p
� lnx

dx (2.65)

(3)������"6Q��B+ g(z)G z !1���B+������
E#xy���"���������B+,��B+�m!Exy�

��"�����������G���N+OPD�,�m����

B+U�B+�� z ! 1^�W��B+�� ¡¢�<£�¤]¥�
���EG�¦�R��§�¨V©ª�����,I�#��=>R

������J�EG#��CD���B+,

Z
1

0

sin bz

z
dz = (b=jbj)

�

2
(2.66)

Z
1

0

cos bz

z2 + 1
dz =

�

2
e�jbj (2.67)

2.10 «¬®�¯{°±²�³

´cµ¶=0V·¸¹rº��Z�»���"�¼��B+N½

���1¾G�L¼�¿���Z,]"À´�#'()��"�Á`

ÂÃ�¤]Q [@= ]ÄÅsNÆÇUÈAs�T�ÉÊÄË�Ì�ÍÇÎ

ÏÐÑÒ< [@Ó ]#5ÔUÕ�-.,#�!Q#Ö��34�f 8¦h

�I-.,[Ö34�f 8¦h�K×�6ØQÖ34;��gÙ¦34

� Ú=¦34�i�� 4¦h����!E�ÛÜ� 8¦h�B+�G

'()��@©ª,S]'()��@ÝRgÙp_Þßàá,âã¡

�QÖ34ä� 4¦34�Ú¦34G 2¦h�B+��'()��@ 

R 4ÙåQÖ34ä� 8¦34�Ú¦34G 1¦h�B+��'()�

�@ R 8Ù,æQde�dR'()��@Ñç�¼ª [@Ó= ],no

[@Ó= ]~�ÆÇ� [@Ó ]èLéêëgÙ��Ì,�Ì I?�Ì i@Ò

|��@�QÖ34�f IÙ¦34�ì i¦34���@,
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�íQ [@Ó= ]~R¦ÍÇ ()���çÞf [@Óg ]�R�ÍÇ fg
���çÞf [@Óî ]�ï��'()��ð, [@Óg ]���ðÈï

ñ��ðÎ�ò��QÖ34�� 4¦h^6 1
1T

3
1 ó<Ö34����å

2
1T

2
1 ;

2
2T

2
1 ó<Ö34�fg¦34�g���å

4
1T

1
1 ; � � � ; 44T 1

1 ó<Ö34�

fô¦34�ô���, [@Óî ]���ðÈïÐ��ðÎ�ò��Q

Ö34�� 8¦h^6 1
1T

4
1 ó<Ö34����å

2
1T

3
1 ;

2
2T

3
1 ó<Ö34�

fg¦34�g���å 4
1T

2
1 ; � � � ; 44T 2

1 ó<Ö34�fô¦34�ô��

�, 8
1T

1
1 ; � � � ; 88T 1

1 ó<Ö34�fõ¦34�õ���,

#�-.�ö�ñ��ð��Ð��ð6� [@Ó= ]�'()��@

��ÍÇ÷�� fI
i
Tm+1
1 gE#�¦ÍÇ÷�� (I

i
Tm

1 )?~ÍÇ÷�� [I
i
Tm

2 ]

øJ (2.15)�¼�J��6

fI
i
Tm+1
1 g =

4m[I
i
Tm

2 ]� (I
i
Tm

1 )

4m � 1
(2.68)

�~¦ÍÇ÷�� (I
i
Tm

1 )ùú<ñ��ð�å¨~ÍÇ÷�� [I
i
Tm

2 ]Eø

�J�Ð��ð��gÙ�ûÐ���6

[I
i
Tm

2 ] = f 2I
2i�1T

m

1 g+ f2I2iT
m

1 g (2.69)

ü��Ð��ð�àáý�¦hÅþÿ����ñ¦h~Z�B+��

aº�ñ¦h�B+�#��Ð��ð�k�û��,�U�J (2.69)?

J (2.68)���=û���Â]ûû����lk�=û�q=���,

kU-.��ð�G�6[àáÐ��ð��}~��Ðñ���

��EÜò����	Æ�
�`©,Ø��ð�ÛR���Æ�
�

`©È�Æ�
�`©�����=Ù� �G34k�èÎ� ;

H�¦34ÈïA34Î����¼Û©ª�|¦34�;�¦34È

ïB34Î f�Ð��á�©��34�EÕ�Åþ��¦h�xl

���©ª���a��A?Bg34�����¼Eª��=û�¦3

4����,�|�=û34�k�û�Ö34� Õ�©�;�34

����a��f�=û����xlk�û�Ö34����©ª�

�,no[©B34���^�B34÷�¦hÕ����SA34÷�

¦h �a����¤]E#��¸¹rº��Z��»��V,��

[©�eB34���^��#��ð©ò¦34�����¤]%f

��� (recursive)v�5J,!wnoB34���ð�pÖ�ÏÐàá

��ñ��ðExyª¸�R���ð,
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[@Óô ]��e¸¹»Z��"��}JROMQ,|}J{���

�¦h+��= !� 2LSMAX�1�¨�����Æ�
�`©^� Q

Ö34ä�gÙ�á34òi©���È¼�G�9"����Î,]

#$E#¸¹�%�âB+&'�3h,|}J�()5J?ROMBRG

�}JCâ���*`Þß�COMMON=ROMQ00=+,�~bôÙ+

�å�}J-.U!E��~UôÙ+��ª��Z+ó/0,�¥G

1IEz{ [@t ]�}J,

[@Óô ] ¸¹»Z��"�}JROMQ

************************************************************************

SUBROUTINE ROMQ(XA,XB,F,AREA,AREB,EPS)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION YA(40),YC(40),YD(40),LS(40),LV(40),LX(40),LY(40)

COMMON/ROMQ00/ LTMAX,LSMAX,LYMIN,IDEBG,KFUNC,KSUBC,KLVLM,KDIMM

COMMON/ROMQ01/ AA(8704),BA(8704),MA(410)

DATA NAMAX,NMMAX,NYMAX/8704,410,40/

C** DATA LTMAX,LSMAX,LYMIN,IDEBG/41,7,1,0/

C** ============================================================ **

C** / XB **

C** AREA = | F(X) dX SUCH THAT |AREA-AREB| < |AREA|*EPS **

C** / XA **

C** AREA IS MORE ACCURATE THAN AREB **

C** ------------------------------------------------------------ **

C*I LTMAX = 11-41 : MAX. LEVELS OF TOTAL LAYERS (31-41) **

C*I LSMAX = 3-13 : MAX. LEVELS IN A LAYER (7-9) **

C*I LYMIN = 0-LSMAX : MIN. LAYERS WITH FULL LEVELS (1) **

C*I IDEBG = 0-3 : INDEX FOR DEBUG OUTPUT **

C*O KFUNC = NUMBER OF FUNCTION CALLS **

C*O KSUBC = NUMBER OF SUB-ROMT CALLS **

C*O KLVLM = NUMBER OF TOTAL LEVELS <= LTMAX **

C*O KDIMM = NUMBER OF USED DIMENSIONS <= NAMAX **

C** <= 2**(LSMAX-1)*(LTMAX-LSMAX+2) = 8704 (9,41,9) **

C** <= 2**(LSMAX-1)*(LAYER-1)+2**LSMAX = 8192 (13,1,13) **

C** 2304 : (LTMAX,LSMAX,LYMIN) = (41, 7,1) **

C** RECOMMEND FOR EPS >= 1.E-8 **

C** 8704 : (LTMAX,LSMAX,LYMIN) = (41, 9,1) **

C** RECOMMEND FOR EPS < 1.E-8 **

C** 8192 : (LTMAX,LSMAX,LYMIN) = (13,13,1) **

C** FOR ONE LAYER PURE ROMBERG-TABLE **

C** ============================================================ **

LAY=1

XOA=XA

HOR=XB-XA

LMM=0

LOR=1

LOS=1

MA(1+LMM)=0

MA(2+LMM)=1

AA(1)=F(XA)

AA(2)=F(XB)

IF(IDEBG.GT.1) WRITE(*,'(1X,2F12.10,6I3)') XOA,HOR,0,LOR,1,1,LOS,1

KFUNC=2
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KSUBC=0

KLVLM=1

KDIMM=2

C** ------------------------------------------------------------ **

C** CALL ROMT(XOA,HOR,LOR,LOS,LMM,LAY,F,EPS)

C** AREA=AA(1)

C** AREB=BA(1)

C** RETURN

C** END

C***********************************************************************

C** SUBROUTINE ROMT (XOA,HOR,LOR,LOS,LMM,LAY,F,EPS)

C** COMMON/ROMQ00/ LTMAX,LSMAX,LYMIN,IDEBG,KFUNC,KSUBC,KLVLM,KDIMM

C** COMMON/ROMQ01/ AA(8704),BA(8704),MA(410)

C** +----------------------------------------------------------+ **

C** | The whole interval (LVV,IXX)=(1,1) is correct ? | **

C** | Y:2000 : EXIT from ROMT (no more CALL ROMT) | **

C** +----------------------------------------------------------+ **

1000 IF(LOS.GE.2) THEN

ESS=EPS/2.**(LOR-1)

LSS=MA(1+LMM)

IF(DABS(AA(1+LSS)-BA(1+LSS)).LE.DABS(AA(1))*ESS) GO TO 2000

ENDIF

C** +----------------------------------------------------------+ **

C** | IF any sub-interval (LVV,IXX) is correct ? | **

C** | Y:2100: CALL ROMT for other sub-interv (LVV,IYY) | **

C** +----------------------------------------------------------+ **

IF(LOS.EQ.LSMAX.OR.LAY.GT.LYMIN) THEN

NSS=1

C** ESS=EPS/2.**(LOR-1)

DO 1100 LVV=2,LOS-1

ESS=ESS/2

NSS=NSS*2

LSS=MA(LVV+LMM)

DO 1100 IXX=1,NSS

IF(DABS(AA(IXX+LSS)-BA(IXX+LSS)).LE.DABS(AA(1))*ESS) GOTO 2100

1100 CONTINUE

ENDIF

C** +----------------------------------------------------------+ **

C** | IF Max. sub-Levels (LSMAX) has been reached ? | **

C** | Y: CALL ROMT for both sub-interv (LVV,1) (LVV,2) | **

C** +----------------------------------------------------------+ **

IF(LOS.EQ.LSMAX) THEN

LVV=2

IXX=2

IYY=1

GO TO 2200

ENDIF

C** +----------------------------------------------------------+ **

C** | DOUBLE the sub-sections | **

C** +----------------------------------------------------------+ **

NSS=2**LOS

LSS=MA(LOS+1+LMM)

IF(LSS+NSS.GT.NAMAX.OR.LMM+LOS.GE.NMMAX) GO TO 2000

MA(LOS+2+LMM)=LSS+NSS

NPP=NSS/2

LPP=MA(LOS+LMM)

LOS=LOS+1

H1=HOR/NSS

H2=H1*2

H4=H2*2
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XX=XOA+HOR-H1

KFUNC=KFUNC+NPP

R4P=3

C** +----------------------------------------------------------+ **

C** | ADD one more Lower Level of this Layer | **

C** +----------------------------------------------------------+ **

AA(NSS+1+LSS)=AA(NPP+1+LPP)

DO 1400 NP=NPP,1,-1

AA(2*NP-1+LSS)=AA(NP+LPP)

AA(2*NP +LSS)=F(XX)

BA(NP+LPP)=H1*(AA(2*NP-1+LSS)+AA(2*NP+1+LSS))

AA(NP+LPP)=(BA(NP+LPP)+H4*AA(2*NP+LSS))/R4P

1400 XX=XX-H2

C** +----------------------------------------------------------+ **

C** | RESET Romberg-Tree of this Layer | **

C** +----------------------------------------------------------+ **

DO 1600 LVV=LOS-2,1,-1

R4P=R4P*4+3

NPP=NPP/2

LPP=MA(LVV +LMM)

LSS=MA(LVV+1+LMM)

DO 1600 NP=NPP,1,-1

BA(NP+LPP)=AA(NP+LPP)

T2=AA(2*NP-1+LSS)+AA(2*NP+LSS)

1600 AA(NP+LPP)=T2+(T2-BA(NP+LPP))/R4P

C** +----------------------------------------------------------+ **

C** | Total Level > LTMAX ? | **

C** | N:1000 : Add one more Level of the tree | **

C** | Y:4000 : EXIT from ROMT | **

C** +----------------------------------------------------------+ **

IF(LOR+LOS.LE.LTMAX) GO TO 1000

2000 GO TO 4000

C** +----------------------------------------------------------+ **

C** | SAVE the given sub-interval number (correct one) | **

C** +----------------------------------------------------------+ **

2100 IYY=IXX

C** +----------------------------------------------------------+ **

C** | At top Level || DIM > NMMAX || Layer > NYMAX ? | **

C** | Y:4000 : EXIT from ROMT | **

C** | N: : Integrate the other sub-interval | **

C** +----------------------------------------------------------+ **

2200 IF(LVV.EQ.1) GO TO 4000

IF(LMM+LOS+LOS-LVV+2.GT.NMMAX.OR.LAY.GT.NYMAX) GO TO 4000

LSS=MA(LVV+LMM)

ESS=EPS/2.**(LOR+LVV-2)

IXX=((IXX+1)/2)*4-IXX-1

C** +----------------------------------------------------------+ **

C** | IF the other sub-interval correct ? | **

C** | N:3000 : CALL ROMT for the other sub-interval | **

C** | Y:2500 : Correct or RETURN from ROMT | **

C** +----------------------------------------------------------+ **

IF(DABS(AA(IXX+LSS)-BA(IXX+LSS)).GT.DABS(AA(1))*ESS) GO TO 3000

C** +----------------------------------------------------------+ **

C** | IF both sub-intervals finish ? | **

C** | N:2200 : for 1st sub-intv do 2nd sub-intv | **

C** | Y: : Combine two sub-interval & up one Level | **

C** +----------------------------------------------------------+ **

2500 IF(IXX.EQ.IYY) GO TO 2200

LVV=LVV-1

IPP=(IXX+1)/2
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LPP=MA(LVV +LMM)

LSS=MA(LVV+1+LMM)

BA(IPP+LPP)=BA(IXX+LSS)+BA(IYY+LSS)

AA(IPP+LPP)=AA(IXX+LSS)+AA(IYY+LSS)

IF(IDEBG.GT.2) WRITE(*,'(25X,4I3,6X,1P2E12.4

* /31X,2I3,18X,1P2E12.4/34X,I3,18X,1P2E12.4)')

* -LAY,LOR,LVV,IPP,AA(IPP+LPP),BA(IPP+LPP)-AA(IPP+LPP)

* ,LVV+1,IXX,BA(IXX+LSS)-AA(IXX+LSS),AA(IXX+LSS)

* ,IYY,BA(IYY+LSS)-AA(IYY+LSS),AA(IYY+LSS)

IXX=IPP

GO TO 2100

C** +----------------------------------------------------------+ **

C** | SETUP Romberg-Tree for next Layer FROM Old one | **

C** | PUSH XOA,(HOR,LOR),LOS,(LMM,LAY),LVV,IXX,IYY | **

C** | of this Layer | **

C** | RESET XOA, HOR,LOR ,LOS, LMM,LAY of next Layer | **

C** | CALL ROMT (XOA,HOR,LOR,LOS,LMM,LAY,F,EPS) | **

C** +----------------------------------------------------------+ **

3000 NSF=IXX-1

LNV=LOS+2

DO 3200 LOV=LVV,LOS

MA(LNV+LMM)=MA(LOV+LMM)+NSF

NSF=NSF*2

3200 LNV=LNV+1

MA(LNV+LMM)=MA(LOS+1+LMM)

IF(IDEBG.GT.1) WRITE(*,'(1X,2F12.10,6I3)')

* XOA,HOR,LAY,LOR,LVV,IXX,LOS,LOS-LVV+1

LS(LAY)=LOS

LV(LAY)=LVV

LX(LAY)=IXX

LY(LAY)=IYY

YA(LAY)=XOA

YC(LAY)=AA(1+MA(LOS +LMM))

YD(LAY)=AA(1+MA(LOS+1+LMM))

LAY=LAY+1

HOR=HOR/2**(LVV-1)

XOA=XOA+HOR*(IXX-1)

LMM=LMM+LOS+1

LOR=LOR+LVV-1

LOS=LOS-LVV+1

GO TO 1000

C** +----------------------------------------------------------+ **

C** | POP XOA,HOR,(LOR),LOS,(LMM,LAY),LVV,IXX,IYY of this Layer| **

C** | EXIT from Lower Level ROMT | **

C** +----------------------------------------------------------+ **

4000 KSUBC=KSUBC+1

KLVLM=MAX0(KLVLM,LOR+LOS-1)

KDIMM=MAX0(KDIMM,MA(LOS+1+LMM))

IF(LAY.EQ.1) GO TO 4500

LNS=LOS

LAY=LAY-1

IYY=LY(LAY)

IXX=LX(LAY)

LVV=LV(LAY)

LOS=LS(LAY)

LOR=LOR-LVV+1

LMM=LMM-LOS-1

HOR=HOR*2**(LVV-1)

XOA=YA(LAY)

AA(1+MA(LOS +LMM))=YC(LAY)
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AA(1+MA(LOS+1+LMM))=YD(LAY)

IF(IDEBG.GT.1) WRITE(*,'(1X,2F12.10,6I3,1P2E12.4)')

*XOA,HOR,-LAY,LOR,LVV,IXX,LOS,LNS,AA(IXX+MA(LVV+LMM))

* ,BA(IXX+MA(LVV+LMM))-AA(IXX+MA(LVV+LMM))

GO TO 2500

C** +----------------------------------------------------------+ **

C** | EXIT from Top Level ROMT | **

C** +----------------------------------------------------------+ **

4500 AREA=AA(1)

AREB=BA(1)

IF(IDEBG.GT.0) WRITE(*,'(1X,4I3,4I5,1PE22.14,E12.4)')

*LTMAX,LSMAX,LYMIN,IDEBG,KFUNC,KSUBC,KLVLM,KDIMM,AREA,AREB-AREA

RETURN

END

************************************************************************

23

1. ���Ñ��
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Z 3

1
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x

2. 4Q [@g ]����}JROMBRG5s�gÙ�}J�#��6Ï

����~=Ù�}JG#��÷û���Þ=�}JG#��ßû
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Z
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4. 49.J (2.41)�D�,�~ x? z:;J (2.42)�J (2.43),¨ f(x)

< g(z)<F (x)?G(z)�4:;J (2.44),

=>?@

1. Handbook of Mathematical Functions, Natl. Bur. Standards Appl. Math.
Series, No.55, Washington, D.C., 1964.

2. Tables of Functions and Zeros of Functions, Natl. Bur. Standards Appl.
Math. Series, No.37, Washington, D.C., 1954.
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b�ÉÊ!�aU���Ë¬ÌÍyÎÏ/Ð=ob[ÉHÊ!�+�

3.2 ÑÒÓÔÕÖ×Ø

�Ù/nÚ�������
a11x1 + a12x2 + � � � + a1nxn = b1

a21x1 + a22x2 + � � � + a2nxn = b2
...

...
. . .

...
...

an1x1 + an2x2 + � � � + annxn = bn

(3.1)

�RSÛÜ½ÝM
[A]fXg = fBg (3.2)

¼C

[A] =

2
6666664

a11 a12 � � � a1n

a21 a22 � � � a2n
...

...
. . .

...

an1 an2 � � � ann

3
7777775
; fXg =

8>>>>>><
>>>>>>:

x1

x2
...

xn

9>>>>>>=
>>>>>>;

; fBg =

8>>>>>><
>>>>>>:

b1

b2
...

bn

9>>>>>>=
>>>>>>;

�C [A]�n�n�P3RSÞ¹3L¸36ß�RS�à�Sá fXg�
12¤K fBg��3¤K 5�n � 1�RSÞ#=/¹HRS�à¹
RSá�

�¸���-�JâRS [A]��RS[A]�1 \d� (3.2)ã£¦�
[A]�1b®12¤K fXg���

fXg = [A]�1fBg (3.3)

ä�RS [A]�1�IJ�åæ» çè=é$ êëKìíIJ [A]�1

�/0å`^��+��¥'()*+Þîï¥+d¯¬ð�ád���
�123ñ/r���C)* ò¡d��óMl��ô�

2
6666666664

1 u12 u13 � � � u1n

0 1 u23 � � � u2n

0 0 1 � � � u3n
...

...
...

. . .
...

0 0 0 � � � 1

3
7777777775

8>>>>>>>>><
>>>>>>>>>:

x1

x2

x3
...

xn

9>>>>>>>>>=
>>>>>>>>>;

=

8>>>>>>>>><
>>>>>>>>>:

y1

y2

y3
...

yn

9>>>>>>>>>=
>>>>>>>>>;

(3.4)
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Q

[U ]fXg = fY g

¼CRS [U ]ÿa���¼���?@��¶ a�����¼�?@�
�¶ è¶?@����M/����àURS����RS�

�� (3.4) rò¡/;���-®xn = yn	d¼¨©Ìn � 1;�
�-® xn�1 = yn�1 � un�1;nxn	\d xn�xn�1¨©Ì n � 2;���-®
xn�2 = yn�2 � un�2;n�1xn�1 � un�2;nxn	
U�� -�Ì i;���Jâ
xil��

xi = yi �
nX

j=i+1

uijxj (3.5)

��· i = n; n� 1; � � �� 1�ð�IJ TUà�¤¨©]J�

3.3 ���������Ø�

��dD�%&'()*+d� (3.2)ó�� (3.4)�îï�� ��
��D� ���� 4Ú������A 4;��]J��

2
6666664

1 4 2 0

4 25 26 9

2 26 44 34

0 9 34 89

3
7777775

8>>>>>><
>>>>>>:

x1

x2

x3

x4

9>>>>>>=
>>>>>>;

=

8>>>>>><
>>>>>>:

6

51

94

171

9>>>>>>=
>>>>>>;

(3.6)

Ì/����Ì/¸�´µ¸ (Pivoting row) dÌ/¸�¡ ¸�
Ì/;123 x1�P3 ai1)* ����IJ �d´µ¸ç� a11(à
´µ?@ )V!´µ?@ó� 1 ")*¼¡ ¸Cx1�P3 ai1» #$
d!¸P3#* ai1�´µ¸$¹aêP3,®����Ì/��]J¡
�%&

a1j = a1j=a11

a2j = a2j � a21 � a1j

a3j = a3j � a31 � a1j

a4j = a4j � a41 � a1j

2
6666664

1 4 2 0

0 9 18 9

0 18 40 34

0 9 34 89

3
7777775

8>>>>>><
>>>>>>:

x1

x2

x3

x4

9>>>>>>=
>>>>>>;

=

8>>>>>><
>>>>>>:

6

27

82

171

9>>>>>>=
>>>>>>;
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Ì�����Ì�¸�´µ¸ !¸�ç�a���´µ?@a22 = 9

\d´µ¸�¡ ¸�x2�P3 ai2)*����Ì���]J¡�%&

a2j = a2j=a22

a3j = a3j � a32 � a2j

a4j = a4j � a42 � a2j

2
6666664

1 4 2 0

0 1 2 1

0 0 4 16

0 0 16 80

3
7777775

8>>>>>><
>>>>>>:

x1

x2

x3

x4

9>>>>>>=
>>>>>>;

=

8>>>>>><
>>>>>>:

6

3

28

144

9>>>>>>=
>>>>>>;

Ì�����Ì�¸�´µ¸ !¸�ç�a���´µ?@a33 = 4

\d´µ¸�¡ ¸�x3�P3 ai3)* ���Ì���]J¡�%&

a3j = a3j=a33

a4j = a4j � a43 � a3j

2
6666664

1 4 2 0

0 1 2 1

0 0 1 4

0 0 0 16

3
7777775

8>>>>>><
>>>>>>:

x1

x2

x3

x4

9>>>>>>=
>>>>>>;

=

8>>>>>><
>>>>>>:

6

3

7

32

9>>>>>>=
>>>>>>;

ÌÍ���,ò¡/�� #$dÌÍ¸ç� a44 = 16,®��b'
M'()*+�]J�

a4j = a4j=a44

2
6666664

1 4 2 0

0 1 2 1

0 0 1 4

0 0 0 1

3
7777775

8>>>>>><
>>>>>>:

x1

x2

x3

x4

9>>>>>>=
>>>>>>;

=

8>>>>>><
>>>>>>:

6

3

7

2

9>>>>>>=
>>>>>>;

��vP-��t(IJ)�
2
6666664

1 0 0 0

4 9 0 0

2 18 4 0

0 9 16 16

3
7777775

2
6666664

1 4 2 0

0 1 2 1

0 0 1 4

0 0 0 1

3
7777775
=

2
6666664

1 4 2 0

4 25 26 9

2 26 44 34

0 9 34 89

3
7777775

(3.7)

Q
[L] [U ] = [A] (3.8)

�C� [L]�/���RS ¼?@-A*�¦¯'()*��C®+�
l [L]RS�Ì/¹� [A]RSÌ/¹� [L]RS�Ì�¹� [A]RS�Ì/
��)*¡� [A]RS�Ì�¹a���¼��?@� [L]RS�Ì�¹�
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[A]RS\�Ì���)*¡� [A]RS�Ì�¹a���¼��?@��
���TU-)�� (3.7)�vPl�� [A]P� [A]# [L]�Ì/¹� [U ]�
Ì/¸b®	 [A]P� [A]# [L]�Ì�¹� [U ]�Ì�¸b®	 [A]P� [A]

# [L]�Ì�¹� [U ]�Ì�¸b®	 [A]# [L]�ÌÍ¹� [U ]�ÌÍ¸,
®¶RS	TU [A]ß¬ [L]�Ì/�Í¹A*� [U ]�Ì/�Í¸�Í;
RS�, U,ß¬ [L]� [U ]�RS�-.l&d [L] ¹�6ð�/
¸ ,Ì/0Í¹aº Ì�0�¹aº	�d [U ] ¸�6ð�/¸
	��;RS5M¢�����RS ¼� 1�ß¬ [A]�

� (3.8)CdRS [A]ÝM���RS [L]L���RS [U ]��  à
�d [A]RSA�M [L]L [U ]�-. [L]L [U ]2�?@ 3E�'()*
+�®�

d [A]A�M [L]L [U ]�� ¡ ������ -4Ë/Ð��D
�l���� (3.8)¨©� (3.2)®

[L] [U ]fXg = fBg (3.9)

�
[U ]fXg = fY g (3.10)

�� (3.9)�M
[L]fY g = fBg (3.11)

� (3.10),�¦¯'()*+�®�� (3.4) ¼C fY g²P�'()
*+IJb®�ä�� (3.11)�vP�-t(IJ fY g²l�¯�T [L]

����RS �-�� (3.11)�Ì/���t(J® y1 = b1=l11�d y1

¨©Ì����-® y2 = (b2 � l21y1)=l22�d y1� y2¨©Ì����-®
y3 = (b3 � l31y1 � l32y2)=l33���� ,-�Ì i���IJ yil��

yi = (bi �
i�1X
k=1

likyk)=lii (3.12)

�¯ fY g²�IJP y1; y2; � � �� yn�ð�§¹ TUà�¦§¨
©]J�³îïOå¦§¨©]JIJyi���L'()*+IJyi��
� -2¦§¨©]J°,'()*+�56IJ��ly3 = (b3� l31y1�
l32y2)=l33�]J <'()*+CP��Ì/��Jâ b3 = b3� l31y1 ð
�Ì���Jâ b3 = b3 � l32y2 \�Ì���J® y3 = b3=l33�
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��7D��'()*+-®+ [L]L [U ]RS�8<�9:;<IJ

fY g²H¦§¨©]J d [U ]�IJ56ÝMÞ�Ì j¹��á�
uij = (aij �

i�1X
k=1

likukj)=lii ; i = 1; 2; � � � ; j � 1 (3.13)

ujj = 1

��IJ67¬'()*+��Ì/��IJ aij = aij � li1u1j ð�
Ì���IJ aij = aij � li2u2j 
U���Ì i��»ç� liib®uij�

$» [L]�IJ�-56MÞ�Ì i¸��á�

lij = (aij �
j�1X
k=1

likukj) ; j = 1; 2; � � � ; i (3.14)

�� ?@IJ¡ çujj = 1�=>3²-�é?�pq@ uij(i <

j)-A�¬ aij�pq�� lij�-A�¬ aij(i � j)�pq��bMl�
�/¸

2
6666664

l11 u12 u13 u14

l21 l22 u23 u24

l31 l32 l33 u34

l41 l42 l43 l44

3
7777775
=

2
6666664

1 4 2 0

4 9 2 1

2 18 4 4

0 9 16 16

3
7777775

(3.15)

-.�� (3.13)L� (3.14)A*IJuij� lij»  ?@�IJð�-
�=BCÐD/�� å�uE&j�lF/C� (a) (b) (c)�Ùj
 ¼C�3G�!?@�]JH��IJð�HD/é·Û�/;��
�IJI?@uijQ lij» é·7�Jâ!?@$¸J£�=� lik�!?
@$¹���=�ukj�ËK-.� (3.13)L� (3.14)C�P°,!?@$
¸J£Þça�?@@á�=� lik�LM�¤K fli1; li2; li3; � � �g L!?
@$¹��Þça�?@@á�=�ukj�LM�¤K fu1j; u2j; u3j; � � �g�
¤K2 ����¯�56IJ [L]L [U ]��+�à�MN� (Crout)+
�

1 5 6 7

2 8 11 12

3 9 13 15

4 10 14 16

(a)

1 2 5 10

3 4 6 11

7 8 9 12

13 14 15 16

(b)

1 5 9 13

2 6 10 14

3 7 11 15

4 8 12 16

(c)

1 2 4 7

3 5 8

6 9

sym. 10

(d)
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F/ MN�+�MY(ZA�+

3.4 [\��Ö]^_`�ab�c�Ø�

T�d/RS [C]LeHf�RS [C]T �� é�/aàRS�,
[C]T [C] = [A]�aàRS�TU³ [A]RS�aà -ghd� (3.8)C�
[L]L [U ]¥i7�j½Vj½¡� [L]L [U]k�f�RS�j½�+-�
�¯�lms°®2�³d [L]RS�Ì j¹ç�I3 p $»d [U ]RS
�Ì j¸��!3 p �j½¡�RS�� n� [A]�TU-a [L]L [U ]

A*¥l��j½�� [L]RS�a��?@ ljj�G�o
q
ljjç [L]RS�

Ì j¹ $»�qljj� [U ]RS�Ì j¸ �¼� �� p-q8j½¡
� [L]L [U ]�RSk�f� , [L] = [U ]TQ lji = uij��� (3.7)��,j
½�

2
6666664

1 0 0 0

4 3 0 0

2 6 2 0

0 3 8 4

3
7777775

2
6666664

1 4 2 0

0 3 6 3

0 0 2 8

0 0 0 4

3
7777775
=

2
6666664

1 4 2 0

4 25 26 9

2 26 44 34

0 9 34 89

3
7777775

aê�%& �-¬)*��Cd� (3.13)L� (3.14)j½�

uij = (aij �
i�1X
k=1

ukiukj)=uii ; i = 1; 2; � � � ; j � 1 (3.16)

ujj =
q
ljj =

vuutajj �
j�1X
k=1

ukjukj (3.17)

-.<� (3.16)C uki = lik = lik=
p
lkk  ukj = ukj

p
lkk  TU®

ukiukj = likukj �� (3.16)L� (3.13)ßÜ¢£rÜ2�²6$�b uii =

lii =
p
lii �® uij = uij

p
lii�s� (3.17)C ÿ·IJ<� (3.14)C i = j

�t��
�� (3.16)L� (3.17)IJ uij» ÿ&+ [A]����uA?@ �

-ÿpq���uA�?@�J®�uij�-t(�¬ aij�pq���¼
IJð�- [F/ (d)]�Ùj�� (3.16)ßdaàRS [A]A�� [L]L
[U ] V [L] = [U ]T��+ à�MY(ZA�+�

MY(ZA�+·a±Ha��?@vG�o #=RS�wNR
S (Positive de�nite matrix)»�=±a��?@x�39¬¶���l&
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daàRS [A]A�M [A] = [U ]T [D][U ]» ,-ìíy²vG�o���
 Uà�jNMY(ZA�+�¼C [D]�a��RS	 [U ]����RS
 ¼a��?@�� 1�n�� (3.7)�� -j½�

2
6666664

1 0 0 0

4 1 0 0

2 2 1 0

0 1 4 1

3
7777775

2
6666664

1 0 0 0

0 9 0 0

0 0 4 0

0 0 0 16

3
7777775

2
6666664

1 4 2 0

0 1 2 1

0 0 1 4

0 0 0 1

3
7777775
=

2
6666664

1 4 2 0

4 25 26 9

2 26 44 34

0 9 34 89

3
7777775

s°� [U ]RS,�� (3.8)C� [U ]RS� [D]RS�a��?@,�
� (3.8)C [L]RS�a��?@ , djj = ljj aê�]J-d� (3.13)�

� (3.14)j½�

uij = (aij �
i�1X
k=1

ukidkkukj)=dii ; i = 1; 2; � � � ; j � 1 (3.18)

djj = ajj �
j�1X
k=1

ukjdkkukj (3.19)

� (3.18)L� (3.19)C·IJ�;3²H� �, �H]J��
(3.13)L� (3.14)��z�ä-�¯¥+ìí�zH�J�í{|]J
o}�]Jð�n< [F/ (d)]�Ù ä<%&� (3.18)IJ uij» ~»
�ç� dii �¼� ~uij TUPÜ2� (dkkukj),ß¬ ~ukjb-�é]J�
�¡<IJdjj» %&PIJ�$» d!¹ ?@ ~ukjç�¼�<¸�
a��?@ dkk ��¥� (3.18)C��1¥�çJb®ukj�

3.5 ����Ö��

³ [A]RS�è¶?@ÿ�C<a�����ã���G¹���b
Ml��/¸» [A]RSà�}~RS�

[A] =

2
6666666666664

a11 a12 a13 0 0 0

a21 a22 a23 a24 0 0

0 a32 a33 a34 a35 0

0 0 a43 a44 a45 a46

0 0 0 a54 a55 a56

0 0 0 0 a65 a66

3
7777777777775

(3.20)
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a�����a��34à���}�(ma) a�����a��
34à���}�(mb)����}��,� 1à��}�Qlà}�(m)

�³d [A]RS� (3.13)� (3.14)IJbA�M [L]L [U ]» ��q8 [L]

RS���}�ß¬ [A]RS���}� [U ]RSL [A]RS���}�
�6ß�TU <%&� (3.13)�� (3.14)IJ» =��²®-.�
1. � (3.13)C i�ér 1J� b½�rmax(j �mb; 1)J�	IJ,»
 k��ér 1J� b½�rmax(i�ma; j �mb; 1)J��

2. � (3.14)C j�½�rmax(i � ma;1)J�	IJ,» k�½�r
max(i�ma; j �mb; 1)J��

�¬aà}~RS (ma = mb = m) �-¥��Ê!�,� (3.16)C i½�
rmax(j�m; 1)J�	IJ,»Þ�� (3.17)á k�½�rmax(j�m; 1)
J��

3.6 �����Ö��

³ [A]RS�è¶?@��C¬a���� ä�M���}~» 
�-�â/��� �}~RS ä�®}~RS�}���¡®�9�
l&¢ï£¤� (3.13)�IJ n��q8l� (3.21)�RS �A�M
[L]L [U ]RS» ¥=�¸��� [U ](Q [L])RS¦/¹ (¸ )C�� (J )

b� (¢ )Ì/;è¶?@H��L [A]RS¦/¹ (¸ )C�� (J )b� (

¢ )Ì/;è¶?@H��6$	b [A]RS¦/¹ (¸ )C�� (J )b�
(¢ )Ì/;è¶?@�a��?@§,V=¶?@q< < [U ](Q [L])R
S�aê��n-|�è¶?@�TU < [A]RSC¦/¹ (¸ )Ì/;
è¶?@�a��§�?@d �è¶?@Ê!�¦/¹ (¸ )�� (J )

�}���Ì/;è¶?@�a��§�?@34 (¨r¼§¶?@ ä
��a�� )�T¦/¹ (¸ )}��ß�à¼���}RS�

2
6666666666664

a11 a12 0 a14 0 0

0 a22 a23 0 0 0

0 0 a33 a34 a35 0

0 a42 0 a44 a45 0

0 0 a53 a54 a55 a56

0 0 0 0 a65 a66

3
7777777777775

=
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2
6666666666664

l11

0 l22 0

0 0 l33

0 l42 l43 l44

0 0 l53 l54 l55

0 0 0 0 l65 l66

3
7777777777775

2
6666666666664

1 u12 0 u14 0 0

1 u23 u24 0 0

1 u34 u35 0

1 u45 0

0 1 u56

1

3
7777777777775

(3.21)

[L]RS¦/¸C�Jb¢Ì/;è¶?@H��L [A]RS$/¸C
�Jb¢Ì/;è¶?@H��6$	¼aê��L [U ]RSj67�¦
/¸���}���Ì/;è¶?@�a��§�?@34 (¨r¼§¶
?@ ä��a�� )�U» ��}��-à�J�}��

<%&� (3.13)IJ [U ]» i²½rmax(j �mbj; 1)J� k²½r
max(i�mai; j�mbj; 1)J� ¼Cmai�Ì i¸�J�}� mbj�Ì j¹
���}��

<%&� (3.14)IJ [L]» j²½rmax(i �mai; 1)J� k²½r
max(i�mai; j�mbj; 1)J� ¼Cmai�Ì i¸�J�}� mbj�Ì j¹
���}��

3.7 [©ª«¬Ö_`

<¦��®HRSA���C l&�+a��?@ß¬¶» 
�g+¯°]J�* äRSx±p�/>�²³�S é·<¼��
$¹��=?@��¶» URSxE²³�S�TU �M´a��
�?@�¶Q3²µ�b¶·¸_��� �¬$¹a�����?@
C¹/ºa²ò9j àuA»´µ (partial pivoting) p%&¸�4Þ
�¸aºád¼º4�!¹a���� �¡�!¸�´µ¸¯°¥)*
QA�]J ?@]JH�� [F/ (c)]�Ùj§¹�

<)*QA���C �=¸�4é·��Y¼ ��a�3¤
KfBgrs6$��4�<½�� LUPPDC C� LL(N),&�Y¼U
¾�4¿À�l&LL(J) =M ,ÁÙ<ÌJ��)*]J�¦�dÌJ

¸LÌM¸aº�
�§/ª®+n¸Â�%& ¬ÌK��]J»-��1ÃL´µ

?@$¹Q$¸�?@CÞÄ= (N +1�K)� (N + 1�K);?@á¹/
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ºa²ò9j¥�ÌK���´µ?@ à�ÉÊ»´µ (full pivoting)

�lU¥+·$»¥¸º4L¹º4 d!´µ?@º�ÌK¸ÌK¹
���lÌK��)*¦»®A(I; J)�ºa²ò9 �dÌ J¹LÌK

¹aº pdÌ I¸LÌK¸aº VA(I; J)º�ÌK¸ÌK¹��¥
�´µ?@ \¯°¥)*]J p�LL(1;K) = J�LL(2;K) = I�Y
¼U¾�4]J�

3.8 ���Ø[ËÌÍ�ÎÖ_`

¦�·<RSA���C¥¸º4Q¹º4 bV���®åÏÐ�
��Ñ¸Q¹º�aA��¶· ��¾{"lmH¸Q¹�4���
1. �=¸ (Q¹ )�4- ��Ò°V&�¸�ÐZx¸ (Q¹ )�4b
®
(a) I¸ (Q¹ )�/�3 c�
(b) I�¸ (Q¹ )aº�
(c) I¸ (Q¹ )�©Ë/¸ (Q¹ )�/�3 c�

2. a/ n �m�RS [A]¥¸�4ß¬<RS [A]�¦�/ n � n��4
RS [R] aê�;Zx¸�4��4RS��
(a) Ì i¸�� c� [R] = [Si(c)]��C [Si(c)]��/ n � n�m�R
S�Ì i¸�� cb®�

(b) Ì i¸LÌ j¸aº� [R] = [Eij]��C [Eij]��/ n � n�m�
RS�Ì i¸LÌ j¸aºb®�

(c) Ì i¸�©Ì j¸�� c� [R] = [Pij(c)]��C [Pij(c)]��/n�n

�m�RS�Ì i¸�©Ì j¸�� cb®�
�l�n = 4��

[S2(3)] =

2
6666664

1 0 0 0

0 3 0 0

0 0 1 0

0 0 0 1

3
7777775
; [E24] =

2
6666664

1 0 0 0

0 0 0 1

0 0 1 0

0 1 0 0

3
7777775
; [P24(5)] =

2
6666664

1 0 0 0

0 1 0 5

0 0 1 0

0 0 0 1

3
7777775
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3. a/n�m�RS [A]¥¹�4ß¬<RS [A]�¡�/m�m��4
RS [C] aê�;Zx¹�4��4RS��
(a) Ì i¹�� c� [C] = [S0

i
(c)]��C [S0

i
(c)]��/m �m�m�R

S�Ì i¹�� cb®�
(b) Ì i¹LÌ j¹aº� [C] = [E0

ij
]��C [E0

ij
]��/m�m�m�

RS�Ì i¹LÌ j¹aºb®�
(c) Ì i¹�©Ì j¹�� c� [C] = [P 0

ij
(c)]��C [P 0

ij
(c)]��/m�m

�m�RS�Ì i¹�©Ì j¹�� cb®�
�l�m = 4��

[S 0

2
(3)] =

2
6666664

1 0 0 0

0 3 0 0

0 0 1 0

0 0 0 1

3
7777775
; [E0

24
] =

2
6666664

1 0 0 0

0 0 0 1

0 0 1 0

0 1 0 0

3
7777775
; [P 0

24
(5)] =

2
6666664

1 0 0 0

0 1 0 0

0 0 1 0

0 5 0 1

3
7777775

-. [S0

i
(c)] = Si(c)]L [E0

ij
] = [Eij]5�aàRS	b [P 0

ij
(c)] = [Pij(c)]

T

= [Pji(c)]��aà�
¸�4RSQ¹�4RSx±pgÓ* ¼���¸�4Q¹�4Ô
 ¼P¦�¬ [A]Q¡�¬ [A]b>�

4. ³RS [A]L [B]�� ß¬ [C] ,
[A][B] = [C] (3.22)

��ã£ ¦�³ÕZx¸�4 [R1]; [R2]; � � � ; [Rn] ®
[Rn] � � � [R2][R1][A][B] = [Rn] � � � [R2][R1][C] (3.23)

Q
[A][B] = [C] (3.24)

¼C
[A] = [Rn] � � � [R2][R1][A] (3.25)

[C] = [Rn] � � � [R2][R1][C] (3.26)
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-. [A]L [C]PA*� [A]L [C]¥�6$H¸�4b®�TU -2
aRS [A]Ö³Õ×¸Ø�4¡L�RS [B]�� ß¬RS [C]Ö³
Õ6$�×¸Ø�4�

5. $!-)2�aRS [B]Ö³Õ×¹Ø�4¡L�RS [A]�� ß
¬RS [C]Ö³Õ6$�×¹Ø�4�

6. 8<gh�������LRSA�H���
[A]fXg = fBg (3.27)

��ã£
�¦�³Õ¸�4RS [R1]; [R2]; � � � ; [Rm] p�
fXg = [C1][C2] � � � [Cl]fXg (3.28)

fBg = [Rm] � � � [R2][R1]fBg (3.29)

[A] = [Rm] � � � [R2][R1][A][C1][C2] � � � [Cl] (3.30)

®
[A]fXg = fBg (3.31)

³a [A]A� -®
[A] = [L][U] (3.32)

�¡-���® fY g

[L]fY g = fBg (3.33)

\���® fXg

[U ]fXg = fY g (3.34)

TU a� (3.27)�� fXg-��ª«�
(a) �� (3.29)� fBg
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(b) �� (3.33)� fY g

(c) �� (3.34)� fXg

(d) �� (3.28)� fXg

¼CÙ [R]RS�A���Ca [A]�¥�¸aº Ù [C]RS�A�
��Ca [A]�¥�¹aº [L]L [U]�RS [A]¥�¸aº�¹aº
¡�A�RS�A*����RSL���RS�
-. a [A]�¥�¹�4P [C1]; [C2]; � � �� [Cl]�H� ä¬IJ
fXg» a fXg�¥��4�¸�4 �· [Cl]; � � � ; [C2]� [C1]�
H�Þ-.L�¾H�6á�
���¯�ÉÊ»´µ» '()*QA�+a¸�¹aº�Ê!�
� ¬uA»´µ» ÿ·a [A]¥¸�4 ��¯��� �ËÚ
¯�

7. ¦¯¸aº�¹aº�]J a¬}~RSQ��}RS �aàR
S�ÛM�¯Ü��
(a) Ý¥¸º4�¹º4» [L]L [U ]�}�,-|��Þßà��
(b) ÿ¥¸º4» [U]�}�òCà�J�}�L��}��, 
ä [L]�}�n-|��Þßà��
�á [L]���RSC¦¹�è¶?@5�â� (ma+ 1); n
-�q¬RS [A]���}�2 äE<A���C·¥¸º4
» �$a7J®� [L]RS�?@¥¸º4 �<� [L]¥¦§
¨©» ·¬�® yi¡/ð¨©=v��=�C ,7Ì i + 1
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¥U¾º4�¼îï��Kä½��CV PPDCLCV PPSB�

(c) l"�åRS�aà� ��¸º4�¡é·\¥6aêH¹º
4 �l¥Ì 2¸LÌ 4¸�aº¡·\¥Ì2¹LÌ 4¹�aº
�TUl#¥¸º4 �aà��,�æq< �/0³·¥
¸º4» ��ghaà����

(d) ��ßÜJ£�aàRS -�A�Ml��Ù� [U ]T [T ][U ]�
ô��¼C [U ]����RS [T ]�aà��a�RSä�Ea
�RS�çÐA�+E���åaà��H/Ð��è+ ä
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=»1�ík$¥�¸aº��¹aºH�4 TUa¬}~
RSQ��}RSn��ÛM (a)¾�¯�Ü��aU��d¬
ÌÍyÎÏ/Ð=ob[ÉHÊ!�+ ��à�12334
H�� -��¥¸Q¹Haº bA���}RS� [L][D][U ]

 QaàRS»� [U ]T [D][U ]�
2
6666664

0 2 2 4

2 0 6 2

2 6 12 15

4 2 15 8

3
7777775
=

2
6666664

1 0 0 0

0 1 0 0

3 1 1 0

1 2 0 1

3
7777775

2
6666664

0 2 0 0

2 0 0 0

0 0 0 1

0 0 1 0

3
7777775

2
6666664

1 0 3 1

0 1 1 2

0 0 1 0

0 0 0 1

3
7777775

3.9 ìÔÕCUDECP{í[\����

[Á/ ]C½��CUDECP (A;N;MA;MB;MM)�%&'()*+
[F/ (b)]�ð�IJ [L]� [U ]RS !�RSn�îA<pq [A]RS�
��C�¼CN � [A]RS�Ú3 MALMBA*�RS [A]�J�}
�L��}� MM� [A]RS�ïð¸3 ~»- �ß¬N !��
�ä-¥}~RS�A� �-¥hRSÞ,�=?@�-��¶�RS
á�A� U»#$<ñò!��» �MA = MB � (N � 1),-�

½��CUSOLX(A;B;N;MA;MB;MM)�%&�½��CUDECP

J®bq¬ [A]RSC� [L]L [U ]RS a�3¤K fBg�¥¦§¨©\
¥¤¨©b® fXg fXgnA<pq fBg���C�

³$IJ [A]RS��RS[A]�1 = [AINV ] -%&�¸3¹ó��
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(10,10),AINV(10,10)
...
CALL CUDECP(A,N,MA,MB,10)
DO 20 J=1,N
DO 10 I=1,N

10 AINV(I,J)=0.0
AINV(J,J)=1.0

20 CALL CUSOLX(A,AINV(1,J),N,MA,MB,10)
...
END

[Á/ ] �aà}~RSQhRS�A�L��
************************************************************************

SUBROUTINE CUDECP(A,N,MA,MB,MM)
C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)
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DIMENSION A(MM,1)

C** ============================================================ **
C** DIMENSION A(MM,N+(N-1)/MM) or A((N-1)*MM+N) **
C** ------------------------------------------------------------ **
C** Find [L] & [U] for given [A], | a11 a12 a13 0 0 | **
C** Such that [A] = [L] [U], | a21 a22 a23 a24 0 | **
C** [A] = | 0 a32 a33 a34 a35 | **
C** For example: | 0 0 a43 a44 a45 | **
C** N=5, MA=1, MB=2, MM=3 (>=MA+MB): | 0 0 0 a54 a55 | **
C** **
C** | l11 0 0 0 0 | | 1 u12 u13 0 0 | **
C** | l21 l22 0 0 0 | | 0 1 u23 u24 0 | **
C** [L] = | 0 l32 l33 0 0 |, [U] = | 0 0 1 u34 u35 | **
C** | 0 0 l43 l44 0 | | 0 0 0 1 u45 | **
C** | 0 0 0 l54 l55 | | 0 0 0 0 1 | **
C** **
C** INPUT data in A(3,6) = | a11 a12 a13\a43 a44 a45 | **
C** |\a21 a22 a23 a24\a54 a55 | **
C** | ? \a32 a33 a34 a35\ ? | **
C** or in 1-D array: **
C** A(17) = (a11 a21 ? a12 a22 a32 a13 a23 a33 a43 a24
C** a34 a44 a54 a35 a45 a55); **
C** **
C** OUTPUT data in A(3,6) = | l11 u12 u13\l43 l44 u45 | **
C** |\l21 l22 u23 u24\l54 l55 | **
C** | ? \l32 l33 u34 u35\ ? | **
C** or in 1-D array: **
C** A(17) = (l11 l21 ? u12 l22 l32 u13 u23 l33 l43 u24
C** u34 l44 l54 u35 u45 l55). **
C** ============================================================ **

DO 50 J=1,N
JMB=MAX0(J-MB,1)
JMA=MAX0(J-MA,1)

C** +--------------------------------------------------------+ **
C** | AIJ = A(I,J) - \sum_{K=IMA}^{I-1} L(I,K)*U(K,J) | **
C** | A(I,K)=L(I,K), A(K,J)=U(K,J) | **
C** | A(I,J)=A(I,J) --> U(I,J)=AIJ/L(I,I) | **
C** +--------------------------------------------------------+ **

DO 20 I=JMB,J-1
IMA=MAX0(I-MA,JMB)
AIJ=A(I,J)
DO 10 K=IMA,I-1
AIJ=AIJ-A(I,K)*A(K,J)

10 CONTINUE
A(I,J)=AIJ/A(I,I)

20 CONTINUE
C** +--------------------------------------------------------+ **
C** | AJI = A(J,I) - \sum_{K=IMB}^{I-1} L(J,K)*U(K,I) | **
C** | A(J,K)=L(J,K), A(K,I)=U(K,I) | **
C** | A(J,I)=A(J,I) --> L(J,I)=AJI | **
C** +--------------------------------------------------------+ **

DO 40 I=JMA,J
IMB=MAX0(I-MB,JMA)

AJI=A(J,I)
DO 30 K=IMB,I-1
AJI=AJI-A(J,K)*A(K,I)

30 CONTINUE
A(J,I)=AJI

40 CONTINUE
C** ---------------------------------------------------------- **
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IF(A(J,J).EQ.0.0) GO TO 55
50 CONTINUE

RETURN
C** +----------------------------------------------------------+ **
C** | Return with error : L(J,J)=0 | **
C** +----------------------------------------------------------+ **

55 WRITE(*,'('' A('',I3,'','',I3,'')=0''/)') J,J
RETURN
END

************************************************************************
SUBROUTINE CUSOLX(A,B,N,MA,MB,MM)
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(MM,1),B(N)

C** ============================================================ **
C** DIMENSION A(MM,N+(N-1)/MM),B(N) or A((N-1)*MM+N),B(N) **
C** ------------------------------------------------------------ **
C** Find {X} from [A]{X}={B} for given {B} & [A]=[L][U]. **
C** [L] & [U] are given & put in A(*) (Get by subroutine CUDECP) **
C** [L][U]{X}={B} ===> [L]{Y}={B}, [U]{X}={Y} **
C** ============================================================ **
C** +----------------------------------------------------------+ **
C** | Find {Y} from {B} by forward substitution of [L]{Y}={B} | **
C** | BI = B(I) - \sum_{K=IMA}^{I-1} L(I,K)*Y(K) | **
C** | A(I,K)=L(I,K), B(K)=Y(K), B(I)=B(I) --> Y(I)=BI/L(I,I) | **
C** +----------------------------------------------------------+ **

B(1)=B(1)/A(1,1)
DO 70 I=2,N
IMA=MAX0(I-MA,1)
BI=B(I)
DO 60 K=IMA,I-1
BI=BI-A(I,K)*B(K)

60 CONTINUE
B(I)=BI/A(I,I)

70 CONTINUE
C** +----------------------------------------------------------+ **
C** | Find {X} from {Y} by backward substitution of [U]{X}={Y} | **
C** | X(I) = BI = Y(I) - \sum_{K=I+1}^{IMB} U(I,K)*X(K) | **
C** | A(I,K)=U(I,K), B(K)=X(K), B(I)=Y(I) --> X(I)=BI | **
C** +----------------------------------------------------------+ **

DO 90 I=N-1,1,-1
IMB=MIN0(I+MB,N)
BI=B(I)
DO 80 K=I+1,IMB
BI=BI-A(I,K)*B(K)

80 CONTINUE
B(I)=BI

90 CONTINUE
RETURN
END

************************************************************************

[Á� ]Ù/���&�ô©RSÚ3N  J�}�MA���}�
MB��¡ô©P3RSAGEN(N;N)��3¤KBG(N)�¼¡�õ©
¿À�õâ%& ¼C½��PRINTA-&�öâ Ð9��RS�
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[Á� (a)] �aà}~RS�A�L�����

************************************************************************
C** PROGRAM FOR DECOMPOSITION OF AN UNSYMMETRIC BANDED MATRIX **
C** AND SOLVE THE EQUATION BY SUBSTITUTION **
C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION AGEN(8,8),BG(8)
MAG=8

C** ============================================================ **
READ(*,'(3I4)') N,MA,MB
DO 20 I=1,N

20 READ(*,'(10F8.0)') (AGEN(I,J),J=1,N)
READ(*,'(10F8.0)') (BG(J),J=1,N)

C** ------------------------------------------------------------ **
WRITE(*,'(/'' GIVEN MATRIX IN GENERAL FORM'')')
CALL PRINTA(AGEN,N,N,MAG)
WRITE(*,'(/'' GIVEN CONSTANT VECTOR''//(5X,10F6.2))')(BG(J),J=1,N)

C** ------------------------------------------------------------ **
CALL CUDECP(AGEN,N,MA,MB,MAG)
CALL CUSOLX(AGEN,BG,N,MA,MB,MAG)

C** ------------------------------------------------------------ **
WRITE(*,'(/'' DECOMPOSED MATRIX IN GENERAL FORM'')')
CALL PRINTA(AGEN,N,N,MAG)
WRITE(*,'(/'' RESULT VECTOR''//(5X,10F6.2))') (BG(J),J=1,N)
STOP
END

************************************************************************
SUBROUTINE PRINTA(A,N,M,NN)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(NN,M)
DATA MM/10/

C** ============================================================ **
DO 20 JL=1,M,MM
JH=MIN0(JL+MM-1,M)
WRITE(*,'(/ 5X,10I6)') (J,J=JL,JH)
DO 20 I=1,N

20 WRITE(*,'(I5,10F6.2)') I,(A(I,J),J=JL,JH)
RETURN
END

************************************************************************

[Á� (b)] õ©¿À
8 1 2

2.0 1.0 2.0 0 0 0 0 0
1.0 2.0 1.3 0.6 0 0 0 0
0 2.0 3.4 2.6 0.9 0 0 0
0 0 1.5 3.3 0.93 1.2 0 0
0 0 0 0.8 1.36 0.88 0.36 0
0 0 0 0 0.3 0.62 0.34 0.1
0 0 0 0 0 0.4 2.5 1.46
0 0 0 0 0 0 1.1 3.86
1.1 0.94 4.66 6.51 0.94 0.84 -1.29 2.21
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[Á� (c)] õâ%&
GIVEN MATRIX IN GENERAL FORM

1 2 3 4 5 6 7 8
1 2.00 1.00 2.00 .00 .00 .00 .00 .00
2 1.00 2.00 1.30 .60 .00 .00 .00 .00
3 .00 2.00 3.40 2.60 .90 .00 .00 .00
4 .00 .00 1.50 3.30 .93 1.20 .00 .00
5 .00 .00 .00 .80 1.36 .88 .36 .00
6 .00 .00 .00 .00 .30 .62 .34 .10
7 .00 .00 .00 .00 .00 .40 2.50 1.46
8 .00 .00 .00 .00 .00 .00 1.10 3.86

GIVEN CONSTANT VECTOR

1.10 .94 4.66 6.51 .94 .84 -1.29 2.21

DECOMPOSED MATRIX IN GENERAL FORM

1 2 3 4 5 6 7 8
1 2.00 .50 1.00 .00 .00 .00 .00 .00
2 1.00 1.50 .20 .40 .00 .00 .00 .00
3 .00 2.00 3.00 .60 .30 .00 .00 .00
4 .00 .00 1.50 2.40 .20 .50 .00 .00
5 .00 .00 .00 .80 1.20 .40 .30 .00
6 .00 .00 .00 .00 .30 .50 .50 .20
7 .00 .00 .00 .00 .00 .40 2.30 .60
8 .00 .00 .00 .00 .00 .00 1.10 3.20

RESULT VECTOR

-.50 -.30 1.20 .80 -1.00 2.50 -1.50 1.00

3.10 ìÔÕCBDECP{[\����

½��CBDECP (A;N;M;MM)67¬CUDECP  ä [A]RS·�
aàRS�/�%&MY(Z+Ë/�%&jNMY(Z+ 5 [F/
(d)]�ð�IJ [U ]Q [D]� [U ]RS !ßRSn�îA<pq [A]RS�
��� [A]RS#k=a������?@²,-�N� [A]�Ú3 M

��}� MM� [A]�ïð¸3 ~»- �ß¬N�
½��CBSOLX(A;B;N;M;MM)�%&�½��CBDECPJ®b

q¬ [A]RSC� [U ]Q [D]� [U ] a�3¤KfBg¥¦§�¤¨©b®
fXg nA¬pq fBg���C�

½���$÷-¥aàhRS�A� �M � (N � 1),-��RS
[A]�1�IJó��LèaàRSj6� ¬Urø����ñ&+d¬
Ìùy®}~RS���}RSpq+�¡ú�D���
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[
� (a)] ����������� {�����

************************************************************************

SUBROUTINE CBDECP(A,M,N,MM)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(1)

C** ============================================================ **

C** DIMENSION A(MM,N+(N-1)/MM) or A((N-1)*MM+N) **

C** ------------------------------------------------------------ **

C** Find [U] for given [A], | a11 a12 a13 0 0 | **

C** Such that [A] = [U]'[U], | a12 a22 a23 a24 0 | **

C** where [U]'= transpose of [U]. [A] = | a13 a23 a33 a34 a35 | **

C** | 0 a24 a34 a44 a45 | **

C** For example: N=5, M=2, MM=2: | 0 0 a35 a45 a55 | **

C** **

C** | u11 0 0 0 0 | | u11 u12 u13 0 0 | **

C** | u12 u22 0 0 0 | | 0 u22 u23 u24 0 | **

C** [U]'= | u13 u23 u33 0 0 |, [U] = | 0 0 u33 u34 u35 | **

C** | 0 u24 u34 u44 0 | | 0 0 0 u44 u45 | **

C** | 0 0 u35 u45 u55 | | 0 0 0 0 u55 | **

C** **

C** INPUT data in A(2,7) = |\a11 a12 a13\a33 a34 a35\a55 | **

C** | ? \a22 a23 a24\a44 a45 ? \| **

C** or in 1-D array: **

C** A(13) = (a11 ? a12 a22 a13 a23 a33 a24 a34 a44 a35 a45 a55); **

C** **

C** OUTPUT data in A(2,7) = |\u11 u12 u13\u33 u34 u35\u55 | **

C** | ? \u22 u23 u24\u44 u45 ? \| **

C** or in 1-D array: **

C** A(13) = (u11 ? u12 u22 u13 u23 u33 u24 u34 u44 u35 u45 u55). **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | AIJ = A(I,J) - \sum_{K=JM}^{I-1} U(K,I)*U(K,J) | **

C** | I<J : U(I,J)=AIJ/U(I,I); I=J : U(I,J)=sqrt(AIJ) | **

C** | A(K+IA)=U(K,I), A(K+JA)=U(K,J), A(I+JA)=A(I,J) --> U(I,J)| **

C** +----------------------------------------------------------+ **

JA=0

DO 40 J=1,N

JM=MAX0(J-M,1)

IA=(JM-1)*MM

DO 30 I=JM,J

AIJ=A(I+JA)

DO 10 K=JM,I-1

AIJ=AIJ-A(K+IA)*A(K+JA)

10 CONTINUE

IF(I.NE.J) THEN

A(I+JA)=AIJ/A(I+IA)

ELSE IF(AIJ.GT.0.0) THEN

A(I+JA)=SQRT(AIJ)

ELSE

WRITE(*,'('' A('',I3,'','',I3,'') <= 0''/)') J,J

RETURN

ENDIF

30 IA=IA+MM

40 JA=JA+MM

RETURN

END

************************************************************************

SUBROUTINE CBSOLX(A,B,M,N,MM)
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C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(1),B(N)

C** ============================================================ **

C** DIMENSION A(MM,N+(N-1)/MM),B(N) or A((N-1)*MM+N),B(N) **

C** ------------------------------------------------------------ **

C** Find {X} from [A]{X}={B} for given {B} & [A]=[U]'[U]. **

C** [U] is given & put in A(*) (Get by subroutine CBDECP) **

C** [U]'[U]{X}={B} ===> [U]'{Y}={B}, [U]{X}={Y} **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Find {Y} from {B} by forward substitution of [U]'{Y}={B} | **

C** | U(I,I)*Y(I) = BI = B(I) - \sum_{K=IM}^{I-1} U'(I,K)*Y(K) | **

C** | A(K+IA)=U(K,I)=U'(I,K), B(K)=Y(K), B(I)=B(I) --> Y(I) | **

C** +----------------------------------------------------------+ **

IA=0

DO 70 I=1,N

IM=MAX0(I-M,1)

BI=B(I)

DO 60 K=IM,I-1

BI=BI-A(K+IA)*B(K)

60 CONTINUE

B(I)=BI/A(I+IA)

70 IA=IA+MM

C** +----------------------------------------------------------+ **

C** | Find {X} from {Y} by backward substitution of [U]{X}={Y} | **

C** | For I=N:1 Compute B(K)=B(K)-U(K,I)*X(I) for K=IM:(I-1) | **

C** | A(K+IA)=U(K,I), B(K)=Y(K) --> U(K,K)*X(K) ==> BI=X(I) | **

C** +----------------------------------------------------------+ **

DO 90 I=N,1,-1

IA=IA-MM

IM=MAX0(I-M,1)

BI=B(I)/A(I+IA)

DO 80 K=IM,I-1

B(K)=B(K)-A(K+IA)*BI

80 CONTINUE

B(I)=BI

90 CONTINUE

RETURN

END

************************************************************************

[
� (b)] ����������� {#$�����

************************************************************************

SUBROUTINE CBDECP(A,M,N,MM)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(1)

C** ============================================================ **

C** DIMENSION A(MM,N+(N-1)/MM) or A((N-1)*MM+N) **

C** ------------------------------------------------------------ **

C** Find [D] & [U] for given [A], | a11 a12 a13 0 0 | **

C** Such that [A] = [U]'[D] [U], | a12 a22 a23 a24 0 | **

C** where [U]'= transpose of [U]. [A] = | a13 a23 a33 a34 a35 | **

C** | 0 a24 a34 a44 a45 | **

C** For example: N=5, M=2, MM=2: | 0 0 a35 a45 a55 | **

C** **

C** | d11 0 0 0 0 | | 1 u12 u13 0 0 | **
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C** | 0 d22 0 0 0 | | 0 1 u23 u24 0 | **

C** [D] = | 0 0 d33 0 0 |, [U] = | 0 0 1 u34 u35 | **

C** | 0 0 0 d44 0 | | 0 0 0 1 u45 | **

C** | 0 0 0 0 d55 | | 0 0 0 0 1 | **

C** **

C** INPUT data in A(2,7) = |\a11 a12 a13\a33 a34 a35\a55 | **

C** | ? \a22 a23 a24\a44 a45 ? \| **

C** or in 1-D array: **

C** A(13) = (a11 ? a12 a22 a13 a23 a33 a24 a34 a44 a35 a45 a55); **

C** **

C** OUTPUT data in A(2,7) = |\d11 u12 u13\d33 u34 u35\d55 | **

C** | ? \d22 u23 u24\d44 u45 ? \| **

C** or in 1-D array: **

C** A(13) = (d11 ? u12 d22 u13 u23 d33 u24 u34 d44 u35 u45 d55). **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | D(I,I)U(I,J)=A(I,J)-\sum_{K=JM}^{I-1} D(K,K)U(K,I)U(K,J) | **

C** | A(K+IA)=U(K,I), A(K+JA)=D(K,K)*U(K,J) | **

C** | A(I+JA)=AIJ=A(I,J) --> D(I,I)*U(I,J) | **

C** +----------------------------------------------------------+ **

JA=0

DO 40 J=1,N

JM=MAX0(J-M,1)

IA=JM*MM

DO 20 I=JM+1,J-1

AIJ=A(I+JA)

DO 10 K=JM,I-1

AIJ=AIJ-A(K+IA)*A(K+JA)

10 CONTINUE

A(I+JA)=AIJ

20 IA=IA+MM

C** +----------------------------------------------------------+ **

C** | D(J,J) =A(J,J) - \sum_{K=JM}^{J-1} D(K,K)*U(K,J)*U(K,J) | **

C** | A(K+JA)=D(K,K)*U(K,J) --> U(K,J), AKJ=U(K,J) | **

C** | A(J+JA)=AJJ=A(J,J) --> D(J,J), A(K+KA)=D(K,K) | **

C** +----------------------------------------------------------+ **

AJJ=A(J+JA)

KA=(JM-1)*MM

DO 30 K=JM,J-1

AKJ=A(K+JA)/A(K+KA)

AJJ=AJJ-AKJ*A(K+JA)

A(K+JA)=AKJ

30 KA=KA+MM

A(J+JA)=AJJ

IF(A(J+JA).EQ.0.0) GO TO 50

40 JA=JA+MM

RETURN

C** +----------------------------------------------------------+ **

C** | Return with error : D(J,J)=0 | **

C** +----------------------------------------------------------+ **

50 WRITE(*,'('' A('',I3,'','',I3,'')=0''/)') J,J

RETURN

END

************************************************************************

SUBROUTINE CBSOLX(A,B,M,N,MM)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(1),B(N)

C** ============================================================ **

C** DIMENSION A(MM,N+(N-1)/MM),B(N) or A((N-1)*MM+N),B(N) **
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C** ------------------------------------------------------------ **

C** Find {X} from [A]{X}={B} for given {B} & [A]=[U]'[D][U]. **

C** [D] & [U] are given & put in A(*) (Get by subroutine CBDECP) **

C** [U]'[D][U]{X}={B} ===> [U]'{Z}={B}, [D]{Y}={Z}, [U]{X}={Y} **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Find {Z} from {B} by forward substitution of [U]'{Z}={B} | **

C** | Z(I) = BI = B(I) - \sum_{K=IM}^{I-1} U'(I,K)*Z(K) | **

C** | A(K+IA)=U(K,I)=U'(I,K), B(K)=Z(K), B(I)=B(I) --> Z(I) | **

C** +----------------------------------------------------------+ **

IA=0

DO 70 I=1,N

IM=MAX0(I-M,1)

BI=B(I)

DO 60 K=IM,I-1

BI=BI-A(K+IA)*B(K)

60 CONTINUE

B(I)=BI

70 IA=IA+MM

C** +----------------------------------------------------------+ **

C** | Find {Y} from {Z} from the equation [D]{Y}={Z} | **

C** | Y(I) = Z(I) / D(I,I) | **

C** | B(I) = Z(I) --> Y(I), A(I+IA)=D(I,I) | **

C** +----------------------------------------------------------+ **

IA=0

DO 75 I=1,N

B(I)=B(I)/A(I+IA)

75 IA=IA+MM

C** +----------------------------------------------------------+ **

C** | Find {X} from {Y} by backward substitution of [U]{X}={Y} | **

C** | For I=N:2 Compute B(K)=B(K)-U(K,I)*X(I) for K=IM:(I-1) | **

C** | A(K+IA)=U(K,I), B(I)=BI=X(I), B(K)=Y(K) --> X(K) | **

C** +----------------------------------------------------------+ **

DO 90 I=N,2,-1

IA=IA-MM

IM=MAX0(I-M,1)

BI=B(I)

DO 80 K=IM,I-1

B(K)=B(K)-A(K+IA)*BI

80 CONTINUE

90 CONTINUE

RETURN

END

************************************************************************

3.11 '() V BDECP{*+,-./0
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[
X (a)] �@A��������� {�����

************************************************************************

SUBROUTINE VBDECP(A,LL,N)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(1),LL(N)

C** ============================================================ **

C** DIMENSION A(N+LL(N)),LL(N) **

C** ------------------------------------------------------------ **

C** Find [U] for given [A], | a11 0 a13 0 0 | **

C** Such that [A] = [U]'[U], | 0 a22 a23 0 a25 | **

C** where [U]'= transpose of [U]. [A] = | a13 a23 a33 a34 a35 | **

C** For example: | 0 0 a34 a44 a45 | **

C** N=5 and LL(5)=(0 0 2 3 6): | 0 a25 a35 a45 a55 | **

C** **

C** | u11 0 0 0 0 | | u11 0 u13 0 0 | **

C** | 0 u22 0 0 0 | | 0 u22 u23 0 u25 | **

C** [U]'= | u13 u23 u33 0 0 |, [U] = | 0 0 u33 u34 u35 | **

C** | 0 0 u34 u44 0 | | 0 0 0 u44 u45 | **

C** | 0 u25 u35 u45 u55 | | 0 0 0 0 u55 | **

C** **

C** Given LL(5) = ( 0 0 2 3 6), **

C** I + LL(J) : 1+0 2+0 1+2 2+2 3+2 3+3 4+3 2+6 3+6 4+6 5+6 **

C** Location : 1 2 3 4 5 6 7 8 9 10 11 **

C** INPUT A(11) = (a11 a22 a13 a23 a33 a34 a44 a25 a35 a45 a55); **

C** OUTPU A(11) = (u11 u22 u13 u23 u33 u34 u44 u25 u35 u45 d55). **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | AIJ = A(I,J) - \sum_{K=IM}^{I-1} U(K,I)*U(K,J) | **

C** | I<J : U(I,J)=AIJ/U(I,I); I=J : U(I,J)=sqrt(AIJ) | **

C** | A(K+IA)=U(K,I), A(K+JA)=U(K,J), A(I+JA)=A(I,J) --> U(I,J)| **

C** +----------------------------------------------------------+ **

JB=0

DO 40 J=1,N

JA=LL(J)-LL(1)

JM=J-JA+JB

IB=0

IF(JM.GT.1) IB=LL(JM-1)-LL(1)

DO 30 I=JM,J

IA=LL(I)-LL(1)

IM=MAX0(I-IA+IB,JM)

AIJ=A(I+JA)

DO 10 K=IM,I-1

AIJ=AIJ-A(K+IA)*A(K+JA)

10 CONTINUE

IF(I.NE.J) THEN

A(I+JA)=AIJ/A(I+IA)

ELSE IF(AIJ.GT.0.0) THEN

A(I+JA)=SQRT(AIJ)

ELSE

WRITE(*,'('' A('',I3,'','',I3,'') <= 0''/)') J,J

RETURN

ENDIF

30 IB=IA

40 JB=JA

RETURN

END

************************************************************************

SUBROUTINE VBSOLX(A,B,LL,N)
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C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(1),B(N),LL(N)

C** ============================================================ **

C** DIMENSION A(N+LL(N)),B(N),LL(N) **

C** ------------------------------------------------------------ **

C** Find {X} from [A]{X}={B} for given {B} & [A]=[U]'[U]. **

C** [U] is given & put in A(*) (Get by subroutine VBDECP) **

C** [U]'[U]{X}={B} ===> [U]'{Y}={B}, [U]{X}={Y} **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Find {Y} from {B} by forward substitution of [U]'{Y}={B} | **

C** | U(I,I)*Y(I) = BI = B(I) - \sum_{K=IM}^{I-1} U'(I,K)*Y(K) | **

C** | A(K+IA)=U(K,I)=U'(I,K), B(K)=Y(K), B(I)=B(I) --> Y(I) | **

C** +----------------------------------------------------------+ **

IB=0

DO 70 I=1,N

IA=LL(I)-LL(1)

IM=I-IA+IB

BI=B(I)

DO 60 K=IM,I-1

BI=BI-A(K+IA)*B(K)

60 CONTINUE

B(I)=BI/A(I+IA)

70 IB=IA

C** +----------------------------------------------------------+ **

C** | Find {X} from {Y} by backward substitution of [U]{X}={Y} | **

C** | For I=N:2 Compute B(K)=B(K)-U(K,I)*X(I) for K=IM:(I-1) | **

C** | A(K+IA)=U(K,I), B(K)=Y(K) --> U(K,K)*X(K) ==> BI=X(I) | **

C** +----------------------------------------------------------+ **

DO 90 I=N,2,-1

IA=LL(I)-LL(1)

IM=I-LL(I)+LL(I-1)

BI=B(I)/A(I+IA)

DO 80 K=IM,I-1

B(K)=B(K)-A(K+IA)*BI

80 CONTINUE

B(I)=BI

90 CONTINUE

B(1)=B(1)/A(1)

RETURN

END

************************************************************************

[
X (b)] �@A��������� {#$�����

************************************************************************

SUBROUTINE VBDECP(A,LL,N)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(1),LL(N)

C** ============================================================ **

C** DIMENSION A(N+LL(N)),LL(N) **

C** ------------------------------------------------------------ **

C** Find [D] & [U] for given [A], | a11 0 a13 0 0 | **

C** Such that [A] = [U]'[D] [U], | 0 a22 a23 0 a25 | **

C** where [U]'= transpose of [U]. [A] = | a13 a23 a33 a34 a35 | **

C** For example: | 0 0 a34 a44 a45 | **

C** N=5 and LL(5)=(0 0 2 3 6): | 0 a25 a35 a45 a55 | **

C** **
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C** | d11 0 0 0 0 | | 1 0 u13 0 0 | **

C** | 0 d22 0 0 0 | | 0 1 u23 0 u25 | **

C** [D] = | 0 0 d33 0 0 |, [U] = | 0 0 1 u34 u35 | **

C** | 0 0 0 d44 0 | | 0 0 0 1 u45 | **

C** | 0 0 0 0 d55 | | 0 0 0 0 1 | **

C** **

C** Given LL(5) = ( 0 0 2 3 6), **

C** I + LL(J) : 1+0 2+0 1+2 2+2 3+2 3+3 4+3 2+6 3+6 4+6 5+6 **

C** Location : 1 2 3 4 5 6 7 8 9 10 11 **

C** INPUT A(11) = (a11 a22 a13 a23 a33 a34 a44 a25 a35 a45 a55); **

C** OUTPU A(11) = (d11 d22 u13 u23 d33 u34 d44 u25 u35 u45 d55). **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | D(I,I)U(I,J)=A(I,J)-\sum_{K=IM}^{I-1} D(K,K)U(K,I)U(K,J) | **

C** | A(K+IA)=U(K,I), A(K+JA)=D(K,K)*U(K,J) | **

C** | A(I+JA)=AIJ=A(I,J) --> D(I,I)*U(I,J) | **

C** +----------------------------------------------------------+ **

JB=0

DO 40 J=1,N

JA=LL(J)-LL(1)

JM=J-JA+JB

DO 20 I=JM+1,J-1

IA=LL(I)-LL(1)

IM=MAX0(I-LL(I)+LL(I-1),JM)

AIJ=A(I+JA)

DO 10 K=IM,I-1

AIJ=AIJ-A(K+IA)*A(K+JA)

10 CONTINUE

A(I+JA)=AIJ

20 CONTINUE

C** +----------------------------------------------------------+ **

C** | D(J,J) =A(J,J) - \sum_{K=JM}^{J-1} D(K,K)*U(K,J)*U(K,J) | **

C** | A(K+JA)=D(K,K)*U(K,J) --> U(K,J), AKJ=U(K,J) | **

C** | A(J+JA)=AJJ=A(J,J) --> D(J,J), A(K+KA)=D(K,K) | **

C** +----------------------------------------------------------+ **

AJJ=A(J+JA)

DO 30 K=JM,J-1

KA=LL(K)-LL(1)

AKJ=A(K+JA)/A(K+KA)

AJJ=AJJ-AKJ*A(K+JA)

A(K+JA)=AKJ

30 CONTINUE

A(J+JA)=AJJ

IF(A(J+JA).EQ.0.0) GO TO 50

40 JB=JA

RETURN

C** +----------------------------------------------------------+ **

C** | Return with error : D(J,J)=0 | **

C** +----------------------------------------------------------+ **

50 WRITE(*,'('' A('',I3,'','',I3,'')=0''/)') J,J

RETURN

END

************************************************************************

SUBROUTINE VBSOLX(A,B,LL,N)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(1),B(N),LL(N)

C** ============================================================ **

C** DIMENSION A(N+LL(N)),B(N),LL(N) **

C** ------------------------------------------------------------ **
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C** Find {X} from [A]{X}={B} for given {B} & [A]=[U]'[D][U]. **

C** [D] & [U] are given & put in A(*) (Get by subroutine VBDECP) **

C** [U]'[D][U]{X}={B} ===> [U]'{Z}={B}, [D]{Y}={Z}, [U]{X}={Y} **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Find {Z} from {B} by forward substitution of [U]'{Z}={B} | **

C** | Z(I) = BI = B(I) - \sum_{K=IM}^{I-1} U'(I,K)*Z(K) | **

C** | A(K+IA)=U(K,I)=U'(I,K), B(K)=Z(K), B(I)=B(I) --> Z(I) | **

C** +----------------------------------------------------------+ **

IB=0

DO 70 I=1,N

IA=LL(I)-LL(1)

IM=I-IA+IB

BI=B(I)

DO 60 K=IM,I-1

BI=BI-A(K+IA)*B(K)

60 CONTINUE

B(I)=BI

70 IB=IA

C** +----------------------------------------------------------+ **

C** | Find {Y} from {Z} from the equation [D]{Y}={Z} | **

C** | Y(I) = Z(I) / D(I,I) | **

C** | B(I) = Z(I) --> Y(I), A(I+IA)=D(I,I) | **

C** +----------------------------------------------------------+ **

DO 75 I=1,N

IA=LL(I)-LL(1)

B(I)=B(I)/A(I+IA)

75 CONTINUE

C** +----------------------------------------------------------+ **

C** | Find {X} from {Y} by backward substitution of [U]{X}={Y} | **

C** | For I=N:2 Compute B(K)=B(K)-U(K,I)*X(I) for K=IM:(I-1) | **

C** | A(K+IA)=U(K,I), B(I)=BI=X(I), B(K)=Y(K) --> X(K) | **

C** +----------------------------------------------------------+ **

DO 90 I=N,2,-1

IA=LL(I)-LL(1)

IM=I-LL(I)+LL(I-1)

BI=B(I)

DO 80 K=IM,I-1

B(K)=B(K)-A(K+IA)*BI

80 CONTINUE

90 CONTINUE

RETURN

END

************************************************************************

3.12 '()LUPPDC{_*+`/0abcd
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[
L ] Q���������� {�����

************************************************************************

SUBROUTINE LUPPDC(A,LL,N,NN)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(NN,N),LL(N)

C** ============================================================ **

C** Find [L] & [U] for given [A], Such that [R][A] = [L][U]. **

C** where [R] is ROW_exchanges Matrix indicated by LL(J)=M **

C** LL(J)=M : ROW_exchange between J_th_row & M_th_row **

C** ============================================================ **

DO 50 J=1,N

C** +--------------------------------------------------------+ **

C** | AIJ = A(I,J) - \sum_{K=1}^{min(I,J)-1} L(I,K)*U(K,J) | **

C** | A(I,K)=L(I,K), A(K,J)=U(K,J) | **

C** +--------------------------------------------------------+ **

AJJ=0.0

DO 30 I=1,N

AIJ=A(I,J)

DO 10 K=1,MIN0(I-1,J-1)

AIJ=AIJ-A(I,K)*A(K,J)

10 CONTINUE

C** +------------------------------------------------------+ **

C** | I < J : A(I,J)=A(I,J) --> U(I,J)=AIJ/L(I,I) | **

C** | I >= J : A(I,J)=A(I,J) --> L(I,J)=AIJ | **

C** +------------------------------------------------------+ **

IF(I.LT.J) THEN

A(I,J)=AIJ/A(I,I)

ELSE

A(I,J)=AIJ

C** +----------------------------------------------------+ **

C** | Find M & AJJ=abs(L(M,J))=max(abs(L(I,J)), I=J,N) | **

C** +----------------------------------------------------+ **

IF(AJJ.LT.ABS(AIJ)) THEN

AJJ=ABS(AIJ)

M=I

ENDIF

ENDIF

30 CONTINUE

C** ---------------------------------------------------------- **

IF(AJJ.EQ.0.0) GO TO 55

C** +--------------------------------------------------------+ **

C** | Set LL(J)=M & Exchange J_th_row & M_th_row | **

C** +--------------------------------------------------------+ **

LL(J)=M

IF(M.NE.J) THEN

DO 40 I=1,N

AIJ=A(M,I)

A(M,I)=A(J,I)

A(J,I)=AIJ

40 CONTINUE

ENDIF

50 CONTINUE

RETURN

C** +----------------------------------------------------------+ **

C** | Return on singular matrix : L(J,J)=0 | **

C** +----------------------------------------------------------+ **

55 WRITE(*,'(/'' Matrix is singular: A('',I3,'','',I3,'')=0''/)') J,J
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RETURN

END

************************************************************************

SUBROUTINE LUPPSB(A,B,LL,N,NN)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(NN,N),B(N),LL(N)

C** ============================================================ **

C** Find {X} from [A]{X}={B} for given {B} & [R][A]=[L][U]. **

C** [L] & [U] are given & put in A(NN,N), [R] is given by LL(N) **

C** [L][U]{X}=[R]{B} ==> [L]{Y}=[R]{B}, [U]{X}={Y} **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Find {Y} from [R]{B} by forward subst. of [L]{Y}=[R]{B} | **

C** | BI = B(I) - \sum_{K=1}^{I-1} L(I,K)*Y(K) | **

C** | A(I,K)=L(I,K), B(K)=Y(K), B(I)=B(I) --> Y(I)=BI/L(I,I) | **

C** +----------------------------------------------------------+ **

DO 70 I=1,N

M=LL(I)

BI=B(M)

B(M)=B(I)

DO 60 K=1,I-1

BI=BI-A(I,K)*B(K)

60 CONTINUE

B(I)=BI/A(I,I)

70 CONTINUE

C** +----------------------------------------------------------+ **

C** | Find {X} from {Y} by backward substitution of [U]{X}={Y} | **

C** | X(I) = BI = Y(I) - \sum_{K=I+1}^{N} U(I,K)*X(K) | **

C** | A(I,K)=U(I,K), B(K)=X(K), B(I)=Y(I) --> X(I)=BI | **

C** +----------------------------------------------------------+ **

DO 90 I=N-1,1,-1

BI=B(I)

DO 80 K=I+1,N

BI=BI-A(I,K)*B(K)

80 CONTINUE

B(I)=BI

90 CONTINUE

RETURN

END

************************************************************************

3.13 '()LUFPDC{_*+`/0��cd
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************************************************************************

SUBROUTINE LUFPDC(A,LL,N,NSD,NN)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(NN,N),LL(2,N)

DATA EPS/1.0D-7/

C** ============================================================ **

C** Find [L] & [U] for given [A], Such that [R][A][C] = [L][U]. **

C** where [C] is COL_exchanges Matrix indicated by LL(1,K)=JK **

C** where [R] is ROW_exchanges Matrix indicated by LL(2,K)=IK **

C** LL(1,K)=JK : COL_exchange between K_th_col & JK_th_col **

C** LL(2,K)=IK : ROW_exchange between K_th_row & IK_th_row **

C*O NSD = Number of singular degrees of the given matrix **

C** ============================================================ **

NSD=0

DO 80 K=1,N

C** +----------------------------------------------------------+ **

C** | Find IK, JK, AKK=|A(IK,JK)|=max(|A(I,J)|, I=K,N & J=K,N) | **

C** | A(I,J)=A(I,J)-\sum_{k=1)^{K-1} L(I,k)*U(k,J) | **

C** +----------------------------------------------------------+ **

AKK=0.0

DO 20 J=K,N

DO 10 I=K,N

IF(AKK.GE.DABS(A(I,J))) GO TO 10

AKK=DABS(A(I,J))

IK=I

JK=J

10 CONTINUE
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20 CONTINUE

IF(K.EQ.1) ADD=AKK

IF(AKK.LE.ADD*EPS) GO TO 90

C** +--------------------------------------------------------+ **

C** | Set LL(1,K)=JK & Exchange K_th_col & JK_th_col | **

C** | Set LL(2,K)=IK & Exchange K_th_row & IK_th_row | **

C** +--------------------------------------------------------+ **

LL(1,K)=JK

IF(K.NE.JK) THEN

J=JK

DO 30 I=1,N

AKJ=A(I,J)

A(I,J)=A(I,K)

A(I,K)=AKJ

30 CONTINUE

ENDIF

LL(2,K)=IK

IF(K.NE.IK) THEN

I=IK

DO 40 J=1,N

AKJ=A(I,J)

A(I,J)=A(K,J)

A(K,J)=AKJ

40 CONTINUE

ENDIF

C** +--------------------------------------------------------+ **

C** | A(I,J)=A(I,J) - L(I,K)*U(K,J) for I=K+1,N & J=K+1,N | **

C** | A(I,K)=L(I,K), A(K,J)=L(K,K)*U(K,J) --> U(K,J)=AKJ | **

C** +--------------------------------------------------------+ **

IF(K.EQ.N) RETURN

DO 60 J=K+1,N

AKJ=A(K,J)/A(K,K)

DO 50 I=K+1,N

A(I,J)=A(I,J)-A(I,K)*AKJ

50 CONTINUE

A(K,J)=AKJ

60 CONTINUE

80 CONTINUE

C** +----------------------------------------------------------+ **

C** | Return on singular matrix : L(K,K)=0 | **

C** +----------------------------------------------------------+ **

90 NSD=N-K+1

IF(ADD.EQ.0.0) ADD=1.0

DO 95 K=N-NSD+1,N

LL(1,K)=K

LL(2,K)=K

A(K,K)=DMAX1(DABS(A(K,K)),ADD*EPS*EPS)

95 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE LUFPSB(A,B,LL,N,NN)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(NN,N),B(N),LL(2,N)

C** ============================================================ **

C** Find {X} from [A]{X}={B} for given {B} & [R][A][C]=[L][U]. **

C** [C] is given by LL(1,N), [R] is given by LL(2,N), **

C** [L] & [U] are given & put in A(NN,N), [C]'=inverse of [C] **

C** [L][U][C]'{X}=[R]{B} => [L]{Z}=[R]{B}, [U]{Y}={Z}, {X}=[C]{Y} **
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C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Find {Z} from [R]{B} by forward subst. of [L]{Z}=[R]{B} | **

C** | B(I) <==> B(LL(2,I)) | **

C** | BI = B(I) - \sum_{K=1}^{I-1} L(I,K)*Z(K) | **

C** | A(I,K)=L(I,K), B(K)=Z(K), B(I)=B(I) --> Z(I)=BI/L(I,I) | **

C** +----------------------------------------------------------+ **

DO 70 I=1,N

M=LL(2,I)

BI=B(M)

B(M)=B(I)

DO 60 K=1,I-1

BI=BI-A(I,K)*B(K)

60 CONTINUE

B(I)=BI/A(I,I)

70 CONTINUE

C** +----------------------------------------------------------+ **

C** | Find {Y} from {Z} by backward substitution of [U]{Y}={Z} | **

C** | Y(I) = BI = Z(I) - \sum_{K=I+1}^{N} U(I,K)*Y(K) | **

C** | A(I,K)=U(I,K), B(K)=Y(K), B(I)=Z(I) --> Y(I)=BI | **

C** +----------------------------------------------------------+ **

DO 90 I=N-1,1,-1

BI=B(I)

DO 80 K=I+1,N

BI=BI-A(I,K)*B(K)

80 CONTINUE

B(I)=BI

90 CONTINUE

C** +----------------------------------------------------------+ **

C** | Find {X} from {Y} by ROW_exchanges : {X}=[C]{Y} | **

C** +----------------------------------------------------------+ **

DO 95 I=N-1,1,-1

M=LL(1,I)

BI=B(I)

B(I)=B(M)

B(M)=BI

95 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE LUFPBS(A,B,LL,N,NN)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(NN,N),B(N),LL(2,N)

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Find {Y} from {Z} by backward substitution of [U]{Y}={Z} | **

C** | Y(I) = BI = Z(I) - \sum_{K=I+1}^{N} U(I,K)*Y(K) | **

C** | A(I,K)=U(I,K), B(K)=Y(K), B(I)=Z(I) --> Y(I)=BI | **

C** +----------------------------------------------------------+ **

DO 90 I=N-1,1,-1

BI=B(I)

DO 80 K=I+1,N

BI=BI-A(I,K)*B(K)

80 CONTINUE

B(I)=BI

90 CONTINUE

C** +----------------------------------------------------------+ **

C** | Find {X} from {Y} by ROW_exchanges : {X}=[C]{Y} | **

C** +----------------------------------------------------------+ **
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DO 95 I=N-1,1,-1

M=LL(1,I)

BI=B(I)

B(I)=B(M)

B(M)=BI

95 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE LUFPSG(A,B,LL,N,NSD,NN)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(NN,N),B(NN,NSD),LL(2,N)

C** ============================================================ **

C** Find the solution vectors [B] of the singular matrix [A] **

C** ------------------------------------------------------------ **

C*O B(N,NSD) = Solution vectors of singular matrix A(N,N) **

C** ============================================================ **

DO 50 J=1,NSD

DO 30 I=1,N

B(I,J)=0.0

30 CONTINUE

B(N-NSD+J,J)=1.0

CALL LUFPBS(A,B(1,J),LL,N,NN)

50 CONTINUE

RETURN

END

************************************************************************

[
´ (b)] Q���������� {����� (ñÓ> )

************************************************************************

SUBROUTINE LUFPDC(A,LL,N,NSD,NN)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(NN,N),LL(2,N)

DATA EPS/1.0D-7/

C** ============================================================ **

C** Find [L] & [U] for given [A], Such that [R][A][C] = [L][U]. **

C** where [C] is COL_exchanges Matrix indicated by LL(1,K)=JK **

C** where [R] is ROW_exchanges Matrix indicated by LL(2,K)=IK **

C** LL(1,K)=JK : COL_exchange between K_th_col & JK_th_col **

C** LL(2,K)=IK : ROW_exchange between K_th_row & IK_th_row **

C*O NSD = Number of singular degrees of the given matrix **

C** ============================================================ **

NSD=0

DO 80 K=1,N

C** +----------------------------------------------------------+ **

C** | Find IK, JK, AKK=|A(IK,JK)|=max(|A(I,J)|, I=K,N & J=K,N) | **

C** | A(I,J)=A(I,J)-\sum_{k=1)^{K-1} L(I,k)*U(k,J) | **

C** +----------------------------------------------------------+ **

AKK=0.0

DO 20 J=K,N

DO 10 I=K,N

IF(AKK.GE.DABS(A(I,J))) GO TO 10

AKK=DABS(A(I,J))

IK=I

JK=J

10 CONTINUE

20 CONTINUE



94 ��� ������	

IF(K.EQ.1) ADD=AKK

IF(AKK.LE.ADD*EPS) GO TO 90

C** +--------------------------------------------------------+ **

C** | Set LL(1,K)=JK & Exchange K_th_col & JK_th_col | **

C** | Set LL(2,K)=IK & Exchange K_th_row & IK_th_row | **

C** | To save time No exchange to L(I,1:(K-1)), U(1:(K-1),J) | **

C** +--------------------------------------------------------+ **

LL(1,K)=JK

IF(K.NE.JK) THEN

J=JK

DO 30 I=K,N

AKJ=A(I,J)

A(I,J)=A(I,K)

A(I,K)=AKJ

30 CONTINUE

ENDIF

LL(2,K)=IK

IF(K.NE.IK) THEN

I=IK

DO 40 J=K,N

AKJ=A(I,J)

A(I,J)=A(K,J)

A(K,J)=AKJ

40 CONTINUE

ENDIF

C** +--------------------------------------------------------+ **

C** | A(I,J)=A(I,J) - L(I,K)*U(K,J) for I=K+1,N & J=K+1,N | **

C** | A(I,K)=L(I,K), A(K,J)=L(K,K)*U(K,J) --> U(K,J)=AKJ | **

C** +--------------------------------------------------------+ **

IF(K.EQ.N) RETURN

DO 60 J=K+1,N

AKJ=A(K,J)/A(K,K)

DO 50 I=K+1,N

A(I,J)=A(I,J)-A(I,K)*AKJ

50 CONTINUE

A(K,J)=AKJ

60 CONTINUE

80 CONTINUE

C** +----------------------------------------------------------+ **

C** | Return on singular matrix : L(K,K)=0 | **

C** +----------------------------------------------------------+ **

90 NSD=N-K+1

IF(ADD.EQ.0.0) ADD=1.0

DO 95 K=N-NSD+1,N

LL(1,K)=K

LL(2,K)=K

A(K,K)=DMAX1(DABS(A(K,K)),ADD*EPS*EPS)

95 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE LUFPSB(A,B,LL,N,NN)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(NN,N),B(N),LL(2,N)

C** ============================================================ **

C** Find {X} from [A]{X}={B} for given {B} & [R][A][C]=[L][U]. **

C** [C] is given by LL(1,N), [R] is given by LL(2,N), **

C** [L] & [U] are given & put in A(NN,N), [C]'=inverse of [C] **

C** [L][U][C]'{X}=[R]{B} ===> [L]{Y}=[R]{B}, [U][C]'{X}={Y} **
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C** ============================================================ **
C** +----------------------------------------------------------+ **
C** | Find {Y} from [R]{B} by forward subst. of [L]{Y}=[R]{B} | **
C** | B(K) <==> B(LL(2,K)); Y(K)=BK=B(LL(2,K))/L(K,K) | **
C** | Subst. Y(K) to Eq.I=(K+1):N : B(I)=B(I)-L(I,K)*Y(K) | **
C** | A(I,K)=L(I,K), A(K,K)=L(K,K), B(I)=B(I) --> L(I,I)*Y(I) | **
C** +----------------------------------------------------------+ **

DO 70 K=1,N
IK=LL(2,K)
BK=B(IK)/A(K,K)
B(IK)=B(K)
DO 60 I=K+1,N
B(I)=B(I)-A(I,K)*BK

60 CONTINUE
B(K)=BK

70 CONTINUE
C** +----------------------------------------------------------+ **
C** | Find {X} from {Y} by backward subst. of [U][C]'{X}={Y} | **
C** | X(K) = BK = Y(K) - \sum_{J=K+1}^{N} U(K,J)*X(J) | **
C** | A(K,J)=U(K,J), B(J)=X(J); X(K) <==> X(LL(1,K)) | **
C** +----------------------------------------------------------+ **

DO 90 K=N-1,1,-1
JK=LL(1,K)
BK=B(K)
B(K)=B(JK)
DO 80 J=K+1,N
BK=BK-A(K,J)*B(J)

80 CONTINUE
B(JK)=BK

90 CONTINUE
RETURN
END

************************************************************************
SUBROUTINE LUFPBS(A,B,LL,N,NN)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(NN,N),B(N),LL(2,N)

C** ============================================================ **
C** +----------------------------------------------------------+ **
C** | Find {X} from {Y} by backward subst. of [U][C]'{X}={Y} | **
C** | X(K) = BK = Y(K) - \sum_{J=K+1}^{N} U(K,J)*X(J) | **
C** | A(K,J)=U(K,J), B(J)=X(J); X(K) <==> X(LL(1,K)) | **
C** +----------------------------------------------------------+ **

DO 90 K=N-1,1,-1
JK=LL(1,K)
BK=B(K)
B(K)=B(JK)
DO 80 J=K+1,N
BK=BK-A(K,J)*B(J)

80 CONTINUE
B(JK)=BK

90 CONTINUE
RETURN
END

************************************************************************
SUBROUTINE LUFPSG(A,B,LL,N,NSD,NN)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(NN,N),B(NN,NSD),LL(2,N)

C** ============================================================ **
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C** Find the solution vectors [B] of the singular matrix [A] **
C** ------------------------------------------------------------ **
C*O B(N,NSD) = Solution vectors of singular matrix A(N,N) **
C** ============================================================ **

DO 50 J=1,NSD
DO 30 I=1,N
B(I,J)=0.0

30 CONTINUE
B(N-NSD+J,J)=1.0
CALL LUFPBS(A,B(1,J),LL,N,NN)

50 CONTINUE
RETURN
END

************************************************************************

3.14 ������������

[ ! (a)]"#$%&'()*+,-./&0

[A]fXg = fBg
2
6664

0:24759 0:16235 0:46231

0:14725 0:09589 �:13253

0:26951 0:28965 �:14794

3
7775

8>>><
>>>:

x1

x2

x3

9>>>=
>>>;

=

8>>><
>>>:

0:00647
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9>>>=
>>>;

1%&2345LUPPDC'678 [A]9-:;<=>? [L][U ]'@A4

5LUPPSB'BCD fBg9EFG-:;HIJK+<9LCK+MN

> fXgO

PQ'RS78 [A]TUVW78X'YNG>fXgQZE[\]M^

[A]fXg 6= fBgOR_`NabcGfXg'd6e]ffRg = fBg� [A]fXg

gh'ij,&kg fXgGlmf fCgO

[A]fCg = fRg

6 fXg + fCg9"no>'RS\]pq'drs)tu%vwO [ !

(a)]G$%&x"tyrslmzG#{|O

[ ! (a)] #}78G=>~`>(|

************************************************************************
C** PROGRAM FOR DECOMPOSITION WITH PARTIAL PIVOTING **
C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)
REAL*8 X,AX
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DIMENSION A(10,10),B(10),LL(10)
DIMENSION AA(10,10),BB(10),X(10)
NMAX=10

C** ============================================================ **
10 READ(*,'(2I4,F8.6)') N,ITR,EPS

IF(N.EQ.0.OR.N.GT.NMAX) STOP
IF(ITR.EQ.0) ITR=1
IF(EPS.EQ.0.0) EPS=0.000001
DO 20 I=1,N

20 READ(*,'(10F8.0)') (A(I,J),J=1,N)
READ(*,'(10F8.0)') (B(J),J=1,N)

C** ------------------------------------------------------------ **
DO 30 J=1,N
BB(J)=B(J)
X(J)=0.0
DO 30 I=1,N

30 AA(I,J)=A(I,J)
C** ------------------------------------------------------------ **

CALL LUPPDC(A,LL,N,NMAX)
WRITE(*,'(/'' LL(I)'',20I5)') (LL(I),I=1,N)
WRITE(*,'(/'' DECOMPOSED MATRIX''/)')
DO 40 I=1,N

40 WRITE(*,'(1X,10F10.6)') (A(I,J),J=1,N)
C** ------------------------------------------------------------ **

DO 80 K=1,ITR
CALL LUPPSB(A,B,LL,N,NMAX)
DO 50 J=1,N

50 X(J)=X(J)+B(J)
DO 70 I=1,N
AX=BB(I)
DO 60 J=1,N

60 AX=AX-AA(I,J)*X(J)
70 B(I)=AX

WRITE(*,'(/'' SOLUTION X''//(1X,10F10.6))') (X(J),J=1,N)
WRITE(*,'(/'' RESIDUAL R''//(1X,10F10.6))') (B(J),J=1,N)
DO 75 I=1,N
IF(ABS(B(I)).GT.EPS) GO TO 80

75 CONTINUE
GO TO 10

80 CONTINUE
GO TO 10
END

************************************************************************

[ ! (b)] #}78G=>~`>�+�h��

3 2 0.00001
0.24759 0.16235 0.46231
0.14725 0.09589 -.13253
0.26951 0.28965 -.14794
0.00647 0.10475 -.06789

LL(I) 3 3 3

DECOMPOSED MATRIX .269510 1.074728 -.548922
.247590 -.103742 -5.766400
.147250 -.062364 -.411315

SOLUTION X 1.840817 -2.071955 -.244243

RESIDUAL R .000000 .000000 .000000
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3.15 ���CV PPDC{�����������

�%&CV PPDC()B#N�NG78 [A]9-:;'<=>? [L][U]

'�6 [L]~ [U ]����� [A]Oe�MA"�� ¡'MB"t� ¡

'MM "¢£-vOj�9-:;d¤^t� ¡¥"MA +MB'¦

§MM � (MA+MB +MA)¨©dTªq�N«'�¬YZt� ¡

G®¯°§�45±�%&I²³G'CDLL(2; N)"´Xµg¶·O

LL(2; �)()¸¹-:;º»0 LL(2;K) = IX ¼½K��µgI¾6

I; K¿-3B:O LL(1; �)()¸¹-:;H=>A' [U ]78�ÀÁG

Â®Ã-OLL(1;K) = IX ¼½KÁGÂ®Ã-" IO

�%&CV PPSBÄÅ(jCV PPDCgNG [L][U]78BCDfBg9

IJK+HÆÇ LL(2; �)9ªÈG-:;'ÉAÆÇ LL(1; �)9LCK+

`N fXgM��� fBgOÊË1%&ÌÍ(�TBÎÏ78O

[ Ð ] TBÎ Ñ78ÒÏ78G=>~`> {Ó=ÔÕÖ

************************************************************************
SUBROUTINE CVPPDC(A,LL,N,MA,MB,MM)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(MM,1),LL(2,N)

C** ============================================================ **
C** DIMENSION A(MM,N+(N-1)/MM) or A((N-1)*MM+N) : MM >= MA+MB+MA **
C** ------------------------------------------------------------ **
C** Find [L] & [U] for given [A], | a11 a12 0 0 0 | **
C** Such that [R][A] = [L][U], | a21 a22 a23 0 0 | **
C** [R] is ROW-exchanges Matrix. [A] = | 0 a32 a33 a34 0 | **
C** For example: | 0 0 a43 a44 a45 | **
C** N=5, MA=1, MB=1, MM=3: | 0 0 0 a54 a55 | **
C** **
C** | l11 0 0 0 0 | | 1 u12 u13 0 0 | **
C** | l21 l22 0 0 0 | | 0 1 u23 u24 0 | **
C** [L] = | 0 l32 l33 0 0 |, [U] = | 0 0 1 u34 u35 | **
C** | 0 0 l43 l44 0 | | 0 0 0 1 u45 | **
C** | 0 0 0 l54 l55 | | 0 0 0 0 1 | **
C** **
C** INPUT data in A(3,6) = | a11 a12 0 \a43 a44 a45 | **
C** |\a21 a22 a23 0 \a54 a55 | **
C** | ? \a32 a33 a34 0 \ ? | **
C** or in 1-D array: **
C** A(17) = (a11 a21 ? a12 a22 a32 0 a23 a33 a43 0 **
C** a34 a44 a54 0 a45 a55); **
C** **
C** OUTPUT data in A(3,6) = | l11 u12 u13\l43 l44 u45 | **
C** |\l21 l22 u23 u24\l54 l55 | **
C** | ? \l32 l33 u34 u35\ ? | **
C** or in 1-D array: **
C** A(17) = (l11 l21 ? u12 l22 l32 u13 u23 l33 l43 u24 **
C** u34 l44 l54 u35 u45 l55). **
C** ============================================================ **
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C** +----------------------------------------------------------+ **
C** | Initialize LL(1,J) : Top_Non_Zero_Row_No. of J_th col. | **
C** +----------------------------------------------------------+ **

DO 10 J=1,N
10 LL(1,J)=MAX0(J-MB,1)

C** +----------------------------------------------------------+ **
C** | MC : New Upper_Band_Width = max of (KMB-K) | **
C** | KMB : Right_Non_Zero_Col_No. of K_th row (Pivoting_row) | **
C** +----------------------------------------------------------+ **

MC=MB
KMB=1
DO 80 K=1,N
KMA=MIN0(K+MA,N)

C** +--------------------------------------------------------+ **
C** | Find Pivoting element A(I,K) for I=K,KMA | **
C** +--------------------------------------------------------+ **

AKK=0.0
DO 20 I=K,KMA
IF(AKK.LT.ABS(A(I,K))) AKK=ABS(A(I,K))

20 CONTINUE
IF(AKK.EQ.0.0) GO TO 90
AKK=AKK*0.25
DO 30 I=K,KMA
IF(AKK.LE.ABS(A(I,K))) GO TO 35

30 CONTINUE
C** +--------------------------------------------------------+ **
C** | KMB : Right_Non_Zero_Col_No of K_th row (Pivoting_row) | **
C** | Update MC=max(MC,KMB-K) | **
C** +--------------------------------------------------------+ **

35 KMB=MIN0(MAX0(MB+I,KMB),N)
MC=MAX0(KMB-K,MC)
IF(MA+MC.GT.MM) STOP

C** +--------------------------------------------------------+ **
C** | Set LL(2,K)=I & Exchange K_th_row & I_th_row | **
C** | Update LL(1,J)=min(LL(1,J),K) | **
C** +--------------------------------------------------------+ **

LL(2,K)=I
IF(K.NE.I) THEN
DO 40 J=K,KMB
IF(LL(1,J).GT.K) LL(1,J)=K
AKK=A(I,J)
A(I,J)=A(K,J)
A(K,J)=AKK

40 CONTINUE
ENDIF

C** +--------------------------------------------------------+ **
C** | A(I,J)=A(I,J) - L(I,K)*U(K,J) for I=K+1,KMA & J=K+1,KMB| **
C** | A(I,K)=L(I,K), A(K,J)=L(K,K)*U(K,J) --> U(K,J)=AKJ | **
C** +--------------------------------------------------------+ **

IF(K.EQ.N) RETURN
DO 60 J=K+1,KMB

AKJ=A(K,J)/A(K,K)
DO 50 I=K+1,KMA
A(I,J)=A(I,J)-A(I,K)*AKJ

50 CONTINUE
A(K,J)=AKJ

60 CONTINUE
80 CONTINUE

C** +----------------------------------------------------------+ **
C** | Return on singular matrix : L(K,K)=0 | **
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C** +----------------------------------------------------------+ **
90 WRITE(*,'(/'' Matrix is singular: A('',I3,'','',I3,'')=0''/)') K,K

RETURN
END

************************************************************************
SUBROUTINE CVPPSB(A,B,LL,N,MA,MB,MM)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(MM,1),B(N),LL(2,N)

C** ============================================================ **
C** Find {X} from [A]{X}={B} for given {B} & [R][A]=[L][U]. **
C** [L] & [U] are given & put in A(NN,N), [R] is given by LL(2,N) **
C** [L][U]{X}=[R]{B} ==> [L]{Y}=[R]{B}, [U]{X}={Y} **
C** ============================================================ **
C** +----------------------------------------------------------+ **
C** | Find {Y} from [R]{B} by forward subst. of [L]{Y}=[R]{B} | **
C** | For K=1:N Compute B(I)=B(I)-L(I,K)*Y(K) for I=(K+1):KMA | **
C** | A(I,K)=L(I,K), B(K)=Y(K), B(I)=B(I) --> Y(I)=BK/L(K,K) | **
C** +----------------------------------------------------------+ **

DO 70 K=1,N
KMA=MIN0(K+MA,N)
I=LL(2,K)
BK=B(I)/A(K,K)
B(I)=B(K)
DO 60 I=K+1,KMA
B(I)=B(I)-A(I,K)*BK

60 CONTINUE
B(K)=BK

70 CONTINUE
C** +----------------------------------------------------------+ **
C** | Find {X} from {Y} by backward substitution of [U]{X}={Y} | **
C** | For K=N:2 Compute B(I)=B(I)-U(I,K)*X(K) for I=KMB:(K-1) | **
C** | A(I,K)=U(I,K), B(K)=X(K), B(I)=Y(I) ==> X(K)=BK | **
C** +----------------------------------------------------------+ **

DO 90 K=N,2,-1
KMB=LL(1,K)
BK=B(K)
DO 80 I=KMB,K-1
B(I)=B(I)-A(I,K)*BK

80 CONTINUE
90 CONTINUE

RETURN
END

************************************************************************

ÚÛ

1. ÜÝ#$%&Þß,-à%&A45±áGÍ[�%&6à%&>
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h<âhOemcãS"x1 = x2 = x3 = x4 = 1O
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4�%56�$�%7�)89:;<=>?@A��&BC�� DE
B��(5�%FGHI�JKL!"MN#5OP8QRSTU*V
WXYZ[7\-. /01�J]^*_`p�6�$�% �aii�a��
��5b i�^c pxi2634�%7�)8�de*D� xk�f�g�
xi�h�b i�i^c�pxk[jklm^c pxi5>?8xk = xi5no[
����5pe.�pxi + pxk = 0�b k�JqL8r���5"[st
e���5"uvwx8yz:YZQR!{|�7�}DEB��~�
}DEB�� ������!"��~��5��Y��5�"��8
��������"�.���� (1)v���C�5���!�� (2)�
�p5!�� (3)���no5��� (4)s��`�����8

4.2 ��

 ¡�.����Y���

[A]fXg = fBg
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2
6666664

a11 a12 � � � a1n

a21 a22 � � � a2n

...
...

. . .
...

an1 an2 � � � ann

3
7777775

8>>>>>><
>>>>>>:

x1

x2

...

xn

9>>>>>>=
>>>>>>;

=

8>>>>>><
>>>>>>:

b1

b2

...

bn

9>>>>>>=
>>>>>>;

(4.1)

��®5 [A]�@A���¯BC�� DEB���h�°±@A
��5�²�*+³S�� [A]!"��´$�� [L]��$�� [D]~µ
´$�� [U ]5¶·�¸a [A] = [L][D][U ]8�!"#¹º�$�%�)�
h,-. /�0»2-�34�%5�$�%7�)89:MN=>?
@A��5�%FGHI�JKL!"MN#5OP8

Sharifi~ Popov[1]¼½^*�� cfBgfBgT ¾�� [A]2�D�_¿
����® c�_`À�8Á:[s���x f �Xg�

([A] + cfBgfBgT)f �Xg = fBg (4.2)

is��[�xrY��5" fXg�
fXg = f �Xg(1� cfBgTf �Xg)�1 (4.3)

6ZÂWX9Ã�m�ÄÅ²� (1)��ÆÇ5*+�À��� fBg=S
@A��D�È��8 (2)� (4.3)ÉWXÊ�7ËÌ#�Í��Î »µ
5ÏÐÀ���8

Stewart[2]Ñ��*V[ÒÓ-.�05YZ86Z�^*_` c�
�$�%�'� aii�Js��Ô�x f �Xg�

([A] + cfeigfeig
T )f �Xg = fBg (4.4)

�® feig�XÕ��5b i/8iÖÍ Sherman{Morrison{Woodbury ×�
[3]�rY��5" fXg¯��

fXg = ([ �A]�1 �
[ �A]�1feigcfeigT [ �A]�1

cfeigT [ �A]�1feig � 1
)fBg (4.5)

= f �Xg � (
c�xi

cfeigT [ �A]�1feig � 1
)[ �A]�1feig (4.6)

�® �xi��� f �Xg5b iÎ�%� [ �A] = [A]+ cfeigfeig
T� [ �A]�1feig�Ø�

�[ �A]�15b i/�[s [ �A]5!"�� [L][D][U ]-lÙÚÛ�Üc�x8
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6Z[Ë=Á�� [A]���â2� (4.5)~� (4.6)5!ã�)JKL
��8ä�åæç*Î»µ5�$�%hèxéêëì8

QRí��YZ7îïð�$�%�Ì#ñe^dD�ÚdY��
�J2rY��5D�5"g�ïðp5Y��5��D�5"8Á:
2x��5!"ÚÜc³ò!WXJuv8

4.3 óôõö÷

øùúû�.tÄp5Y��~� (1)5rY���7PüýtÄY
��5lnÎD�5"~rY��5"þÿéÌ8
2
66666666666666666666664

a11 . . . a1i . . . a1j . . . a1n

...
. . .

...
. . .

...
. . .

...

ai1 . . . aii+p1 . . . aij . . . ain �p1
...

. . .
...

. . .
...

. . .
...

aj1 . . . aji . . . ajj+p2 . . . ajn �p2
...

. . .
...

. . .
...

. . .
...

an1 . . . ani . . . anj . . . ann

�p1 p1

�p2 p2

3
77777777777777777777775

8>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>:

x1

...

xi

...

xj

...

xn

xn+1

xn+2

9>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>;

=

8>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>:

b1

...

bi

...

bj

...

bn

0

0

9>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>;
(4.7)

�®5pkîê!"��®5�$�%�)& ��(äS-�34�%#
�^c�$�%®8

��":VïðMN5�çÇ���»�	
����58�'*
���

"
p �p

�p p

#
5���	�%�^ºr�5
���®�J6��

�%��vr��5*�s�¾*7��r��5d�s��}���s
�8����<Í�6���s��h:���s�5Õ�\g��í�
v5���s�5Õ��ä���s�5Õ�7=Á^c���%JðD
8
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4.4 p� !"

Q#S$%¯&'¿ p`8(»��)N�$�%#�

�ajj = ajj �
j�1X
k=1

ljkdkkukj (4.8)

[»s��H*�x®+��5,Ä-�` ~ajj�

~ajj = max(jajj �
i�1X
k=1

ljkdkkukjj; i = 1; 2; :::; j) (4.9)

�f
j�ajjj = � � ~ajj � 2

�s
; 2�1 � � < 1 (4.10)

h[.dÉ�$�% �ajj/¾012 sÎÕ�53�&�ÙÕ�`(8
Á:�¯45Í p = ~ajj^º�$�% p = �ajj�S[26-�34�%5
�$�%53�,Ä�Ì#6[272589,�8Á��ûÄÉ p`Â
[»e^34�%ÉÃ:Õ��9¸=72 �ajj®rQ[Ë;<ÉÕ�8
J^c6 p`Sî72 sÎQ�=7;<É,pÕ��Á:6`��(7
Ù*>72rÃ3���6Ë?�e^34�%5Ã:Õ�5 ��5ç
@5A8
BÇ��� (4.8)®,Ä-�`5C�'� ljkdkkukj�D/12*�Õ

�53��hEFÉ7;Õ�� s[Ëû� (4.9)NxG�Ä89�@H.
EFÉ s`�h,)NIÎ�%589�J,Ä�ÉJKL+ Ú)N#
+8Á:�*+EF)NM7 ¡2�xIÎ�%É89NJûEFäW
XÉ-Z�?[Ë234�%5Ã:Õ�e^8

�O�BÇ��r������h,p�$�%S�)`�:#�P
Q^*_`2�7�)�hde5�$�%R!"MNp¸SST�)
8Á:��,pÉ)�$�%7Ë¸7\UV-ïð8Wù-ZS��
#TU8

4.5 XY Zô

-!")N#Ã�.�Î[\]E�^ ¡�
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*b�$�%�c`�'��c�J,-�34�%#�ÂT[»^
*ûÄ_` p26�$�%D�_` p�c > 0�9d^c5�$�%R!
"MNpST=i�D�c`�a p� p2

p�c
= �pc

p�c
< 08Á:deµü�Â

fgh[Sc�$�%D�_`�9]Eµ¯i2íÃc�$�%³D
�_`�Sfg-7j8kQl��7 ¡�c�$�%-ïð�JS
��!"� [L][D][U ]��®�$�� [D]®5�%[�c`89��� [A]

��}�h [L] = [U ]T8
�b�$�%�)`�J,-�34�%#�ÂT[»^*_` p2

6�$�%D�_`�9¯6�$�%�,p*Î�$�%�hd^c
5�$�%R!"MNp6=i�D�)8ç%µ�¯4!"pÉ [U ]�
�5,pm�m�m��³�)�hdn��5����m�ïð�$�
%5MNa�joM[
�!"MN8J����5���5"[uv
s [U ]��5,pm/Í [U ]��5le n�m/-Û�ÜcMN�x8»
��Ql��5æçY��
1. (p!"l�Ô'¿NSD=0; NAT=0; NBT=NOT; NNT=NOT 8

�®NOT=n8NNT ���tep5���Sq�$�%teJr
e8

2. stuI!"NAT+1¾NBT /+5����¹�$�%�)�h�
2a. �)�%�bNNT Î�$�%�äNSD=0�h[<¿���

*���5�{vw8ÁNSD=0dnxy)�$�%UV�ï
ðMte�$�%&z>{ 2b1.(�9¾,p*/&abNBT

/(�oM|Ã�}åRïð5)�$�%&aNNT�NBT=0

(�k6�$�%�~*åRïð5�$�%�Á:�*��
���8:#M'¿����NSD=1�ä�oUV�)�$�
%-ïð&z>{ 2b2.(8

2b. uNSD`'¿]��)�$�%-ïð�
2b1. �NSD=0�hïð�$�%�Mte*d�$�%�ä

NNT ^ 18
2b2. �NSD>0�h7iïð�$�%�¸7ted�$�%8

3. !"þNBT /p�NNT�NBT �dte5�$�%5����Ä�
)h,�>{ 2.UV!"de5��89��.v�,ÔïðNSD
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` (r� 0)�TpfNAT=NBT; NBT=NNT ��>{ 2.8
(1)���}����NNT�NBTg�NBT�NATäNAT=0�ad
ndteÉ�$�%~l*OteÉ�$�%��éÌ�J[<¿,
p*Ote5m��R!"MNpÿ�)�k'¿NSD=NNT�NBT

�¯:[�o�>{ 2.pUV�)�$�%-Û�7j5ïð&z
>{ 2b2.(�Á:(�>{ 2.þLpa=
�!"5MN8
(2)��7�}���uv'¿NSD=NNT�NBT�¯:[�o�>
{ 2.pUV�)�$�%-ïð&z>{ 2b2.(8�>{ 2.îÍ»�
-de���%���k25lNOTÎ���-5MN�:>{þ
Lpas>{ 4.ðÍ���34Z�de5NSD�NSDm��-�
�!"8

4. :#�NNT�NBT=0a�de�%�-!"�
(1)���}���h��!"þL������8
(2)��7�}���hSde5NSD � NSDm��wý�uv�
�b´R5 [d� (b)]5���LUFPDCÍ���34Z-��!"
8Í���34Z-��!"5�É][»Hx��5����8
&Í�!�34Z*9<¿�����pa�ZUV-!"MN�
��!"MN/¾,p*.[<¿�*������ha�Z.�
ñÃ�0���8(�*ÎÍ���34ZÉrÁ]¯�.��5
)�$�%�Z»ted�$�%5Y�k�8s�te5m��
��NSD�NSD*+7=�Ä�Á:»È��Í���34Zæç
��ç@5-Z8

2
4 0 1

0 0

3
5 ;

2
6664
0 1 0

0 0 1

0 0 0

3
7775

��BÇ��}���Ã(���%ÿ�)#��)�$�%��
Z»ted�$�%5Y�k�89:#����/H.�ä!"
MN/NþL�Á:[
�MNM7KL��8
��QR��(NSD > 0#Â7iïð)�$�%�_`�9��

»p�"5Y*�SS�ð�7�)5�À�5_`�2�"#7=�
��»)5�8�Ì#6[ËS��"»éêÄÉ`è�ý�89,BÇ
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�a2Ã:C¢Ë�g�ÏÐÀ�������$�%�)5�%Rl
ÙÜcp5`S,7�)�:²*+[ÖÍí£É7þ¤¥[qL87�
\�x��"�,WXÑ],uvÉYZ��»!"p5µ´$��5
,pNSD/ÖÍ�leNNT�NSD/-Û�ÜcMN�x�:CMN
[»uv�����V SSNGX USSNGXþL58

4.6 ¦§¨©ª«¬ ®¯°®XY

QR��íæç5��,±ÍDEBFGY�&BC��=Áp.
�ÉteJe^BE�äBE[Ëe^��87�BC��E�DEB
��5���»DEB��æçM7KL��(8QR²������
»!{æç�}��Ú7�}��5!"~�"8³´5FGY�S!
{»�ÎE��58
�*��}��

2
6664
0 1 1

1 1 0

1 0 �1

3
7775
8>>><
>>>:

x1

x2

x3

9>>>=
>>>;

=

8>>><
>>>:

0

0

0

9>>>=
>>>;

(4.11)

µ.��Y��5��� 3µ�}���Rte��.5 5µ�}��
2
6666666664

0+1 1 1 �1

1 1+1 0 0 �1

1 0 �1 0 0

�1 0 0 1 0

�1 0 0 1

3
7777777775

M!"�
2
6666666664

1

1 1

1 �1 1

�1 1 �2

3
1

�1 1

3
1 0

3
7777777775

2
6666666664

1

1

�3
1

3

0

3
7777777775

2
6666666664

1 1 1 �1

1 �1 1 �1

1 �2

3

1

3

1 1

0

3
7777777775

(4.12)



110 ¢£¤ ¥¦§¨©ª«¬
Á:teY��5"[s���x

2
6666666664

1 1 1 �1

1 �1 1 �1

1 �2

3

1

3

1 1

0

3
7777777775

8>>>>>>>>><
>>>>>>>>>:

x1

x2

x3

x4

x5

9>>>>>>>>>=
>>>>>>>>>;

=

8>>>>>>>>><
>>>>>>>>>:

0

0

0

0

0

9>>>>>>>>>=
>>>>>>>>>;

(4.13)

 
2
6666664

1 1 1 �1

1 �1 1

1 �2

3

1

3
7777775

8>>>>>><
>>>>>>:

x1

x2

x3

x4

9>>>>>>=
>>>>>>;

= �x5

8>>>>>><
>>>>>>:

0

�1
1

3

1

9>>>>>>=
>>>>>>;

(4.14)

sÛ�Üc[xteY��5"�
8>>>>>><
>>>>>>:

x1

x2

x3

x4

9>>>>>>=
>>>>>>;

= �x5

8>>>>>><
>>>>>>:

1

�1

1

1

9>>>>>>=
>>>>>>;

or

8>>>>>>>>><
>>>>>>>>>:

x1

x2

x3

x4

x5

9>>>>>>>>>=
>>>>>>>>>;

= �x5

8>>>>>>>>><
>>>>>>>>>:

1

�1

1

1

�1

9>>>>>>>>>=
>>>>>>>>>;

(4.15)

Á:rY��5"� fXg = �x2f1;�1; 1g8
te5 5µ�}��5�´$ µ´$�%5FGHI¯��

2
6666666664

1

2 3

4 5 6

7 8 9 10

11 12 13 14

3
7777777775

2
6666666664

1 2 4 7

3 5 8 11

6 9 12

10 13

14

3
7777777775

FG¶·LL(�)5¸¹�2 i+LL(j)`��º�% aij5FGHI8�
¯� a345 i=3; j=4�JLL(4)=6� 3+LL(4)=9�a a34G�A5b 9ÎÕ
º8u:»h[¼.�LL(1)=0��½5LL(J)g�µ´$�!5bJ/
��$�%��^FG5�%5��^LL(J�1)8
Á:�����V SDECP #�!¾�5¸¹��
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A(1 : 6)=f0; 1; 1; 1; 0;�1g; LL(1 : 3)=f0; 1; 3g; NOT=38
R���V SDECP !"p�!¾�5¸¹��
A (1 : 14)=f1; 1; 1; 1;�1; 1;�1; 1;�2

3
; 1;�1; 1

3
; 1; 0g

LL(1 : 5)=f0; 1; 3; 6; 9g; NOT=3; NAT=4; NBT=58
[d* ] �}��5!"~�"���

************************************************************************

SUBROUTINE VSDECP(A,LL,NOT,NNT,NSD,MAXA,MAXN)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(MAXA),LL(MAXN)

REAL*8 EPS,ADD

DATA EPS/1.0D-7/

C** ============================================================ **

C** Modified Cholesky decomposition [A]=[U'][D][U] **

C** ------------------------------------------------------------ **

C*I A(NOT+LL(NOT)) = The given original matrix A(NOT,NOT) **

C*O A(NNT+LL(NNT)) = Decomposed matrix D+U-I : U(NNT,NNT),D(NNT) **

C*I LL(1:NOT) = Original storage index of A(NOT,NOT) **

C*O LL(NOT+1:NNT) = Expanded storage index OF U(NNT,NNT) **

C*I NOT = The order of the original matrix A(NOT,NOT) **

C*O NNT = The order of the expanded matrix A(NNT,NNT) **

C*O NSD = Number of singular degrees of the given matrix **

C*I MAXA = The maximum allowed dimension of A (MAXA) **

C*I MAXN = The maximum allowed dimension of LL(MAXN) **

C** EPS = Epsilon for accuracy control **

C** ------------------------------------------------------------ **

C** Find [D] & [U] for given [A], Such that [A] = [U]'[D] [U] **

C** where [U]'= transpose of [U], [D] is a diagonal matrix. **

C** For example: **

C** Input : NOT=3, LL(3)=(0 1 3), [A] is a NOT*NOT matrix **

C** Output: NNT=5, LL(5)=(0 1 3 6 9), [D][U] are NNT*NNT matrices **

C** **

C** | a11 a12 a13 | | a11+p1 a12 a13 -p1 0 | **

C** [A] = | a12 a22 a23 | | a12 a22+p2 a23 0 -p2 | **

C** | a13 a23 a33 | | a13 a23 a33 0 0 | **

C** If it is expanded to ---> [A] = | -p1 0 0 +p1 0 | **

C** Then decomposed matrices are: | 0 -p2 0 0 +p2 | **

C** **

C** | d11 0 0 0 0 | | 1 u12 u13 u14 0 | **

C** | 0 d22 0 0 0 | | 0 1 u23 u24 u25 | **

C** [D] = | 0 0 d33 0 0 |, [U] = | 0 0 1 u34 u35 | **

C** | 0 0 0 d44 0 | | 0 0 0 1 u45 | **

C** | 0 0 0 0 d55 | | 0 0 0 0 1 | **

C** **

C*O LL(5):( 0 1 3 | 6 9) **

C**I+LL(J):1+0 1+1 2+1 1+3 2+3 3+3 1+6 2+6 3+6 4+6 2+9 3+9 4+9 5+9 **

C** Loc : 1 2 3 4 5 6 7 8 9 10 11 12 13 14 **

C*I A(6):(a11 a12 a22 a13 a23 a33) **

C*O A(14):(d11 u12 d22 u13 u23 d33 u14 u24 u34 d44 u25 u35 u45 d55) **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Initial set NSD=0 : this also allows matrix to expend | **

C** | Set to decompose the original given matrix A(NOT,NOT) | **

C** +----------------------------------------------------------+ **
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NSD=0

NAT=0

NBT=NOT

NNT=NOT

C** +----------------------------------------------------------+ **

C** | Decompose the sub-matrix A((NAT+1):NBT,(NAT+1):NBT) | **

C** +----------------------------------------------------------+ **

C** | D(I,I)U(I,J)=A(I,J)-\sum_{K=IM}^{I-1} U(K,I)D(K,K)U(K,J) | **

C** | A(K+IA)=U(K,I), A(K+JA)=D(K,K)*U(K,J) | **

C** | A(I+JA)=AIJ=A(I,J) --> D(I,I)*U(I,J) | **

C** +----------------------------------------------------------+ **

JB=0

10 DO 80 J=NAT+1,NBT

JA=LL(J)-LL(1)

JM=J-JA+JB

JB=JA

DO 30 I=JM+1,J-1

IA=LL(I)-LL(1)

IM=MAX0(I-LL(I)+LL(I-1),JM)

AIJ=A(I+JA)

DO 20 K=IM,I-1

AIJ=AIJ-A(K+IA)*A(K+JA)

20 CONTINUE

A(I+JA)=AIJ

30 CONTINUE

C** +----------------------------------------------------------+ **

C** | D(J,J) =A(J,J) - \sum_{K=JM}^{J-1} U(K,J)*D(K,K)*U(K,J) | **

C** | A(K+JA)=D(K,K)*U(K,J) --> U(K,J), AKJ=U(K,J) | **

C** | A(J+JA)=AJJ=A(J,J) --> D(J,J), A(K+KA)=D(K,K) | **

C** +----------------------------------------------------------+ **

AJJ=A(J+JA)

ADD=DABS(AJJ)

DO 40 K=JM,J-1

KA=LL(K)-LL(1)

AKJ=A(K+JA)/A(K+KA)

AJJ=AJJ-AKJ*A(K+JA)

A(K+JA)=AKJ

ADD=DMAX1(ADD,DABS(AJJ))

40 CONTINUE

A(J+JA)=AJJ

C** +--------------------------------------------------------+ **

C** | IF the pivoting element A(J,J) > ADD*EPS ? | **

C** | Yes:80 : OK and Continue | **

C** | No : Add pivoting by ADD and Expand one column | **

C** +--------------------------------------------------------+ **

IF(DABS(A(J+JA)).GT.ADD*EPS) GO TO 80

C** +--------------------------------------------------------+ **

C** | IF ADD.EQ.0 ? | **

C** | Yes: No reference value available, get from diagonal | **

C** +--------------------------------------------------------+ **

IF(ADD.EQ.0.0) THEN

DO 45 K=NAT+1,NBT

KA=LL(K)-LL(1)

ADD=DMAX1(ADD,DABS(A(K+KA)))

45 CONTINUE

ENDIF

IF(ADD.EQ.0.0) ADD=1.0

C** +--------------------------------------------------------+ **

C** | If J.EQ.NNT.AND.NSD.EQ.0 | **

C** | Then it is the Only & the Last ZERO_diagonal, | **



4.6 �����©ª«¬ ¡_` 113

C** | So set NSD=1 to prevent from any further expanding | **

C** +--------------------------------------------------------+ **

IF(J.EQ.NNT.AND.NSD.EQ.0) NSD=1

C** +--------------------------------------------------------+ **

C** | If NSD.GT.0 : NO MORE expanding is allowed | **

C** +--------------------------------------------------------+ **

IF(NSD.GT.0) THEN

A(J+JA)=DMAX1(DABS(A(J+JA)),ADD*EPS*EPS)

C** +--------------------------------------------------------+ **

C** | If NSD.EQ.0 : Expand the matrix by | **

C** | Modify the diagonal : A(J,J)=A(J,J)+ADD | **

C** | Add column : A(J,NNT)=-ADD, A(NNT,NNT)=ADD, A(*,NNT)=0 | **

C** +--------------------------------------------------------+ **

ELSE

A(J+JA)=A(J+JA)+ADD

NNT=NNT+1

IF(NNT.GT.MAXN) STOP 'VSDECP : NNT.GT.MAXN'

LL(NNT)=LL(NNT-1)+NNT-J

JA=LL(NNT)-LL(1)

IF(NNT+JA.GT.MAXA) STOP 'VSDECP : NNT+JA.GT.MAXA'

A(J+JA)=-ADD

DO 60 I=J+1,NNT-1

A(I+JA)=0.0

60 CONTINUE

A(NNT+JA)=ADD

ENDIF

80 CONTINUE

C** +----------------------------------------------------------+ **

c** | If NNT.GT.NBT Then decompose the newly expand matrix | **

C** +----------------------------------------------------------+ **

IF(NNT.GT.NBT) THEN

C** +--------------------------------------------------------+ **

C** | If newly expand numbers .EQ. previously expand numbers | **

C** | then it indicates that : | **

C** | A((NBT+1):NNT,(NBT+1):NNT)=A((NAT+1):NBT,(NAT+1):NBT) | **

C** | So set NSD=NNT-NBT to prevent from ANY further expand | **

C** +--------------------------------------------------------+ **

IF(NNT-NBT.EQ.NBT-NAT.AND.NAT.NE.0) NSD=NNT-NBT

C** +--------------------------------------------------------+ **

C** | Decompose the newly expand matrix (NBT+1):NNT | **

C** +--------------------------------------------------------+ **

NAT=NBT

NBT=NNT

GO TO 10

ENDIF

RETURN

END

************************************************************************

SUBROUTINE VSSOLX(A,P,LL,NOT,NNT,B)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(1),P(NOT),LL(NNT),B(NNT)

C** ============================================================ **

C** DIMENSION A(NNT+LL(NNT)),P(NOT),LL(NNT),B(NNT) **

C** ------------------------------------------------------------ **

C** Find {X} from [A]{X}={P} for given {P} & [A]=>[U]'[D][U]. **

C** [D] & [U] are given & put in A(*) (Expanded by sub. VSDECP) **

C** [U]'[D][U]{X}={B} ===> [U]'{Z}={B}, [D]{Y}={Z}, [U]{X}={Y} **

C** ------------------------------------------------------------ **

C*I P(NOT) = The given constant vector **
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C*O P(NOT) = The solution vector **

C*W B(NNT) = The expanded vector (form by VSSOLX) **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Expand P(NOT) to B(NNT) | **

C** +----------------------------------------------------------+ **

DO 40 I=1,NOT

B(I)=P(I)

40 CONTINUE

DO 45 I=NOT+1,NNT

B(I)=0.0

45 CONTINUE

C** +----------------------------------------------------------+ **

C** | Find {Z} from {B} by forward substitution of [U]'{Z}={B} | **

C** | Z(I) = BI = B(I) - \sum_{K=IM}^{I-1} U'(I,K)*Z(K) | **

C** | A(K+IA)=U(K,I)=U'(I,K), B(K)=Z(K), B(I)=B(I) --> Z(I) | **

C** +----------------------------------------------------------+ **

DO 70 I=2,NNT

IA=LL(I)-LL(1)

IM=I-LL(I)+LL(I-1)

BI=B(I)

DO 60 K=IM,I-1

BI=BI-A(K+IA)*B(K)

60 CONTINUE

B(I)=BI

70 CONTINUE

C** +----------------------------------------------------------+ **

C** | Find {Y} from {Z} from the equation [D]{Y}={Z} | **

C** | Y(I) = Z(I) / D(I,I) | **

C** | B(I) = Z(I) --> Y(I), A(I+IA)=D(I,I) | **

C** +----------------------------------------------------------+ **

DO 75 I=1,NNT

IA=LL(I)-LL(1)

B(I)=B(I)/A(I+IA)

75 CONTINUE

C** +----------------------------------------------------------+ **

C** | Find {X} from {Y} by backward substitution of [U]{X}={Y} | **

C** | For I=N:2 Compute B(K)=B(K)-U(K,I)*X(I) for K=IM:(I-1) | **

C** | A(K+IA)=U(K,I), B(I)=BI=X(I), B(K)=Y(K) --> X(K) | **

C** +----------------------------------------------------------+ **

DO 90 I=NNT,2,-1

IA=LL(I)-LL(1)

IM=I-LL(I)+LL(I-1)

BI=B(I)

DO 80 K=IM,I-1

B(K)=B(K)-A(K+IA)*BI

80 CONTINUE

90 CONTINUE

C** +----------------------------------------------------------+ **

C** | Move solution vector B(NOT) to P(NOT) | **

C** +----------------------------------------------------------+ **

DO 95 I=1,NOT

P(I)=B(I)

95 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE VSBKSB(A,B,LL,NOT,NNT)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)
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DIMENSION A(1),B(NNT),LL(NNT)

C** ============================================================ **

C** DIMENSION A(NNT+LL(NNT)),B(NNT),LL(NNT) **

C** ------------------------------------------------------------ **

C** Find {X} from {Y} by backward substitution of [U]{X}={Y} **

C** ------------------------------------------------------------ **

C*I B(NNT) = The given vector {Y} **

C*O B(NNT) = The solution vector {X} **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Find {X} from {Y} by backward substitution of [U]{X}={Y} | **

C** | For I=NNT:2 Compute B(K)=B(K)-U(K,I)*X(I) for K=IM:(I-1) | **

C** | A(K+IA)=U(K,I), B(I)=BI=X(I), B(K)=Y(K) --> X(K) | **

C** +----------------------------------------------------------+ **

DO 90 I=NNT,2,-1

IA=LL(I)-LL(1)

IM=I-LL(I)+LL(I-1)

BI=B(I)

DO 80 K=IM,I-1

B(K)=B(K)-A(K+IA)*BI

80 CONTINUE

90 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE VSSNGX(A,S,LL,NOT,NNT,NSD,B)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(1),S(1),LL(NNT),B(NNT)

C** ============================================================ **

C** DIMENSION A(NNT+LL(NNT)),S(NOT,NSD),LL(NNT),B(NNT) **

C** ------------------------------------------------------------ **

C** Find the solution vectors [S] of the singular matrix [A] **

C** ------------------------------------------------------------ **

C*I A(NNT+LL(NNT)) = Decomposed matrix D+U-I : U(NNT,NNT),D(NNT) **

C*I LL(NNT) = Expanded storage index OF U(NNT,NNT) **

C*O S(NOT,NSD) = Solution vectors of singular matrix A(NOT,NOT) **

C*I NOT = The order of the original matrix A(NOT,NOT) **

C*I NNT = The order of the expanded matrix A(NNT,NNT) **

C*I NSD = Number of singular degrees of the given matrix **

C*W B(NNT) = The working array **

C** ============================================================ **

DO 50 J=NNT-NSD+1,NNT

JS=(J-NNT+NSD-1)*NOT

DO 30 I=1,NNT

B(I)=0.0

30 CONTINUE

B(J)=1.0

CALL VSBKSB(A,B,LL,NOT,NNT)

DO 45 I=1,NOT

S(I+JS)=B(I)

45 CONTINUE

50 CONTINUE

RETURN

END

************************************************************************

[d� ] �}��!"���5PÍ��
************************************************************************
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PROGRAM VSTEST

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(2000),B(2000),LL(100),P(100)

DATA MAXA,MAXN/2000,100/

C** ============================================================ **

10 READ (*,'(20I4)') NOT,NLT

IF(NOT.LE.0) STOP

READ (*,'(20I4)') (LL(I),I=1,NOT)

READ (*,'(10F8.0)') A(1)

DO 20 J=2,NOT

20 READ (*,'(10F8.0)') (A(I),I=LL(J-1)+J,LL(J)+J)

READ (*,'(10F8.0)') (B(I),I=1,NOT*NLT)

C** ------------------------------------------------------------ **

WRITE(*,'(/'' NOT,NLT: '',9I6)') NOT,NLT

WRITE(*,'('' LL(NOT): '',10I6)') (LL(I),I=1,NOT)

WRITE(*,'('' A(*,*):'',1P6E12.5)') A(1)

DO 30 J=2,NOT

30 WRITE(*,'('' A(*,*):'',1P6E12.5)') (A(I),I=LL(J-1)+J,LL(J)+J)

WRITE(*,'('' B(*,*):'',1P6E12.5)') (B(I),I=1,NOT*NLT)

C** ------------------------------------------------------------ **

CALL VSDECP(A,LL,NOT,NNT,NSD,MAXA,MAXN)

C** ------------------------------------------------------------ **

WRITE(*,'('' NOT,NNT,NSD:'',10I6)') NOT,NNT,NSD

WRITE(*,'('' LL(NNT): '',10I6)') (LL(I),I=1,NNT)

WRITE(*,'('' U(*,*):'',1P6E12.5)') A(1)

DO 60 J=2,NNT

60 WRITE(*,'('' U(*,*):'',1P6E12.5)') (A(I),I=LL(J-1)+J,LL(J)+J)

C** ------------------------------------------------------------ **

DO 70 J=1,NLT

JB=(J-1)*NOT

CALL VSSOLX(A,B(1+JB),LL,NOT,NNT,P)

70 WRITE(*,'('' X(*,*):'',1P6E12.5)') (B(I+JB),I=1,NOT)

C** ------------------------------------------------------------ **

IF(NSD.GT.0) THEN

CALL VSSNGX(A,B,LL,NOT,NNT,NSD,P)

DO 95 J=1,NSD

JB=(J-1)*NOT

95 WRITE(*,'('' S(*,*):'',1P6E12.5)') (B(I+JB),I=1,NOT)

ENDIF

GO TO 10

END

************************************************************************

[d´ ] �*5¿ý ¿c
NOT,NLT: 3 1 3,1

LL(NOT): 0 1 3 0,1,3

A(*,*): 0.00000E+00 0

A(*,*): 1.00000E+00 1.00000E+00 1,1

A(*,*): 1.00000E+00 0.00000E+00-1.00000E+00 1,0,-1

B(*,*): 0.00000E+00 1.00000E+00 0.00000E+00 0,1,0

NOT,NNT,NSD: 3 5 1

LL(NNT): 0 1 3 6 9

U(*,*): 1.00000E+00

U(*,*): 1.00000E+00 1.00000E+00

U(*,*): 1.00000E+00-1.00000E+00-3.00000E+00

U(*,*):-1.00000E+00 1.00000E+00-6.66667E-01 3.33333E-01

U(*,*):-1.00000E+00 3.33333E-01 1.00000E+00 1.00000E-14

X(*,*):-1.00000E+14 1.00000E+14-1.00000E+14

S(*,*):-1.00000E+00 1.00000E+00-1.00000E+00
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4.7 Á¦§¨©ª«¬ ®¯°®XY

7�}DEB��5FG!��! ¡��$��%G��´$�
��!�µ´$�!h7��$��%8!"pµ´$��~�´$�
�5�$��%³� 1�[7ÍFG�JÂÃ�$��FG��$��%
8FG#µ´$�%»/IÄ.��´$�%».IÄ.�Áb*/�
µ´$��5�%�kÔGb*.5 a11NOGb�/5 a21Úb�.5
a21; a22�uI¾b n/Úb n.�o8»b k/Úb k.��JÅ�Ôs
b k/,µb*Î�)�%��¾�$�%5l*�%a ak�1;k�ouI
FG��pvb k.s,Æb*Î�)�%�Ï¾�$�%a akk�ou
IFG8s�Ç/ÚÇ.�FG�%5��|*¿»h�Á:!{Í�
ÈÕº¶·�LI(N)�.¶·2 aij�%[sA(LI(i) + j)wxNLJ(N)�
/¶·2 aij�%[sA(i+ LJ(j))wx8
���7�}�� 2

6664
0 1 1

1 1 0

�1

3
7775
8>>><
>>>:
x1

x2

x3

9>>>=
>>>;

=

8>>><
>>>:

1

1

�1

9>>>=
>>>;

(4.16)

µ.��Y��5��� 3µ7�}���Rte��.5 5µ��2
6666666664

0+1 1 1 �1

1 1+1 0 0 �1

�1 0 0

�1 0 0 1 0

�1 0 0 1

3
7777777775

M!"�2
6666666664

1

1 1

�1

�1 1 2 �1

�1 �1 1 1

3
7777777775

2
6666666664

1

1

�3
1

3

0

3
7777777775

2
6666666664

1 1 1 �1

1 �1 1 �1

1 0 0

1 �1

1

3
7777777775
(4.17)

À���te�f1; 1;�1; 0; 0gp�ÖÍlÙÜcÚÛ�Üc�[x�"�
f1; 0; 1; 1; 0g�Á:rY��5"� f1; 0; 1g8
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te5 5µ7�}���%5FGHI¯��

2
6666666664

1 2 5 8

3 4 6 9 15

7 10 16

11 12 13 14 17

18 19 20 21

3
7777777775

µ´$�%bJ/5FG¶·�LR(J)��´$�%&��$�%(
b J.5FG¶·�LL(J)8LR(J)5¸¹�2 i+LR(j)`��ºµ´$
�% aij5FGHI8 LL(J)5¸¹�2 i+LL(j)`��º�´$�% aji

5FGHI8�¯� a345 i=3; j=4�JLR(4)=7� 3+LR(4)=10�a a34

G�A5b 10ÎÕº8 a435 i=3; j=4�JLL(4)=10� 3+LL(4)=13�a
a43G�A5b 13ÎÕº8u:»h[¼.�
LR(1)=0��½5LR(J)g�µ´$�!5bJ/��$�%��^FG
5�%5��^LL(J�1)8QÉ�5LR(1 : 5)=f0; 1; 4; 7; 13g8
LL(1)=0��½5LL(J)g��´$�!5bJ.��$�%��^FG
5�%5��^LR(J)8QÉ�5LL(1 : 5)=f0; 2; 4; 10; 16g8
Á:�����USDECP #�!¾�5¸¹��NOT=3,

A(1 : 7)=f0; 1; 1; 1; 1; 0;�1g; LR(1 : 3)=f0; 1; 4g; LL(1 : 3)=f0; 2; 4g8
R���V SDECP !"p�!¾�5¸¹��NAT=5; NBT=5,

A (1 : 21)=f1; 1; 1; 1; 1;�1;�1;�1; 1; 0;�1; 1; 2;�1;�1; 0;�1;�1;�1; 1; 1g,

LR(1 : 5)=f0; 1; 4; 7; 13g; LL(1 : 5)=f0; 2; 4; 10; 16g8
[dÊ ] 7�}��5!"~�"���

************************************************************************

SUBROUTINE USDECP(A,LL,NOT,NNT,NSD,MAXA,MAXN)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(MAXA),LL(2,MAXN)

REAL*8 EPS,ADD

DATA EPS/1.0D-7/

C** ============================================================ **

C** LU decomposition [A]=[L][U] **

C** ------------------------------------------------------------ **

C*I A(NOT+L*(NOT)) = The given original matrix A(NOT,NOT) **

C*O A(NNT+L*(NNT)) = Decomposed matrix L+U-I : L\U(NNT,NNT) **

C*I LL(2,1:NOT) = Original storage index of A(NOT,NOT) **

C*O LL(2,NOT+1:NNT) = Expanded storage index of L\U(NNT,NNT) **
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C*I NOT = The order of the original matrix A(NOT,NOT) **

C*O NNT = The order of the expanded matrix A(NNT,NNT) **

C*O NSD = Number of singular degrees of the given matrix **

C*I MAXA = The maximum allowed dimension of A(MAXA) **

C*I MAXN = The maximum allowed dimension of LL(2,MAXN) **

C** EPS = Epsilon for accuracy control **

C** ------------------------------------------------------------ **

C** Find [L] & [U] for given [A], Such that [A] => [L] [U] **

C** For example: **

C** Input : NOT=3, LR(3)=(0 1 4), LL(3)=(0 2 4) **

C** Output: NNT=5, LR(5)=(0 1 4 7 13), LL(5)=(0 2 4 10 16) **

C** **

C** | a11 a12 a13 | | a11+p1 a12 a13 -p1 0 | **

C** [A] = | a21 a22 a23 | | a21 a22+p2 a23 0 -p2 | **

C** | 0 0 a33 | | 0 0 a33 0 0 | **

C** If it is expanded to ---> [A] = | -p1 0 0 +p1 0 | **

C** Then decomposed matrices are: | 0 -p2 0 0 +p2 | **

C** **

C** | l11 0 0 0 0 | | 1 u12 u13 u14 0 | **

C** | l21 l22 0 0 0 | | 0 1 u23 u24 u25 | **

C** [L] = | 0 0 l33 0 0 |, [U] = | 0 0 1 u34 u35 | **

C** | l41 l42 l43 l44 0 | | 0 0 0 1 u45 | **

C** | 0 l52 l53 l54 l55 | | 0 0 0 0 1 | **

C** **

C*I A(7):(a11 a12 a21 a22 a13 a23 a33) **

C*O A(21):(l11 u12 l21 l22 u13 u23 l33 u14 u24 u34 **

C*O l41 l42 l43 l44 u25 u35 u45 l52 l53 l54 d55) **

C** ============================================================ **

C** LL(1,J)=Storage index of upper triangular part W/O diagonal **

C** A(I,J) is referred as A(I+LL(1,J)) **

C** LL(2,I)=Storage index of lower triangular part with diagonal **

C** A(I,J) is referred as A(J+LL(2,I)) **

C** ------------------------------------------------------------ **

C** The storage Indexes/Locations of the matrix elements: **

C** LL(1,J) 0 1 4 7 13 **

C** LL(2,I) (I) For examples: **

C** 0 1\ 2 5 8 1 2+LL(1,5)=15 for A(2,5) in Loc.15 **

C** 2 3 4\ 6 9 15 2 3+LL(1,5)=16 for A(3,5) in Loc.16 **

C** 4 7\10 16 3 4+LL(1,5)=17 for A(4,5) in Loc.17 **

C** 10 11 12 13 14\17 4 2+LL(2,5)=18 for A(5,2) in Loc.18 **

C** 16 18 19 20 21\ 5 3+LL(2,5)=19 for A(5,3) in Loc.19 **

C** 4+LL(2,5)=20 for A(5,4) in Loc.20 **

C** (J) 1 2 3 4 5 5+LL(2,5)=21 for A(5,5) in Loc.21 **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Initial set NSD=0 : this also allows matrix to expend | **

C** | Set to decompose the original given matrix A(NOT,NOT) | **

C** +----------------------------------------------------------+ **

NSD=0

NAT=0

NBT=NOT

NNT=NOT

C** +----------------------------------------------------------+ **

C** | Decompose the sub-matrix A((NAT+1):NBT,(NAT+1):NBT) | **

C** +----------------------------------------------------------+ **

JC=0

10 DO 80 J=NAT+1,NBT

JA=LL(2,J)-LL(1,1)

JB=LL(1,J)-LL(1,1)

JMA=J-JA+JB
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JMB=J-JB+JC

JC=JA

C** +--------------------------------------------------------+ **

C** | AIJ = A(I,J) - \sum_{K=IMA}^{I-1} L(I,K)*U(K,J) | **

C** | A(K+IA)=L(I,K), A(K+JB)=U(K,J) | **

C** | A(I+JB)=A(I,J) --> U(I,J)=AIJ/L(I,I) | **

C** +--------------------------------------------------------+ **

DO 20 I=JMB,J-1

IA=LL(2,I)-LL(1,1)

IMA=MAX0(I-LL(2,I)+LL(1,I),JMB)

AIJ=A(I+JB)

DO 15 K=IMA,MIN0(I-1,NOT)

AIJ=AIJ-A(K+IA)*A(K+JB)

15 CONTINUE

A(I+JB)=AIJ

IF(I.LE.NOT) A(I+JB)=AIJ/A(I+IA)

20 CONTINUE

C** +--------------------------------------------------------+ **

C** | AJI = A(J,I) - \sum_{K=IMB}^{I-1} L(J,K)*U(K,I) | **

C** | A(K+JA)=L(J,K), A(K+IB)=U(K,I) | **

C** | A(I+JA)=A(J,I) --> L(J,I)=AJI | **

C** +--------------------------------------------------------+ **

DO 30 I=JMA+1,J-1

IB=LL(1,I)-LL(1,1)

IMB=MAX0(I-LL(1,I)+LL(2,I-1),JMA)

AJI=A(I+JA)

DO 25 K=IMB,MIN0(I-1,NOT)

AJI=AJI-A(K+JA)*A(K+IB)

25 CONTINUE

A(I+JA)=AJI

30 CONTINUE

C** +--------------------------------------------------------+ **

C** | Compute L(J,J) | **

C** | AJJ = A(J,J) - \sum_{K=JM*}^{J-1} L(J,K)*U(K,J) | **

C** | A(K+JA)=L(J,K), A(K+JB)=U(K,J) | **

C** | A(J+JA)=A(J,J) --> L(J,J)=AJJ | **

C** +--------------------------------------------------------+ **

AJJ=A(J+JA)

ADD=DABS(AJJ)

DO 40 K=MAX0(JMA,JMB),MIN0(J-1,NOT)

AJJ=AJJ-A(K+JA)*A(K+JB)

ADD=DMAX1(ADD,DABS(AJJ))

40 CONTINUE

A(J+JA)=AJJ

IF(J.GT.NOT) GO TO 80

C** +--------------------------------------------------------+ **

C** | IF the pivoting element A(J,J) > ADD*EPS ? | **

C** | Yes:80 : OK and Continue | **

C** | No : Add pivoting by ADD and Expand one column | **

C** +--------------------------------------------------------+ **

IF(DABS(A(J+JA)).GT.ADD*EPS) GO TO 80

C** +--------------------------------------------------------+ **

C** | IF ADD.EQ.0 ? | **

C** | Yes: No reference value available, get from diagonal | **

C** +--------------------------------------------------------+ **

IF(ADD.EQ.0.0) THEN

DO 45 K=NAT+1,NBT

KA=LL(2,K)-LL(1,1)

ADD=DMAX1(ADD,DABS(A(K+KA)))

45 CONTINUE
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ENDIF

IF(ADD.EQ.0.0) ADD=1.0

C** +--------------------------------------------------------+ **

C** | If J.EQ.NNT.AND.NSD.EQ.0 | **

C** | Then it is the Only & the Last ZERO_diagonal, | **

C** | So set NSD=1 to prevent from any further expanding | **

C** +--------------------------------------------------------+ **

IF(J.EQ.NNT.AND.NSD.EQ.0) NSD=1

C** +--------------------------------------------------------+ **

C** | If NSD.GT.0 : NO MORE expanding is allowed | **

C** +--------------------------------------------------------+ **

IF(NSD.GT.0) THEN

A(J+JA)=DMAX1(DABS(A(J+JA)),ADD*EPS*EPS)

C** +--------------------------------------------------------+ **

C** | If NSD.EQ.0 : Expand the matrix by | **

C** | Modify the diagonal : A(J,J)=A(J,J)+ADD | **

C** | Add column : A(J,NNT)=-ADD, A(NNT,NNT)=ADD, A(*,NNT)=0 | **

C** +--------------------------------------------------------+ **

ELSE

A(J+JA)=A(J+JA)+ADD

NNT=NNT+1

IF(NNT.GT.MAXN) STOP 'USDECP : NNT.GT.MAXN'

LL(1,NNT)=LL(2,NNT-1)+NNT-J

LL(2,NNT)=LL(1,NNT) +NNT-J

JB=LL(1,NNT)-LL(1,1)

JA=LL(2,NNT)-LL(1,1)

IF(NNT+JA.GT.MAXA) STOP 'USDECP : NNT+JA.GT.MAXA'

A(J+JB)=-ADD

A(J+JA)=-ADD

DO 60 I=J+1,NNT-1

A(I+JB)=0.0

A(I+JA)=0.0

60 CONTINUE

A(NNT+JA)=ADD

ENDIF

80 CONTINUE

C** +----------------------------------------------------------+ **

c** | If NNT.GT.NBT Then decompose the newly expand matrix | **

C** | Set NSD=NNT-NBT to prevent from further expanding | **

C** +----------------------------------------------------------+ **

IF(NNT.GT.NBT) THEN

NSD=NNT-NBT

NAT=NBT

NBT=NNT

GO TO 10

ENDIF

C** +----------------------------------------------------------+ **

C** | If NNT.EQ.NOT Then return, Else: | **

C** | Form a sub-system [A]{X}={B} to solve by full pivoting | **

C** +----------------------------------------------------------+ **

IF(NNT.EQ.NOT) RETURN

IJ=NNT+LL(2,NNT)

IF(NNT+NSD.GT.MAXN) STOP 'USDECP : MAXN TOO SMALL'

IF(IJ+NSD*NSD.GT.MAXA) STOP 'USDECP : MAXA TOO SMALL'

DO 95 J=NOT+1,NNT

DO 90 I=NOT+1,NNT

IJ=IJ+1

IF(I.LT.J) A(IJ)=A(I+LL(1,J)-LL(1,1))

IF(I.GE.J) A(IJ)=A(J+LL(2,I)-LL(1,1))

90 CONTINUE
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95 CONTINUE
NAD=NSD
CALL LUFPDC(A(NNT+LL(2,NNT)+1),LL(1,NNT+1),NAD,NSD,NAD)
RETURN
END

************************************************************************
SUBROUTINE USSOLX(A,P,LL,NOT,NNT,B)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(1),P(NOT),LL(2,NNT),B(NNT)

C** ============================================================ **
C** DIMENSION A(NNT+LL(2,NNT)),P(NOT),LL(2,NNT),B(NNT) **
C** ------------------------------------------------------------ **
C** Find {X} from [A]{X}={P} for given {P} & [A]=>[L][U]. **
C** [L] & [U] are given & put in A(*) (Expanded by sub. USDECP) **
C** [L][U]{X}={B} ===> [L]{Y}={B}, [U]{X}={Y} **
C** ------------------------------------------------------------ **
C*I P(NOT) = The given constant vector **
C*O P(NOT) = The solution vector **
C*W B(NNT) = The expanded vector (form by USSOLX) **
C** ============================================================ **
C** +----------------------------------------------------------+ **
C** | Expand P(NOT) to B(NNT) | **
C** +----------------------------------------------------------+ **

DO 40 I=1,NOT
B(I)=P(I)

40 CONTINUE
DO 45 I=NOT+1,NNT
B(I)=0.0

45 CONTINUE
C** +----------------------------------------------------------+ **
C** | Find {Y} from {B} by forward substitution of [L]{Y}={B} | **
C** | BI = B(I) - \sum_{K=IMA}^{I-1} L(I,K)*Y(K) | **
C** | A(K+IA)=L(I,K), B(K)=Y(K), B(I)=B(I) --> Y(I)=BI/L(I,I) | **
C** +----------------------------------------------------------+ **

DO 70 I=1,NNT
IA=LL(2,I)-LL(1,1)
IMA=I-LL(2,I)+LL(1,I)
BI=B(I)
DO 60 K=IMA,MIN0(I-1,NOT)
BI=BI-A(K+IA)*B(K)

60 CONTINUE
B(I)=BI
IF(I.LE.NOT) B(I)=BI/A(I+IA)

70 CONTINUE
C** ------------------------------------------------------------ **

NAD=NNT-NOT
IF(NAD.GT.0) CALL LUFPSB
*(A(NNT+LL(2,NNT)+1),B(NOT+1),LL(1,NNT+1),NAD,NAD)

C** +----------------------------------------------------------+ **
C** | Find {X} from {Y} by backward substitution of [U]{X}={Y} | **
C** | For I=NNT:2 Compute B(K)=B(K)-U(K,I)*X(I) for K=IMB:(I-1)| **
C** | A(K+IB)=U(K,I), B(I)=BI=X(I), B(K)=Y(K) --> X(K) | **
C** +----------------------------------------------------------+ **

DO 90 I=NNT,2,-1
IB=LL(1,I)-LL(1,1)
IMB=I-LL(1,I)+LL(2,I-1)
BI=B(I)
DO 80 K=IMB,MIN0(I-1,NOT)
B(K)=B(K)-A(K+IB)*BI
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80 CONTINUE
90 CONTINUE

C** +----------------------------------------------------------+ **
C** | Move solution vector B(NOT) to P(NOT) | **
C** +----------------------------------------------------------+ **

DO 95 I=1,NOT
P(I)=B(I)

95 CONTINUE
RETURN
END

************************************************************************
SUBROUTINE USBKSB(A,B,LL,NOT,NNT)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(1),B(NNT),LL(2,NNT)

C** ============================================================ **
C** DIMENSION A(NNT+LL(2,NNT)),B(NNT),LL(2,NNT) **
C** ------------------------------------------------------------ **
C** Find {X} from {Y} by backward substitution of [U]{X}={Y} **
C** ------------------------------------------------------------ **
C*I B(NNT) = The given vector {Y} **
C*O B(NNT) = The solution vector {X} **
C** ============================================================ **

NAD=NNT-NOT
IF(NAD.GT.0) CALL LUFPBS
*(A(NNT+LL(2,NNT)+1),B(NOT+1),LL(1,NNT+1),NAD,NAD)

C** +----------------------------------------------------------+ **
C** | Find {X} from {Y} by backward substitution of [U]{X}={Y} | **
C** | For I=NNT:2 Compute B(K)=B(K)-U(K,I)*X(I) for K=IMB:(I-1)| **
C** | A(K+IB)=U(K,I), B(I)=BI=X(I), B(K)=Y(K) --> X(K) | **
C** +----------------------------------------------------------+ **

DO 90 I=NNT,2,-1
IB=LL(1,I)-LL(1,1)
IMB=I-LL(1,I)+LL(2,I-1)
BI=B(I)
DO 80 K=IMB,MIN0(I-1,NOT)
B(K)=B(K)-A(K+IB)*BI

80 CONTINUE
90 CONTINUE

RETURN
END

************************************************************************
SUBROUTINE USSNGX(A,S,LL,NOT,NNT,NSD,B)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(1),S(1),LL(2,NNT),B(NNT)

C** ============================================================ **
C** DIMENSION A(NNT+LL(2,NNT)),S(NOT,NSD),LL(2,NNT),B(NNT) **
C** ------------------------------------------------------------ **
C** Find the solution vectors [S] of the singular matrix [A] **
C** ------------------------------------------------------------ **
C*I A(NNT+L*(NNT)) = Decomposed matrix L+U-I : L\U(NNT,NNT) **
C*I LL(2,NNT) = Expanded storage index of L\U(NNT,NNT) **
C*O S(NOT,NSD) = Solution vectors of singular matrix A(NOT,NOT) **
C*I NOT = The order of the original matrix A(NOT,NOT) **
C*I NNT = The order of the expanded matrix A(NNT,NNT) **
C*I NSD = Number of singular degrees of the given matrix **
C*W B(NNT) = The working array **
C** ============================================================ **

DO 50 J=NNT-NSD+1,NNT
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JS=(J-NNT+NSD-1)*NOT
DO 30 I=1,NNT
B(I)=0.0

30 CONTINUE
B(J)=1.0
CALL USBKSB(A,B,LL,NOT,NNT)
DO 45 I=1,NOT
S(I+JS)=B(I)

45 CONTINUE
50 CONTINUE

RETURN
END

************************************************************************

[�� ] �������� !"#$ !

************************************************************************
PROGRAM USTEST

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(2000),B(2000),LL(2,100),P(100)
DATA MAXA,MAXN/2000,100/

C** ============================================================ **
10 READ (*,'(20I4)') NOT,NLT

IF(NOT.LE.0) STOP
READ (*,'(20I4)') (LL(1,I),LL(2,I),I=1,NOT)
READ (*,'(10F8.0)') A(1)
DO 20 J=2,NOT

20 READ (*,'(10F8.0)') (A(I),I=LL(2,J-1)+J,LL(2,J)+J)
READ (*,'(10F8.0)') (B(I),I=1,NOT*NLT)

C** ------------------------------------------------------------ **
WRITE(*,'(/'' NOT,NLT: '',9I6)') NOT,NLT
WRITE(*,'('' LL(2,NOT): '',10I6)') (LL(1,I),LL(2,I),I=1,NOT)
WRITE(*,'('' A(*,*):'',1P6E12.5)') A(1)
DO 30 J=2,NOT

30 WRITE(*,'('' A(*,*):'',1P6E12.5)') (A(I),I=LL(2,J-1)+J,LL(2,J)+J)
WRITE(*,'('' B(*,*):'',1P6E12.5)') (B(I),I=1,NOT*NLT)

C** ------------------------------------------------------------ **
CALL USDECP(A,LL,NOT,NNT,NSD,MAXA,MAXN)

C** ------------------------------------------------------------ **
WRITE(*,'('' NOT,NNT,NSD'',10I6)') NOT,NNT,NSD
WRITE(*,'('' LL(2,NNT): '',10I6)') (LL(1,I),LL(2,I),I=1,NNT)
WRITE(*,'('' U(*,*):'',1P6E12.5)') A(1)
DO 60 J=2,NNT

60 WRITE(*,'('' U(*,*):'',1P6E12.5)') (A(I),I=LL(2,J-1)+J,LL(2,J)+J)
C** ------------------------------------------------------------ **

DO 70 J=1,NLT
JB=(J-1)*NOT
CALL USSOLX(A,B(1+JB),LL,NOT,NNT,P)

70 WRITE(*,'('' X(*,*):'',1P6E12.5)') (B(I+JB),I=1,NOT)
C** ------------------------------------------------------------ **

IF(NSD.GT.0) THEN
CALL USSNGX(A,B,LL,NOT,NNT,NSD,P)
DO 95 J=1,NSD
JB=(J-1)*NOT

95 WRITE(*,'('' S(*,*):'',1P6E12.5)') (B(I+JB),I=1,NOT)
ENDIF
GO TO 10
END

************************************************************************
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[�% ] &'"() (*

NOT,NLT: 3 1 3,1
LL(2,NOT): 0 0 1 2 4 4 0,0,1,2,4,4
A(*,*): 0.00000E+00 0
A(*,*): 1.00000E+00 1.00000E+00 1.00000E+00 1,1,1
A(*,*): 1.00000E+00 0.00000E+00-1.00000E+00 1,0,-1
B(*,*): 1.00000E+00 1.00000E+00-1.00000E+00 1,1,-1
NOT,NNT,NSD 3 5 0
LL(2,NNT): 0 0 1 2 4 4 7 10 13 16
U(*,*): 1.00000E+00
U(*,*): 1.00000E+00 1.00000E+00 1.00000E+00
U(*,*): 1.00000E+00-1.00000E+00-1.00000E+00
U(*,*):-1.00000E+00 1.00000E+00 0.00000E+00-1.00000E+00 1.00000E+00 2.00000
U(*,*):-1.00000E+00
U(*,*):-1.00000E+00 0.00000E+00 1.00000E+00-1.00000E+00-1.00000E+00 1.00000
U(*,*): 0.00000E+00
X(*,*): 1.00000E+00 0.00000E+00 1.00000E+00

+,-.
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dell, New York, MR 30 #5475, p.123, 1964.

4. /01 ,234 ,567 , "Decomposition of Singular Large Sparse Matrix
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126 ��� ������	
�



���

������	

5.1 
�

������������������� !"��#$��
�%& '(��)*"���+, "��-��./01 (Declared

DIMENSION of matrix)23'(��45�%&+,678��9:�
;<+,=>?@ ��AB���CD+,6)*>E@ F��5
GA���CD+,6)*>

5.2 HIJKLMNOPQR

(1)S"��TUVWXYZ[\]^2_`abcde>
f��gh"��ij kl�mn! [ok ]p b- [A]iNqM

r sb��./01tuiA(N,M)vwxySz{��Z|}>
~4! [o� ]p �b- [A]./01iA(NA,M) �b����i
NqMr ��N�NA�2>����t�� �`a���1 
��`aySze �U��bXY>
[ok ] "��CMPY� 1 [o� ] "��CMPY� 2

SUBROUTINE CMPY(A,B,C,N,M,L) SUBROUTINE CMPY(A,B,C,N,M,L,NA,NB,NC)
DIMENSION A(N,M),B(M,L),C(N,L) DIMENSION A(NA,M),B(NB,L),C(NC,L)
DO 10 J=1,L DO 10 J=1,L
DO 10 I=1,N DO 10 I=1,N
C(I,J)=0.0 C(I,J)=0.0
DO 10 K=1,M DO 10 K=1,M

10 C(I,J)=C(I,J)+A(I,K)*B(K,J) 10 C(I,J)=C(I,J)+A(I,K)*B(K,J)
RETURN RETURN
END END
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(2)Tk���-Z��� 2f���b "��¡¢ vUu£{�
��¤¥�k��-F¡¢>
£]q��� [A]9n¦���� [A11], [A21], [A12]6 [A22]>

[A] =

2
6666666666664

a11 a12 a13 a14 a15 a16 a17

a21 a22 a23 a24 a25 a26 a27

a31 a32 a33 a34 a35 a36 a37

a41 a42 a43 a44 a45 a46 a47

a51 a52 a53 a54 a55 a56 a57

a61 a62 a63 a64 a65 a66 a67

3
7777777777775

=

2
4 A11 A12

A21 A22

3
5

!§�* [A21]h [A12] ¨©ª«Di [A22] �2��'( [o� ]

��!]¬
DIMENSION A(6,7)
...
CALL CMPY(A(3,1),A(1,3),A(3,3),4,2,5,6,6,6)

®E@���1 (� 6,6,6)¯i [A]���./q1>
!z [ok ]�"�� °±�£ [A21]��¤¥./01i 4 x 2��
�- [A12]¤¥ 2 x 5��k��- F'( [ok ]"�� bh²
��¨uF¤³ [A22]- !´µ`a¶¤·¸¹`aº»%&��
6CD¼½>
¥$��¾¿À�gh t2f��'( [o� ]�� ! 8x15��
� [A]hf 15x1r�� fBgÁ 8x1r�� fXg2Â]q+�'(�>

DIMENSION A(10,20),B(20),X(10)
...
CALL CMPY(A,B,X,8,15,1,10,15,8) ! CALL CMPY(A,B,X,8,15,1,10,1,1)

¹! 1x8q��hAihf 8x15��� [B]Á 1x15�q�� hYi2Â]q
+�'( [o� ]"��>

DIMENSION A(10),B(10,20),Y(20)
....
CALL CMPY(A,B,Y,1,8,15,1,10,1)

b-E@���1 (� 1,10,1) Ã 10i [B]���./q1Ä Å¯
ui 1>
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Ï&¿À¾¿À�h²t2'( [o� ]"��!]¬
DIMENSION A(10),B(15),C(10,15)
...
CALL CMPY(A,B,AB,1,N,1,1,N,1) ! CALL CMPY(A,B,AB,1,N,1,1,1,N)
...
CALL CMPY(A,B,C,N,1,M,10,1,10) ! CALL CMPY(A,B,C,N,1,M,1,1,10)

TfÐÑj- t2z !@Òq�ÓÔ b-UÏpi�Õ���.
/q124z 1(Öb × ) ØiÙÕ����kr vU±zÚb
./q1>

(3)kl�z"�� !��gh ÛÜ�� ÝÞ�� ßàá+��
="�� EâU�ãäb��./01>
! [o� ]"�� b��./q1NA,NB,NC ¯�'(��åä
 vUuæ4��>b-�çÓÔDIMENSION A(NA,M),B(NB,L),

C(NC,L)�./q1i'(�"���èé�1 (Dummy argument)

 23'(��êä�×v45 klëi25./01 (Variable

DIMENSION)>���1FORTRANUìº./01i51 ´·2
ízf]���îï £�� (�ð�q )ñònf¿À (kð�q )

CD Ø´T./�q�01· �2U±zÚ���q1 (i25
�51 ) ���uzÓÔ£��rqÓóò*i¿À¼½Óó t
�bCD¼½#ô�¿ÀÓó>���îït2zT�uCDÐ (Ö
] )�õö9÷ø�#ë�� Ö�õ���[ù>
j! [o� ]"��-��ð��24i [o� (a)(b)]"��-�k
ð¿À> [o� (a)]-� IJ,IK,KJ�i��ñònf¿ÀCD·�¼
½Óó Öë¿ÀÓó b¾���rqÓóI,J,K��ú�!o-
ÓÔÒû ´�*+�úØFORTRAN�qfrü (column wise)ý
q t�þkrTÿþ�rT@��ü ���÷ø�ýq�ü
i A(1,1),A(2,1),A(3,1),. . . ,A(NA,1), A(1,2),A(2,2),A(3,2),. . . ,A(NA,2),

A(1,3),A(2,3),A(3,3),. . . ,A(NA,3), . . .>
[o� (a)]-�*¿ÀÓó· u���a*6k�h* �Y��>
�z���4fa*+��*! [o� (b)]"��Òû>´+��`
ay�*�Y ��S����6�	�i
�>f]s����
Òz�%&+,>
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[o� (a)] "��CMPY� 3

SUBROUTINE CMPY(A,B,C,N,M,L,NA,NB,NC)
DIMENSION A(1),B(1),C(1)
DO 10 J=1,L
DO 10 I=1,N
IJ=I+(J-1)*NC
C(IJ)=0.0
DO 10 K=1,M
IK=I+(K-1)*NA
KJ=K+(J-1)*NB

10 C(IJ)=C(IJ)+A(IK)*B(KJ)
RETURN
END

[o� (b)] "��CMPY� 4

SUBROUTINE CMPY(A,B,C,N,M,L,NA,NB,NC)
DIMENSION A(1),B(1),C(1)
JB=0
JC=0
DO 30 J=1,L
IJ=JC
DO 10 I=1,N
IJ=IJ+1
IK=I
KJ=JB
C(IJ)=0.0
DO 10 K=1,M
KJ=KJ+1
C(IJ)=C(IJ)+A(IK)*B(KJ)

10 IK=IK+NA
JB=JB+NB

30 JC=JC+NC
RETURN
END

[o¦ (a)]"��¾ [o� ]Ö [o� (a)(b)]"��¢gÏ�)* ®b
-�./iDIMENSIONA(1,1),B(1,1),C(1,1) ���U�& ��
Ðb�&¾ [o� ]-�./iDIMENSION A(1),B(1),C(1)g� ��
�y����6�	�
�>®��-Ñ���qÓó¾ [o� ]Ï
 ��45 �£rÓóafæ4 Sb_��*ÁCD¼½>! [o
� ]-�C(I,J)4iC(I,JC) b-JC=(J{1)*NC+1>Ø [o� ]-��
[C]�r�NCq Ârüýq �÷øC(I,J)ýq$þ (J{1)*NC+I¼
½>� [o¦ (a)]��- [C]�./01i1q1r ÷øC(I,JC)Â��
�*ôý$þ (JC{1)*1+I=(J{1)*NC+I¼½ �¾ [o� ]-÷ø�¿
À¼½Óóg�>Ï& [o� ]�A(I,K)¾B(K,J)s9�4iA(I,KA)

¾B(K,JB) b-KA=(K{1)*NA+1 JB=(J{1)*NB+1 b¿À¼½
9�i (KA{1)*1+I=(K{1)*NA+I (JB{1)*1+K=(J{1)*NB+K>
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¾ [o¦ (a)]���+�i [o¦ (b)]��,>Ù��+� (�]o�
+� (3)(4))���iq¾r�Óó9��* fS��� !��
"<��Öð#> JA��*2$�T J×45�% I×45·UV
W JA�×> [o� (a)]"��f+� (2)�*¼½Óó s�� IÖ J

�k45�u%* �Y2_������U !>
./ÓÔ &z÷ø ¿À¼½*, ÑÓó�× +�
A(NA;M) A(I; J) (J�1)�NA+I (1)

A(1) A(IJ) IJ IJ=(J�1)�NA+I (2)

A(1; 1) A(I; JA) (JA�1)�1+I JA=(J�1)�NA+1 (3)

A(1) A(I+JA) I+JA JA=(J�1)�NA (4)

[o¦ (a)] "��CMPY� 5

SUBROUTINE CMPY(A,B,C,N,M,L,NA,NB,NC)
DIMENSION A(1,1),B(1,1),C(1,1)
DO 10 J=1,L
JB=(J-1)*NB+1
JC=(J-1)*NC+1
DO 10 I=1,N
C(I,JC)=0.0 ! add line KA=1-NA
DO 10 K=1,M
KA=(K-1)*NA+1 ! change to KA=KA+NA

10 C(I,JC)=C(I,JC)+A(I,KA)*B(K,JB)
RETURN
END

[o¦ (b)] "��CMPY� 6

SUBROUTINE CMPY(A,B,C,N,M,L,NA,NB,NC)
DIMENSION A(1),B(1),C(1)
DO 10 J=1,L
JB=(J-1)*NB
JC=(J-1)*NC
DO 10 I=1,N
C(I+JC)=0.0 ! add line KA=-NA
DO 10 K=1,M
KA=(K-1)*NA ! change to KA=KA+NA

10 C(I+JC)=C(I+JC)+A(I+KA)*B(K+JB)
RETURN
END

iy�Y�4' t2£ [o¦ (a)(b)]�ö9ÓÔ4! !@Òûp> JB¾
JCØUTE()*+�* #�YVWU� �2U±,4>¥$ I+JC

��* Ø I¾ JCTK*+(�×U5 !íz-.�� (Compiler)�E
/01_ (Optimize) �U}$��K45·%��*>�? I+KAt2
'k24i IK! [o� (b)]p �´3¹S¿À¼½¾rqÓó��úU
45 �U678z>
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(4)78��9:,
klFORTRAN¯9ä��-:èé�1���./01uiãä1
(Constant)>ÿ;Ò<�./01i51���±uièé�1 Ø
èé���./¨U=>��Ò?�CD¼½ bÒ?¼½±u�
'(��@A>v:èé���./}Bb01C>Ò?�CD¼
½>���Ð�ö9��01u39D����Ev45 �u$
Sz��ÿ�FGÑ��./01HIJ�>´;K¢L9M� 
NkUO�}PQ ��·U"<RS�P>iTU´
�¾VW
PQ Eâíz78��9:,9:��Ò?�CD¼½>
X3kjfû��zt;Y2rZk�78��9:, Z~"�
� SUB1?���� S(NS,NS),L(NS,NL)6k¿À P(NS) v"��
SUB2?��� S(NS,NS)6Q(NS,2) '(��2Â]q+���q
A-9:[\�¼½êS,L,P,Q>~L6P�TSUB1-Sz f@�
�UFSz sQ2f]zL�¼½ ´·�u`a 'C'^�ÓÔ £
��Q(NS,2)�_`¼½N44¥��L(NS,NL)�_`¼½N2�2>

[oa (a)] 78��9:ûj
************************************************************************

DIMENSION A(2000),M(2000)
EQUIVALENCE (A,M)
DATA NDIM/2000/,N1/1/
...
READ(*,'(10I5)') NS,NL,... ! Read (or calculate) : NS,NL
N2=N1+NS*NS ! A(N1) for matrix S(NS,NS)
N3=N2+NS*NL ! M(N2) for matrix L(NS,NL)
N4=N3+NS ! A(N3) for vector P(NS)
IF(N4.GT.NDIM+1) STOP 'Dimension too small'
CALL SUB1(A(N1),M(N2),A(N3),NS,NL,...)
...

C N4=N2 (Reset N4=N2 to re-use the location used by L & P)
N5=N4+NS*2 ! A(N4) for matrix Q(NS,2)
IF(N5.GT.NDIM+1) STOP 'Dimension too small'
CALL SUB2(A(N1),A(N4),NS,...)
...
END

************************************************************************
SUBROUTINE SUB1(S,L,P,NS,NL,...) SUBROUTINE SUB2(S,Q,NS,...)
DIMENSION S(NS,NS),L(NS,NL),P(NS) DIMENSION S(NS,NS),Q(NS,2)
... ...
END END

************************************************************************

~SzFORTRAN 90 s2ízb78bc9:d1 feÁÒ?�
E�CDbc¼½ ! [oa (b)]Òû>78bc9:d1t2��zT
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"��-�h·)*z��q>j! SUB1- ~L¾Pih·)*z�
�q 2Â [oa (c)]Òû��+��kæ4>

[oa (b)] 78��9:z78bc9:d1
**************************************************************************

REAL, ALLOCATABLE:: S(:,:),P(:),Q(:,:)
INTEGER, ALLOCATABLE:: L(:,:) ! For FORTRAN-90

C** REAL S[ALLOCATABLE](:,:),P[ALLOCATABLE](:),Q[ALLOCATABLE](:,:)
C** INTEGER L[ALLOCATABLE](:,:) ! For MS-FORTRAN

...
READ(*,'(10I5)') NS,NL,... ! Read (or calculate) : NS,NL
ALLOCATE (S(NS,NS),L(NS,NL),P(NS), STAT=IERROR)

C** ALLOCATE (S(1:NS,1:NS),L(1:NS,1:NL),P(1:NS)) ! can be any ranges
IF(IERROR.NE.0) STOP 'Array too large'
CALL SUB1(S,L,P,NS,NL,...)
...

C DEALLOCATE (L,P, STAT=IERROR) ! Free spaces used by L & P
ALLOCATE (Q(NS,2), STAT=IERROR)
IF(IERROR.NE.0) STOP 'Array too large'
CALL SUB2(S,Q,NS,...)
...
IF(ALLOCATED(L)) DEALLOCATE (L,P, STAT=IERROR)
DEALLOCATE (S,Q, STAT=IERROR) ! Free spaces used by S & Q
END

**************************************************************************

[oa (c)] h·)*z�q�78bc9:
**************************************************************************

SUBROUTINE SUB1(S,NS,NL,...) SUBROUTINE SUB1(S,Ldy,Pdy,NS,NL,...)
DIMENSION S(NS,NS) DIMENSION S(NS,NS)
ALLOCATABLE L(:,:),P(:) ALLOCATABLE :: L(:,:),P(:)

C** DIMENSION L [ALLOCATABLE](:,:), P [ALLOCATABLE](:)
ALLOCATE (L(NS,NL),P(NS)) ALLOCATE(L(NS,NL),P(NS),STAT=IERROR)
... ...
DEALLOCATE (L,P) DEALLOCATE (L,P, STAT=IERROR)
RETURN RETURN
END END

**************************************************************************

5.3 ijHIklmn

ok (a)ûk 8x8�AB�� b]pAGMA=1 ÐpAGMB=2 (

qU�#õr )>T�Õôz (! [A]��iàá+���ú1�� )Ð 
2U±CDAGfÄ�s÷ø ��i#ë· t2�DÐ�õÖ]�
õö9�:s÷ø !´�2tu�À�CD¼½>kl+,ú£#õ
÷øvw@ýTÏkrÖÏkq!ok (b)¾ (c)Òû>
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(a) DIMENSION A(8; 8) (b) DIMENSION A(8; 4)
2
6666666666666666664

a11 a12 a13 0 0 0 0 0

a21 a22 a23 a24 0 0 0 0

0 a32 a33 a34 a35 0 0 0

0 0 a43 a44 a45 a46 0 0

0 0 0 a54 a55 a56 a57 0

0 0 0 0 a65 a66 a67 a68

0 0 0 0 0 a76 a77 a78

0 0 0 0 0 0 a87 a88

3
7777777777777777775

2
6666666666666666664

: a11 a12 a13

a21 a22 a23 a24

a32 a33 a34 a35

a43 a44 a45 a46

a54 a55 a56 a57

a65 a66 a67 a68

a76 a77 a78 :

a87 a88 : :

3
7777777777777777775

(c) DIMENSION A(4; 8)
2
6666664

: : a13 a24 a35 a46 a57 a68

: a22 a23 a34 a45 a56 a67 a78

a11 a32 a33 a44 a55 a66 a77 a88

a21 a42 a43 a54 a65 a76 a87 :

3
7777775

ok

ok (b)-÷øaijúD$./01i 8x4��� [A]�A(i,MA+j{i+1)

- ����·u£rÓó jò*i¼½ÓóMA+j{i+1 `a����
�xyz>Ï&ok (c)-÷ø aijúD$�� [A]�A(MB+i{j+1, j)->

f]��������k%&+,>{,ú£�� (Ö#ë���
ÐÖ]�õö9 )�:s÷ø "�� "DTk�./01i DIMENSION

A(3,10)���- ´���2CD 3x10�:s÷ø>

ok (d) DIMENSION A(3; 10)
2
6664

a11 a12 a13 a43 a44 a45 a46 a76 a77 a78

a21 a22 a23 a24 a54 a55 a56 a57 a87 a88

: a32 a33 a34 a35 a65 a66 a67 a68 :

3
7775

b-÷ø a43ô¼$þ 3r�þ 4q (Öëþ 4�¼½ ) �Ø�� [A]

�r�> 3q (3�¼½ ) �{þ 3rþ 1q*_�þ 4�¼½ô{Tþ 4

r�þ 1¼½ �A(1,4)�¼½ � a14TÐpAG�|}fÄU±CD
 �â>ê a43Sz>
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Ï& a44�iþ 4rþ 4�¼½ SuTþ 5rþ 1�¼½ v a54s
uTþ5rþ2�¼½ E@÷øa88ô{þ8rþ1q*_Zþ8�¼½ 
�A(2,10)�¼½ � a2;10UT�� 8x8�|}�2� a88Sz>

�´+� ����* 2��� [A]�AG(Ò�:s÷ø $
DIMENSION A(3,10)-¯�k�k¼½CD�>×Á®ZHÑ÷ø�
2zb��� "rqÓó "��&z� (�A(4,6)�o a46)Uu��Óóò
*>Ø#./01iA(3,10)���v� A(2,5)=A(5,4)=A(8,3) ØbC
D¼½qgÏi14=(5{1)*3+2=(4{1)*3+5=(3{1)*3+8>�A(2,5),A(5,4)6
A(8,3)=Òoû�CD¼½¯gÏ vÑ÷ø�A(5,4)u�CD>�$Ó
óU±ò* 2S)*�����¾klCD�ö��÷ø�+�gÏ>

5.4 ��iHIklmn

]oik#ë�� b:s÷ø���-T#õr�� �bpA
G¨Ug=>´����CD �sÐ2�CDbÐ�õö9Ö]�õ
ö9�:s÷ø>�´=��$����-�ireàá+���ú1
�� �ZTzfÛß+����1>

J = 1 2 3 4 5 6 7 8 9

LL(J) = 1 2 4 6 9 10 14 17 22

[A] =

2
6666666666666666666664

a11 a12 a13

� a22 a23 a24 a25

� � a33 a34 a35 a37

� � a44 a45 0 a49

� � � a55 a56 a57 a58 0

� a66 a67 a68 0

� � � a77 a78 a79

� � � a88 a89

� � � a99

3
7777777777777777777775

Tþ���� !£Ðq#ë��9ßi [A] = �L�U b- �L = �UT Ö
9ßi [A] = UTDU· �UÖUqiÐ�õ�� b�rÐpAG¾�ú
1���ÐpAGgÏ (® u47; u59; u69q2_U=$s )>���CD
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�r�ÐpAGf(�÷ø�2>Ø´ ÷ø2f��ýq!]oÒû>

A(K) a11 a12 a22 a13 a23 a33 a24 a34 a44 a25 a35 a45 a55 a56 a66

K 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

A(K) a37 0 a57 a67 a77 a58 a68 a78 a88 a49 0 0 a79 a89 a99

K 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

iy���÷ø�rqÓó�Á{÷ø���CD¼½ �ru�
k¼½Óó LL(J), J=1,2,. . . ,N Niú1�� [A]�r1>Âþ 5.2t��
& ~��÷ø§f�Óóoû b./iDIMENSION A(1,1) v÷ø
aij§fA(i,LL(j))oû sÐ<5GA���¼½ÓóLL(1)¥LL(9)ôi
1,2,4,6,9,10,14,17,22>þkr�¼½Óó=$ 1 bÅÑr�¼½Óói
{r�ÐpAGaÿkr�¼½Óó>j!¬
þ 2r�ÐpAG=$ 1 aþ 1r�¼½Óó LL(1)=1 Á LL(2)=2>
þ 3r�ÐpAG=$ 2 aþ 2r�¼½Óó LL(2)=2 Á LL(3)=4>
þ 4r�ÐpAG=$ 2 aþ 3r�¼½Óó LL(3)=4 Á LL(4)=6>
Å��>��E@kr (þNr )�¼½ÓóLL(N)2*Á�öCD¼½
LL(N)+N{1>!´sþ IqþJr�÷ø2fA(I,JA)oû b-JA=LL(J)

>j! ��÷ø a24 ØLL(4)=6 �fA(2,6)oû>v��Ø [A]�.
/iDIMENSION A(1,1) �A(2,6)�CD¼½i (6{1)*1+2=6{1+2=7 
¾ÐoÒûpgÏ>

!«���./4iDIMENSION A(1) t�f¿Àoû sþ I

qþ Jr�÷ø4zA(I+JA)oû b- JA=LL(J){LL(1)>T´[\]
 r¼½Óót2Bÿ<�×� 1 �LL(1:9)=f0,1,3,5,8,9,13,16,21g s
JA=LL(J)>������f JA=LL(J){LL(1)�* ��� LL(*)×q2
[z>

!«��U#ëvuCD�öAG(�:s÷ø ���ÿk-
��4>{#�tÒ<�%&+,t���>

5.5  ¡¢£¤¥k¦§

ÿtÒ<CD5GA���%&+,2fôzTCD�¨�UÏ©
z�ª«�[ù>j! T�w÷ø9D- UÏ÷ø�ª�1�Ukä
}gÏ¬!�õùre÷ø���ª�¬�õù��÷ø��ª�¬
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¦´ùre÷ø�¦�ª�¬¦´ù��÷ø�µÖ¶�ª�=>!f
�ð�qCDÙÕª�·¸¬j! �þ J÷ø� 4�ª�·¸£bD$
NODE(1:4,J) s�q�q1ui÷ø�2_E»ª�1>#$ª���
�÷ø��»ÅC¹º½Uzv»n¼M>f]��k�U¼MCD¼
½�;<½,>

z]oÒûÑ÷ø�ª�·¸ij¬�� 7�÷ø Ñ÷ø�ª�1
�¾i 28 s2./k�©z¥�i 28��qNODE(1,28) zf�üD
¿Ñ÷ø�ª�·¸¬F./k�©z¥�À÷ø1»1�kð�qLL(8)

 zfD¿Ñ÷øª�ª«�¼½Óó !]oÒû>sþ J÷ø� 4�
ª�·¸�CDTNODE(1:4,LL(J))>o-¼½Óó1À÷ø1» 12�
��*÷ø�ª�1 !þ J÷ø�ª�1iLL(J+1){LL(J)>

÷ø·¸ ÷ø�ª�·¸ ª�1 LL(N)

1 4 8 5 3 1

2 1 4 5 2 4 4 =3+1

3 5 8 12 3 8 =4+4

4 2 5 6 3 4 11 =3+8

5 4 10 12 11 8 7 6 15 =4+11

6 5 12 13 6 4 21 =6+15

7 12 14 15 13 4 25 =4+21

8 29 =4+25

NODE(1;K) 4 8 5 1 4 5 2 5 8 12 2 5 6 3

K 1 2 3 4 5 6 7 8 9 10 11 12 13 14

NODE(1;K) 4 10 12 11 8 7 5 12 13 6 12 14 15 13

K 15 16 17 18 19 20 21 22 23 24 25 26 27 28

5.6 ÁJKCUDECP ÂÃÄÅijHIkÂÆ

[o ]Ç��Ç�zf5ûAB�����CD+�T�*|(��
�Èý[ù>�qAGENCD�����AB��>�qAPCNCD�ö
9���AB��>�qAFCNCD�É����AB��>CDÉ��
�AB����qÒ?�./q1MM =$AB���ÐpAGMB¾
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]pAGMA�¾>Ò?./r1NN =$���Êr1NaÐ (���
Êq1M{1)/./q1 t�¬MM=MA+MB NN=N+(M{1)/MM>

®��CD+��Óó#Ïk÷øqgÏ �bÓóU±Ø��
CDvæ4 �T'(CUDECP6CUSOLX· �?/fUÏ�./q
1 bÅ�1É�gÏ>

[o ] ��AB��zj
************************************************************************

PROGRAM CUDMAN
C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION AGEN(8,8),BG(8),APCD(4,9),BP(8),AFCD(3,10),BF(8)
DATA MAG/8/,MAP/4/,MAF/3/,APCD/36*0.0/,AFCD/30*0.0/

C** ============================================================ **
C** Program for decomposition of an unsymmetric banded matrix **
C** and solve the equation by substitution **
C** Using general, partial condensed and full condensed matrices **
C** ============================================================ **
C** +----------------------------------------------------------+ **
C** | Read : Order N, Lower bandwidth MA, upper bandwidth MB, | **
C** | Matrix & constant vector | **
C** | Compute NAP,NAF = # of columns reqd for condensed matrix | **
C** +----------------------------------------------------------+ **

READ(*,'(3I4)') N,MA,MB
NAP=N+(N-1)/MAP
NAF=N+(N-1)/MAF
DO 20 I=1,N

20 READ(*,'(10F8.0)') (AGEN(I,J),J=1,N)
READ(*,'(10F8.0)') (BG(J),J=1,N)

C** +----------------------------------------------------------+ **
C** | Setup Partial & Full condensed matrices | **
C** | Note that : the subscripts are the same | **
C** +----------------------------------------------------------+ **

DO 40 J=1,N
DO 30 I=MAX0(J-MB,1),MIN0(J+MA,N)
APCD(I,J)=AGEN(I,J)

30 AFCD(I,J)=AGEN(I,J)
BP(J)=BG(J)

40 BF(J)=BG(J)
C** +----------------------------------------------------------+ **
C** | Write the given matrix & constant vector | **
C** +----------------------------------------------------------+ **

CALL PRINTA(AGEN,N,N,MAG,'Given matrix in general form')
CALL PRINTA(APCD,MAP,NAP,MAP,'In partial condensed form')
CALL PRINTA(AFCD,MAF,NAF,MAF,'In full condensed form')
WRITE(*,'(/'' Constant vector''//(5X,10F6.2))') (BG(J),J=1,N)

C** +----------------------------------------------------------+ **
C** | Perform Decomposition & substitutions | **
C** +----------------------------------------------------------+ **

CALL CUDECP(AGEN,N,MA,MB,MAG)
CALL CUSOLX(AGEN,BG,N,MA,MB,MAG)

C** ------------------------------------------------------------ **
CALL CUDECP(APCD,N,MA,MB,MAP)
CALL CUSOLX(APCD,BP,N,MA,MB,MAP)

C** ------------------------------------------------------------ **
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CALL CUDECP(AFCD,N,MA,MB,MAF)
CALL CUSOLX(AFCD,BF,N,MA,MB,MAF)

C** +----------------------------------------------------------+ **
C** | Write the decomposed matrix & result vector | **
C** +----------------------------------------------------------+ **

CALL PRINTA(AGEN,N,N,MAG,'Decomposed matrix in general form')
WRITE(*,'(/'' Result vector''//(5X,10F6.2))') (BG(J),J=1,N)
CALL PRINTA(APCD,MAP,NAP,MAP,'In partial condensed form')
WRITE(*,'(/'' Result vector''//(5X,10F6.2))') (BP(J),J=1,N)
CALL PRINTA(AFCD,MAF,NAF,MAF,'In full condensed form')
WRITE(*,'(/'' Result vector''//(5X,10F6.2))') (BF(J),J=1,N)
STOP
END

************************************************************************
SUBROUTINE PRINTA(A,M,N,MM,NOTE)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(MM,N)
CHARACTER*(*) NOTE
DATA NN/10/

C** ============================================================ **
C** Print matrix A(M,N) **
C** ============================================================ **

WRITE(*,'(/1X,A)') NOTE
DO 20 JL=1,N,NN
WRITE(*,'(/5X,10I6)') (J,J=JL,MIN0(JL+NN-1,N))
DO 10 I=1,M
WRITE(*,'(I5,10F6.2)') I,(A(I,J),J=JL,MIN0(JL+NN-1,N))

10 CONTINUE
20 CONTINUE

RETURN
END

************************************************************************
8 1 2
2.00 1.00 2.00 0 0 0 0 0
1.00 2.00 1.30 0.60 0 0 0 0

0 2.00 3.40 2.60 0.90 0 0 0
0 0 1.50 3.30 0.93 1.20 0 0
0 0 0 0.80 1.36 0.88 0.36 0
0 0 0 0 0.30 0.62 0.34 0.10
0 0 0 0 0 0.40 2.50 1.46
0 0 0 0 0 0 1.10 3.86

1.10 0.94 4.66 6.51 0.94 0.84 -1.29 2.21

========================================================================
Given matrix in general form

1 2 3 4 5 6 7 8
1 2.00 1.00 2.00 .00 .00 .00 .00 .00
2 1.00 2.00 1.30 .60 .00 .00 .00 .00
3 .00 2.00 3.40 2.60 .90 .00 .00 .00
4 .00 .00 1.50 3.30 .93 1.20 .00 .00
5 .00 .00 .00 .80 1.36 .88 .36 .00
6 .00 .00 .00 .00 .30 .62 .34 .10
7 .00 .00 .00 .00 .00 .40 2.50 1.46
8 .00 .00 .00 .00 .00 .00 1.10 3.86

In partial condensed form

1 2 3 4 5 6 7 8 9
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1 2.00 1.00 2.00 .00 .80 1.36 .88 .36 .00
2 1.00 2.00 1.30 .60 .00 .30 .62 .34 .10
3 .00 2.00 3.40 2.60 .90 .00 .40 2.50 1.46
4 .00 .00 1.50 3.30 .93 1.20 .00 1.10 3.86

In full condensed form

1 2 3 4 5 6 7 8 9 10
1 2.00 1.00 2.00 1.50 3.30 .93 1.20 .40 2.50 1.46
2 1.00 2.00 1.30 .60 .80 1.36 .88 .36 1.10 3.86
3 .00 2.00 3.40 2.60 .90 .30 .62 .34 .10 .00

Constant vector

1.10 .94 4.66 6.51 .94 .84 -1.29 2.21

Decomposed matrix in general form

1 2 3 4 5 6 7 8
1 2.00 .50 1.00 .00 .00 .00 .00 .00
2 1.00 1.50 .20 .40 .00 .00 .00 .00
3 .00 2.00 3.00 .60 .30 .00 .00 .00
4 .00 .00 1.50 2.40 .20 .50 .00 .00
5 .00 .00 .00 .80 1.20 .40 .30 .00
6 .00 .00 .00 .00 .30 .50 .50 .20
7 .00 .00 .00 .00 .00 .40 2.30 .60
8 .00 .00 .00 .00 .00 .00 1.10 3.20

Result vector

-.50 -.30 1.20 .80 -1.00 2.50 -1.50 1.00

In partial condensed form

1 2 3 4 5 6 7 8 9
1 2.00 .50 1.00 .00 .80 1.20 .40 .30 .00
2 1.00 1.50 .20 .40 .00 .30 .50 .50 .20
3 .00 2.00 3.00 .60 .30 .00 .40 2.30 .60
4 .00 .00 1.50 2.40 .20 .50 .00 1.10 3.20

Result vector

-.50 -.30 1.20 .80 -1.00 2.50 -1.50 1.00

In full condensed form

1 2 3 4 5 6 7 8 9 10
1 2.00 .50 1.00 1.50 2.40 .20 .50 .40 2.30 .60
2 1.00 1.50 .20 .40 .80 1.20 .40 .30 1.10 3.20
3 .00 2.00 3.00 .60 .30 .30 .50 .50 .20 .00

Result vector

-.50 -.30 1.20 .80 -1.00 2.50 -1.50 1.00
========================================================================
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5.7 ������ {�����������

�� !"#$%&'()*+, -./01"2345AGEN'

6789:01;<= ->?"0145APCN@AFCDABC:DE

FGHIJ K'LM'NOP"QRS6TQUV-45AGEN'W

XY89:Z[ -?45AFCDAB:\']#$%^_`�abc0

1;<"def%@ghijklmYn01Lop"qrB�\st

uv'wx*yz{|"}?O~45"��@2�'8�u��45

����� }?��";���<�]0145B679]45��

���J ��"0145�'Lm���a .01"}45�8�

=01"?45AB��9� -��_����$%��'K~01

45"\su�B

�  ¡���

���¢£¤

¥¦�¢" wL2=12 = 1

§�¢" EI=L = 1

�A"����$%¨u©ª���'T��§«¬X3"¦®

��'¯°-�H±I²³´G -µ¶ªB·�� "����']�

�¸G 7-�H':A¹ -�H�º»¼':½§�H¾G ¿Àµ¶

ª'nJ¸G6-¿Àµ¶ª'ÁÂGÃ-.Ä¿À �1; �2; . . . ; �6B�u 6

-�H"Å4¦ÆÇ('ÈÉ�jÊ$%Ë
2
6666666666664

4 2 0 0 0 0

2 12 2 2 0 0

0 2 4 0 0 0

0 2 0 12 2 0

0 0 0 2 8 2

0 0 0 0 2 4

3
7777777777775

8>>>>>>>>>>>><
>>>>>>>>>>>>:

�1

�2

�3

�4

�5

�6

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

�

8>>>>>>>>>>>><
>>>>>>>>>>>>:

1

0

0

0

0

�1

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

=

8>>>>>>>>>>>><
>>>>>>>>>>>>:

0

0

0

0

0

0

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

(5.1)
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Ò° �¢LÓ'§�¢"¢»Å4Ô¢»¿ÀGÕ�Ç(Ë

�¢ 1 Ë

8<
:
M1

1

M1

2

9=
; =

2
4 4 2

2 4

3
5
8<
:
�1

�2

9=
;+

8<
:
�1

1

9=
; (5.2)

�¢ 2 Ë

8<
:
M2

2

M2

3

9=
; =

2
4 4 2

2 4

3
5
8<
:
�2

�3

9=
;+

8<
:

0

0

9=
; (5.3)

�¢ 3 Ë

8<
:
M3

2

M3

4

9=
; =

2
4 4 2

2 4

3
5
8<
:
�2

�4

9=
;+

8<
:
�1

1

9=
; (5.4)

�¢ 4 Ë

8<
:
M4

o

M4

4

9=
; =

2
4 4 2

2 4

3
5
8<
:
�o

�4

9=
;+

8<
:

0

0

9=
; (5.5)

�¢ 5 Ë

8<
:
M5

4

M5

5

9=
; =

2
4 4 2

2 4

3
5
8<
:
�4

�5

9=
;+

8<
:
�1

1

9=
; (5.6)

�¢ 6 Ë

8<
:
M6

5

M6

6

9=
; =

2
4 4 2

2 4

3
5
8<
:
�5

�6

9=
;+

8<
:
�1

1

9=
; (5.7)

�� 6-Ê$%ÈÖ×=Ô% (5.1) Ø}?"��'Õ% (5.8)=% (5.13)

Ùc'ÚÛÜ�¢ 4A' �o = 0'�% (5.1)A"45ÝÞÒtaMo"j

'ßàáâB

�¢ 1 Ë

8>>>>>>>>>>>><
>>>>>>>>>>>>:

M1

1

M1

2

0

0

0

0

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

=

2
6666666666664

4 2 0 0 0 0

2 4 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

3
7777777777775

8>>>>>>>>>>>><
>>>>>>>>>>>>:

�1

�2

�3

�4

�5

�6

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

+

8>>>>>>>>>>>><
>>>>>>>>>>>>:

�1

1

0

0

0

0

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

(5.8)

�¢ 2 Ë

8>>>>>>>>>>>><
>>>>>>>>>>>>:

0

M2

2

M2

3

0

0

0

9>>>>>>>>>>>>=
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�¢ 3 Ë
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(5.13)

9��Ã%ãä'Ýåu�Hi = 1; 2; . . . ; 6"Å4¦Ææç
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�¢ 1,2,5,6"�¢©ª45"MD=1'L�¢ 4ê�ðBnJ'��

©ª45"ë2�� 2Bñ$%CBANDÂ(u�NO§�¢©ª4

5"MD'Ýò>ó�:±}êaMM'±7ÙÉêÂ���©ª4

5"ë2�B#$%8yzOÉ"ë2�����_;� (MM x NN)

'���ñ$%FORMEQA����©ª45@ôõöR"uB

(2)�9§�¢©ª45@º»÷øùú (ÂÖ}7ä, )=��©ª4

5@ôõöRv'mY*9% (5.2)"45Ö}o<aÕ% (5.8)"4

58äû% (5.1)"45'LÈ��¶% (5.2)"45'yz:ÙüÒ

ta% (5.1)45"ij'��äû% (5.1)45"Òtij"ýøB

þÿñ$%FORMEQB:AKK(I,K)Âu�;<Òtij"£¤B

(3)$%"�,���Ë

NE = �¢��B

N = ��µ¶ª� (Â.Ä¿À� )B

KK(I;K) = �¢K"©ª45 [SM](Õ% (5.2))"� Ii (�j )

ÙÒt"��©ª45 [S]"i (�j )B

SM(2; 2;K) = �¢K"©ª45'Õ% (5.2)A"Ê5B

PM(2;K) = �¢K"º»÷ø'Õ% (5.2)A"iöRB
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3
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OÉ"¿ÀÕ�'±7Ý	~¶% (5.2)OÉ"§¢»Å4B
8>>>>>>>>>>>><
>>>>>>>>>>>>:

�1

�2

�3

�4

�5

�6

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

=

8>>>>>>>>>>>><
>>>>>>>>>>>>:

0:2746

�0:0492

0:0246

�0:0039

0:0725

�0:2863

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

(5.14)

[�Ã ] ���� {2345;<

************************************************************************

PROGRAM STRACB

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(5000),K(2,5000)

EQUIVALENCE (A,K)

NDIM=5001

C** ============================================================ **

C** Program for structural analysis using constant banded matrix **

C** ============================================================ **

10 READ(5,'(2I4)') NE,N

IF(NE.EQ.0) STOP

C** +----------------------------------------------------------+ **

C** | Dynamic allocate the space for arrays | **

C** +----------------------------------------------------------+ **

N1=1

N2=N1+2*2*NE ! SM(2,2,NE)

N3=N2+2*NE ! PM(2,NE)

N4=N3+2*NE ! KK(2,NE)

N5=N4 ! Dummy L(0) unused

IF(N5.GT.NDIM) STOP

CALL INPUT(A(N1),A(N2),K(1,N3),NE)

CALL CBAND(K(1,N3),NE,N,MM,NN)

C** +----------------------------------------------------------+ **

C** | Allocate space for Constant banded S(MM,NN) & P(N) | **

C** +----------------------------------------------------------+ **

N6=N5+MM*NN

N7=N6+N

IF(N7.GT.NDIM) STOP

CALL FORMEQ(A(N1),A(N2),K(1,N3),A(N5),A(N6),K(1,N4),NE,N,MM,NN)

CALL PRINTV(A(N5),K(1,N4),N,MM,NN,'Stiffness con. banded matrix')

C** ------------------------------------------------------------ **

CALL CBDECP(A(N5),MM,N,MM)

CALL CBSOLX(A(N5),A(N6),MM,N,MM)

C** ------------------------------------------------------------ **

CALL PRINTV(A(N5),K(1,N4),N,MM,NN,'Decomposed con. banded matrix')

CALL OUTPUT(A(N1),A(N2),K(1,N3),A(N6),NE,N)

GO TO 10

END

************************************************************************

SUBROUTINE CBAND(KK,NE,N,MM,NN)

C** ============================================================ **
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IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION KK(2,NE)

C** ============================================================ **

C** Compute MM = Half-bandwidth of the stiffness matrix **

C** NN = N+(N-1)/MM = Number of columns for the matrix **

C** ============================================================ **

MM=2 ! To be different to variable banded matrix

DO 50 K=1,NE

C** +----------------------------------------------------------+ **

C** | MAX/MIN = Maximum/Minimum unknown # of member K | **

C** | MD = MAX-MIN = Half-bandwidth of member stiffness matrix | **

C** | MM = Maximum of MD(1:NE) | **

C** +----------------------------------------------------------+ **

MAX=0

MIN=N

DO 30 I=1,2

J=KK(I,K)

IF(J.EQ.0.OR.J.GT.N) GO TO 30

IF(MAX.LT.J) MAX=J

IF(MIN.GT.J) MIN=J

30 CONTINUE

MD=MAX-MIN

IF(MD.GT.MM) MM=MD

50 CONTINUE

C** ------------------------------------------------------------ **

NN=N+(N-1)/MM

RETURN

END

************************************************************************

SUBROUTINE INPUT(SM,PM,KK,NE)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION SM(2,2,NE),PM(2,NE),KK(2,NE)

C** ============================================================ **

C** READ KK(2,NE) = Unknown # of member end displacements **

C** SM(2,2,NE) = Member stiffness matrix **

C** PM(2,NE) = Member fixed end forces **

C** ============================================================ **

DO 40 K=1,NE

READ(*,'(2I4)') (KK(I,K),I=1,2)

40 READ(*,'(6F8.0)') ((SM(I,J,K),J=1,2),I=1,2),(PM(I,K),I=1,2)

RETURN

END

************************************************************************

SUBROUTINE FORMEQ(SM,PM,KK,S,P,L,NE,N,MM,NN)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION SM(2,2,NE),PM(2,NE),KK(2,NE)

DIMENSION S(MM,NN),P(N),L(N)

C** ============================================================ **

C** Form S(N,N) = Structural stiffness matrix **

C** and P(N) = Loading vector for S(N,N)*D(N) = P(N) **

C** ------------------------------------------------------------ **

C** For constant banded : MM = Half-bandwidth; NN = N+(N-1)/MM **

C** For variable banded : MM = 1; NN = L(N)+N-1 **

C** ============================================================ **

DO 10 JJ=1,NN

DO 10 II=1,MM

10 S(II,JJ)=0.0

DO 15 JJ=1,N
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15 P(JJ)=0.0

C** ------------------------------------------------------------ **

DO 30 K=1,NE

DO 30 J=1,2

JJ=KK(J,K)

IF(JJ.EQ.0.OR.JJ.GT.N) GO TO 30

IF(MM.NE.1) THEN

C** +--------------------------------------------------------+ **

C** | For constant banded matrix (L(N) is dummy and unused) | **

C** +--------------------------------------------------------+ **

JS=JJ

ELSE

C** +--------------------------------------------------------+ **

C** | For variable banded matrix (L(N) is location index) | **

C** +--------------------------------------------------------+ **

JS=L(JJ)

ENDIF

DO 20 I=1,2

II=KK(I,K)

IF(II.EQ.0.OR.II.GT.JJ) GO TO 20

S(II,JS)=S(II,JS)+SM(I,J,K)

20 CONTINUE

P(JJ)=P(JJ)-PM(J,K)

30 CONTINUE

C** ------------------------------------------------------------ **

WRITE(*,'(/'' Loading vector of strucutre''//(1X,1P6E11.4))') P

RETURN

END

************************************************************************

SUBROUTINE PRINTV(S,L,N,MM,NN,NOTE)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION S(MM,NN),L(N)

CHARACTER*(*) NOTE

C** ============================================================ **

C** Write S(MM,NN) **

C** ============================================================ **

WRITE(*,'(/1X,A/)') NOTE

DO 40 I=1,MM

40 WRITE(*,'(1X,1P8E9.2)') (S(I,J),J=1,NN)

IF(MM.NE.1) THEN

C** +--------------------------------------------------------+ **

C** | For constant banded matrix (L(N) is dummy and unused) | **

C** +--------------------------------------------------------+ **

DO 50 J=1,N

JM=MAX0(J-MM,1)

50 WRITE(*,'(1X,1P8E9.2)') (0.0,I=1,JM-1),(S(I,J),I=JM,J)

ELSE

C** +--------------------------------------------------------+ **

C** | For variable banded matrix (L(N) is location index) | **

C** +--------------------------------------------------------+ **

JM=1

DO 60 J=1,N

JS=L(J)

IF(J.GT.1) JM=J-L(J)+L(J-1)

60 WRITE(*,'(1X,1P8E9.2)') (0.0,I=1,JM-1),(S(I,JS),I=JM,J)

ENDIF

RETURN

END

************************************************************************
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SUBROUTINE OUTPUT(SM,PM,KK,D,NE,N)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION SM(2,2,NE),PM(2,NE),KK(2,NE),D(N),DM(2),AM(2)

C** ============================================================ **

C** Write D(N) = Nodal displacements of the structure **

C** AM(2) = Member end forces = SM(2,2)*DM(2) + PM(2) **

C** where DM(i) = D(KK(i,K)), if KK(i,K)>0 (else DM(i)=0) **

C** ============================================================ **

WRITE(*,'(/'' Displacements of strucutre''//(1X,1P6E11.4))') D

WRITE(*,'(/1X,A)') 'Member end forces'

WRITE(*,'(/1X,A/)') 'Member Left-moment Right-moment'

DO 50 K=1,NE

DO 30 J=1,2

JJ=KK(J,K)

DM(J)=0.0

IF(JJ.NE.0.AND.JJ.LE.N) DM(J)=D(JJ)

30 CONTINUE

DO 40 I=1,2

AM(I)=PM(I,K)

DO 40 J=1,2

40 AM(I)=AM(I)+SM(I,J,K)*DM(J)

50 WRITE(*,'(I6,1P2E15.5)') K,(AM(I),I=1,2)

RETURN

END

************************************************************************

6 6

1 2

4.0 2.0 2.0 4.0 -1. 1.0

3 2

4.0 2.0 2.0 4.0 0.0 0.0

2 4

4.0 2.0 2.0 4.0 -1. 1.0

0 4

4.0 2.0 2.0 4.0 0.0 0.0

4 5

4.0 2.0 2.0 4.0 -1. 1.0

5 6

4.0 2.0 2.0 4.0 -1. 1.0

========================================================================

Loading vector of strucutre

1.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00-1.0000E+00

Stiffness con. banded matrix

4.00E+00 2.00E+00 0.00E+00 4.00E+00 0.00E+00 0.00E+00 8.00E+00 2.00E+00

0.00E+00 1.20E+01 2.00E+00 2.00E+00 1.20E+01 2.00E+00 0.00E+00 4.00E+00

4.00E+00

2.00E+00 1.20E+01

0.00E+00 2.00E+00 4.00E+00

0.00E+00 2.00E+00 0.00E+00 1.20E+01

0.00E+00 0.00E+00 0.00E+00 2.00E+00 8.00E+00

0.00E+00 0.00E+00 0.00E+00 0.00E+00 2.00E+00 4.00E+00

Decomposed con. banded matrix

2.00E+00 1.00E+00 0.00E+00 1.91E+00-1.91E-01 0.00E+00 2.77E+00 7.23E-01

0.00E+00 3.32E+00 6.03E-01 6.03E-01 3.41E+00 5.87E-01 0.00E+00 1.86E+00
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...

Displacements of strucutre

2.7461E-01-4.9223E-02 2.4611E-02-3.8860E-03 7.2539E-02-2.8627E-01

Member end forces

Member Left-moment Right-moment

1 -9.71445E-17 1.35233E+00

2 -1.38778E-17 -1.47668E-01

3 -1.20466E+00 8.86010E-01

4 -7.77202E-03 -1.55440E-02

5 -8.70466E-01 1.28238E+00

6 -1.28238E+00 -2.22045E-16

========================================================================

5.8 ������ {�����������

�!Ù�"����$%È�op:©ª45";<Ê%'¶234

5o�p�245B�o7"$%Ô����ja [�� ]'¯�� êã

ï"��B�,��Ô2345êãïB¶a ê$%"í�m}'�

�ñ$%Ô�ê¸u'¯G��k�mï'Úµiò>:ã�èB
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+� (J{I)B

��©ª45§i"(ð*jü¶§�¢Ö}©ª45"§i_(ð
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"�¢©ª45"GÇ§i"(ð*j¾ãé':î�GÇp�£¤A

"±?êB�JÙ/GÇÂÔ]�¢GÇ0"¿À£¤B�Õ�¢3(12

% (5.10))':Ö}45"(ðýøÙ3"±?j£� 2'nJÔ:GÇ"

i (Â� 2iÔ� 4i )"(ð*j¾� 2B:½ÞÇ"i+¾�ðýøL
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BÒ° �¢¾67Eò>7'ÂÈÉ��©ª45°i"(ð*jB

8�� ��"©ª45��'�.ä,§�¢"©ª45v'�

� 1i=� 6i"(ð*j�9�ÈT±}î'Â (1,2,3,4,5,6)B

(1)ä,�¢ 1"©ª457'§i"(ð*jp� (1,1,3,4,5,6)Bn:G

Ç"i@j� 1,2B:A 1�±?'ß� 1,2i"(ð*j¾� 1B

(2)ä,�¢ 2"©ª457'§i"(ð*jp� (1,1,2,4,5,6)Bn:G

Ç"i@j� 2,3B:A 2�±?Bß� 2,3i"(ð*j¾� 2B¯�

2ió�:G">?"(ð*j 1Bï;Ë

(3)ä,�¢ 3 (GÇi� 2,4)7'§i"(ð*jp� (1,1,2,2,5,6)B

(4)ä,�¢ 4 (GÇi� 4 )7'§i"(ð*jmp8� (1,1,2,2,5,6)B

(5)ä,�¢ 5 (GÇi� 4,5)7'§i"(ð*jp� (1,1,2,2,4,6)B±7

(6)ä,�¢ 6 (GÇi� 5,6)7'ÂÉ��©ª45':§i"(ð*j

� (1,1,2,2,4,5)BnJ§i"ë2�éai£<(ð*jÂ (0,1,1,2,1,1)B

:��kl+� (1,2,3,5,6,7)Büà;<"ýø��� 7+6{1=12B

��NO#$þÿ$%COLID':AöRL(N))*;<§i"(ð

*j'678;<¶(ð*jOÉ"§i"��kl'6�����©

ª45v01;<"=zBGÇ©ª45"��ÿñ$%FORMEQ'Û

Ü:A` ik�mïa2345êB

[�� ] ���� {p�245;<

************************************************************************

PROGRAM STRAVB

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(5000),K(2,5000)

EQUIVALENCE (A,K)

NDIM=5001

C** ============================================================ **

C** Program for structural analysis using variable banded matrix **

C** ============================================================ **

10 READ(5,'(2I4)') NE,N

IF(NE.EQ.0) STOP

C** +----------------------------------------------------------+ **

C** | Dynamic allocate the space for arrays | **

C** +----------------------------------------------------------+ **

N1=1

N2=N1+2*2*NE ! SM(2,2,NE)

N3=N2+2*NE ! PM(2,NE)

N4=N3+2*NE ! KK(2,NE)

N5=N4+N ! L(N)

IF(N5.GT.NDIM) STOP

CALL INPUT(A(N1),A(N2),K(1,N3),NE)

CALL COLID(K(1,N3),K(1,N4),NE,N,NN)

C** +----------------------------------------------------------+ **

C** | Allocate space for Variable banded S( 1,NN) & P(N) | **
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C** +----------------------------------------------------------+ **

N6=N5+NN

N7=N6+N

IF(N7.GT.NDIM) STOP

CALL FORMEQ(A(N1),A(N2),K(1,N3),A(N5),A(N6),K(1,N4),NE,N, 1,NN)

CALL PRINTV(A(N5),K(1,N4),N, 1,NN,'Stiffness var. banded matrix')

C** ------------------------------------------------------------ **

CALL VBDECP(A(N5),K(1,N4),N)

CALL VBSOLX(A(N5),A(N6),K(1,N4),N)

C** ------------------------------------------------------------ **

CALL PRINTV(A(N5),K(1,N4),N, 1,NN,'Decomposed var. banded matrix')

CALL OUTPUT(A(N1),A(N2),K(1,N3),A(N6),NE,N)

GO TO 10

END

************************************************************************

SUBROUTINE COLID(KK,L,NE,N,NN)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION KK(2,NE),L(N)

C** ============================================================ **

C** Compute L(N) = Location index for variable banded matrix **

C** NN = L(N)+N-1 = Total number of elements to store **

C** ============================================================ **

DO 10 J=1,N

10 L(J)=J

C** +----------------------------------------------------------+ **

C** | MIN = Min.KK(1:2,K) = Minimum unknown # of member K | **

C** | L(J) = Row number of top non-zero element at column J | **

C** | = Minimum of MIN and old.L(J) for J=KK(1:2,K) | **

C** +----------------------------------------------------------+ **

DO 50 K=1,NE

MIN=N

DO 30 I=1,2

J=KK(I,K)

IF(J.EQ.0.OR.J.GT.N) GO TO 30

IF(MIN.GT.J) MIN=J

30 CONTINUE

DO 40 I=1,2

J=KK(I,K)

IF(J.EQ.0.OR.J.GT.N) GO TO 40

IF(MIN.LT.L(J)) L(J)=MIN

40 CONTINUE

50 CONTINUE

C** +----------------------------------------------------------+ **

C** | L(J) = Location index of column J | **

C** +----------------------------------------------------------+ **

DO 60 J=2,N

60 L(J)=L(J-1)+(J-L(J))

NN=L(N)+N-1

RETURN

END

************************************************************************

Loading vector of strucutre

1.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00-1.0000E+00

Stiffness var. banded matrix

4.00E+00 2.00E+00 1.20E+01 2.00E+00 4.00E+00 2.00E+00 0.00E+00 1.20E+01

2.00E+00 8.00E+00 2.00E+00 4.00E+00



152 ÌÍÎ �	Ï�ÐÑ

...

Decomposed var. banded matrix

2.00E+00 1.00E+00 3.32E+00 6.03E-01 1.91E+00 6.03E-01-1.91E-01 3.41E+00

5.87E-01 2.77E+00 7.23E-01 1.86E+00

2.00E+00

1.00E+00 3.32E+00

0.00E+00 6.03E-01 1.91E+00

0.00E+00 6.03E-01-1.91E-01 3.41E+00

0.00E+00 0.00E+00 0.00E+00 5.87E-01 2.77E+00

0.00E+00 0.00E+00 0.00E+00 0.00E+00 7.23E-01 1.86E+00

...

========================================================================

>?

1. @Añ$%CBMPY(A,B,C,N,M,L,LA,LB,LC,MA,MB,MC,NA,NB,NC)

u�NO2345"B%B:A

[A]�NxM" Ä45'�ë2��LA'�ë2��MA'CDj�

�NA�min(LA+MA,N)E

[B]�MxL" Ä45'�ë2��LB'�ë2��MB'CDj�

�NB�min(LB+MB,M)E

[C]= [A] [B]¶ñ$%O~'�ë2��LC=min(LA+LB,N{1)'�ë

2��MC=min(MA+MB,L{1)'CDj��NC�min(LC+MC,N)B

2. A #$%FG�j [A]Ô [B]45'ÝHI�|ñ$%'NO [C]4

5Ýà	~�JKÒ (	~%mL )

[C] = [A] [B] =

2
6666666666664

2 1 0 0 0

1 2 1 0 0

0 1 2 1 0

0 0 1 2 1

0 0 0 1 2

0 0 0 0 1

3
7777777777775

2
6666666664

4 2 0 0 0 0

2 4 2 0 0 0

1 2 4 2 0 0

0 1 2 4 2 0

0 0 1 2 4 2

3
7777777775



���

������	
��

6.1 �

����������������� !��"
2
6664
a11 � � a12 a13

a21 a22 � � a23

a31 a32 a33 � �

3
7775
8>>><
>>>:
x1

x2

x3

9>>>=
>>>;

=

8>>><
>>>:

0

0

0

9>>>=
>>>;

(6.1)

# 2
6664
a11 a12 a13

a21 a22 a23

a31 a32 a33

3
7775
8>>><
>>>:
x1

x2

x3

9>>>=
>>>;
= �

8>>><
>>>:
x1

x2

x3

9>>>=
>>>;

(6.2)

� (6.1)$ (6.2)%&'()*�+,�"
[[A]� �[I]]fXg = f0g

[A]fXg = � fXg

��!��-.��/01234567.�89�:; [A]<n� n

�=>?@+,ABC��.�8��5.nDAEF<=>:;GH5
&'<�1; �2; . . . ; �nAB?IJK�iAL%M��NO?I�fXgAGP
< f�igAB�iQ f�igIRS��TU (Vn = 3<W )"

2
6664
a11 a12 a13

a21 a22 a23

a31 a32 a33

3
7775
8>>><
>>>:
�1i

�2i

�3i

9>>>=
>>>;

= �i

8>>><
>>>:
�1i

�2i

�3i

9>>>=
>>>;
; i = 1; 2; 3 (6.3)

153



154 XYZ [\]^_`abcd
V�enDfg/�A%hi()"
2
6664
a11 a12 a13

a21 a22 a23

a31 a32 a33

3
7775
2
6664
�11 �12 �13

�21 �22 �23

�31 �32 �33

3
7775 =

2
6664
�11 �12 �13

�21 �22 �23

�31 �32 �33

3
7775
2
6664
�1

�2

�3

9>>>=
>>>;

#() [A][�] = [�][�] (6.4)

��jk;lm [�]�1 (noP9� )A#pm [�]�1%&'O"
[�]�1[A] [�] = [�] (6.5)

[A] = [�] [�] [�]�1 (6.6)

�j�<+, [A]QP3q5[�]$P3qrs[�]t�u�vw:
� (6.5)$� (6.6)jkHxm ry%O"

[�]
�1
[A]

r
[�] = [�]

r
(6.7)

[A]
r
= [�][�]

r
[�]

�1
(6.8)

M��vw%z [A]r+,�3q5< [A]+,�3,5� ry!A{ [A]Q
[A]r�3qrs|}:

6.2 ~���

����3q5��" [A] fXg = � fXg

���;G fXg = [P ] f �Xg (6.9)

��%O [A] [P ] f �Xg = � [P ] f �Xg

��jklm [P ]�1 %O
[P ]�1[A] [P ] f �Xg = � f �Xg (6.10)

# [ �A] f �Xg = � f �Xg (6.11)

�� [ �A] = [P ]�1[A] [P ] (6.12)

B [ �A]@< [A]�|g��A|g���3�<"
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(1) [A]Q [ �A]t�.3q5F|/:
(2) 3qrst��� (6.9)�vw:
�� [P ]�<���!,A�P���5�O<�:|g���3q5�
���&��A��&3q5$P3qrs�N ¡¢£¤|g��A
L¥¦+,��<��§3¨#§©ª«¬3q5$3qrs�+,:

�3q5$3qrs�! �AH F.P3�Q®¤¯h:°
±L-²³´µ§�¤0��&¶�� AK<·¸¹ (Jacobi) ºK<
y»t  (Subspace iteration):

6.3 ¼½¾¿ÀÁÂÃÄÁÂÅÆ

;+, [A]M� (6.12)Ç|g��p�+, [ �A]ÈÉ<?Ê+,A��
(6.11)%() 2

6664
�a11 0 0

0 �a22 0

0 0 �a33

3
7775
8>>><
>>>:

�x1

�x2

�x3

9>>>=
>>>;
= �

8>>><
>>>:

�x1

�x2

�x3

9>>>=
>>>;

(6.13)

M��%ËÌÍÎPK3q5< �1 = �a11A?I� [ �A]+,�3qrs<

f
��1g =

8>>><
>>>:

1

0

0

9>>>=
>>>;
AÏ?I� [A]+,�3qrs<f�1g = [P ] f��1g =

8>>><
>>>:
p11

p21

p31

9>>>=
>>>;

A}Ð%O �2 = �a22A f
��2g =

8>>><
>>>:

0

1

0

9>>>=
>>>;
A f�2g = [P ] f��2g =

8>>><
>>>:
p12

p22

p32

9>>>=
>>>;
º

�3 = �a33A f��3g =

8>>><
>>>:

0

0

1

9>>>=
>>>;
A f�3g = [P ] f��3g = =

8>>><
>>>:
p13

p23

p33

9>>>=
>>>;
:

#hi()

[�] = [��] =

2
6664
�a11 0 0

0 �a22 0

0 0 �a33

3
7775 ; [��] =

2
6664
1 0 0

0 1 0

0 0 1

3
7775

[�] = [P ] [��] = [P ] =

2
6664
p11 p12 p13

p21 p22 p23

p31 p32 p33

3
7775 (6.14)
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6.4 ÑÒÓÔ

M�ÕÖËAz;×ØÙK+, [P ]AC [ �A] = [P ]�1[A] [P ]<?Ê+
,ABOÚ+,?Ê���5< [A]+,�3q5$ [P ]+,ÛH�< [A]

+,�3qrs:·¸¹ w£¤KÜ����+, [T1]; [T2]; . . . ; [Tm]A
Ý2��+,�<ÈÞ+,A�Pß+,/0P�à+,A [Tk]

�1 = [Tk]
T

:á«¬P|g�� [A1] = [T1]
T [A] [T1]A [A2] = [T2]

T [A1] [T2]A . . .âÙ
[Am] = [Tm]

T [Am�1] [Tm] /0 (#ãä )?Ê+,<å:�O [A]+,�3q
rs/0

[�] = [P ] = [T1][T2] � � � [Tm] (6.15)

Eæ [�]�1 = [�]TAç� (6.5)Q� (6.6)%è()

[�]T [A] [�] = [�] (6.16)

[A] = [�] [�] [�]T (6.17)

·¸¹ wV��ÈÞ+,Ç<��+,

i � j �

[Tk] =

2
66666666666666666666666666664

1

. . .

1

cos � 0 � � � 0 � sin �

0 1 0
...

. . .
...

0 1 0

sin � 0 � � � 0 cos �

1

. . .

1

3
77777777777777777777777777775

i �

j �

(6.18)

�� [Tk]
T [Tk] = [I]A� [Tk]

�1 = [Tk]
T:ç [Tk]<ÈÞ+,:; (Vn = 6<

W )"
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[Ak�1] =

2
6666666666664

a11 a12 a13 a14 a15 a16

a21 a22 a23 a24 a25 a26

a31 a32 a33 a34 a35 a36

a41 a42 a43 a44 a45 a46

a51 a52 a53 a54 a55 a56

a61 a62 a63 a64 a65 a66

3
7777777777775

(6.19)

B (V i = 3; j = 5<W )"
i j

[Ak] = [Tk]
T [Ak�1] [Tk] =

2
6666666666664

a11 a12 �a13 a14 �a15 a16

a21 a22 �a23 a24 �a25 a26

�a31 �a32 �a33 �a34 �a35 �a36

a41 a42 �a43 a44 �a45 a46

�a51 �a52 �a53 �a54 �a55 �a56

a61 a62 �a63 a64 �a65 a66

3
7777777777775

i

j

(6.20)

��� [Ak]+,�íî i; jj�Qî i; jj�Û�ïðQ [Ak�1]+,�
ñ�}APòïðóQ [Ak�1]ñ|}AP��}�ïðM��H�«¬:

�aii = aii cos
2
� + 2aij sin � cos � + ajj sin

2
� (6.21)

�ajj = aii sin
2
� � 2aij sin � cos � + ajj cos

2
� (6.22)

�aij = aij(cos
2
� � sin2

�) + (ajj � aii) sin � cos � (6.23)

�ali = ali cos � + alj sin � ; l = 1; 2; . . . ; n ; { 6= i; j (6.24)

�alj = �ali sin � + alj cos � ; l = 1; 2; . . . ; n ; { 6= i; j (6.25)

ôõ� (6.18)� [Tk]�ö�<C �aij = 0Aæ÷�C �RS��TU:
�aij = aij (cos

2
� � sin2

�) + (ajj � aii) sin � cos � = 0 (6.26)

øV cos2 �O
aij tan

2
� + (aii � ajj) tan � � aij = 0

çO
tan �1;2 =

�(aii � ajj)�
q
(aii � ajj)

2 + 4 a2
ij

2 aij
(6.27)

=
2 aij

(aii � ajj)�
q
(aii � ajj)

2 + 4 a2ij

(6.28)
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ù aijú6A jaii � ajj jQ
q
(aii � ajj)

2 + 4 a2
ij
�5L��ãäAIûüj

ñ|ýAVýþÿ� (���±ÿ�&¶ ):æ÷"
(1)ù aii > ajj6A �1�V� (6.28)«¬A �2�V� (6.27)«¬º
(2)ù aii < ajj6A �1�V� (6.27)«¬A �2�V� (6.28)«¬:
}6A;�C �aii > �ajjA��ôõ � = �1Aæ<"
(1); aii > ajj6A j�1j < �=4A cos2 �1 > sin2

�1A 2 sin �1 cos �1 > 0Açô
õ � = �16AM� (6.21)$� (6.22)%z �aii > �ajjº��"
(2); aii < ajj6A j�1j > �=4A cos2 �1 < sin2

�1A 2 sin �1 cos �1 < 0Açô
õ � = �16AM� (6.21)$� (6.22)%z �aii > �ajj:
æ÷A;� �aii > �ajjABV��«¬

tan � =
jaii � ajjj+

q
(aii � ajj)2 + 4 a2

ij

2 aij
; ù aii < ajj (6.29)

tan � =
2 aij

jaii � ajjj+
q
(aii � ajj)2 + 4 a2ij

; ù aii � ajj (6.30)

�p�M��j�«¬ cos �$ sin �:
cos � = 1=

q
1 + tan2

� ; sin � = cos � tan � (6.31)

�	� (6.21)%è¤ �aii = aii+ aij tan �«¬:÷�%M cos2 � = 1� sin2
�A

áM� (6.26)� (ajj � aii) = aij(sin
2
� � cos2 �)= sin � cos ���ÏO:

��·¸¹ 
Jy��×CP�KD�?Ê��ïð��<�A
{�%×}6C�0QÚïð}�#}���ïð��)��ïð:K
;Jyôõ��<���?Êïð�<�?5��ñA%C��y>
§þAÏ����y>�<�?Êïð�> (n� 1)(n � 2)=2�j�:

6.5 ��ÁÂÃ��

��������Ù��3q5��"
[A] fXg = � [B] fXg (6.32)

P� [A]Q [B]F<?@+,AÏE [B]<�È+,:������A%�
«¬����3q5��"

[B] fY g = � fY g (6.33)
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��%¤lÕ·¸¹ NO [B]+,�3qrs!, [U ]$3q5?Ê+
, [D]AáM� (6.16)Q (6.17)�vwO

[U ]
T
[B] [U ] = [D] (6.34)

[B] = [U ] [D] [U ]
T

(6.35)

L� (6.35)�� (6.32)O
[A]fXg = � [U ] [D] [U ]T fXg (6.36)

��lm [U ]TAáG fXg = [U ] f �Xg (6.37)

O
[U ]

T
[A] [U ]f �Xg = � [D] f �Xg (6.38)

���lm [D]�1=2AáG f
�Xg = [D]

�1=2
f
��Xg (6.39)

O [D]�1=2[U ]T [A] [U ] [D]�1=2
f
��Xg = � f

��Xg (6.40)

�G���A [D]�1=2[U ]T [A] [U ] [D]�1=2 = [ ��A]A�O����3q5��"
[ ��A] f ��Xg = � f

��Xg (6.41)

��ó%¤Õ·¸¹ NO [ ��A]+,�3qrs!,[Z]A$3q5?Ê+
,[�]:M� (6.37)$� (6.39)O

fXg = [U ] f �Xg = [U ] [D]�1=2
f
��Xg (6.42)

çRS� (6.32)�3qrs fXg�!, [V ]<
[V ] = [U ] [D]�1=2

fZg (6.43)

�� [U ]Q [Z]
F<ÈÞ+,AÏ [D]�1=2á�ÈÞ+,Aç [V ]��ÈÞ
+,:{ [V ]A [�]A [B]$ [A]tó.� (6.44)Q� (6.45)�vw:Ú/vw
%M� (6.43)��Aá!¤� (6.34)$ [U ]T [U ] = [I]Q [Z]T [Z] = [I]�vw
�O� (6.44):M� (6.32)%z [A] [V ] = [B] [V ] [�]��� (6.45)�OÚ�
�vw:

[V ]T [B] [V ] = [I] (6.44)

[V ]T [A] [V ] = [V ]T [B] [V ] [�] = [�] (6.45)
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;��3q5���A [B]<�È?@+,A [A]<?@+,:

[B] fXg = �� [A] fXg (6.46)

B��%è(<
[A] fXg =

1

��
[B] fXg = � [B] fXg (6.47)

�p"� (6.32)#� (6.45)�&¶$�NO
[V ] = [U ] [D]�1=2[Z]

[V ]T [B] [V ] = [I]

[�] = [V ]T [A] [V ]

æ÷O� (6.46)�3q5 ���?Ê+,< [��] = [�]�1AP3qrs!,ó
< [V ]A{�%è< [ �V ] = [V ] [�]�1=2A� [V ] = [ �V ] [�]1=2A����H�%
O [ �V ]A [��]A [B]Q [A]�t�vw*�"

[ �V ]T [A] [ �V ] = [I] (6.48)

[ �V ]T [B] [ �V ] = [��] (6.49)

P� [ �V ] = [U ] [D]�1=2[Z] [�]�1=2 (6.50)

;+, [A]Q [B]���È+,A�� (6.38)��?Ê+, [D]�?Êï
ð.%5&.�5AB� (6.39)� [D]�1=2��=>#�9�:?Êïð.
%56P'Ð!�(C+,�)�?@A��K±�ÖË:V�ÖË?
Êïð<�6�'Ð! "� (6.38)�AG [ ~A] = [ ~D]�1=2[U ]T [A] [U ] [ ~D]�1=2

A f �Xg = [ ~D]�1=2
f ~XgAP� [ ~D]< [D]�� 0?Êïðè< 1p�?Ê+,

AVn = 4<WAo d33 = 0AB ~d33 = 1A%O [ ~A] f ~Xg = � [J ] f ~XgA�2
6666664

~a11 ~a12 ~a13 ~a14

~a21 ~a22 ~a23 ~a24

~a31 ~a32 ~a33 ~a34

~a41 ~a42 ~a43 ~a44

3
7777775

8>>>>>><
>>>>>>:

~x1

~x2

~x3

~x4

9>>>>>>=
>>>>>>;

= �

2
6666664

1

1

0

1

3
7777775

8>>>>>><
>>>>>>:

~x1

~x2

~x3

~x4

9>>>>>>=
>>>>>>;

(6.51)

����Q��3q5�����< [J]+,�.0?Êïð:G

[G] =

2
6666664

1

1

�
~a31
~a33

�
~a32
~a33

1 �
~a34
~a33

1

3
7777775

(6.52)
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áG [Â] = [G]T [ ~A] [G]A f ~Xg = [G] fX̂gA%O
[Â] = [G]T [ ~D]�1=2[U ]T [A] [U ] [ ~D]�1=2[G] (6.53)

fXg = [U ] [ ~D]�1=2[G] fX̂g (6.54)

[Â] fX̂g = � [J ] fX̂g (6.55)

� 2
6666664

â11 â12 0 â14

â21 â22 0 â24

0 0 ~a33 0

â41 â42 0 â44

3
7777775

8>>>>>><
>>>>>>:

x̂1

x̂2

x̂3

x̂4

9>>>>>>=
>>>>>>;

= �

2
6666664

1

1

0

1

3
7777775

8>>>>>><
>>>>>>:

x̂1

x̂2

x̂3

x̂4

9>>>>>>=
>>>>>>;

(6.56)

��%L x̂3)øA�)<��3q5��:�%"�*Ç ��+,+
>��"L��� [J ]�?Êïð< 0ñè< 1A�)< [I]A?I [Â]�
?Êïðè<1 (|ù0L 0,<ãä 0���5 )AGP< [ ��A]A�O
[ ��A] fX̂g = � fX̂gA#2

6666664

â11 â12 0 â14

â21 â22 0 â24

0 0 1 0

â41 â42 0 â44

3
7777775

8>>>>>><
>>>>>>:

x̂1

x̂2

x̂3

x̂4

9>>>>>>=
>>>>>>;

= �

8>>>>>><
>>>>>>:

x̂1

x̂2

x̂3

x̂4

9>>>>>>=
>>>>>>;

(6.57)

���Q� (6.41)fg<��3q5��A%M·¸¹ OP3qrs!
, [Z]Q3q5?Ê+,[�] :�O� [�]�<� (6.32)�3q5:��P�
��3 =1:Ï� (6.32)�3qrs!, [V ]%M��«¬

[V ] = [U ] [ ~D]�1=2[G] [Z] (6.58)

°Õ�*�·¸¹ ��}6NÎ�.�3q5:{K����
�-÷��AE;+,+>.�6A��/9�à$«¬6tF<>.
0:1·¸¹ �- £¤23+,#�42+,�3 VÕ5/9�
àAæ<·¸¹ 
678)�?ÊïðA{JK�?Êïð0JK9
¬$��ó:6.;�5��<��5�%×Aç�×<=>8) ¤
0�!��6Aí/9442Û#�42Û�ïð:°±�L²³�y
»t  (Subspace iteration)?0K�¤�23+,#�42+,%í/
92ÛïðAE%í«¬��D>�3q5$3qrsAæ÷�/9�
à�$6t��.Õ5:

�²³y»t �l?�²³@DQÚ .v�! A&'<AB
(Rayleigh) AABCD (Rayleigh{Ritz) $mE  (Power method):
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6.6 FGÔ

����3q��

[K] fXg = !
2 [M ] fXg (6.59)

Ú!���H0KIJ&¶�AP� [K]<KL+,A [M ]<Ms+,A
!<x�NIOPA fXg<NQrs:nox�NQrs< fV gA�ÚÜ
RSfXg = fV g�!�NIAB fR(t)g = fV g cos!(t��)Aæ÷%OÚÜ
R���I�×VmaxA$��I×TmaxA&'<

Vmax =
1

2
fRg

T

max
[K] fRgmax

=
1

2
fV g

T [K] fV g (6.60)

Tmax =
1

2
f
_RgT

max
[M ] f _Rgmax

=
1

2
!
2
fV g

T [M ] fV g (6.61)

M×s��vwVmax = TmaxA%O

!
2 =

fV g
T [K] fV g

fV gT [M ] fV g
(6.62)

æno� fV g�ÈT�NQAçM��¬O� !
2í<äg5A{Úäg

5U���&ãäÈT5A�VWAB¥ÐAùfV g<ÈT�NQrs6
AM��¬O�ÈT!

2<X�Yú5:

6.7 FGZ[Ô

lÕ£¤KDno�rsfV g%VNOäg�3q5A*\]K7n
oNQrswM>D (o<MDAM<<N)rsfV1g; fV2g; . . .fVMg�� 
^hA�

fXg = fV1g y1 + fV2g y2 + � � � + fVMg yM

= [V ] fY g (6.63)
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L����� (6.60)$� (6.61)%O
Vmax =

1

2
fRg

T

max
[K] fRgmax

=
1

2
fY g

T [V ]T [K] [V ] fY g (6.64)

Tmax =
1

2
f _RgT

max
[M ] f _Rgmax

=
1

2
!
2
fY g

T
[V ]

T
[M ] [V ] fY g (6.65)

MVmax = Tmax�vwA%O
!
2

=
fY g

T [V ]T [K] [V ] fY g

fY gT [V ]T [M ] [V ] fY g

=
fY g

T [ �K] fY g

fY gT [ �M ] fY g
(6.66)

VWAB¥ÐAM��¬O� !
2;<ÈT5AB�I<X��ú5A�

fXg< fV1g; fV2g; . . .fVMg�� ^h�A�O�ú�!
2A-×cdHr

s�^hw> yi:æ÷AM��?H yief&%O!
2<Yú5�MDT

U�*�(
@!

2

@yi

)
=

fY g
T [ �M ] fY gf

@(fY gT [ �K]fY g)

@yi
g � fY g

T [ �K] fY gf
@(fY gT [ �M] fY g)

@yi
g

(fY gT [ �M ] fY g)2

= f0g (6.67)

M� (6.66)z fY g
T [ �K] fY g = !

2
fY g

T [ �M ] fY gA��O

f

@(fY gT [ �K] fY g)

@yi
g � !

2
f

@(fY gT [ �M ] fY g)

@yi
g = f0g

#
[ �K] fY g � !

2[ �M ] fY g = f0g (6.68)

��Q� (6.59)|gA}<3q5��A{���
[ �K] = [V ]T [K] [V ] (6.69)

[ �M] = [V ]T [M ] [V ] (6.70)

Fí<M�M�+,A %V£¤·¸¹ #Pg! «¬MD3q5!
2
i

$P?I�M D3qrs f	igAæ÷ÏOM D�hrs^h [ �V ]N�M =

[V ]N�M [	]M�M:
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6.8 ijÔ

k��l¦������3q5��
[A] fXg = � fXg

o [A]< n�n�!+,A3q5< �1; �2; . . . ; �nAáno �1 > �2 � �3 �

� � � � �nA?I�3qrs< f�1g; f�2g; . . .f�ngAE<m|ÈÞ�rs:
BnKrs fXog�%() f�1g# f�ng�nD3qrs�� ^hA�

fXog = C1 f�1g+ C2 f�2g+ � � �+ Cn f�ng

��Ci = f�ig
T
fXog=(f�ig

T
f�ig)A��lm+, [A]A%O

[A]fXog = C1 [A] f�1g+ C2 [A] f�2g+ � � �+ Cn [A]f�ng

= C1 �1 f�1g+ C2 �2 f�2g+ � � �+ Cn �n f�ng

o÷L� (6.71)pqlmmD [A]+,A%O
fXmg = [A]m fXog

= C1 [A]
m
f�1g+ C2 [A]

m
f�2g+ � � � + Cn [A]

m
f�ng

= C1 �
m

1 f�1g+ C2 �
m

2 f�2g+ � � �+ Cn �
m

n
f�ng

= �
m

1

�
C1 f�1g+ C2 (

�2

�1

)m f�2g+ � � � + Cn (
�n

�1

)m f�ng
�

� C1 �
m

1 f�1g (6.71)

M� (6.71)%zMn�rs fXogpqlm>D [A]+,6ALrrsä0
��3q5�3qrs f�1gmK�>AÏpq´DrstL�¹/0�
�3q5A� jXmj=jXm�1j � �1:

6.9 uvwÔ

y»t w?0��3q5��Þx£¤ABCD QmE �Kµ
�yN�$�:£¤mE 6A�LÚ�è()� (6.73)���3q5�
�AVzNO={NI&¶���§ú�!

25 (�§�� 1=!2):
[K] fXg = !

2 [M ] fXg (6.72)

[K]
�1
[M ] fXg =

1

!2
fXg (6.73)
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kLy»t �9¬$�&<��7�AP�7� (2)# (3)<mE :7
� (4)# (7)<ABCD :£¤mE �ö�<C [V ]rs�r#§ú !

5�3qrs:
(1)noMDrs [V o]:
(2)«¬ [Uo] = [M ] [V o]:
(3)«¬ [V 1] = [K ]�1[Uo]:
(4)«¬ [ �K ] = [V 1]T [K ] [V 1]:
(5)«¬ [ �M ] = [V 1]T [M ] [V 1]:
(6)«¬ [ �K ] fY g = !

2 [ �M ] fY g�3q5?Ê+, [�]$3qrs!, [	]:
(7)«¬ [V 2] = [V 1] [	]:
(8)¹§7� (6)¬O� [�]¢����A;���B��no [V o] = [V 2]A
l#7� (2)�y«¬:
(9);���ABOMD3q5 [�]�3qrs< [�] = [V 2]:
0={N�$��A�L��«¬7�è<"
(1)noMDrs [Uo] (= [M ] [V o]):
(2)«¬ [V 1] = [K ]�1[Uo]:
(3)«¬ [ �K ] = [V 1]T [Uo] (= [V 1]T [K ] [V 1]):
(4)«¬ [U1] = [M ] [V 1]:
(5)«¬ [ �M ] = [U1]T [V 1] (= [V 1]T [M ] [V 1]):
(6)«¬ [ �K ] fY g = !

2 [ �M ] fY g�3q5?Ê+, [�]$3qrs!, [	]:
(7)«¬ [U2] = [U1] [	] (= [M ] [V 1] [	] = [M ] [V 2]):
(8)¹§7� (6)¬O� [�]¢����A;���B��no [Uo] = [U2]A
l#7� (2)�y«¬:
(9);���AB«¬ [V 2] = [V 1][	]AÏOM D3q5 [�]�3qrs<
[�] = [V 2]:
��7� (2)«¬ [V 1] = [K]�1[Uo]6A%£¤ [K]+,���>�&�+,
[L]? [Uo]�Çl]���Ç�r��ÏO [V 1]AÏ [L]�«¬%���y»
t �l�NÎAÏE%£¤�42+,�/9!�:ç�C [K]+,+
>.�A;-�Nþ>�3q5$3qrs6£¤y»t %V.�
Ï��NÎ:U��*�y«¬���>y:;M5�§���3q5D
><�6AP��§�A{Jy9¬s��:K��M=min(2p; p+5)

<�AP� p<���3q5D>:
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6.10 ��� JACOBI

���w£¤·¸¹ «¬ [A] fXg = � fXg�3q5?Ê+, [�]$
3qrs!, [�]: [A]�<=>?@+,:æ÷í��z�@Ê�&�ï
ð:P/9!�.´"
(1)/90DIMENSION A(NA;NA)��@Ê�&A� aij90A(i; j)A
{���JA$JB�«¬�è¤ !p��ñAE���K���>NA:
(2)/90DIMENSION A(N�(N+1)=2)AG aij90A(i+(j�1)�j=2)A
()A(i+(j�1)�j=2) = aijA�A(1) = a11AA(2) = a12AA(3) = a22A
A(4) = a13AA(5) = a23AA(6) = a33Aòf�:
[A]+,����9¬p��<?Ê+,AP?Êïð�<3q5AP?
I3qrsB&'90DIMENSION V (NV;NV )�î 1�#îN�:
A(NA;NA) # A(N(N+1)=2)

= �z� [A]+,A�9¬p?Ê�<3q5 [�]:
V (NV;NV ) = (1)¤V9�3qrs!, [�] (JEV C = +1)º#

(2)¤Vlm3qrs!, [�] (JEV C = �1):
N = +, [A]�+>:
X(N) = �69¬�à:
IH(N) = �69¬�à:
JEV C = 0A�«¬3qrsA%�� [V ]+,��à:

= 1A«¬3qrs [�]A�\90 [V ]:
=�1A«¬3qrs [�]Aápm0 [V ]:

EPSI = ; jaijj<jakkj�EPSIAB�< [A]+,���)?Ê+,
[�]AÏ����:P� aij; akk&'<��$�� [A]+
,��?5���?Êïð$�?5�ú?Êïð:

NV = +, [V ] ¡�>:
NA = +, [A] ¡�>:

[¢K ] ���JACOBI

************************************************************************

SUBROUTINE JACOBI(A,V,N,X,IH,JEVC,M,EPSI,NV)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(1),V(1),X(N),IH(N)

C** ============================================================ **

C** DIMENSION A(N*(N-1)/2),V(NV,N),X(N),IH(N) ! A(NA,N) **
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C** ------------------------------------------------------------ **

C** [A] {X} = d {X} --> [A] [V] = [V] [D] **

C** ------------------------------------------------------------ **

C** Input : A,V,N,JEVC,M,EPSI,NV,NA Output : A,V,X,M **

C** ------------------------------------------------------------ **

C*I A(N,N) = [A] matrix required upper triangular part only **

C*O = [D] diagonal matrix **

C*I V(N,N) = Matrix to be post-multiplied by eigenvector matrix **

C*O = EiVec(JEVC=1); None(JEVC=0); input.V*EiVec(JEVC=-1) **

C*I N = Order of matrix [A] **

C*O X(N) = Eigenvalues (also in the diagonal of [A]) **

C*W IH(N) = Working array for row I of max.A(I,J) in col J **

C*I JEVC = 1 : Find eigenvectors and return in V(N,N) **

C*I = 0 : Do not find eigenvectors and V(N,N) is dummy **

C*I =-1 : Find eigenvectors and post-multiply to V(N,N) **

CIO M = Iteration count **

C*I EPSI = Convergence if max.|A(I,J)| < min.A(K,K)*EPSI **

C*I NV,NA = Row dimensions of array V(NV,N) and A(NA,N) **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Initialize : Set M=0, [V]=[I] (JEVC=1), X(N) and IH(N) | **

C** +----------------------------------------------------------+ **

C** M=0

IF(JEVC.GT.0) THEN

DO 20 J=1,N

JV=(J-1)*NV

DO 10 I=1,N

V(I+JV)=0.0

10 CONTINUE

V(J+JV)=1.0

20 CONTINUE

ENDIF

IF(N.LE.1) RETURN

C** +----------------------------------------------------------+ **

C** | X(JX) = max.|A(IH(JX),JX)| in col JX (IH(JX) < JX) | **

C** | AMIN = min.A(K,K) (K=1:N) | **

C** +----------------------------------------------------------+ **

AMIN=DABS(A(1))

DO 40 JX=2,N

JA=(JX-1)*JX/2 ! JA=(JX-1)*NA

AMIN=DMIN1(AMIN,DABS(A(JX+JA)))

X(JX)=-1.0

DO 40 II=1,JX-1

IF(DABS(A(II+JA)).LE.X(JX)) GO TO 40

X(JX)=DABS(A(II+JA))

IH(JX)=II

40 CONTINUE

C** +----------------------------------------------------------+ **

C** | Begin loops : Return if converged | **

C** +----------------------------------------------------------+ **

C** | Find IP,JP for max.|A(IP,JP)| from X(N) and IH(N) | **

C** +----------------------------------------------------------+ **

50 M=M+1

C** CALL PRINTT(A,N,'Matrix A')

AIJ=-1.0

DO 60 JX=2,N

IF(X(JX).LE.AIJ) GO TO 60

AIJ=X(JX)

IP=IH(JX)

JP=JX
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60 CONTINUE

IF(AIJ.LE.AMIN*EPSI) RETURN

C** ------------------------------------------------------------ **

IA=IP

IB=JP

JA=(IP-1)*IP/2 ! JA=(IP-1)*NA

JB=(JP-1)*JP/2 ! JB=(JP-1)*NA

C** +----------------------------------------------------------+ **

C** | Compute the rotation angle | **

C** +----------------------------------------------------------+ **

AIJ=2.*A(IA+JB)

AII=A(IA+JA)

AJJ=A(IB+JB)

TANG=AIJ/(DABS(AJJ-AII)+DSQRT((AJJ-AII)**2+AIJ**2))

AIJ=A(IA+JB)*TANG

A(IA+JB)=0.0

IF(AII.GE.AJJ) THEN

A(IA+JA)=AII+AIJ

A(IB+JB)=AJJ-AIJ

ELSE

A(IA+JA)=AJJ+AIJ

A(IB+JB)=AII-AIJ

TANG=1.0/TANG

ENDIF

COSS=1.0/(1.0+TANG*TANG)

COSN=DSQRT(COSS)

SINE=TANG*COSN

C** AMIN=DMIN1(AMIN,DABS(A(IB+JB)))

C** +----------------------------------------------------------+ **

C** | IP JP | **

C** | / . * * \ | **

C** | | . A(IA+JA) A(IB+JB) | | **

C** | | . * * | | **

C** | IP | A(IP,IP) * A(IA+JA) * A(IP,JP) * A(IA+JA) * | | **

C** | | . * | | **

C** | | . A(IB+JB) | | **

C** | | . * | | **

C** | JP | A(JP,JP) * A(IB+JB) * | | **

C** | | . | | **

C** | | . | | **

C** | \ . / | **

C** +----------------------------------------------------------+ **

C** | Reset X(IP),IH(IP) and X(JP),IH(JP) for the changes | **

C** +----------------------------------------------------------+ **

JX=IP

JY=JP

X(JX)=0.0

X(JY)=0.0

DO 250 JJ=1,N

IF(JJ.LT.IP) THEN

C** JX=IP

C** JY=JP

IA=JJ

IB=JJ

C** JA=(IP-1)*IP/2 ! JA=(IP-1)*NA

C** JB=(JP-1)*JP/2 ! JB=(JP-1)*NA

ELSE IF(JJ.EQ.IP) THEN

IA=IP

GO TO 250

ELSE
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JX=JJ

JA=JA+JJ-1 ! JA=JA+NA

IF(JJ.LT.JP) THEN

C** JX=JJ

C** JY=JP

C** IA=IP

IB=JJ

C** JA=(JJ-1)*JJ/2 ! JA=(JJ-1)*NA

C** JB=(JP-1)*JP/2 ! JB=(JP-1)*NA

ELSE IF(JJ.EQ.JP) THEN

IB=JP

GO TO 250

ELSE

C** JX=JJ

JY=JX

C** IA=IP

C** IB=JP

C** JA=(JJ-1)*JJ/2 ! JA=(JJ-1)*NA

JB=JA

ENDIF

ENDIF

AIJ=A(IA+JA)

A(IA+JA)= AIJ*COSN+A(IB+JB)*SINE

A(IB+JB)=-AIJ*SINE+A(IB+JB)*COSN

C** +----------------------------------------------------------+ **

C** | Reset X(JX),IH(JX) if the max.X(JX) has been changed | **

C** +----------------------------------------------------------+ **

IF(IH(JX).EQ.IP.OR.IH(JY).EQ.JP) THEN

X(JX)=-1.0

DO 180 II=1,JJ-1

IF(X(JX).GE.ABS(A(II+JA))) GO TO 180

X(JX)=ABS(A(II+JA))

IH(JX)=II

180 CONTINUE

IF(JJ.GE.JP) GO TO 250

ENDIF

C** +----------------------------------------------------------+ **

C** | Update X(JX),IH(JX) and X(JY),IH(JY) | **

C** +----------------------------------------------------------+ **

IF(DABS(A(IA+JA)).GT.X(JX)) THEN

X(JX)=DABS(A(IA+JA))

IH(JX)=IA

ENDIF

IF(DABS(A(IB+JB)).GT.X(JY)) THEN

X(JY)=DABS(A(IB+JB))

IH(JY)=IB

ENDIF

250 CONTINUE

C** +----------------------------------------------------------+ **

C** | V(N,N) post-multiply by the rotation matrix | **

C** +----------------------------------------------------------+ **

IF(JEVC.NE.0) THEN

JU=(IP-1)*NV

JV=(JP-1)*NV

DO 310 I=1,N

AIJ=V(I+JU)

V(I+JU)= AIJ*COSN+V(I+JV)*SINE

V(I+JV)=-AIJ*SINE+V(I+JV)*COSN

310 CONTINUE

ENDIF
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GO TO 50

END

************************************************************************

SUBROUTINE PRINTT(A,N,NOTE)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(1)

CHARACTER*(*) NOTE

C** ============================================================ **

C** Print transpose of upper triangle matrix **

C** ============================================================ **

WRITE(6,'(/1X,A/)') NOTE

DO 60 J=1,N

60 WRITE(*,'(1X,1P8E10.3)') (A(I),I=(J-1)*J/2+1,(J+1)*J/2)

RETURN

END

************************************************************************

6.11 ���AV EXBV

���w£¤´yJOCOBI «¬ [A]fXg = � [B] fXg�3q5?Ê
+,[�]$3qrs!,[V ]: [A]Q [B]�<?@+,A [A]Q [B]�"��
� JOCOBI��*î´µ!�/9:"îKµ!�/9ñí�¦�§è
�%:
A(N(N+1)=2) = [A]��@Ê�&º9¬pA?Ê�<3q5 [�]:
B(N(N+1)=2) = [B]��@Ê�&A9¬pA¥¦ïð���:
V (NV;NV ) = ¤V9�3qrs!, [Z]:
X(N) = ¤V9�3q?Ê+, [�]:
IH(N) = �69¬�à:
IH(N) = �69¬�à:
EPSI = ����� JACOBI6C¤:
NV = +, [V ] ¡�>:
N = +, [A]Q [B]�+>:

[¢´ ] ���AV EXBV QBV EXAV

************************************************************************

SUBROUTINE AVEXBV(A,B,V,N,X,IH,M,EPSI,NV)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(1),B(1),V(1),X(N),IH(N)

C** ============================================================ **

C** DIMENSION A,B(N*(N-1)/2),V(NV,N),X(N),IH(N) ! A,B(NA,N) **

C** ------------------------------------------------------------ **

C** [A] {X} = d [B] {X} ---> [A] [V] = [B] [V] [D] **
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C** Normalize as : [V]'[A] [V] = [D], [V]'[B] [V] = [I] **
C** ------------------------------------------------------------ **
C** Input : A,B,V,N,M,EPSI,NV,NA Output : A,V,X,M **
C** ------------------------------------------------------------ **
C*I A(N,N) = [A] matrix required upper triangular part only **
C*O = [D] diagonal matrix **
CIW B(N,N) = [B] matrix required upper triangular part only **
C*O V(N,N) = Eigen vector matrix **
C*I N = Order of matrix [A] **
C*O X(N) = Eigenvalues (also in the diagonal of [A]) **
C*W IH(N) = Working array for row I of max.A(I,J) in col J **
C*O M = Iteration count **
C*I EPSI = Convergence if max.|A(I,J)| < min.A(K,K)*EPSI **
C*I NV,NA = Row dimensions of array V(NV,N) and A(NA,N) **
C** ============================================================ **
C** +----------------------------------------------------------+ **
C** | Solve [B] {Y} = e {Y} for [V] & [E] | **
C** +----------------------------------------------------------+ **

M=0
CALL JACOBI(B,V,N,X,IH,1,M,EPSI,NV)

C** +----------------------------------------------------------+ **
C** | Compute : [V] [E]^{-1/2} ---> [V] | **
C** +----------------------------------------------------------+ **

DO 20 J=1,N
JV=(J-1)*NV
JA=(J-1)*J/2 ! JA=(J-1)*NA
IF(B(J+JA).GT.0.0) THEN
BB=1.0/DSQRT(B(J+JA))
DO 10 I=1,N
V(I+JV)=V(I+JV)*BB

10 CONTINUE
ENDIF

20 CONTINUE
C** +----------------------------------------------------------+ **
C** | Compute : [V]'[A] [V] ---> [A] | **
C** +----------------------------------------------------------+ **

CALL MAV(A,B,A,V,X,N,N,NV)
CALL MAV(A,B,B,V,X,N,0,NV)

C** +----------------------------------------------------------+ **
C** | Compute : [G]'[A] [G] ---> [A]; [V] [G] ---> [V] | **
C** +----------------------------------------------------------+ **

CALL GAG(A,B,V,N,X,EPSI,NV)
C** +----------------------------------------------------------+ **
C** | Solve [A] {X} = d {X} for [V] & [D] | **
C** +----------------------------------------------------------+ **

CALL JACOBI(A,V,N,X,IH,-1,M,EPSI,NV)
C** +----------------------------------------------------------+ **
C** | Save eigen values in X(N) | **
C** +----------------------------------------------------------+ **

DO 95 J=1,N
JA=(J-1)*J/2 ! JA=(J-1)*NA
X(J)=A(J+JA)

95 CONTINUE
RETURN
END

************************************************************************
SUBROUTINE BVEXAV(A,B,V,N,X,IH,M,EPSI,NV)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(1),B(1),V(1),X(N),IH(N)
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C** ============================================================ **
C** DIMENSION A,B(N*(N-1)/2),V(NV,N),X(N),IH(N) ! A,B(NA,N) **
C** ------------------------------------------------------------ **
C** [B] {X} = d [A] {X} ---> [B] [V] = [A] [V] [D] **
C** Normalize as : [V]'[A] [V] = [I], [V]'[B] [V] = [D] **
C** ------------------------------------------------------------ **
C** Input : A,B,V,N,M,EPSI,NV,NA Output : A,V,X,M **
C** ------------------------------------------------------------ **
C*I A(N,N) = [A] matrix required upper triangular part only **
C*O = [D] diagonal matrix **
CIW B(N,N) = [B] matrix required upper triangular part only **
C*O V(N,N) = Eigen vector matrix **
C*I N = Order of matrix [A] **
C*O X(N) = Eigenvalues (also in the diagonal of [A]) **
C*W IH(N) = Working array for row I of max.A(I,J) in col J **
C*O M = Iteration count **
C*I EPSI = Convergence if max.|A(I,J)| < min.A(K,K)*EPSI **
C*I NV,NA = Row dimensions of array V(NV,N) and A(NA,N) **
C** ============================================================ **
C** +----------------------------------------------------------+ **
C** | Solve [B] {Y} = e {Y} for [V] & [E] | **
C** +----------------------------------------------------------+ **

M=0
CALL JACOBI(B,V,N,X,IH,1,M,EPSI,NV)

C** +----------------------------------------------------------+ **
C** | Compute : [V] [E]^{-1/2} ---> [V] | **
C** +----------------------------------------------------------+ **

DO 20 J=1,N
JV=(J-1)*NV
JA=(J-1)*J/2 ! JA=(J-1)*NA
IF(B(J+JA).GT.0.0) THEN
BB=1.0/DSQRT(B(J+JA))
DO 10 I=1,N
V(I+JV)=V(I+JV)*BB

10 CONTINUE
ENDIF

20 CONTINUE
C** +----------------------------------------------------------+ **
C** | Compute : [V]'[A] [V] ---> [A] | **
C** +----------------------------------------------------------+ **

CALL MAV(A,B,A,V,X,N,N,NV)
CALL MAV(A,B,B,V,X,N,0,NV)

C** +----------------------------------------------------------+ **
C** | Compute : [G]'[A] [G] ---> [A]; [V] [G] ---> [V] | **
C** +----------------------------------------------------------+ **

CALL GAG(A,B,V,N,X,EPSI,NV)
C** +----------------------------------------------------------+ **
C** | Solve [A] {X} = 1/d {X} for [V] & [D]^{-1} | **
C** +----------------------------------------------------------+ **

CALL JACOBI(A,V,N,X,IH,-1,M,EPSI,NV)
C** +----------------------------------------------------------+ **
C** | Before norm. : [V]'[A] [V] = [D]^{-1}, [V]'[B] [V] = [I] | **
C** | Normalize as : [V]'[A] [V] = [I], [V]'[B] [V] = [D] | **
C** +----------------------------------------------------------+ **

DO 95 J=1,N
JV=(J-1)*NV
JA=(J-1)*J/2 ! JA=(J-1)*NA
IF(A(J+JA).EQ.0.0) THEN
X(J)=1.0D30

ELSE
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X(J)=1.0/A(J+JA)
BB=DSQRT(ABS(X(J)))
DO 90 I=1,N
V(I+JV)=V(I+JV)*BB

90 CONTINUE
ENDIF

95 CONTINUE
RETURN
END

************************************************************************
SUBROUTINE MAV(A,B,C,V,X,N,M,NV)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(1),B(1),C(1),V(1),X(N)

C** ============================================================ **
C** DIMENSION A,B,C(N*(N-1)/2),V(NV,N),X(N) ! A,B,C(NA,N) **
C** ------------------------------------------------------------ **
C** CALL MAV(A,B,A,V,X,N,N,NV) : [A] [V] --> [A] **
C** CALL MAV(A,B,B,V,X,N,0,NV) : [V]'[A]'[V] --> [A] **
C** ------------------------------------------------------------ **
C** (CT+A) * V --> (AT+B) ; B UNUSED IF M=0 **
C** ------------------------------------------------------------ **
C** A A A V V V A B B **
C** C A A * V V V = A A B **
C** C C A V V V A A A **
C** ============================================================ **

DO 50 I=1,N
C** +--------------------------------------------------------+ **
C** | Set <X> = the I-th row of [A] | **
C** +--------------------------------------------------------+ **

IA=(I-1)*I/2 ! IA=(I-1)*NA
DO 10 J=1,I-1
X(J)=C(J+IA)

10 CONTINUE
DO 20 J=I,N
JA=(J-1)*J/2 ! JA=(J-1)*NA
X(J)=A(I+JA)

20 CONTINUE
C** +--------------------------------------------------------+ **
C** | Compute left part of the I-th row of ([A][V]) | **
C** +--------------------------------------------------------+ **

DO 30 J=1,I
JV=(J-1)*NV
AV=0.0
DO 25 K=1,N
AV=AV+X(K)*V(K+JV)

25 CONTINUE
A(J+IA)=AV

30 CONTINUE
C** +--------------------------------------------------------+ **
C** | Compute right part of the I-th row of ([A][V]) | **
C** +--------------------------------------------------------+ **

DO 40 J=I+1,M
JV=(J-1)*NV
JB=(J-1)*J/2 ! JB=(J-1)*NA
AV=0.0
DO 35 K=1,N
AV=AV+X(K)*V(K+JV)

35 CONTINUE
B(I+JB)=AV
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40 CONTINUE
50 CONTINUE

RETURN
END

************************************************************************
SUBROUTINE GAG(A,B,V,N,GK,EPSI,NV)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(1),B(1),V(1),GK(N)

C** ============================================================ **
C** DIMENSION A,B(N*(N-1)/2),V(NV,N),GK(N) ! A,B(NA,N) **
C** ------------------------------------------------------------ **
C** Static condensation : [G]'[A(N,N)] [G] --> [A(N,N)] **
C** [V(N,N)] [G] --> [V(N,N)] **
C** ------------------------------------------------------------ **
C** Input : A,B,V,N,EPSI,NV; Output : A,V; Working : GK **
C** ============================================================ **

DO 80 K=1,N
KA=(K-1)*K/2 ! KA=(K-1)*NA
IF(B(K+KA).EQ.0.0) THEN
DO 30 I=1,K ! / 1 \
GK(I)=A(I+KA) ! | 1 |
A(I+KA)=0.0 ! | 1 |

30 CONTINUE ! [G]=| -A41 -A42 -A43 -A45 |
DO 40 J=K+1,N ! | ---- ---- ---- 1 ---- |
JA=(J-1)*J/2 ! JA=(J-1)*NA ! | A44 A44 A44 A44 |
GK(J)=A(K+JA) ! \ 1 /
A(K+JA)=0.0

40 CONTINUE
A(K+KA)=1.0D30

C** ---------------------------------------------------------- **
IF(GK(K).NE.0.0) THEN

KV=(K-1)*NV
DO 60 J=1,N
IF(J.EQ.K) GO TO 60
GKJ=GK(J)/GK(K)
JV=(J-1)*NV ! / A11 A12 A13 0 A15 \
JA=(J-1)*J/2 ! JA=(J-1)*NA ! | A21 A22 A23 0 A25 |
DO 50 I=1,N ! [A]=| A31 A32 A33 0 A35 |
V(I+JV)=V(I+JV)-V(I+KV)*GKJ ! | 0 0 0 M 0 |
IF(I.GT.J.OR.I.EQ.K) GO TO 50 ! \ A51 A52 A53 0 A55 /
A(I+JA)=A(I+JA)-GK(I)*GKJ

50 CONTINUE
60 CONTINUE

ELSE
DO 70 I=1,N
IF(DABS(GK(I)).GT.EPSI) STOP 'Not a well posed problem'

70 CONTINUE
ENDIF

ELSE IF(B(K+KA).LT.0.0) THEN
STOP '[B] is not semi-positive'

ENDIF
80 CONTINUE

RETURN
END

************************************************************************
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************************************************************************
C** PROGRAM FOR GENERAL EIGENVALUE PROBLEMS
C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(210),B(210),V(20,20),X(20),IH(20)
NMAX=20

C** ============================================================ **
10 READ(*,'(I4,F8.6)') N,EPS

IF(N.EQ.0.OR.N.GT.NMAX) STOP
READ(*,'(10F8.0)') (A(K),K=1,N*(N+1)/2)
READ(*,'(10F8.0)') (B(K),K=1,N*(N+1)/2)
CALL PRINTT(A,N,'Lower part of Matrix A :')
CALL PRINTT(B,N,'Lower part of Matrix B :')

C** ------------------------------------------------------------ **
CALL AVEXBV(A,B,V,N,X,IH,M,EPS,NMAX)

C** ------------------------------------------------------------ **
WRITE(*,'(/1X,A,I4,A,$)') 'After',M,' Jacobian iterations,'
WRITE(*,'(A/)') ' the eigenvalues are'
WRITE(*,'(1X,1P8E10.3)') (X(I),I=1,N)
WRITE(6,'(/1X,A/)') 'the eigenvector matrix is'
DO 75 I=1,N

75 WRITE(*,'(1X,1P8E10.3)') (V(I,J),J=1,N)
GO TO 10
END

************************************************************************
4 0.0001

1.0 1.0 2.0 0.0 1.0 2.0 0.0 0.0 1.0 2.0
0.96726 0.33482 1.93452 0.0 0.33482 1.93452 0.0 0.0 0.33482 1.93452
4 0.0001

1.0 1.0 2.0 0.0 1.0 2.0 0.0 0.0 1.0 2.0
1.30208 0.0 2.60417 0.0 0.0 0. 0.0 0.0 0.0 2.60417
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========================================================================
Lower part of Matrix A :

1.000E+00
1.000E+00 2.000E+00
0.000E+00 1.000E+00 2.000E+00
0.000E+00 0.000E+00 1.000E+00 2.000E+00

Lower part of Matrix B :

9.673E-01
3.348E-01 1.935E+00
0.000E+00 3.348E-01 1.935E+00
0.000E+00 0.000E+00 3.348E-01 1.935E+00

After 30 Jacobian iterations, the eigenvalues are

1.507E+00 1.262E+00 7.357E-01 1.157E-01

the eigenvector matrix is

4.425E-01-4.777E-01 5.458E-01-6.164E-01
4.088E-01-1.828E-01-2.089E-01 5.695E-01
3.129E-01 3.378E-01-3.860E-01-4.359E-01
1.693E-01 4.414E-01 5.043E-01 2.359E-01
------------------------------------------------------------------------
Lower part of Matrix A :

1.000E+00
1.000E+00 2.000E+00
0.000E+00 1.000E+00 2.000E+00
0.000E+00 0.000E+00 1.000E+00 2.000E+00

Lower part of Matrix B :

1.302E+00
0.000E+00 2.604E+00
0.000E+00 0.000E+00 0.000E+00
0.000E+00 0.000E+00 0.000E+00 2.604E+00

After 8 Jacobian iterations, the eigenvalues are

1.247E+00 5.971E-01 1.000E+30 7.606E-02

the eigenvector matrix is

6.459E-01-2.874E-01 0.000E+00-5.179E-01
4.027E-01 6.396E-02 0.000E+00 4.666E-01
-1.437E-01 2.590E-01 1.000E+00-3.229E-01
-1.153E-01-5.819E-01 0.000E+00 1.792E-01
========================================================================
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6.12 ;<=SUBSPC

>���?�@ABC6�

[K] fXg = !2 [M ] fXg

�MT DEF!2."GHIMTD,-/0V (N;MT )1

LL(N) = JK�LMNOP !�QRST1

AKA(LL(N)+N�1) = LMNOP ! [K ]#U�%2 [L]1

AMA(LL(N)+N�1) = VGWX0 ! [M ]#YZ[\�]AKA

^_#`a ID=11b

AMA(N) = X0 ! [M ]#2GW !#`a ID=01

AV (N;MT ) = cd�IMTD,-/01

W (MT ) = cd�IMTDeFfgh�iEF!2

i
1

V V (N) = jkU�QR1

SKS(MT�(MT�1)=2) = jkU�QR#[ [ �K ]�1

SMS(MT�(MT�1)=2) = jkU�QR#[ [ �M]�1

SV (MT;MT ) = jkU�QR#[ [	]�1

Y (MT ) = cd�IMTDEF!2

i
�I9@lm.1

ID = X0 !n�STo ID=02GW !p

ID=12VGW !1

NMAX = @ABCqrU��stuv@w1

EPS = xyW (MT )z{|}�1~ jW (I)�Y (I)j

�W (I) � EPS#I = 1; 2; . . . ;MW#��2

MW DEF!2

i
�J|}#����U�1

N =  !AKA��w1

[�� ] LMN !,-.�� {@ABC

************************************************************************
SUBROUTINE SUBSPC
* (LL,AKA,AMA,AV,W,N,MT,MW,VV,SKS,SMS,SV,Y,ID,NMAX,EPS)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION LL(N),AKA(1),AMA(1),AV(1),W(MT)
DIMENSION VV(N),SKS(1),SMS(1),SV(1),Y(MT)

C** ============================================================ **
C*I LL(N) = Input variable band matrix stored index **
C*I AKA(NN) = Input stiffness matrix [K] **
C*I AMA(NN) = Input mass matrix [M] (if id=1) **
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C*I AMA(N) = Input diagonal mass matrix [M] (if id=0) **
C*O AV(N,MT) = Output eigenvectors [V] **
C*O W(MT) = Eigenvalues (omaga squares) **
C*W VV(N) = Working array **
C*W SKS(MT*(MT+1)/2) = Working arry to store [V]'[K] [V] **
C*W SMS(MT*(MT+1)/2) = Working arry to store [V]'[M] [V] **
C*W SV(MT,MT) = Working array **
C*O Y(MT) = Working array **
C*I N = Order of AKA and AMA **
C*I MT = Total no. of eigenvectors used in iteraton **
C*I MW = Reqd. no. of eigenvectors **
C*I ID = 0, AMA is a diagonal matrix **
C*I = 1, AMA is stored as AKA **
C*I NMAX = Allowed max. no. of subspace iterations **
C*I EPS = Tolerence of eigenvales W(MW) **
C*I NN = LL(N)+N-1 **
C** ============================================================ **
C** +----------------------------------------------------------+ **
C** | Initialize | **
C** +----------------------------------------------------------+ **

NPT=1
M=MT
MMM=NMAX
NNN=0
KKK=0

C** +----------------------------------------------------------+ **
C** | Decompose [K]=[L]'[D] [L]; (1) AV=[Uo], {W}={0} | **
C** +----------------------------------------------------------+ **

CALL VBDECP(AKA,LL,N)
CALL SETMVO(LL,AKA,AMA,AV,N,M,ID,VV)
DO 20 J=1,M

20 W(J)=0.0
C** +----------------------------------------------------------+ **
C** | (2) AV=[V1]=inv.[K][Uo]; (3) SKS=[V1]'[Uo]=[V1]'[K] [V1] | **
C** +----------------------------------------------------------+ **

30 NNN=NNN+1
DO 50 J=1,M
Y(J)=W(J)
JV=(J-1)*N
DO 40 I=1,N

40 VV(I)=AV(I+JV)
CALL VBSOLX(AKA,AV(1+JV),LL,N)

50 CALL CMPYAT(AV,VV,SKS((J-1)*J/2+1),J,N)
IF(NNN/NPT*NPT.EQ.NNN.OR.NNN.EQ.MMM) THEN
WRITE(*,'(/1X,A,I4)') 'Subspace iteration No.',NNN
CALL PRINTT(SKS,M,'Matrix SKS')

ENDIF
C** +----------------------------------------------------------+ **
C** | (4) If NNN<MMM then AV=[U1]=[M][V1] else AV=[V1] | **
C** | (5) SMS=[U1]'[V1]=[V1]'[M] [V1] | **
C** +----------------------------------------------------------+ **

DO 80 J=1,M
JV=(J-1)*N
IF(NNN.LT.MMM) THEN
DO 70 I=1,N
VV(I)=AV(I+JV)

70 CONTINUE
CALL VBCMPY(AMA,VV,AV(1+JV),LL,N,ID)

ELSE
CALL VBCMPY(AMA,AV(1+JV),VV,LL,N,ID)
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ENDIF
CALL CMPYAT(AV,VV,SMS((J-1)*J/2+1),J,N)

80 CONTINUE
IF(NNN/NPT*NPT.EQ.NNN.OR.NNN.EQ.MMM) THEN
CALL PRINTT(SMS,M,'Matrix SMS')

ENDIF
C** +----------------------------------------------------------+ **
C** | (6) Solve [SKS] [SV] = [SMS] [SV] [W] | **
C** | (7) If NNN<MMM then AV=[U2]=[U1][SV] else AV=[V2]=[V1][SV] **
C** +----------------------------------------------------------+ **

90 CALL BVEXAV(SMS,SKS,SV,M,W,VV,KKK,1.0E-5,M)
CALL ORDERX(W,SV,VV,M)
CALL AMPY(AV,SV,VV,N,M)

C** +----------------------------------------------------------+ **
C** | (8) Convergence test (If so, set MMM=0 for last iter.) | **
C** +----------------------------------------------------------+ **

IF(NNN.LT.MMM) THEN
DO 120 J=1,MW
IF(DABS(Y(J)-W(J)).GT.EPS*W(J)) GO TO 30

120 CONTINUE
MMM=0
GO TO 30

ENDIF
C** +----------------------------------------------------------+ **
C** | (9) Output the eigenvalues and return | **
C** +----------------------------------------------------------+ **

IF(NNN.EQ.MMM) WRITE(*,'(/A,1PE11.4)') ' Not converged within',EPS
WRITE(*,'(/1X,A,I4,A)') 'Subspace performs',NNN,' iterations.'
WRITE(*,'(1X,A,I4,A)') 'Jacobian performs',KKK,' rotations.'
WRITE(*,'(1X,A)') 'The eigenvalues of the last two iterartions :'
WRITE(*,'(/(1X,1P10E13.6))') (Y(J),J=1,M)
WRITE(*,'(/(1X,1P10E13.6))') (W(J),J=1,M)
RETURN
END

************************************************************************
SUBROUTINE SETMVO(LL,AKA,AMA,AV,N,M,ID,VV)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION LL(1),AKA(1),AMA(1),AV(11),VV(1)
DATA IX/1/

C** ============================================================ **
DO 15 J=1,M
JV=(J-1)*N
DO 10 I=1,N

10 AV(I+JV)=RANDOM(IX)
15 AV(J+JV)=AV(J+JV)+1.0

RETURN
END

************************************************************************
FUNCTION RANDOM(IX)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)

C** ============================================================ **
C** Random number by linear congruential method
C** For 32 bits Integer*4 51603,2147483647
C** For 16 bits Integer*2 403,32767
C** For 1's complement, cancel +1
C** ============================================================ **

IX=MOD(403*IX+3,32768)
C** IF(IX.LT.0) IX=IX+32767+1
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20 RANDOM=IX/32767.0
RETURN
END

************************************************************************
SUBROUTINE VBCMPY(A,X,Y,LL,N,ID)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(1),X(1),Y(1),LL(1)

C** ============================================================ **
C** [A(N,N)] {X(N)} --> {Y(N)} (ID=0: A[N] diagonal) **
C** ============================================================ **

IF(ID.EQ.0) THEN
DO 50 I=1,N

50 Y(I)=A(I)*X(I)
RETURN

ENDIF
JA=0
DO 20 J=1,N
YJ=0.0
XJ=X(J)
JM=J-(LL(J)-LL(1)-JA)
JA=LL(J)-LL(1)
DO 10 I=JM,J-1
Y(I)=Y(I)+A(I+JA)*XJ

10 YJ=YJ+A(I+JA)*X(I)
20 Y(J)=YJ+A(J+JA)*XJ

RETURN
END

************************************************************************
SUBROUTINE CMPYAT(A,B,C,M,N)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(1),B(1),C(1)

C** ============================================================ **
C** [A(N,M)]'[B(N)] --> [C(M)] **
C** ============================================================ **

DO 20 J=1,M
JA=(J-1)*N
CJ=0.0
DO 10 I=1,N

10 CJ=CJ+A(I+JA)*B(I)
20 C(J)=CJ

RETURN
END

************************************************************************
SUBROUTINE AMPY(A,B,AI,N,M)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(1),B(1),AI(1)

C** ============================================================ **
C** [A(N,M)] [B(M,M)] --> [A(N,M)] **
C** ============================================================ **

DO 30 I=1,N
DO 10 K=1,M
AI(K)=A(I+(K-1)*N)

10 CONTINUE
DO 30 J=1,M
JA=(J-1)*N
JB=(J-1)*M
AIJ=0.0
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DO 20 K=1,M
AIJ=AIJ+AI(K)*B(K+JB)

20 CONTINUE
A(I+JA)=AIJ

30 CONTINUE
RETURN
END

************************************************************************
SUBROUTINE ORDERX(X,V,L,N)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION X(1),V(1),L(1)

C** ============================================================ **
C** Order V(N,1:N) & X(1:N) to decreasing X(1:N) **
C** ============================================================ **

DO 10 I=1,N
10 L(I)=I

M=N
C** ------------------------------------------------------------ **

20 NE=M-1
DO 50 I=1,NE
J=L(I)
K=L(I+1)
IF(X(J).LE.X(K)) GO TO 50
L(I)=K
L(I+1)=J
M=I

50 CONTINUE
IF(M.LE.NE) GO TO 20

C** ------------------------------------------------------------ **
DO 90 J=1,N-1
I=J

70 I=L(I)
IF(I-J) 70,90,80

80 II=(I-1)*N
JJ=(J-1)*N
T=X(I)
X(I)=X(J)
X(J)=T
DO 85 KK=1,N
T=V(KK+II)
V(KK+II)=V(KK+JJ)

85 V(KK+JJ)=T
90 CONTINUE

RETURN
END

************************************************************************

[�� ]�������I����AKA]AMA !#$%&'(

��SUBSPC�)I2D,-.",-/01?�3D/0�@ABCU

�#��%23�45"6�78 (��78�� )1

[�� ] LMN !,-.����

************************************************************************
PROGRAM SUBSMN

C** ============================================================ **
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IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(5000),LL(5000)
EQUIVALENCE (A,LL)
NDIM=5001

C** ============================================================ **
10 READ(5,'(5I4,F8.6)') N,MW,MT,ID,NMAX,EPS

IF(N.EQ.0) STOP
IF(MT.EQ.0) MT=MIN0(2*MW,MW+5,N)
IF(NMAX.EQ.0) NMAX=20
IF(EPS.EQ.0.0) EPS=0.000001
READ(*,'(20I4)') (LL(J),J=1,N)
NN=LL(N)+N-LL(1)

C** +----------------------------------------------------------+ **
C** | Dynamic allocates the arrays | **
C** +----------------------------------------------------------+ **

N1=1
N2=N1+N ! LL(N)
N3=N2+NN ! AKA(NN)
N4=N3+NN*ID+N*(1-ID) ! AMA(NN) or AMA(N)
N5=N4+N*MT ! AV(N,MT)
N6=N5+MT ! W(MT)
N7=N6+N ! VV(N)
N8=N7+MT*(MT+1)/2 ! SKS(MT*(MT+1)/2)
N9=N8+MT*(MT+1)/2 ! SMS(MT*(MT+1)/2)
N10=N9+MT*MT ! SV(MT,MT)
N11=N10+MT ! Y(MT)
IF(N11.GT.NDIM) STOP

C** +----------------------------------------------------------+ **
C** | Input AKA(N,N),AMA(N,N) | **
C** | Compute and Output AV(N,MW),W(MW) | **
C** +----------------------------------------------------------+ **

CALL INPUT(A(N1),A(N2),A(N3),N,ID)
CALL SUBSPC(A(N1),A(N2),A(N3),A(N4),A(N5),N,MT,MW
* ,A(N6),A(N7),A(N8),A(N9),A(N10),ID,NMAX,EPS)
CALL OUTPUT(A(N4),A(N5),N,MW)
GO TO 10
END

************************************************************************
SUBROUTINE INPUT(LL,AKA,AMA,N,ID)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION LL(N),AKA(1),AMA(1)

C** ============================================================ **
C** READ(*,'(20I4)') (LL(J),J=1,N)

NN=LL(N)+N-LL(1)
READ(*,'(10F8.0)') (AKA(K),K=1,NN)
NN=NN*ID+N*(1-ID)
READ(*,'(10F8.0)') (AMA(K),K=1,NN)
RETURN
END

************************************************************************
SUBROUTINE OUTPUT(AV,W,N,MW)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION AV(1),W(MW)

C** ============================================================ **
C** Output eigenvalues W(MW) and eigenvectors A(N,MW) **
C** ============================================================ **

DO 10 J=1,MW
10 WRITE(*,25) W(J),(AV(I+(J-1)*N),I=1,N)
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RETURN
25 FORMAT(/' Eigenvalue =',1PE11.4,', Eigenvector :'//(1X,10E11.4))

END
************************************************************************

4 2 3 1 15 .0001
1 2 3 4

1. 1. 2. 1. 2. 1. 2.
0.96726 0.33482 1.93452 0.33482 1.93452 0.33482 1.93452
4 2 3 0 15 .0001
1 2 3 4

1. 1. 2. 1. 2. 1. 2.
1.30208 2.60417 0. 2.60417

========================================================================

Subspace iteration No. 1
Matrix SKS Matrix SMS

1.207E+00 1.250E+00
1.165E-01 1.270E+00 -1.013E+00 5.203E+00
1.117E+00-1.318E+00 8.105E+00 3.897E+00-1.639E+01 6.381E+01

Subspace iteration No. 2
Matrix SKS Matrix SMS

8.643E+00 7.470E+01
-3.806E-03 1.347E+00 -4.107E-02 1.822E+00
1.104E-03-2.406E-03 6.679E-01 1.118E-02-6.778E-03 4.466E-01

Subspace iteration No. 3
Matrix SKS Matrix SMS

8.643E+00 7.471E+01
-2.081E-04 1.355E+00 -2.245E-03 1.839E+00
1.193E-04-1.665E-03 6.696E-01 1.206E-03-4.686E-03 4.491E-01

Subspace iteration No. 4
Matrix SKS Matrix SMS

8.643E+00 7.471E+01
-1.109E-05 1.358E+00 -1.196E-04 1.845E+00
1.274E-05-1.135E-03 6.720E-01 1.287E-04-3.196E-03 4.527E-01

Subspace iteration No. 5
Matrix SKS Matrix SMS

8.643E+00 7.471E+01
-5.833E-07 1.359E+00 -6.291E-06 1.847E+00
1.345E-06-7.652E-04 6.753E-01 1.358E-05-2.154E-03 4.574E-01

Subspace iteration No. 6
Matrix SKS Matrix SMS

8.643E+00 7.471E+01
-3.038E-08 1.359E+00 -3.276E-07 1.847E+00
1.398E-07-5.087E-04 6.797E-01 1.412E-06-1.432E-03 4.638E-01

Subspace iteration No. 7
Matrix SKS Matrix SMS
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8.643E+00 7.471E+01
-1.565E-09 1.359E+00 -1.687E-08 1.848E+00
1.427E-08-3.323E-04 6.854E-01 1.441E-07-9.354E-04 4.721E-01

Subspace iteration No. 8
Matrix SKS Matrix SMS

8.643E+00 7.471E+01
-7.955E-11 1.359E+00 -8.567E-10 1.848E+00
1.421E-09-2.122E-04 6.926E-01 1.435E-08-5.975E-04 4.826E-01

Subspace performs 8 iterations. Jacobian performs 20 rotations.
The eigenvalues of the last two iterartions :

1.156975E-01 7.356775E-01 1.451798E+00

1.156975E-01 7.356674E-01 1.435195E+00

Eigenvalue = 1.1570E-01, Eigenvector :

6.1643E-01-5.6950E-01 4.3588E-01-2.3590E-01

Eigenvalue = 7.3567E-01, Eigenvector :

5.4657E-01-2.0887E-01-3.8721E-01 5.0291E-01
========================================================================

��

1. 6���,-\���,-.",-/01

2
6666664

2 1 0 0

1 2 1 0

0 1 2 1

0 0 1 2

3
7777775

8>>>>>><
>>>>>>:

x1

x2

x3

x4

9>>>>>>=
>>>>>>;

= �

2
6666664

3 0 0 0

0 4 0 0

0 0 4 0

0 0 0 5

3
7777775

8>>>>>><
>>>>>>:

x1

x2

x3

x4

9>>>>>>=
>>>>>>;

2. ��(��AV EXBV 1�Y [B] !�2GW !#���9/0

Z[YGW���#��GW���g��1
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7.1 �

�����������������
(1) !������ [A]fXg = �fXg"
(2)#$������ [A]fXg = �[B]fXg"
(3) � %������ ([Cr]�r � � � � � [C2]�2 � [C1]�� [Co])fXg = f0g"
�%�&'()*+�#$%,- r = 3�.,/012342567*
�89:� fX1g = �fXog, fX2g = �fX1g = �2fXog"

2
6664

[C2] [C1] [Co]

[I] [0] [0]

[0] [I] [0]

3
7775

8>>><
>>>:

fX2g
fX1g
fXog

9>>>=
>>>;
= �

2
6664

[C3] [0] [0]

[0] [I] [0]

[0] [0] [I]

3
7775

8>>><
>>>:

fX2g
fX1g
fXog

9>>>=
>>>;

(7.1)

#$%� [A]; [B]'<=>#��?@A��,B�1(C)*�#+
� !%� (1) [B]�1[A]fXg = �fXgD; (2) [A]�1[B]fXg = ��1fXg"
E' [A]4 [B]F�GH��I,J)*KLMN9GH�O"P' [A]4
[B]F�@A��I,QKLRS"TJUVWXY#Z[\]^,-_
5` !�����abc#$%�]"d^KE�] [A]4 [B]F�@A
���,Q�MNGH���GHO,efghi,jQSk2lV�
GH��������"������]^��mn,UVopqrs
Sa>e�tU]^,uXYvwx*' [y# ]< [yv ]z{"Q�|}
~��w�x*�EISPACK"
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7.2 ���������

��3Z�%������9����P�����4��5Z"
���n)^ I¡Sk��4��,E¢£�x*p¤G��a¥,
TJ>¦§o����������+�'(�����������
(�%�  ),B¨© fXg = fUg+ ifV g,4����ª«¬��)x*
(T1(*�c [Ar]fUg � [Ai]fV g = �fUg4 [Ai]fUg + [Ar]fV g = �fV g,
®*¯ i4°*�±²c*� ([Ar] + i [Ai])fXg = � fXg,W5%�  )

,j³ fUg+ ifV g 6= f0g,J¨©²�*���¨©"
2
4 [Ar] �[Ai]

[Ai] [Ar]

3
5
8<
:
fUg
fV g

9=
; = �

8<
:
fUg
fV g

9=
; (7.2)

2
4 [Ar] �[Ai]

[Ai] [Ar]

3
5
8<
:
fUg
fV g

9=
; = �

2
4 [Br] �[Bi]

[Bi] [Br]

3
5
8<
:
fUg
fV g

9=
; (7.3)

�����´*�µ,j>(C5¶�O�
(1)³ffUg; fV gg��������¨©,Bf�fV g; fUggQ������
��¨©"J���·\¸¹�*º8"
(2)³ ffUg; fV gg���� ����¨©,B9»¼¨©ff �Ug; f�V gg�9
»¼��������¨©"JQ�z>�������O"J���1�
*½¾¿»¼º8"
/0À�����> 2N6���4��¨©,����5Á,�Â>
#Ã�Ä�;nÅ,-(ÆÇ'È�ÉÊ������4��¨©�
(1)³���Ë#������,BÀ�����¨© ffUg; fV gg¦�
��,Ì1���O (1)8W#6��¨©� f�fV g; fUgg,aÍ56¨
©�Î�ÏÐÌ�ÎÑÒ,TJÀ���GÓ����5ÄÔ"E9G
Ó�����¨© fX1g = fUg+ ifV g4 fX2g = �fV g+ ifUgpÕ#Ö
.s� i,² fX2g = ifX1g"
(2)³���Ë#������,BÀ��×d���ØW>#���
49Î�»¼,1�O (2)89GÓ�5��¨©QÎ�»¼"a9GÓ
�����¨©��Ù1 fX1g = fUg + ifV g4 fX2g = f �Ug + if�V gb
c,E9:ª>#� fXg7kÚ,B9zGÓ�À������4��
¨©²�nÅÛ"T fXg = f0g�«¬��)x*,ETÜ�Ú,aK
LÝÞ9��¨©"
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7.3 åæçèéêëì�íîï

] !�����I,ðsªo����'(�5ñò�
(1)2#òóo��ôõö÷øù (Hessenberg)��;3Gú��D
(2)25òûo��ôõ!�3ú��;Gú��"
2
6666666664

x x x x x

x x x x x

x x x x x

x x x x x

x x x x x

3
7777777775

KGH��

Givens
�!

2
6666666664

x x x x x

x x x x x

x x x x

x x x

x x

3
7777777775

ö÷øù��

QR
=)

2
6666666664

x x x x x

x x x x

x x x

x x x

x

3
7777777775

!�3ú��

2
6666666664

x x x x x

x x x x x

x x x x x

x x x x x

x x x x x

3
7777777775

GH��

Givens
�!

2
6666666664

x x

x x x

x x x

x x x

x x

3
7777777775

3Gú��

QR
=)

2
6666666664

x

x

x

x

x

3
7777777775

Gú��

9T�1(C�üýÊ�
(1)2#òpS#þÿÛ��ô�²��õ"
(2)25ò����S��þÿÛ��ô����õ"
(3)25òÛô�	x:
#þÿ�����FM�ö÷øù��;3G
ú���%*,p9�`Gú�ª����kÚ"
(4)°¶
#þÿ��Ý©F�>�,aÑÖkn3�n2;n �2#ò
#
þÿ��Ý©4 n3õÑÖD25ò
#þÿ��Ý©,KGH��4 n2

õÑÖ,GH��4nõÑÖ"
(5)'K�5òa·\1«��ô��!�3ú��;Gú��I,
#
þÿ��Ý©Q4 n3õÑÖ,aJ�Ýþÿ���Q���`,���
ÝefÖ�5ò�Õ�n"
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7.4 ����

³ [P ]�?@A)�,B [ �A] = [P ]�1[A][P ]4 [A]����� ,9�
�¨©��[ �X] = [P ]�1[X],H [ �A]4 [A]��, [P ]�ô���"³ [A]�G
H,B#$Q�� [ �A]GH,TJ� [P ]�1 = [P ]T ,²�� [P ]����4
ô����7,H�ÑÒ��,#$- [Q]¸� [P ]y{ô����ÑÒ�
�,BGH����¥õ [ �A] = [Q]T [A][Q]"

KGH���ô����-KSÑÒ��, EÞ����� !,
QsRSÑÒ��" sS�ÑÒ��tU�>5Z�%� (1)Givens%D
(2)Householder%"Givens%�Sk�"�5ò:DaHouseholder%hs
Sk9:�2#ò"-(óÆÇGivens%#5ò:��Ý)*�
Givens%�'(%* (- n=6; i=4; j=2�. )�ÑÒ��,$õ [P j

ik
],*

: c=cos �; s=sin �,³ �1(*bc,B [A]�°¯- [P j

ik
]�% �aik = 0,

H�- ajk_�&G'( aik"
�aik = aik cos � � ajk sin � = 0 (7.4)

[P 2

4k] =

2
6666666664

1

c s

1

�s c

1

3
7777777775

(7.5)

2#ò���ô�,�) k = 1; � � � ; n�2�*+o2 k,�(`Gú-(
��'(,²c�ö÷øù��;3Gú��,-(�'(2 2,�-
´"x�( �'(�*+" 0x�y{.°¯���/0,x0�y{
.®¯���/0, 0x0�B.5��/0"

[P 3

42][P
4

52]

2
6666666664

x x x x x

x x x x x

x x x x

x2 x x x

x1 x x x

3
7777777775

[P 4

52]
T [P 3

42]
T =

2
6666666664

x x x0 x0 x0

x x x0 x0 x0

0x 0x0 0x0 0x0

0 0x0 0x0 0x0

0 0x0 0x0 0x0

3
7777777775

(7.6)
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25ò���ô�,�óo�ö÷øù��_'(�QR�],9: [Q]T =

[P 4
54][P

3
43][P

2
32][P

1
21],²(*� [Q]T [A] = [R],jc [A] = [Q][R]"

[P 4

54][P
3

43][P
2

32][P
1

21]

2
6666666664

x x x x x

x1 x x x x

x2 x x x

x3 x x

x4 x

3
7777777775

=

2
6666666664

x x x x x

x x x x

x x x

x x

x

3
7777777775

(7.7)

û1(*5Ý [R][Q]7k [ �A],TJ [ �A] = [R][Q] = [Q]T [A][Q],²� [A]�
��ô�"'J²�#þÿ��Ý"

2
6666666664

x x x x x

x x x x

x x x

x x

x

3
7777777775

[P 1

21
]T [P 2

32
]T [P 3

43
]T [P 4

54
]T =

2
6666666664

x x x x x

x1 x x x x

x2 x x x

x3 x x

x4 x

3
7777777775

(7.8)

2#ò���ô�,Q�) k = n; n�1; � � � ; 3�*+o2 k,��`Gú
-���'(,ac(ö÷øù��;3Gú��,-(�'(2 4,

�-´"

[P 3

24][P
2

14]

2
6666666664

x x x x1

x x x x2

x x x x

x x x x x

x x x x x

3
7777777775

[P 2

14]
T [P 3

24]
T =

2
6666666664

0x0 0x0 0x0 0
0x0 0x0 0x0 0
0x0 0x0 0x0 0x

x0 x0 x0 x x

x0 x0 x0 x x

3
7777777775

(7.9)

GÓ�25ò���ô�,Bo(ö÷øù��_'(�QL�], 9:
[Q]T = [P 2

12
][P 3

23
][P 4

34
][P 5

45
],²(*� [Q]T [A] = [L],jc [A] = [Q][L]"

[P 2

12][P
3

23][P
4

34][P
5

45]

2
6666666664

x x4

x x x3

x x x x2

x x x x x1

x x x x x

3
7777777775

=

2
6666666664

x

x x

x x x

x x x x

x x x x x

3
7777777775

(7.10)
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û1(*5Ý [L][Q]7k [ �A],TJ [ �A] = [L][Q] = [Q]T [A][Q],²� [A]�
��ô�"'J²6õ#þÿ��Ý"

2
6666666664

x

x x

x x x

x x x x

x x x x x

3
7777777775

[P 5

45
]T [P 4

34
]T [P 3

23
]T [P 2

12
]T =

2
6666666664

x x4

x x x3

x x x x2

x x x x x1

x x x x x

3
7777777775

(7.11)

-(qrHouseholder%#2#ò��Ý)*�
Householder%�'(%* (- n=5;k=2�. )�ÑÒ��,² [Pk] = [I]�
2fWkghWki,*:fWkg�78¨©,² hW2ifW2g = w2

32
+w2

42
+w2

52
= 1"

�9:;<,-®o=>Wk�( k"B1 [Pk][Pk]T = ([I]� 2fWghW i)
([I] � 2fWghW i) = [I] � 4fWghW i + 4fWg(hW ifWg)hW i = [I],�º8
[Pk]�ÑÒ��,/0 [Pk]Q�GH"

[P2] =

2
6666666664

1

1

1

1

1

3
7777777775

� 2

8>>>>>>>>><
>>>>>>>>>:

0

0

w32

w42

w52

9>>>>>>>>>=
>>>>>>>>>;

h 0 0 w32 w42 w52 i

(7.12)

�*�fWg�?¿�fWg = fUg=jfUgj,'¿fUg = f0; 0; a32+s; a42; a52g
,9: s2 = a232+a

2
42+a

2
52,¿ s4 a32 <@AB a32 + s>�L���Ba

CDh¢�EÕF,B jfUgj2 = 2s(a32+s),j�*�¥õ�

[P2] =

2
6666666664

1

1

1

1

1

3
7777777775

� 2

2s(a32+s)

8>>>>>>>>><
>>>>>>>>>:

0

0

a32+s

a42

a52

9>>>>>>>>>=
>>>>>>>>>;

h 0 0 a32+s a42 a52 i

(7.13)

/0 [Pk][A]�°kC4 [A]�� ,a92k,��fa12; a22; a32; a42; a52g�
f0; 0; a32+s; a42; a52g = fa12; a22; �s; 0; 0g"P [Pk][A]®¯ [Pk]QK+° k
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,��"jc [ �A] = [P2][A][P2]:2 2,�(`Gú�-(��F�Ú"

[P2]

2
6666666664

a11 a12 x x x

a21 a22 x x x

a32 x x x

a42 x x x

a52 x x x

3
7777777775

[P2] =

2
6666666664

a11 a12 x0 x0 x0

a21 a22 x0 x0 x0

�s 0x0 0x0 0x0

0 0x0 0x0 0x0

0 0x0 0x0 0x0

3
7777777775

(7.14)

³ [A]GH,�1* (7.15)<* (7.18)ó5Ý fPg; K; fQg,û5Ý [ �A]"
[ �A] = [P2][A][P2] = ([I]� 2

jfUgj2fUghUi) [A] ([I]�
2

jfUgj2fUghUi)

= [A]� fUghQi � fQghUi (7.15)

fPg =
2

jfUgj2 [A]fUg (7.16)

K =
1

jfUgj2 hUifPg (7.17)

fQg = fPg �KfUg (7.18)

Householder%Q�Sk25ò�.'¿ fUg = f0; a22+s; a32; a42; a52g,
9: s2 = a2

22
+a2

32
+a2

42
+a2

52
,�S-'( [P2][A]2 2,Gú-(��"

7.5 �����IJ

/0Sk2#ò�* (7.6)4Sk25ò�* (7.7)�ô�>#üK 
,�°�S`Gú�_&G,a®�SKGú�_&G"S`Gú�
_&GI,9GÓ�®¯��Kª/0'(,�L�"SKGú�_
&GI,9GÓ�®¯��Bª/0'(,��,TJË����M°
¯��'(,Ek®¯���Ý®PªNõ?Ú�,OÞ9PG�ª
QNQR,ÍgSÞ25ò�§_��nþÿ�ÝÛT"WØ/0*
(7.6):�°¯��4®¯���-Ò��Ý,² ([P 3

42]([P
4
52][A][P

4
52]

T )[P 3
42]

T )

4 (([P 3
42][P

4
52][A])[P

4
52]

T [P 3
42]

T )5Z�Ý*+F�"a* (7.7)4* (7.8)�C
�TK§#TU�°¯���ó_6®,û_®¯����Ý"³&
([P 4

54]([P
3
43]([P

2
32]([P

1
21][A][P

1
21]

T )[P 2
32]

T )[P 3
43]

T )[P 4
54]

T )�*+�Ý,��9V®
WXª� ,E:[	xª>(`Gú�N�?Ú��,�ÝhKY
"/02lV�Z[Ö^-Gú�_&GQ>��\]"
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25ò
#þÿ��Ý,-QL^�.,o%�`Gú� aij^-

aii=ajj�Öf_B" TJ�%d�±`ab�Ú,�cS("qr�
���de^oz>���Bf �, ��^>7kVR����@QL^
�¿ a11_��,g`"F,B���ÖfNõhR� (aii��)=(ajj��)"
#2#��`Gú�'(®,�hK}i2#,2#C�j#,��k
^>7k9Å�VR���,²25R����,-l`'(25��
`Gú�,Å�d<Ü£�`Gú�'(�m"K	n>����
�I,GÓ��`Gú��^'(,Óop	"

1�"�2#ò��ô��_^,�8¦j#Ë#ÑÒ�� [Q],L
qoGH����ô��3Gú��,;oKGH����ô��ö÷ø
ù��"a125ò��ô��_^,�8dÑÒ��[Q]>�r�n"
K	>sÛÞ�'X1Ë#ÑÒ�� [Q]_��ô�zc�3Gú��;
(� )ö÷øù���` (( )Gú�FK�Ú,BO§8td [Q]���
V® (;V° )#,��,B�u!dÑÒ��v9GÓ�3Gú��;
(� )ö÷øù�� (> 2n�1Z�L�Ñw<6ÿ )"- [H] = [Q]T [A][Q]�
.ºÇ'(�-n = 4�.,o [H][Q]T = [Q]T [A]¥õ�

2
6666664

h11 h12 h13 h14

h21 h22 h23 h24

h32 h33 h34

h43 h44

3
7777775

2
6666664

hq1i
hq2i
hq3i
hq4i

3
7777775
=

2
6666664

hq1i
hq2i
hq3i
hq4i

3
7777775
[A] (7.19)

T [Q]�V®#, fq4gx8,j1* (7.20)vÑÒ�O² hqiifqjg = �ij ,
�c h44,TJc* (7.22)� hu3i,v* (7.23)� h43"' h43 6= 0,²c*
(7.24)�fq3g(¿Ñwh43a>2Z�L )" �123*�)`ch34; h33; h32

L�,'h32 6= 0,²c* (7.30)� fq2g(¿Ñwh32Q>2Z�L )"Å�d
"/0³h43N<,Bh34pÑw<y~+N,PG�KN" z³h32N

<,Bh23; h24QpÑw<y~+N,PG�KN"'x8 [Q]�2#,,
�S [fq1g; fq2g; � � � ; fqng][H] = [A][fq1g; fq2g; � � � ; fqng]ºÇ"

h43hq3i + h44hq4i = hq4i[A] (7.20)

h44 = hq4i[A]fq4g (7.21)

h43hq3i = hq4i[A]� h44hq4i = hu3i (7.22)

h2
43

= hu3ifu3g (7.23)

hq3i = hu3i=h43 (7.24)
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h32hq2i+ h33hq3i + h34hq4i = hq3i[A] (7.25)

h34 = hq3i[A]fq4g (7.26)

h33 = hq3i[A]fq3g (7.27)

h32hq2i = hq3i[A]� h33hq3i � h34hq4i = hu2i (7.28)

h232 = hu2ifu2g (7.29)

hq2i = hu2i=h32 (7.30)

1-�����8³x> [Q]�V®#,,BS?È)^5Ý@-�Q�
)^�#,E#$KRSF,Fªbc 2n�1Z�LÑw<6ÿ�#Û [Q]

4 [H],E9:L��PG���!"³hi+1;i = 0,B�����5�
ÏÐ£��Ù���² 1< i[� i� i��,4 i+1<n[� (n�i)� (n�i)
��"

7.6 ������������������

U"oÆÇQL^�Gú�ª�¨k1R<¢�*+,²VR��
��ú� a11DaQR^�Gú�ª�¨k1¢<R�*+, ²VR�
��(ú� ann"�ó¥Ê��ô�°®�����'(�
2
4 c s

�s c

3
5
2
4 a11 a12

a21 a22

3
5
2
4 c �s
s c

3
5 =

2
4 a11c+a21s a12c+a22s

�a11s+a21c �a12s+a22c

3
5
2
4 c �s
s c

3
5

=

2
4 a11c

2+a22s2+(a21+a12)cs a12c
2�a21s2+(a22�a11)cs

a21c
2�a12s2+(a22�a11)cs a22c

2+a11s
2�(a21+a12)cs

3
5 =

2
4 r11 r12

r21 r22

3
5

GkGH�-´,²a12 = a21,�-S��� (Mohr circle)��h���
"����Ô -(��ac@o�C��¸¹(*²�ºcF�

(r11 � t)2 + r221 = r2 ; (r22 � t)2 + r212 = r2 (7.31)

t = (a11 + a22)=2 ; r =
q
((a11 � a22)=2)2 + a212 (7.32)

- (r11; r21)�·ú¡ I,K  �ú�üR1(r11; r21)Fª8k#�¢�,d
���£#üC(t;0),Ã¤� r"W#6üR2(r22; r12)Q zª8kd�
¢�,ÌR1CR2##·¥�"
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¦# ���

(1)ó�� a11 < a22�-´�- a21 > 0�.,§ô�°�ü P1(a11; a21)#

�¢��� 1=4�¨,üP2(a22;�a12)#�¢��( 1=4�¨DSQR^_
ô�I,²1�a11s+a21c = 0bôú �R,üR1(r11; r21)¦8kP1ü��,
üR2(r22; r12)¦8kP2ü��"TJQRô�%��Gú� r11±¢,
�(Gú� r22BR,Ì©ªª% r11 > r22,�H9�U+ñò"/0
JñòuKMº jr21jªNR"W>5Z�µ-´�c/0�
(1a)üO³Ñ«# Sü�,BR1ü#Gü,R2ü# Sü,JI r12 =

r21 = 0�V�¬�-´"
(1b)üO³Ñ«# P 0

1ü�,BR1ü# P2ü,R2ü# P1ü,JIÑ«
oGú�Ò�8�,ðsGú�F¢kÚ,TJdü�ü��L
V�8�"jR1#P1GP2�[,R2#P2SP1�[,² 2�R � �"
(2)\�� a11 > a22�-´�- a21 > 0�.,§ô�°�ü P1(a11; a21)#

�¢��� 1=4�¨,üP2(a22;�a12)#�¢��( 1=4�¨DSQR^_
ô�I,×üR1(r11; r21)¦8k P1ü��4üR2(r22; r12)¦8k P2ü�
�Ø, jr21jQ¦Rk ja21j,Ì©ªª% r214 r12N�Ú,�H9�abñ
ò"JI°��5Z�µ-´�Ù��
(2a)üO³Ñ«# Sü�,BR1ü#Gü,R2ü# Sü,JI r12 =

r21 = 0Q�V�¬�-´"
(2b)üO³Ñ«#P 0

2ü�,BR1üª#Gü�(,² r21ª4a21A<,
E jr21jQ¦Rk ja21j"
-QL^_ô�I,�1 a12c+a22s = 0bôú �L,Àü8�L1(l11; l21)4
L2(l22;�l12)Q {k¦#:,JIk a11 > a22I�U+ñò,k a11 < a22

I�abñò,TJQL^ª%Gú��VR�e<��ú� a11"
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7.7 èéê°±²

o [A ]fXg = �fXg5¾B�[I]fXg,c ([A ]��[I])fXg = (���)fXg,
j ([A ] � �[I])����Nõ (� � �),a9��¨©KN"²o [A ]+�
([A ] � �[I])�%z>���FB= �,TJH����de^".'#
[Q][L]^:,³+S [A ]� �[I]�],B [L][Q]� [A ]��[I]�����,9
�������"TJ [ �A ]=[L][Q]+�[I]� [A ]�����,9����� "

[A ]� �[I] = [Q�][L�] ; [Q�]
T ([A ]� �[I]) = [L�] (7.33)

[ �A ] = [L�][Q�] + �[I] ; [ �A ] = [Q�]
T [A ][Q�] (7.34)

��b [Q�]�)^,�³* (7.33)o [A ]�Gú�B�®cS* (7.10)4
* (7.11)�)*5Ý [Q�]T = [P 2

12][P
3
23][P

4
34][P

5
45]"JZ)*H�*de^"

W#Zb [Q�]�)^H�´*de^,qr'(�-GH���.@KG
H��sS("����µde^F,óbÊ4�*de^� �2#�
ÑÒô��� [P 5

45],u²1(*óÝÊGÓ������

[P 5

45]

2
6666666664

x x

x x x

x x x

x x x

x x

3
7777777775

[P 5

45]
T =

2
6666666664

x x

x x x

x x x0 x0

0x 0x0 0x0

0x 0x0 0x0

3
7777777775

(7.35)

J��h3Gú��n�a354a53�?Ú�,\~�³2#ò�)^,
²* (7.9),o93Gú:"/0n- [P 4

35
]'( a35®,ªCD?Ú�

a24,- [P 3
24]'( a24®,ªCD?Ú� a13,V®û- [P 2

13]'( a13,
²c3Gú��"Q/0JI
#,p>#?Ú��'(,azc�
[Q�]T = [P 2

13
][P 3

24
][P 4

35
][P 5

45
],4�*de^zc�Ó�� ,E9:5ÝL

[P j

ik
]IzS��K  (× [P 5

45]Ø )�'´*� [P 4
35]S a354 a45&G'(

a35D�*� [P 4
34]S a344 (a44��)&G'( a34"9:´*�5Ý	x:K

ûS�Da�*�5Ý	x:�oGú�B�,kô�®û±þ�,'
* (7.34)"V®û/0�T [Q�]T = [P 2

13
][P 3

24
][P 4

35
][P 5

45
],j [Q�]T �V®#

C4 [P45]�V®#C� ,a´*4�*� [P 5
45]� ,j5�� [Q�]�

V®#,� "1�"* (7.20)<* (7.30)���ºÇ,�85�� [Q�]

4zc3Gú����,×�L>Ñw<�ÕAØ,PG�Ó�7"
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7.8 èéê¶°±²

KGH������>�L���,cS�"����de^,�+
S����Ý,Gk����,o·�KY"-(qr#Z I_5`�
��de�µde^"Jµde^'95`de������Î�»¼ (

/0����������¦õGÊ\ÌÎ�»¼ ),B¸��-S��
�Ý"-QR^�.,¹ [A]M5`de'(,uc* (7.40)� [ ��A] "ðs
�1; �2�¿ [A]���(ú� 2� 2º������"

[A ]� �1[I] = [Q1][R1] (7.36)

[ �A ] = [R1][Q1] + �1[I] ; [ �A ] = [Q1]
T [A ][Q1] (7.37)

[ �A ]� �2[I] = [Q2][R2] (7.38)

[ ��A] = [R2][Q2] + �2[I] ; [ ��A ] = [Q2]
T [ �A ][Q2] (7.39)

[ ��A] = [Q2]
T [Q1]

T [A ][Q1][Q2] (7.40)

1* (7.37)4* (7.38)�c* (7.41),d*®¯* (7.36)�c* (7.42)"1
d*�8* (7.40):�ô���[Q] = [Q1][Q2]�1�� [Â ]SQR^bc
,a»×�RS* (7.36)4* (7.38)T��Gú�¼õ�KY"/0
[R] = [R2][R1]¸���3ú��"P1* (7.43)8 [Â ]���,T»¼�
�G�½ (�1 + �2)4¾ (�1�2)F���"

[A ]� �2[I] = [Q1][Q2][R2][Q1]
T (7.41)

([A ]� �2[I])([A ]� �1[I]) = [Q1][Q2][R2][R1] (7.42)

[Â ] = ([A ]� �2[I])([A ]� �1[I]) = [A ]2� (�1 + �2)[A ] + �1�2[I] (7.43)

\}i- Householder^b* (7.42): [Â ]� [Q] = [Q1][Q2],�c [Q]T =

[Pn�2] � � � [P2][P1]"1 [Pk]����O8 [Q]T�2#C4 [P1]�2#C� 
,T [P1]�°¯-�� [P2]< [Pn�2]K+N [P1]2#C��"W1* (7.20)<
* (7.30)���ºÇ�8* (7.40): [A ]� [Q] = [Q1][Q2],O¿1 [Q]�2#
,²�u!À� [Q]��vö÷øù%*� [ ��A]��"³ [A ]��Q-House-

holder^b9ÑÒ�� [Q] = [Q1][Q2], z�c [Q]T = [ �Pn�1] � � � [ �P2][ �P1]
,Ì [Q]T �2#C4 [ �P1]�2#C� "�%* (7.40)4* (7.42)zc
� [Q]� ,5�� [Q]T �2#CÓ� ,TJ [ �P1] = [P1]"b [P1]p
¿§ [Â ]2#,��C'(*,�1* (7.43)bc"&Householder^Á
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fUg = fâ11+ s; â21; â31; 0; 0g, s =
q
â211 + â221 + â231,²�bc [P1]"u²

1* (7.47)óÝÊGÓ�����[P1][A][P1]"
â11 = a211 + a12a21 � (�1 + �2)a11 + �1�2 (7.44)

â21 = a21(a11 + a22 � (�1 + �2)) (7.45)

â31 = a21a32 (7.46)

[P1]

2
6666666664

x x x x x

x x x x x

x x x x

x x x

x x

3
7777777775

[P1] =

2
6666666664

0x0 0x0 0x0 0x 0x
0x0 0x0 0x0 0x 0x
0x0 0x0 0x0 0x 0x

x0 x0 x0 x x

x x

3
7777777775

(7.47)

J��hö÷øù��n�?Ú�a31�a414a42,\~³2#ò�)^,
²* (7.12)<* (7.18),o9:�ö÷øù��"/0n- [ �P2]'(a31; a41

®,ªCD?Ú� a52; a53,V®û- [ �P3]'( a42; a52,v- [ �P4]'( a53

,²cö÷øù��"Q/0JI
,Vnp>5?Ú��'(,a
zc� [Q]T = [ �P4][ �P3][ �P2][P1],Ó4 [P3][P2][P1]� ,E9:5ÝL [ �Pj]I
zS��K ,Ì	x:KûS�14�2,j�´*�_^"

7.9 Å�����

GHÆ��ô��3Gú��'&°�_^,²-,�*+'(`G
ú-(��,B9ÆÇª�ÈÉ±"'ÊË�ÆÇKN,�}iRS
'( {� x( �'(*+�²ó'(�¾��� x1; x2; . . . ; x5,bc
'�¾���®û'(9:�x1; x2; . . . ; x6"
2
6666666666666666664

x x x x1

x x x x x2

x x x x x x3 y1

x1 x x x x x x4

x2 x x x x x x5

x3 x x x x x

y1 x4 x x x x

x5 x x x

3
7777777777777777775

2
6666666666666666664

x x x1

x x x x2 y1

x1 x x x x3

x2 x x x x4 z1

y1 x3 x x x x5

x4 x x x x6

z1 x5 x x x

x6 x x

3
7777777777777777775
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/0#'( x1I (°¯ [P 3

41])ªCD y1,d�Ó²I'(-Ì»Íj�,
#'( y1I³PCDW#?Ú�' z1,Q zÓ²I'(,Å�d"
KGH��Q�RS��)*-Ë�( (;� )3ú£��ÆÇ"

7.10 çÎ����èéê�èéÏÐ

GkKGH��,M	ÑÒ�����ô�®F�ô�!3ú��"
!3ú��h3ú��n�#Ñ?Ú�`Gú¥,EKª>5� (Ò5�-
� )?Ú�ÓÈÊ\#`Gú¥�,Jü�9z-4ö÷øù��K �
�"!3ú������·Ôbc�³ (1)ËGú���Õ5�`Gú�
F�Ú,BdGú�²����DAB (2)
#?Ú`Gú�²GÓ
k#6»¼�����,�ÖÒJ`Gú�aij�2�2�º������
,² (aii��)(ajj��)�aijaji = 0�5Ô�� = 1

2
(aii+ajj)�i

q
�� 1

4
(aii + ajj)2

,9:� = aiiajj � aijaji"/0� > 1

4
(aii + ajj)2 > 0,AB²?����

�"!3ú�����¨©Q·Ôbc�
(1)G������-�2=�3=a22=a33=��.,9GÓ� ([A]� �[I])fXg =
f0g'* (7.48),�+'* (7.49),²�1°×¸¹bc5���¨©,'
* (7.50)"/0 1�)�Ú�M°×¸¹®¸Ë�Ú�,Ì����2#
,��K/0��¨©�5Ý"Q/0k a22 = a33�ÄÔI, a32�7k
Ú,* (7.50)�>5�ÏÐ��¨©"T�12 3*�x3 = �a32x2 + x3,
³ a32 6= 0,Bx2 = 0"jO> x3�¿?0?Ú�,Q²p25,�¨©
���¨©"

2
6666666664

a11��
a21 0

a31 a32 0

a41 a42 a43 a44��
a51 a52 a53 a54 a55��

3
7777777775

8>>>>>>>>><
>>>>>>>>>:

x1

x2

x3

x4

x5

9>>>>>>>>>=
>>>>>>>>>;

= f0g (7.48)

2
6666666664

1

1

1

a42 a43 a44��
a52 a53 a54 a55��

3
7777777775

8>>>>>>>>><
>>>>>>>>>:

x1

x2

x3

x4

x5

9>>>>>>>>>=
>>>>>>>>>;

=

2
6666666664

0 0

1 0

�a32 1

0 0

0 0

3
7777777775

8<
:
x2

x3

9=
; (7.49)
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8>>>>>>>>><
>>>>>>>>>:

x1

x2

x3

x4

x5

9>>>>>>>>>=
>>>>>>>>>;

=

2
6666666664

0 0

1 0

�a32 1

x42 x43

x52 x53

3
7777777775

8<
:
x2

x3

9=
; (7.50)

(2)G������-�2=��3=��.,9GÓ� ([A]� �[I])fXg = f0g'*
(7.51),M	-2 1C'(2 2C-®x1���,û-2 2C'(2 3Cx2

���®,d*Nõ* (7.52)"/09: c23 = a23=(a22��) = (a33��)=a32

, c33 = (a33 � �)� a32c23 = (a33 � �)� a32(a33 � �)=a32 = 0"o* (7.52)+
¥õ* (7.53),²��ÛÔÜ1°×¸¹bc��¨©,'* (7.54)"

2
6666666664

a11��
a21 a22�� a23

a31 a32 a33��
a41 a42 a43 a44��
a51 a52 a53 a54 a55��

3
7777777775

8>>>>>>>>><
>>>>>>>>>:

x1

x2

x3

x4

x5

9>>>>>>>>>=
>>>>>>>>>;

= f0g (7.51)

2
6666666664

1

0 1 c23

0 0 0

0 a42 a43 a44��
0 a52 a53 a54 a55��

3
7777777775

8>>>>>>>>><
>>>>>>>>>:

x1

x2

x3

x4

x5

9>>>>>>>>>=
>>>>>>>>>;

= f0g (7.52)

2
6666666664

1

1

0 1

a42 a43 a44��
a52 a53 a54 a55��

3
7777777775

8>>>>>>>>><
>>>>>>>>>:

x1

x2

x3

x4

x5

9>>>>>>>>>=
>>>>>>>>>;

=

8>>>>>>>>><
>>>>>>>>>:

0

�c23
1

0

0

9>>>>>>>>>=
>>>>>>>>>;

x3 (7.53)

8>>>>>>>>><
>>>>>>>>>:

x1

x2

x3

x4

x5

9>>>>>>>>>=
>>>>>>>>>;

=

8>>>>>>>>><
>>>>>>>>>:

0

�c23
1

x43

x53

9>>>>>>>>>=
>>>>>>>>>;

x3 =

2
6666666664

0 0

1 0

x32 y33

x42 y43

x52 y53

3
7777777775

8<
:

1

i

9=
; (7.54)
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�*:�kx3 = ��c23=(�c23c23) = x32+y33i,-%2#�?Ú����1"
\o����¨©���£�xÝ#2 2,,Þ�£� yÝ#2 3,,û&
ÿ9ß�����¨©,�oz>��¨©�?Ú���k(3ú��:
"B��¨©��[U ]v���� [U ]�1[A][U ]�¥õ (9:�2+i�2 = �2=��3)

�

[U ] =

2
6666666664

1

u21 1

u31 x32 y33

u41 x42 y43 1

u51 x52 y53 u54 1

3
7777777775

2
6666666664

1

1 1

i �i
1

1

3
7777777775

[U ]�1[A][U ] =

2
6666666664

1
1

2
� i

2

1

2

i

2

1

1

3
7777777775

2
6666666664

�1

�2 �2

��2 �2

�4

�5

3
7777777775

2
6666666664

1

1 1

i �i
1

1

3
7777777775

5Ý��¨©I'X�V®#,àá,uk
`bÊ#���¨©®,â
�o����ÝÊ,²�%������(úã�äNõGú¥� 1 � 1

;2� 2�º���!Gú��,k5ÝÀÛ��¨©I (�Ù#5Ý��
��¨©I )h�7å"

7.11 æçèéêëì�å²

°èX	#$�����[A]fXg = �[B]fXg,' [A]�1; [B]�1j#,
B�+� !%� [B]�1[A]fXg = �fXg ; [A]�1[B]fXg = ��1fXg"-
(ÆÇ#Z��GH���MNGH�OzS�)^,d^Q¡Sk [A]

4 [B]F�@A���-´"�ó]* (7.57)� !�����,uc9
ÑÒô���[V ],4���� [T ],'* (7.58)z{"9: [T ]�!(3ú
��,² [T ]����`Gú��ÓÈK�Ú�"
#?Ú��`Gú
�GÓ#G»¼�����"û1�")^5Ý��¨©,TÍé��
¨©�6õ#(3ú�� [U ],-d���ô���,�o [T ]��ô��
'(� [S] = [U ]�1[T ][U ],/0�� [S]�!Gú��,Gú�����
��;��������£�,`Gú��������Þ�£�"Q
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/0GÓ����Ú�Gú��Ú"

[S] = [U ]�1[T ][U ] =

2
6666666664

�1

�2 �2

��2 �2

�4

�5

3
7777777775

�ÆÇ)Y,×#äÁ [S] = [D][K][J][D]"9: [K]�!Gú��, [D]4
[J ]F�Gú���
(1)³ [S]�`Gú� sij = 0,Á j = i+1�
(1a)³ sii > 0,BÁ dii =

p
+sii, jii = 1, kii = 1D' d11 = x"

(1b)³ sii < 0,BÁ dii =
p�sii, jii = 1, kii = �1D' d55 = y"

(1c)³ sii = 0,BÁ dii = 1, jii = 0, kii = 1D' d44 = 0"
(2)³ [S]�`Gú� sij 6= 0,BÁ dii=djj = 4

p
siisjj�sijsji, jii=jjj = 1

, kij=�kji = sij=diidjjD' d22=d33 = z, k22=k33 = c, k23=�k32 = s "
ê%� [S] = [D][K][J ][D]C{'(�

[S] =

2
6666666664

x2

cz2 sz2

�sz2 cz2

0

�y2

3
7777777775

= [D][K][J ][D] = (7.55)

2
6666666664

x

z

z

1

y

3
7777777775

2
6666666664

1

c s

�s c

1

�1

3
7777777775

2
6666666664

1

1

1

0

1

3
7777777775

2
6666666664

x

z

z

1

y

3
7777777775

1�C��v* (7.58)4* (7.59)�c [B]'* (7.60)"o* (7.60)¸¹*
(7.56)�c* (7.61),Á [ �A]4 f �Xg'* (7.62)4* (7.63),²�o* (7.56)

�#$�����+�* (7.64)�ë!ì !�����"³ [J ]7k [I]

,d*²� !�����"/0Gk?0ÑÒ�� [Q], [Q]T [I][Q]Fª
7k [I],E [Q]T [J ][Q]K#!ª7k [J ]"
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[A]fXg = � [B]fXg (7.56)

[B]fY g = �fY g (7.57)

[V ]T [B][V ] = [T ] (7.58)

[U ]�1[T ][U ] = [S] (7.59)

[B] = [V ][U ][D][K][J][D][U ]�1[V ]T (7.60)

[K]�1[D]�1[U ]�1[V ]T [A][V ][U ][D]�1[D][U ]�1[V ]TfXg
= � [J ][D][U ]�1[V ]TfXg (7.61)

[ �A] = [K]�1[D]�1[U ]�1[V ]T [A][V ][U ][D]�1 (7.62)

f �Xg = [D][U ]�1[V ]TfXg (7.63)

[ �A]f �Xg = � [J ]f �Xg (7.64)

[Â]fX̂g = �̂ fX̂g (7.65)

' [A]4 [B]F�GH (JI [U ] = [I]),Ì [K] = [I] (�RkÚ���� ),
B [ �A]Q�GHDAB [ �A]�KGH"E [ �A]KÞ [A]�����,T [D]K
ÞÑÒ��,Ì [K]�1p_°¯�Ý"³ [J] = [I],B* (7.64)²�³ !
�����b]"³ [J ] 6= [I],²9Gú�>Ú�,�&* (7.66)b [Â]

®,û]* (7.65)� !��"-n = 4, j33 = 0�.�
(1)³ �a33 6= 0,�&(*5Ý [Â]v fX̂g4 f �Xg���"* (7.66)��Ý�
�íî'(^,Q�nkWïðñ���òóôõ^"JI'o [Â]�2
3,42 3Ce×, x̂3Qö fX̂g:e(,a [J ]�ÚGú��,4Ce×
®²� [I]��,TJ²Nõ !�����"

[Â] =

2
6666664

1 � �a13
�a33

1 � �a23

�a33

1

� �a43

�a33
1

3
7777775

2
6666664

�a11 �a12 �a13 �a14

�a21 �a22 �a23 �a24

�a31 �a32 �a33 �a34

�a41 �a42 �a43 �a44

3
7777775

2
6666664

1

1

� �a31

�a33
� �a32

�a33
1 � �a34

�a33

1

3
7777775

=

2
6666664

â11 â12 0 â14

â21 â22 0 â24

0 0 �a33 0

â41 â42 0 â44

3
7777775

(7.66)
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fX̂g =

2
6666664

1

1
�a31

�a33

�a32

�a33
1 �a34

�a33

1

3
7777775
f �Xg (7.67)

' [J ]�ÚGú�KO#�,�)+_����"/0³ [ �A]GHB [Â]

QGH,E [Â]KÞ [ �A]���ô�"Q�Ù/0* (7.65)GÓk j33 = 0�
���� �̂3 = �a33DE* (7.64)GÓk j33 = 0������3 = �a33=j33,²
7k�r¢"
(2)³ �a33 = 0,Ì [ �A]�2 3,42 3C�F�Ú,B�·\Á [Â] = [ �A]

, fX̂g = f �Xg,û]* (7.65)� !�����"E/0GÓk j33 = 0�
��� �̂3 = 0,E����3 = 0=0,²�7k?0�"
(3)³ �a33 = 0,E [ �A]�2 3,42 3C�KÜ�Ú,By{����
�Kÿ�;)x*ûüa�]"'o [ �A]�23,423C�·\¹�Ú
,Q�ýT& (2)�)*þÈb]"
V®/0� [U ]�(3ú��,j [T ]°¯ [U ]�1�1°×¸¹5Ý">�
5Ýg [yv ]ÿx*AZEXBZ"

7.12 �������

GkKGH��'9��¢R��µ,sª¼õh¢��¹EÕ,J
EÕðs4���� (Euclidean norm)õÑÖ"���������	)
½�)Ô�,d�4����PG��½�ÕKn,j�"=5ÝI[,
-®5Ý²-®�¸�"-(qr�	
^ (balancing)�RSGú��%
*�ô���_��ô�,-%���������h����R"
}i* (7.68)�ô�, [D]�Gú��,Td¶ô�K+NGú���
,j-* (7.69)4* (7.70)5ÝCi; ~Ci4Ri; ~RiI,uKÖÒ�� [A]; [ ~A]

�Gú�"\}i [D]:pË# i��di 6= 1,9Å�dk = 1,k 6= i,B
[ ~A]4 [A]p2 i,42 iCK ,�����+N©� ~Ci + ~Ri4Ci +Ri�
Õ"Ê%����NR,Ó% ~Ci + ~Ri�VR,²Ók di%Ci � di +Ri=di

�VR,TJcCi � di = Ri=di"WØ��Ì»T [D]�ô�a¼õ�¹E
Õ,TJ�k di�5Ý����t (¢£�� 2)�À�`)��,¹t
� 2,Ó% 0:5 � ~Ci= ~Ri < 2"
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[ ~A] = [D]�1[A][D] (7.68)

Ci =
nP

j=1;j 6=i

jaijj ; ~Ci =
nP

j=1;j 6=i

j~aijj = Ci � di (7.69)

Ri =
nP

j=1;j 6=i

jajij ; ~Ri =
nP

j=1;j 6=i

j~ajij = Ri=di (7.70)

�� i����1�n��������di����� !�"#$%�

&'()*+,-�-�./012345678�9:�����;

����<=>?@�A�/B()�����CDEFG'H./

IJ*

7.13 KLMNOPQRLST

UVW�X�Y��Pn(�) = j[A]� �[I]j = 0�n@?Z[�&U\]

^[��!nBUVW*_�UVW`aUV]^[b��!�<�UV

cd*+eAf� j[A]� �[I]jgh�?Z[�ij_kIlmnopkq

*krs�FtIu_ [A]$%F"#� �vwxyz$%{|�}$

%�~�9U\]^[kI]�*��I�wxyz$%�U\]^[�

�t�9�Pi(�)Iwxyz�}��� i� i��$%� i@U\?Z[

*�[ (7.75)X� i = 1; 2; . . . ; n��Pi(�)��0b��!Pn(�)*���

&�|�}$%�Pi(�)���I[ (7.76)*

Po(�) = 1 (7.71)

P1(�) = (a11 � �) (7.72)

P2(�) = (a22 � �)P1(�) � a12a21Po(�) (7.73)

P3(�) = (a33 � �)P2(�) � a23a32P1(�) + a23a12a31Po(�) (7.74)

� � �

Pi(�) = (aii � �)Pi�1(�) +
i�1X

k=1

(�1)i�k(
i�1Y

j=k

aj;j+1)aikPk�1(�) (7.75)

Pi(�) = (aii � �)Pi�1(�)� a2i;i�1Pi�2(�) (7.76)
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7.14 ��LST�������

'�UVW��Y��QZtAf� [A]� [B]��F� * [Q]��

[A]� [B]� ¡¢£$%� [Z]�� [A]� [B]�0¡¢£$%*QZti

¤¥e�¦r§¨©¢£$% [Q]� [Z]���ª [Q][A][Z]� [Q][B][Z]vI

|}$%*, [A]fXg = � [B]fXg� [Q][A][Z]fY g = � [Q][B][Z]fY g«"

��UVW�n9UVcd¬e��i§ fXg = [Z]fY g*®¯©°±

UVW���"#� I [Q]T [A][Q]�9 ¡¢£$%�0¡¢£$%E

²³I�´*µ©'�UVW���"#� I [Q][A][Z]� [Q][B][Z]�9

 ¡¢£$%�0¡¢£$%DE³I�´�Y�¶·¸¹«º�µ

·UVcd�� »� [Z]«µ� [Q]¼*QZt½¾�I|B¿À

�UVW§ (1)Á'À�I·H§ (1a)u_$% [B]�v|}$%Â (1b)

~_$% [A]�vwxyz$%��ÃÄ [B]I|}$%* (2)Á·À

_wxyz$% [A]�v±|}$%��ÃÄ [B]I|}$%* (3)

Á|À_±|}$% [A]�v|}$%��ÃÄ [B]I|}$%�

���UVW* Á'ÀÁ'Hu�HouseholderÅ{GivensÅ¢£$%[Q]

ÆÁ 1�Ç (ÈÉÊ�e�°ËÌ )�_ [B]�v|}$% [Q][B]���

X� [Q][A]*Á·H~�GivensÅ¢£$% [Q]� [Z] ÆÁ 1�Ç��µ

(ÈÉÊ�e�°ËÌ )�_ [A]�vwxyz$% [Q][A][Z]���ÍÄ

[Q][B][Z]I|}$%*ÎÏË«� [Z]CÐIÑ_ ([Q][B])[Z]ÒÓI

|}$%ËÔ�¢£� *

2
6666666664

a a a a a

a a a a a

a3 a a a a

a2 a5 a a a

a1 a4 a6 a a

3
7777777775

2
6666666664

b b b b b

b1 b b b b

b1 b2 b b b

b1 b2 b3 b b

b1 b2 b3 b4 b

3
7777777775

®¯©� [Q] = [P i�1
ik ]�ai�1;kFÕ�ÈÉ [A]� aik��© [B]��@�}Ö

× bi;i�1�ØÙÚ²� [Z] = [P 0i
i;i�1]� biiFÕ�_9ÈÉ�®¯Ø [Z]0¡

[Q][A]D234ÛIÜ�ÙÚ*��IÈÉa41�ÝÞ�Ö×ÙÚI b43*

 ¡$%I [P 3
41
]�0¡$%I [P 04

43
]*�IÁ'À����·H�X�

dCI«ß*



206 ��� ������	
��

2
6666666664

a a a a a

a a a a a

a3 a a a a

0 a5 a a a

a4 a6 a a

3
7777777775

2
6666666664

b b b b b

b b b b

b b b

b2 b b

b

3
7777777775

Á·À½¾� [C] = [A][B]�1I±à�=>�QRtÕáUVW�âã�

�äå_ [A]� [B]�I±|}$%{|}$%*[ (7.77)�[ (7.78)

I� [C] = [A][B]�1ËF�QRt�æç[ (7.79)� [A]� [B]FQZ� �

�[ (7.80)�èY"é�[ (7.78)� [C]�QR� *

[R] = [Q]([C]� �[I]) = [Q]([A][B]�1 � �[I]) (7.77)

[ �C] = [R][Q]T + �[I] = [Q][C][Q]T = [Q][A][B]�1[Q]T (7.78)

[ �A] = [Q][A][Z] ; [ �B] = [Q][B][Z] (7.79)

[ �A][ �B]�1 = [Q][A][Z][Z]T [B]�1[Q]T = [Q][A][B]�1[Q]T = [ �C] (7.80)

[Q]([A]� �[B]) = [R"] = [R][B] (7.81)

+ [B]�1D'¦¨©�,Ø[ (7.77)� [Q]ê�[ (7.81)X��b� [A]��[B]

 ¡ [Q]ªvI|}$% [R"]�Ø|}$%bë� [R][B]�, [R]�

[B]CI|}$%�9¡ìYI|}$%* [Z]àiÕáË!� [Q]

�ª [Q][B][Z]ÒÓI|}$%��� [Q][A][Z]YÒÓIwxyz$

%*��IíîFt§, [A] � �[B]Iwxyz$%�;ï� [Q] =

[P n�1
n;n�1] � � � [P

2
32
][P 1

21
]�ÆÁ 1�Ç_�@�}ÙÚÈÉ*, [P 1

21
][B]1ª

|}$% [B]?�'ðÜÙÚ b21�ØÙÚ�� GivensÅ¢£$%[P 02
21
]�

b22FÕ�ÈÉ�*�r ¡ [P 2
32]� [P 1

21][B][P 02
21]Ö× b32�� [P 03

32]0¡È

É�ñòâ��! [Z] = [P 02
21][P

03
32] � � � [P

0n
n;n�1]*Ø [Z]óª [Q][B][Z]I|

}$%ô�Y1ª [Q][A][Z]Iwxyz$%�,I§�[ (7.81)�è

[Q][A][Z] = [R"][Z] + �[Q]B][Z]�+ [R"][Z] = [R"][P 02
21][P

03
32] � � � [P

0n
n;n�1]I

wxyz$%��|}$% �[Q]B][Z]"äõöIwxyz$%*Î

Ï [Q][A][Z]�� [R"][Z] + �[Q]B][Z]X�k«op*©Ø÷ø®¯'�

Å�QZt�°±Å�QRt�ù�§ (1)� [Q]ªÁ'À� [Q][A]Iw

xyz$%�{Á·À� [Q]([A]� �[I]){ [Q]([A]� �[B])I|}$%*

Ft·¸"�* (2)'�Å� [Z]ª ([Q][B])[Z]ÒÓI|}$%Â°±

Å� [Z] = [Q]T b�ª ([Q][I])[Q]T ÒÓI [I]*®¯Ø [Z]��<� [Q]T Å
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["��»jWD�� [Z]²¤¥ [Q][B]�!*,Ø�<�'�Å�QZt

�&ü��&°±Å�QRtIQQTt*«Ñ���<0��èUVW

ýâãtY�þÿ�r�©ØD���*�0®¯QZt¼tÍ� [A]�

[B]��&\�;op�����*��D�&$%�QZt�·@°

±Å��t���d�	"ë� +��
��ä�;D����*

7.15 OP

[�' ] Ïj�&$%�°±UVW��

************************************************************************

SUBROUTINE TRIDIG(NA,N,A,D,E,Z)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(NA,N),D(N),E(N),Z(NA,N)

C** ============================================================ **

C** Simularity transform symmetric matrix to tridiagonal matrix **

C** By Householder method : [P]'[A][P] ==> [T] **

C** ------------------------------------------------------------ **

C*I A(N,N) = Symmetric matrix given upper triangular part **

C*O = [T] in upper triangular part **

C*O D(K) = T(K,K) = Diagonal elements of tridiagonal matrix **

C*O E(K) = T(K-1,K) = T(K,K-1) = Sub-diagonal elements of [T] **

C*I Z(N,N) = [I] or [X] = Matrix to be post-multiplied by [P] **

C*O = [P] or [X][P] **

C** ============================================================ **

DO 80 K=N,1,-1

AMX=0.0

DO 20 I=1,K-1

20 AMX=DMAX1(AMX,DABS(A(I,K)))

C** +----------------------------------------------------------+ **

C** | In case of A(1:K-1,K)=0, set D(K) & E(K) (also for K=1) | **

C** +----------------------------------------------------------+ **

E(K)=0.0

D(K)=A(K,K)

IF(AMX.EQ.0.0) GO TO 80

C** +----------------------------------------------------------+ **

C** | Scale u-vector to avoid overflow, {u} = {w}sqrt(2) = {D} | **

C** +----------------------------------------------------------+ **

S=0.0

DO 25 I=1,K-1

D(I)=A(I,K)/AMX

25 S=S+D(I)*D(I)

S=DSIGN(DSQRT(S),D(K-1))

E(K)=-S*AMX

D(K-1)=D(K-1)+S

T=DSQRT(S*D(K-1))

DO 30 I=1,K-1

30 D(I)=D(I)/T

C** +----------------------------------------------------------+ **

C** | Compute {p} = [A]{u} = [A]{w}sqrt(2) = {E} | **

C** +----------------------------------------------------------+ **

DO 40 J=1,K-1
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EJ=A(J,J)*D(J)

DO 35 I=1,J-1

E(I)=E(I)+A(I,J)*D(J)

35 EJ =EJ +A(I,J)*D(I)

40 E(J)=EJ

C** +----------------------------------------------------------+ **

C** | Compute {q} = {p}-k{u} ; k = <u>{p}/2 = <w>[A]{w} = WAW | **

C** +----------------------------------------------------------+ **

UAU=0.0

DO 50 I=1,K-1

50 UAU=UAU+E(I)*D(I)

WAW=UAU*0.5

DO 60 I=1,K-1

60 E(I)=E(I)-WAW*D(I)

C** +----------------------------------------------------------+ **

C** | Compute [A] = [A] - {u}<q> - {q}<u> | **

C** +----------------------------------------------------------+ **

DO 70 J=1,K-1

DO 65 I=1,J

65 A(I,J)=A(I,J)-D(I)*E(J)-E(I)*D(J)

70 A(J,K)=0.0

A(K-1,K)=E(K)

C** +----------------------------------------------------------+ **

C** | Compute S(1:N) = [Z]{u} from D(1:K-1) = <u> | **

C** +----------------------------------------------------------+ **

DO 75 I=1,N

S=0.0

DO 72 J=1,K-1

72 S=S+Z(I,J)*D(J)

C** +----------------------------------------------------------+ **

C** | Compute [Z] = [Z][[I] - 2{w}<w>] = [Z] - [Z]{u}<u> | **

C** +----------------------------------------------------------+ **

DO 75 J=1,K-1

75 Z(I,J)=Z(I,J)-S*D(J)

80 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE TRIQLI(NA,N,D,E,Z,IERR)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION D(N),E(N),Z(NA,N)

EQUIVALENCE (C0,C1),(S0,S1),(G0,G1),(P0,P1)

C** ============================================================ **

C** Simularity transform tridiagonal matrix to diagonal matrix **

C** By QL Implicit shift algorithm : [Q]'[T][Q] ==> [D] **

C** ------------------------------------------------------------ **

C*I D(K) = T(K,K) = Diagonal element of tridiagonal matrix [T] **

C*O = D(K,K) = Eigenvalues of [T] **

CWI E(K) = T(K-1,K) = T(K,K-1) = Sub-diagonal elements of [T] **

C*I Z(N,N) = [P] or [X] = Matrix to be post-multiplied by [Q] **

C*O = [P][Q] or [X][Q] **

C*O IERR = J: J-th eigenvalue no converge; = 0: normal return **

C** ============================================================ **

IERR=0

IF(N.EQ.1) RETURN

DO 10 I=1,N-1

10 E(I)=E(I+1)

E(N)=0.0

C** ------------------------------------------------------------ **
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DO 80 K=1,N

DO 70 ITER=1,30

DO 20 L=K,N-1

DD=DABS(D(L))+DABS(D(L+1))

IF(DD+DABS(E(L)).EQ.DD) GO TO 30

20 CONTINUE

L=N

30 IF(L.EQ.K) GO TO 80

C** +----------------------------------------------------------+ **

C** | | D-X E | = | -Y E | Y=X-D ; Z=Y/E ; P=(F-D)/2E | **

C** | | E F-X | | E F-D-Y | Y*Y - (F-D)*Y - E*E = 0 | **

C** | -------------------------------------------------------- | **

C** | Z*Z - 2PZ - 1 = 0 ; (Y/E)**2 - 2((F-D)/2E)*(Y/E) - 1 = 0 | **

C** | Large.Z = P+sqrt(P*P+1) ; Small.Z = -1/Large.Z | **

C** +----------------------------------------------------------+ **

P=DABS(D(K+1)-D(K))/(E(K)+E(K))

SHIFT=DMIN1(D(K),D(K+1))-E(K)/(P+DSIGN(DSQRT(P*P+1),P))

C** ------------------------ ------------------------------- **

C** |D(I-1) E(I-1) | | D(I-1) E(I-1)*C0 *S0 | **

C** |E(I-1) D(I) E0 F1 | |C0*E(I-1) D(I)-P0 G0 | **

C** | E0 D1 G1 | |S0*E(I-1) G0 F(I+1) G(I+1)| **

C** | F1 G1 F(I+2)| | G(I+1) F(I+2)| **

C** -------< before >------- ----------< after >------------ **

C** C1,S1,P1,G1,D(I),E(I) ==> C0,S0,P0,G0,F(I+1),G(I+1) **

C** -------------------------------------------------------- **

C** | F1=E(I)*S1; R1=SQRT(F1**2+G1**2); G(I+1)=R1 | **

C** | E0=E(I)*C1; C0=G1/R1; S0=F1/R1; | **

C** | P0=(D0-D1)*S0**2+E0*2*C0*S0 =S0*T0 | **

C** | G0=(D0-D1)*C0*S0+E0*(C0**2-S0**2)=C0*T0-E0 | **

C** | D0=D(I); D1=D(I+1)-P1; F(I+1)=D(I+1)-P1+P0=D1+P0 | **

C** -------------------------------------------------------- **

C** | | C0 -S0 || D0 E0 || C0 S0 | ==> | D0-P0 G0 | | **

C** | | S0 C0 || E0 D1 ||-S0 C0 | | G0 D1+P0 | | **

C** +----------------------------------------------------------+ **

G1=D(L)-SHIFT ! D(L-2) E(L-2) !

C1=1.0 ! E(L-2) D(L-1) E(L-1) E(L-1) ! => Force to get

S1=1.0 ! E(L-1) D(L) G1 ! S0:C0=E(L-1):G1

P1=0.0 ! E(L-1) G1 XX !

C** ------------------------------------------------------------ **

DO 60 I=L-1,K,-1

E0=E(I)*C1

F1=E(I)*S1

R1=DSQRT(F1*F1+G1*G1)

E(I+1)=R1

IF(R1.EQ.0.0) THEN

D(I+1)=D(I+1)-P1

E(L)=0.0

GO TO 70

ENDIF

C0=G1/R1

S0=F1/R1

D1=D(I+1)-P1

T0=(D(I)-D1)*S0+2*C0*E0

P0=S0*T0

G0=C0*T0-E0

D(I+1)=D1+P0

C** +----------------------------------------------------------+ **

C** | Post multiply the transformation (rotation) matrix | **

C** +----------------------------------------------------------+ **

DO 50 J=1,N
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Z0=Z(J,I)

Z(J,I )=Z0*C0-Z(J,I+1)*S0

50 Z(J,I+1)=Z0*S0+Z(J,I+1)*C0

60 CONTINUE

D(K)=D(K)-P1

E(K)=G0

E(L)=0.0

IF(T0.EQ.0.0) GO TO 80

70 CONTINUE

WRITE(*,'('' NO CONVERGE IN 30 ITERATIONS !'')')

IERR=K

RETURN

80 CONTINUE

RETURN

END

************************************************************************

[�· ] Ïj�&$%�'�UVW��

************************************************************************

SUBROUTINE AUEXBU(A,B,V,N,X,Y,IERR,EPSI,NV,NA)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(1),B(1),V(1),X(N),Y(N)

C** ============================================================ **

C** DIMENSION A,B(NA,N),V(NV,N),X(N),Y(N) **

C** ------------------------------------------------------------ **

C** [A] {X} = d [B] {X} ---> [A] [V] = [B] [V] [D] **

C** Normalize as : [V]'[A] [V] = [D], [V]'[B] [V] = [I] **

C** ------------------------------------------------------------ **

C** Input : A,B,V,N,EPSI,NV,NA Output : A,V,X,IERR **

C** ------------------------------------------------------------ **

C*I A(N,N) = [A] matrix required upper triangular part only **

C*O = [D] diagonal matrix **

CIW B(N,N) = [B] matrix required upper triangular part only **

C*O V(N,N) = Eigen vector matrix **

C*I N = Order of matrix [A] **

C*O X(N) = Eigenvalues (also in the diagonal of [A]) **

C*W Y(N) = Working array **

C*O IERR = J: J-th eigenvalue no converge; = 0: normal return **

C*I EPSI = Used by GAG **

C*I NV = Dummy (for JACOBI only) **

C*I NA = Row dimensions of array V(NA,N) and A(NA,N) **

C** ============================================================ **

DO 20 J=1,N

JV=(J-1)*NA

DO 10 I=1,N

10 V(I+JV)=0.0

20 V(J+JV)=1.0

C** +----------------------------------------------------------+ **

C** | Solve [B] {Y} = e {Y} for [V] & [E] | **

C** +----------------------------------------------------------+ **

CALL TRIDIG(NA,N,B,X,Y,V)

CALL TRIQLI(NA,N,X,Y,V,IERR)

C** +----------------------------------------------------------+ **

C** | Compute : [V] [E]^{-1/2} ---> [V] | **

C** +----------------------------------------------------------+ **

DO 40 J=1,N

JV=(J-1)*NA

IF(X(J).GT.0.0) THEN
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BB=1.0/DSQRT(X(J))

DO 30 I=1,N

V(I+JV)=V(I+JV)*BB

30 CONTINUE

ENDIF

40 CONTINUE

C** +----------------------------------------------------------+ **

C** | Compute : [V]'[A] [V] ---> [A] | **

C** +----------------------------------------------------------+ **

CALL MAV(A,B,A,V,X,N,N,NA,NA)

CALL MAV(A,B,B,V,X,N,0,NA,NA)

C** +----------------------------------------------------------+ **

C** | Compute : [G]'[A] [G] ---> [A]; [V] [G] ---> [V] | **

C** +----------------------------------------------------------+ **

CALL GAG(A,B,V,N,X,EPSI,NA,NA)

C** +----------------------------------------------------------+ **

C** | Solve [A] {X} = d {X} for [V] & [D] | **

C** +----------------------------------------------------------+ **

CALL TRIDIG(NA,N,A,X,Y,V)

CALL TRIQLI(NA,N,X,Y,V,IERR)

RETURN

END

************************************************************************
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************************************************************************

SUBROUTINE ORTHEG(NA,N,ILW,IGH,A,D,Z)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(NA,N),D(N),Z(NA,N)

C** ============================================================ **

C** Simularity transform real matrix to upper-Hessenberg matrix **

C** By Householder QR method **

C** ------------------------------------------------------------ **

C*I ILW,IGH = Part of matrix considered is A(ILW:IGH,ILW:IGH) **

C*I A(N,N) = [B] = Real matrix **

C*O = [H] = Upper Hessenberg matrix = [P]'[B][P] **

C*O + Information about the orthogonal transformations **

C*O D(N) = Further informations about the transformations **

C*I Z(N,N) = [I] or [X] = Matrix to be post-multiplied by [P] **

C*O = [P] or [X][P] **

C** ============================================================ **

DO 80 K=ILW,IGH-2

TK=0.0

DO 20 I=K+1,IGH

20 TK=TK+DABS(A(I,K))

IF(TK.EQ.0.0) GO TO 80

C** +----------------------------------------------------------+ **

C** | Scale u-vector to avoid overflow, {u} = {w}sqrt(2) = {D} | **

C** +----------------------------------------------------------+ **

S=0.0

DO 25 I=K+1,IGH

D(I)=A(I,K)/TK

25 S=S+D(I)*D(I)

S=DSIGN(DSQRT(S),D(K+1))

D(K+1)=D(K+1)+S

T=DSQRT(S*D(K+1))

DO 30 I=K+1,IGH

30 D(I)=D(I)/T
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C** +----------------------------------------------------------+ **
C** | Compute [A] = [[I] - 2{w}<w>][A] = [A] - {u}<u>[A] | **
C** +----------------------------------------------------------+ **

DO 40 J=K+1,N
P=0.0
DO 35 I=K+1,IGH

35 P=P+D(I)*A(I,J)
DO 40 I=K+1,IGH

40 A(I,J)=A(I,J)-D(I)*P
C** +----------------------------------------------------------+ **
C** | Compute [A] = [A][[I] - 2{w}<w>] = [A] - [A]{u}<u> | **
C** +----------------------------------------------------------+ **

DO 50 I=1,IGH
P=0.0
DO 45 J=K+1,IGH

45 P=P+A(I,J)*D(J)
DO 50 J=K+1,IGH

50 A(I,J)=A(I,J)-P*D(J)
A(K+1,K)=-S*TK

C** +----------------------------------------------------------+ **
C** | Compute [Z] = [Z][[I] - 2{w}<w>] = [Z] - [Z]{u}<u> | **
C** +----------------------------------------------------------+ **

DO 60 I=1,IGH
Q=0.0
DO 55 J=K+1,IGH

55 Q=Q+Z(I,J)*D(J)
DO 60 J=K+1,IGH

60 Z(I,J)=Z(I,J)-Q*D(J)
D(K+1)=D(K+1)*TK*T

80 CONTINUE
RETURN
END

************************************************************************
SUBROUTINE HQRIDS(NA,N,ILW,IGH,H,WR,WI,Z,IERR)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION H(NA,N),WR(N),WI(N),Z(NA,N)

C** ============================================================ **
C** Upper-Hessenberg ==> Quasi-Upper-Triangular Transformed by **
C** QR algorithm with Implicit Double Shifts **
C** Also update the transformation matrix Z(N,N) **
C** ------------------------------------------------------------ **
C*I H(N,N) = Upper Hessenberg matrix : [H] = [P]'[B][P] **
C*O = Quasi upper triangular matrix : [T] = [V]'[B][V] **
C*O WR(N) = Real part of eigenvalues **
C*O WI(N) = Imag part of eigenvalues **
C*I Z(N,N) = Transformation matrix : [P] for [P]'[B][P]=[H] **
C*O = Transformation matrix : [V] for [V]'[B][V]=[T] **
C*O IERR = J: J-th eigenvalue no converge; = 0: normal return **
C** ============================================================ **

IERR=0
C** +----------------------------------------------------------+ **
C** | Get eigenvalues outside (ILW:IGH) | **
C** +----------------------------------------------------------+ **

DO 20 J=1,N
IF(J.LT.ILW.OR.J.GT.IGH) THEN
WR(J)=H(J,J)
WI(J)=0.0

ENDIF
20 CONTINUE
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C** +----------------------------------------------------------+ **
C** | Find H(K-1,K)=0 for isolating H(K:L,K:L) | **
C** +----------------------------------------------------------+ **
C** | D H H H H H H H | 1 | **
C** | H D H H H H H H | This program transforms | **
C** | 0 D H H H H H | K | **
C** | H D H H H H | Upper-Hessenber-matrix | **
C** | H D H H H | | **
C** | H D H H | L ----< to >----------------- | **
C** | 0 D H | | **
C** | X D | N Quasi-upper-triangular-matrix| **
C** +----------------------------------------------------------+ **
C** DO 280 L=IGH,ILW,-1/-2

L=IGH
100 DO 270 ITER=1,30

DO 120 K=L,ILW+1,-1
DD=DABS(H(K-1,K-1))+DABS(H(K,K))
IF(DD+DABS(H(K,K-1)).EQ.DD) GO TO 130

120 CONTINUE
K=ILW

130 IF(K.EQ.L) THEN
WR(K)=H(K,K) ! One real root
WI(K)=0.0
L=L-1
GO TO 280

ENDIF
C** +----------------------------------------------------------+ **
C** | | H(L-1,L-1)-X H(L-1,L) | = X*X-2*SM*X+SP = (X-SM)**2-V | **
C** | | H(L,L-1) H(L,L)-X | 2*SM = X1+X2 ; SP = X1*X2 | **
C** | V =-(X1-SM)*(X2-SM) = SM*SM-SP | **
C** +----------------------------------------------------------+ **

W =(H(L-1,L-1)-H(L,L))*0.5 ! W =(D-G)/2
SM=W+H(L,L) ! SM=(D+G)/2
SP=H(L-1,L-1)*H(L,L)-H(L,L-1)*H(L-1,L) ! SP=D*G-E*F
V=W*W+H(L,L-1)*H(L-1,L) ! V=W*W+E*F=SM*SM-SP
IF(K.EQ.L-1) THEN
IF(V.LT.0.0) THEN
WR(K)=SM ! Two complex roots
WR(L)=SM
WI(K)=DSQRT(-V)
WI(L)=-WI(K)
L=L-2
GO TO 280

ELSE
WR(K)=SM+DSIGN(DSQRT(V),W) ! Two real roots
WR(L)=SP/WR(K)
WI(K)=0.0
WI(L)=0.0

ENDIF
C** +----------------------------------------------------------+ **
C** | Perform Jacobi transformation for H(L,K) = E ==> 0 | **
C** | | C S || D F || C -S | ==> | DD FF | | **
C** | |-S C || E G || S C | | 0 GG | | **
C** | E*C*C - (D-G)*C*S - F*S*S = 0 | **
C** | ==> C/S = ((D-G)+SQRT((D-G)**2+4*E*F)/(2*E) | **
C** +----------------------------------------------------------+ **

C=W+DSIGN(DSQRT(V),W) ! Transform for two real roots
S=H(L,K)
T=DABS(C)+DABS(S)
C=C/T
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S=S/T
T=DSQRT(C*C+S*S)
C=C/T
S=S/T
DO 160 J=K,N
T=H(K,J)
H(K,J)= C*T+S*H(L,J)
H(L,J)=-S*T+C*H(L,J)

160 CONTINUE
DO 170 J=1,L
T=H(J,K)
H(J,K)= T*C+H(J,L)*S
H(J,L)=-T*S+H(J,L)*C

170 CONTINUE
DO 175 J=ILW,IGH
T=Z(J,K)
Z(J,K)= T*C+Z(J,L)*S
Z(J,L)=-T*S+Z(J,L)*C

175 CONTINUE
L=L-2
GO TO 280

ENDIF
C** +----------------------------------------------------------+ **
C** | Double shift QR will add 2 more sub-diagonals | **
C** +----------------------------------------------------------+ **

DO 190 J=K,L-2
DO 190 I=J+2,MIN0(J+3,L)

190 H(I,J)=0.0
C** +----------------------------------------------------------+ **
C** | {P,Q,R}*H(K+1,K) = 1st col of [H]**2-2*SM*[H]+SP*[I] | **
C** +----------------------------------------------------------+ **

P=((H(K,K)-SM)**2-V)/H(K+1,K)+H(K,K+1) ! V=SM*SM-SP
Q=(H(K,K)-SM)+(H(K+1,K+1)-SM) ! SM=(X1+X2)/2
R=H(K+2,K+1) ! SP=X1*X2

C** ------------------------------------------------------------ **
DO 260 I=K,L-1
T=DABS(P)+DABS(Q)+DABS(R)
IF(T.NE.0.0) THEN
P=P/T
Q=Q/T
R=R/T

C** +--------------------------------------------------------+ **
C** | Store new sub-diagonal element in H(I,I-1) | **
C** +--------------------------------------------------------+ **

S=DSIGN(DSQRT(P*P+Q*Q+R*R),P)
IF(I.GT.K) H(I,I-1)=-S*T

C** +--------------------------------------------------------+ **
C** | Comput {u}={P+S,Q,R}/S ; <v>=<P+S,Q,R>/(P+S) | **
C** +--------------------------------------------------------+ **

P=P+S
PS=P/S
QS=Q/S
RS=R/S
QP=Q/P
RP=R/P
IF(I.LT.L-1) THEN

C** +------------------------------------------------------+ **
C** | Compute [H] = [[I] - 2{w}<w>][H] = [H] - {u}<v>[A] | **
C** +------------------------------------------------------+ **

DO 210 J=I,N
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T=H(I,J)+QP*H(I+1,J)+RP*H(I+2,J)
H(I ,J)=H(I ,J)-PS*T
H(I+1,J)=H(I+1,J)-QS*T
H(I+2,J)=H(I+2,J)-RS*T

210 CONTINUE
C** +------------------------------------------------------+ **
C** | Compute [H] = [H][[I] - 2{w}<w>] = [H] - [H]{u}<v> | **
C** +------------------------------------------------------+ **

DO 220 J=1,MIN0(I+3,L)
T=H(J,I)*PS+H(J,I+1)*QS+H(J,I+2)*RS
H(J,I )=H(J,I )-T
H(J,I+1)=H(J,I+1)-T*QP
H(J,I+2)=H(J,I+2)-T*RP

220 CONTINUE
C** +------------------------------------------------------+ **
C** | Compute [Z] = [Z][[I] - 2{w}<w>] = [Z] - [Z]{u}<v> | **
C** +------------------------------------------------------+ **

DO 225 J=ILW,IGH
T=Z(J,I)*PS+Z(J,I+1)*QS+Z(J,I+2)*RS
Z(J,I )=Z(J,I )-T
Z(J,I+1)=Z(J,I+1)-T*QP
Z(J,I+2)=Z(J,I+2)-T*RP

225 CONTINUE
ELSE
DO 230 J=I,N
T=H(I,J)+QP*H(I+1,J)
H(I ,J)=H(I ,J)-PS*T
H(I+1,J)=H(I+1,J)-QS*T

230 CONTINUE
DO 240 J=1,MIN0(I+3,L)
T=H(J,I)*PS+H(J,I+1)*QS
H(J,I )=H(J,I )-T
H(J,I+1)=H(J,I+1)-T*QP

240 CONTINUE
DO 245 J=ILW,IGH
T=Z(J,I)*PS+Z(J,I+1)*QS
Z(J,I )=Z(J,I )-T
Z(J,I+1)=Z(J,I+1)-T*QP

245 CONTINUE
ENDIF

ENDIF
C** +----------------------------------------------------------+ **
C** | Get {P,Q,R} for next transformation | **
C** +----------------------------------------------------------+ **
C** IF(I.EQ.L-1) GO TO 260

P=H(I+1,I)
Q=H(I+2,I)
R=0.0
IF(I+3.LE.L) R=H(I+3,I)

260 CONTINUE
270 CONTINUE

WRITE(*,'('' NOT CONVERGE IN 30 ITERATIONS !'')')
IERR=L
RETURN

280 IF(L.GE.ILW) GO TO 100
RETURN
END

************************************************************************
SUBROUTINE QUTEVE(NA,N,ILW,IGH,H,WR,WI,Z)

C** ============================================================ **
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IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION H(NA,N),WR(N),WI(N),Z(NA,N)
DATA EPSMAH/1.0D-15/

C** ============================================================ **
C** Find Eigenvectors of Quasi-Upper-Triangular matrix by **
C** Solving the singular matrix system equations **
C** ------------------------------------------------------------ **
C*I H(N,N) = Quasi upper triangular matrix : [T] = [V]'[B][V] **
C*O = Transformation matrix : [U] for [U]^{-1}[T][U]=[S] **
C*I WR(N) = Real part of eigenvalues **
C*I WI(N) = Imag part of eigenvalues **
C*I Z(N,N) = [V] : Transformation matrix for [V]'[B][V]=[T] **
C*O = [Z] = [V][U] : Tran. matrix for [Z]^{-1}[B][Z]=[S] **
C** ============================================================ **
C** +----------------------------------------------------------+ **
C** | Compute norm HNORM | **
C** +----------------------------------------------------------+ **

HNORM=0.0
DO 20 J=1,N
DO 20 I=1,MIN0(J+1,N)

20 HNORM=HNORM+DABS(H(I,J))
C** +----------------------------------------------------------+ **
C** | Get WR(N),WI(N) : Eigen values | **
C** +----------------------------------------------------------+ **

DO 500 L=N,1,-1
XR=WR(L)
XI=WI(L)
IF(XI.EQ.0.0) THEN

C** +--------------------------------------------------------+ **
C** | Eigenvector of real eigenvalue | **
C** +--------------------------------------------------------+ **

H(L,L)=1.0
DO 300 I=L-1,1,-1
W=H(I,I)-XR
R=0.0
I1=I+1
IF(WI(I).GT.0.0) I1=I+2
DO 250 J=I1,L
R=R-H(I,J)*H(J,L)

250 CONTINUE
IF(WI(I).EQ.0.0) THEN

IF(W.EQ.0.0) W=HNORM/EPSMAH
H(I,L)=R/W

ELSE IF(WI(I).LT.0.0) THEN
W1=W
R1=R

ELSE
C** +------------------------------------------------------+ **
C** | | W H(I,I+1) || H(I ,L) | = | R | | **
C** | | H(I+1,I) W1 || H(I+1,L) | | R1 | | **
C** +------------------------------------------------------+ **

Q=(WR(I)-XR)**2+WI(I)**2 ! Q=W*W1-H(I,I+1)*H(I+1,I)
H(I ,L)=(W1*R-H(I,I+1)*R1)/Q
H(I+1,L)=(W*R1-H(I+1,I)*R)/Q

ENDIF
300 CONTINUE

ELSE IF(XI.LT.0.0) THEN
C** +--------------------------------------------------------+ **
C** | Eigenvectors of complex eigenvalues | **
C** +--------------------------------------------------------+ **
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C** | | HKK-XR+XI*i HKL || UKK+UKL*i | = | 0 | | **
C** | | HLK HLL-XR+XI*i || ULK+ULL*i | | 0 | | **
C** |--------------------------------------------------------| **
C** | | 1 0 || UKK+UKL*i | = | -((HLL-XR)+XI*i)*i/HLK | | **
C** | | 0 1 || ULK+ULL*i | | 0+1*i | | **
C** |--------------------------------------------------------| **
C** | | 1 0 || UKK+UKL*i | = | -HKL*i/((HKK-XR)+XI*i) | | **
C** | | 0 1 || ULK+ULL*i | | 0+1*i | | **
C** +--------------------------------------------------------+ **

K=L-1
IF(DABS(H(L,K)).GT.DABS(H(K,L))) THEN

H(K,K)=XI/H(L,K)
H(K,L)=-(H(L,L)-XR)/H(L,K)

ELSE
CALL CDIV(0.0D0,-H(K,L),H(K,K)-XR,XI,H(K,K),H(K,L))

ENDIF
H(L,K)=0.0
H(L,L)=1.0

C** ---------------------------------------------------------- **
DO 400 I=L-2,1,-1
W=H(I,I)-XR
S=0.0
R=0.0
I1=I+1
IF(WI(I).GT.0.0) I1=I+2
DO 350 J=I1,L
S=S-H(I,J)*H(J,K)
R=R-H(I,J)*H(J,L)

350 CONTINUE
IF(WI(I).EQ.0.0) THEN

CALL CDIV(S,R,W,XI,H(I,K),H(I,L))
ELSE IF(WI(I).LT.0.0) THEN
W1=W
S1=S
R1=R

ELSE
C** +------------------------------------------------------+ **
C** | W+XI*i H(I,I+1) || H(I ,K)+H(I ,L)i | = | S +R *i | **
C** | H(I+1,I) W1+XI*i || H(I+1,K)+H(I+1,L)i | | S1+R1*i | **
C** +------------------------------------------------------+ **

QR=(WR(I)-XR)**2+WI(I)**2-XI**2 ! W*W1-H(I,I+1)*H(I+1,I)-XI*XI
QI=(WR(I)-XR)*XI*2.0 ! (W+W1)*XI
CALL CDIV(W1*S-H(I,I+1)*S1-XI*R,W1*R-H(I,I+1)*R1+XI*S

* ,QR,QI,H(I,K),H(I,L))
CALL CDIV(W*S1-H(I+1,I)*S-XI*R1,W*R1-H(I+1,I)*R+XI*S1

* ,QR,QI,H(I+1,K),H(I+1,L))
ENDIF

400 CONTINUE
ENDIF

500 CONTINUE
C** +----------------------------------------------------------+ **
C** | Compute [Z] = [V][U] = V(ILW:IGH,ILW:IGH)*U(ILW:IGH,I:N) | **
C** +----------------------------------------------------------+ **

DO 520 I=N,1,-1
IF(I.GE.ILW.AND.I.LE.IGH) GO TO 520
DO 510 J=I,N

510 Z(I,J)=H(I,J)
520 CONTINUE

DO 550 J=N,1,-1
DO 550 I=ILW,IGH
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S=0.0
DO 530 K=ILW,MIN0(J,IGH)

530 S=S+Z(I,K)*H(K,J)
Z(I,J)=S

550 CONTINUE
RETURN
END

************************************************************************

[�� ] ��������������

************************************************************************
SUBROUTINE AZEXBZ(NA,N,A,B,D,E,F,Z,IERR)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(NA,N),B(NA,N),D(N),E(N),F(N),Z(NA,N)

C** ============================================================ **
C** Find the eigenvalues and eigenvectors of [A]{Z} = e [B]{Z} **
C** ------------------------------------------------------------ **
C*I A(N,N) = Given real matrix [A] **
C*O = [Y] in upper triangular part (no need for user) **
C*I B(N,N) = Given real matrix [B] **
C*O = [U] in upper triangular part (no need for user) **
C*O D(J) = Real part of J-th eigenvalue (if F(J).NE.0) **
C*O E(J) = Imag part of J-th eigenvalue (if F(J).NE.0) **
C*O F(J) = Absolute value of J-th eigenvalue of [B]{X}=e{X} **
C** = 0 & D(J)+E(J)i.NE.0 then J-th e-value is infinity **
C** = 0 & D(J)+E(J)i.EQ.0 then J-th e-value is arbitary **
C*O Z(N,J) = Z(1:N,J) = eigenvector of real eigenvalue D(J) **
C** Z(1:N,J)+Z(1:N,J+1)i = eigenvector of D(J)+E(J)i **
C** Z(1:N,J)-Z(1:N,J+1)i = eigenvector of D(J)-E(J)i **
C*O IERR = J: J-th eigenvalue no converge; = 0: normal return **
C** ------------------------+----------------------------------- **
C** B | A Z **
C** ------------------------+----------------------------------- **
C** [V]'[B][V] = [T] | [V]'[A][V] = [C] **
C** [u][V]'[B][V][U] = [S] | [u][V]'[A][V][U] **
C** [k][d][S][d] = [J] / [k][d][u][V]'[A][V][U][d] = [G] **
C** [L][J][R] = [J] / [L][k][d][u][V]'[A][V][U][d][R] **
C** [Qut] = [Z]'[L][k][d][u][V]'[A][V][U][d][R][Z] **
C** [Qdg] = [y][Z]'[L][k][d][u][V]'[A][V][U][d][R][Z][Y] **
C** ------------------------------------------------------------ **
C** Note : [y],[k],[d],[u] are inverses of [Y],[K],[D],[U] **
C** : [V],[Z] are orthogonal matrices **
C** : [U],[Y] are upper triangular matrices **
C** : [D],[d] are diagonal matrices **
C** : [K],[k] are quasi-diagonal orthogonal matrices **
C** : [L],[R] are static condensation matrices **
C** : [T],[Qut] are quasi-upper triangular matrices **
C** : [S],[Qdg] are quasi-diagonal matrices **
C** : [J] is quasi-identity matrix : [V]'[J][V] .NE. [J] **
C** : [J] = [y][Z]'[J][Z][Y] only for restrict [Z] & [Y] **
C** ============================================================ **

DO 20 J=1,N
DO 15 I=1,N

15 Z(I,J)=0.0
20 Z(J,J)=1.0

CALL ORTHEG(NA,N,1,N,B,D,Z) ! [ ]'[B][ ]=[H]
CALL HQRIDS(NA,N,1,N,B,D,E,Z,IERR) ! [V]'[B][V]=[T]
IF(IERR.NE.0) RETURN !
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CALL ZTAZ (A,F,Z,N,NA) ! [V]'[A][V]=[C]
CALL QUTEVE(NA,N,1,N,B,D,E,Z) ! [u][T][U]=[S]
CALL QUTGEN(A,B,D,E,F,Z,N,NA) ! [k][d][u][C][U][d]=[G]
CALL STCOND(A,D,E,F,Z,N,NA) ! [L][G][R]
CALL ORTHEG(NA,N,1,N,A,D,Z) ! [ ]'[L][G][R][ ]=[Hes]
CALL HQRIDS(NA,N,1,N,A,D,E,Z,IERR) ! [Z]'[L][G][R][Z]=[Tri]
CALL QUTEVE(NA,N,1,N,A,D,E,Z) ! [V][U][d][R][Z][Y]=[Eve]
RETURN ! [y][Z]'[L][k][d][u][V]'[A][V][U][d][R][Z][Y]=[Eva]
END

************************************************************************
SUBROUTINE QUTGEN(A,U,WR,WI,F,Z,N,NA)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(NA,N),U(NA,N),WR(N),WI(N),F(N),Z(NA,N)

C** ============================================================ **
C** Compute [G] = [K]^{-1}[D]^{-1}[U]^{-1}[C][U][D]^{-1} **
C** ------------------------------------------------------------ **
C*I A(N,N) = [C] = [V]'[A][V] **
C*O = [G] = [k][d][u][V]'[A][V][U][d] **
C*I U(N,N) = [U] : Trans. matrix for [U]^{-1}[V]'[B][V][U] = [S] **
C*I WR(N) = Real part of eigenvalues **
C*I WI(N) = Imag part of eigenvalues **
C*O F(N) = Sqrt(WR(N)**2+WI(N)**2) **
C*I Z(N,N) = [V][U] : Trans. matrix for [u][V]'[B][V][U] = [S] **
C*O = [V][U][d] : [d] = [D]^{-1} for [S] = [D][K][J][D] **
C** ============================================================ **
C** +----------------------------------------------------------+ **
C** | Compute [A] = [A][U] : [U] is an upper triangular matrix | **
C** +----------------------------------------------------------+ **

DO 550 J=N,1,-1
DO 550 I=1,N
AIJ=0.0
DO 530 K=1,J

530 AIJ=AIJ+A(I,K)*U(K,J)
550 A(I,J)=AIJ

C** +----------------------------------------------------------+ **
C** | Compute [A] = [U]^{-1}[A] : By backward substitutions | **
C** +----------------------------------------------------------+ **

DO 580 J=1,N
DO 580 K=N,1,-1
AKJ=A(K,J)/U(K,K)
DO 560 I=1,K-1

560 A(I,J)=A(I,J)-U(I,K)*AKJ
580 A(K,J)=AKJ

C** +----------------------------------------------------------+ **
C** | Compute [A] = [D]^{-1}[A][D]^{-1} ; [Z] = [Z][D]^{-1} | **
C** +----------------------------------------------------------+ **

DO 650 J=1,N
F(J)=CDABS(DCMPLX(WR(J),WI(J)))
IF(F(J).EQ.0.0) GO TO 650
DJ=1.0/DSQRT(F(J))
DO 620 I=1,N
Z(I,J)=Z(I,J)*DJ
A(I,J)=A(I,J)*DJ

620 A(J,I)=A(J,I)*DJ
650 CONTINUE

C** +----------------------------------------------------------+ **
C** | Compute [A] = [K]^{-1}[A] | **
C** +----------------------------------------------------------+ **

DO 680 K=1,N
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IF(WI(K).NE.0.0) THEN
IF(WI(K).LT.0.0) GO TO 680
C=WR(K)/F(K) ! Complex eigenvalue of [B]
S=WI(K)/F(K)
DO 660 J=1,N
AKJ=A(K,J)
A(K ,J)=C*AKJ-S*A(K+1,J)

660 A(K+1,J)=S*AKJ+C*A(K+1,J)
ELSE IF(WR(K).LT.0.0) THEN
DO 670 J=1,N ! Negative real eigenvalue of [B]

670 A(K,J)=-A(K,J)
ENDIF

680 CONTINUE
RETURN
END

************************************************************************
SUBROUTINE STCOND(A,D,E,F,Z,N,NA)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(NA,N),D(N),E(N),F(N),Z(NA,N)

C** ============================================================ **
C** Perform static condensations [L][G][R] ==> [A] **
C** ------------------------------------------------------------ **
C*I A(N,N) = [G] = [k][d][u][V]'[A][V][U][d] : matrix to be cond. **
C*O = [L][G][R] = [L][k][d][u][V]'[A][V][U][d][R] **
C*W D,E(N) = Working array **
C*I F(N) = Absolute value of eigenvalue **
C*I Z(N,N) = [V][U][d] : for [k][d][u][V]'[B][V][U][d] = [J] **
C*O = [V][U][d][R] **
C** ============================================================ **
C** +----------------------------------------------------------+ **
C** | Compute [A] = [L][G][R] | **
C** | ------[ L ]------ ------------[ R ]------------- | **
C** | | 1 -g13/g33 | | 1 | | **
C** | | 1 -g23/g33 | | 1 | | **
C** | | 1 | |-g31/g33 -g32/g33 1 -g34/g33 | | **
C** | | -g43/g33 1 | | 1 | | **
C** +----------------------------------------------------------+ **

DO 800 K=1,N
IF(F(K).NE.0.0) GO TO 800
IF(A(K,K).EQ.0.0) THEN
S=0.0
DO 705 I=1,N
S=S+DABS(A(I,K)*A(K,I))
A(I,K)=0.0

705 A(K,I)=0.0
A(K,K)=1.0
IF(S.NE.0.0) WRITE(*,'('' MATRIX IS NOT WELLPOSED!'')')
GO TO 800

ENDIF
DO 710 I=1,N
E(I)=Z(I,K)
D(I)=A(I,K)

710 A(I,K)=0.0
A(K,K)=D(K)

C** +----------------------------------------------------------+ **
C** | Compute [A] = [L][G][R] and [Z] = [Z][R] | **
C** +----------------------------------------------------------+ **

DO 760 J=1,N
IF(J.EQ.K) GO TO 760
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AKJ=A(K,J)/A(K,K)
DO 720 I=1,N
Z(I,J)=Z(I,J)-E(I)*AKJ

720 A(I,J)=A(I,J)-D(I)*AKJ
A(K,J)=0.0

760 CONTINUE
800 CONTINUE

RETURN
END

************************************************************************
SUBROUTINE ZTAZ(A,W,Z,N,NA)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(NA,N),W(N),Z(NA,N)

C** ============================================================ **
C** Compute [A] = [Z]'[A][Z] **
C** ------------------------------------------------------------ **
C*I A(N,N) = [A] **
C*O = [Z]'[A][Z] **
C*W W(N) = Working array **
C*I Z(N,N) = Orthogonal matrix **
C** ============================================================ **

DO 30 I=1,N
DO 10 K=1,N

10 W(K)=A(I,K)
DO 20 J=1,N
S=0.0
DO 15 K=1,N

15 S=S+W(K)*Z(K,J)
20 A(I,J)=S
30 CONTINUE

DO 80 J=1,N
DO 60 K=1,N

60 W(K)=A(K,J)
DO 70 I=1,N
S=0.0
DO 65 K=1,N

65 S=S+Z(K,I)*W(K)
70 A(I,J)=S
80 CONTINUE

RETURN
END

************************************************************************

��

1. � �!"#$������%&!"'%&(������)*

+,-./0��/1�)

2. � �!"#$-.����%&!"'%&�������)*

+,2,3��0,3��1�)
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3. �4 QR5�6789:; a11 > a22<=>?@ a21 << a11AB

r21=a21 � a22=a11)C?QR5� �RD�a11 sin �R + a21 cos �R = 0�

EF%GBH r21 = a21 cos2 �R � a12 sin
2 �R + (a22 � a11) cos �R sin �R)

4. I [H] = [Q]T [A][Q]B [H]1JKLMN��B [Q]1OP��)QR

S [Q]�T�U fq1gV�� [A]B�%W [Q]��X [H]��)

5. Y �Z!"[\JKLMN����]^!"�F�)

_`ab
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Automatic Computation, New York, Springer-Veriag, 1971.

2. Moler, C. B. and Stewart, G. W., "An Algorithm for Generalized Ma-
trix Eigenvalue Problems," SIAM Journal on Numerical Analysis, Vol.10,
No.2, pp.241-256, 1973.

3. Smith, B. T., et al., Matrix Eigensystem Routines { EISPACK Guide,
2nd ed., Vol.6 of Lecture Notes in Computer Science, New York, Springer-
Veriag, 1976.

4. Garbow, B. S., Boyle, J. M., Dongarra, J. J. and Moler, C. B., Matrix
Eigensystem Routines { EISPACK Guide Extension, New York, Springer-
Veriag, 1977.
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��������� [�� ]����������� x!"#
� y$%&'(�)*+�,-./01���2345*6

y = yi + (x� xi)(yi+1 � yi)=(xi+1 � xi) (8.1)

[�� ] � 1��
xi xo x1 x2 � � � xn

yi yo y1 y2 � � � yn

7�xi � x � xi+1%8x9
xi:xi+1�;%<=+23>5*?
2345*@A� B;C23DE�%�;/x$<FG231�

HI y$?�JKL%MN (n+ 1)BO�P��nQ�RS1�T36
y = cnx

n + � � �+ c1x+ co (8.2)

U1��� co; c1; � � � ; cnV (n+1)WX�Y�� � (n+1)B%Z (n+1)

� (xi; yi)$%[\�SZ� (n+1)W] co; c1; � � � ; cnV (n+1)W^ ��
_`3abcS6

2
6666664

x
n
o � � � xo 1

x
n
1

� � � x1 1
...

. . .
...

...

x
n
n � � � xn 1

3
7777775

8>>>>>><
>>>>>>:

cn

...

c1

co

9>>>>>>=
>>>>>>;

=

8>>>>>><
>>>>>>:

yo

y1

...

yn

9>>>>>>=
>>>>>>;

(8.3)
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lU_`bcSZY�m ci$%nopYHI��x$"#� y?qrs
tu�vw (Newton)5$xSY9yz��{l_`bcS�Ncp��
/X�?|�J#,�9�5$xS�X�%p2E}"~�� x$H
I"#� y$?�vw5$*>%qr���tu6���� (Lagrange)

�RS�"#�5$*%:�,���� (Aitken)5$*?O��,O�
1� (Rational function))5$1�Y�������%qrstu�0
��vw5$*��� (Thiele)5$*?
�����,��1����
�����T3%<Y,� (spline)T3��*?

8.2 ��� ¡¢£

¤¥¦§x� 3Q1�
L1(x) =

(x� xo)(x� x2)(x� x3)

(x1 � xo)(x1 � x2)(x1 � x3)
(8.4)

U1�
x = xo; x1; x2; x3�¨©+0; 1; 0; 0/$%Zª i 6= 1�%L1(xi) =

0%pL1(x1) = 1%71�T3� [�� ]!«?��Y¬¦§nQ1�
Lk(x) =

(x� xo) � � � (x� xk�1)(x� xk+1) � � � (x� xn)

(xk � xo) � � � (xk � xk�1)(xk � xk+1) � � � (xk � xn)

=
nY

i = 0
i 6= k

(
x� xi

xk � xi
) (8.5)

pO¦§�a
Lk(xi) = 0 ; i = 0; 1; � � � ; k � 1; k + 1; � � � ; n

Lk(xk) = 1 (8.6)

S (8.5)=+�����RS?

�� ����1�
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8.3 ��� ²³´

�Lk(x)�'(�a9µ¶MN [�� ]� (n + 1)B�nQ�RS1
�T3Y2E¬·

y(x) = yoLo(x) + y1L1(x) + � � �+ ynLn(x) =
nX

k=0

ykLk(x)

=
nX

k=0

yk [
nY

i = 0
i 6= k

(
x� xi

xk � xi
) ] (8.7)

�S[Cx = xi�%Lk(xi) = 0; k 6= i%pLi(xi) = 1%¸G�

y(xi) =
nX

k=0

ykLk(xi) = yiLi(xi) = yi (8.8)

S (8.7)Z+����5$xS?s7/R¹º»¼½Y�S (8.2)�X�
%|G¹º¾¿ÀÁªÂÃ%�JÄCx$[\S (8.7)2EHI1�$?

[�A ]�ÅcSLAGRAG(X;Y;N;XX; Y Y;M)+�,S (8.7)¬·?
7�X(N); Y (N)+� �N���%X(1)ÆX(N)Ç�ÈÆÉÊ�ÉÆ
ÈË§%M+����5$T3ÌMN�B�?�Z,-5$xS��
�B�%Í5$1�T3+ (M � 1)Q�RS1�?

�-5$1�"-�E�xoÆxn��;Î¨�x$HI!��y$�
+ÏÐ?ÍUÅcSÑÒÓÔMB��%ÕYÖ×È-x:É-x�X(i)

$/Ø�Ù?XX+� �x$%Y Y +ÅcSCXX45I�� y$?

[�A ] ����45ÅcS
************************************************************************

SUBROUTINE LAGRAG(X,Y,N,XX,YY,M)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(N),Y(N)

C** ============================================================ **

C** Lagrange's interpolation formula

C**

C** F(x) = \sum_{k=IA}^IB \prod_{i=IA}^IB (X-X(i))/(X(k)-X(i))

C** i!=k

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | X(I) must be in ascending or descending order | **

C** | If M >= N or M <= 1 then use all data : IA=1, IB=N | **

C** +----------------------------------------------------------+ **

MM=M/2
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IA=1

IB=N

IF(M.GE.N.OR.M.LE.1) GO TO 30

C** +----------------------------------------------------------+ **

C** | Find IA and IB such that: 1 <= IA and IB=IA+M-1 <= N and | **

C** | #{X(IA:IB) < XX} - #{X(IA:IB) > XX} as small as possible | **

C** +----------------------------------------------------------+ **

PP=DSIGN(1.0D0,X(N)-X(1))

DO 10 I=1,N

IF(XX*PP.LE.X(I)*PP) GO TO 20

10 CONTINUE

I=N

20 IA=MAX0(I-MM,1)

IB=MIN0(IA+M-1,N)

IA=IB-M+1

C** ------------------------------------------------------------ **

30 YY=0.0

DO 60 K=IA,IB

PP=Y(K)

DO 50 I=IA,IB

IF(I.NE.K) PP=PP*(XX-X(I))/(X(K)-X(I))

50 CONTINUE

60 YY=YY+PP

RETURN

END

************************************************************************

[�Ú ]ÛcS,CÜ\¦§ 7���%nÜ\Ì�45$�mXX�
ÌÝ,�B�M%»ÞßÅcSLAGRAGI45$Y Y ?cSà+á
\âã�"#�HI��?

xi 0:3 0:4 0:5 0:6 0:7 0:8 0:9

yi �1:203973 �0:916291 �0:693147 �0:510826 �0:356675 �0:223144 �0:105361

[�Ú ] ����45ÛcS�á\��:��
************************************************************************

C** TEST PROGRAM FOR LAGRANGE'S INTERPOLATION **

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(20),Y(20)

C** ============================================================ **

10 READ(*,'(I5)') N

READ(*,'(2F10.0)') (X(I),Y(I),I=1,N)

WRITE(*,'(9X,''XX'',11X,''YY'',9X,''M'')')

30 READ(*,'(F10.0,I5)') XX,M

IF(M.EQ.0.0) GO TO 10

CALL LAGRAG(X,Y,N,XX,YY,M)

WRITE(*,'(3X,1P2E13.5,I5)') XX,YY,M

GO TO 30

END

************************************************************************
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7

0.3 -1.203973

0.4 -0.916291

0.5 -0.693147

0.6 -0.510826

0.7 -0.356675

0.8 -0.223144

0.9 -0.105361 | XX YY M

0.43 2 | 4.30000E-01 -8.49348E-01 2

0.43 3 | 4.30000E-01 -8.45061E-01 3

0.43 5 | 4.30000E-01 -8.43864E-01 5

0.43 7 | 4.30000E-01 -8.43949E-01 7

8.4 é£êëì

"�X§1� f(xo); f(x1); f(x2); � � �íî/��Sï¨ (Divided Dif-

ference)�¦6
ð��Sï¨6

f [xo] = f(xo) (8.9)

���Sï¨6
f [xo; x1] =

f(xo)� f(x1)

xo � x1

f [x1; x2] =
f(x1)� f(x2)

x1 � x2

f [x2; x3] =
f(x2)� f(x3)

x2 � x3
(8.10)

A��Sï¨6
f [xo; x1; x2] =

f [xo; x1]� f [x1; x2]

xo � x2

f [x1; x2; x3] =
f [x1; x2]� f [x2; x3]

x1 � x3
(8.11)

Ú��Sï¨6
f [xo; x1; x2; x3] =

f [xo; x1; x2]� f [x1; x2; x3]

xo � x3

(8.12)

7�JSY¬·6

f [xn; xm;

Á�
z }| {
xi; xj; � � �] =

f [xn;

Á�
z }| {
xi; xj; � � �]� f [xm;

Á�
z }| {
xi; xj; � � �]

xn � xm
(8.13)
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ñò f [xi; xj; xk]4m x$9yF�í�ó%Z f [xi; xj; xk] = f [xj; xi; xk] =

f [xj; xk; xi] = � � �?ôYCO��I*%Z

f [xi; xj; xk] =
f [xi; xk]� f [xj; xk]

xi � xj
=
f [xi; xj]� f [xk; xj]

xi � xk
=
f [xj; xi]� f [xk; xi]

xj � xk

õ�C�íîY)¦§�Sï¨�6

[�ö ] �Sï¨�
x f [�] f [�; �] f [�; �; �] f [�; �; �; �] f [�; �; �; �; �]

xo f [xo]
f [xo; x1]

x1 f [x1] f [xo; x1; x2]
f [x1; x2] f [xo; x1; x2; x3]

x2 f [x2] f [x1; x2; x3] f [xo; x1; x2; x3; x4]
f [x2; x3] f [x1; x2; x3; x4]

x3 f [x3] f [x2; x3; x4]
f [x3; x4]

x4 f [x4]

8.5 ÷ø²³ù£

õ��Sï¨íîY�¦§/S6
f(x)� f(xo)

x� xo
= f [x; xo] (8.14)

Ê
f(x) = f(xo) + (x� xo)f [x; xo] (8.15)

f [x; xo] = f [xo; x1] + (x� x1)f [x; xo; x1] (8.16)

f [x; xo; x1] = f [xo; x1; x2] + (x� x2)f [x; xo; x1; x2] (8.17)

� � �

f [x; xo; � � � ; xn�1] = f [xo; x1; � � � ; xn] + (x� xn)f [x; xo; � � � ; xn] (8.18)

sS (8.16)Cà/S[\S (8.15)Z�¦§�vw5$xS?
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f(x) = Fn(x) + En(x) (8.19)

Fn(x) = f(xo) + (x� xo)f [xo; x1] + (x� xo)(x� x1)f [xo; x1; x2]

+ � � �+ (x� xo)(x� x1) � � � (x� xn�1)f [xo; x1; � � � ; xn] (8.20)

En(x) = (x� xo)(x� x1) � � � (x� xn�1)(x� xn)f [x; xo; x1; � � � ; xn] (8.21)

��S En(xo) = En(x1) = � � � = En(xn) = 0?Í Fn(xi) = f(xi)% i =

0; 1; � � � ; n%ô Fn(x)+ x� nQ�RS%¸G+ýþ (n + 1)W� 1�
f(xo); f(x1); � � � ; f(xn)�P� nQ�RS%#:������RS���
1�Á�?

�,�Sï¨�)5$ÿ��+YCõ�!���%�í)���S
ï¨?��5\$��!��Ð (C&à	\R�$
� )ZY�%�
<%Y»�	�� 1�$%�¿I����Sï¨à�C (x�xo)(x�

x1) � � ��$%»	\��I��5\$?
C¦�+�%� ln 0:3; ln 0:4; ln 0:5; � � �45HI ln 0:43�$%�,ö

��Sï¨Y�6
f(x) = �1:203973 + (0:13)(2:87682) + (0:13)(0:03)(�3:22690)

+(0:13)(0:03)(�0:07)(3:95250)

+(0:13)(0:03)(�0:07)(�0:17)(�4:60918)

= �1:203973 + 0:373987 � 0:0125849 � 0:00107903 � 0:000213912

= �0:843864

[�� ] �Sï¨�
xi x� xi f [�] f [�; �] f [�; �; �] f [� � �] f [� � �]

0:3 0:13 �1:203973
2:87682

0:4 0:03 �0:916291 �3:22690
2:23144 3:95250

0:5 �0:07 �0:693147 �2:04115 �4:60918
1:82321 2:10883

0:6 �0:17 �0:510826 �1:40850
1:54151

0:7 �0:27 �0:356675

0:8 �0:37 �0:223144



230 def ghijk
���IÆö��Sï¨�%I�� f(0:43) = �0:843864%ô7&

à	\RV-�0:0002139%�ïÀÉ (���ï+ ln 0:43 � (�0:843864) =

�0:000106)%Ì���Ð�$%Y����Sï¨�	\1� ln 0:8º�
%HI�Sï¨Æ���%YI�

f(x) = �0:843864 + (0:13)(0:03)(�0:07)(�0:17)(�0:27)(4:96596)

= �0:843864 � 0:000062

= �0:843926

�$:�Ð$ ln 0:43 = �0:843970��ï+ �0:000044%:&à	\R
�0:000062��E�?

[�� ] �Sï¨�� É
xi x� xi lnxi f [�; �] f [�; �; �] f [� � �] f [� � �] f [� � �]

:3 0:13 �1:203973
DX(1)

�

:4 0:03 � �

DX(2)

� �

:5 �:07 � � �4:60918
DX(3) DY (1)

� 2:10883 4:96586
DY (2) DY (1)

:6 �:17 � �1:40850 �2:12625
DX(4) DY (3) DY (2)

1:54151 1:25833
DY (4) DY (3)

:7 �:27 �0:356675 �1:03100
DX(5) DY (5) DY (4)

1:33531
DY (5)

:8 �:37 �0:223144
DX(6) DY (6)

���HIY Ì������Sï¨�%!�HI��&à�§�
Sï¨$%pô%HI&à�§�$�!�,���§�Sï¨$%ÍH
I�Y"#$&à�§�Sï¨$%7#$
DIMENSION DY (I)��
%Ë«- [�� ]�/�Sï¨$�¦b?�s��Sï¨$ 1:33531(&-



8.5 úûijüå 231

DY (5))� 1:54151(&-DY (4))I���Sï¨$�1:03100À&-DY (4)

� ('[�&� 1:54151)()�*?
)�Sï¨��%xo; x1; x2; � � ��Ë§Y9y+ÉÈ�Qó%¸G%

YF (x� xi)�,"$�ÈÆÉ�QóË§%×-Q	\�.�xi+&E
� x/%C×451�$�ï�È?0F jx � xij�ÉÈË§à%7�S
ï¨�.·6

[�1 ] F jx� xijË§��Sï¨�

xi x� xi f [�] f [�; �] f [�; �; �] f [� � �] f [� � �] f [� � �]

0:4 0:03 �0:916291
2:23144

0:5 �0:07 �0:693147 �3:22690
2:55413 3:95250

0:3 0:13 �1:203973 �2:43640 �4:60917
2:31049 2:56975 4:96585

0:6 �0:17 �0:510826 �1:92245 �2:62283
1:54151 1:78290

0:7 �0:27 �0:356675 �1:03100
1:33531

0:8 �0:37 �0:223144

ô

f(x) = �0:916291 + (0:03)(2:23144) + (0:03)(�0:07)(�3:22690)

+(0:03)(�0:07)(0:13)(3:95250)

+(0:03)(�0:07)(0:13)(�0:17)(�4:60917)

= �0:916291 + 0:0669432 + 0:00677649 � 0:00107903 � 0:000213913

= �0:843864

� [�� ]: [�1 ]5$HI���%'Æ 4R���Á�?|8!'
2R�% [�� ]��+�1:203973 + 0:373987 = �0:829986( [�1 ]��+
�0:916291+0:0669432 = �0:849348?:�Ð$�0:8439702�%Y [�1
]+ jx� xij�ÉÈË§����+ÏÐ?G3¸ [�1 ]� 2RÁª- ln 0:4

: ln 0:545HI(p [�� ]� 2RÁª-, ln 0:3: ln 0:4>5HI( 0:5

� 0:34E� 0:43%Í���ÏÐ?Æ-'Æ 3RC��%5�!,C5
$�m1��mxi$67Á�%Í���8ï9?



232 def ghijk

8.6 :;£DIFINT

ÅcSX�,�<�vw5$xSHI1�45$%Æ&à	\R
È-���ï+%8^ýþ�ï��%<Ý,!O1�$?7�
X(N) = NW� 1��xi?
Y (N) = "#�1� f(xi)?
N = � 1�B�?
DX(N) = =�>I?@?
DY (N) = =�>I?@?
L(N) = =�>I?@?
XX = Ì5$�.�x?
Y Y = �cSI��45$ f(x)?
NN = �cSI��45$×,B�?45HI!,�xi+&E

�x�NNWxi?
Y E = �cSI�&à	\R�$?
EPS = ����?cSC jY E=Y Y j < EPS �%ZA+BC¼D

����pEÞßcS?
FcS+Gx�xi�ÉÈ�ó%ÇÞßÅcSSORTAL(A;L;N)?

ÅcS SORTALXõ�A(1)ÆA(N)�$�ÉÈ%s&È�A(I)�HI
&-L(1)%�AÈ�A(I)�HI&-L(2)%¸G

A(L(1)) < A(L(2)) < A(L(3)) < � � � < A(L(N))

[�J ] vw5$*ÅcS
************************************************************************

SUBROUTINE DIFINT(X,Y,N,DX,DY,L,XX,YY,NN,YE,EPS)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(N),Y(N),DX(N),DY(N),L(N)

C** ============================================================ **

C** Newton's interpolation formula **

C** **

C** F(x) = f(x1) + (x-x1)f[x1,2] + (x-x1)(x-x2)f[x1,2,3] + ... **

C** or (for example, N=4) : **

C** F(x) = f(x4) + (x-x4)f[x4,3] + (x-x4)(x-x3)f[x4,3,2] + ... **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | f(4)-f(3) f[x4,3]-f[x3,2] | **

C** | f[x4,3] = ---------; f[x4,3,2] = --------------- | **

C** | x4 - x3 x4 - x2 | **

C** | | **
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C** | f[x4,3,2]-f[x3,2,1] | **

C** | p[x4,3,2,1] = ------------------- | **

C** | x4 - x1 | **

C** | | **

C** | x1 f(x1) | **

C** | x2 f(x2) f[x2,1] | **

C** | x3 f(x3)(3) f[x3,2](2) f[x3,2,1](1) | **

C** | xM f(x4)(4) f[x4,3](3) f[x4,3,2](2) f[x4,3,2,1](1) | **

C** | x3 DY(3) \ DY(I) \ DY(1) \ | **

C** | xM DY(M) -> DY(I+1) -> DY(I) -> DY(1) | **

C** +----------------------------------------------------------+ **

DO 10 I=1,N

10 DX(I)=DABS(XX-X(I))

CALL SORTAL(DX,L,N)

C** ------------------------------------------------------------ **

YY=0.0

PP=1.0

DO 50 M=1,N

NN=M

I=L(M)

DY(M)=Y(I)

DX(M)=XX-X(I)

DO 20 I=M-1,1,-1

DY(I)=(DY(I+1)-DY(I))/(DX(I)-DX(M))

20 CONTINUE

C WRITE(*,'(3X,1P6E13.5)') DX(M),(DY(I),I=M,1,-1)

C** +----------------------------------------------------------+ **

C** | YY = f(x1) + (x-x1)f[x1,2] + (x-x1)(x-x2)f[x1,2,3] + ... | **

C** | PP = (x-x1)(x-x2)(x-x3)... | **

C** +----------------------------------------------------------+ **

YE=PP*DY(1)

YY=YY+YE

PP=PP*DX(M)

IF(DABS(YE).LT.EPS*DABS(YY)) RETURN

50 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE SORTAL(A,L,N)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(N),L(N)

C** ============================================================ **

DO 10 I=1,N

10 L(I)=I

M=N

20 NE=M-1

IF(NE) 60,60,30

30 DO 50 I=1,NE

J=L(I)

K=L(I+1)

IF(A(J)-A(K)) 50,50,40

40 L(I)=K

L(I+1)=J

M=I

50 CONTINUE

IF(M-NE) 20,20,60

60 RETURN

END

************************************************************************



234 def ghijk
[�M ]+�ÛcS,CÜ\N���X(1)ÆX(N):Y (1)ÆY (N)%

»Ü\XX:EPSàÞßDIFINT HI Y Y ns��N?ÛcSà+
á\âã�HI��?

[�M ] vw5$*ÛcS�á\áâã
************************************************************************

C** TEST PROGRAM FOR NEWTON'S INTERPOLATION **

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(20),Y(20),DX(20),DY(20),L(20)

C** ============================================================ **

10 READ(*,'(I5)') N

READ(*,'(2F10.0)') (X(I),Y(I),I=1,N)

WRITE(*,'(9X,''XX'',11X,''YY'',11X,''YE'',8X,''NN'')')

30 READ(*,'(2F10.0)') XX,EPS

IF(EPS.EQ.0.0) GO TO 10

CALL DIFINT(X,Y,N,DX,DY,L,XX,YY,NN,YE,EPS)

WRITE(*,'(3X,1P3E13.5,I5)') XX,YY,YE,NN

GO TO 30

END

************************************************************************

7

0.3 -1.203973

0.4 -0.916291

0.5 -0.693147

0.6 -0.510826

0.7 -0.356675

0.8 -0.223144

0.9 -0.105361 | XX YY YE NN

0.43 0.1 | 4.30000E-01 -8.49348E-01 6.69432E-02 2

0.43 0.01 | 4.30000E-01 -8.42571E-01 6.77649E-03 3

0.43 0.001 | 4.30000E-01 -8.43864E-01 -2.13911E-04 5

0.43 0.0001 | 4.30000E-01 -8.43926E-01 -6.22254E-05 6

0.43 0.00001 | 4.30000E-01 -8.43949E-01 -2.27568E-05 7

8.7 :;£NEWTON

ÅcSX�,�<�vw5$xSHI1��X�?7�
X(N) = NW� 1��xi?
Y (N) = "#�1� f(xi)?
N = � 1�B�?
C(N) = vw5$1��X�?
P (N) = =�>I?@?
F (N) = =�>I?@?
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[�O ] vw5$1�ÅcS (]F,cS��� )

************************************************************************

SUBROUTINE NEWTON(X,Y,N,C,P,F)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(N),Y(N),C(N),P(N),F(N)

C** ============================================================ **

C** Newton's interpolation formula **

C** **

C** F(X(i)) = Y(i), for i=1,2,...,N **

C** **

C** F(X) = C(1)*X**(N-1) + C(2)*X**(N-2) + ... + C(N-1)*X + C(N) **

C** **

C** F(X) = Y(1)+(X-X(1))F[X1,X2]+(X-X(1))(X-X(2))F[X1,X2,X3]+... **

C** or: **

C** F(X) = Y(4)+(X-X(4))F[X4,X3]+(X-X(4))(X-X(3))F[X4,X3,X2]+... **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | f(4)-f(3) f[x4,3]-f[x3,2] | **

C** | f[x4,3] = ---------; f[x4,3,2] = --------------- | **

C** | x4 - x3 x4 - x2 | **

C** | | **

C** | f[x4,3,2]-f[x3,2,1] | **

C** | p[x4,3,2,1] = ------------------- | **

C** | x4 - x1 | **

C** | | **

C** | x1 f(x1) | **

C** | x2 f(x2) f[x2,1] | **

C** | x3 f(x3)(3) f[x3,2](2) f[x3,2,1](1) | **

C** | xM f(x4)(4) f[x4,3](3) f[x4,3,2](2) f[x4,3,2,1](1) | **

C** | x3 F(3) \ F(I) \ F(1) \ | **

C** | xM F(M) -> F(I+1) -> F(I) -> F(1) | **

C** +----------------------------------------------------------+ **

PM=1.0

DO 50 M=1,N

F(M)=Y(M)

DO 20 I=M-1,1,-1

F(I)=(F(I+1)-F(I))/(X(M)-X(I))

20 CONTINUE

C WRITE(*,'(3X,1P6E13.5)') X(M),(F(I),I=M,1,-1)

C** +----------------------------------------------------------+ **

C** | F = C(1)*X**(N-1) + C(2)*X**(N-2) + ... + C(N-1)*X + C(N)| **

C** | = Y(1)+(X-X(1))F[X1,X2]+(X-X(1))(X-X(2))F[X1,X2,X3]+...| **

C** | | **

C** | P = P(1)*X**(M-1) + P(2)*X**(M-2) + ... + P(M-1)*X + P(M)| **

C** | = (X-X(1))(X-X(2))...(X-X(M-1)) | **

C** +----------------------------------------------------------+ **

P(M)=PM

DO 40 I=M-1,1,-1

C(I+1)=C(I)+P(I+1)*F(1)

P(I+1)=P(I+1)-P(I)*X(M)

40 CONTINUE

C(1)=F(1)

PM=-PM*X(M)

50 CONTINUE

RETURN

END



236 def ghijk
************************************************************************

FUNCTION POLFUN(C,N,X)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION C(N)

C** ============================================================ **

C** F(X) = C(1)*X**(N-1) + C(2)*X**(N-2) + ... + C(N-1)*X + C(N) **

C** ============================================================ **

POLFUN=0.0

DO 20 I=1,N

POLFUN=POLFUN*X+C(I)

20 CONTINUE

RETURN

END

************************************************************************

C** TEST PROGRAM FOR NEWTON'S INTERPOLATION FORMULA **

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(20),Y(20),C(20),P(20),F(20)

C** ============================================================ **

10 READ(*,'(I5)') N

READ(*,'(2F10.0)') (X(I),Y(I),I=1,N)

CALL NEWTON(X,Y,N,C,P,F)

WRITE(*,'(10X,''C'',12X,''P'',12X,''X'',12X,''Y'',12X,''F'')')

WRITE(*,'(I3,1P5E13.5)') (I,C(I),P(I),X(I),Y(I),F(I),I=1,N)

DO 50 I=1,N

YY=POLFUN(C,N,X(I))

WRITE(*,'(I3,1P2E13.5)') I,X(I),YY

50 CONTINUE

GO TO 10

END

************************************************************************

C P X Y F

1 4.96583E+00 1.00000E+00 3.00000E-01 -1.20397E+00 4.96583E+00

2 -1.70237E+01 -3.30000E+00 4.00000E-01 -9.16291E-01 -2.12625E+00

3 2.44153E+01 4.45000E+00 5.00000E-01 -6.93147E-01 1.25833E+00

4 -1.92897E+01 -3.13500E+00 6.00000E-01 -5.10826E-01 -1.03100E+00

5 9.93725E+00 1.21540E+00 7.00000E-01 -3.56675E-01 1.33531E+00

6 -2.98247E+00 -2.45520E-01 8.00000E-01 -2.23144E-01 -2.23144E-01

1 3.00000E-01 -1.20397E+00

2 4.00000E-01 -9.16291E-01

3 5.00000E-01 -6.93147E-01

4 6.00000E-01 -5.10826E-01

5 7.00000E-01 -3.56675E-01

6 8.00000E-01 -2.23144E-01

8.8 PQR²³ù£

S�05$xS+¦§����5$xS6
ð�5$xS6

f(xjxo) = f(xo) (8.22)
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��5$xS6

f(xjxo; x1) =
(x1 � x)f(xjxo)� (xo � x)f(xjx1)

x1 � xo

f(xjx1; x2) =
(x2 � x)f(xjx1)� (x1 � x)f(xjx2)

x2 � x1

f(xjx2; x3) =
(x3 � x)f(xjx2)� (x2 � x)f(xjx3)

x3 � x2
(8.23)

A�5$xS6

f(xjxo; x1; x2) =
(x2 � x)f(xjxo; x1)� (xo � x)f(xjx1; x2)

x2 � xo

f(xjx1; x2; x3) =
(x3 � x)f(xjx1; x2)� (x1 � x)f(xjx2; x3)

x3 � x1
(8.24)

Ú�5$xS6

f(xjxo; x1; x2; x3) =
(x3 � x)f(xjxo; x1; x2)� (xo � x)f(xjx1; x2; x3)

x3 � xo

(8.25)

7�J5$xSY¬·6

f(xjxn; xm;

Á�
z }| {
xi; xj; � � �) =

1

xm � xn

������
f(xjxn;

z }| {
xi; xj; � � �) xn � x

f(xjxm;
z }| {
xi; xj; � � �) xm � x

������

=
(xm � x)f(xjxn;

Á�
z }| {
xi; xj; � � �) � (xn � x)f(xjxm;

Á�
z }| {
xi; xj; � � �)

xm � xn

(8.26)

ñòf(xjxi; xj; xk)4mxi$9yF�í�ó?�WñòU5$xS:�S
ï¨S;�Á�:Á9��6
(1)���S: xOX%/$�YY+�Sï¨�Ë§·���5$�?
��/$Ä+!�1����$%"��9�p�?��ªx = xi�%<
���5$��Z[\]xi� f(xj � � � ; xi; � � �)ÄV- f(xi)?
(2)�Sï¨:x8X%U�Sï¨Y,CHI9�x�1�$%|ÇS>
HI:xOX��i(x) = (x� xo)(x� x1) � � � (x� xi)�$?
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[�O� ] ���5$�
x f(xj�) f(xj�; �) f(xj�; �; �) f(xj�; �; �; �)

xo f(xjxo)
f(xjxo; x1)

x1 f(xjx1) f(xjxo; x1; x2)
f(xjx1; x2) f(xjxo; x1; x2; x3)

x2 f(xjx2) f(xjx1; x2; x3)
f(xjx2; x3)

x3 f(xjx3)

���n�5$xS�¹ºS+x�nQ�RS?pGnQ�RS]M
N:7OX� (n+ 1)B%Z f(xijxi; xj; � � �) = f(xi); f(xjjxi; xj; � � �) = f(xj)

V (GBY�íîS2E¶ )%ÍGnQ�RSy^:vw5$xS�
����5$xSÁ�?

[�OA ] F jxi � xjË§����5$�
xi xi � x f(xj�) f(xj�; �) f(xj � � �) f(xj � � �) f(xj � � �) f(xj � � �)

:4 �0:03 �0:916291
�:849348

:5 0:07 �0:693147 �:842571
�:871936 �:843650

:3 �0:13 �1:203973 �:849765 �:843864
�:903609 �:845789 �:843926

:6 0:17 �0:510826 �:861123 �:844694
�:772883 �:850485

:7 0:27 �0:356675 �:820206
�:717209

:8 0:37 �0:223144

_`�a¨����+���5$�6�� �xi = h
2

i �ba (1�
$ )%>5HIx = h

2 = 0�ba (1�$ )?

8.9 :;£AITINT

ÅcSX�,�<����5$xSHI1�45$%Æ�àAQ
��$�ïÈ-���ï+%8^ýþ�ï��%<Ý,!O1�$
?UÅcS�HIcc:ÅcSDIFINTO¨Á�ô4'(%7Þßb
S (:×,d� )<:à/Á�?
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[�OÚ ] ���5$*ÅcS
************************************************************************

SUBROUTINE AITINT(X,Y,N,DX,AY,L,XX,YY,NN,YE,EPS)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(N),Y(N),DX(N),AY(N),L(N)

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Aitken's iteration formula | **

C** | | **

C** | 1 | y(x|x3,2) x2-x | | **

C** | y(x|x4,3,2) = --------- | | | **

C** | x4 - x2 | y(x|x4,3) x4-x | | **

C** | | **

C** | (x2-x)y(x|x4,3) - (x4-x)y(x|x3,2) | **

C** | = --------------------------------- | **

C** | x2 - x4 | **

C** | x1 y(x|x1) | **

C** | x2 y(x|x2) y(x|x2,1) | **

C** | x3 y(x|x3)(3) y(x|x3,2)(2) y(x|x3,2,1)(1) | **

C** | xM y(x|x4)(4) y(x|x4,3)(3) y(x|x4,3,2)(2) y(x|x4,3,2,1)(1) **

C** | x3 AY(3) \ AY(I) \ AY(1) \ | **

C** | xM AY(M) -> AY(I+1) -> AY(I) -> AY(1) **

C** | | **

C** | 20 AY(I)=(AY(I+1)*DX(I)-AY(I)*DX(M))/(DX(I)-DX(M)) | **

C** | For extrapolation from |DX(1)| > |DX(2)| > ... to 0 | **

C** | 20 AY(I)=AY(I+1)+(AY(I+1)-AY(I))*DX(M)/(DX(I)-DX(M)) | **

C** | For interpolation from |DX(1)| < |DX(2)| < |DX(3)| < ... | **

C** | 20 AY(I)=AY(I)+(AY(I+1)-AY(I))*DX(I)/(DX(I)-DX(M)) | **

C** +----------------------------------------------------------+ **

DO 10 I=1,N

10 DX(I)=DABS(X(I)-XX)

CALL SORTAL(DX,L,N)

C** ------------------------------------------------------------ **

YY=0.0

DO 50 M=1,N

NN=M

I=L(M)

AY(M)=Y(I)

DX(M)=X(I)-XX

DO 20 I=M-1,1,-1

20 AY(I)=AY(I)+(AY(I+1)-AY(I))*DX(I)/(DX(I)-DX(M))

C WRITE(*,'(3X,1P6E13.5)') DX(M),(AY(I),I=M,1,-1)

YE=AY(1)-YY

YY=AY(1)

IF(DABS(YE).LT.EPS*DABS(YY)) RETURN

50 CONTINUE

RETURN

END

************************************************************************
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8.10 efghijk²³ù£

ª1�$
~lB]m�-8nÉ�%C�RS1����8*�
������?G01�Y¤¥C¦§�O�1���6

F (x) =
cpx

p + � � �+ c1x+ co

dqx
q + � � �+ d1x+ do

(8.27)

MN [�� ]� (n+1)B�O�1��X�%�p+ q = n%Y,¦§ (n+1)

o�_`3abcS�� (Çp7��WX�+ 1%� cp = 1Ê dq = 1)6
2
6666664

x
p
o � � � xo 1

x
p
1 � � � x1 1
...

. . .
...

...

x
p
n � � � xn 1

3
7777775

8>>>>>><
>>>>>>:

cp

...

c1

co

9>>>>>>=
>>>>>>;

=

2
6666664

yo

y1

. . .

yn

3
7777775

2
6666664

x
q
o � � � xo 1

x
q
1 � � � x1 1
...

. . .
...

...

x
q
n � � � xn 1

3
7777775

8>>>>>><
>>>>>>:

dq

...

d1

do

9>>>>>>=
>>>>>>;

C¦tu���5$xS!���O�1�� p = qÊ p = q + 1?
8� B� (n+ 1) = 2m + 1�% p = q = m6

F (x) =
c1x

m + c3x
m�1 + � � �+ c2m+1

xm + c2x
m�1 + � � �+ c2m

(8.28)

8� B� (n+ 1) = 2m�% p = m; q = m� 16
F (x) =

x
m + c2x

m�1 + � � �+ c2m

c1x
m�1 + � � � + c2m�1

(8.29)

q�íî¦§/�rsï¨ (Reciprocal di�erence)6
ð�rsï¨6

�(xo) = f(xo) (8.30)

��rsï¨6
�(xo; x1) =

xo � x1

f(xo)� f(x1)

�(x1; x2) =
x1 � x2

f(x1)� f(x2)

�(x2; x3) =
x2 � x3

f(x2)� f(x3)
(8.31)

A�rsï¨6
�(xo; x1; x2) =

xo � x2

�(xo; x1)� �(x1; x2)
+ f(x1)

�(x1; x2; x3) =
x1 � x3

�(x1; x2)� �(x2; x3)
+ f(x2) (8.32)
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Ú�rsï¨6
�(xo; x1; x2; x3) =

xo � x3

�(xo; x1; x2) � �(x1; x2; x3)
+ �(x1; x2) (8.33)

7�JSY¬·6
�(xn; xm; xi; xj; � � �| {z }

Á�
) =

xn � xm

�(xn; xi; xj; � � �| {z }
Á�

)� �(xm; xi; xj; � � �| {z }
Á�

)
+ �(xi; xj; � � �| {z }

Á�
) (8.34)

ñò �(xi; xj; xk)4m x$9yF�í�ó%Z �(xi; xj; xk) = �(xj; xi; xk) =

�(xj; xk; xi) = � � �?õ�C�íîY)¦§rsï¨�6

[�Oö ] rsï¨�
x �(�) �(�; �) �(�; �; �) �(�; �; �; �) �(�; �; �; �; �)

xo �(xo)
�(xo; x1)

x1 �(x1) �(xo; x1; x2)
�(x1; x2) �(xo; x1; x2; x3)

x2 �(x2) �(x1; x2; x3) �(xo; x1; x2; x3; x4)
�(x2; x3) �(x1; x2; x3; x4)

x3 �(x3) �(x2; x3; x4)
�(x3; x4)

x4 �(x4)

õ�rsï¨íîY�¦§/S6
f(x) = f(xo) +

x� xo

�(x; xo)
(8.35)

�(x; xo) = �(xo; x1) +
x� x1

�(x; xo; x1)� f(xo)
(8.36)

�(x; xo; x1) = �(xo; x1; x2) +
x� x2

�(x; xo; x1; x2)� �(xo; x1)
(8.37)

� � �

�(x; xo; � � � ; xn�1)=�(xo; x1; � � � ; xn)+
x� xn

�(x; xo; � � � ; xn)��(xo; � � � ; xn�1)
(8.38)



242 def ghijk
sS (8.36)Cà/S[\S (8.35)Z�¦§��5$xS?
F (x) = f(xo) +

x� xo

�(xo; x1)+

x� x1

�(xo; x1; x2)�f(xo)+

x� x2

�(xo; x1; x2; x3)��(xo; x1)+
� � � (8.39)

ñò�S¹ºZ+x�O�1�%7¨y�RS�Q�%V-¨z�RS
�Q�%Ê��Q?nY2E¶ F (xi) = f(xi)% i = 0; 1; � � � ; n6¸+
ªF (xi) = f(xi)�%�SZ: �(xo; � � � ; xi)�íîSÁª?Y UO�1
�MN7OX� (n+ 1)B?

8.11 :;£ THIINT { THIELE

ÅcS THIINT X�,�<���5$xSHI1�45$%Æ�
àAQ��$�ïÈ-���ï+%8^ýþ�ï��%<Ý,!O
1�$?UÅcS�HIcc:ÅcSDIFINT�|Á�%7ÞßbS
<:à/Á�?ÅcSTHIELE<C��5$xSHIO�1��X�
C(N)?!]F,cS�,*:ÅcSNEWTON/��?

[�O� ] ��5$*ÅcS
************************************************************************

SUBROUTINE THIINT(X,Y,N,DX,PY,L,XX,YY,NN,YE,EPS)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(N),Y(N),DX(N),PY(N),L(N)

C** ============================================================ **

C** Thiele's interpolation formula **

C** **

C** F(x) = f(x4)+(x-x4) (x-x3) (x-x2) **

C** -------- ---------------- -------------------- **

C** p(x4,3)+ p(x4,3,2)-f(x4)+ p(x4,3,2,1)-p(x4,3)+ **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | x4 - x3 x4 - x2 | **

C** | p(x4,3) = ---------; p(x4,3,2) = --------------- + f(x3) | **

C** | f(4)-f(3) p(x4,3)-p(x3,2) | **

C** | | **

C** | x4 - x1 | **

C** | p(x4,3,2,1) = ------------------- + p(x3,2) | **

C** | p(x4,3,2)-p(x3,2,1) | **

C** | | **

C** | x1 f(x1) | **

C** | x2 f(x2) p(x2,1) | **

C** | x3 f(x3)(3) p(x3,2)(2) p(x3,2,1)(1) | **

C** | xM f(x4)(4) p(x4,3)(3) p(x4,3,2)(2) p(x4,3,2,1)(1) | **

C** | x3 PY(3) \ PY(I) \ PY(1) \ | **

C** | xM PY(M) -> PY(I+1) -> PY(I) -> PY(1) | **
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C** +----------------------------------------------------------+ **

DO 10 I=1,N

10 DX(I)=DABS(XX-X(I))

CALL SORTAL(DX,L,N)

C** ------------------------------------------------------------ **

YY=0.0

DO 50 M=1,N

YO=YY

NN=M

I=L(M)

PY(M)=Y(I)

DX(M)=XX-X(I)

PYIP1=0.0

DO 20 I=M-1,1,-1

PYI=PY(I)

DIFPY=PY(I+1)-PY(I)

IF(DIFPY.EQ.0.0) DIFPY=EPS*DMAX1(DABS(PY(I)),EPS)

PY(I)=(DX(I)-DX(M))/DIFPY+PYIP1

20 PYIP1=PYI

C WRITE(*,'(3X,1P6E13.5)') DX(M),(PY(I),I=M,1,-1)

C** +----------------------------------------------------------+ **

C** | YY = f(x4)+(x-x4) (x-x3) (x-x2) | **

C** | -------- ---------------- --------------------| **

C** | p(x4,3)+ p(x4,3,2)-f(x4)+ p(x4,3,2,1)-p(x4,3)+| **

C** +----------------------------------------------------------+ **

DD=0.0

DO 40 I=1,M-2

40 DD=DX(I+1)/(PY(I)-PY(I+2)+DD)

IF(M.GT.1) DD=DX(M)/(PY(M-1)+DD)

YY=PY(M)+DD

YE=YY-YO

IF(DABS(YE).LT.EPS*DABS(YY)) RETURN

50 CONTINUE

RETURN

END

************************************************************************

6

0.8 25.0

0.4 20.0

0.2 16.0

0.1 13.0

0.05 11.0

0.025 10.25 | XX YY YE NN

0.0 0.00001 | 0.00000E+00 8.55121E+00 -3.82919E-01 6

0.075 0.00001 | 7.50000E-02 1.20580E+01 -1.72505E-02 6

0.1 0.00001 | 1.00000E-01 1.30000E+01 0.00000E+00 2

0.2 0.00001 | 2.00000E-01 1.60000E+01 0.00000E+00 2

[�O� ] ��5$1�ÅcS (]F,cS��� )

************************************************************************

SUBROUTINE THIELE(X,Y,N,C,P)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(N),Y(N),C(N),P(N)

DATA EPS/1.0D-15/

C** ============================================================ **

C** Thiele's interpolation formula **

C** **

C** F(X(i)) = Y(i), for i=1,2,...,N; N=1,3,...,2*M+1; **
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C** **

C** C(1)*X**M + C(3)*X**(M-1) + ... + C(N-2)*X + C(2*M+1) **

C** F(X) = ----------------------------------------------------- **

C** X**M + C(2)*X**(M-1) + ... + C(N-3)*X + C(2*M ) **

C** **

C** F(X(i)) = Y(i), for i=1,2,...,N; N=2,4,...,2*M; **

C** **

C** X**M + C(2)*X**(M-1) + ... + C(N-2)*X + C(2*M ) **

C** F(X) = ----------------------------------------------------- **

C** C(1)*X**(M-1) + ... + C(N-3)*X + C(2*M-1) **

C** **

C** F(X) = Y(X4)+(X-X4) (X-X3) (X-X2) **

C** -------- ---------------- -------------------- **

C** P(X4,3)+ P(X4,3,2)-Y(X4)+ P(X4,3,2,1)-P(X4,3)+ **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | x4 - x3 x4 - x2 | **

C** | p(x4,3) = ---------; p(x4,3,2) = --------------- + f(x3) | **

C** | f(4)-f(3) p(x4,3)-p(x3,2) | **

C** | | **

C** | x4 - x1 | **

C** | p(x4,3,2,1) = ------------------- + p(x3,2) | **

C** | p(x4,3,2)-p(x3,2,1) | **

C** | | **

C** | x1 f(x1) | **

C** | x2 f(x2) p(x2,1) | **

C** | x3 f(x3)(3) p(x3,2)(2) p(x3,2,1)(1) | **

C** | xM f(x4)(4) p(x4,3)(3) p(x4,3,2)(2) p(x4,3,2,1)(1) | **

C** | x3 P(3) \ P(I) \ P(1) \ | **

C** | xM P(M) -> P(I+1) -> P(I) -> P(1) | **

C** +----------------------------------------------------------+ **

DO 30 M=1,N

P(M)=Y(M)

PI1=0.0

DO 20 I=M-1,1,-1

PI=P(I)

DP=P(I+1)-P(I)

IF(DP.EQ.0.0) DP=EPS*DMAX1(DABS(P(I)),EPS)

P(I)=(X(M)-X(I))/DP+PI1

20 PI1=PI

C WRITE(*,'(3X,1P6E13.5)') X(M),(P(I),I=M,1,-1)

30 CONTINUE

C** +----------------------------------------------------------+ **

C** | P(4),P(3); P(2)=p(x4,3,2)-f(x4);P(1)=p(x4,3,2,1)-p(x4,3) | **

C** +----------------------------------------------------------+ **

DO 40 I=1,N-2

40 P(I)=P(I)-P(I+2)

C** +----------------------------------------------------------+ **

C** | F(x)=f(x4)+(x-x4) (x-x3) (x-x2) | **

C** | -------- ---------------- --------------------| **

C** | p(x4,3)+ p(x4,3,2)-f(x4)+ p(x4,3,2,1)-p(x4,3)+| **

C** +----------------------------------------------------------+ **

DO 60 M=1,N

C(M)=0.0

DO 50 I=M,3,-2

50 C(I)=C(I)-C(I-2)*X(M)+C(I-1)*P(M)

IF(MOD(M,2).EQ.0) C(2)=C(2)-X(M)+C(1)*P(M)

60 IF(MOD(M,2).NE.0) C(1)=C(1)+P(M)

RETURN

END
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************************************************************************

FUNCTION RATFUN(C,N,X)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION C(N),D(2)

DATA EPS/1.0D-15/

C** ============================================================ **

C** N = 1,3,...,2*M+1 **

C** **

C** C(1)*X**M + C(3)*X**(M-1) + ... + C(2*M+1) D(2) **

C** F(X) = ------------------------------------------ = ------ **

C** X**M + C(2)*X**(M-1) + ... + C(2*M ) D(1) **

C** **

C** N = 2,4,...,2*M **

C** **

C** X**M + C(2)*X**(M-1) + ... + C(2*M ) D(1) **

C** F(X) = ------------------------------------------ = ------ **

C** C(1)*X**(M-1) + ... + C(2*M-1) D(2) **

C** ============================================================ **

D(1)=1.0

D(2)=C(1)

K=1

DO 20 I=2,N

D(K)=D(K)*X+C(I)

20 K=3-K

DK=D(K)

IF(DK.EQ.0.0) DK=EPS

RATFUN=D(3-K)/DK

RETURN

END

************************************************************************

C** TEST PROGRAM FOR THIELE'S INTERPOLATION FORMULA **

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(20),Y(20),C(20),P(20)

C** ============================================================ **

10 READ(*,'(I5)') N

READ(*,'(2F10.0)') (X(I),Y(I),I=1,N)

CALL THIELE(X,Y,N,C,P)

WRITE(*,'(10X,''C'',12X,''P'',12X,''X'',12X,''Y'')')

WRITE(*,'(I3,1P4E13.5)') (I,C(I),P(I),X(I),Y(I),I=1,N)

DO 50 I=1,N

YY=RATFUN(C,N,X(I))

50 WRITE(*,'(I3,1P2E13.5)') I,X(I),YY

GO TO 10

END

************************************************************************

C P X Y

1 1.67281E-01 1.36246E-01 8.00000E-01 2.50000E+01

2 4.46517E+00 3.21522E+01 4.00000E-01 2.00000E+01

3 4.94207E-02 -2.29885E-03 2.00000E-01 1.60000E+01

4 3.39413E-01 -8.25000E+00 1.00000E-01 1.30000E+01

5 -1.43868E-03 3.33333E-02 5.00000E-02 1.10000E+01

6 -1.23025E-02 1.02500E+01 2.50000E-02 1.02500E+01

1 8.00000E-01 2.50000E+01

2 4.00000E-01 2.00000E+01

3 2.00000E-01 1.60000E+01

4 1.00000E-01 1.30000E+01

5 5.00000E-02 1.10000E+01

6 2.50000E-02 1.02500E+01
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8.12 �	
��

����������������������� !"#��$

%�&'�()��*�+�����,-��./�� xi�1; xi01�

��,23xi�2; xi�1; xi; xi+140�-�����5!xi; xi+101���

,23xi�1; xi; xi+1; xi+240�-�����56789��:xi0;�

<=>?@A!B#CDE0F���GHIJK�LM�����JN

O.PQRS���6T7UDE0!VRSWXY?Z[\F T]^

BRS���_?,GH`abcIJK�.�F,d>,_��-�

����RS./�efCghiMj[\RS�kRS��lF

mndo x�-���� (8.40)�pq8r0. (xi; yi)s (xj; yj)�t

t = x�xi
hi
� hi = xj � xi�60 i� t = 0�0 j� t = 1F,u�vw>x

� t�-���� (8.41)yzF{ y0 = dy=dx = dy=(hidt)� y00 = d2y=dx2 =

d2y=(h2i dt
2)�|M� (8.42)F

y = Co + C1x+ C2x
2 + C3x

3 (8.40)

= co + c1t+ c2t
2 + c3t

3 (8.41)

8>>><
>>>:

y

y0hi

y00h2i

9>>>=
>>>;

=

2
6664

1 t t2 t3

0 1 2t 3t2

0 0 2 6t

3
7775

8>>>>>><
>>>>>>:

co

c1

c2

c3

9>>>>>>=
>>>>>>;

(8.42)

q}4~N�|{8r0� (yi; yj; y00i ; y
00

j )J�{d�iMF
2
6666664

1 0 0 0

1 1 1 1

0 0 2 0

0 0 2 6

3
7777775

8>>>>>><
>>>>>>:

co

c1

c2

c3

9>>>>>>=
>>>>>>;

=

8>>>>>><
>>>>>>:

yi

yj

y00i h
2
i

y00j h
2
i

9>>>>>>=
>>>>>>;

(8.43)

{��8��N�������u��� (8.42)|M� (8.44)F{���

t = 0s t = 1|M8r0� y0i; y
0

js y00i ; y
00

j (� yi; yj)1��N� (8.45)F(

��� yi; yj���� y00i ; y
00

j ������x. y0; y00�@A���� ij

9s jk9: j0;� y0; y00��FT89*��a� y00j ����t ij9�

y0j =
yj�yi

hi
+ hi

6
y00i +

hi
3
y00j �� jk9� y0j =

yk�yj

hj
�

hj

3
y00j �

hj

6
y00k�|�T]M

� (8.46)F
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8>>><
>>>:

y

y0hi

y00h2i

9>>>=
>>>;

=

2
6664

1 t t2 t3

0 1 2t 3t2

0 0 2 6t

3
7775

2
6666664

1 0 0 0

�1 1 �
1
3

�
1
6

0 0 1
2

0

0 0 �
1
6

1
6

3
7777775

8
>>>>>><
>>>>>>:

yi

yj

y00i h
2
i

y00j h
2
i

9
>>>>>>=
>>>>>>;

=

2
6664

1 � t t 1
6
(�2t+ 3t2 � t3) 1

6
(�t+ t3)

�1 1 1
6
(�2 + 6t� 3t2) 1

6
(�1 + 3t2)

0 0 1 � t t

3
7775

8>>>>>><
>>>>>>:

yi

yj

y00i h
2
i

y00j h
2
i

9>>>>>>=
>>>>>>;

(8.44)

8
<
:
�y0i

y0j

9
=
; =

8
<
:
�

yj�yi

hi
yj�yi

hi

9
=
;+

2
4

hi
3

hi
6

hi
6

hi
3

3
5
8
<
:

y00i

y00j

9
=
; (8.45)

hi

6
y00i +

hi + hj

3
y00j +

hj

6
y00k =

yk � yj

hj

�

yj � yi

hi

(8.46)

��� [yC ]� (n + 1)0�|o  (n � 1)~@A���¡8~��|*

��g¢�£

(1)ty00o = 0�`y00n = 0FLMRS¤.¥¦kRSF.§¨©!_�ªF

(2)�� y00o�` y00n.�JF

(3)�� y0o�` y0n.�J�|{� (8.45)«¬M�����F

(4)kRS_��8®[¯RS`-®°1RS��� (±u² )�� osn

.aC0�³´RS�6y00o = y00n�µ�y0o�@A�� (� (8.46))�|F

¶·¸-g¢�LM¹º¢»��N���¼.�¤��½¾¿���

-��LÀ-�Á���T]ÂÃÄ«ÅsiÅF(Æ4g¢�ªÇÈ.

�¤�(�-�Á���?3��&¿¾��O«ÅsiÅCÉÂÃÄ�

ÊËÌ1Í.-�Á���8ÎF

��8®[¯RS`-®°1RS����,-®RS./�|,

t h2i = (xj � xi)
2 + (yj � yi)

2 + (zj � zi)
2��> tÏ. (s xÐ¸²SÑ�

N� )Òº¥&���xiOkRS���|MkRSx(t)5aÉµ«¬�

yi; ziOkRS���|«¬MkRS y(t); z(t)F6 (x(t); y(t); z(t))�.,

t.Ó��-®°1kRSF¶·]Ì-Ô���x00i ; y
00

i ; z
00

i �N���¼

�a�Õ�OC���«Å�µ«¬�{xi; yi; zi�iM�-~_�Ö×
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O¸Ø��� Ö����|iM-Ôx00i ; y
00

i ; z
00

i �JFÙÚ�|tLÛ

�hi = 1�`ªÜ·Ý�hi�!Ïq.Æ i9�ÞJ�2_hißà�9ß

ÃÄáRF

kRS�vwÈ|, y0iâ� y00i .���FqÛ�ãË�.£

2
6666664

1 0 0 0

1 1 1 1

0 1 0 0

0 1 2 3

3
7777775

8
>>>>>><
>>>>>>:

co

c1

c2

c3

9
>>>>>>=
>>>>>>;

=

8
>>>>>><
>>>>>>:

yi

yj

y0ihi

y0jhi

9
>>>>>>=
>>>>>>;

(8.47)

8
>>><
>>>:

y

y0hi

y00h2i

9
>>>=
>>>;

=

2
6664

1 t t2 t3

0 1 2t 3t2

0 0 2 6t

3
7775

2
6666664

1 0 0 0

0 0 1 0

�3 3 �2 �1

2 �2 1 1

3
7777775

8>>>>>><
>>>>>>:

yi

yj

y0ihi

y0jhi

9>>>>>>=
>>>>>>;

=

2
6664

1 � 3t2 + 2t3 3t2 � 2t3 t� 2t2 + t3 �t2 + t3

�6t+ 6t2 6t � 6t2 1 � 4t+ 3t2 �2t+ 3t2

�6 + 12t 6� 12t �4 + 6t �2 + 6t

3
7775

8
>>>>>><
>>>>>>:

yi

yj

y0ihi

y0jhi

9
>>>>>>=
>>>>>>;

(8.48)

8<
:
�y00i

y00j

9=
; =

8<
:
�

6(yj�yi)

h2
i

�
6(yj�yi)

h2i

9=
;+

2
4

4
hi

2
hi

2
hi

4
hi

3
5
8<
:

y0i

y0j

9=
; (8.49)

2

hi

y0i + (
4

hi

+
4

hj

) y0j +
2

hj

y0k =
6(yk � yj)

h2j
+

6(yj � yi)

h2i
(8.50)

ä¾Cå£� (8.46)�æ�çèé}@Aê�-á�¢»� (Three moment

equation)�êë¯�á�s y00#ìí�� (8.45)�¢��æ�îï (Flexi-

bility)��F!� (8.50)�æ�ðÁñï¢»� (Slope{deection equation)

�y0�.ê�ðÁ�� (8.49)�¢��æ�òï (Sti�ness)��F!� (8.49)

|{� (8.45)vw Fj�� (�.ó� )�kRSÈ|ôb�¢lw �

�õ�ª|, y00; y0000.����!, y0; y000�@A��o ¢»�F?3

��RS�áR&'_j$%� !?ö÷��øù?ú*�F

�², y(x)`,Ó� tO (x(t); y(t))���RS:CUàûDE0ü

ÛjàûR=&'Fý>� (8.45)�� (8.46)x.do8��È�> y0x
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. ��6LM���RS�R=&'jþÿF

8
<
:
��i

�j

9
=
; =

8
<
:
� tan�1 yj�yi

xj�xi

tan�1 yj�yi

xj�xi

9
=
;+

2
4

hi
3

hi
6

hi
6

hi
3

3
5
8
<
:

y00i

y00j

9
=
; (8.51)

hi

6
y00i +

hi + hj

3
y00j +

hj

6
y00k = tan�1

yk � yj

xk � xj

� tan�1
yj � yi

xj � xi

(8.52)

t{8r�y00LM��« �.��i = �(2y00i +y00j )hi=6s��j = (y00i +2y00j )hi=6

�t�ij = ��i; �ji = ���j�ö����ij = �ji = �6LMRS.C��

��M]��RS|*��d¢�£, n�«0./�>�r �¼«. n

�«�6�Ô�«S,�a�Ì�¢Ö���	�0�
:�����

«0F��ij 6= �ji6���d¢�£>RS ij«. iks kj89�t k0


:�r�� = 1
2
(�ij +�ji)���}0FT���sRS: i0` j0�Á

¼.! = 1
2
(�ij � �ji)�! iks ij` jks ji�Á. 1

2
���M�ik =

1
2
�+ !

��jk =
1
2
�� !F�t�ki =

1
2
�+ 1

2
!��kj =

1
2
�� 1

2
!���#89�«�

F�aÉ��l|>89«.49�49«.�9���«90�.R

S��0F¶·��RSÈ|�]g¢�iMF

� (8.51)}�hi�x. ijS9áRu�RS�si�6ý��0¼:C

���½��Û-0��|M³´RS.Cì�F]0|{doÙÚ�

�£ý y00:�0¼���6��R=����½{� (8.51)���i���j

s si#ìí��} hix. si�F��i�.��: i0��Ss ij�S�

Á�]Ás�� si#ìí�.����ÑF

��-®RS�� È��>RS ij«. iks kj89Fp ijRS�

r0!"Ö×. ~ris ~rj ��S©!Ö×. ~tis ~tjF,d. k0!"Ö×

~rk��S©!Ö×~tk�il£{ h~t = ~rj � ~ri|M ij�S�©!Ö×~ts

�ï h�t{�S ij#D��S~ti�DÁ. ��D$�©!Ö×.~a�{

�S~tj#D��S ij�%�S�DÁ. ��D$�©!Ö×.~bFt{�

S ij#D� ik`{ jk#D� ji�DÁ. 1
2
��D$�©!Ö×.~c�q}

�~c = 1
2
(�~a+ �~b)F{]|M k0�!"Ö×~rk =

1
2
(~ri + ~rj) +

1
2
h tan(1

2
�)~d�

q} ~d = ~c � ~tF¶·~c�~t� ~d.CÔ&�'�û©!Ö×Ft~tkN{ k0

�~t()~c$DC�Á�
1
2
!�µ) ~dDC�Á 1

2
�!MFq}�!s �«¬.

Ö× ~p = 1
2
(�~a� �~b):[*�~cs'��~c�«×�à+F¶·¸²8®R

S�il.�²-®RS�il��/F
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��-®°1RS:��0;��S|ô�d¢�iM£>�0«

¬,-�xy.yzs zx-[¯�¦u/� (8.51)s� (8.52)i�-[¯�8

®RS��S¢Ö�pq©!Ö×. (cxy; cyx; 0)� (0; cyz ; czy)� (cxz; 0; czx)

Ft-®RS�S�©!Ö×. (tx; ty; tz)�ö��
ty

tx
= cyx

cxy
� tz

ty
= czy

cyz

� tx
tz

= cxz
czx
�(�� p3 = j

cyx

cxy

czy

cyz

cxz
czx
j�� 1�06�-��?#ºFý

t ty

tx
= cyx

pcxy
� tz

ty
= czy

pcyz
� tx

tz
= cxz

pczx
F6{ t2x + t2y + t2z = 1��N|M

tx = 1=
q
1 + ( cyx

pcxy
)2(1 + ( czy

pcyz
)2)� ty = 1=

q
1 + ( czy

pcyz
)2(1 + ( cxz

pczx
)2)� tz =

1=
q
1 + ( cxz

pczx
)2(1 + ( cyx

pcxy
)2)F tx; ty; tz�ì1|«¬{ cxz; cyx; czy2�F

8.13 345SPLINE6SPLINF 7SPLING

8»�SPLINE9:�,ãËhi�N���u;<8»�V BDECP

O��«ÅF8»� SPLINF 6�,ãË����_�Ö×µ;<8»

� V BSOLXãË y00JF8»�SPLING6|{�98r� y00ãËRS

�=>JF�?»�|OC�-®�RS��F8®�-®|O³´R

S�C®|O@A���[\RS (b�³´RS )F�³´RS�8r

0|�� y0` y00�JFq±B�lC�DÓm8»�}�efF

[yEF ] kRS��l8»��C (GH�»� )

************************************************************************

SUBROUTINE SPLINE(H,X,Y,Z,N,M,KB,KH,A,L)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION H(N),X(N),Y(N),Z(N),A(1),L(N)

C** ============================================================ **

CIO H(I) = Parameter/Length between nodes I & J=I+1 or I=N & J=1 **

C*I X(I),Y(I),Z(I) = Coordinates of the I-th node **

C*I N = Number of nodes **

C*I KB = Index for boundary conditions at both ends **

C** = 0 : left_y'' given, right_y'' given **

C** = 1 : left_y'' given, right_y' given **

C** = 2 : left_y' given, right_y'' given **

C** = 3 : left_y' given, right_y' given **

C** = 4 : left_y' = right_y' for: **

C** 2-D and 3-D closed curve **

C** 1-D periodic curve : use KH = 1 or -1 **

C*I KH = Index for H(I) values: **

C** = 0 : set H(I) = Length between nodes I & J **

C** = 1 : set H(I) = 1 **

C** = otherwise : H(I) are given **

C** In any case, this subroutine set H(N)=0 for KB<4 **

C*I M = Space dimension of the curve **

C** = 1 : For 1-D curve y(x) **

C** = 2 : For 2-D curve (x(t),y(t)) **
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C** = 3 : For 3-D curve (x(t),y(t),z(t)) **

C*O A(*) = A(2*N-2) for KB<4, A(3*N-4) for KB=4. **

C*O L(N) = Location index for variable banded matrix A **

C** The coefficient matrix of the spline equation is **

C** (Data in [] are for KB=4 only) **

C** / (Hn+H1)/3 H1/6 [Hn/6] \ **

C** | (H1+H2)/3 H2/6 [ 0 ] | **

C** | (H2+H3)/3 H3/6 [ 0 ] | **

C** A = | .... [ 0 ] | **

C** | .... Hn-2/6 [ 0 ] | **

C** | (Hn-2+Hn-1)/3 Hn-1/6 | **

C** \ (Hn-1+Hn)/3 / **

C** ============================================================ **

IF(KH.EQ.0) THEN

DO 10 I=1,N

J=I+1

IF(I.EQ.N) J=1

IF(M.EQ.1) H(I)=(X(J)-X(I))**2

IF(M.EQ.2) H(I)=(X(J)-X(I))**2+(Y(J)-Y(I))**2

IF(M.EQ.3) H(I)=(X(J)-X(I))**2+(Y(J)-Y(I))**2+(Z(J)-Z(I))**2

H(I)=DSQRT(H(I))

10 CONTINUE

ELSE IF(KH.EQ.1) THEN

DO 20 I=1,N

H(I)=1.0

20 CONTINUE

ENDIF

IF(KB.LT.4) H(N)=0.0

C** ------------------------------------------------------------ **

L(1)=0

A(1)=(H(N)+H(1))/3.0

DO 40 I=1,N-1

A(2*I )=H(I)/6.0

A(2*I+1)=(H(I)+H(I+1))/3.0

L(I+1)=L(I)+1

40 CONTINUE

C** +----------------------------------------------------------+ **

C** | For y'' given at left end (KB=00xB) | **

C** +----------------------------------------------------------+ **

IF(KB.EQ.0.OR.KB.EQ.1) A(1)=1.0D30

C** +----------------------------------------------------------+ **

C** | For y'' given at right end (KB=0x0B) | **

C** +----------------------------------------------------------+ **

IF(KB.EQ.0.OR.KB.EQ.2) A(2*N-1)=1.0D30

C** +----------------------------------------------------------+ **

C** | For closed curve (KB=1xxB) | **

C** +----------------------------------------------------------+ **

IF(KB.GE.4) THEN

L(N)=L(N)+N-2

A(3*N-3)=A(2*N-1)

A(3*N-4)=A(2*N-2)

A(2*N-2)=H(N)/6.0

DO 55 I=2*N-1,3*N-5

55 A(I)=0.0

ENDIF

CALL VBDECP(A,L,N)

RETURN

END

************************************************************************

SUBROUTINE SPLINF(H,Y,YPP,N,KB,YPP1,YPPN,A,L)
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C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION H(N),Y(N),YPP(N),A(1),L(N)

C** ============================================================ **

C*I H,Y,N,KB,A,L = Should be the same as SPLINE **

C*O YPP(I) = y'' at the I-th node **

C*I YPP1 = y'' y'' y' y' - at the left end **

C*I YPPN = y'' y' y'' y' - at the right end **

C** for KB = 0 1 2 3 4 **

C** **

C** / (y2-y1)/H1 - (y1-yn)/Hn \ **

C** | (y3-y2)/H2 - (y2-y1)/H1 | **

C** -1 | (y4-y3)/H3 - (y3-y2)/H2 | **

C** {YPP} = [A] * | ..... | **

C** | ..... | **

C** | ..... | **

C** \ (y1-yn)/Hn - (yn-yn-1)/Hn-1 / **

C** ============================================================ **

DO 60 I=2,N-1

YPP(I)=(Y(I+1)-Y(I))/H(I)-(Y(I)-Y(I-1))/H(I-1)

60 CONTINUE

YPP(1)=(Y(2)-Y(1))/H(1)

YPP(N)=-(Y(N)-Y(N-1))/H(N-1)

C** +----------------------------------------------------------+ **

C** | For y''= YPP1 at left end (KB=00xB) | **

C** +----------------------------------------------------------+ **

IF(KB.EQ.0.OR.KB.EQ.1) YPP(1)=YPP1*A(1)

C** +----------------------------------------------------------+ **

C** | For y''= YPPN at right end (KB=0x0B) | **

C** +----------------------------------------------------------+ **

IF(KB.EQ.0.OR.KB.EQ.2) YPP(N)=YPPN*A(2*N-1)

C** +----------------------------------------------------------+ **

C** | For y' = YPP1 at left end (KB=01xB) | **

C** +----------------------------------------------------------+ **

IF(KB.EQ.2.OR.KB.EQ.3) YPP(1)=YPP(1)-YPP1

C** +----------------------------------------------------------+ **

C** | For y' = YPPN at right end (KB=0x1B) | **

C** +----------------------------------------------------------+ **

IF(KB.EQ.1.OR.KB.EQ.3) YPP(N)=YPP(N)+YPPN

C** +----------------------------------------------------------+ **

C** | For closed curve (KB=1xxB) | **

C** +----------------------------------------------------------+ **

IF(KB.GE.4) YPP(1)=YPP(1)-(Y(1)-Y(N))/H(N)

IF(KB.GE.4) YPP(N)=YPP(N)+(Y(1)-Y(N))/H(N)

CALL VBSOLX(A,YPP,L,N)

RETURN

END

************************************************************************

SUBROUTINE SPLING(H,Y,YPP,N,I,T,YT)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION H(N),Y(N),YPP(N)

C** ============================================================ **

C** Find YT for given H,Y,YPP,N,I,T **

C** ============================================================ **

J=I+1

IF(I.EQ.N) J=1

S=1-T

YT=S*Y(I)+T*Y(J)+((S*S*S-S)*YPP(I)+(T*T*T-T)*YPP(J))*H(I)*H(I)/6

RETURN



8.13 IJKSPLINELSPLINF MSPLING 253

END

************************************************************************

C** TEST PROGRAM FOR SPLINE CURVE FITTING **

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION H(20),X(20),Y(20),Z(20),XPP(20),YPP(20),ZPP(20)

DIMENSION A(60),L(20)

C** ============================================================ **

C** N = Number of given nodes **

C** M = 1:3 = Dimensions of the curve **

C** KB = 0:4 see SUBROUTINE SPLINE **

C** KH = 1 : set H(I) = 1 by SUBROUTINE SPLINE **

C** = 0 : set H(I) = Length between nodes I & J by SUB.SPLINE **

C** NS = Number of line segments for a curve between two nodes **

C** XPP1,XPPN,... = See SUBROUTINE SPLINF **

C** X(N),Y(N),Z(N) = Coordinates of nodes **

C** ============================================================ **

10 READ(*,'(5I5,6F5.0)') N,M,KB,KH,NS,XPP1,XPPN,YPP1,YPPN,ZPP1,ZPPN

IF(M.LT.1.OR.M.GT.3) M=1

IF(NS.EQ.0) NS=16

KH=MAX0(KH,0)

READ(*,'(3F10.0)') (X(I),Y(I),Z(I),I=1,N)

WRITE(*,'(5I5,6F5.2)') N,M,KB,KH,NS,XPP1,XPPN,YPP1,YPPN,ZPP1,ZPPN

C** ------------------------------------------------------------ **

CALL SPLINE(H,X,Y,Z,N,M,KB,KH,A,L)

C** ------------------------------------------------------------ **

IF(M.GE.1) CALL SPLINF(H,Y,YPP,N,KB,YPP1,YPPN,A,L)

IF(M.GE.2) CALL SPLINF(H,X,XPP,N,KB,XPP1,XPPN,A,L)

IF(M.GE.3) CALL SPLINF(H,Z,ZPP,N,KB,ZPP1,ZPPN,A,L)

IF(M.GE.1) WRITE(*,'('' YP'',1P6E13.5)') (YPP(I),I=1,N)

IF(M.GE.2) WRITE(*,'('' XP'',1P6E13.5)') (XPP(I),I=1,N)

IF(M.GE.3) WRITE(*,'('' ZP'',1P6E13.5)') (ZPP(I),I=1,N)

C** ------------------------------------------------------------ **

WRITE(*,'(4X,''I K Sum.H(t) X(t) Y(t) Z(t)'')')

HO=0.0

DO 50 I=1,N

IF(H(I).EQ.0.0) GO TO 50

DO 40 K=0,NS

IF(K.EQ.0.AND.I.GT.1) GO TO 40

T=FLOAT(K)/NS

HT=HO+H(I)*T

IF(M.GE.1) CALL SPLING(H,Y,YPP,N,I,T,YT)

IF(M.GE.2) CALL SPLING(H,X,XPP,N,I,T,XT)

IF(M.GE.3) CALL SPLING(H,Z,ZPP,N,I,T,ZT)

IF(M.EQ.1) WRITE(*,'(2I5,4F10.5)') I,K,HT,HT,YT

IF(M.EQ.2) WRITE(*,'(2I5,4F10.5)') I,K,HT,XT,YT

IF(M.EQ.3) WRITE(*,'(2I5,4F10.5)') I,K,HT,XT,YT,ZT

40 CONTINUE

HO=HO+H(I)

50 CONTINUE

GO TO 10

END

************************************************************************

6 2 4 0 32 0.0 0.0 0.0 0.0 0.0 0.0

0.00 0.00

1.00 2.00

2.00 4.00

3.00 3.00

4.00 1.00

5.00 4.00
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8.14 �	
SPLINO�SPLIN2�SPLIN3

�����SPLINE����������SPLINO�����

��SPLINF����SPLIN2�SPLIN3�������SPLING�

 !"#�$%&�'(��)*+,-.�/01,01"#23�4

56�789:;<���=�>?�@+AB�SPLINE�SPLINO+

C"#237�D�"#E���F$%GH(0; 0); (1; 2); (2; 4); (3; 3); (4; 1);

(5; 4)ESPLINE�KH = 0ESPLINO�KL = �2�

[IJK ] L"#237����+ (MN��� )

************************************************************************

SUBROUTINE SPLINO(X,Y,DYX,N,KB,DYX1,DYXN,A,L)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(N),Y(N),DYX(N),A(1),L(N)

C** ============================================================ **

C*I X,Y,N,KB,A,L = Should be the same as SPLINE **

C*O DYX(I) = k at the I-th point (k=curvature, a=rotation angle) **

C*I DYX1 = k k a a - at the left end **

C*I DYXN = k a k a - at the right end **

C** for KB = 0 1 2 3 4 **

C** **

C** / atan(y2-y1)/(x2-x1) - atan(y1-yn)/(x1-xn) \ **

C** | atan(y3-y2)/(x3-x2) - atan(y2-y1)/(x2-x1) | **

C** -1 | atan(y4-y3)/(x4-x3) - atan(y3-y2)/(x3-x2) | **

C** {DYX} = [A] * | ..... | **

C** | ..... | **

C** | ..... | **

C** \ atan(y1-yn)/(x1-xn)-atan(yn-yn-1)/(xn-xn-1)/ **

C** ============================================================ **

DO 60 I=2,N-1

DYX(I)=DATAN2(Y(I+1)-Y(I),X(I+1)-X(I))

* -DATAN2(Y(I)-Y(I-1),X(I)-X(I-1))

IF(DABS(DYX(I)).GT.3.14159) DYX(I)=DYX(I)-DSIGN(6.28318D0,DYX(I))

60 CONTINUE

DYX(1)=DATAN2(Y(2)-Y(1),X(2)-X(1))

DYX(N)=-DATAN2(Y(N)-Y(N-1),X(N)-X(N-1))

C** +----------------------------------------------------------+ **

C** | For k = DYX1 at left end (KB=00xB) | **

C** +----------------------------------------------------------+ **

IF(KB.EQ.0.OR.KB.EQ.1) DYX(1)=DYX1*A(1)

C** +----------------------------------------------------------+ **

C** | For k = DYXN at right end (KB=0x0B) | **

C** +----------------------------------------------------------+ **

IF(KB.EQ.0.OR.KB.EQ.2) DYX(N)=DYXN*A(2*N-1)

C** +----------------------------------------------------------+ **

C** | For a = DYX1 at left end (KB=01xB) | **

C** +----------------------------------------------------------+ **

IF(KB.EQ.2.OR.KB.EQ.3) DYX(1)=DYX(1)-DYX1

C** +----------------------------------------------------------+ **

C** | For a = DYXN at right end (KB=0x1B) | **

C** +----------------------------------------------------------+ **

IF(KB.EQ.1.OR.KB.EQ.3) DYX(N)=DYX(N)+DYXN
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C** +----------------------------------------------------------+ **

C** | For closed curve (KB=1xxB) | **

C** +----------------------------------------------------------+ **

IF(KB.GE.4) THEN

DYX(1)=DYX(1)-DATAN2(Y(1)-Y(N),X(1)-X(N))

DYX(N)=DYX(N)+DATAN2(Y(1)-Y(N),X(1)-X(N))

IF(DABS(DYX(1)).GT.3.14159) DYX(1)=DYX(1)-DSIGN(6.28318D0,DYX(1))

IF(DABS(DYX(N)).GT.3.14159) DYX(N)=DYX(N)-DSIGN(6.28318D0,DYX(N))

ENDIF

CALL VBSOLX(A,DYX,L,N)

RETURN

END

************************************************************************

SUBROUTINE SPLIN2(H,X,Y,DYX,N,I,NS,XT,YT)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION H(N),X(N),Y(N),DYX(N)

DIMENSION XT(1),YT(1),SA(129),SB(129)

C** ============================================================ **

C** Find XT(NS+1),YT(NS+1) for given H,X,Y,DYX,N,I,NS=2**K **

C** ============================================================ **

J=I+1

IF(I.EQ.N) J=1

XT( 1)=X(I)

YT( 1)=Y(I)

XT(NS+1)=X(J)

YT(NS+1)=Y(J)

SA( 1)=-(2*DYX(I)+DYX(J))*H(I)/6

SB(NS+1)=-(DYX(I)+2*DYX(J))*H(I)/6

IF(NS.GT.128) WRITE(*,'(''NS > 128'')')

IX=NS

20 DO 50 IA=1,NS,IX

IB=IA+IX

IC=(IA+IB)/2

CALL SPLINP(XT(IA),YT(IA),XT(IB),YT(IB),XT(IC),YT(IC)

* ,SA(IA),SB(IB),SA(IC),SB(IC))

50 CONTINUE

IX=IX/2

IF(IX.GT.1) GO TO 20

RETURN

END

************************************************************************

SUBROUTINE SPLIN3(H,X,Y,Z,DZY,DXZ,DYX,N,I,NS,XT,YT,ZT)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION H(N),X(N),Y(N),Z(N),DZY(N),DXZ(N),DYX(N)

DIMENSION XT(1),YT(1),ZT(1),CX(129),CY(129),CZ(129)

C** ============================================================ **

C** Find XT,YT,ZT(NS+1) for given H,X,Y,Z,DZY,DXZ,DYX,N,I,NS=2**K **

C** ============================================================ **

J=I+1

IF(I.EQ.N) J=1

XT( 1)=X(I)

YT( 1)=Y(I)

ZT( 1)=Z(I)

XT(NS+1)=X(J)

YT(NS+1)=Y(J)

ZT(NS+1)=Z(J)

CX( 1)=-(2*DZY(I)+DZY(J))*H(I)/6

CY( 1)=-(2*DXZ(I)+DXZ(J))*H(I)/6
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CZ( 1)=-(2*DYX(I)+DYX(J))*H(I)/6

CX(NS+1)=-(DZY(I)+2*DZY(J))*H(I)/6

CY(NS+1)=-(DXZ(I)+2*DXZ(J))*H(I)/6

CZ(NS+1)=-(DYX(I)+2*DYX(J))*H(I)/6

CALL ABCXYZ(XT(1),YT(1),ZT(1),XT(NS+1),YT(NS+1),ZT(NS+1)

* ,CX(1),CY(1),CZ(1),CX(NS+1),CY(NS+1),CZ(NS+1))

IF(NS.GT.128) WRITE(*,'(''NS > 128'')')

IX=NS

20 DO 50 IA=1,NS,IX

IB=IA+IX

IC=(IA+IB)/2

CALL SPLINQ

*(XT(IA),YT(IA),ZT(IA),XT(IB),YT(IB),ZT(IB),XT(IC),YT(IC),ZT(IC)

*,CX(IA),CY(IA),CZ(IA),CX(IB),CY(IB),CZ(IB),CX(IC),CY(IC),CZ(IC))

50 CONTINUE

IX=IX/2

IF(IX.GT.1) GO TO 20

RETURN

END

************************************************************************

SUBROUTINE SPLINP(XA,YA,XB,YB,XC,YC,XYA,YXB,XYC,YXC)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

C** ============================================================ **

C** Find XC,YC,XYA,YXB,XYC,YXC from XA,YA,XB,YB,XYA,YXB **

C** ------------------------------------------------------------ **

C*I XA,YA = Coordinates of left end point A **

C*I XB,YB = Coordinates of right end point B **

C*O XC,YC = Coordinates of middle point C **

C*I XYA = Angle from line AB to tangent of curve AB at A **

C*I YXB = Angle from line BA to tangent of curve BA at B **

C*O XYA = Angle from line AC to tangent of curve AC at A **

C*O YXC = Angle from line CA to tangent of curve CA at C **

C*O XYC = Angle from line CB to tangent of curve CB at C **

C*O YXB = Angle from line BC to tangent of curve BC at B **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | CXY = Angle from line AB to line AC or from BA to BC | **

C** +----------------------------------------------------------+ **

CXY=(YXB+XYA)*0.25

SYX=(YXB-XYA)*0.25

YXC=CXY-SYX

XYC=CXY+SYX

XYA=YXC-SYX

YXB=XYC+SYX

DXY=DSIN(CXY)/DCOS(CXY)

XC=0.5*((XB+XA)-(YB-YA)*DXY)

YC=0.5*((YB+YA)+(XB-XA)*DXY)

END

************************************************************************

SUBROUTINE SPLINQ(XA,YA,ZA,XB,YB,ZB,XC,YC,ZC

* ,TXA,TYA,TZA,TXB,TYB,TZB,TXC,TYC,TZC)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

C** ============================================================ **

C** Find (XC,YC,ZC),(TXC,TYC,TZC) **

C** From (XA,YA,ZA),(XB,YB,ZB),(TXA,TYA,TZA),(TXB,TYB,TZB) **

C** ------------------------------------------------------------ **

C*I XA,YA,ZA = Coordinates of left end point A **

C*I XB,YB,ZB = Coordinates of right end point B **
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C*O XC,YC,ZC = Coordinates of middle point C **

C*I TXA,TYA,TZA = Unit vector of tangent of curve ACB at A **

C*I TXB,TYB,TZB = Unit vector of tangent of curve ACB at C **

C*O TXC,TYC,TZC = Unit vector of tangent of curve ACB at B **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | TX,TY,TZ = Unit vector of line AB | **

C** +----------------------------------------------------------+ **

TX=XB-XA

TY=YB-YA

TZ=ZB-ZA

H=DSQRT(TX*TX+TY*TY+TZ*TZ)

TX=TX/H

TY=TY/H

TZ=TZ/H

C** ------------------------------------------------------------ **

CALL VCROSS(TX,TY,TZ,TXA,TYA,TZA,AX,AY,AZ,AL)

CALL VCROSS(TXB,TYB,TZB,TX,TY,TZ,BX,BY,BZ,BL)

CALL VCROSS(BX,BY,BZ,AX,AY,AZ,VX,VY,VZ,VL)

CA=TX*TXA+TY*TYA+TZ*TZA

CB=TX*TXB+TY*TYB+TZ*TZB

SA=DSQRT(1-CA*CA)

SB=DSQRT(1-CB*CB)

A=DATAN2(SA,CA)

B=DATAN2(SB,CB)

C** +----------------------------------------------------------+ **

C** | CX,CY,CZ = Unit vector normal to plane ABC | **

C** | DX,DY,DZ = Unit vector normal to line AB and vector C | **

C** | CL = Angle from line AB to line AC | **

C** | DL = Distance from center of line AB to point C | **

C** +----------------------------------------------------------+ **

CX=AX*A+BX*B

CY=AY*A+BY*B

CZ=AZ*A+BZ*B

CL=DSQRT(CX*CX+CY*CY+CZ*CZ)

IF(CL.NE.0) THEN

CX=CX/CL

CY=CY/CL

CZ=CZ/CL

ENDIF

CALL VCROSS(CX,CY,CZ,TX,TY,TZ,DX,DY,DZ,DL)

DL=0.5*H*DTAN(0.25*CL)

XC=0.5*(XA+XB)+DX*DL

YC=0.5*(YA+YB)+DY*DL

ZC=0.5*(ZA+ZB)+DZ*DL

C** +----------------------------------------------------------+ **

C** | PX,PY,PZ = Vector difference of vector A and vector B | **

C** | PC/4 = -Rotation angle about (CX,CY,CZ) at point C | **

C** | PD/4 = Rotation angle about (DX,DY,DZ) at point C | **

C** +----------------------------------------------------------+ **

PX=AX*A-BX*B

PY=AY*A-BY*B

PZ=AZ*A-BZ*B

PC=PX*CX+PY*CY+PZ*CZ

PD=DSIGN(DSQRT(PX*PX+PY*PY+PZ*PZ-PC*PC),TX*VX+TY*VY+TZ*VZ)

SC=DSIN(0.25*PC)

CC=DSQRT(1-SC*SC)

SD=DSIN(0.25*PD)

CD=DSQRT(1-SD*SD)

TXC=(TX*CD-CX*SD)*CC-DX*SC
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TYC=(TY*CD-CY*SD)*CC-DY*SC

TZC=(TZ*CD-CZ*SD)*CC-DZ*SC

RETURN

END

************************************************************************

SUBROUTINE VCROSS(AX,AY,AZ,BX,BY,BZ,CX,CY,CZ,CL)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

C** ============================================================ **

C** Cross product of two vectors: **

C** / Cx \ / Ax \ / Bx \ / 0 -Az Ay \ / Bx \ **

C** | Cy | = | Ay | x | By | = | Az 0 -Ax | | By | **

C** \ Cz / \ Az / \ Bz / \-Ay Ax 0 / \ Bz / **

C** And normalize to unit vector **

C** ============================================================ **

CX= -AZ*BY+AY*BZ

CY= AZ*BX -AX*BZ

CZ=-AY*BX+AX*BY

CL=DSQRT(CX*CX+CY*CY+CZ*CZ)

IF(CL.EQ.0) RETURN

CX=CX/CL

CY=CY/CL

CZ=CZ/CL

RETURN

END

************************************************************************

SUBROUTINE ABCXYZ(XA,YA,ZA,XB,YB,ZB,AX,AY,AZ,BX,BY,BZ)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

C** ============================================================ **

C*I XA,YA,ZA = Coordinates of node A **

C*I XB,YB,ZB = Coordinates of node B **

C*I AX,AY,AZ = Angles from vector AB to tangent of curve AB at A **

C*I BX,BY,BZ = Angles from vector BA to tangent of curve BA at B **

C*O AX,AY,AZ = Unit vector of tangent of curve AB at A **

C*O BX,BY,BZ = Unit vector of tangent of curve AB at B **

C** ============================================================ **

RX=DATAN2(ZB-ZA,YB-YA)

RY=DATAN2(XB-XA,ZB-ZA)

RZ=DATAN2(YB-YA,XB-XA)

C** ------------------------------------------------------------ **

RAX=RX+AX

RAY=RY+AY

RAZ=RZ+AZ

IF(DABS(RAX).GT.3.14159) RAX=RAX-DSIGN(6.28318D0,RAX)

IF(DABS(RAY).GT.3.14159) RAY=RAY-DSIGN(6.28318D0,RAY)

IF(DABS(RAZ).GT.3.14159) RAZ=RAZ-DSIGN(6.28318D0,RAZ)

PX=DTAN(RAX)

PY=DTAN(RAY)

PZ=DTAN(RAZ)

PP=DABS(PX*PY*PZ)**(1.0D0/3)

PX=(PX/PP)**2

PY=(PY/PP)**2

PZ=(PZ/PP)**2

AX=DSIGN(1.0D0,RAY)/DSQRT(1+PZ+PZ*PX)

AY=DSIGN(1.0D0,RAZ)/DSQRT(1+PX+PX*PY)

AZ=DSIGN(1.0D0,RAX)/DSQRT(1+PY+PY*PZ)

C** ------------------------------------------------------------ **

RBX=RX-BX

RBY=RY-BY
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RBZ=RZ-BZ

IF(DABS(RBX).GT.3.14159) RBX=RBX-DSIGN(6.28318D0,RBX)

IF(DABS(RBY).GT.3.14159) RBY=RBY-DSIGN(6.28318D0,RBY)

IF(DABS(RBZ).GT.3.14159) RBZ=RBZ-DSIGN(6.28318D0,RBZ)

QX=DTAN(RBX)

QY=DTAN(RBY)

QZ=DTAN(RBZ)

QQ=DABS(QX*QY*QZ)**(1.0D0/3)

QX=(QX/QQ)**2

QY=(QY/QQ)**2

QZ=(QZ/QQ)**2

BX=DSIGN(1.0D0,RBY)/DSQRT(1+QZ+QZ*QX)

BY=DSIGN(1.0D0,RBZ)/DSQRT(1+QX+QX*QY)

BZ=DSIGN(1.0D0,RBX)/DSQRT(1+QY+QY*QZ)

RETURN

END

************************************************************************

SUBROUTINE SPLINL(H,XT,YT,ZT,NS,M)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION XT(1),YT(1),ZT(1)

C** ============================================================ **

C** H = Curve length of XT(NS+1),YT(NS+1),ZT(NS+1) **

C** ============================================================ **

H=0.0

IF(M.NE.3) THEN

DO 20 K=1,NS

H=H+DSQRT((XT(K+1)-XT(K))**2+(YT(K+1)-YT(K))**2)

20 CONTINUE

ELSE

DO 30 K=1,NS

H=H

* +DSQRT((XT(K+1)-XT(K))**2+(YT(K+1)-YT(K))**2+(ZT(K+1)-ZT(K))**2)

30 CONTINUE

ENDIF

RETURN

END

************************************************************************

C** TEST PROGRAM FOR SPLINE CURVE FITTING **

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION H(20),X(20),Y(20),Z(20),DZY(20),DXZ(20),DYX(20)

DIMENSION A(60),L(20),XT(129),YT(129),ZT(129)

C** ============================================================ **

C** N = Number of given nodes **

C** M = 2 or 3 = Dimensions of the curve **

C** KB = 0:4 see SUBROUTINE SPLINE **

C** KL = 1 : set H(I) = 1 by SUBROUTINE SPLINE **

C** = 0 : set H(I) = Length between nodes I & J by SUB.SPLINE **

C** < 0 : use H(I) = Length of the curve IJ get by SUB.SPLINL **

C** -KL = Number of iterations to get H(I) (2 is OK) **

C** NL = Number of line segments for a curve between two nodes **

C** DZY1,DZYN,... = See SUBROUTINE SPLINO **

C** X(N),Y(N),Z(N) = Coordinates of nodes **

C** ============================================================ **

10 READ(*,'(5I5,6F5.0)') N,M,KB,KL,NL,DZY1,DZYN,DXZ1,DXZN,DYX1,DYXN

IF(M.NE.3) M=2

KH=MAX0(KL,0)

NS=8

DO 15 NN=1,4
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15 IF(NS.LT.NL) NS=2*NS

READ(*,'(3F10.0)') (X(I),Y(I),Z(I),I=1,N)

WRITE(*,'(5I5,6F5.2)') N,M,KB,KL,NS,DZY1,DZYN,DXZ1,DXZN,DYX1,DYXN

C** ------------------------------------------------------------ **

20 CALL SPLINE(H,X,Y,Z,N,M,KB,KH,A,L)

C** ------------------------------------------------------------ **

CALL SPLINO(X,Y,DYX,N,KB,DYX1,DYXN,A,L)

WRITE(*,'('' XY'',1P6E13.5)') (DYX(I),I=1,N)

IF(M.EQ.3) THEN

CALL SPLINO(Y,Z,DZY,N,KB,DZY1,DZYN,A,L)

CALL SPLINO(Z,X,DXZ,N,KB,DXZ1,DXZN,A,L)

WRITE(*,'('' YZ'',1P6E13.5)') (DZY(I),I=1,N)

WRITE(*,'('' ZX'',1P6E13.5)') (DXZ(I),I=1,N)

ENDIF

C** ------------------------------------------------------------ **

WRITE(*,'(4X,''I K X(t) Y(t) Z(t)'')')

DO 50 I=1,N

IF(H(I).EQ.0.0) GO TO 50

N1=MIN0(I,2)

IF(M.NE.3) THEN

CALL SPLIN2(H,X,Y,DYX,N,I,NS,XT,YT)

IF(KH.GT.KL) THEN

CALL SPLINL(H(I),XT,YT,ZT,NS,M)

ELSE

WRITE(*,'(2I5,2F10.5)') (I,K-1,XT(K),YT(K),K=N1,NS+1)

ENDIF

ELSE

CALL SPLIN3(H,X,Y,Z,DZY,DXZ,DYX,N,I,NS,XT,YT,ZT)

IF(KH.GT.KL) THEN

CALL SPLINL(H(I),XT,YT,ZT,NS,M)

ELSE

WRITE(*,'(2I5,3F10.5)') (I,K-1,XT(K),YT(K),ZT(K),K=N1,NS+1)

ENDIF

ENDIF

50 CONTINUE

KH=KH-1

IF(KH.GE.KL) GO TO 20

GO TO 10

END

************************************************************************

@+ +CT��23"#
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UV

1. WXyGxE z�YZE[y = f(x; z)�\]^ z = zk; k = 1; 2; � � � ; M

_� yik = f(xik; zk); i = 1; 2; � � � ; N�[]^M`ab�YZIH

c zk = Z(K)_H
xik X(1; k) X(2; k) � � � X(N; k)

yik Y (1; k) Y (2; k) � � � Y (N; k)

defg]^�x = XXE z = ZZhi& !Y Y = f(XX;ZZ)_E

)jbklmH

(a) c z = Z(K)_EnXXo�X(�;K)� Y (�;K)�pqIi& 

!Y K(K); K = 1; 2; � � � ;M�

(b) nZZo�Z(�)�Y K(�)�pqIi& !Y Y �

Nj�kT7rg��� INT3D(X;Y;Z;N;M;XX; Y Y;ZZ; � � �)E4

=DIMENSIONGX(N;M); Y (N;M); Z(M); Y K(M); � � �E�n]^

�X;Y;Z;N;M;XX;ZZ ! Y Y �st�kulm�i& !v)

���g���LAGRAG,DIFINT�

2. �w�k�i&x!yzu`{|E}g{|~!���YK(K)&

E}+{|�n Y K(K)� Z(K) ! Y Y ���)�GH~<�n

ZZo� Z(K)� Y K(K)i& ! Y K(K)����� Y K(K)&_�

nZ(K)o�X(�;K)�Y (�;K) !YK(K)���)����y��

�������� !�g` Y K(�)&E������M` Y K(�)

&�~!��

N�j�kT7����DIFINT ����g���E��n ZZ

o� Z(K)� Y K(K) ! Y Y E4=� Y K(K)�)������

DIFINT !�

3. Nrg���AITKEN� ¡¢i&£� !i&YZ�qZ�

4. Nrg���LAGRAN�¤¥¦§i&£� !i&YZ�qZ�

5. Nj� (8.47)¨� (8.50)r�p���� !L"#� y0

i
�

6. -."#�23�)� SPLINO©XY ª«�"#¬nSPLINF ©

ZT�$%ENrg®��G��
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�������������������� "� "!"#$
%&'()*+x��� y(x),-.��/&0!"��1�2.#3
4�5*+#�67,89$:2���1�#;<=>�?$3=>@
ABCDEF$G-.!"#HIJKLMF��1$NO� -.#�
��PQ�R���3H/&,S�������TU� (Curve �tting)

��?���VH� !"#$8WX!"#YTU��1�#�CDZ
�[�\],�^X�?���CD_]$=>�!"#`a`M$N
O&'()���!"#�bWca$VHd����efmg�
�h&m+1i#PJ�?,:4TU����ajk�l$ajk�
;J'<�m�nk�?3_op,qr:��s7kl$*s
Y;tJ<�m�nk�u,S�v��-wxop67�y�,

B.��TU$�z��2{|�}~��u$��z��
� (�:0ajk��; )�{|��,���?{|�X{
|�}~Y=>�?�TU$����{|��$�9=>1bW���
��,��w��� (���� )��$�&�� (PCDZ�[�\
] )���$8{|��()$�bHdajk�;�f$J<�m
�nk�?,��b�< (Q�m )\����$�CDZ�[����
$'�5{|�,B������v0q���,
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9.2 ¨©ª«¬

��TU�W&�®�m¯°k�TUy�$NO±²��³

[A ]n�m fXgm�1 = fBgn�1 (9.1)

F´µ�¶·¸ n=ml1k�y�$FS�v·¸n>ml1k���
,:n>ml$¹Q1®¯°�nk;<Hº0mi»°�nk��m¼
½$¾¿z�nkHJKBy,8BÀaÁn1���$ÂÃ�?�¼
fXgX*TUÄÅk (9.1)PJ,X (9.1)TUÄÅ��kca$\b&Æ
\ÇÈ���9Xk (9.1)�É�i�nk�CDZ�[S�\],Ox
����\]CDZ�[�$�o�\]wÊ� (Least square method),
Ëk (9.1)´ ii�nk�CD� ri$Æ� fRg = hr1; r2; . . . ; rniT $¿

fRg = [A ]fXg � fBg (9.2)

NOCDZ�[SJÌÍ

S =
nX
i=1

r
2

i
= h r1 r2 � � � rn i

8>>>>>><
>>>>>>:

r1

r2

...

rn

9>>>>>>=
>>>>>>;

= fRgTfRg (9.3)

vk (9.2)ÎÏk (9.3)$?

S = f[A ] fXg � fBggTf[A ] fXg � fBgg

=
�
fXgT [A ]T � fBgT

� �
[A ] fXg � fBg

�
= fXgT [A ]T [A ] fXg � fBgT [A ] fXg � fXgT [A ]TfBg+ fBgTfBg

= fXgT [A ]T [A ] fXg � 2fXgT [A ]TfBg+ fBgTfBg (9.4)

4XS�\]����
8>>>>>><
>>>>>>:

@S

@x1

@S

@x2

...
@S

@xm

9>>>>>>=
>>>>>>;

=

8>>>>>><
>>>>>>:

0

0
...

0

9>>>>>>=
>>>>>>;

�
(
@S

@xi

)
= f0g (9.5)
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<k (9.4)ÒxiÓÔÕJ?(
@S

@xi

)
= 2 [A ]T [A ] fXg � 2 [A ]TfBg (9.6)

ÎÏk (9.5)P?XS�\]����
[A ]T [A ] fXg = [A ]TfBg (9.7)

1®�nkÖ×;ØÙ [A]T [A]�m�m��Ù$Ú×bØÙ [A]TfBg

�m� 1�²ØÙ$J&´µ����y? fXg$tJ&Û�����
v [A]ØÙÕy� [Q] [U ]Ü%� fXg,

�ÝÉ��nk�CDZ�Ü±Ê'�Ò~�Þwi%�ß?S$¿

S =
nX
i=1

wi r
2

i
= h r1 r2 � � � rn i

2
6666664

w1

w2

. . .

wn

3
7777775

8>>>>>><
>>>>>>:

r1

r2

...

rn

9>>>>>>=
>>>>>>;

= fRgT [W ] fRg (9.8)

�f'k (9.2)ÎÏ$V� f @S

@xi
g = f0g$J?XS�\]����

[A ]T [W ] [A ] fXg = [A ]T [W ] fBg (9.9)

9.3 [Q] [U ]àá¬

k (9.7)��J&´µ����âã�y$8JKWB_º�CD$ä
�:xi��yi��:ãTl$q�´å��$NOb�&æçè(),
'��q���é�Gram{SchmidtLê��$;âã& [A ]ØÙ()$
v*ÕyÍLêØÙ [Q]Y1µëØÙ [U ]�Êì,í [A ]�n�m$n>m$
¿ [Q]t�n�m$Æ [Q]T [Q] = [I]$P [Q]ØÙ�É�²�nî�pïðñ
fqign�1$ i = 1; 2; . . . ;m$3-miðñ�ò�Lê$P fqig

Tfqjg = �ij,
�f�ðñfaig�ØÙ [A ]�´ i²$'m=4�ó$¿ [A ] = [Q] [U ]JÌÍ

h
fa1g fa2g fa3g fa4g

i
=
h
fq1g fq2g fq3g fq4g

i
2
6666664

u11 u12 u13 u14

u22 u23 u24

u33 u34

u44

3
7777775

(9.10)
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<1kJ?

fa1g = fq1gu11 (9.11)

fa2g = fq1gu12 + fq2gu22 (9.12)

fa3g = fq1gu13 + fq2gu23 + fq3gu33 (9.13)

fa4g = fq1gu14 + fq2gu24 + fq3gu34 + fq4gu44 (9.14)

k (9.11)Õ�
Ê fa1gTYu11 fq1gT J?
fa1g

Tfa1g = u11 fq1g
Tfq1gu11 = u

2

11

u11 =
q
fa1gTfa1g (9.15)

k (9.12)
Ê fq1g
T J?

u12 = fq1g
Tfa2g (9.16)

� f�a2g�k$%Õ�
Ê f�a2gT Yu22 fq2gT J?
f�a2g = fa2g � fq1gu12 = fq2gu22

f�a2g
Tf�a2g = u22 fq2g

Tfq2gu22 = u
2

22

u22 =
q
f�a2gTf�a2g (9.17)

�ôJ?
u13 = fq1g

Tfa3g ; u23 = fq2g
Tfa3g (9.18)

f�a3g = fa3g � fq1gu13 � fq2gu23 = fq3gu33

u33 =
q
f�a3gTf�a3g (9.19)

*��kJÌÍ
uij = fqig

Tfajg ; i = 1; 2; . . . ; j�1 (9.20)

f�ajg = fajg �
j�1X
i=1

fqiguij (9.21)

ujj =
q
f�ajgTf�ajg (9.22)

v [A ] = [Q] [U ]ÎÏk (9.7)J? [U ]T [U ]fXg = [U ]T [Q]TfBg$�
[U ] fXg = [Q]TfBg (9.23)

<1kõ&}ðÎÏPJ�? fXg,
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9.4 ö÷øù¬

FÀa=>Õú�$bûüý� [þ� ]�ÿ� n+1¼��$?�
wi� yYx���;�³

y = cmx
m + � � �+ c1x+ co (9.24)

[þ� ] !"=>�
xi xo x1 x2 � � � xn

yi yo y1 y2 � � � yn

k (9.24)� x�mgajk,
�¶�· $F x; yZ��$� m+1#
J'�u�����mg���k (9.24)�ÿ,�Ýn>m$¿H��K�
���mg���� �Bn#$89J'B��mg���³

Y (x) = cmx
m + � � �+ c1x+ co (9.25)

Xz��1�#Yn!"#��CDZ�[�CDßÞZ�[

S =
nX
i=o

(Yi � yi)
2 � S =

nX
i=o

wi (Yi � yi)
2 (9.26)

�\],*�Yi = Y (xi),O���:0Fn>ml�y®¯°�nk
2
6666664

x
m

o
� � � xo 1

x
m

1
� � � x1 1

...
. . .

...
...

x
m

n
� � � xn 1

3
7777775

8>>>>>><
>>>>>>:

cm

...

c1

co

9>>>>>>=
>>>>>>;

=

8>>>>>><
>>>>>>:

yo

y1

...

yn

9>>>>>>=
>>>>>>;

(9.27)

� fcm; . . . ; c1; cog$X�k�CDZ�[�ßÞZ�[�\],í�

[A ] =

2
6666664

x
m

o
� � � xo 1

x
m

1
� � � x1 1

...
. . .

...
...

x
m

n
� � � xn 1

3
7777775
; fXg =

8>>>>>><
>>>>>>:

cm

...

c1

co

9>>>>>>=
>>>>>>;
; fBg =

8>>>>>><
>>>>>>:

yo

y1

...

yn

9>>>>>>=
>>>>>>;

(9.28)

PJ	
Û�
� n�? fXg$P fcm; . . . ; c1; cog,
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9.5 ����øù

¹
Û�ajk�J'<�m¯°k�?��;r$qr�x
b&'TU [þw ]�=>��s7k�$�k�ÿ$tJ<�m
¯°k�?*��saYb�;c,H �&�CD�� ri = lnZi�ln zi

�Q
Û�&� ri = Zi � zi,*�Zi = Z(xi; yi),
Z(x; y) = c x

a
y
b (9.29)

Ò1k�×5Ò$?
lnZ(x; y) = a lnx+ b ln y + ln c (9.30)

[þw ] !"=>�
xi xo x1 x2 � � � xn

yi yo y1 y2 � � � yn

zi zo z1 z2 � � � zn

í4X���TU�� lnZiY=>�� ln zi�D�Z�[�ßÞZ�[�
\]$P

S =
nX
i=o

(lnZi � ln zi)
2 � S =

nX
i=o

wi (lnZi � ln zi)
2 (9.31)

¿�:0�y®¯°�nk2
6666664

lnxo ln yo 1

lnx1 ln y1 1
...

...
...

lnxn ln yn 1

3
7777775

8>>><
>>>:

a

b

ln c

9>>>=
>>>;

=

8>>>>>><
>>>>>>:

ln zo

ln z1
...

ln zn

9>>>>>>=
>>>>>>;

(9.32)

� fa; b; ln cg$X�k�CDZ�[�ßÞZ�[�\],í�

[A ] =

2
6666664

lnxo ln yo 1

lnx1 ln y1 1
...

...
...

lnxn ln yn 1

3
7777775
; fXg =

8>>><
>>>:

a

b

ln c

9>>>=
>>>;
; fBg =

8>>>>>><
>>>>>>:

ln zo

ln z1
...

ln zn

9>>>>>>=
>>>>>>;

(9.33)

¿tJ	
Û�
� n�? fXg$P fa; b; ln cg$3 c = e
ln c,
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9.6 ���QUSOL

[þµ ]�'\]wÊ��k (9.1)�TUy��nk,*�
A(NN;M) = n�m� [A ]ØÙ,
B(N) = fBgðñ,
Q(NN;M) = &'�E [Q]��lØÙ,
U(MM;M ) = &'�E [U ]��lðñ,
X(M) = [A ] fXg = fBg�TUy,
N = n,
M = m,
NN = [A ]ØÙ���®,
MM = [U ]ØÙ���®,

[þ� ] QUSOL�nk
************************************************************************

SUBROUTINE QUSOL(A,B,Q,U,X,N,M,NN,MM)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(NN,M),B(N),Q(NN,M),U(MM,M),X(M)

DATA EPS/1.0D-10/

C** ============================================================ **

C*I A(N,M),B(N),N,M,NN **

C*O Q(N,M),U(M,M),X(M) (Q(N,M) & A(N,M) can be the same matrix) **

C** ------------------------------------------------------------ **

C** Solve A'(M,N)*A(N,M)*X(M) = A'(M,N)*B(N) **

C** By orthogonal decomposition A(N,M) = Q(N,M)*U(M,M) **

C** Where Q(N,M) is an orthogonal matrix Q'(M,N)*Q(N,M) = I(M,M) **

C** and U(M,M) is an upper-triangular matrix **

C** Get X(M) by backward substitution U(M,M)*X(M) = Q'(M,N)*B(N) **

C** ============================================================ **

DO 70 J=1,M

XSQS=0.0

DO 10 I=1,N

XSQS=XSQS+A(I,J)**2

10 Q(I,J)=A(I,J)

C** +----------------------------------------------------------+ **

C** | Compute Q(I,J) & U(J,J) | **

C** +----------------------------------------------------------+ **

DO 30 I=1,J-1

UIJ=0.0

DO 20 K=1,N

20 UIJ=UIJ+Q(K,I)*Q(K,J)

U(I,J)=UIJ

DO 25 K=1,N

25 Q(K,J)=Q(K,J)-Q(K,I)*UIJ

30 CONTINUE

C** ----------------------------------------------------------- **

UJJ=0.0

DO 40 K=1,N
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40 UJJ=UJJ+Q(K,J)**2

IF(UJJ.GT.XSQS*EPS) THEN

UJJ=DSQRT(UJJ)

U(J,J)=UJJ

DO 50 K=1,N

50 Q(K,J)=Q(K,J)/UJJ

ELSE

U(J,J)=1.0

DO 55 K=1,N

55 Q(K,J)=0.0

WRITE(*,'(I5,A)') J,'-th vector is not independent, set X(j)=0'

ENDIF

C** +----------------------------------------------------------+ **

C** | Compute Q(1:N,J)*B(1:N) --> X(J) : [Q]'{B} | **

C** +----------------------------------------------------------+ **

X(J)=0.0

DO 60 K=1,N

60 X(J)=X(J)+Q(K,J)*B(K)

70 CONTINUE

C** +----------------------------------------------------------+ **

C** | Solve U(M,M)*X(M) = Q(N,M)*B(N) : [U]{X}=[Q]'{B} | **

C** +----------------------------------------------------------+ **

DO 90 J=M,1,-1

X(J)=X(J)/U(J,J)

DO 80 I=1,J-1

80 X(I)=X(I)-U(I,J)*X(J)

90 CONTINUE

C** ------------------------------------------------------------ **

C DO 95 J=1,M

C 95 WRITE(*,'('' U:'',1P6E12.5)') (U(I,J),I=1,J)

C WRITE(*,'('' X:'',1P6E12.5)') X

RETURN

END

************************************************************************

[þ� ]� nk$;&'!ÏØÙ [A ];fBgY [W ]$() [W ]1=2[A ]Y
[W ]1=2fBg$V"#�nkQUSOL,�? fXgÜVv$Ý%u, nk
Ü�wi)ó��Ï&'Y()$Ý,

[þ( ] \]wÊ�)&nk
************************************************************************

PROGRAM LSQMN

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(100,10),B(100),W(100)

DIMENSION Q(100,10),C(100),U(10,10),X(10)

DATA NMAX/100/,MMAX/10/

C** ============================================================ **

C** Program for solving [A]{X}={B} by least squares method

C** where [A] is a N x M matrix, and N > M

C** ============================================================ **

10 READ(*,'(2I4)') N,M

IF(N.EQ.0.OR.M.EQ.0.OR.N.GT.NMAX.OR.M.GT.MMAX) STOP

DO 30 I=1,N

READ(*,'(12F8.0)') (A(I,J),J=1,M),B(I),W(I)

IF(W(I).LE.0.0) W(I)=1.0
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WSQ=DSQRT(W(I))

C(I)=B(I)*WSQ

DO 20 J=1,M

Q(I,J)=A(I,J)*WSQ

20 CONTINUE

30 CONTINUE

C** ------------------------------------------------------------ **

CALL QUSOL(Q,C,Q,U,X,N,M,NMAX,MMAX)

C** ------------------------------------------------------------ **

WRITE(*,'(/'' Variables X(M) :''//(1X,1P6E12.5))') (X(J),J=1,M)

WRITE(*,'(/4X,A/)') 'I {B} [A]{X} {R}=[A]{X}-{B}'

DO 50 I=1,N

YI=0.0

DO 40 J=1,M

YI=YI+A(I,J)*X(J)

40 CONTINUE

RI=YI-B(I)

WRITE(*,'(I5,1P3E13.5)') I,B(I),YI,RI

50 CONTINUE

GO TO 10

END

************************************************************************
5 3

2. 1. 1. 1.

3. 2. 1. 3.

1. 2. 2. 3.

1. 2. 3. 2.

1. 2. 1. 4.

3 3

2. 1. 1. 1.

3. 2. 1. 3.

1. 2. 2. 3.

========================================================================

Variables X(M) :

-4.18994E-01 2.65363E+00-9.49721E-01

I {B} [A]{X} {R}=[A]{X}-{B}

1 1.00000E+00 8.65922E-01 -1.34078E-01

2 3.00000E+00 3.10056E+00 1.00559E-01

3 3.00000E+00 2.98883E+00 -1.11732E-02

4 2.00000E+00 2.03911E+00 3.91061E-02

5 4.00000E+00 3.93855E+00 -6.14525E-02

Variables X(M) :

-3.33333E-01 2.33333E+00-6.66667E-01

I {B} [A]{X} {R}=[A]{X}-{B}

1 1.00000E+00 1.00000E+00 1.33227E-15

2 3.00000E+00 3.00000E+00 0.00000E+00

3 3.00000E+00 3.00000E+00 0.00000E+00

========================================================================
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9.7 *��CURMN

[þ( ]� nk$;&'!Ï fXg; fY g� [W ]$+,k (9.27)$V

Ê [W ]1=2Ü$"#�nkQUSOL$'() fcm; . . . ; c1; cog3E0 fCg�$
Vv$Ý%u, nkÜ�)ó��Ï&'Y()$Ý,

[þ( ] ��TU�nk
************************************************************************

PROGRAM CURMN

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(100),Y(100),W(100)

DIMENSION A(100,10),B(100),Q(100,10),U(10,10),C(10)

DATA NMAX/100/,MMAX/10/

C** ============================================================ **

C** Program for curve fitting by least squares method

C** ============================================================ **

10 READ(*,'(2I4)') N,M

IF(N.EQ.0.OR.M.EQ.0.OR.N.GT.NMAX.OR.M.GT.MMAX) STOP

XSUM=0.0

DO 20 I=1,N

READ(*,'(3F8.0)') X(I),Y(I),W(I)

IF(W(I).LE.0.0) W(I)=1.0

XSUM=XSUM+X(I)

B(I)=DSQRT(W(I))*Y(I)

20 A(I,M)=DSQRT(W(I))

XMEAN=XSUM/N

DO 30 I=1,N

DO 30 J=M-1,1,-1

30 A(I,J)=A(I,J+1)*(X(I)-XMEAN)

C** ------------------------------------------------------------ **

CALL QUSOL(A,B,Q,U,C,N,M,NMAX,MMAX)

C** ------------------------------------------------------------ **

WRITE(*,'(/'' Coefficients C(M) for C(j)*(X(i)-X_mean)**(M-j)'')')

WRITE(*,'(/(1X,1P10E12.5))') (C(J),J=1,M)

WRITE(*,'(/A5,A10,2A13,A14/)') 'I','{x}','{y}','{Y}','{Y}-{y}'

DO 50 I=1,N

XI=X(I)-XMEAN

YI=0.0

DO 40 J=1,M

YI=YI*XI+C(J)

40 CONTINUE

RI=YI-Y(I)

WRITE(*,'(I5,1P4E13.5)') I,X(I),Y(I),YI,RI

50 CONTINUE

GO TO 10

END

************************************************************************

15 3

0.20 .198669

0.40 .389418

0.60 .564642

0.80 .717356

1.00 .841471

1.20 .932039
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1.40 .985450

1.60 .999574

1.80 .973848

2.00 .909298

2.20 .808496

2.40 .675463

2.60 .515501

2.80 .334988

3.00 .141120

========================================================================

Coefficients C(M) for C(j)*(X(i)-X_mean)**(M-j)

-4.25656E-01-2.31912E-02 9.83645E-01

I {x} {y} {Y} {Y}-{y}

1 2.00000E-01 1.98669E-01 1.81827E-01 -1.68417E-02

2 4.00000E-01 3.89418E-01 3.98530E-01 9.11220E-03

3 6.00000E-01 5.64642E-01 5.81181E-01 1.65386E-02

4 8.00000E-01 7.17356E-01 7.29778E-01 1.24225E-02

5 1.00000E+00 8.41471E-01 8.44324E-01 2.85292E-03

6 1.20000E+00 9.32039E-01 9.24817E-01 -7.22214E-03

7 1.40000E+00 9.85450E-01 9.71257E-01 -1.41927E-02

8 1.60000E+00 9.99574E-01 9.83645E-01 -1.59287E-02

9 1.80000E+00 9.73848E-01 9.61981E-01 -1.18672E-02

10 2.00000E+00 9.09298E-01 9.06264E-01 -3.03412E-03

11 2.20000E+00 8.08496E-01 8.16494E-01 7.99844E-03

12 2.40000E+00 6.75463E-01 6.92673E-01 1.72095E-02

13 2.60000E+00 5.15501E-01 5.34798E-01 1.92971E-02

14 2.80000E+00 3.34988E-01 3.42871E-01 7.88325E-03

15 3.00000E+00 1.41120E-01 1.16892E-01 -2.42281E-02

========================================================================

./

1. )Ì� nk!ÏN�N¼ (xi; yi)$V+,0Uk (9.33)�ØÙÜ"
#LSTSQ'() fa; ln bg��$X

S =
N�1X
i=o

(lnYi � ln yi)
2

�\]$*�Yi = b x
a

i
,

2. õ&1�nk$'®�() aY b,

xi 1:22 1:65 2:72 4:48 7:39 12:2 20:1 33:1 54:6 90:0

yi 13:3 15:5 20:0 25:9 33:3 42:4 54:7 70:0 90:0 114:
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10.1 �	


������������
����������
 !�"
#$%n&���

Pn(z) = a1z
n + a2z

n�1 + � � �+ anz + an+1 (10:1)

'()*A(m)+,-./0A(i) = ai; i = 1; 2; :::;m/,1m = n + 1�
(23�45�(n = 46789(:�;<=>��

10.1.1 ?@ABCDEFGHI �z = rz

0��� �P (�z)�� �z6��� P (z)�� z� rJ�K �P (�z) = P (z)L
�z = rz/M� (10.1)NO

�P4(�z) = a1r
�4�z4 + a2r

�3�z3 + a3r
�2�z2 + a4r

�1�z + a5 (10.2)

= �a1�z
4 + �a2�z

3 + �a3�z
2 + �a4�z + �a5 (10.3)

,1 �ai = air
�(m�i)�:�;<6P

C** INPUT : M=N+1, A(I), R

C** OUTPUT : A(I)

P=1.0

DO 10 I=M,1,-1

A(I)=A(I)*P

10 P=P/R

QRS%:�;<TUV�A(I)6P (z)�-. aiWTU2�A(I)6
�P (�z)�-. �ai�

275
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10.1.2 ?`aDE`bHcdI �z = z � s

0��� �P (�z)�� �z6��� P (z)�� ze s�K �P (�z) = P (z)L
�z = z � s/M� (10.1)NO

�P4(�z) = a1(�z + s)4 + a2(�z + s)3 + a3(�z + s)2 + a4(�z + s) + a5 (10.4)

= �a1(z � s)4 + �a2(z � s)3 + �a3(z � s)2 + �a4(z � s) + �a5 (10.5)

= �a1�z
4 + �a2�z

3 + �a3�z
2 + �a4�z + �a5 (10.6)

S%45Nfghijkl�mnk/o$�
P4(z) = a1z

4 + a2z
3 + a3z

2 + a4z + a5 (10.7)

= (z � s)(b1z
3 + b2z

2 + b3z + b4) + b5 (10.8)

= (z � s)((z � s)(c1z
2 + c2z + c3) + c4) + b5 (10.9)

= (z � s)((z � s)((z � s)(d1z + d2) + d3) + c4) + b5 (10.10)

= (z � s)((z � s)((z � s)((z � s)e1 + e2) + d3) + c4) + b5(10.11)

= e1(z � s)4 + e2(z � s)3 + d3(z � s)2 + c4(z � s) + b5 (10.12)

%p45qr6
a1 a2 a3 a4 a5

+ sb1 sb2 sb3 sb4

b1 b2 b3 b4 b5

+ sc1 sc2 sc3

c1 c2 c3 c4

+ sd1 sd2

d1 d2 d3

+ se1

e1 e2

,1
e1 = d1 = c1 = b1 = a1 (10.13)

bi = ai + sbi�1; i = 2; 3; 4; 5 (10.14)

ci = bi + sci�1; i = 2; 3; 4 (10.15)

di = ci + sdi�1; i = 2; 3 (10.16)

ei = di + sei�1; i = 2 (10.17)



10.1 st 277

uvNO �P (�z)�-. �aiw&6 e1; e2; d3; c4; b5�,"x:�;<r6P
C** INPUT : M=N+1, A(I), S

C** OUTPUT : A(I)

DO 10 K=M,2,-1

DO 10 I=2,K

10 A(I)=A(I)+S*A(I-1)

�)yz{s�45/lN|6��}~������)yz{ s�
���W�N|6��}~��/��K���)�z{ s���/��
�NO���}~�"#���� ẑ��"#���� ze�� s��

10.1.3 ?c��� Iw = �z
2

0���G(w)�� w6��� P (z)�� z�z���� (�z2)��
5���G(w)�-.8��oV ¡¢£¤(¥¦§¨����O/�
�M¡�����©�O/,1ª�6���� P (z)/«ª�6���
P (�z)/0,�¬������6®�¯°�M� (10.1)NO

Pn(�z) = a1(�z)
n + a2(�z)

n�1 + � � �+ an(�z) + an+1 (10:18)

±
Pn(z)Pn(�z) = a

2
1(�z

2)n + (a22 � 2a1a3)(�z
2)n�1 + � � �

+(a2
i
+ 2

min(i�1;n+1�i)X
k=1

(�1)kai�kai+k)(�z
2)n�i+1 +

� � �+ (a2
n
� 2an�1an+1)(�z

2) + a
2
n+1 (10.19)

QR/S%���² z�³&��/NKw = �z
2�O

Gn(w) = Pn(z)Pn(�z)

= �a1w
n + �a2w

n�1 + � � �+ �anw + �an+1 (10.20)

,1
�ai = a

2
i
+ 2

min(i�1;n+1�i)X
k=1

(�1)kai�kai+k (10:21)
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� �ai=B(I)�:�;<6P

C** INPUT : M=N+1, A(I)

C** OUTPUT : B(I)

DO 20 I=1,M

S=2.0

AA=0.0

DO 10 K=1,MIN(I-1,M-I)

S=-S

10 AA=A(I-K)*A(I+K)-AA

20 B(I)=A(I)*A(I)+S*AA

´Pn(x) = 0��6�1; �2; :::; �n/r
Pn(z) = (�1)na1(�1 � z)(�2 � z) � � � (�n � z) (10.22)

Pn(�z) = (�1)na1(�1 + z)(�2 + z) � � � (�n + z) (10.23)

uv
Pn(z)Pn(�z) = a

2
1(�

2
1 � z

2)(�2
2 � z

2) � � � (�2
n
� z

2) (10:24)

�0
Gn(w) = a

2
1(�

2
1 + w)(�2

2 + w) � � � (�2
n
+ w) (10:25)

±OGn(w) = 0��6��2
1;��

2
2; :::;��

2
n
�

10.2 µ¶·¸

¹º» (Grae�e)�6¼½hiV �z��°� !/¾�¿ÀÁ�
�®�¡��Â�ÃÁ�ÂÀ�ÄÅ�&Ã r&/ r !1Äz�2/Æ¿
ÆÁ��Ç3ÀÁ��®���Â�ÈÉÁÊ/3��ÀÁ0NÉËÌ
ÍM����-.�O�($=>Î' a1 = 1�M

G
(r)
n
(w) = (�2r

1 + w)(�2r

2 + w) � � � (�2r

n
+ w) (10:26)

NÏw
n�i�-.6

a
(r)
i+1 =

X
�
2r

�1
�
2r

�2
� � ��

2r

�i
=
X iY

k=1

�
2r

�
k

(10:27)

,1 (�1; �2; :::; �i)6Ð (1; 2; :::; n)® n�Ñ.1ÒÓ i��ÔkWPr6"
Õ�N����Ôk�Ö�( n = 467P i = 1Ê (�1)� (1); (2); (3); (4)
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®m¢ÔkW i = 2Ê (�1; �2)� (1; 2); (1; 3); (1; 4); (2; 3); (2; 4); (3; 4)®Û¢
ÔkW i = 3Ê (�1; �2; �3)� (1; 2; 3); (1; 2; 4); (1; 3; 4); (2; 3; 4)®m¢ÔkW
i = 4Ê (�1; �2; �3; �4)Ü� (1; 2; 3; 4)ª¢Ôk�
($�ÝÞ¢£ß=>/Ç r!1Ê��

2r

i
¬-. a

(r)
i
à��-P

(1) �i6�¯á.�/â j�1j > j�2j > � � � > j�nj�£¤P

a
(r)
i+1 =

X iY
k=1

�
2r

�
k

= �
2r

1 �
2r

2 � � ��
2r

i
(10:28)

S�ã¡®°�äÜÓP1�åÀª�/uæ�çÀ#,è3���é
S�N(êë$%¡�¼��-P

a
(r)
i

(a(r�1)
i

)2
= 1 (10:29)

a
(r)
i+1

a
(r)
i

= �
2r

i
(10:30)

M� (10.29)NìÏ r�íîïðÀ/´�0NM� (10.30)�O j�ij�
(2) �i6á.�/� �k+1� ��� (� > 1)�ñ"��®/0 j�1j > j�2j >

� � � > j�kj > j�k+1j = � � � = j�k+� j > j�k+�+1j > � � � > j�nj�r

a
(r)
i+1 = �

2r

1 �
2r

2 � � ��
2r

i
; i = 1; 2; :::; k (10:31)

a
(r)

k+l+1 = C
�

l
�
2r

1 �
2r

2 � � ��
2r

k
(�2r

k+1)
l
; l = 1; 2; :::; � (10:32)

a
(r)
i+1 = �

2r

1 �
2r

2 � � ��
2r

k
(�2r

k+1)
�
�
2r

k+�+1 � � ��
2r

i
; i = k + � + 1; :::; n (10:33)

�� (10.32)1�C
�

l
= �!

l!(��l)!
/æ�l l = �ò�8�®#1�uv� (10.29)

# i = k + 1; :::; k + � � 1Ê�ópô/�� (10.30)# i = k + 1; :::; k + �Ê
��pô��0 �k+1� ��¼�Ê�fg � � 1��-� (10.29)�pô�
�#OÏ�k+1�¼�.õ2/ j�k+1j��öi$��O

a
(r)

k+�+1

a
(r)

k+1

= (�2r

k+1)
� (10:34)

(3) �k+16 �k+2�÷øù.�/',ñ"�6 �k+1/0 �k+1 = �k+1e
i�/

�k+2 = �k+1e
�i�/â j�1j > j�2j > � � � > j�kj > �k+1 > j�k+3j > � � � > j�nj/

r



280 XYZ [\]^_

a
(r)
i+1 = �

2r

1 �
2r

2 � � ��
2r

i
; i = 1; 2; :::; k (10:35)

a
(r)

k+2 = �
2r

1 �
2r

2 � � ��
2r

k
�
2r

k+1(2 cos(2
r
�)) (10:36)

a
(r)

k+3 = �
2r

1 �
2r

2 � � ��
2r

k
(�2

r

k+1)
2 (10:37)

a
(r)
i+1 = �

2r

1 �
2r

2 � � ��
2r

k
(�2

r

k+1)
2
�
2r

k+3 � � ��
2r

i
; i = k + 3; :::; n (10:38)

uv� (10.29)# i = k + 1Ê�ópô/�� (10.30)# i = k + 1; k + 2Ê�
�pô�� �k+1��öi$��O

a
(r)

k+3

a
(r)

k+1

= (�2
r

k+1)
2 (10:39)

ªú�û/´�fg � � 1� i��� (10.29)�pô/rNìÏ� ��
��ñ"��®/,�Ni� (10.34)�O�"#üý�á.�/NÝþ
(,ü��§¨����ÿ��ò6�������#ù.�/röi,
è���5,��/�����#$����

10.3 ����	
��¸

V����Grae�e�N�Ê�O����Õ���ñ"�/
�r
�Ü��îÏ��ñ"�2/���������

10.3.1 FFT�

hiFFTN�Oñ"�6 ��ù.� �e
i���� ��� z = �e

i�§¨�
(10.1)NO

Pn(�e
i�) = a1�

n
e
i�n + a2�

n�1
e
i�(n�1) + � � �+ an�e

i� + an+1 (10:40)

K � = (2�=N)kO
Gk = Pn(�e

2�i

N

k) = a1�
n(e

2�i

N )kn + a2�
n�1(e

2�i

N )k(n�1) + � � � + an�(e
2�i

N )k + an+1

(10:41)

óK
gl = an+1�l�

l
; l = 0; 1; :::; n (10.42)

gl = 0; l = n+ 1; :::; N � 1 (10.43)
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NO
Gk =

N�1X
l=0

gl(e
2�i

N )kl; k = 0; 1; :::;N � 1 (10:44)

S�Ni FFT����O N �Gk ���óM�Á� jGkj�NO"x�
� = 2�

N
k/å2óiBairstow�Ã�ã 10.4�Ä�������hiFFT

����6N�Ê��5ë��Ã7oN=1024Ä ����.��

10.3.2 ����

Grae�e��� 6N�Ê�ëÕ���ñ"�/! 6ù.���
�²�¥¦�O��´������"z{Ãý��}~������
� z{Ä/óiGrae�e��z{2���ñ"�/ruz{V��ñ
"� �6��}~C(x; y)����� O���OC/�z{2��ñ"
� �̂6��}~C(x̂; ŷ)����� Ô��� ÔC/´(O6#$/ �6
%&'#/ó( Ô6#$/ �̂6%&'#/r��}~C(�¡#�) 
S�QRC ����"#����6 (x; y)W�"#����6 (x̂; ŷ)�
uvÜhiGrae�e�Õ�ë��ñ"�0N�ëÕ�á.�Lù.��
�uz{� !*+,�ÇÀ�-./±ö/"ñ"�ÀÁ����Ý
þ"z{�($6á0�!�Ã�1ªÄ

1ª ���$#�) 
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1. K �z = �

�1
zO �Pn(�z) = Pn(��z)�

2. K ẑ = �z � 1O P̂n(ẑ) = �Pn(ẑ + 1)�
3. (Grae�e�� P̂n(ẑ) = 0���ñ"�6 �̂i�
4. ( ẑ�� ẑ = (0; 0)0 �z = (1; 0)6#$/( �̂i6%&'�$#�23
�$#¬#$6 �z = (0; 0)%&6 1�Ì}#�) 0N�6ù.�P
�� = 2 sin�1(�̂i=2); �x = 1� �̂

2
i
=2; �y = �̂i

q
1� �̂

2
i
=4�N¥¦§¨ �Pn(�z)ÿ

��í6 0/o�NóiBairstow�Ã�ã 10.4�Ä�������
M#�À� �̂iÕO) }~��4�./uv56 2-47�Ì}#S
å89 �z = (1; 0)�ÞÝ�ª#:S��Ã0 �̂i � 1òÄ�

5. K �z = �z + 1O �Pn(�z) = �Pn(�z � 1)�(;<56 3-4�"��Ì}#S
å89 �z = (�1; 0)�ÞÝ�ª#:S���

6. Ì}#Så89 �z = (0;�1)�S$3ÛÝ�ª#:S��oÅª&�
�z��°� !/23�È=>{�å89 �z = (1; 0)�ÞÝ�ª
#:S�óhi56 2-40N�O23��

7. Ì}#Så89 �z = (0;�1)�S$3ÛÝ�ª#:S��/?�NK
~z = �z � i"z{/�ÕO ~Pn(~z)�-.@ù.�/öAB&.6¡J
(¾-.�6á.Ã�ã10.6�Ä/rÕCD+EàL45ÊàÈ�
�/±�Fi�

10.3.3 Bareiss�

«ª��ù.����6hi$�Ã'ù.��ñ"�îG6 1Ä
�P (�z) = �a1�z

n + �a2�z
n�1 + � � �+ �an�z + �an+1 (10.45)

= (�z2 � p�z + 1)(b1�z
n�2 + b2�z

n�3 + � � �+ bn�1) + (�z � p)bn + bn+1

N� bi(îÏ� �aiLHÏ� pqI/uvNO bnL bn+1Ýþ6 p�n� 1&
L n&����.�J bn(p) = 0ý bn+1(p) = 0�á.�0N�O p�u p

6á.±KNhiGrae�e��O� �v��4� p�ÁÊL�����
�MW� p�ÀÊL�������M/�Èç�#) �6./±�F
i/�NOòNPQRS 1L 2�($Ü�� bn(p)�-.BN(I)L bn+1(p)

�-.BM(I)�:�;<%TPUP
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C** INPUT : M=N+1, (A(I), I=1,M)

C** OUTPUT : (BN(I), I=1,N), (BM(I), I=1,M)

BN(1)=A(1)

BM(1)=A(1)

BM(2)=A(2)

DO 10 K=3,M

BM(K)=A(K)

DO 10 I=K,3,-1

BN(I-1)=BM(I-1)

10 BM(I)=BM(I)-BN(I-2)

(SÞ���ö�îÏ �/� �MGrae�e��O�Z[�3�-./
v-."(SÞ����:4�\]/^Ë #$

1. FFT� ��MÊKNM jGkj�åÁ�_�9<��/��N8�

2. #) � ��MÊKNO �̂/��åN8�

3. Bareiss� ��MÊN�_��á.�� p/±��N8�

10.4 `abc¸

defg (Bairstow)�-��ëá.-.���Pn(z)�¡&u�/
óMæ¡&u�� Pn(z) = 0�¡�á.�ýª"÷øù.��v�N(
�O»*����/�ö�9<�hi�/ír�ªj=kl�uvm
nk#okV 3��2gpG�i�

(ªÒR�¡&� (z2 � pz + q)l���Pn(z)NOq�6Qn�2(z)L
r�Rz + S�0

Pn(z) = (z2 � pz + q)Qn�2(z) +Rz + S (10:46)

v�45Nhio$q�jkl�

a1 a2 a3 � � � an�1 an an+1

pb1 pb2 � � � pbn�2 pbn�1 pbn

+ �qb1 � � � �qbn�3 �qbn�2 �qbn�1

b1 b2 b3 � � � bn�1 bn bn+1
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K b

�1 = b0 = 0/rq1
bi = ai + pbi�1 � qbi�2; i = 1; 2; :::; n+ 1 (10:47)

uvO
Qn�2(z) = b1z

n�2 + b2z
n�3 + � � � + bn�1 (10.48)

Rz + S = bnz + (bn+1 � pbn) = (z � p)bn + bn+1 (10.49)

"x�:�;<6P
C** INPUT : M=N+1, A(I), P, Q

C** OUTPUT : A(I)

C** INPUT A(I): (Sum of A(I)*X**(M-I)) =

C** OUTPUT A(I): (X*X-P*X+Q)(Sum of A(I)*X**(M-2-I)) +

C** (X-P)*A(M-1)+A(M)

A(2)=A(2)+P*A(1)

DO 10 I=3,M

10 A(I)=A(I)+P*A(I-1)-Q*A(I-2)

r (z2�pz+q)6Pn(z)�u��st6S = 0LR = 0/�N6bn+1 = 0

L bn = 0�u bn+1L bnÃLQn�2(z)�-. biÄ�u p¬ qv�/N|,6
p¬ q��./r (z2 � pz + q)6Pn(z)�u��st06

bn+1(p; q) = 0 (10.50)

bn(p; q) = 0 (10.51)

S�6¡wxô»yz�:�/Ni{|�MÎ'�h� p
(0)¬ q

(0) }$
�w i = 0; 1; 2; :::L½�J�

p
(i+1) = p

(i) + dp
(i) (10.52)

q
(i+1) = q

(i) + dq
(i) (10.53)

,1� dp
(i)¬ dq

(i)M$%xô�:�J�
@bn+1

@p
dp

(i) +
@bn+1

@q
dq

(i) = �bn+1 (10.54)

@bn

@p
dp

(i) +
@bn

@q
dq

(i) = �bn (10.55)

($=> @bn+1

@p
;
@bn+1

@q
;
@bn

@p
;
@bn

@q
����M� (10.46)� (10.49)ÕO�
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Pn(z) = (z2 � pz + q)Qn�2(z) + (z � p)bn + bn+1 (10:56)

Ýþ"p; q~pÝ/QRPn(z)6�j����¬p; q²�/± @P

@p
= @P

@q
= 0

0 = �zQn�2(z)� bn

+(z2 � pz + q)
@Qn�2(z)

@p
+ (z � p)

@bn

@p
+
@bn+1

@p
(10.57)

0 = Qn�2(z) + (z2 � pz + q)
@Qn�2(z)

@q
+ (z � p)

@bn

@q
+
@bn+1

@q
(10.58)

ý�p

zQn�2(z) + bn = (z2 � pz + q)
@Qn�2(z)

@p
+ (z � p)

@bn

@p
+
@bn+1

@p
(10.59)

�Qn�2(z) = (z2 � pz + q)
@Qn�2(z)

@q
+ (z � p)

@bn

@q
+
@bn+1

@q
(10.60)

S¡����¬� (10.56)�Ç/±�Nhijkl�/K c
�1 = c0 = 0�

5
ci = bi + pci�1 � qci�2; i = 1; 2; :::; n (10:61)

Â�� (10.48)L (10.49)NO
@Qn�2(z)

@p
= c1z

n�3 + c2z
n�4 + � � �+ cn�2 (10.62)

@bn

@p
= cn�1 (10.63)

@bn+1

@p
= cn (10.64)

L

�

@Qn�2(z)

@q
= c1z

n�4 + c2z
n�5 + � � �+ cn�3 (10.65)

�

@bn

@q
= cn�2 (10.66)

�

@bn+1

@q
= cn�1 (10.67)

�� (10.63)� (10.64)� (10.66)¬ (10.67)§¨� (10.54)¬ (10.55)1NO
cn dp

(i)
� cn�1 dq

(i) = �bn+1 (10.68)

cn�1 dp
(i)
� cn�2 dq

(i) = �bn (10.69)
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ý

dp
(i) = (bncn�1 � bn+1cn�2)=(cncn�2 � c

2
n�1) (10.70)

dq
(i) = (bncn � bn+1cn�1)=(cncn�2 � c

2
n�1) (10.71)

($6Bairstow�ÕC�¡nkjkl�45qÃ,1 p; q6p
(k)
; q

(k)��

S�Ä
a1 a2 a3 � � � an�2 an�1 an an+1

pb1 pb2 � � � pbn�3 pbn�2 pbn�1 pbn

+ �qb1 � � � �qbn�4 �qbn�3 �qbn�2 �qbn�1

b1 b2 b3 � � � bn�2 bn�1 bn bn+1

pc1 pc2 � � � pcn�3 pcn�2 pcn�1

+ �qc1 � � � �qcn�4 �qcn�3 �qcn�2

c1 c2 c3 � � � cn�2 cn�1 cn

Bairstow��:�ËÌÃ��:�BAIRSTÄâ#ü���9klÉ
�6¡&�9��´hi� p

(0)¬ q
(0)�ð¦9ü��Ê/kl��â�

Ê�ªj=kl��9�ü��� uvBairstow�*öokV Grae�e

� LFFT�ý#) ��5������

10.5 ��¸

{|���N�ªú»yz�:���/i(�����:����
mËÌ�ohi�6á.x

(0)/L½hi$%45�/�*Nkl�ü�
�á.�

x
(k+1) = x

(k)
�

Pn(x(k))

P 0

n
(x(k))

(10:72)

,1Pn(x(k))LP
0

n
(x(k))N�i¡nkjkl��
bi = x

(k)
bi�1 + ai; i = 1; 2; :::; n+ 1 (10.73)

ci = x
(k)
ci�1 + bi; i = 1; 2; :::; n (10.74)

0NOPn(x(k)) = bn+1LP
0

n
(x(k)) = cn�S%45�Ç#( s = x

(k)§¨�
(10.8)L (10.9)1�����* biL ciN�(D+/�Ni$%:�;</
,�5ÕO�BLC0Ýþ6Pn(x)LP

0

n
(x)�
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C** INPUT : M=N+1, A(I), X

C** OUTPUT : B=Pn(X), C=Pn'(X)

C=0

B=A(1)

DO 10 I=2,M

C=X*C+B

10 B=X*B+A(I)

ohi�6ù. z
(0) = x

(0) + iy
(0)/ri{|��N�Où.�/�

öiù.�5$%45�

x
(k+1) + iy

(k+1) = x
(k) + iy

(k)
�

Pn(x(k) + iy
(k))

P 0

n
(x(k) + iy(k))

(10:75)

S�?Ü�ª�ù.45�/á0S�¡�á.�. (x; y)�¡�xôá
.45��

KPn(z) = Pn(x + iy)�á.�Ý6R(x; y)/�.�Ý6 I(x; y)/0
Pn(z) = Pn(x + iy) = R(x; y) + iI(x; y)�KRx = @R=@x/Ry = @R=@y/
Ix = @I=@x/ Iy = @I=@y/MCauchy®�Ï Iy = Rx/Ry = �Ix/uv
P

0

n
(z) = Rx + iIx = Iy � iRy/±

Pn(z)

P 0

n
(z)

=
R+ iI

Rx + iIx
=

(Rx � iIx)(R+ iI)

R2
x
+ I2

x

(10.76)

=
(RxR + IxI) + i(RxI � IxR)

R2
x
+ I2

x

(10.77)

=
(IyR �RyI) + i(RxI � IxR)

RxIy � IxRy

(10.78)

S�§¨� (10.75)2á.�Ý¬�.�ÝÝþ�5o$

x
(k+1) = x

(k)
�

I
(k)
y
R

(k)
�R

(k)
y
I
(k)

R
(k)
x I

(k)
y � I

(k)
x R

(k)
y

(10.79)

y
(k+1) = y

(k)
�

R
(k)
x
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10.6 �������

V�3�Õ������Üni#á.-.����"#ù.-.�
��/´�&.A6¡J/NOªá.-.��������o$P

'Pn(z) = a1z
n+a2z

n�1+ � � �+an+1 = 0��6�1; �2; :::; �n�Kai�÷
øù.6 �ai/�i�÷øù.6 ��i/r �Pn(�z) = �a1�zn+�a2�zn�1+ � � �+�an+1 = 0

��6 ��1; ��2; :::; ��n�uv´K
G2n(z) = Pn(z) �Pn(z) = b1z

2n + b2z
2n�1 + � � �+ b2n+1 (10:82)

�1

b2i�1 = 2
min(i�1;n�i+1)X

k=1

Real(ai�k�ai+k) + ai�ai; i = 1; 2; :::; n+ 1(10.83)

b2i = 2
min(i�1;n�i)X

k=0

Real(ai�k�ai+k+1); i = 1; 2; :::; n (10.84)

rG2n(z) = 0��o6á.�(��.�/o6ù.�(6÷øù."�
G2n(z)����-.�(6á.�±N}á.-.��������J�
¡�÷øù.1xÓ�ò6������/N¥¦§¨����Pn(z)ÿ
��í6 0�OÏ�� bi�:�;<6P

C** INPUT : M2=2*(N+1), (A(I), I=1,M2)

C** OUTPUT : MM=2*N+1, (B(I), I=1,MM)

MM=M2-1

DO 50 I=1,MM,2

IX=I

IY=I

SR=0.0

SI=0.0

30 IF(IX.LE.0.OR.IY.GE.MM) GO TO 40

IY=IY+2

SI=SI+A(IX)*A(IY)+A(IX+1)*A(IY+1)

IF(IX.LE.1) GOTO 40

IX=IX-2

SR=SR+A(IX)*A(IY)+A(IX+1)*A(IY+1)

GOTO 30

40 B(I)=A(I)*A(I)+A(I+1)*A(I+1)+2.0*SR

50 B(I+1)=2.0*SI

10.7 ��������

************************************************************************
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PROGRAM POLY

C** ============================================================ **

IMPLICIT REAL*8(A-H,O-Z),INTEGER*4(I-N)

DIMENSION A(5100)

DATA EPSX,EPSF/1.0D-15,1.0D-5/

DATA ITM,ITS,IP,NF/15,4,21,0/,NDM/5100/

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Input coefficients in A(1:M) --> A(I) * X**(M-I) | **

C** | M = Number of real coefficients = Poly. order + 1 | **

C** | = 2 * Number of complex coefficients | **

C** | ITM = Maximum numbers of iterations allowed | **

C** | ITS = Max. # of iterations for no additional # of RR=1 | **

C** | IP = Debug output control (1+2+4+8+16+32+64+128) | **

C** | NF > 0 : By FFT method (NF=data points used in FFT) | **

C** | = 0 : By root shift (Itersections of circles) | **

C** | < 0 : For complex coefficients | **

C** +----------------------------------------------------------+ **

10 CALL INPEQU(A,M,NF,EPSX,EPSF,ITM,ITS,IP)

NO=1

NX=NO+M ! A(NO) for AO(M)

NY=NX+M ! A(NX) for AX(M)

NR=NY+M ! A(NY) for AY(M)

C** +----------------------------------------------------------+ **

C** | By FFT method | **

C** +----------------------------------------------------------+ **

IF(NF.LE.0) GOTO 30

NM=NR+M*4+NF+2 ! A(NR) for Working array AR(4*M+NF+2)

IF(NM.GT.NDM) STOP

CALL POLYFT(A(NO),A(NX),A(NY),A(NR),M,EPSX,EPSF,ITM,ITS,IP,NF)

GOTO 10

C** +----------------------------------------------------------+ **

C** | By root shift (intersections of circles) | **

C** +----------------------------------------------------------+ **

30 IF(NF.LT.0) GOTO 50

NM=NR+M*13 ! A(NR) for Working array AR(13*M)

IF(NM.GT.NDM) STOP

CALL POLYRT(A(NO),A(NX),A(NY),A(NR),M,EPSX,EPSF,ITM,ITS,IP)

GOTO 10

C** +----------------------------------------------------------+ **

C** | For complex coefficients | **

C** +----------------------------------------------------------+ **

50 NM=NR+M*14 ! A(NR) for Working array AR(14*M)

IF(NM.GT.NDM) STOP

CALL POLYCT(A(NO),A(NX),A(NY),A(NR),M,EPSX,EPSF,ITM,ITS,IP)

GOTO 10

END

************************************************************************

SUBROUTINE INPEQU(AO,M,NF,EPSX,EPSF,ITM,ITS,IP)

C** ============================================================ **

IMPLICIT REAL*8(A-H,O-Z),INTEGER*4(I-N)

LOGICAL ANSWER

DIMENSION AO(1)

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Input data from terminal | **

C** +----------------------------------------------------------+ **

10 CALL TERMR(' EPSX :',EPSX)

CALL TERMR(' EPSF :',EPSF)

CALL TERMI(' ITM :',ITM)
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CALL TERMI(' ITS :',ITS)

CALL TERMI(' IDEBUG:',IP)

CALL TERMI(' NF-FFT:',NF)

CALL TERMI(' M :',M)

C** +----------------------------------------------------------+ **

C** | Input coefficients of the polynomial | **

C** +----------------------------------------------------------+ **

I=0

20 I=I+1

CALL TERMI(' I :',I)

IF(I.GT.M) GOTO 30

CALL TERMR(' AO(I) :',AO(I))

GOTO 20

C** ------------------------------------------------------------ **

30 IF(ANSWER(' WANT TO RETYPE (Y/N) ? ','?')) GOTO 10

IF(M.LE.0) STOP

RETURN

END

************************************************************************

SUBROUTINE GRAEFF(AA,KA,BB,KB,RR,KR,AO,MO,EPS,ITM,ITS,IP)

C** ============================================================ **

IMPLICIT REAL*8(A-H,O-Z),INTEGER*4(I-N)

DIMENSION AA(MO),KA(MO),BB(MO),KB(MO),RR(MO),KR(MO),AO(MO)

DATA BASE/1024.0D0/,KPOS,KNEG/7,-8/,KMAX/1073741822/

C** ============================================================ **

C** BASE**( KPOS-1) .GT. 2**BitR8 (10*(7-1).GT.56) **

C** BASE**(-KNEG-2) .GT. 2**BitR8 (10*(8-2).GT.56) **

C** KMAX*2+3 .LE. 2**MIN0(BitI4,2*BitI4)-1 (2**30-2) **

C** ------------------------------------------------------------ **

C** Input : AO(MO),MO,EPS,ITM,ITS,IP **

C** Output : RR(MO),KR(MO) **

C** Working : AA(MO),KA(MO),BB(MO),KB(MO) **

C** ------------------------------------------------------------ **

C*I AO(I) = Coefficient of X**(M-I) **

C*I MO = Number of coefficients = Polynormial order + 1 **

C*I EPS = Error tolerance for RR=1 as |RR-1| <= EPS **

C*I ITM = Maximum numbers of iterations allowed **

C*I ITS = Max. # of iterations for no additional # of RR=1 **

C*I IP = Debug output control (1+2+4+8+16+32+64+128) **

C** ------------------------------------------------------------ **

C*O If KR(I).GT.0 then RR(I) is the magnitude of the roots **

C** KR(I) is the multiplicity **

C** ------------------------------------------------------------ **

C** By Graeffe's root squaring method **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Adjust M such that A(M).NE.0 and AO(M+1:MO)=0 | **

C** +----------------------------------------------------------+ **

M=MO

10 IF(M.LE.1) GOTO 90

IF(DABS(AO(M)).LT.1000.0D0*EPS) THEN

M=M-1

GOTO 10

ENDIF

C** +----------------------------------------------------------+ **

C** | Normalize : AO(1)=|AO(M)|=1, AO(II)=AA(II)*BASE**KA(II) | **

C** +----------------------------------------------------------+ **

15 AI=AO(1)

AM=DEXP(DLOG(DABS(AO(M)/AI))/(M-1))

DO 20 II=1,M
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AA(II)=AO(II)/AI

KA(II)=0

CALL NORMAL(AA(II),KA(II))

AK=KA(II)

IF(IP/4*2.NE.IP/2)

*WRITE(2,'(I8,1PE16.8,0PF20.0,1PE24.16)') II,AA(II),AK,AO(II)

20 AI=AI*AM

AA(M)=AA(M)/DABS(AA(M))

KA(M)=0

IF(IP/4*2.NE.IP/2) WRITE(2,'(2I4)') ITM,ITS

C** +----------------------------------------------------------+ **

C** | Root squaring | **

C** +----------------------------------------------------------+ **

KM=0

I1O=0

DO 50 IT=1,ITM+ITS*2

DO 30 II=1,M

IL=II

IR=II

S=2.0D0

BB(II)=AA(II)*AA(II)

KB(II)=KA(II)+KA(II)

CALL NORMAL(BB(II),KB(II))

25 IF(IL.LE.1.OR.IR.GE.M) GO TO 30

IL=IL-1

IR=IR+1

S=-S

SA=S*AA(IL)*AA(IR)

IF(SA.NE.0.0D0) THEN

KI=KA(IL)+KA(IR)-KB(II)

IF(KI.GE.KPOS.OR.BB(II).EQ.0.0D0) THEN

BB(II)=SA

KB(II)=KA(IL)+KA(IR)

CALL NORMAL(BB(II),KB(II))

ELSE IF(KI.GT.KNEG) THEN

BB(II)=BB(II)+SA*BASE**KI

CALL NORMAL(BB(II),KB(II))

ENDIF

ENDIF

GOTO 25

30 CONTINUE

C** +----------------------------------------------------------+ **

C** | Move BB(M),KB(M) --> AA(M),KA(M) | **

C** | Count I1N = Number of II with AA(II)**2/BB(II)=1 | **

C** +----------------------------------------------------------+ **

I1N=0

DO 40 II=1,M

IF(BB(II).NE.0.0D0.AND.AA(II).NE.0.0D0) THEN

RR(II)=AA(II)*AA(II)/BB(II)*BASE**(KA(II)+KA(II)-KB(II))

ELSE

RR(II)=0.0D0

ENDIF

AA(II)=BB(II)

KA(II)=KB(II)

IF(DABS(RR(II)-1.0D0).LE.EPS) I1N=I1N+1

IF(KA(II).GT.KM) KM=KA(II)

IF(IP/4*2.NE.IP/2)

*WRITE(2,'(I8,1PE16.8,I8,E24.16)') II,AA(II),KA(II),RR(II)

40 CONTINUE

C** +----------------------------------------------------------+ **
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C** | Set MS = Number of squaring has been performed | **

C** | I1N/I1O = Number of RR(*)=1 at this/last cycle | **

C** | IT-ITO+1 = The number of cycles which have the same I1N | **

C** +----------------------------------------------------------+ **

IF(I1N.NE.I1O) ITO=IT

I1O=I1N

MS=IT

IF(IP/4*2.NE.IP/2) WRITE(2,'(4I4)') IT,I1N,I1O,ITO

C** +----------------------------------------------------------+ **

C** | Convergence test | **

C** +----------------------------------------------------------+ **

IF(KM.GT.KMAX) GOTO 60

IF(IT.GE.ITM.AND.IT-ITO.GE.ITS) GOTO 60

50 CONTINUE

C** +----------------------------------------------------------+ **

C** | Find MM = II-IL = Multiplicity of root S, where RR(II)=1 | **

C** +----------------------------------------------------------+ **

60 IL=1

DO 80 II=2,M

IF(DABS(RR(II)-1.0D0).GT.EPS) GOTO 80

S=AA(II)/AA(IL)

KK=KA(II)-KA(IL)

CALL RSQRT(S,KK,MS)

MM=II-IL

MQ=KK/MM

MR=KK-MQ*MM

IF(MM.GT.1) S=DEXP(DLOG(S*BASE**MR)/MM)

S=S*BASE**MQ*AM

C** +----------------------------------------------------------+ **

C** | Set RR(IL:IL+MM-1)=S, KR(IL)=MM, KR(IL+1:IL+MM-1)=-MM | **

C** +----------------------------------------------------------+ **

MX=MM

DO 70 IR=1,MM

RR(IL)=S

KR(IL)=MX

IF(IP/2*2.NE.IP)

*WRITE(2,'(I8,1PE24.16,I8,E24.16)') IL,RR(IL),KR(IL),RR(IL+1)

MX=-MM

IL=IL+1

70 CONTINUE

80 CONTINUE

C** +----------------------------------------------------------+ **

C** | Return RR(M),KR(M) (RR(M+1:MO)=0, KR(M+1)=MO-M, if M<MO) | **

C** +----------------------------------------------------------+ **

90 KR(MO)=-MO

IF(M.EQ.MO) RETURN

DO 95 II=M,MO-1

RR(II)=0.0D0

95 KR(II)=M-MO

KR(M)=MO-M

RETURN

END

************************************************************************

SUBROUTINE NORMAL(A,K)

C** ============================================================ **

IMPLICIT REAL*8(A-H,O-Z),INTEGER*4(I-N)

DATA BASE/1024.0D0/

C** ============================================================ **

C** Normalize : A*BASE**K such that BASE > |A| >= 1 **

C** ============================================================ **
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X=DABS(A)

IF(X.LE.0.0D0) THEN

K=0

RETURN

ENDIF

10 IF(X.GE.BASE) THEN

X=X/BASE

K=K+1

GO TO 10

ENDIF

20 IF(X.LT.1.0D0) THEN

X=X*BASE

K=K-1

GOTO 20

ENDIF

A=DSIGN(X,A)

RETURN

END

************************************************************************

SUBROUTINE RSQRT(A,K,MM)

C** ============================================================ **

IMPLICIT REAL*8(A-H,O-Z),INTEGER*4(I-N)

DATA BASE/1024.0D0/

C** ============================================================ **

C** Square root of A*BASE**K MM times (A is positive) **

C** ============================================================ **

DO 10 I=1,MM

IF(K/2*2.NE.K) THEN

A=DSQRT(A*BASE)

K=(K-1)/2

ELSE

A=DSQRT(A)

K=K/2

ENDIF

10 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE POLYRT(AO,RR,KR,A,M,EPSX,EPSF,ITM,ITS,IP)

C** ============================================================ **

IMPLICIT REAL*8(A-H,O-Z),INTEGER*4(I-N)

DIMENSION AO(M),RR(M),KR(M),A(M,13)

C** ============================================================ **

CALL POLYNM(AO,RR,KR,A(1,1),A(1,2),A(1,3),A(1,4),A(1,5),A(1,6)

* ,A(1,7),A(1,8),A(1,9),A(1,10),A(1,11),A(1,12),A(1,13)

* ,M,EPSX,EPSF,ITM,ITS,IP)

RETURN

END

************************************************************************

SUBROUTINE POLYNM(AO,RR,KR,AA,KA,BB,KB,AR,AL,AC,PR,PL,PC,NR,NL,NC

* ,M,EPSX,EPSF,ITM,ITS,IP)

C** ============================================================ **

IMPLICIT REAL*8(A-H,O-Z),INTEGER*4(I-N)

DIMENSION AO(M),RR(M),KR(M),AA(M),KA(M),BB(M),KB(M),BUF(14)

DIMENSION AR(M),AL(M),AC(M),PR(M),PL(M),PC(M),NR(M),NL(M),NC(M)

DATA BASE/1024.0D0/,ZERO/0.0D0/,IM/2/

C** ============================================================ **

C** Input : AO(M),M,EPSX,EPSF,ITM,ITS,IP **

C** Output : RR(M),KR(M) **

C** Working : AA(M),KA(M),BB(M),KB(M) **
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C** AR(M),AL(M),AC(M),PR(M),PL(M),PC(M),NR(M),NL(M),NC(M) **

C** ------------------------------------------------------------ **

C** AO(I) = Coefficient of X**(M-I) **

C** ------------------------------------------------------------ **

C** If KR(I).GT.0 and KR(I+1).LT.0 then **

C** RR(I) = Real root **

C** KR(I) = Its multiplicity **

C** ------------------------------------------------------------ **

C** If KR(I).GT.0 and KR(I+1).EQ.0 then **

C** (RR(I),+-RR(I+1)) = Complex roots **

C** KR(I) = Its multiplicity (always even) **

C** ------------------------------------------------------------ **

C** By Graeffe's method and root shift and Bairstow's method **

C** ============================================================ **

CALL GRAEFF(AA,KA,BB,KB,RR,KR,AO,M,EPSX,ITM,ITS,IP)

C** ------------------------------------------------------------ **

II=1

DO 500 IL=1,M-1

IF(KR(IL).LE.0.OR.IL.LT.II) GO TO 500

IR=IL+KR(IL)-1

C** ------------------------------------------------------------ **

II=IL

X=RR(II)

IF(X.EQ.0.0D0) GOTO 500

C** +----------------------------------------------------------+ **

C** | Scale the II-th root to unit magnitude | **

C** +----------------------------------------------------------+ **

KFM=0

XX=1.0D0

KX=0

DO 20 I=M,1,-1

AA(I)=AO(I)*XX

KA(I)=KX

CALL NORMAL(AA(I),KA(I))

IF(KA(I).GT.KFM.AND.AA(I).NE.0.0D0) KFM=KA(I)

XX=XX*X

20 CALL NORMAL(XX,KX)

C** +----------------------------------------------------------+ **

C** | FFM = Sum of the abs of the coefficients | **

C** +----------------------------------------------------------+ **

FFM=0.0D0

DO 30 I=1,M

KI=KA(I)-KFM

IF(KI.NE.0.AND.AA(I).NE.0.0D0) AA(I)=AA(I)*BASE**KI

30 FFM=FFM+DABS(AA(I))

EFM=EPSF*FFM

EPS=EPSX*100.0D0

C** +----------------------------------------------------------+ **

C** | Square the roots for pure imag roots | **

C** +----------------------------------------------------------+ **

DO 210 I=1,M

AL(I)=AA(I)

AR(I)=AA(I)

IX=I

IY=I

S=2.0D0

SA=0.0D0

205 IF(IX.GT.1.AND.IY.LT.M) THEN

IX=IX-1

IY=IY+1
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S=-S

SA=AA(IX)*AA(IY)-SA

GOTO 205

ENDIF

210 AC(I)=AA(I)*AA(I)+S*SA

C** +----------------------------------------------------------+ **

C** | Shift the roots | **

C** +----------------------------------------------------------+ **

DO 220 K=M,2,-1

DO 220 I=2,K

AR(I)=AR(I)+AR(I-1)

AL(I)=AL(I)-AL(I-1)

220 AC(I)=AC(I)+AC(I-1)

C** +----------------------------------------------------------+ **

C** | Find M-MR = # of real roots (+X,0) | **

C** | Find M-ML = # of real roots (-X,0) | **

C** | Find M-MC = # of imag roots (0,+X) or (0,-X) | **

C** +----------------------------------------------------------+ **

DO 230 K=M-KR(IL),M

IF(DABS(AR(K)).GT.EFM) MR=K

IF(DABS(AL(K)).GT.EFM) ML=K

IF(DABS(AC(K)).GT.EFM) MC=K

230 CONTINUE

C** ------------------------------------------------------------ **

CALL PUTX( X,ZERO,M-MR,RR,KR,II,EPS)

IF(II.GT.IR) GOTO 500

CALL PUTX(-X,ZERO,M-ML,RR,KR,II,EPS)

IF(II.GT.IR) GOTO 500

CALL PUTX( ZERO,X,M-MC,RR,KR,II,EPS)

IF(II.GT.IR) GOTO 500

C** +----------------------------------------------------------+ **

C** | Check complex root for Err < EFM (EFM increase with KKK) | **

C** +----------------------------------------------------------+ **

DO 400 KKK=1,3

C** +----------------------------------------------------------+ **

C** | Find complex roots : real parts between +0.5X and +X | **

C** +----------------------------------------------------------+ **

IF(KKK.EQ.1)

*CALL GRAEFF(AR,KA,BB,KB,PR,NR,AR,MR,EPSX,ITM,ITS/2,IP)

DO 310 IV=MR-1,1,-1

IF(NR(IV).LE.0.OR.PR(IV).GT.2.005D0) GOTO 310

P=2.0D0-PR(IV)**2

Q=1.0D0

DO 300 ISTEP=1,20

CALL SYNTH2(AA,BB,M,P,Q,IM)

CALL PQERR(BB,M,P,Q,IM,ERS,FX)

PO=P

P=XMIN(P,FX,0.001D0,ISTEP,IVY,BUF)

IF(DABS(P-PO).LE.EPSX) GOTO 305

300 CONTINUE

305 CALL BAIRST(AA,BB,M,P,Q,IM,EPSX,EFM,IP)

IF(DABS(Q-1.0).GT.0.125.OR.DABS(P).GT.2.25) GO TO 310

CALL CHECK2(AA,BB,M,MB,P,Q,IM,EFM,IP)

IF(M.EQ.MB) GOTO 310

CALL PUTX(0.5D0*P*X,DSQRT(Q-0.25D0*P*P)*X,M-MB,RR,KR,II,EPS)

NR(IV)=0

IF(II.GT.IR) GOTO 500

310 CONTINUE

C** +----------------------------------------------------------+ **

C** | Find complex roots : real parts between -X and -0.5X | **
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C** +----------------------------------------------------------+ **

IF(KKK.EQ.1)

*CALL GRAEFF(AL,KA,BB,KB,PL,NL,AL,ML,EPSX,ITM,ITS/2,IP)

DO 330 IV=ML-1,1,-1

IF(NL(IV).LE.0.OR.PL(IV).GE.2.005D0) GOTO 330

P=PL(IV)**2-2.0D0

Q=1.0D0

DO 320 ISTEP=1,20

CALL SYNTH2(AA,BB,M,P,Q,IM)

CALL PQERR(BB,M,P,Q,IM,ERS,FX)

PO=P

P=XMIN(P,FX,0.001D0,ISTEP,IVY,BUF)

IF(DABS(P-PO).LE.EPSX) GOTO 325

320 CONTINUE

325 CALL BAIRST(AA,BB,M,P,Q,IM,EPSX,EFM,IP)

IF(DABS(Q-1.0).GT.0.125.OR.DABS(P).GT.2.25) GO TO 330

CALL CHECK2(AA,BB,M,MB,P,Q,IM,EFM,IP)

IF(M.EQ.MB) GOTO 330

CALL PUTX(0.5D0*P*X,DSQRT(Q-0.25D0*P*P)*X,M-MB,RR,KR,II,EPS)

NL(IV)=0

IF(II.GT.IR) GOTO 500

330 CONTINUE

C** +----------------------------------------------------------+ **

C** | Find complex roots : real parts between -0.5X and +0.5X | **

C** +----------------------------------------------------------+ **

EFM=EFM*4.0D0

IF(KKK.EQ.1)

*CALL GRAEFF(AC,KA,BB,KB,PC,NC,AC,MC,EPSX,ITM,ITS/2,IP)

DO 350 IV=MC-1,1,-1

IF(NC(IV).LE.0.OR.PC(IV).GT.2.010D0) GOTO 350

P=PC(IV)

Q=1.0D0

DO 333 ISTEP=1,20

CALL SYNTH2(AA,BB,M,P,Q,IM)

CALL PQERR(BB,M,P,Q,IM,ERS,FX)

PO=P

P=XMIN(P,FX,0.001D0,ISTEP,IVY,BUF)

IF(DABS(P-PO).LE.EPSX) GOTO 335

333 CONTINUE

335 DO 340 KK=1,2

CALL BAIRST(AA,BB,M,P,Q,IM,EPSX,EFM,IP)

IF(DABS(Q-1.0).GT.0.125.OR.DABS(P).GT.2.25) GO TO 340

CALL CHECK2(AA,BB,M,MB,P,Q,IM,EFM,IP)

IF(M.EQ.MB) GOTO 340

CALL PUTX(0.5D0*P*X,DSQRT(Q-0.25D0*P*P)*X,M-MB,RR,KR,II,EPS)

NC(IV)=0

IF(II.GT.IR) GOTO 500

340 P=-P

350 CONTINUE

C** +----------------------------------------------------------+ **

C** | Increase the error tolerance EFM | **

C** +----------------------------------------------------------+ **

EFM=EFM*2.5D0

IF(II.GT.IR) GOTO 500

400 CONTINUE

WRITE(2,'(1X,A,1PE16.8)') 'NO ENOUGH ACCURATE ROOTS FOUND FOR',X

500 CONTINUE

C** +----------------------------------------------------------+ **

C** | Output the answers | **

C** +----------------------------------------------------------+ **
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700 WRITE(2,'(/A8,2A24,A8/)') 'I','Real.X(I)','Imag.X(I)','No'

DO 710 II=1,M-1

IF(KR(II).LE.0) GOTO 710

IF(KR(II+1).NE.0) THEN

WRITE(2,'(I8,1PE24.16,24X,I8)') II,RR(II),KR(II)

ELSE

WRITE(2,'(I8,1P2E24.16,I8)') II,RR(II),RR(II+1),KR(II)

ENDIF

710 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE BAIRST(AA,BB,M,P,Q,IM,EPS,EFM,IP)

C** ============================================================ **

IMPLICIT REAL*8(A-H,O-Z),INTEGER*4(I-N)

DIMENSION AA(M),BB(M)

C** ============================================================ **

C** Input : AA(M),M,P,Q,IM,EPS,EFM,IP **

C** Output : P,Q IN THE FACTOR (X*X-P*X+Q) **

C** Working : BB(M) **

C** ------------------------------------------------------------ **

C** By Bairstow's method **

C** ============================================================ **

IF(M.LE.3) RETURN

DO 40 I=1,20

C** +----------------------------------------------------------+ **

C** | [X*X-P*X+Q][B(1)*X**(M-3)+..+B(M-2)]+B(M-1)*(X-P)+B(M) | **

C** +----------------------------------------------------------+ **

CALL SYNTH2(AA,BB,M,P,Q,2)

C** ------------------------------------------------------------ **

B0=BB(M)

B1=BB(M-1)

EE=DSQRT(DABS(B0*B0-P*B0*B1+Q*B1*B1))

C** +----------------------------------------------------------+ **

C** | [X*X-P*X+Q][C(1)*X**(M-4)+..+C(M-3)]+C(M-2)*(X-P)+C(M-1) | **

C** +----------------------------------------------------------+ **

CALL SYNTH2(BB,BB,M-1,P,Q,2)

C** +----------------------------------------------------------+ **

C** | / C(M-1) C(M-2) \ / -DP \ / B( M ) \ | **

C** | | | | | = | | | **

C** | \ C(M-2) C(M-3) / \ +DQ / \ B(M-1) / | **

C** +----------------------------------------------------------+ **

D=BB(M-1)*BB(M-3)-BB(M-2)**2

IF(DABS(D).LT.EPS) WRITE(2,'(1X,A)') 'BAIRST : |D| < EPS'

DP=(BB(M-2)*B1-BB(M-3)*B0)/D

DQ=(BB(M-1)*B1-BB(M-2)*B0)/D

P=P+DP

Q=Q+DQ

IF(IP/32*2.NE.IP/16)

*WRITE(2,'('' BAIRST '',1PE24.16,3E14.5)') P,Q,DP,DQ,D,EE,B1,B0

IF(DABS(DP)+DABS(DQ).LE.EPS) RETURN

C** +----------------------------------------------------------+ **

C** | For general use following statement should be deleted | **

C** +----------------------------------------------------------+ **

IF(DABS(Q-1.0).GT.0.125.OR.DABS(P).GT.2.25) RETURN

40 CONTINUE

WRITE(2,'(1X,A)') 'BAIRST : NOT CONVERGE IN 20 ITERATION'

RETURN

END



298 XYZ [\]^_
************************************************************************

SUBROUTINE PUTX(XR,XI,N,RR,KR,II,EPS)

C** ============================================================ **

IMPLICIT REAL*8(A-H,O-Z),INTEGER*4(I-N)

DIMENSION RR(1),KR(1)

C** ============================================================ **

C** Test if (XR,XI) already exist in RR(1:II-1) **

C** ============================================================ **

IF(N.LE.0) RETURN

DO 30 I=1,II-1

IF(KR(I).LE.0) GOTO 30

IF(KR(I+1).NE.0) THEN

IF(DABS(XR-RR(I))+DABS(XI-RR(I+1)).LE.EPS) RETURN

ELSE

IF(DABS(XR-RR(I)).LE.EPS) RETURN

ENDIF

30 CONTINUE

C** ------------------------------------------------------------ **

RR(II)=XR

KR(II)=N

IF(XI.NE.0.0D0) THEN

RR(II+1)=XI

KR(II+1)=0

ENDIF

II=II+N

WRITE(2,'('' PUTX '',I8,1P2E24.16)') II,XR,XI

RETURN

END

************************************************************************

SUBROUTINE CHECK2(AA,BB,MA,MB,P,Q,IM,EFM,IP)

C** ============================================================ **

IMPLICIT REAL*8(A-H,O-Z),INTEGER*4(I-N)

DIMENSION AA(MA),BB(MA)

C** ============================================================ **

C** Check # of the factor (X*X - P*X + Q) ---> (MB-MA)/2 **

C** or the factor (X - P) ---> (MB-MA) **

C** ------------------------------------------------------------ **

C** Input : AA(MA),MA,P,Q,IM,EFM,IP **

C** Output : MB **

C** Working : BB(MA) **

C** ============================================================ **

MB=MA

DO 10 M=MA,IM+1,-IM

IF(M.EQ.MA) THEN

CALL SYNTH2(AA,BB,MB,P,Q,IM)

ELSE

CALL SYNTH2(BB,BB,MB,P,Q,IM)

ENDIF

CALL PQERR(BB,MB,P,Q,IM,ERS,ERR)

IF(IP/64*2.NE.IP/32)

*WRITE(2,'(I8,1P2E16.8)') (I,AA(I),BB(I),I=1,MB)

IF(IP/32*2.NE.IP/16)

*WRITE(2,'('' CHECK '',I5,1PE24.16,3E12.4)') MB,P,Q,ERR,EFM

IF(ERR.GT.EFM) RETURN

MB=MB-IM

10 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE SYNTH2(AA,BB,M,P,Q,IM)
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C** ============================================================ **
IMPLICIT REAL*8(A-H,O-Z),INTEGER*4(I-N)
DIMENSION AA(M),BB(M)

C** ============================================================ **
C*I A(1)*X**(M-1)+..+A(M) **
C*O = (X-P) * (B(1)*X**(M-2)+..+B(M-1)) + B(M) **
C*O =(X*X-P*X+Q)*(B(1)*X**(M-3)+..+B(M-2)) + B(M-1)*(X-P) + B(M) **
C** ------------------------------------------------------------ **
C** Input : AA(M),M,P,Q,IM (IM=1 or 2) **
C** Output : BB(M) **
C** ============================================================ **

BB(1)=AA(1)
IF(IM.EQ.1) THEN
DO 20 I=2,M

20 BB(I)=AA(I)+BB(I-1)*P
ELSE
BB(2)=AA(2)+P*BB(1)
DO 80 I=3,M

80 BB(I)=AA(I)+BB(I-1)*P-BB(I-2)*Q
ENDIF
RETURN
END

************************************************************************
SUBROUTINE PQERR(BB,M,P,Q,IM,ES,ER)

C** ============================================================ **
IMPLICIT REAL*8(A-H,O-Z),INTEGER*4(I-N)
DIMENSION BB(M)

C** ============================================================ **
C** +----------------------------------------------------------+ **
C** | |(X-P)*B1+B0)|**2=((X-P)*B1+B0)*((conj.X-P)*B1+B0) | **
C** | =(B0-P*B1)**2+(X+conj.X)*(B0-P*B1)*B1+|X|**2*B1**2 | **
C** | =(B0-P*B1)**2+ P *(B0-P*B1)*B1+ Q *B1**2 | **
C** | =B0**2-P*B0*B1+Q*B1**2 | **
C** +----------------------------------------------------------+ **

IF(IM.EQ.1) THEN
ES=BB(M)

ELSE
ES=BB(M)**2-P*BB(M)*BB(M-1)+Q*BB(M-1)**2

ENDIF
ER=DABS(ES)
RETURN
END

************************************************************************
SUBROUTINE POLYFT(AO,RR,KR,A,M,EPSX,EPSF,ITM,ITS,IP,NF)

C** ============================================================ **
IMPLICIT REAL*8(A-H,O-Z),INTEGER*4(I-N)
DIMENSION AO(M),RR(M),KR(M),A(M,10)

C** ============================================================ **
K=NF/2+2
CALL FFTANG(AO,RR,KR,A(1,1),A(1,2),A(1,3),A(1,4)
* ,A(1,5),A(K,5),M,EPSX,EPSF,ITM,ITS,IP,NF)
RETURN
END

************************************************************************
SUBROUTINE FFTANG(AO,RR,KR,AA,KA,BB,KB,FF,LL
* ,M,EPSX,EPSF,ITM,ITS,IP,NF)

C** ============================================================ **
IMPLICIT REAL*8(A-H,O-Z),INTEGER*4(I-N)
DIMENSION AO(M),RR(M),KR(M),AA(M),KA(M),BB(M),KB(M)
DIMENSION FF(NF),LL(NF),BUF(14)
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DATA BASE/1024.0D0/,INV/-2/
C** ============================================================ **
C** Input : AO(M),M,EPSX,EPSF,ITM,ITS,IP,NF **
C** Output : RR(M),KR(M) **
C** Working : AA(M),KA(M),BB(M),KB(M),FF(NF+2),LL(NF/2+1) **
C** ------------------------------------------------------------ **
C** AO(I) = Coefficient of X**(M-I) **
C** ------------------------------------------------------------ **
C** If KR(I).GT.0 and KR(I+1).NE.0 then **
C** RR(I) = Real root **
C** KR(I) = Its multiplicity **
C** ------------------------------------------------------------ **
C** If KR(I).GT.0 and KR(I+1).EQ.0 then **
C** (RR(I),+-RR(I+1)) = complex roots **
C** KR(I) = Its multiplicity (always even) **
C** ------------------------------------------------------------ **
C** By Graeffe's method and FFT and Bairstow's method **
C** ============================================================ **

CALL GRAEFF(AA,KA,BB,KB,RR,KR,AO,M,EPSX,ITM,ITS,IP)
C** ------------------------------------------------------------ **

II=1
DO 85 IL=1,M-1
IF(KR(IL).LE.0.OR.IL.LT.II) GO TO 85
IR=IL+KR(IL)-1

C** ------------------------------------------------------------ **
II=IL
X=RR(II)
IF(X.EQ.0.0D0) GOTO 85

C** ------------------------------------------------------------ **
DO 15 I=1,NF+2

15 FF(I)=0.0D0
C** +----------------------------------------------------------+ **
C** | Scale the II-th root to unit magnitude | **
C** +----------------------------------------------------------+ **

KFM=0
XX=1.0D0
KX=0
DO 20 I=M,1,-1
AA(I)=AO(I)*XX
KA(I)=KX
CALL NORMAL(AA(I),KA(I))
IF(KA(I).GT.KFM.AND.AA(I).NE.0.0D0) KFM=KA(I)
XX=XX*X

20 CALL NORMAL(XX,KX)
C** +----------------------------------------------------------+ **
C** | FFM = Sum of the abs of the coefficients | **
C** +----------------------------------------------------------+ **

FFM=0.0D0
DO 30 I=1,M
KI=KA(I)-KFM
IF(KI.NE.0.AND.AA(I).NE.0.0D0) AA(I)=AA(I)*BASE**KI
FFM=FFM+DABS(AA(I))

30 FF(I)=AA(I)
EFM=EPSF*FFM
EPS=EPSX*100.0D0

C** +----------------------------------------------------------+ **
C** | Find real roots +X or -X | **
C** +----------------------------------------------------------+ **

IM=1
P=1.0D0
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Q=0.0D0
DO 40 K=1,2
CALL CHECK2(AA,BB,M,MB,P,Q,IM,EFM,IP)
CALL PUTX(P*X,Q,M-MB,RR,KR,II,EPS)
IF(II.GT.IR) GOTO 85

40 P=-P
C** +----------------------------------------------------------+ **
C** | Compute function values along the unit circle by FFT | **
C** +----------------------------------------------------------+ **

CALL FFTR(FF,FF,NF,INV)
DO 50 I=1,NF/2+1
AM=DSQRT(FF(2*I-1)**2+FF(2*I)**2)
IF(IP/256*2.NE.IP/128)
*WRITE(2,'(I8,1P3E16.8)') I,AM,FF(2*I-1),FF(2*I)

50 FF(I)=AM
C** +----------------------------------------------------------+ **
C** | Find locations with local minimum errors | **
C** +----------------------------------------------------------+ **

IN=0
DL=FF(2)-FF(1)
DO 60 I=2,NF/2
DR=FF(I+1)-FF(I)
IF(DL.GT.0.0D0.OR.DR.LT.0.0D0) GOTO 60
IN=IN+1
LL(IN)=I
IF(IP/128*2.NE.IP/64)
*WRITE(2,'(I8,1P3E16.9)') I,FF(I-1),FF(I),FF(I+1)

60 DL=DR
C** +----------------------------------------------------------+ **
C** | Index sort according to errors | **
C** +----------------------------------------------------------+ **

IS=IN
65 IE=IS-1

DO 70 I=1,IE
IU=LL(I)
IV=LL(I+1)
IF(FF(IU).LE.FF(IV)) GOTO 70
LL(I)=IV
LL(I+1)=IU
IS=I

70 CONTINUE
IF(IS.LE.IE) GOTO 65

C** +----------------------------------------------------------+ **
C** | Refine the complex roots by minimizing the errors | **
C** | Then by Bairstow's method | **
C** +----------------------------------------------------------+ **

IM=2
DX=2.0D0/NF
DO 80 IV=1,IN
XX=DX*(LL(IV)-1)
DO 77 ISTEP=1,12
P=2.0D0*DCOS(XX*3.1415926535897932D0)
Q=1.0D0
CALL SYNTH2(AA,BB,M,P,Q,IM)
CALL PQERR(BB,M,P,Q,IM,ERS,FX)
XO=XX
XX=XMIN(XX,FX,0.5*DX,ISTEP,IVY,BUF)
IF(DABS(XX-XO).LE.EPSX) GOTO 78

77 CONTINUE
C** ------------------------------------------------------------ **
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78 CALL BAIRST(AA,BB,M,P,Q,IM,EPSX,EFM,IP)
IF(DABS(Q-1.0).GT.0.125.OR.DABS(P).GT.2.25) GO TO 80
CALL CHECK2(AA,BB,M,MB,P,Q,IM,EFM,IP)
IF(M.EQ.MB) GOTO 80
CALL PUTX(0.5D0*P*X,DSQRT(Q-0.25D0*P*P)*X,M-MB,RR,KR,II,EPS)
IF(II.GT.IR) GOTO 85

80 CONTINUE
85 CONTINUE

C** +----------------------------------------------------------+ **
C** | Output the answers | **
C** +----------------------------------------------------------+ **

90 WRITE(2,'(/A8,2A24,A8/)') 'I','Real.X(I)','Imag.X(I)','No'
DO 100 II=1,M-1
IF(KR(II).LE.0) GOTO 100
IF(KR(II+1).NE.0) THEN
WRITE(2,'(I8,1PE24.16,24X,I8)') II,RR(II),KR(II)

ELSE
WRITE(2,'(I8,1P2E24.16,I8)') II,RR(II),RR(II+1),KR(II)

ENDIF
100 CONTINUE

RETURN
END

************************************************************************
SUBROUTINE POLYCT(AO,RR,KR,A,M2,EPSX,EPSF,ITM,ITS,IP)

C** ============================================================ **
IMPLICIT REAL*8(A-H,O-Z),INTEGER*4(I-N)
DIMENSION AO(M2),RR(M2),KR(M2),A(1)

C** ============================================================ **
C** Input : AO(M2),M2,EPSX,EPSF,ITM,ITS,IP **
C** Output : RR(M2),KR(M2) **
C** Working : A(MM*14) (MM=M2-1, M=M2/2, M2 is even) **
C** ------------------------------------------------------------ **
C** (AO(2*I-1),AO(2*I)) = Complex coefficient of X**(M-I) **
C** ------------------------------------------------------------ **
C** A(I) = Coefficient of Y**(MM-I) **
C** Half # of roots Y = Roots X **
C** Half # of roots Y = Conjugate of roots X **
C** ------------------------------------------------------------ **
C** If KR(I).GT.0 and KR(I+1).LT.0 then **
C** RR(I) = Real root **
C** KR(I) = Its multiplicity **
C** ------------------------------------------------------------ **
C** If KR(I).GT.0 and KR(I+1).EQ.0 then **
C** (RR(I),+-RR(I+1)) = complex roots **
C** KR(I) = Its multiplicity (always even) **
C** ------------------------------------------------------------ **
C** Double the degree of the polynomial such that **
C** The roots include the original roots and their conjugates **
C** So the coefficients are all real **
C** ============================================================ **

M=M2/2
MM=M2-1
DO 150 I=1,MM,2
IX=I
IY=I
SR=0.0D0
SI=0.0D0

135 IF(IX.GT.0.AND.IY.LT.MM) THEN
IY=IY+2
SI=SI+AO(IX)*AO(IY)+AO(IX+1)*AO(IY+1)
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IX=IX-2
IF(IX.GT.0) THEN
SR=SR+AO(IX)*AO(IY)+AO(IX+1)*AO(IY+1)
ENDIF
GO TO 135

ENDIF
A(I )=2.0D0*SR+AO(I)*AO(I)+AO(I+1)*AO(I+1)
A(I+1)=2.0D0*SI

150 CONTINUE
C** ------------------------------------------------------------ **

CALL POLYRT(A,RR,KR,A(MM+1),MM,EPSX,EPSF,ITM,ITS,IP)
C** ------------------------------------------------------------ **

WRITE(2,'(/A8,2A24,A8/)') 'I','Real.X(I)','Imag.X(I)','No'
DO 300 II=1,MM-1
IF(KR(II).LE.0) GOTO 300
XR=RR(II)
IF(KR(II+1).EQ.0) THEN
XI=RR(II+1)
IX=2

ELSE
XI=0.0D0
IX=1

ENDIF
C** ------------------------------------------------------------ **

DO 260 IR=1,IX
DO 210 I=1,M2

210 A(I)=AO(I)
DO 230 K=MM,3,-2
DO 220 I=3,K,2
A(I )=A(I )+A(I-2)*XR-A(I-1)*XI

220 A(I+1)=A(I+1)+A(I-2)*XI+A(I-1)*XR
IF(DSQRT(A(K)**2+A(K+1)**2).GT.EPSF) GOTO 250

230 CONTINUE
C** ------------------------------------------------------------ **

250 N=(MM-K)/2
WRITE(2,'(I8,1P2E24.16,I8)') II,XR,XI,N
XI=-XI

260 CONTINUE
300 CONTINUE

RETURN
END

************************************************************************
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11.3 ·¸@ABC

PV�RS�'����DoPV���3oPV#Ól!�EF
"� �x�NO"�x�ÖDoPV �x�GÇm (11.1)�3oPV �x�GÇm
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2
B
�t+1 (11.6)

tJ'��!RSPV�'öU���ZVÜÝPV�]é©-'��!
RS�WÓJXY ccccbbbRSl�ê!"1�RS=!"�EF"TKE
L���"� �x = 0:ccccbbb �Be�� f = 0:ccccbbb�KEL�'��!� 7

�!"�'��!� t = 4��¨�DoPV��x = 0:0001000Be
=2 = 1

2
B

e�4

�¨�3oPV� �x = 1
2
B
�3#01H�SHXYO0� e§ c} b�ZN

!"��ÜÝ1B[æç�"#BnHÜÝ�"�\1]��!]�
��"o^�â[S�

ccccbbb ccccbbb

ccccbbb ccccbbb

cccccbb ccbbbbb
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11.4 ·¸_`

�ê'PVY!"énDEZ�_`+]'PV�H�e%È|'
!"�PV@úaDE_`�PV�fg��PV¤¥#!"�DE'
�ÈÛbcd�eÖDE�5�te=eÖDE_`�PV§|Æ!"
x§ yf�PVØÙ��PV¤¥�¨��ØÙ�

z = x+ y (11.7)

�x+y = �x + �y (11.8)

�x+y =
�x

�x+ �y
�x +

�y

�x+ �y
�y (11.9)

z = x� y (11.10)

�x�y = �x � �y (11.11)

�x�y =
�x

�x� �y
�x �

�y

�x� �y
�y (11.12)

z = xy (11.13)

�xy = �y �x + �x �y (11.14)

�xy = �x + �y (11.15)

z = x=y (11.16)

�x=y =
1

�y
�x �

�x

�y2
�y (11.17)

�x=y = �x � �y (11.18)

m (11.8)(11.11)(11.14)(11.17)�DoPVf�ØÙ��È x = �x+ �x� y =

�y + �y gÅm (11.7)§m (11.10)\ z = x � y = (�x + �x) � (�y + �y)�8
�z = �x�y = (x� y)� (�x� �y) = �x� �y�te\m (11.8)§m (11.11)�ØÙ
#01$9ØÙ�ùú§ÿ�m�ùú�F (h� �sin� = cos � ��2 )�t
em (11.14)§m (11.17)�ùúij#3oPVØÙm�k�QÈDoP
VØÙm�TdJ �x+ �yl �x� �yl �x�y§ �x=�y�¬9-Zm��Gm@\#
�x+y = �x+y=(�x+�y)l �x�y = �x�y=(�x��y)l�xy = �xy=(�x�y)l�x=y = �x=y=(�x=�y)

l �x = �x=�x§ �y = �y=�y#
ÈJ6�PVØÙ�nzâÍ�êk�ØÙ�

(1)�!"�þ�o�3oPV��!"0�\�V#N©PV'N'p
��6ï<Ë�3oPV�Do"�\#te�!"3c�þ�3d�
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o�3oPV]÷E�!"O�3oPV�d�0#J'��!@s�
�êc!�`�' pê'����Ö�cþ�'��!B�btn p�#
(2)�!"�\�V�DoPV��!"0�\�V#N©PV'N'p
��6ï<Ë�DoPV�Do"�\#�!"�\VDE�-âmX
YmRS�T�uvnz&"�'��!f�âwØÙ�
(2a)�êÛ!�]���!"[¼NO�\!�]���!"x]NO
#te\!OÈyz{J�ê b��|]H�êÛ!O¨y}� b*#
(2b)\VDEZ�\!�'��!'�b�Êb~#�x§ y3�÷E1
� jx� yj << jxj := jyj�È3oPV�ØÙm� �x�� jxj=(jx� yj)�� �y

�� jyj=(jx� yj)��@ jx� yj�"�Jñ��$���te3oPV�b
]���$Gè�#�æâm{}XYm��`�|Æ"'. qê��3
2Ö�V"�'��!T]b~ q��3�Ç�3oPV��"B

q�#
ccccbbb cccccbb

ccccbbb ccccbbb

cccccbb ccbbbbb

teñ÷E��êDo"3b (k�E"3b )�DE��]{5DE_
`�PV×���#�`$9×����PVhB� ¡$¨Z_`�
Ö]{5_`�PVn�@/'-*#ÈÇ\VDE�¨���DE�
�`HÛ01�Tñ�b]�#E"3b�DE#�`KEn�O[L
]'E"3b�DE�Öe!"���'�b{5PVn����t
e[¼��u8�#F\VDE�b��êDEÊ���S�'1�]
'�B��Y���te@{5PV���;7#+��%DE���
m'N'p�!"�\��óôõ!\�ÓtNp"�p@^õ!\�
Do"��ÇDEn�¨�"��]{5PV×����fg# DEn
�¨�"�PDEn�O�?�\��Ã"�¨�Do"#e1õ!\
�DoPV"2ÇDEn�¨�"�ÄÅDoPV (õ!\�DoPV<
"2ÇDEn�O�?�\��Ã"�¨�DoPV�F=2"B�Ë
\�WÓ�Ã"�'��!2ÇKEL�'��!�Öv-DEn�
¨�"�ÄÅPV<�/¦ )#te�3oPV����!"�DEn�
¨�"§õ!\�c#01õ!Ç5Û�Ã1�?�\�B��]b~
ñò�'��!�+T5�DE�3oPV��Bò�F3oPVéñ
ò����3c�`�¨Z�4]�3oPV×���#e%����
�6§E"3b�rs3F#RÍ6�G�êE"3b�F;í6��
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��ê"2ÇDEn�¨�"�E"3b#

¦Ý6�nê"3Û�\!�DoPV¨�6ï"�Û!�DoPV
�Do"�\#FKELv-ÄÅPV�PV'N'p���"��
�8\!�DoPV]�3�p�teJ6ï"ð�\!�PVT�\
a�@B�;í#J�K���K\!�DoPV<d/¦#WXO�
�ï�¦�\!�DoPV �n�Û!�DoPV �xi�\�����©�
�� (Normal distribution )#Ó\!�DoPV �n��"� 0��Ò�
V� �n#Ö j�nj < 2�n�L � 95:45%� j�nj < 3�n�L � 99:73%#�
¡D�ò!�¢â\!�DoPVH 3�n�M#ÓÛ!�DoPV��Ò
�V� �xi�Ö\!�DoPV��Ò�V� �n =

qPn
i=1 �

2
xi
#Ó�!�

DoPV�©����ÖDoPV�c2Ç��Ò�V�c#te\
!�DoPV"� �n =

qPn
i=1 �

2
xi
#«�KEn = 100êDoPV�"3]

�"�\1�\!�DoPV�6ï�n = 100�Û!�DoPV�FJ
�K��KE�\!�DoPV"�p

n = 10�Û!�DoPV#æçK
EL�ÄÅPV���3oPV ��£��Ç��M�f� �M = 1

2
B
�t+1

�Ö��"� 0��Ò�V� �M =
q
1=3 �M#ÓJ©���EF£

���Ö j�j < �M =
p
3 �M�L � 91:67%�01="¤ñ÷E£��

1�NOL 100%#+��æ"� j�j <
p
3 �M = 3�M�L �99:73%#

11.5 ·¸¥¦@§¨

�M�m:�ê]wxn�PV�ª«¬���|t}�~��#
«��KEâmNpÃ©ª�Gèõ!�\�

sin x = x� 1

3!
x
3 +

1

5!
x
5 � 1

7!
x
7 + � � � (11.19)

Jóôõ!KE sinx1�¦Ý6=õ!o�1���x]��#�LK
EGèõ!\78'ÂÃPV�H�F�PV�¿��J«7H�÷6
�ª¬M�Ba�{5PVn���#e«'��>Èâm�Ã
t®[{5� (1)KEL'ï�'��!# (2)Gèõ!'N}pÃ�tN
p"�p@^õ!\�Do"��ÇDEn�¨�"#J � = 1830o�«
�x = 31:93953�!mO¨�"�Ã� 1

31!
x
31 = 0:5237940 � 1013�¨�?�

\� 0:2655370 � 1013�8DEn�¨�"� 0:5237940 � 1013�@õ!\�
¦Ý"� 0:5�te3oPV����!Q� 1013#ÓKEL�'��!
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� 7�ÖDEn�¨�"�ÄÅDoPV�� 0:5 � 106�õ!\�DoP
V+�� 0:5 � 106#te;íÈKEL[\�³´� 0:665275 � 105<>H
µÕ�O#ÓKEL�'��!� 16�ÖDEn�¨�"�ÄÅDoP
V�� 0:5 � 10�3�õ!\�DoPV+�� 0:5 � 10�3#e1;íÈKE
L[\�³´� 0:499905�>HµÕ�O#v-�ÑÉN©�J�~�?
���Bná>2�oõ!�¨�?�\�¨�Ã'[k��JO�
=õ!��>¶�-#

ccccccc cccccccccccccccc

ccccccc cccccccccccccccc

ccccccc cccccccccccccccc

ccccccc cccccccccccccccc

ccccccc cccccccccccccccc

ccccccc cccccccccccccccc

ccccccc cccccccccccccccc

bbbbbbb cccbbbbbbbbbbbbb

«���âm��òÃm�W�
ax

2 � 2bx+ c = 0 (11.20)

x1 =
b+
p
b2�ac
a

; x2 =
b�
p
b2�ac
a

= c

b+
p
b2�ac

= c
ax1

(11.21)

� b > 0��` b
2
>> ac�Ö b§p

b2 � ac��32�Öx2È6w·mJ�
mKEPV]ñ��<I-J�m�JÀmKEd�ÒO#J a = 1; b =

100; c = 1�«�¸�-À�'��!KE��\ x1 = 200�JJ�mK
E\ x2 = 0� JJ�m�JÀmKE\ x2 = 0:0500��LdJ�mE\
�x2 = 0ÑO#J¹ºc��o�»¼�r½"}r½zÊ1�T<æ
ç#e��#
«À�¾-âm�¿À ( recurrence )m (11.22)KEJn(x); n = 0; 1; 2; � � ��

Jn�1(x) + Jn+1(x) = (2n=x)Jn(x) (11.22)

Jo(x) + 2
P1

n=1 J2n(x) = 1 (11.23)

� n < x1��Èm (11.22)Á n = 0; 1; 2; � � ��ÂÃKE#¶Ö×�YÄ
ÅPV]\B#ÒOY_`#e1<=IÁ n"È�#�YÂÃKE#
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J x = 1�«�� kJ8(1) = 0; kJ7(1) = 1�LZÈm (11.22)�\âR�
& kJn(1)�"#�¾-m (11.23)�ØÙ�\ k = 668648#="dJ�Ä
T\JÀÄ�& Jn(1)"#$ÇJeÄ� J

�
n(1)ÙÈ Jo(1)§ J1(1)�"Á

m (11.22)Å n = 1; 2; � � ��ÂÃKE[\�01 n > 4JZ�"PVÆÇ
Æ�#e*PVÇ��|t�Jn+1(x)ÙÈ��32��" (2n=x)Jn(x)§
Jn�1(x)3b@\�tePV]���#�zKE1 Jn�1(x)ÖÙÈd�
�" (2n=x)Jn(x)§d��"Jn+1(x)3b@\�tePVB]���#È
>¾-�Fm (11.22)�¿Àm1��b'�ê�z�KE]'PV�
��fg (:;6m (11.22)��ÉV�m�+�ÁJÊ�������>
¶'BË��ÌxW )��Á�«ð�IÇ�zKE�#

n kJn(1) Jn(1) J
�
n(1)

8 0 0:00000 �:96202
7 1 0:00000 �:06913
6 14 0:00002 �:00579
5 167 0:00025 �:00034
4 1656 0:00248 :00240

3 13081 0:01956 :01955

2 76830 0:11490 :11490

1 294239 0:44005 :44005

0 511648 0:76520 :76520

«e�KEâm�ÍÎ"þ��
I =

Z a

�a

f(x)dx

x
=

Z a

0

[f(x)� f(�x)]dx
x

(11.24)

� f(x) > 0�ÓJJ�mKEþ�1�Ö�þ�mÈx=�aþ$x=01�
þ�"�EÇpGè���LV¢þ�]�x > 0�Nþ�"�p@�'
ï"�FtKEL'ï�'��!^PV�¨��?�þ�"� 1

2
B
�t+1 �

F="]��Ç¨Z�þ�"a^þ�"PVn�@Bb^-#ÓI-
J�mKE���HKE f(x)� f(�x)1jÛ01�TB]'PVn��
�#
«Ï�æçâm&KEm�

ab� ac = a(b� c) ; b
a
� c

a
= b�c

a
(11.25)
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b2�c2
b�c = b+ c ; (b+ d)� b = d (11.26)

� b§ c��32� d << b#Ö6mmO�¨Ðv-2Y{}�Em�
Ñ#m (11.26)����)�nzym]{5PVn���#Èâm�
(b+ d)� b�XYm+�)�nz d�'��!b~��#

b : ccccccc

d : ccccccc

b : ccccccc

(b+ d)� b : ccccbbb

m (11.25)���¬BÊ�)��ÒJ6M[S�����#

�ab�ac =
b

b� c
(�a + �b + �m1)�

c

b� c
(�a + �c + �m2) + �s1 (11.27)

�a(b�c) =
b

b� c
�b �

c

b� c
�c + �s2 + �a + �m3 (11.28)

016mKEPV6ï1<Ë&ÃDo"�\#�O �m12�þ!�ÄÅ
PV� �s12�V!�ÄÅPV#H �ab�acOþ!�ÄÅPV' �m1§ �m2�
Ã��"B��]32�]Y�Whé�T�� b

b�c � c
b�c ��L 6�

�Lc �a(b�c)Oî'�ÃHé��� �m30��#âm �b=a�c=a���+§
.0�F�B�Ów#

�b=a�c=a =
b

b� c
(�b � �a + �m1)�

c

b� c
(�c � �a + �m2) + �s1 (11.29)

�(b�c)=a =
b

b� c
�b �

c

b� c
�c + �s2 � �a + �m3 (11.30)

«Ô�æçâmKE�Ò�V�KEm�

� =
1

n

nX
i=1

xi (11.31)

�
2 =

1

n

nX
i=1

(xi � �)2 (11.32)

=
1

n

nX
i=1

(x2i � 2�xi + �
2)

=
1

n

nX
i=1

x
2
i � �

2 (11.33)
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� nê xi"3�÷E1� �

2��b�c �
2���+T 1

n

Pn
i=1 x

2
i § �

2��

32�Jm (11.33)KE�
2�]^PVa��te<v-m (11.32)�Ñ#

«Õ�æçâm¨��c��KEm�
yi = ko + k1xi ; i = 1; 2; � � � ; n (11.34)

2
6666664

1 x1

1 x2

...
...

1 xn

3
7777775

8<
:

ko

k1

9=
; =

8>>>>>><
>>>>>>:

y1

y2

...

yn

9>>>>>>=
>>>>>>;

(11.35)

6m.cÙ!»¼�Ö|»¼�\m (11.36)#�mO�Pn
i=1 xi-n�Ëg

Z��p-J�mO ko�Ù!�\m (11.37)#01�J�m k1�Ù!§
m (11.33)�KEm3���¡Hxi÷E321�=Ù!�PV+]a�#

2
4 n

Pn
i=1 xiPn

i=1 xi
Pn

i=1 x
2
i

3
5
8<
:

ko

k1

9=
; =

8<
:

Pn
i=1 yiPn

i=1 xiyi

9=
; (11.36)

2
4 n n�

0
Pn

i=1 x
2
i � n�

2

3
5
8<
:

ko

k1

9=
; =

8<
:

Pn
i=1 yiPn

i=1 xiyi � �
Pn

i=1 yi

9=
; (11.37)

Ó�m (11.34)I�m (11.39)�J¨��c��Ko; K1�T�\�FK
Em (11.32)�m (11.40)#cdm (11.40)§m (11.37)��J�m3]�8
K1 = k1 cdJ�m��Ko = ko + �k1#

� =
1

n

nX
i=1

xi (11.38)

yi = Ko +K1(xi � �) ; i = 1; 2; � � � ; n (11.39)

2
4 n 0

0
Pn

i=1(xi � �)2

3
5
8<
:

Ko

K1

9=
; =

8<
:

Pn
i=1 yiPn

i=1(xi � �)yi

9=
; (11.40)

«×�æçâmØÙ�s��m���
x1 + 5x2 = 7:0

5x1 + 25:01x2 = 35:01 (11.41)
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6m���x1 = 2:0�x2 = 1:0#Ó��O�©! 35:01I� 35:02�Ö��
Ç5x1 = �3:0�x2 = 2:0#�L©!ÃîÚÛB# 0:03%�F_`�x2Û

LÚÛ���@ x1�$IÇXY#wx$%PVY|t��>ÈÇ�ê
��32Y"3b[{5#�J�mc5bJ�m�\ 0:01x2 = 0:01#0
1�O�ê!" 0:01�êÈ 25:01b 25:00@� +�êÈ 35:01b 35:00@
�#�ê!"�'��!�~k3����>3oPV��k1000�J6
#:;6�ê�� 25:01=0:01 = 2501� +�ê�� 35:01=0:01 = 3501�

#teT^î 0:03%Y3oPVé�� 3500�Z��J{5�³' 100%

YVÎ#
�ØÙ�s��m]{5PVn��'�|t'����ØÙ��

mH�!N ñ�^PVÜþnò#��\!Ç�^3oPV×���#
ÓÙ!»¼�SÝÞ�M������âÀß»¼§6Àß»¼�cþ
1��oß�®¼éMê!"3Û@\��DoPV�$9Û!O�¨
��DoPV�cJ¨ò�p

M�"#F$9Û!�>én�FY\E
�Àê!"3cd�þ#te¨Z�êoß�®"¼énNM

2ê!"�
f÷�ö÷�3Û@\#ÓîæçPV�Üþ�WJ�K��KE��
PV��|Æ!"PV�p

NM2�#te�NM
2tn�àá1<J�Ñ

ÉKE�Ñ#\!Ç�P\!�"��Ç¨��?�\�¨��Û! (

PDo" )�te^3oPV��#e%��©âxÇ÷EÍÎ�»¼#
tãä�®�3oPV]¤å��[d��®�� ¡ª¬d�æ

�®��8<çÊ��3oPV���®ð�ãä�®# �¿è�éã
ä���Do"¨���®ð�ãä�®�<=>HB��&�®�P
V��¢â�¨ê����¦È'��
(1)\!Ç�]^3oPV��#\!ÇYÆ�5�¨�"�L]Æ�#
(2)�êÛ!�DoPV�BÝ¤å�Y\!��Y\!32#F]4
���DoPVdJ\!Z�3oPVT§\!���5�c�teÆ
�Y\!�ëì�3oPVÆ�#8¨�"dB�b'�Y3oPV#
01 (2)Ã[P��\!��Û!���ñ� 'TÇ (1)Ã[P�\!Ç
�ÙÈ�Y��32�Û!�3�p�_`#oÇBéãä@BðÄ�
moí�����boÇoß�®�¨Z"�§DEn�¨�"cd�
����k�oß�®�'��!>¶'b~�<=oî�_`�PV
'ïð#Ó�ZN��_`�PVª¬�Ö¼�ñò&�®�PV��
¾-PV¤¥·m�óô&�®DEZ�PV�Jð�éyãä�®1
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�ÅX#Fñò&�®�PVõö1h¼��÷f�8��/'�mæ
ç�#teKE_`�ÒOs'1á2�È^-0ÛJî�#
«ø�æçâmnê!"xi�cþ p�

p =
nY
i=1

xi ; �p =
nX

i=1

�xi ; j�pj �
nX

i=1

j�xij (11.42)

�
2
�p

=
nX

i=1

�
2
�xi

:
= m �

2
�x�

; ��p
:
=

p
m ��x� (11.43)

È6M�PV¤¥����!"3c�3d��3oPV��!0�\
�V#FPV'N'p�83oPV�Do"'13Û'13b�§c
�dGo<ØÙ# j�pj�6ï� j�xij�\#F="©a�@B�;í#H
eI-�K��KE3oPVY�Ò�V�m (11.43)#mO x

�RS3o
PVd��!"�m�3oPV§x

�03��!"�ù!�="�Çn§
1�f#�` nê"�3oPV3��'��!3]�Öm = n�JÊå
�B = 10@s��"100ê'��!3]Y!"3c�d�þ�o�'�
�!]~��!#�`nê"O�'�ê"Y3oPVrT��Öm = 1

�Tcþ�3oPV2Çc!O�¨�3oPV#
«Ê�æçâmnê!"xi�\ s�

s =
nX
i=1

xi ; �s =
nX

i=1

�xi ; j�sj �
nX

i=1

j�xij (11.44)

�
2
�s

=
nX
i=1

�
2
�xi

:
= m �

2
�x�

; ��s
:
=

p
m ��x� (11.45)

È6M�PV¤¥����!"3Û�3b��DoPV��!0�\�
V#FPV'N'p�8DoPV�Do"'13Û'13b�§Û�
bGo<ØÙ# j�sj�6ï� j�xij�\#F="©a�@B�;í#He
+-�K��KEDoPVY�Ò�V�m (11.45)#mO x

�RSDoP
Vd��!"�m�DoPV§x

�03��!"�ù!�="�Çn§ 1

�f#�` nê"�DoPV��3��Öm = n��" 100êPV"3
]Y!"3Û�b�\�V�DoPV"]Ú�Ê�#�`nê"O�'
�ê"YDoPVrT��Öm = 1�T\�DoPV2ÇÛ!O�¨�
DoPV#

H�«O¬Hæç5ð��ÛZ?�\��19å�ÄÅPV �M =
1
2
B
�t+1#�`DEn�O?�\�'��!¤écKEL�'��!~



11.5 ³´¯°<±² 317

1�?�\�ÄÅPVT�újBK#�¿�nñ�1�?�\tPVÜ
þ��'��!Tñ�b�ÇKEL�'��!#�`KEL'��!
2Ç?�\�'��!�Ö.wm"¨òI�n#¬û�æ«Ê�oe�
�[ð���#
«Ê��æçâm 4ê!"xi�\ s�

s = ((x1 + x2) + x3) + x4

�s = �x1+�x2+(x1+x2)�M+�x3+(x1+x2+x3)�M+�x4+(x1+x2+x3+x4)�M

=
nX
i=1

�xi + (3x1 + 3x2 + 2x3 + x4)�M (11.46)

�«Tæç�Û!PVñ��?�\�'��!2ÇKEL�'��!
�@üoKEL�ÄÅPVÛJ��#fæçâm�%KE�m�
(1)�Û!�ÅÈ�#��ÂÃým�3Û�Tý5x1 > x2 > x3 > x4#
(2)�Û!�ÅÈ�#��ÂÃým�3Û�Tý5x1 < x2 < x3 < x4#
� �xiñ��Júj�ÖÈm (11.46)�_`�01mO&Û!xi�Ù!�
Û0d�@ZÛ0d�#te�m (1)�Û��! x1cd��Ù! 3�c
�m (2)ZÛ��!x4cd��Ù! 1��#8�m (1)�\!�PVc�
m (2)0�#��DE"���ÂÃ] ¡PV���#$%fg��È
âmXYm()��m (1)�ym�CÆ�!3ÛT'ÄÅPV�W�P
V}ZV['5�ÛE�?�\�ÄÅPV�]�öþÿå\! s�3�
Ç¨�ÛÅ��! x1�Ù!� n � 1 = 3#�m (2)�{m�CÆ3Û�
'ÄÅPV�F�PVB]ÿå\! s#�i+�ßÉn�\!�'��
!ª¬M�!"�H.ÀÃd�Û!�?�\O¬GÄÅPVwx#�
s���ÄÅPV��Ç\!�¨Z��'�!"�te�'¨Z��
ÄÅPVÿå\! s�3�Ç¨ZÛÅ��!x4�Ù!� 1#

x1 : ccccccc ccccccc

x2 : ccccccc ccccccc

x3 : ccccccc ccccccc

x4 : ccccccc ccccccc

s : ccccccc ccccccc

ÈJ6����Û!È���dÈ����Jb~KEL�ÄÅPV#
Feð�¬B�;Ä��%k�ð�>?�\v-�ÑÉ#ÖKEL
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o?�\{5�ÄÅPV�]�cÛ!�DoPV� (î" 10�8� )�t
eT�BKeÄÅPV�@�B6Û!��ÂÃ� ¡#:;6¨Z�
\!�BU?�\�ÄÅPV��['PV\�Û!�PV (U�ÑÉ
�ÄÅPV )§¨Z_`���ÑÉ�ÄÅPV#�`['Û!¤é-�
ÑÉ�Öt'��!¤�ò���ÂÃY ¡T�B[aKd#

01«ø�þ�§«Ê�\��0�Ý*Ê�3F��0�PV
�c!�Û!0�\�8��Ò�V�KE}ÜÝ3]�[B]0��
ê-3oPV�ê-DoPV#�Nt�cþ-3oPV�KEL�'
ï�'��!wx�3oPV"�Á�"�@þ!B]o3oPVð×
�����8cEdB]{53oPVn���#���\!-Do
PV�B�þ!���D�t�\!]cÛ!���$���FDoP
V�ÚBb�te\!�3oPV�JÇ5Gè��#J3oPV@s
�\!�3oPVé©�bdÛ!�3oPV�ñò��'�3oPV
���#��['ª«�n�PV���>È\E[{5#:;õL�
e�¾-KELð!"KE�[L]ÈÄÅPV9å��Ê�3oPV
�@\Eh��o3oPV�'���-��Ðëë��������
B�PÅ	
�3�Tbu���#
«Ê��æçâm�! (complex number)��Do"§3dDE�

ja+ bij =
p
a2 + b2 = a

q
1 + (b=a)2 (11.47)

c+ di

a+ bi
=

ac+ bd + (ad� bc)i

a2 + b2
=

c+ (b=a)d+ (d � (b=a)c)i

a(1 + (b=a)2)
(11.48)

�«<=B�ÇPV���ÜÝª¬�Bn'[��â�teÂH
eÜÝ#6m�BHKEL�'ï�'��!�ÄÅPV @>HK
EL�¨�!"6�ï7#JâÜÝ¸� jaj > jbj#�` a"ñ����
�"tnKEL�¨�"�Ö-J�mKE a

21]{5�� ( overow )

��P#�`I-J�mKE�B]âxe���P#�æ�F���
m (11.48)�+��<v-�F�m*¦#Bn$9*¦�m�'H;!
§�!�C����Ä�KEmð'Ø�DE1x2�#X¤�m�M
?�!DE<¤æç}e�W�M?DE����P!�d�0��
"Z�DE�T�u8���P#¨Z�éP!í�T\DE_`�<
d6wð�k�#
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��

1. 
���mJâmõ!KE sin 1830o�"#�TJ�ÑÉ}�ÑÉK
E�¬m�?�\§5�Ã�"#

sin x = x� 1

3!
x
3 +

1

5!
x
5 � 1

7!
x
7 + � � �

2. 
J?�þ�� ( integration by parts )��)âmþ�'�Z[m
�¿ÀØÙ�¬KEn = 0; 1; 2; � � � ; 10�"#[�1�- Io = 1� e

�1

#
In =

R 1
0 x

n
e
x�1

dx ; n = 0; 1; 2; � � �
In = 1� nIn�1

3. 
��âmø!��%E��PV��0dÐ�
f1(x) = ((a � x) � x) � x+ (b � x) � x+ c � x+ d

f2(x) = ((a � x+ b) � x+ c) � x+ d

4. âmØÙ��m>¶]'PVn����
-�m��¬cd�
ÑÉ§�ÑÉ�_`#Ó�O�Ù!§©!-e�'��!�Å1
��_`h���

2
6666664

1 1=2 1=3 1=4

1=2 1=3 1=4 1=5

1=3 1=4 1=5 1=6

1=4 1=5 1=6 1=7

3
7777775

8>>>>>><
>>>>>>:

x1

x2

x3

x4

9>>>>>>=
>>>>>>;

=

8>>>>>><
>>>>>>:

25=12

77=60

19=20

319=420

9>>>>>>=
>>>>>>;
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12.1 ��

����������������� !"#$���%&'�
���(�$)�$�*���%&+����(�,-&.�*'/
0*�12345678'������9:;(+������9:
;<=�#5783.�>?*'����������@A t&B'C
DEF45�GHIJ-K� tL&���3#M'������:N:
-O#P�Q%R�'�DST'�UVW�Q%XYZ[\]PDV
^R�'�%�Q_`E��a�����b�Bc��d�eWDB
'C%Z[& t = 0@f) t = to@g����9hijBc��d�k�
Gd��9DFlZ[m&noZ[3pq2d������noZ[&
y(to) = yo; y

0(to) = vo3STZ[rs�tauv� twDxZ[au!#
$ twDFlZ[m&yzZ[3{|auv tws}?ev��d��
9&XYZ[3pq 2d������yzZ[s& y(to) = yo; y(t1) = y1

D)& y0(to) = vo; y
0(t1) = v13noZ[&'�����bB'?~�B

�4%Z[DEF45���noZ[��9:&�D�IJq��no
Z[�:;�yzZ[�:3��������:yz912��;3

V^cd'�����-s��&#d'�����D��$E�
��:;_#$E���:;��DEF"������-�#$E�
��#d'�����&�3

321
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12.2 ¡¢£¤¥¦¢§¨©

#M'�������9:;-�ª«#d'�����w¬D
^cd�'�����-s®¯°��;Ki��&ª«#d'���
��3�E�� y(t)�°±²d�����_noZ[&p 

A(t)
d3y

dt3
+B(t)

d2y

dt2
+ C(t)

dy

dt
+D(t)y = F (t) (12.1)

y(to) = yo; y0(to) = vo; y00(to) = ao (12.2)

x³ y(1)(t) = y; y(2)(t) = dy

dt
; y(3)(t) = d

2
y

dt2
D*�´s��&²$E�

� y(1)(t); y(2)(t); y(3)(t)�°±²�ª«#d'�����_noZ[3
{|µ¶*y(1); y(2); y(3)·¸&²$¹«�E��DiA�º»���·
<·¼?� (12.3)_� (12.4)�Z[½¾3

dy(1)

dt
= y(2) (12.3)

dy(2)

dt
= y(3) (12.4)

dy(3)

dt
= �

B(t)

A(t)
y(3) �

C(t)

A(t)
y(2) �

D(t)

A(t)
y(1) +

F (t)

A(t)
(12.5)

y(1)(to) = yo; y(2)(to) = vo; y(3)(to) = ao (12.6)

��� (12.7)�n�V¿ÀÁÂÃ �n�ª«�d'�����&pDs
��&� (12.8)�2n�ª«#d'�����3i#d:;_�dÄÅ:
;=ÆÇ 12.6È3

[M ]fy00g+ [C]fy0g+ [K]fyg = fpg (12.7)

8<
: fy0g
fv0g

9=
; =

2
4 [0] [I]

�[M ]�1[K] �[M ]�1[C]

3
5
8<
: fyg
fvg

9=
;+

8<
: f0g

[M ]�1fpg

9=
; (12.8)

V�*�ÉsYcd'�����-s�&q°�ÊËn�ª«#d
'����� 

dy(1)

dt
= f (1)(y(1); y(2); � � � ; y(n); t)
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dy(2)

dt
= f (2)(y(1); y(2); � � � ; y(n); t) (12.9)

� � �
dy(n)

dt
= f (n)(y(1); y(2); � � � ; y(n); t)

y(1)(0) = y(1)
o
; y(2)(0) = y(2)

o
; � � � ; y(n)(0) = y(n)

o
(12.10)

12.3 ÕÖ×ØÙ©ÚÛÜÝÞßà

&á�âã_äåIJD�°K�#$E���#d'�����
��'�������9:;3æº*ST�;çäåè?^��ª«
�éê3

dy

dt
= f(y; t) (12.11)

y(0) = yo (12.12)

�9:�ëV t = 0@�XYno9 y(0) = yoì j = 1; 2; � � ��íîïð
tj = j ��t = j �h@Gñ�E��9y(tj) = yj3�°�É·òóXôïðõ
yj�öïð°#ñyj+1�éê&p3'������9:;#M�&�l
�÷ #&øùú½�÷ (Runge{Kutta type )Dqûdü¿�� (12.13)(
#&ýþÿ�÷ (Adams type )D`÷��&��� (Open formula )_�
�� (Closed formula)�lDqûdü¿�� (12.14)#Mm&ýþ����
(Adams{Bashforth)�	���D � (12.15)#Mm&ýþ
�� (Adams{

Moulton)�	���3 øùú½�÷�ñ& ïðyj+1@!?� t � tj

@�y(t)_f(y; t)3ýþÿ�÷�ñ& ���ïðyj+1@/?� t � tj

@� y(t)_ f(y; t)3���<��?� fj+1 = f(yj+1; tj+1)�9D��bW
ã�y?�� yj+1&����Y9DEFU����ð��� yj+1�9
D´� (12.15)Wã�y� yj+1?Ç kí��9 y

(k)
j+1��D��Wã�y�

yj+1&iÇ k + 1í��9 y
(k+1)
j+1 3���Uë���ð&i�ñD��

�À� ���Ë!Dº?%""L;�������� yj+1L&��
��#o�ð9 y

(o)
j+1DqFs$%�������ðí�D&õs!?

���ïð#í3EF����m'(� ( Predictor )D����m)*
� (Corrector )3"@&+,-ü!.'(#o9D'K����'(9
y
(o)
j+1�ô� (12.16)�/*�ïð/*9~y

(o)
j+1D�L&����#o�ð9
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3/*�·òó���_�����9��^ tj+1_ tjweWD´òó
yj+1 � y

(o)
j+1 = yj � y

(o)
j
��3f#M/*�? ~y

(o)
j+1 = y

(o)
j+1 +

251
270

(yj � y
(o)
j
)·

01� (12.87)��3�)*��239&y
(1)
j+1D�4yj+135� (12.16)�

/*9>-Å�239y
(1)
j+1D�623 73�8239u9/*9�:

;D5}?��L/*-sg{|ýþÿ�÷aB�o�ñEi��?
�� y�1; y�2; � � �G9&�Y�<;6?D='B�o�ñs¼?øùú
½�÷ïð3øùú½�÷u>?� t < tj�?� y(t)EF#�o´s6
?D&iB�@ñ3EFrmF�÷&s�A#o3 �Ei�?� t < tj

�?� y(t)su>9B^C?6?�DEh�F@s�ì¯ü¿�ë�h
þ@�G���éHIJKþ�DE3EF ýþÿ�÷KL^G��
� ��'�����3�øùú½�÷�=Mïði��� fa

j
; b

j
; � � �W

9D�uNýþÿ�÷�O�}?X"�?�ñ�9D�6�øùú½
�÷ïð"P��3

yj+1 = yj +
h

6
(fj + 2fa

j
+ 2f b

j
+ f c

j
) (12.13)

fj = f(yj ; tj)

fa
j

= f(yj +
1

2
fj h; tj +

1

2
h)

f b
j

= f(yj +
1

2
fa
j
h; tj +

1

2
h)

f c
j

= f(yj + f b
j
h; tj + h)

yj+1 = yj + h(
55

24
fj �

59

24
fj�1 +

37

24
fj�2 �

9

24
fj�3) (12.14)

yj+1 = yj + h(
9

24
fj+1 +

19

24
fj �

5

24
fj�1 +

1

24
fj�2) (12.15)

~y
(o)
j+1 = y

(o)
j+1 + (yj � y

(o)
j ) (12.16)

12.4 ÕÖ×ØÙ©§QR

ýþÿ�÷��� áSCA783TCKyj+1 tjñ?UVW�X
�q� (12.17)D�Y?� (12.11)��·´ y0

j
= fj ; y

00
j
= f 0

j
; y000

j
= f 00

j
; � � �W

´�� (12.18)3
yj+1 = yj + hy0

j
+
h2

2!
y00
j
+
h3

3!
y000
j
+
h4

4!
y0000
j

+
h5

5!
y
(v)
j +

h6

6!
y
(vi)
j + � � � (12.17)
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= yj + hfj +
h2

2!
f 0
j
+
h3

3!
f 00
j
+
h4

4!
f 000
j
+
h5

5!
f 0000
j

+
h6

6!
f
(v)
j

+ � � � (12.18)

K fj �Gd��?°±�\����´s�� (12.19)� ýþÿ�÷�
Gd���3 f�°G�\����]J K�b�G fj�k�iUV�
fj � khf 0

j
+ k

2
h
2

2!
f 00
j
� k

3
h
3

3!
f 000
j
+ � � ���´s]�3g

f 0
j

=
fj � fj�1

h
+

h

2!
f 00
j
�
h2

3!
f 000
j
+
h3

4!
f 0000
j
�
h4

5!
f
(v)
j

+ � � �

f 00
j

=
fj � 2fj�1 + fj�2

h2
+ hf 000

j
�

7h2

12
f 0000
j

+
h3

4
f
(v)
j

� � � �

f 000
j

=
fj � 3fj�1 + 3fj�2 � fj�3

h3
+

3h

2
f 0000
j
�

5h2

4
f
(v)
j

+ � � �

f 0000
j

=
fj � 4fj�1 + 6fj�2 � 4fj�3 + fj�4

h4
+ 2hf

(v)
j � � � �

yj+1 � yj (12.19)

= h(
3

2
fj�

1

2
fj�1)+

5h3

12
f 00
j
�
h4

24
f 000
j
+
7h5

240
f 0000
j
�
h6

360
f
(v)
j + � � �

= h(
23

12
fj�

16

12
fj�1+

5

12
fj�2)+

9h4

24
f 000
j
�
77h5

360
f 0000
j
+
73h6

720
f
(v)
j � � � �

= h(
55

24
fj�

59

24
fj�1+

37

24
fj�2�

9

24
fj�3)+

251h5

720
f 0000
j
�
529h6

1440
f
(v)
j + � � �

= h(
1901

720
fj�

2774

720
fj�1+

2616

720
fj�2�

1274

720
fj�3+

251

720
fj�4)+

475h6

1440
f
(v)
j � � � �

������<Kyj tj+1ñ?UVW�X�D^H_q� (12.20)D�Y
?� (12.11)��·´�� (12.21)3
yj+1 = yj + hy0

j+1 �
h2

2!
y00
j+1 +

h3

3!
y000
j+1 �

h4

4!
y0000
j+1 +

h5

5!
y
(v)
j+1 �

h6

6!
y
(vi)
j+1 + � � �(12.20)

= yj + hfj+1 �
h2

2!
f 0
j+1 +

h3

3!
f 00
j+1 �

h4

4!
f 000
j+1 +

h5

5!
f 0000
j+1 �

h6

6!
f
(v)
j+1 + � � �(12.21)

K fj+1�Gd��?°±�\����´s�� (12.22)�Gd���3
f 0
j+1 =

fj+1 � fj

h
+

h

2!
f 00
j+1 �

h2

3!
f 000
j+1 +

h3

4!
f 0000
j+1 �

h4

5!
f
(v)
j+1 + � � �

f 00
j+1 =

fj+1 � 2fj + fj�1

h2
+ hf 000

j+1 �
7h2

12
f 0000
j+1 +

h3

4
f
(v)
j+1 � � � �

f 000
j+1 =

fj+1 � 3fj + 3fj�1 � fj�2

h3
+

3h

2
f 0000
j+1 �

5h2

4
f
(v)
j+1 + � � �

f 0000
j+1 =

fj+1 � 4fj + 6fj�1 � 4fj�2 + fj�3

h4
+ 2hf

(v)
j+1 � � � �
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yj+1 � yj (12.22)

= h(
1

2
fj+1+

1

2
fj)�

h3

12
f 00
j+1+

h4

24
f 000
j+1�

h5

80
f 0000
j+1+

h6

360
f
(v)
j+1� � � �

= h(
5

12
fj+1+

8

12
fj�

1

12
fj�1)�

h4

24
f 000
j+1+

13h5

360
f 0000
j+1�

13h6

720
f
(v)
j+1+ � � �

= h(
9

24
fj+1+

19

24
fj�

5

24
fj�1+

1

24
fj�2)�

19h5

720
f 0000
j+1+

49h6

1440
f
(v)
j+1� � � �

= h(
251

720
fj+1+

646

720
fj�

264

720
fj�1+

106

720
fj�2�

19

720
fj�3)�

27h6

1440
f
(v)
j+1+ � � �

ýþÿ�÷��rsV°±R����3xib�F (t)&=`°± nñ
(tj�n+1; fj�n+1); (tj�n+2; fj�n+2); � � � ; (tj�1; fj�1); (tj; fj)�n�1í�H�Ds
�nd���3xF (t))&=`°±nñ (tj�n+2; fj�n+2); (tj�n+3; fj�n+3); � � �
; (tj; fj); (tj+1; fj+1)�n� 1í�H�D<�nd���3

yj+1 = yj +

Z
tj+1

tj

F (t) dt (12.23)

*��R�°Brs)& tj�kDþa yjr>bL)& yj�kD �°�²d
c�d (Milne)'(� (12.24) _)*� (12.25)´VF�e3 `;f�H
 k�&ugP (Unstable )&i�ñ3

yj+1 = yj�3 +
4h

3
(2fj � fj�1 + 2fj�2) +

14h5

45
y(v)(�) (12.24)

yj+1 = yj�1 +
h

3
(fj+1 + 4fj + fj�1)�

h5

90
y(v)(�1) (12.25)

yj+1 =
1

8
(9yj � yj�2) +

3h

8
(fj+1 + 2fj � fj�1)�

h5

40
y(v)(�2) (12.26)

hi (Hamming)<�°��P·�;��=#)*� (12.26)�j�c�
dugP�)*�D`��f�jc�d���D�jýþÿvd��
��kDEFrk'l}?3

yj+1 =
pX

k=0

(Akyj�k + hBkfj�k) + hB�1fj+1 (12.27)

*�bxuOfj+1HD´B�1 = 0D<	���(xOfj+1D´B�1 6= 0D
<	���3ö� pd���sK°±� y_ f��*�D�³Gm|'
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� cm�·�&nD´�� (12.30)õ� (12.33)DqFs6*�,*!ð�
y& t� pí�H�@�:3

y(t) =
pX

m=0

cm(t� tj)
m; f(t) = y0(t) =

pX
m=0

cmm(t� tj)
m�1 (12.28)

yj�k =
pX

m=0

cm(�k)mhm; fj�k =
pX

m=0

cmm(�k)m�1hm�1 (12.29)

1 =
pX

k=0

Ak (12.30)

�1 =
pX

k=0

kAk �
pX

k=�1

Bk (12.31)

1 =
pX

k=0

k2Ak � 2
pX

k=�1

kBk (12.32)

� � �

(�1)p =
pX

k=0

kpAk � p

pX
k=�1

kp�1Bk (12.33)

*��Z[j�P·�%D�O�·�só&nDo*�Z[MD^
����UâLgP�Z[3gPZ[K^Ç 12:5ÈIJ3

øùú½�÷��� pq aF6�'?�ûd��&p3TC
K� (12.34)b��H�� (12.35)õ� (12.37)µr3�b f 0& t�s��
D ft& t�+��D fy& y�+��3�°GW��yGG�)Gd
+��-µr tj@�9D&á�âã-t�°Ê j3

yj+1 = yj + hfj +
h2

2!
f 0
j
+
h3

3!
f 00
j
+
h4

4!
f 000
j
+O(h5) (12.34)

f 0
j

= ft + ffy (12.35)

f 00
j

= (ftt + ffty) + (ftfy + ff2
y
+ ffyt + f2fyy)

= (ftt + 2ffty + f2fyy) + (ftfy + ff2
y
) (12.36)

f 000
j

= (fttt + fftty) + 2(ftfty + ffyfty + fftty + f2ftyy)

+ (2fftfyy + 2f2fyfyy + f2ftyy + f3fyyy)

+ (fttfy + fftyfy + ftfty + fftfyy)

+ (ftf
2
y
+ ff3

y
+ 2ffyfty + 2f2fyfyy)

= (fttt + 3fftty + 3f2ftyy + f3fyyy) + (ftt + 2ffty + f2fyy)fy

+ 3(ftfty + ffyfty + fftfyy + f2fyfyy) + (ftf
2
y
+ ff3

y
) (12.37)
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K� (12.40)õ� (12.42)b� fa

j
; f b

j
; f c

j
r�� (12.43)õ� (12.45)�UV�

µr3&á�âã³�23 = �2 + �3D�456 = �4 + �5 + �63
yj+1 = yj + h(ofj + 1f

a

j
+ 2f

b

j
+ 3f

c

j
) (12.38)

fj = f(yj; tj) (12.39)

fa
j

= f(yj + �1fjh; tj + �1h) (12.40)

f b
j

= f(yj + �2fjh+ �3f
a

j
h; tj + �2h) (12.41)

f c
j

= f(yj + �4fjh+ �5f
a

j
h+ �6f

b

j
h; tj + �3h) (12.42)

fa
j

= fa(0) + hfa0(0) +
h2

2!
fa00(0) +

h3

3!
fa000(0) +O(h4) (12.43)

fa(0) = f

fa0(0) = �1ft + �1ffy

fa00(0) = �2
1ftt + 2�1�1ffty + �2

1f
2fyy

fa000(0) = �3
1fttt + 3�2

1�1fftty + 3�1�
2
1f

2ftyy + �3
1f

3fyyy

f b
j

= f b(0) + hf b0(0) +
h2

2!
f b00(0) +

h3

3!
f b 000(0) +O(h4) (12.44)

f b(0) = f

f b0(0) = �2ft + �23ffy

f b00(0) = �2
2ftt + 2�2�23ffty + �2

23f
2fyy + 2fy�3(�1ft + �1ffy)

f b000(0) = �3
2fttt + 3�2

2�23fftty + 3�2�
2
23f

2ftyy + �3
23f

3fyyy

+ 6(�2fty + �23ffyy)�3(�1ft + �1ffy)

+ 3fy�3(�
2
1ftt + 2�1�1ffty + �2

1f
2fyy)

f c
j
(h) = f c(0) + hf c 0(0) +

h2

2!
f c00(0) +

h3

3!
f c000(0) +O(h4) (12.45)

f c(0) = f

f c0(0) = �3ft + �456ffy

f c00(0) = �2
3ftt + 2�3�456ffty + �2

456f
2fyy

+ 2fy(�5(�1ft + �1ffy) + �6(�2ft + �23ffy))

f c000(0) = �3
3fttt + 3�2

3�456fftty + 3�3�
2
456f

2ftyy + �3
456f

3fyyy
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+ 6(�3fty + �456ffyy)(�5(�1ft + �1ffy) + �6(�2ft + �23ffy))

+ 3fy(�5(�
2
1ftt + 2�1�1ffty + �2

1f
2fyy)

+ �6(�
2
2ftt + 2�2�23ffty + �2

23f
2fyy))

j � (12.34)_� (12.38)bGH·�s�°±Z[ ib?²$Z[s
ÄÅze3

�1 = �1

�2 = �2 + �3

�3 = �4 + �5 + �6

f : 1 = o + 1 + 2 + 3

ft + ffy :
1

2
= 1�1 + 2�2 + 3�3

ftt + 2ffty + f2fyy :
1

3
= 1�

2
1 + 2�

2
2 + 3�

2
3

fttt + 3fftty + 3f2ftyy + f3fyyy :
1

4
= 1�

3
1 + 2�

3
2 + 3�

3
3

ftfy + ff2
y

:
1

6
= 2�1�3 + 3(�1�5 + �2�6)

(ftt + 2ffty + f2fyy)fy :
1

12
= 2�

2
1�3 + 3(�

2
1�5 + �2

2�6)

ftfty + ffyfty + fftfyy + f2fyfyy :
1

8
= 2�2�1�3 + 3�3(�1�5 + �2�6)

ftf
2
y
+ ff3

y
:

1

24
= 3�1�3�6

¼?�* 11$Z[]P 13$�Y�/"�l{| ³ 1 = 2 = 1
3
s:

�øùÿ�·� 0 = 3 = 1
6
D �1 = �2 = �1 = �3 = 1

2
D �3 = �6 = 1D

�2 = �4 = �5 = 03³ 1 = 2 = 3
8
s:�ú½ÿ�·� 0 = 3 = 1

8
D

�1 = �1 =
1
3
D�2 =

2
3
D�3 = �3 = �4 = ��5 = �6 = 1D�2 = �1

3
3

12.5 }~��§��

?¶�`c�d�)*� (12.25)�ugP�D�°´�`�&pI
Jq��NiugP�3E'(�6?���no�ð9�$%)*�
��ðí�D)*��239_no�ð9<�D5gP�N-�)*
�&�3���°±#d'���D´ f(y; t) = ayD a&'�Di:N:
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& y(t) = yoe

at3

dy

dt
= ay; y(0) = yo (12.46)

³fj = ayj��� (12.25)s�� (12.47))� (12.48)D³H = ah

3
�á�âã

s�� (12.49)�'·������3`������=:&yj =
P2

k=1Ck�
j

k

DEF³ yj = C�j��`�_Do��vE�C�j�1Ds�� (12.50)&�

��í�H�3VF�s:��0�kD k = 1; 2q� (12.51)3xH << 1

s��0���9q� (12.52)_� (12.53)�r35�c�d)*��:
&� (12.54)3¼?`:"�ñ9�{| ���&�d5�"�0D>
r"�$:3�����&#d56"#$:3�����:b"#$
/�������:Di��:&���:m���:�3V^�9ï
ð��"f�6��:�·�u&nDq��0��9 j�j > 1D<C�j

KF j���õ<��DSl��m&ugP3�����ugP%Z[
&�"��0��9-k^ 13c�d����:a a < 0@´/ug
PDEFu,?c�d��:3

yj+1 = yj�1 +
h

3
(ayj+1 + 4ayj + ayj�1) (12.47)

(1�
ah

3
)yj+1 �

4ah

3
yj � (1 +

ah

3
)yj�1 = 0 (12.48)

(1�H)yj+1 � 4Hyj � (1 +H)yj�1 = 0 (12.49)

(1�H)�2 � 4H� � (1 +H) = 0 (12.50)

�k =
2H �

p
3H2 + 1

1 �H
= (1 +H +O(H2))(2H � 1 +O(H2)) (12.51)

�1 = 1 + 3H +O(H2)
:
= 1 + ah (12.52)

�2 = �1 +H +O(H2)
:
= �1 +

ah

3
(12.53)

yj = C1(1 + ah)j + C2(�1)j(1 �
ah

3
)j

= C1((1 + ah)
1

ah )ahj + C2(�1)j((1�
ah

3
)�

3

ah )�
ahj
3

:
= C1e

atj + C2(�1)je�
atj
3 (12.54)
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12.6 �¢��×��¨ §×ØÙ©

4È�� (12.7)��d'���ô��&� (12.8)_�ûdýþÿ�
��:3q [M ]; [C]; [K]¡¢u&P9��E@�£D<s?'(9��
)*����ð�:3þ [M ]; [C]; [K]&'�@D)*�& 2n¤ª«¥
����DsÄÅ�:3xK"����áDsC¦§n$�Y��¾&
n¤ª«¥����3�°&Æ¨�á`� Kûdýþÿ���©¾°
±=�D�K� (12.8)��s�� (12.56)3K fyj+1g_ fvj+1g^õWã�
yD�Y?� (12.61)´�� (12.57)3�¦§_ª����bfyj+1g�·�
q� (12.58)�rD��±¾� (12.59)_� (12.60)3� (12.59)´& n¤ª
«¥����DVFs:� fvj+1g3���� (12.60)´s�� fyj+1g3

yj+1 = yj + h(1fj+1 + 2fj + 3fj�1 + 4fj�2) (12.55)

8<
: fyj+1g

[M ]fvj+1g

9=
; =

8<
: fyjg

[M ]fvjg

9=
;

+

2
4 [0] [I]

�[K] �[C]

3
5
8<
: h(1fyj+1g+ 2fyjg+ 3fyj�1g+ 4fyj�2g)

h(1fvj+1g+ 2fvjg+ 3fvj�1g+ 4fvj�2g)

9=
;

+

8<
: f0g

h(1fpj+1g+ 2fpjg+ 3fpj�1g+ 4fpj�2g)

9=
; (12.56)

2
4 [I] �1h[I]
1h[K] [M ]+1h[C]

3
5
8<
: fyj+1g
fvj+1g

9=
; =

8<
: fyjg

[M ]fvjg

9=
;

+

2
4 [0] [I]

�[K] �[C]

3
5
8<
: h(2fyjg+ 3fyj�1g+ 4fyj�2g)

h(2fvjg+ 3fvj�1g+ 4fvj�2g)

9=
;+

8<
: f0g

hfpjg

9=
;(12.57)

2
4 [I] �1h[I]
[0] [M ]+1h[C]+

2
1h

2[K]

3
5
8<
: fyj+1g
fvj+1g

9=
; =

8<
: fyjg

[M ]fvjg�1h[K]fyjg

9=
;

+

2
4 [0] [I]

�[K] �[C]�1h[K]

3
5
8<
: hfŷjg

hfv̂jg

9=
;+

8<
: f0g

hfpjg

9=
; (12.58)

[M ]fvj+1g= [M ]fvjg�h[C]fv̂jg�h[K](1fyjg+fŷjg+1hfv̂jg)+hfpjg (12.59)
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fyj+1g= fyjg+ h(1fvj+1g+ 2fvjg+ 3fvj�1g+ 4fvj�2g) (12.60)

[M ] = [M ] + 1h[C] + 21h
2[K]

fv̂jg= 2fvjg+ 3fvj�1g+ 4fvj�2g

fŷjg= 2fyjg+ 3fyj�1g+ 4fyj�2g

fp
j
g= 1fpj+1g+ 2fpjg+ 3fpj�1g+ 4fpj�2g (12.61)

*�rs)&°�ïð�@A«��9D`�s%L¬ [M ]�ð3
h�1[M ](fvj+1g � fvjg) =�[C]f~vjg � [K](f~yjg+ 1hf~vjg) + fp

j
g (12.62)

h�1(fyj+1g � fyjg)= 1(fvj+1g � fvjg) + f~vjg (12.63)

f~vjg= 1fvjg+ 2fvjg+ 3fvj�1g+ 4fvj�2g

f~yjg= 1fyjg+ 2fyjg+ 3fyj�1g+ 4fyj�2g

ÀÁÂÃ�Nb®¯�� (12.7)��d���ÄÅïð�9:3��
°�±;(Wilson � method)&pIJið�3`;òó tjõ tj+� = tj+�h

A�²³¿& t = tj + �h%#íG�D´q� (12.64)3R�s� fy0(t)g&
� (12.65)�fy0

j+�g_fy(t)g&� (12.66)�fyj+�g3³� = �s�� (12.67)_
� (12.68)3��� (12.7)s� tj+�@�´µ� (12.69)DV`�s:�fy00

j+�g
D���� (12.67)_� (12.68)s� fy0

j+�g_fyj+�g3B_��� (12.64)õ
� (12.66)� � = 1@� fy00

j+1gD fy0
j+1g_ fyj+1g�¶¾#$@A«%ïð

3x°�±;� � = 1´eþ^¥�²³¿;3�¥�²³¿;6&"Z
[ (2h < Tmin=ÀÁBk�a·¸ )gP3x � � 1:37<&<Z[gP3�
(12.67)õ� (12.69)rs?� (12.70)õ� (12.72))� (12.73)õ� (12.75)j

�3� (12.70)_� (12.71)·V� (12.67)_� (12.68)�� K y0
j+�^õW

ã�yDrK y00
j+�_yj+�^õWã�yDL&�ª«���Y�´s:�

y00
j+�_yj+�q� (12.70)_� (12.71)3��L;s�� (12.73)_� (12.74)3

fy00
j+�g= fy00

j
g+

�h

�h
(fy00

j+�g � fy00
j
g) (12.64)

fy0
j+�g= fy0

j
g+ �hfy00

j
g+

�2h2

2�h
(fy00

j+�g � fy00
j
g) (12.65)

fyj+�g= fyjg+ �hfy0
j
g+

�2h2

2
fy00

j
g+

�3h3

6�h
(fy00

j+�g � fy00
j
g) (12.66)

fy0
j+�g= fy0

j
g+ �hfy00

j
g+

�h

2
(fy00

j+�g � fy00
j
g) (12.67)
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fyj+�g= fyjg+ �hfy0
j
g+

�2h2

2
fy00

j
g+

�2h2

6
(fy00

j+�g � fy00
j
g) (12.68)

([M ] +
�h

2
[C]+

�2h2

6
[K])fy00

j+�g = fpj+�g � [C](fy0
j
g+

�h

2
fy00

j
g)

�[K](fyjg+ �hfy0
j
g+

�2h2

3
fy00

j
g) (12.69)

fy00
j+�g=

2

�h
fy0

j+�g �
2

�h
fy0

j
g � fy00

j
g (12.70)

fyj+�g=
�h

3
fy0

j+�g+ fyjg+
2�h

3
fy0

j
g+

�2h2

6
fy00

j
g (12.71)

(
2

�h
[M ] + [C]+

�h

3
[K])fy0

j+�g = fpj+�g+ [M ](
2

�h
fy0

j
g+ fy00

j
g)

�[K](fyjg+
2�h

3
fy0

j
g+

�2h2

6
fy00

j
g) (12.72)

fy00
j+�g=

6

�2h2
fyj+�g �

6

�2h2
fyjg �

6

�h
fy0

j
g � 2fy00

j
g (12.73)

fy0
j+�g=

3

�h
fyj+�g �

3

�h
fyjg � 2fy0

j
g �

�h

2
fy00

j
g (12.74)

(
6

�2h2
[M ] +

3

�h
[C]+ [K])fyj+�g = fpj+�g+ [M ](

6

�2h2
fyjg+

6

�h
fy0

j
g+ 2fy00

j
g)

+[C](
3

�h
fyjg+ 2fy0

j
g+

�h

2
fy00

j
g) (12.75)

� (12.67)õ� (12.75)rs)?� (12.76)õ� (12.84)ïð�@A«��93
f�y0

j+�g � fy0
j+�g � fy0

j
g = �hfy00

j
g+

�h

2
f�y00

j+�g (12.76)

f�yj+�g � fyj+�g � fyjg = �hy0
j
+
�2h2

2
fy00

j
g+

�2h2

6
f�y00

j+�g (12.77)

([M ] +
�h

2
[C] +

�2h2

6
[K])f�y00

j+�g = f�pj+�g � [C](�hfy00
j
g)

� [K](�hfy0
j
g+

�2h2

2
fy00

j
g) (12.78)

f�y00
j+�g � fy00

j+�g � fy00
j
g =

2

�h
f�y0

j+�g � 2fy00
j
g (12.79)

f�yj+�g � fyj+�g � fyjg =
�h

3
f�y0

j+�g+ �hy0
j
+
�2h2

6
fy00

j
g (12.80)

(
2

�h
[M ] + [C] +

�h

3
[K])f�y0

j+�g = f�pj+�g+ [M ](2fy00
j
g)

� [K](�hfy0
j
g+

�2h2

6
fy00

j
g) (12.81)
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f�y00
j+�g � fy00

j+�g � fy00
j
g =

6

�2h2
f�yj+�g �

6

�h
fy0

j
g � 3fy00

j
g (12.82)

f�y0
j+�g � fy0

j+�g � fy0
j
g =

3

�h
f�yj+�g � 3fy0

j
g �

�h

2
fy00

j
g (12.83)

(
6

�2h2
[M ] +

3

�h
[C] + [K])f�yj+�g = f�pj+�g+ [M ](

6

�h
fy0

j
g+ 3fy00

j
g)

+ [C](3fy0
j
g+

�h

2
fy00

j
g) (12.84)

12.7 ¹º§»~Ü¼½¾¿

ýþÿ�÷À$DÁ-"������'(9y
(o)
j+1_������)

*9y
(1)
j+1DEFsY*!�9y

(t)
j+1>q°���r3{|�b�f�H�

uO yj9�f�D#Mm&ÂOf�Dr´a yjÃ"f�%éH°D#
$DE�f�3�^#ÄPE�@AT�ÅDDEÆ<D��D´D�
_h�1¾*jD�?#D%f�/ÇR�4Df�bD5ÇRÈf�_#
D�f�¬D�¾*jDEFm°±� y

(o)
j+1_ y

(1)
j+1�d�&n 3

y
(t)
j+1 = y

(o)
j+1 + �ph

n+1y(n+1)(�p) (12.85)

y
(t)
j+1 = y

(1)
j+1 � �ch

n+1y(n+1)(�c) (12.86)

xòó y(n+1)(�p) = y(n+1)(�c)D<`��Y9sV*±��¦§���
(12.87)_� (12.88)3x�p_�cXYD´sV� (12.89)Éï�� y

(1)
j+1�f

��
(1)

old
Dq�Èf��

(1)

old
= j�(1)

old
j T

hold
�^ë��f��(1)

req
Ds?� (12.90)

ïðÊ%DE3

y
(t)
j+1 =

�py
(1)
j+1 + �cy

(o)
j+1

�p + �c

y
(t)
j+1 = y

(o)
j+1 +

�p

�p + �c

(y
(1)
j+1 � y

(o)
j+1) (12.87)

y
(t)
j+1 = y

(1)
j+1 �

�c

�p + �c

(y
(1)
j+1 � y

(o)
j+1) (12.88)

�
(1)

old
= y

(1)
j+1 � y

(t)
j+1 =

�c

�p + �c

(y
(1)
j+1 � y

(o)
j+1) (12.89)

hnew = hold

 
�(1)

req

�
(1)

old

!1=n

(12.90)

^ýþÿ���� (12.55)������ðD eþ^ÄÅ��;�
y = G(y) = 1hf(y; tj+1) + c2�:Dib 1_ tj+1h c2 = yj + h2fj + � � �
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&_ yj+1<��'�3 i/23�Z[& jG0(y)j < 1D´ 1hjfyj < 13
³ r = 1hjfyjD<23Z[& r < 13x��ð"PDÒÓÇ#í)*
9 y

(1)
j+1´,âL��ü¿�& y

(1)
j+1���9DihsV°���]P V

Ç#5� (1.13)s�� (12.91)DôJ¬s�� (12.92)_� (12.93)3='
r << 1Dsó 1� r

:
= 1D� r = 1hjfyj��D´�� (12.94)s?�Éð)

*9 y
(1)
j+1D_� (12.95)s?�ÉðÇ#í)*9 y

(1)
j+1�f� �

(1)

old
Dq�È

f��
(1)

old
= j�(1)

old
j T

hold
�^ë��f��(1)

req
DsÔ�� (12.90)��·D�Ê

DE%ïð� (12.96)3{| fy9sV (f
(1)
j+1 � f

(o)
j+1)=(y

(1)
j+1 � y

(o)
j+1)ÉðD)

V?#DXð��9���D´ fy = (fj � f
(o)
j
)=(yj � y

(o)
j
)3

y
(1)
j+1 � y

(1)
j+1

:
= r(y

(1)
j+1 � y

(o)
j+1) (12.91)

y
(1)
j+1 � y

(o)
j+1

:
= (1� r)(y

(1)
j+1 � y

(o)
j+1) (12.92)

y
(1)
j+1 � y

(1)
j+1

:
=

r

1� r
(y

(1)
j+1 � y

(o)
j+1) (12.93)

y
(1)
j+1

:
= y

(1)
j+1 + 1hjfyj(y

(1)
j+1 � y

(o)
j+1) (12.94)

�
(1)

old
= y

(1)
j+1 � y

(1)
j+1

:
= 1hjfyj(y

(1)
j+1 � y

(o)
j+1) (12.95)

hnew = hold

 
�(1)

req

�
(1)

old

!1=(n+1)

(12.96)

Ô�� (12.89)_� (12.94)Dx�(1)
req

= �(1)
req
D<sj 1hjfyj_ �c

�p+�c

D)h_ ĥ = �c

�p+�c
� 1
1jfyj

D�]P}?� (12.90))� (12.96)ïðhnew 
(1)xh<ĥD<6U?#í)*� ?� (12.89)Éð �

(1)

old
Dqf�Õ�D

?� (12.90)ðhnew(Ö<?� (12.94)Éðy
(1)
j+1D�?� (12.88)Éðy

(t)
j+13

(2)x h>ĥD�u×ØL���ð ?� (12.95)Éð �
(1)

old
Dqf�Õ�D

?� (12.96)ðhnew(Ö<?� (12.94)Éðy
(1)
j+1D�?� (12.88)Éðy

(t)
j+13

(3)xh>ĥD�×Ø�í���ð ?� (12.89)Éð �
(1)

old
Dqf�Õ�D

?� (12.90)ðhnew(Ö<?� (12.88)Éð y
(t)
j+13quïð ĥ�_hj D

�-V���ð� y
(1)
j+1D<r}?éH (3)���w¬3

^øùú½�÷�<���_�����l�9s?�Éðf�3
F@s�?�luvDE�À�Éðf�3#M'j=#DE&�\D
Eh��Ù3x�DEhL�D���À�&y1(�DE2hL#D���
À�& y2D<*!�9 y>q°���r3

y = y1 + C2 � hn+1y(n+1)(�1) (12.97)

y = y2 + C(2h)n+1y(n+1)(�2) (12.98)
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xòó y(n+1)(�1) = y(n+1)(�2)D<`��Y9sV*±��¦§�� 

y =
2ny1 � y2

2n � 1
= y1 +

1

2n � 1
(y1 � y2) (12.99)

�old = y1 � y = �
1

2n � 1
(y1 � y2) (12.100)

V*�Éð y1�f� �old_Dq�Èf��old = j�oldj T

hold
�^ë��f�

�reqDsj¯� (12.90)���ð�ïðÊ%DE3

12.8 ÚÛÜÝÝÞ©

4ÈKáë78#l�ßd�:àá¼?¬â�Mã; (Richardson

extrapolation)�� cd�:�ä¼Òå�; (Bulirsch{Stoer method)3
`;{?�ßd�;&/)�� (12.101)� �døùú½;)mbñ;
(Midpoint method)3/)�;q� (12.102)õ� (12.105)Dm/æbñ;
3{|� (12.103)6&#dDçè)?�d)ûd�øùú½;ïð �y13

yj+1 = yj + hf(yj +
1

2
hfj; tj +

1

2
h) (12.101)

�yo = yo (12.102)

�y1 = �yo + hf(�yo; to) (12.103)

�yj+1 = �yj + 2hf(�yj�1; tj�1) ; j = 1; 2; � � � ; n� 1 (12.104)

yn =
1

2
(�yn + �yn�1 + hf(�yn; tn)) (12.105)

y(to +H) = yn +
1X
i=1

cih
2i (12.106)

`;�4*�#$ ��AH&#�:DÁ3K�Aìî�¾n = 2; 4; (6)

; 8; (12); 16; � � � ; 64; (96)� n$kDE h = H=nD¼?*�/æbñ;ïð
G yn93a_¼?� (12.106)��·��� y(to + H)�9�¶¾#��
A��:DÁ3�� (12.106)� y(to+H)�;"�l�� #&}?¾Ù
�é�� n9Dq*�uO ()d� n9D´s?¬â�Mã;V°±�
(12.107)�� y(to+H) = y

(M)
2 3{|STïð�_Ç�5êëìR�µ�

?ïð�ev3 =#��&}?*�u¾Ù�é�� n9DQ%�6 n

9uë�²Õ7D�"����Mã���·��ïðí< îïD F
@s��?ð�ã9; ()ñòã9�� )DK yn¸&x = 1=n2�G�
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F (x) = ynD a_�� (12.108)ïð x = 0@� F (0)´& y(to +H)3ä¼
Òå�=M}?"¬G� (Rational function)D´�$�H��÷D�
j�� (12.106)��H�G�DFlL;^ïð�A"G�9Å�ø£
ñ@D, Ë!%����9DiÆ¨L;ùÔ� [1]3

y(1)
n

= yn ; n = 2; 4; 8; � � � ; 2M

y(m+1)
n

=
4my

(m)
2n � y(m)

n

4m � 1
; m = 1; 2; 3; � � � ;M � 1

y(to +H) = y
(M)
2 (12.107)

y(to +H) = F (0) = F (
1

4
) �

1

4
F [

1

4
;
1

16
] +

1

4 � 16
F [

1

4
;
1

16
;
1

36
]

�
1

4 � 16 � 36
F [

1

4
;
1

16
;
1

36
;
1

64
] + � � � (12.108)

úaµ¶*ä¼Òå�;sMã��çcd� (2M )%G�9D�E`
cdG�Oû�üýk�DiºþË!��u#P/c^Oûüýk�
ßdG�3OûüýBk (h)%øùú½;D i?�ïðÊñ�iÿG�
9-a#$DE (h)�dDEFB,Ë!ïðÂO�����G�3Oû
üý � (4h)%ûdýþÿ;Di?�ïðÊñ�iÿG�9<aû$
DE (4h)�dDEFÂO�����G�X�"��3OûüýB�
(nh)%ä¼Òå�;Di?�ïðÊñ�iÿG�9<��an$DE
(nh = H)�dDEFBu,>�ÂO�����G�3�^*���D
45u����ä¼Òå�;�e���3^G��� ´�,D&
�"PD�}?ýþÿ; KþDEi"@�,�	ÂO�����G
�3^ÂO�����G�D<�}?øùú½; Kþ3V�*�
IJrs�YDøùú½;úaÀD�G�ïð�&eWDE�ýþÿ
;��ÙD�i�e%ïð�>`u/¶s
�3EFDq�ïð"P
u��ë��EDpqïð@Au�D<�øùú½;&B�{|3

12.9 ��Ø��

6�°±�d'����&pDáëIJq��no912�:3

A(t)
d2y

dt2
+B(t)y = F (t) (12.109)

y(to) = yo; y(t1) = y1 (12.110)
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� y
0(to) = v��� v���������� (12.111)�� (12.112)���

��� ! y(t1) = y
�

1"# y
�

1��$% v�&'� (�� v�)*"�

f(v) = y
�

1 � y1�+�! f(v) = 0�,� v = vo"-./0������1

2���� y(to) = yo� y
0(to) = vo��������"� f(v) = 0�,3

456789:";<=>?@< ( shooting method )�#ABy
0(to)CD

ABEF�GH� y(t1)� t1I�@JKH"

A(t)
d
2
y

dt2
+B(t)y = F (t) (12.111)

y(to) = yo; y
0(to) = v (12.112)

y(t1) = y
�

1; f(v) = y
�

1 � y1 = 0 (12.113)

LMN< OPQ nRSTUV toW�XYZ+8 iRST�[J (

\ toJ )�[9)*�]^_�� gi��� nR`a�bc����'*

��� xi� i = 1; 2; � � � ; n"d���a�bc���xief�ghc�

����i j�����k���12Q8 iST��� g
�

i
�# g

�

i
l%

x1; x2; � � � ; xn��&'� (��mn'*�)*"� fi(x1; x2; � � � ; xn) =

g
�

i
� gi"� fi(x1; x2; � � � ; xn) = 0�,�-�o12���������i

�./0�����"

+p^_Nq��rs�- tPn+ 1u��ST���vwdm

n��rsuf�xy�zfn+ 1RST�-;rsuf��i�ok

��"{DZ�8 jubc����fxgj = fejg�i8 jR'*�1��|

'*� 0"ef�ghc���� k!}8 ju�������� yj(t)

�~W!8 iST��� aij"�LMnu������9u>�8 0u�

�����������oCbc����Q 0�i fxgo = f0g��e

f�ghc����~� !� yo(t)�8 iST�� aio"#;����

fx1; x2; � � � ; xng���� (12.114)�rsuf��+zfnR/0�ST�

� (12.115)��9ST� (12.116)�-}rsuf�i�./0����

�"

y(t) =
nX

j=0

xjyj(t) (12.114)

nX
j=0

aijxj � gi = 0; i = 1; 2; � � � ; n (12.115)

nX
j=0

xj � 1 = 0 (12.116)
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� (12.116)�ST�yrsuf����zf�ghc���"��d��

D�Z�3��12bc����fejgxj���ZLM8 ju��xxj �i

xjyj(t)�oChc����2�.����xxj�{D[9hc����g

�-��12�}����xjg"#;12� (12.114)�uf��}���

�xog+x1g+x2g+� � �+xng����Qg�i!ST� (12.116)"� (12.116)

��9����Zx� (12.109)�{��uf� y(t) = xoyo(t) + x1y1(t)�

�� (12.109)�!xo(A(t)y00
o
(t)+B(t)yo(t))+x1(A(t)y001(t)+B(t)y1(t)) = F (t)

��#A(t)y00
o
(t) + B(t)yo(t) = F (t)�A(t)y001(t) + B(t)y1(t) = F (t)��!

xoF (t) + x1F (t) = F (t)�#;!ST�xo + x1 = 1"

12.10 �� ¡¢£¤¥¦§¨©

�^_Nq��^_xª_�«¬®I� !ª_Nq��/0

L�STD�^_�xª_�« !ª_ST�"x¯°p^_Nq�

f(y0000; y000; y00; y0; y; t) = 0�{���¯R/0ST±² gi(y
000(a); y00(a); y0(a);

y(a); y000(b); y00(b); y0(b); y(b)) = 0� i = 1; 2; 3; 4"� t = a³ t = b´_�m�

_�i�h = b�a

m
� tj = a+hj�yj = y(tj)"��µª_ (¶·��¸/89

¹ )��j = 0; 1; 2; � � � ;mºm+1Rp^_Nq� f(y0000
j
; y

000

j
; y

00

j
; y

0

j
; yj; tj) = 0

��»�� i = 1; � � � ; 4�¯R/0STgi(y000o ; y
00

o
; y

0

o
; yo; y

000

m
; y

00

m
; y

0

m
; ym) = 0�

� !t¼y�2; y�1; yo; y1; � � � ; ym�1; ym; ym+1; ym+2�m+5R)*��m+5

Rª_� (m+ 1Rª_Nq�½ 4Rª_ST� )"����U¼)*�

^_���¾¿ y�2; y�1; ym+1; ym+2�¯RUV t = a³ bÀÁÂ�)*�

"d;m+ 5Rª_�i �!m+ 5R)*�"��;IoP�ª_�

1>Ã��ª_�9Ä>��Åª_�ÆCÇ°®�ÈJÉ� (12.19)

�oP�ÊËª_-t�9°®"

y
0

j
=

yj+1 � yj�1

2h
�

h
2

3!
y
000

j
� � � �

y
00

j
=

yj+1 � 2yj + yj�1

h2
�

h
2

12
y
0000

j
� � � �

y
000

j
=

yj+2 � 2yj+1 + 2yj�1 � yj�2

2h3
�

h
2

4
y
(v)
j

� � � �

y
0000

j
=

yj+2 � 4yj+1 + 6yj � 4yj�1 + yj�2

h4
�

h
2

6
y
(vi)
j

� � � �
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ÌPLMN�I�Í*°�^_Nq�W�ª_�lÎbc)*Ï9R

"xÐ°^_Nq��{�bc)*Ñ� y�2; � � � ; ym+2�m+ 5R��ª

_ST�tCÐR�#;ª_�Îbc)*Ï9R� P�MN�I�

Z���9/0JIoP�ÒK°^_P�µU1>Ã��ª_·��

- ÓÏ y�2(] ym+2)�bc)*"

y
0

j
=

yj+1 � yj

h
�

h

2!
y
00

j
�

h
2

3!
y
000

j
� � � �

y
000

j
=

yj+2 � 3yj+1 + 3yj � yj�1

h3
�

h

2
y
0000

j
�

h
2

4
y
(v)
j

� � � �

�Lµª_t�9°®�DÔ!Õ��g�Åª_~�Ç°®�ª

_� P�µU1>Ã��Ö*°ª_��L��¼h�^_¹�i!�

woµ�Ç°®�U1>Ã��Í*°ª_"LMÇ°®��Åª

_�� ×PØ®N<��w�K°^_¹x�Åª_���i !¯

°]ÙK°®��Åª_"

y
00

j
=

yj+2 � 2yj+1 + yj

h2
� hy

000

j
�

7h2

12
y
0000

j
� � � �

y
0000

j
=

yj+3 � 4yj+2 + 6yj+1 � 4yj + yj�1

h4
� hy

(v)
j

�

2h2

3
y
(vi)
j

� � � �

y
0

j
=

�yj+2 + 4yj+1 � 3yj
2h

+
h
2

3
y
000

j
+ � � �

y
000

j
=

�yj+3 + 6yj+2 � 12yj+1 + 10yj � 3yj�1
2h3

+
h
2

4
y
(v)
j

+ � � �

DÚp^_Nq��rs�-o!�ÛÜª_���rsÛÜNq��

�$*ÝÞp�ßàUá�ßÝÞ� xP8Ð:]8¯:�N<_�

²�ÐGÝÞ�LÐGÝÞ�âxãä��»ÊË��45k�"�å

æçH2}ÎPKèéê<xÊë?æN�k�ì&íî"��+^_

Nq��Í*°W�V/0JI�ª_��l#×PÇ°®�U1>

Ã��ª_�&y�ßàï9Äá¾*ª_��ßà¾9���V/0

I�ST��ßà� ðïá�;W ×P'àßÝÞ�N�I��i

 Uñòk�óô"

x�µ/0����{�·m = 5� h = 0:2� µõÇR/0ª_

ST� (89��Òw9� )»öRª_Nq�"��dÒw9�c yo = 1

�����8ö�x÷ø}�� yo'*�-ãöRNq�t¼öRbc
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*�i 45k�";W8ù�úûPxüæ y�1���ýUñòãöR

'*�þÚ�& y�1ý\�û����8ù�� ÿø�&UP"�iP

�Rbc*���ÛÜ���PöRbc*�ö�ÛÜ�o!�þÚ�~

���y6 = 1:879; y5 = 1:345; y4 = 1:079; y3 = :949; y2 = :901; y1 = :918 "

d
2
y

dt2
� 4t

dy

dt
+ (4t2 � 1)y = e

t
2

(12.117)

y(0) = 1; y
0(1) = 2 (12.118)

y6 � y4 = 2 � 2 � 0:2

(y6 � 2y5 + y4)� 4 � 1:0 � :1 � (y6 � y4) + :04 � (4 � 1:00 � 1)y5 = :04 � e1:00

(y5 � 2y4 + y3)� 4 � 0:8 � :1 � (y5 � y3) + :04 � (4 � 0:64 � 1)y4 = :04 � e0:64

(y4 � 2y3 + y2)� 4 � 0:6 � :1 � (y4 � y2) + :04 � (4 � 0:36 � 1)y3 = :04 � e0:36

(y3 � 2y2 + y1)� 4 � 0:4 � :1 � (y3 � y1) + :04 � (4 � 0:16 � 1)y2 = :04 � e0:16

(y2 � 2y1 + yo)� 4 � 0:2 � :1 � (y2 � yo) + :04 � (4 � 0:04 � 1)y1 = :04 � e0:04

(y1 � 2yo + y�1)� 4 � 0:0 � :1 � (y1 � y�1) + :04 � (4 � 0:00 � 1)yo = :04 � e0:00

yo = 1

2
6666666666666666664

1 0 �1

0:60 �1:880 1:40

0:68 �1:938 1:32

0:76 �1:982 1:24

0:84 �2:014 1:16

0:92 �2:034 1:08

1:00 �2:040 1:00

0 1 0

3
7777777777777777775

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:
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9>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>;

2
6666666666664

1 0 �1

0:60 �1:880 1:40

0:68 �1:938 1:32

0:76 �1:982 1:24

0:84 �2:014 1:16

0:92 �2:034
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12.11 ��£RUNGEC

[�9 ]�	q��×P¯°
��$*�
��<"�Mmax = 0

W ¬�a�����üæW´ÒÏ��Uð�!���ªá�� P

Qh��¬��ª_�Îï�X�"�Mmax = 1W� ¬�a����

���¿�!���ªá��Â���_²ÇR��´k��x���

�´��Îï�&ÌP� (12.100)�� (12.99)üæ�ª»ï î��"�

�üæW´�Mmax = 0!�11=8""}	q�o#$��ª� PxA

B�����"DÚMmax�aïá���}	q� %&���´*

½"�4³�Õûk'H�]��´*h� 2Mmax�("}	q�o#$

��ª�»Muse� (�)oP��´*� 2Muse)�� PxAB���

��]Mmax�"}	q�Â����AB$xÓ*N�ä+� ðC

J,-&óô.ª�� !�´/�)*��01234�2��5�

¬<"DÚUûk�´/�)*��- 76Q7812ã�+9a�

��x:½óô" [�Ç ]�À{úq�"	q�RUNGEC�;�Y I(N)

�;õY O(N) x�~�À{q�i�Ç!��Y (N)�#U<=QÞµ

�>��±õ"DÔ�þÚ<=QÞµ�x?w@üæ�P� APx
0
CRN

0» 0
C � N

0B)�C�"=}À{úq�� ¬�12 [�Ð ]	q
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************************************************************************

SUBROUTINE RUNGEC(N,FF,DT,T,YI,YO,X,Mmax,Muse,EPSreq,EPSold)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION YI(N),YO(N),X(N,7)

EXTERNAL FF

C** ============================================================ **

C** Input T,YI(N) at T=TI; Output T,YO(N) at T=TO=TI+DT **

C** Also Output FI(N)=f_i(YI,TI) in X(N,1) **

C** YI(N) & YO(N) can be the same location : Loc.YO(N)=Loc.YI(N) **

C** ------------------------------------------------------------ **

C*I N = Number of dependent variables **

C*S FF = Subroutine to compute F(N) for given T & Y(N) **

C*I DT = Time_step = Final_time - Initial_time **

CIO T = Initial time TI & Final time TO=TI+DT **

C*I YI(N) = y_i(TI) **

C*O YO(N) = y_i(TO) **
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C*W X(N,7) = Buffers X(4*N) if Mmax=0; Buffers X(7*N) if Mmax>0 **

C*I Mmax = Index for accuracy control **

C** = 0: No control on accuracy (EPSreq,EPSold,Muse:NA) **

C** > 0: Control accuracy with allowed Max_steps = 2**Mmax **

C*O Muse = Actual Used_steps = 2**Muse **

C*I EPSreq = Req. epsilon such that EPSold < EPSreq **

C*O EPSold = Max. epsilon = Max_{i=1}^n |1-Y2(i)/Y1(i)|/15 **

C** To adjust DT : DT_new = (EPSreq/EPSold)**(1/4) * DT / 2**Muse **

C** ============================================================ **

CALL FF(T,YI,X(1,1),N)

C** ------------------------------------------------------------ **

IF(Mmax.LE.0) THEN

CALL RUNGE(N,FF,DT,T,YI,YO,X(1,1),X(1,2),X(1,3),X(1,4))

C** CALL FF(T,YO,X(1,2),N)

RETURN

ENDIF

C** +----------------------------------------------------------+ **

C** | Compute Y2(N) = X(N,5) by Large_step_size = 2*h | **

C** +----------------------------------------------------------+ **

T2=T

CALL RUNGE(N,FF,DT,T2,YI,X(1,5),X(1,1),X(1,2),X(1,3),X(1,4))

C** +----------------------------------------------------------+ **

C** | Compute Y1(N) = X(N,6) by Small_step_size = h = DT/Nstep | **

C** +----------------------------------------------------------+ **

NSTEP=1

DO 90 Muse=1,Mmax

NSTEP=NSTEP*2

HT=DT/NSTEP

C** +----------------------------------------------------------+ **

C** | Restart Nstep of HT = h = DT/Nstep | **

C** +----------------------------------------------------------+ **

T1=T

CALL RUNGE(N,FF,HT,T1,YI,X(1,6),X(1,1),X(1,2),X(1,3),X(1,4))

DO 50 ISTEP=2,NSTEP

CALL FF(T1,X(1,6),X(1,7),N)

CALL RUNGE(N,FF,HT,T1,X(1,6),X(1,6),X(1,7),X(1,2),X(1,3),X(1,4))

50 CONTINUE

C** +----------------------------------------------------------+ **

C** | Find the Max. reletive error = |1 - Y2(I))/Y1(I)|/15 | **

C** +----------------------------------------------------------+ **

EPSold=0.0

DO 60 I=1,N

IF(X(I,6).NE.0.) EPSold=DMAX1(EPSold,DABS((1.0-X(I,5)/X(I,6))))

60 CONTINUE

EPSold=EPSold/15.0

C** +----------------------------------------------------------+ **

C** | If EPSold > EPSreq : Double the number of steps | **

C** | If EPSold <= EPSreq : Return YO(I)=Y1(I)+(Y1(I)-Y2(I))/15| **

C** +----------------------------------------------------------+ **

IF(EPSold.GT.EPSreq.AND.Muse.LT.Mmax) THEN

DO 70 I=1,N

X(I,5)=X(I,6)

70 CONTINUE

ELSE

T=T+DT

DO 80 I=1,N

YO(I)=X(I,6)+(X(I,6)-X(I,5))/15D0

80 CONTINUE

C** CALL FF(T,YO,X(1,2),N)

RETURN
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ENDIF

90 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE RUNGE(N,FF,DT,T,YI,YO,FI,FO,FC,YC)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION YI(N),YO(N),FI(N),FO(N),FC(N),YC(N)

EXTERNAL FF

C** ------------------------------------------------------------ **

C** Input T,YI(N),FI(N) at T=TI **

C** Output T,YO(N) at T=TO=TI+DT **

C** YI(N) & YO(N) can be the same location : Loc.YO(N)=Loc.YI(N) **

C** ------------------------------------------------------------ **

C*I N = Number of dependent variables **

C*S FF = Subroutine to compute F(N) for given T & Y(N) **

C*I DT = Time_step = Final_time - Initial_time **

CIO T = Initial time TI & Final time TO=TI+DT **

C*I YI(N) = y_i(TI) **

C*O YO(N) = y_i(TO) **

C*I FI(N) = f_i(YI,TI) **

C*W FO(N) = Working array for Fa(N),Fa(N)+Fb(N) **

C*W FC(N) = Working array for Fb(N),Fc(N) **

C*W YC(N) = Working array for Ya(N),Yb(N),Yc(N) **

C** ============================================================ **

HT=DT*0.5

T=T+HT

DO 10 I=1,N

YC(I)=YI(I)+FI(I)*HT

10 CONTINUE

CALL FF(T,YC,FO,N)

C** ------------------------------------------------------------ **

DO 20 I=1,N

YC(I)=YI(I)+FO(I)*HT

20 CONTINUE

CALL FF(T,YC,FC,N)

C** ------------------------------------------------------------ **

T=T+HT

DO 30 I=1,N

YC(I)=YI(I)+FC(I)*DT

FO(I)=FO(I)+FC(I)

30 CONTINUE

CALL FF(T,YC,FC,N)

C** ------------------------------------------------------------ **

HT=DT/6.0

DO 40 I=1,N

YO(I)=YI(I)+(FI(I)+FO(I)+FO(I)+FC(I))*HT

40 CONTINUE

C** CALL FF(T,YO,FO,N)

RETURN

END

************************************************************************

[�Ç ] 
��<k��úq�

************************************************************************

PROGRAM RUNGET

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)
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DIMENSION Y(2),X(2,7)

CRN DIMENSION Y(2,100),X(2,7)

CA1 DIMENSION Y(2),X(2,16),ID(3)

CAN DIMENSION Y(2,100),X(2,16),ID(3)

EXTERNAL FUN

DATA N,T,U0,V0/2,0.0D0,1.0D0,2.0D0/,W,XI/3.0D0,0.05D0/

C** ============================================================ **

C** y''(T) + 2*XI*W*y'(T) + W*W*y(T) = 0 with y(0)=U0, y'(0)=V0 **

C** ============================================================ **

READ (*,'(I4,4F8.0)') Mmax,DT,EPSreq

IF(EPSreq.EQ.0.0) EPSreq=0.0001D0

IF(DT.EQ.0.0) DT=0.2D0

NSTEP=3.01/DT+1

C** ------------------------------------------------------------ **

Y(1)=U0

Y(2)=V0

C*N Y(1,1)=U0

C*N Y(2,1)=V0

CA* ID(3)=-3

C** ------------------------------------------------------------ **

WRITE(*,'(5X,''T V Y YT(exact)''

* ,6X,''Y-YT EPSold*YT Muse'')')

C** +----------------------------------------------------------+ **

C** | YT = Exact solution of Y(1) | **

C** +----------------------------------------------------------+ **

D=DSQRT(1.0-XI**2)

O=DATAN(XI/D)

WD=W*D

EDT=1.0/D

EWDT=DEXP(-XI*W*DT)

DO 50 ISTEP=1,NSTEP

YT=EDT*(U0*DCOS(WD*T-O)+V0*DSIN(WD*T)/W)

EDT=EDT*EWDT

C** ------------------------------------------------------------ **

WRITE(*,'(F7.3,1P5E13.5,I4)')

* T,Y(2),Y(1),YT,Y(1)-YT,EPSold*YT,Muse

C*N * T,Y(2,ISTEP),Y(1,ISTEP),YT,Y(1,ISTEP)-YT,EPSold*YT,Muse

C** ------------------------------------------------------------ **

CALL RUNGEC(N,FUN,DT,T

* ,Y,Y,X,Mmax,Muse,EPSreq,EPSold)

CRN * ,Y(1,ISTEP),Y(1,ISTEP+1),X,Mmax,Muse,EPSreq,EPSold)

CA* CALL ADAMSC(N,FUN,DT,T

CA1 * ,Y,Y,X,Mmax,Muse,EPSreq,EPSold,ID)

CAN * ,Y(1,ISTEP),Y(1,ISTEP+1),X,Mmax,Muse,EPSreq,EPSold,ID)

50 CONTINUE

END

************************************************************************

SUBROUTINE FUN(T,Y,F,N)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION Y(N),F(N)

DATA WW,W,XI/9.0D0,3.0D0,0.05D0/

C** ============================================================ **

C** y''(T) + 2*XI*W*y'(T) + W*W*y(T) = 0 with y(0)=U0, y'(0)=V0 **

C** ============================================================ **

F(1)=Y(2)

F(2)=-2.0*XI*W*Y(2)-WW*Y(1)

RETURN

END

************************************************************************
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************************************************************************

SUBROUTINE ADAMSC(N,FF,DT,T,YI,YO,X,Mmax,Muse,EPSreq,EPSold,ID)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION YI(N),YO(N),X(N,16),ID(3)

EXTERNAL FF

DATA MAXC/0/

C** ============================================================ **

C** Input T,YI(N) at T=TI; Output T,YO(N) at T=TO=TI+DT **

C** Input ID(3)=-3 for the first step, then DON'T CHANGE ID(1:3) **

C** YI(N) & YO(N) can be the same location : Loc.YO(N)=Loc.YI(N) **

C** ------------------------------------------------------------ **

C*I N = Number of dependent variables **

C*S FF = Subroutine to compute F(N) for given T & Y(N) **

C*I DT = Time_step = Final_time - Initial_time **

CIO T = Initial time TI & Final time TO=TI+DT **

C*I YI(N) = y_i(TI) **
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C*O YO(N) = y_i(TO) **

C*I X(N,1:3) = F3(Y3,T3),F2(Y2,T2),F1(Y1,T1) : Tk=TI-k*DT **

C*O X(N,1:3) = F2(Y2,T2),F1(Y1,T1),FI(YI,TI) : Yk=y_i(Tk) **

C*W X(N,16) = Buffers X(9*N),X(12*N),X(16*N) for Mmax=(0,1,2) **

C*W : X(N,6:8) for SUBROUTINE ADAMS(...,FP,YC,YP) **

C*W : X(N,9:9) for YI(N) in case of Loc.YO(N)=Loc.YI(N) **

C** ----------------------------------------------------------- **

C** X1 X2 X3 X4 X5 **

C** ID() = 1: X10 X3 X11 X4 X12 X5 **

C** ID() = 2: X13 X11 X14 X4 X15 X12 X16 X5 **

C** : ------------- -------------- -------------- **

C** ID(3) = 0:2 ===> ID(1) ID(2) ID(3) **

C** ----------------------------------------------------------- **

C** MAXC = Additional corrector cycles allowed = 0 **

C** MUSC = Actual corrector cycles used **

C*I Mmax = Allowed Max_steps = 2**Mmax **

C*O Muse = Actual Used_steps = 2**Muse **

C*I EPSreq = Req. epsilon such that Max.|dYC/YC(i)| < EPSreq **

C*O EPSold = Max. epsilon = Max_{i=1}^n |1-YP(i)/YC(i)|*19/270 **

C** To adjust DT : DT_new = (EPSreq/EPSold)**(1/4) * DT / 2**Muse **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | For the initial 3-steps by RUNGEC, also set ID(1:3)=0 | **

C** +----------------------------------------------------------+ **

IF(ID(3).GE.0) GO TO 100

ID(3)=ID(3)+1

ISTEP=ID(3)+3

IF(ISTEP.LE.0) STOP 'ADAMSC: ID(3) < -3'

ID(ISTEP)=0

CALL RUNGEC(N,FF,DT,T,YI,YO,X(1,ISTEP),Mmax,Muse,EPSreq,EPSold)

RETURN

C** +----------------------------------------------------------+ **

C** | Find FI(N) = X(N,4) | **

C** | Save YI(N) in X(N,9) in case of Loc.YO(N)=Loc.YI(N) | **

C** +----------------------------------------------------------+ **

100 CALL FF(T,YI,X(1,4),N)

DO 110 I=1,N

X(I,9)=YI(I)

110 CONTINUE

C** +----------------------------------------------------------+ **

C** | Perform 1_step at DT_step_size | **

C** +----------------------------------------------------------+ **

IF(ID(3).GT.0) GO TO 200

T1=T

CALL ADAMS(N,FF,DT,T1,YI,YO,X(1,1),X(1,2),X(1,3),X(1,4),X(1,5)

* ,X(1,6),X(1,7),X(1,8),MAXC,MUSC,EPSreq,EPSold)

IF(EPSold.LE.EPSreq.OR.Mmax.LE.0) GO TO 500

ID(3)=1

DO 120 I=1,N

YI(I)=X(I,9)

120 CONTINUE

C** +----------------------------------------------------------+ **

C** | Perform 2_steps at DT/2_step_size | **

C** +----------------------------------------------------------+ **

200 IF(ID(3).GT.1) GO TO 400

IF(ID(1).LT.1) THEN

ID(1)=1

DO 210 I=1,N

X(I,10)=(-X(I,1)+9D0*(X(I,2)+X(I,3))-X(I,4))/16D0

210 CONTINUE
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ENDIF

IF(ID(2).LT.1) THEN

ID(2)=1

DO 220 I=1,N

X(I,11)=(X(I,2)-4D0*X(I,10)+6D0*X(I,3)+X(I,4))/4D0

220 CONTINUE

ENDIF

T2=T

HT=DT*0.5D0

CALL ADAMS(N,FF,HT,T2,YI,YO,X(1,10),X(1,3),X(1,11),X(1,4),X(1,12)

* ,X(1,6),X(1,7),X(1,8),MAXC,MUSC,EPSreq,EPSold)

CALL FF(T2,YO,X(1,12),N)

CALL ADAMS(N,FF,HT,T2,YO,YO,X(1,3),X(1,11),X(1,4),X(1,12),X(1,5)

* ,X(1,6),X(1,7),X(1,8),MAXC,MUSC,EPSreq,EPSold)

IF(EPSold.LE.EPSreq.OR.Mmax.LE.1) GO TO 500

ID(3)=2

DO 240 I=1,N

YI(I)=X(I,9)

240 CONTINUE

C** +----------------------------------------------------------+ **

C** | Perform 4_steps at DT/4_step_size | **

C** +----------------------------------------------------------+ **

400 IF(ID(3).GT.2) GO TO 500

IF(ID(2).LT.1) STOP 'ADAMSC: INTERNAL ERROR !'

IF(ID(2).LT.2) THEN

ID(2)=2

DO 430 I=1,N

X(I,13)=(-X(I,10)+9D0*(X(I,3)+X(I,11))-X(I,4))/16D0

X(I,14)=(X(I,10)-5D0*(X(I,3)-X(I,4))+15D0*X(I,11))/16D0

430 CONTINUE

ENDIF

T4=T

HT=DT*0.25D0

CALL ADAMS(N,FF,HT,T4,YI,YO,X(1,13),X(1,11),X(1,14),X(1,4),X(1,15)

* ,X(1,6),X(1,7),X(1,8),MAXC,MUSC,EPSreq,EPSold)

CALL FF(T4,YO,X(1,15),N)

CALL ADAMS(N,FF,HT,T4,YO,YO,X(1,11),X(1,14),X(1,4),X(1,15),X(1,12)

* ,X(1,6),X(1,7),X(1,8),MAXC,MUSC,EPSreq,EPSold)

CALL FF(T4,YO,X(1,12),N)

CALL ADAMS(N,FF,HT,T4,YO,YO,X(1,14),X(1,4),X(1,15),X(1,12),X(1,16)

* ,X(1,6),X(1,7),X(1,8),MAXC,MUSC,EPSreq,EPSold)

CALL FF(T4,YO,X(1,16),N)

CALL ADAMS(N,FF,HT,T4,YO,YO,X(1,4),X(1,15),X(1,12),X(1,16),X(1,5)

* ,X(1,6),X(1,7),X(1,8),MAXC,MUSC,EPSreq,EPSold)

IF(EPSold.LE.EPSreq) GO TO 500

ID(3)=3

C** +----------------------------------------------------------+ **

C** | Shift one step | **

C** +----------------------------------------------------------+ **

500 Muse=MIN0(ID(3),2)

ID(1)=ID(2)

ID(2)=ID(3)

ID(3)=MAX0(ID(3)-1,0)

T=T+DT

C** +----------------------------------------------------------+ **

C** | Shift F_values for DT_step_size | **

C** +----------------------------------------------------------+ **

DO 510 I=1,N

X(I,1)=X(I,2)

X(I,2)=X(I,3)
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X(I,3)=X(I,4)

510 CONTINUE

C** +----------------------------------------------------------+ **

C** | Shift F_values for DT/2_step_size & DT/4_step_size | **

C** +----------------------------------------------------------+ **

IF(ID(1).GE.1) THEN

DO 520 I=1,N

X(I,10)=X(I,11)

520 CONTINUE

ENDIF

IF(ID(2).EQ.1) THEN

DO 530 I=1,N

X(I,11)=X(I,12)

530 CONTINUE

ELSEIF(ID(2).GE.2) THEN

DO 540 I=1,N

X(I,11)=X(I,12)

X(I,13)=X(I,15)

X(I,14)=X(I,16)

540 CONTINUE

ENDIF

RETURN

END

************************************************************************

SUBROUTINE ADAMS(N,FF,DT,T,YI,YO,F3,F2,F1,FI,FC,FP,YC,YP

* ,MAXC,MUSC,EPSreq,EPSold)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION YI(N),YO(N),F3(N),F2(N),F1(N)

DIMENSION FI(N),FC(N),FP(N),YC(N),YP(N)

EXTERNAL FF

C** ------------------------------------------------------------ **

C** Input T,YI(N),FI(N) at T=TI & F3(N),F2(N),F1(N) at T-3DT,... **

C** Output T,YO(N) at T=TO=TI+DT **

C** YI(N) & YO(N) can be the same location : Loc.YO(N)=Loc.YI(N) **

C** ------------------------------------------------------------ **

C*I N = Number of dependent variables **

C*S FF = Subroutine to compute F(N) for given T & Y(N) **

C*I DT = Time_step = Final_time - Initial_time **

CIO T = Initial time TI & Final time TO=TI+DT **

C*I YI(N) = y_i(TI) **

C*O YO(N) = y_i(TO) **

C*I F3(N),F2(N),F1(N),FI(N) = f_i(Y3,T3),..,f_i(Y1,T1),f_i(YI,TI) **

C*W FC(N),YC(N) = f_i(YC,TO),y_i(TO) Corrector **

C*W FP(N),YP(N) = f_i(YP,TO),y_i(TO) Predictor **

C*I MAXC = Additional corrector cycles allowed **

C*O MUSC = Actual corrector cycles used **

C*I EPSreq = Req. epsilon such that Max.|dYC/YC(i)| < EPSreq **

C*O EPSold = Max. epsilon = Max_{i=1}^n |1-YP(i)/YC(i)|*19/270 **

C** ============================================================ **

DT24=DT/24D0

DT924=9D0*DT24

F19270=19D0/270D0

T=T+DT

C** +----------------------------------------------------------+ **

C** | Find the Predictor YP(N) & FP(N) | **

C** +----------------------------------------------------------+ **

DO 10 I=1,N

YP(I)=YI(I)+(55D0*FI(I)-59D0*F1(I)+37D0*F2(I)-9D0*F3(I))*DT24

10 CONTINUE
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CALL FF(T,YP,FP,N)

C** +----------------------------------------------------------+ **

C** | Find the Corrector YC(N) | **

C** +----------------------------------------------------------+ **

DO 20 I=1,N

YC(I)=YI(I)+(9D0*FP(I)+19D0*FI(I)-5D0*F1(I)+F2(I))*DT24

20 CONTINUE

C** +----------------------------------------------------------+ **

C** | Find the congergent Corrector | **

C** +----------------------------------------------------------+ **

DO 50 MUSC=1,MAXC

CALL FF(T,YC,FC,N)

EPSold=0.0

DO 30 I=1,N

DY=(FC(I)-FP(I))*DT924

FP(I)=FC(I)

YC(I)=YC(I)+DY

IF(YC(I).NE.0.0) EPSold=DMAX1(EPSold,DABS(DY/YC(I)))

30 CONTINUE

IF(EPSold.LE.EPSreq.OR.MUSC.GE.MAXC) GO TO 60

50 CONTINUE

C** +----------------------------------------------------------+ **

C** | Find accepted YO from YC and YP | **

C** +----------------------------------------------------------+ **

60 EPSold=0.0

DO 70 I=1,N

DY=(YC(I)-YP(I))*F19270

YO(I)=YC(I)-DY

IF(YO(I).NE.0.0) EPSold=DMAX1(EPSold,DABS(DY/YO(I)))

70 CONTINUE

C** CALL FF(T,YO,FC,N)

RETURN

END

************************************************************************

Ö×

1. YØ¤ËÙFª���Q+;3Ú � = 0:7% ! = 125:6637 rad=sec%

g(t) = sin(2t)3

d
2
y

dt2
+ 2�!

dy

dt
+ !

2
y = !

2
g(t)

y(0) = 0:0; y
0(0) = 0:0

2. YÛÜ�ËÙFª���Q+;3� g(t)"�'TÝÞÆØ�^¤ß

� (ti; gi)�}Q3

i 0 1 2 3 4 5 6 7

ti 0.0 0.1 0.16 0.20 0.24 0.30 0.36 0.40

gi 0.0 0.3 -0.25 0.40 -0.10 -0.10 0.00 0.00
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3. Á'àá+âÜYØ¤ËÙFª���Q+;&,(ã^¤�;G

;H13Ú yo = 1% vo = 23

d
2
y

dt2
� 4t

dy

dt
+ (4t2 � 1)y = e

t
2

y(0) = yo; y
0(0) = vo

y(t) = e
t
2

(1 + (yo � 1) cos t+ vo sin t)

4. Á;Ø¤ËÙFª���äå+âÜ3

t
2
d
2
y

dt2
+ t

dy

dt
+ t

2
y = 0

y(1) = 1; y(9) = 0

5. Á'æçè$ (Ú � = 1:4)�¾�� TÆFGÍ�Ë§QÙFª�

�3

6. ÁNæçè$���é"�'�����$TÆFGÍ�Ë§QÙ

Fª��3

êëìí

1. Stoer, J. and Bulirsch, R. Introduction to Numerical Analysis, New York,
Springer-Veriag, 1980.
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13.1 ��

����������������� !"#$���%&'��
��(�$)�$�*���%&+����(�,-&.�*'/0*
�12345678+������9:;('������9:;<=
�#5783.�>?*+������'?���@AB&�� #&
CDEFGH���I#J�xKLJ�x; y; zM)NOP� r; �; �(=#
&QF�� t36REF��STRQF���+�����U'VWX
Y)ZY�12([RQF��,U'VW\Y)]Y�123^>_E
F��U'/"#`%abcd)e�f (Region)Mghij (Boundary)

3kl�fT#`&"mMh^>ij</nopqV3nij*U'
/r`s�9)h��9Me&ijtu3^>_QF��U'/r`v
#QF�s�9)h��9Me&wxtu3+�����yz (Order)

&�����{�|}��y�3+�����{M~"���gh�
y��-&��,e&�� (+����� )(!"|}y��&��,
&���(�<�&���345��9:;����;&�M���y
�+����&���"���;3^_�y+�����'�h��
�& (1)���M (2)����M� (3)����3h{����+���
��'6REFGH���M���;�:#�T/"�9TX`��
�(S����������+�����'[RQF��M���;
�:<@�/"�9TX`���3�� L¡��¢£�¤¥¦3

353
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13.2 µ¶·¸¹º»¼½¹¾

�y+�����#�@�&L¡�� (1)���( (2)����(
(3)����34¿¢ÀÁ L¡����;3abÂÃ�����y+
����� 

a
@
2
u

@x2
+ b

@
2
u

@x@y
+ c

@
2
u

@y2
= d (13.1)

�{ a; b; c; d& u; @u=@x; @u=@y; x; y�s�3�abn (x; y)ÄÅ�v#
ÆÇ��C*�È�u; @u=@x; @u=@y&ÆÇ3�É��*�ÊË9ÌÍ
ÂÃ�Î (�< @u=@x; @u=@y��u�+��9 ) 

du =
@u

@x
dx+

@u

@y
dy (13.2)

� (13.1)�ÂÃ��MÏÐÑ� @
2
u=@x

2
; @

2
u=@x@y; @

2
u=@y

2&ÒÇ���
�ÓÔ���3ÕÖ×ÓÔ��Î�ØÙ�ÚÃ�9Ë_ÛM�� (13.5)

ÐÔQM<ÓÔ�o:3

d(
@u

@x
) =

@
2
u

@x2
dx+

@
2
u

@x@y
dy (13.3)

d(
@u

@y
) =

@
2
u

@x@y
dx+

@
2
u

@y2
dy (13.4)

���������
a b c

dx dy 0

0 dx dy

���������
= a (dy)2 � b dx dy + c (dx)2 = 0 (13.5)

� (13.5)ÜÝ& dy=dx��z�Þ�3��× b
2 � 4ac > 0M<"�$�ß

� dy=dx@à� (13.5)ÐÔ(× b
2 � 4ac = 0M<"#$�ß� dy=dx@à

� (13.5)ÐÔ(× b
2 � 4ac < 0M<o#�ß@à� (13.5)ÐÔ3×#��

n�È�á��ß-�� (13.5)~â��ß#ãQMÊ��e����3
�� b

2 � 4ac > 0Q"�Ï����( b
2 � 4ac = 0Q"#Ï����(

b
2 � 4ac < 0Qä"����3
åæ*Á�çMn (x; y)ÄÅ�v#�fèM×�È� b

2� 4ac > 0M
<+�����é_����(× b

2�4ac = 0M<���é_����(
× b

2 � 4ac < 0M<���é_���3
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×+�����&���M�I a = 1; b = 0; c = uM<����é
��h:u"� �×vÈ�:u > 0M<ÊÈé_���(×h:u < 0

M<ÊÈé_����3×+�����&��M� a; b; c6&x; y�s
�M<���n�È�é������:o�M@_:2�îïÇ3×
+������|}yÎ�M� a; b; cM-&'�M<����é��G
Ho�M�ð$�f&ñ#é�3
(1)�Â�òó (Poisson)��� �ôõôö (Laplace)��� (÷ � = 0Q )

&���+�����3hijtu@�&� (13.7)�Dirichlet�M)&
� (13.8)�Neumann�Mø@&hùúûü���I� (13.9)3ýSu�Sn

>þRÿ�ij�T�û3�{un = @u=@n&unij���ß���3
@
2
u

@x2
+
@
2
u

@y2
= �(x; y) (13.6)

u (x; y) = f(x; y) ; _ij Su (13.7)

un(x; y) = g(x; y) ; _ij Sn (13.8)

au(x; y) + b un(x; y) = h(x; y) (13.9)

(2)�Â���+����� (13.10)&�����#��3hwxtu&
� (13.11)Mijtu&� (13.12)3�{ a; b; c; d& (x; t)�s�Mab�
cd&R [0�x�L; 0�t�T ]3

@u

@t
� a

2 @
2
u

@x2
+ b

@u

@x
+ c u = d (13.10)

u(x; 0) = f(x) ; 0<x<L (13.11)

u(0; t) = go(t) ; u(L; t) = g1(t) ; t>0 (13.12)

(3)�Â�ò��� (13.13)&����+�����3 hwxtu&�
(13.14)Mijtu&� (13.15)�� (13.16)3�{ ao; bo; a1; b1; c&'�M
ab�cd&R [0�x�L; 0�t�T ]3

@
2
u

@t2
= c

2 @
2
u

@x2
(13.13)

u = f(x) ;
@u

@t
= g(x) ; 0<x<L ; t=0 (13.14)

ao u+ bo
@u

@x
= go(t) ; x=0 ; t>0 (13.15)

a1 u+ b1
@u

@x
= g1(t) ; x=L ; t>0 (13.16)
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13.3 ����º»¼½	
��

abÂÃ���+����� (13.17)Mgwxtu� (13.18)M�i
jtu� (13.19)3

ut � a
2
uxx = d (13.17)

u(x; 0) = f(x) ; 0 < x < L (13.18)

u(0; t) = go(t) ; u(L; t) = g1(t) ; t > 0 (13.19)

h{ a; d& (x; t)�s�Mut = @u=@tM uxx = @
2
u=@x

23�^ab�cd
R [0 � x � L; 0 � t � T ]�&m� n���M�� h = L=m; k = T=nM
xi = ih; tj = jkM f

j

i
= f(xi; tj)3 f

j

i
CD�È*�¡s�9M��È*�

s�9�É��È�9?��è� ��IÂ� (0���1) 
f(xi; tj+�k) � f

j+�
i

= (1� �)f j
i
+ �f

j+1
i

(13.20)

�# �����È
�Â¢s���+��9������� 

ut(xi; tj+�k) =
u
j+1
i

� u
j

i

k
+ �t (13.21)

uxx(xi; tj+�k) =
u
j+�
i+1 � 2uj+�

i
+ u

j+�
i�1

h2
+ �xx (13.22)

�{
�t =

1 � 2�

2
kutt +

1� 3� + 3�2

6
k
2�uttt (13.23)

�xx =
h
2

12
�uxxxx (13.24)

� (13.21)��Î@�u(xi; tj+1)�u(xi; tj)�¤^u(xi; tj+�k)������
I� (13.25)�� (13.26)M������� k�â3� (13.23)K� (13.28)

{� �u; ~u; ûËM&nab�FèvÈ�9M -9`W@CD!ÀÞ�
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93�� ~uttt(1� �)3k3=3! + ûttt�
3
k
3
=3!7_ ~uttt(1� 3� + 3�2)k3=3!� ûttt(1�

3� + 3�2)k3=3!�F3
u(xi; tj+1) = u(xi; tj+�k) + ut(xi; tj+�k)(1� �)k

+utt(xi; tj+�k)(1 � �)2k2=2! + ~uttt(1� �)3k3=3! (13.25)

u(xi; tj) = u(xi; tj+�k)� ut(xi; tj+�k)�k

+utt(xi; tj+�k)�
2
k
2
=2!� ûttt�

3
k
3
=3! (13.26)

� (13.22)��Î@�u(xi+1; tj+�k)�u(xi�1; tj+�k)�¤^u(xi; tj+�k)��
����I� (13.27)�� (13.28)M���&���h

2�â3
u(xi+1; tj+�k) = u(xi; tj+�k) + ux(xi; tj+�k)h+ uxx(xi; tj+�k)h

2
=2!

+uxxx(xi; tj+�k)h
3
=3! + ~uxxxxh

4
=4! (13.27)

u(xi�1; tj+�k) = u(xi; tj+�k)� ux(xi; tj+�k)h + uxx(xi; tj+�k)h
2
=2!

�uxxx(xi; tj+�k)h3=3! + ûxxxxh
4
=4! (13.28)

�ab¢� (13.21)�� (13.22)����'(� (13.17)M!À �t�a
2
�xx

�}y��ÞM@â 
u
j+1
i

� u
j

i

k
� (aj+�

i
)2
u
j+�
i+1 � 2uj+�

i
+ u

j+�
i�1

h2
= d

j+�
i

(13.29)

) u
j+1
i

� u
j

i
� � (uj+�

i+1 � 2uj+�
i

+ u
j+�
i�1 ) = k d

j+�
i

(13.30)

�{ � =
k

h2
(aj+�

i
)2 (13.31)

*�{�u
j+�)?� (13.20)@â 

���uj+1
i+1 + (1 + 2��)uj+1

i
� ��u

j+1
i�1

= (1� �)�uj
i+1 + (1 � 2(1� �)�)uj

i
+ (1� �)�uj

i�1 + k d
j+�
i

(13.32)

÷ � = 0Q@â� (13.33)3Ê�é_*����M�+?Ê�@� t = tjQ
��ÆÇ9M�Ë�,i�9M�-�� t = tj+1Q� u

j+1
i

(�� t = tj+1

Q�hùs�9o� )3
u
j+1
i

= �u
j

i+1 + (1� 2�)uj
i
+ �u

j

i�1 + k d
j

i
(13.33)

÷ � = 1
2
Q@â� (13.34)MÊ�e&Crank-Nicolson���3Ê�é_.

����M�� t = tjQ��ÆÇ9M�� t = tj+1Q� u
j+1
i
QM/Ã0
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i = 1; 2; . . . ;m�1�ÓÔ�M�@��ÓÔ�:â3kÊÓÔ��Î�Ø
Ù&L^1ØÙM2N34�:M5 [C# ]��3+? �= 1

2
�ÝV&��

��!À�}y6�Þ�t�a2�xx= 1
24
k
2�uttt� 1

12
h
2
a
2�uxxxx=O(k2)+O(h2)ú� 6=1

2

Q�6�Þ �t�a2�xx=1�2�
2
kutt+ � � �=O(k)+O(h2)&7 (÷ k!0; h!0Q )3

��uj+1
i+1 + (2+2�)uj+1

i
� �u

j+1
i�1 = �u

j

i+1 + (2�2�)uj
i
+ �u

j

i�1 + 2kd
j+ 1

2

i
(13.34)

I8� (13.19)�ijtu9&ux(0; t) = go(t)QM@¢x�cd:&#$
�È x

�13ø�¢ i = 0;&è��ÈM@?� (13.33))� (13.34)Ã0�
��MSijtu<?�y=>�{?��� u

j

1 � u
j

�1 = 2h gj
o
3

<?� (13.34)�����@A�}y6�Þú7BMTC�<?D9
M-T/"�9TX`���M)eÊ���&otuX`3S<?�
(13.33)�*����M<÷� >

1
2
QM/"�9TX`���M��Ê�

��&"tuX`MhX`tu&� � 1
2
3"��X`�çE5z¿3

13.4 FGHI½¹J

�9X`tu��çM&ab��K��@(6�l�"LMN��
��M��� d

j

i
gijtuo�M2�Â¥¦Q�É d

j

i
= 0Mu

j

o
= g

j

o
= 0

Mu
j

m
= g

j

1 = 03�&OP�çM�É a&'�M��&'�3<� (13.33)

�� (13.34)@�¤QÐ (�m = 5&� ) 8>>>>>><
>>>>>>:

u
j+1
1

u
j+1
2

u
j+1
3

u
j+1
4

9>>>>>>=
>>>>>>;
=

2
6666664

1�2� �

� 1�2� �

� 1�2� �

� 1�2�

3
7777775

8>>>>>><
>>>>>>:

u
j

1

u
j

2

u
j

3

u
j

4

9>>>>>>=
>>>>>>;

) u
j+1 = Au

j (13.35)

2
6666664

2+2� ��
�� 2+2� ��

�� 2+2� ��
�� 2+2�

3
7777775

8>>>>>><
>>>>>>:

u
j+1
1

u
j+1
2

u
j+1
3

u
j+1
4

9>>>>>>=
>>>>>>;
=

2
6666664

2�2� �

� 2�2� �

� 2�2� �

� 2�2�

3
7777775

8>>>>>><
>>>>>>:

u
j

1

u
j

2

u
j

3

u
j

4

9>>>>>>=
>>>>>>;

) B u
j+1 = C u

j (13.36)

2 u
j+1 = B

�1
C u

j = Au
j (13.37)
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�� (13.35))� (13.37)@TÇ u
j = A

j
u
o3É× u

o�@(6�SU" e
o

�6�M<�6�VWK t = tjQMu
j�6��Ð e

j = A
j
e
o3×¢ e

oQ

ÐØÙA��XßY vi���ÏZM� e
o =

P
m�1
i=1 civiM< e

j = A
j
e
o =P

m�1
i=1 ciA

j
vi =

P
m�1
i=1 ci�

j

i
vi3÷ j[�QMI\à e

jT]^_op�M<
_~"��X9 �i�`^9-T�_ 13� T &^e�L^1ØÙMh
^1abÿ& 2M*Âz^1abÿ&�1M<h�X9& 4 sin2 i�

2m
3Õ

Ö� (13.35){�AØÙ@QÐ [I � �T ]MS� (13.37){�AØÙ@QÐ
[2I + �T ]�1[2I � �T ]M��Ê��{�AØÙ��X9�¤& 

�i = 1 � 4� sin2
i�

2m
(13.38)

�i =
2 � 4� sin2 i�

2m

2 + 4� sin2 i�

2m

(13.39)

��&Ü9M�� (13.39)@Çh~"� j�ij-7_ 132� (13.34)�.�
��&otuX`3S�� (13.38)� j�ij � 1�tu@â� (13.40)3� �

&Ü9MÊ��*m#`ÌÍM���Âm�tuM@â� (13.41)�t
u3��@Ç� � 1

2
QM� (13.33)�*����&X`3

�1 � 1� 4� sin2 i�

2m
� 1 (13.40)

� � 1
2
sin�2 i�

2m
(13.41)

^_EF&�J)LJ�cdMÉhx = hy = hz = hM^>_� (13.33)�
*�����¤IÂ�MhX`tu&� � 1

4
�� � 1

6
3

u
j+1
p;q

= (1� 4�)uj
p;q

+ �(uj
p+1;q + u

j

p�1;q + u
j

p;q+1 + u
j

p;q�1) + k d
j

p;q
(13.42)

u
j+1
p;q;r

= (1 � 6�)uj
p;q;r

+ �(uj
p+1;q;r + u

j

p�1;q;r

+uj
p;q+1;r + u

j

p;q�1;r + u
j

p;q;r+1 + u
j

p;q;r�1) + k d
j

p;q;r
(13.43)

13.5 ef�º»¼½	
��

abÂÃ�òó (Poisson)��� (13.44)M Éhijtu&� (13.45)

�Dirichlet�3ab��f&R [0 � x � Lx; 0 � y � Ly]3
uxx + uyy = �(x; y) (13.44)

u(0; y) = u(Lx; y) = u(x; 0) = u(x;Ly) = 0 (13.45)
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�^ab��fR [0 � x � Lx; 0 � y � Ly]�&m � n���M��
h = Lx=m; k = Ly=nM xi = ih; yj = jkM fi;j = f(xi; yj)3 fi;jCD�È*
�¡s�93+?� (13.22)��ÎM� � = 0@â 

uxx(xi; yj) =
ui+1;j � 2ui;j + ui�1;j

h2
+
h
2

12
�uxxxx (13.46)

uyy(xi; yj) =
ui;j+1 � 2ui;j + ui;j�1

k2
+
k
2

12
�uyyyy (13.47)

¢� (13.46)�� (13.47)����'(� (13.44)M!À h
2

12
�uxxxx+

k
2

12
�uyyyy�

}y��ÞM@â 
ui+1;j � 2ui;j + ui�1;j

h2
+
ui;j+1 � 2ui;j + ui;j�1

k2
= �i;j (13.48)

U'gh = kM@âúhi%���IÂ 
ui+1;j + ui�1;j + ui;j+1 + ui;j�1 � 4ui;j = h

2
�i;j (13.49)

*�>?_�fè��ÈM� i = 1; 2; . . . ;m�1M j = 1; 2; . . . ; n�1Mjk
" (m�1)(n�1)$���MÜÝ�ÒÇs�ui;j�$��ËM:���Ó
Ô����@�â�ui;j93�Â&m = n = 4�ÓÔ��� (Au = b) 

2
6666666666666666666664

4 �1 �1
�1 4 �1 �1

�1 4 �1
�1 4 �1 �1

�1 �1 4 �1 �1
�1 �1 4 �1

�1 4 �1
�1 �1 4 �1

�1 �1 4

3
7777777777777777777775

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

u11

u21

u31

u12

u22

u32

u13

u23

u33

9>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>;

=

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

�h2�11
�h2�21
�h2�31
�h2�12
�h2�22
�h2�32
�h2�13
�h2�23
�h2�33

9>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>;

(13.50)

Ê��ÓÔ����@?lL5��;�-�:BMø@?IÂ�}ö
mnopq�; (Gauss{Seidel iteration)�:3h{ u

(k)
i;j
&l kzq��

�r8Mwx9 u
(o)
i;j
@É&Û)hù-^st�93ÕÖ� (13.51)�*

P"#��& (k)M"#��& (k + 1)M�àË�,iuq<?|v�
9 (É i = 1; 2; . . . ;m�1; j = 1; 2; . . . ; n�1�wx�� )3ÕÖn��
K�{� ui;j9@6yz|v9MS_ u

(k+1)
i;j

�0�Ô�g' u
(k)
i;j
MI�
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<_��� (13.51)QM�@TCh*P3h�&^>�ØÙ�M@QÐ
[L +D]u(k+1) = �[U ]u(k) + bMh{D&g�*�AØÙ�^1ab�^
1ØÙML&g�AØÙ�^1�Âab�ÂL1ØÙMU&g�AØÙ
�^1�*ab�*L1ØÙ3ÕÖL+D + U = A3

u
(k+1)
i;j

= 1
4
(u(k)

i+1;j + u
(k+1)
i�1;j + u

(k)
i;j+1 + u

(k+1)
i;j�1 )�

1
4
h
2
�i;j (13.51)2

6666666666666666666664

4

�1 4

�1 4

�1 4

�1 �1 4

�1 �1 4

�1 4

�1 �1 4

�1 �1 4

3
7777777777777777777775

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

u11

u21

u31

u12

u22

u32

u13

u23

u33

9>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>;

=

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

u21 + u12�h2�11
u31 + u22�h2�21

u32�h2�31
u22 + u13�h2�12
u32 + u23�h2�22

u33�h2�32
u23 �h2�13
u33 �h2�23

�h2�33

9>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>;

=Bø@?IÂ�ADI; (Alternating{Direction{Implicit)�:3
�u(k+1)

i+1;j + 4u(k+1)
i;j

� u
(k+1)
i�1;j = u

(k)
i;j+1 + u

(k+1)
i;j�1 � h

2
�i;j (13.52)

�u(k+1)
i;j+1 + 4u

(k+1)
i;j

� u
(k+1)
i;j�1 = u

(k)
i+1;j + u

(k+1)
i�1;j � h

2
�i;j (13.53)

�� (13.52)�v# j9��ui;j; i = 1; 2; . . . ;m�1QM_:#ÏL^1ØÙ
�ÓÔ���3� (13.52)� j� 1{:Kn�1�M|9?� (13.53)� i� 1

{:Km�1MI��}Ð#~Z�q�3�Â&� (13.52)�ØÙ� 2
6666666666666666666664

4 �1
�1 4 �1

�1 4

�1 4 �1
�1 �1 4 �1

�1 �1 4

�1 4 �1
�1 �1 4 �1

�1 �1 4

3
7777777777777777777775

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

u11

u21

u31

u12

u22

u32

u13

u23

u33

9>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>;

=

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

u12�h2�11
u22�h2�21
u32�h2�21
u13�h2�12
u23�h2�22
u33�h2�22
�h2�13
�h2�23
�h2�23

9>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>;

�úî�$ØÙ�M@ÇADI ;ú}ömn;34�� �&n�Ã 4

$�^1ab{Mî,þR 3$MS�,6þR 2$3���;?_LJ
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�12QM�Ã" 6$�^1abMî,þR 4$MS�,6þR 3$M
ADI;��È�ä"��J�12��*�3

}ömn;����>�'[�M��*'��-:;&�M��Ê
;'_�Z#�&����MI¢v9�:YN� !��SOR; (Simul-

taneous Over{Relaxation)M�<?�v9& ui;j = u
(k)
i;j

+ ! (u(k+1)
i;j

� u
(k)
i;j
)3

�{ !U'g�_ 17_ 2�9Mh�7^���>���[�M@�^
VW�12g���Y��q��`3ÂÃ�9@��a (Ê9ø?_ [

C� ]��� ) 

! =
2

1 +
q
1� �

2
J

; �J =
k
2 cos �

m
+ h

2 cos �

n

h2 + k2
(13.54)

*�{��J&ØÙ [D]�1[L+U ]�|��X9�`^9M�ØÙâ�=#o
pq�;e��� (Jacobi); QÐØÙ�& [D]u(k+1) = �[L+ U ]u(k) + b

3�q� kz��^�: u
(k)�6�& e

(k) = u
(k) � uM¢Au = b9&

[L+D+U ]u = bM|�opq����M@â e
(k+1) = �[D]�1[L+U ] e(k)3

@Ç6� e
(k)���J�����M� jje(k+s)jj � �

s

J
jje(k)jj3I8� e

(k+s)�
� G�� e

(k),�pG¡¢G�9M~/�opq�z� s@��
s

J
� 10�p

£�M��â s � p ln 10=(� ln �J )3}ömn;��GS = �
2
J
& [L+D]�1[U ]

�|��X93SOR;<?!&����SOR = ( �J

1+
p

1��2
J

)23÷h = kM�
m = n-[�QM��(13.54)@â�J = cos �

m
� 1� �

2

2m2(�GS = �
2
J
� 1� �

2

m2

( �SOR � 1 � 2�
m
3opq�z�<�& sJ � p ln 10

� ln�J
� 2pm2 ln 10

�2
� pm

2

2
(

sGS � pm
2 ln 10

�2
� pm

2

4
( sSOR � pm ln 10

2�
� pm

3
3

13.6 ¤¥¦§¨½©ª

÷ijÈT�Ü«�È#ãQM@ab�ÂÃ���#VW 
(1)¢ij¬KÜ«�ÈM÷�ÈF h[7QM�¡^����6�T
�Mk�@<?Ü«�È����M=>&ú}�O(h2)M®¯@�°±
¬È�6�M���@�T9���3
(2)¢�È¬Kij (�� (a))M�Q²^ijèÈ����>9IÂ� 

ux =
u1 � uo

�1h
+O(h) ; ux =

uo � u3

�3h
+O(h) (13.55)
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ux =
�3

�1 + �3

u1 � uo

�1h
+

�1

�1 + �3

uo � u3

�3h
+O(h2) (13.56)

uxx =
2

h2

"
u1 � uo

�1(�1 + �3)
+

u3 � uo

�3(�1 + �3)

#
+O(h) (13.57)

uyy =
2

h2

"
u2 � uo

�2(�2 + �4)
+

u4 � uo

�4(�2 + �4)

#
+O(h) (13.58)

uxx + uyy =
2

h2

�
u1

�1(�1 + �3)
+

u2

�2(�2 + �4)
+

u3

�3(�1 + �3)
+

u4

�4(�2 + �4)

�(
1

�1�3
+

1

�2�4
)uo

�
+O(h) (13.59)

�� ij�È�VW

(3)�ijº^�Ü«�È�&ij�È (�� (b))Mij�È�u1;&Ò
Ç�3»�?Ü«�È (u

�1; uo; u1)�9��ijÈ�9M�hË_ij
ÈÆÇ9u���&ijtu�MI� (13.60)()�Ü«�È (u

�1; uo)�
ijÈÆÇ9 u��9��ij�È u1�9MI� (13.61)3ÕÖIij�
ÈnijÈ�BQ � < 1(Iij�ÈnijÈ�èQ � > 13|Ýgú²
^ijÈ�Ü«�È�ij�ÈM< 1

2
� � � 3

2
3

u� =
�(� + 1)

2
u1 + (1 � �

2)uo +
�(� � 1)

2
u
�1 +O(h3) (13.60)

u1 =
2

�(� + 1)
u� �

2(1 � �)

�
uo +

1 � �

1 + �
u
�1 +O(h3) (13.61)

ÕÖ�� (3)��� (2)�� (13.57)�r8�ñ3�&�� (13.61)'(uxx =

(u1 � 2uo + u
�1)=h2@â� (13.62)MSÊ��� (13.57){� �1 = �; �3 =

1; u1 = u�; u3 = u
�1~â�����ñ3k���VW��Tñ �� (2)
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&9�è��È����M@�a [C� ](�� (3)&:&ij�È��
��3
uxx =

u1 � 2uo + u
�1

h2
=

2

h2

"
1

�(� + 1)
u� �

1

�
uo +

1

1 + �
u
�1

#
+O(h) (13.62)

×ijtu&nij����ß���9QMcd¢¼&ûüM/?½
ú��È�9�Ã06�7����M�Â6Ã0#y=>�����
�a3Éij����ß�x¾�¿1& �(�� (c))3

@u

@n
=

@u

@x

@x

@n
+
@u

@y

@y

@n
=

uo � u1

h
cos � +

uo � u2

h
sin � (13.63)

uo =
h

cos � + sin �

@u

@n
+

cos �

cos � + sin �
u1 +

sin �

cos � + sin �
u2 (13.64)

13.7 ÀÁ��º»¼½	
��

abÂÃ���+����� (13.65)Mgwxtu� (13.66)M�i
jtu� (13.67)3

utt = c
2
uxx (13.65)

u(x; 0) = f(x) ; ut(x; 0) = g(x) ; 0 < x < L (13.66)

u(0; t) = go(t) ; u(L; t) = g1(t) ; t > 0 (13.67)

h{ c&'�M utt = @
2
u=@t

2M uxx = @
2
u=@x

23�^ab�cdR [0 �
x � L; 0 � t � T ]�&m � n���M�� h = L=m; k = T=nM
xi = ih; tj = jkM f

j

i
= f(xi; tj)3 f

j

i
CD�È*�¡s�93+?�

(13.46)����ÎM� (13.65)@QÐ� (13.68)M×gh; kà ck=h = 1M@
à����&OPMI� (13.69)3

u
j+1
i

� 2uj
i
+ u

j�1
i

= (
ck

h
)2 (uj

i+1 � 2uj
i
+ u

j

i�1) (13.68)

u
j+1
i

= u
j

i+1 + u
j

i�1 � u
j�1
i

(13.69)

ÕÖ� (13.69)/?½ j� j�1�QF��s�9��â j+1Q�s�93
��&Ñ�â u

1
i
�9M�Ñ�wxtu@â u

o

i
= f(xi)BMÂ/" u

�1
i
�

9MÊ9@?=#wxtuut(xi; 0) = g(xi)�âMh�y{?���& 
u
1
i
� u

�1
i

2k
= g(xi) ; ) u

�1
i

= u
1
i
� 2k g(xi) (13.70)
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¢*�'(� (13.69)Mg j = 0M�@:â 
u
1
i
= 1

2
(uo

i+1 + u
o

i�1) + k g(xi) (13.71)

�� (13.71)�â j=1�s�9u
1
i
�Mj > 0���u

j+1
i
�@�z�� (13.69)

�â3ÕÖu
j

o
= go(tj)�u

j

m
= g1(tj)3IijtuR��ÞM@Æ���

����M¢x�cd:&#$�Èx
�1)xm+1M¢ i=0� i=m;&è�

�ÈM|�{?��� (uj1 � u
j

�1)=h^�ijtu�ux(xo; tj)M_ i=m�
ijÈ&ux(xm; tj) = (uj

m+1 � u
j

m�1)=h3

13.8 ÀÁ��º»¼½�J�

� (13.65)�ò����:ç:���÷OhM�"�*%�WÖÇM
9ân�ÀÈ��3� (13.72)&h:ç:�#��M F (x+ct)�G(x�ct)

&É#s�3¢� (13.72)�u(x; t)�+���-'(� (13.65)@T�h 
ÊÌÍò���3

u(x; t) = F (x+ ct) +G(x� ct) (13.72)

@u

@t
= F

0

@(x+ ct)

@t
+G

0

@(x� ct)

@t
= c F

0 � cG
0 (13.73)

@
2
u

@t2
= c

2
F

00+ c
2
G

00 (13.74)

@u

@x
= F

0

@(x+ ct)

@x
+G

0

@(x� ct)

@x
= F

0 +G
0 (13.75)

@
2
u

@x2
= F

00+G
00 (13.76)

ÕÖF (x+ct)CD#$��> cßË¬]%òM÷ t = to�òd&F (x+cto)

QM<�K�tQF��òd F (x+ c�t + cto)M/Ë_h,�Ì c�t�
V_ t = toQ�òd3ñWG(x � ct)&#$��> cß,¬]%ò3ÉD
��%wxÍ]-/dÐ�¡òdM#$ßË¬]M=#$<ß,¬]
3�Â&åæ� (13.66)�wxtu~â�òd 

u(x; t) =
1

2
[f(x+ ct) + f(x� ct)] +

1

2c

Z
x+ct

x�ct

g(�) d� (13.77)

� g(x)�Î�& �g(x)Mø� �g0(x) = g(x)M<*�^>_� (13.72)�F (x+

ct) = 1
2
[f(x+ct)+ 1

c
�g(x+ct)]MG(x�ct) = 1

2
[f(x�ct)� 1

c
�g(x�ct)]3@ÇhÌ



366 §¨©ª «¬®¯°±²³´
Í� (13.65)3Ï� (13.77)� t = 0@âu(x; 0) = f(x)M� (13.77)^ t+��
@âut(x; t) =

1
2
[ [c f 0(x+ct)�c f 0(x�ct)]+ 1

2c
[c g(x+ct)+c g(x�ct)]M� t = 0

@âut(x; 0) = g(x)3@ÇhÌÍwxtu3=BßË¬]%òF (x+ct)Ð

½ËijQM/"��)ÿ�%òoÑ~ÒM�Ðß,¬]%ò ~F(x� ct)

3�oÑò@Ó�Ò�Ëij�Ëi�fM�Ë¬%ònËij�0MI
�ò�ÔÌÍËijtuM<�oÑò�&Ü �oÑò3×ijtu&
u(0; t) = go(0; t) = 0M�u(0; t) = F (0 + ct) + ~F (0� ct) = 0M@â ~F (�ct) =
�F (ct)3×ijtu&ux(0; t) = 0M�ux(0; t) = F

0(0+ ct)+ ~F 0(0� ct) = 0

M@â ~F 0(�ct) = �F 0(ct)M���÷_ ~F (�ct) = F (ct)3ñWß,¬]%
òÐ½,ijQM/oÑ~ÒM�ÐßË¬]%ò ~G(x + ct)3×ijt
u&u(L; t) = G(L�ct)+ ~G(L+ct) = 0M@â ~G(L+ct) = �G(L�ct)3×i
jtu&ux(L; t) = G

0(L�ct)+ ~G0(L+ct) = 0M@â ~G0(L+ct) = �G0(L�ct)
M���÷_ ~G(L+ ct) = G(L � ct)3

�L ò%Ë,Ä¬�oÑ

+?*Á�:ç:M@�T� ÷"ÕÖ�$QF�� u
j

i
� u

j�1
i
&

Ü 9QM<�� (13.69)~�â� u
j+1
i
ø&Ü 9 (�@(6�B )3�

ck=h = 1M� ck = hM2âxi+ctj = ih+jck = (i+j)hMxi�ctj = ih�jck =
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(i�j)h3× u
j

i
&Ü 9Mø� u

j

i
= F (xi+ctj) + G(xi�ctj) = F ((i+j)h) +

G((i�j)h)M<�� (13.69)~â�u
j+1
i

= u
j

i+1+u
j

i�1�u
j�1
i

= [F ((i+1+j)h)+

G((i+1�j)h)]+[F ((i�1+j)h)+G((i�1�j)h)]�[F ((i+j�1)h)+G((i�j+1)h)]
= F ((i+j+1)h)+G((i�j�1)h) = F (xi+ctj+1)+G(xi�ctj+1)Mø&Ü 93
=B+?� (13.77)�Î��@�âú�� (13.71)&= �u

1
i
IÂ� 

u
1
i
= u(xi; t1) =

1

2
[f(xi + ct1) + f(xi � ct1)] +

1

2c

Z
xi+ct1

xi�ct1

g(�) d�

=
1

2
[uo

i+1 + u
o

i�1] +
1

2c

Z
xi+1

xi�1

g(�) d� (13.78)

13.9 ÀÁ��º»¼½ÙÚÁ��

�������"�Ï����M4¿¢��#¡Û�Ê�����
:��;3ab� (13.1)�����y+�����Mk¢�{��� y

9& t3ÜÝ�� (13.3)�� (13.4): @
2
u

@x
2 � @

2
u

@t
2 @âÂ� 

@
2
u

@x2
=

d

dx
(
@u

@x
)�

@
2
u

@x@t

dt

dx
(13.79)

@
2
u

@t2
=

d

dt
(
@u

@t
)�

@
2
u

@x@t

dx

dt
(13.80)

*�'(� (13.1)@â� (13.81)MÊ�Þ��dt=dx�â� (13.82)3

�a
@
2
u

@x@t

dt

dx
+ b

@
2
u

@x@t
� c

@
2
u

@x@t

dx

dt
+ a

d

dx
(
@u

@x
) + c

d

dt
(
@u

@t
) = d (13.81)

@
2
u

@x@t

h
a (

dt

dx
)2 � b (

dt

dx
) + c

i
�

1

dx

h
a
dt

dx
d(
@u

@x
) + c d(

@u

@t
)� d dt

i
= 0 (13.82)

*�{l#ßàÞ×&ÛQMl�ßàÞøá_&ÛM�@à� (13.1)Ð
Ô3��������� b

2� 4ac > 0M2"�$T�Ë�m = dt=dxàl
#ßàÞ&ÛMÉÊ� dt=dx&m1�m2M��n�����* (���
C1�á��ß&m1(��C2�á��ß&m2)Â�á_ÐÔ 

am1 d(
@u

@x
) + c d(

@u

@t
)� d dt = 0 ; m1 dx = dt ; n��C1* (13.83)

am2 d(
@u

@x
) + c d(

@u

@t
)� d dt = 0 ; m2 dx = dt ; n��C2* (13.84)
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�â ����

2×\�È 3�u
3
x
� u

3
t
M@���C1*�ÆÇs�È 1M���C2*�

=#ÆÇÈ2M�¤�� (13.83)�� (13.84)Ã0ÂÃ#y^���Î�3
am1 (u

3
x
� u

1
x
) + c (u3

t
� u

1
t
)� d (t3 � t

1) = 0 ; m1 (x
3 � x

1) = (t3 � t
1)

am2 (u
3
x
� u

2
x
) + c (u3

t
� u

2
t
)� d (t3 � t

2) = 0 ; m2 (x
3 � x

2) = (t3 � t
2)

�*���0u
3
x
�u

3
t
��@� du = ux dx+ ut dt�È 3�u

3MIÂ� 

u
3 = u

1 +
1

2
(u3

x
+ u

1
x
)(x3 � x

1) +
1

2
(u3

t
+ u

1
t
)(t3 � t

1)

u
3 = u

2 +
1

2
(u3

x
+ u

2
x
)(x3 � x

2) +
1

2
(u3

t
+ u

2
t
)(t3 � t

2)

ÕÖIs�nÈ 1TÕÖM<nÈ 3øTÕÖM@Û�����ã�Tñ
s�9�¤��3Is�nÈ 2®TÕÖM<nÈ 3�*ÂË,/"Tñ
�9Mø-@������ã�Tñs�9�¤��3��@Çs��
TÕÖÈ/Û�����¬]3øÕÖ� (13.83)�� (13.84)�÷_��
�& tM���&ux�ut�ÓÔ#y'�����Mké_ij912M
�È 3V�� (13.83)~â�ux�ut_��� (13.84)~â,�Ë3

[C# ] :����������
************************************************************************

PROGRAM PARTST

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION U(101,100),BL(100),BR(100),D(101,100)

DIMENSION C(201),B(101) ! C(2*NXMAX-1),B(NXMAX)

DATA NXMAX,NTMAX/101,100/

C** ============================================================ **

READ(*,'(2I4,4F8.0,I4,3F8.0)') NX,NT,DX,DT,AXT,DXT,IBC,G0,G1,U0

IF(NX.GT.NXMAX.OR.NT.GT.NTMAX) STOP 'NX.GT.NXMAX.OR.NT.GT.NTMAX'

DO 10 I=1,NX

10 U(I,1)=U0

C READ(*,'(10F8.0)') (U(I,1),I=1,NX)

A=AXT**2*DT/DX**2
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IF(IBC.EQ.1.OR.IBC.EQ.3) G0=G0*DX

IF(IBC.EQ.2.OR.IBC.EQ.3) G1=G1*DX

DO 30 J=1,NT

DO 20 I=1,NX

D(I,J)=DXT*DT

20 CONTINUE

BL(J)=G0

BR(J)=G1

30 CONTINUE

CALL PARABE(U,BL,BR,D,A,IBC,C,B,NX,NT,NXMAX)

DO 50 J=1,NT

WRITE(*,'(1X,10F8.3)') (U(I,J),I=1,NX)

50 CONTINUE

STOP

END

************************************************************************

SUBROUTINE PARABE(U,BL,BR,D,A,IBC,C,B,NX,NT,NXMAX)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION U(NXMAX,NT),BL(NT),BR(NT),D(NXMAX,NT)

DIMENSION C(NX),B(NX)

C** ============================================================ **

C** Use Crank-Nicolson method to solve parabolic equation : **

C** du/dt - a**2 * d2u/dt2 = d(x,t) ; a=constant **

C** u(x,0) = given (initial condition) **

C** u(0,t) = g0(t) OR du/dx(0,t) = g0'(t) **

C** u(L,t) = g1(t) OR du/dt(L,t) = g1'(t) **

C** +-------------------+--------------------------------------+ **

C** 1---2---3---4--NX h=DX=L/(NX-1); k=DT; A=a**2*k/h**2 **

C** ------------------------------------- **

C** 2+2A -A A(u1+u3)+(2-2A)u2 + 2k*d2 + A*u1 **

C** -A 2+2A -A A(u2+u4)+(2-2A)u3 + 2k*d3 **

C** -A 2+2A A(u3+u5)+(2-2A)u4 + 2k*d4 + A*u5 **

C** +----< C[N,N] >-----+----------< B{N} >--------------------+ **

C** 1+A -A A( u2)+(1- A)u1 + k*d1 - A*h*du/dx **

C** -A 2+2A -A A(u1+u3)+(2-2A)u2 + 2k*d2 **

C** -A 2+2A -A A(u2+u4)+(2-2A)u3 + 2k*d3 **

C** -A 2+2A -A A(u3+u5)+(2-2A)u4 + 2k*d4 **

C** -A 1+A A(u4 )+(1- A)u5 + k*d5 + A*h*du/dx **

C** ------------------------------------- **

C** 1---2---3---4--NX u0=u2-2*h*du/dx ; u6=u4+2*h*du/dx **

C** +-------------------+--------------------------------------+ **

C*I U(I,1) = u(x,0) ; t=(J-1)*DT **

C*O U(I,J) = u(x,t) **

C*I BL(J) = g0(t) or g0'(t)*DX **

C*I BR(J) = g1(t) or g1'(t)*DX **

C*I D(I,J) = d(x,t)*DT **

C*I A = a(x,t)*DT/DX**2 (Assume A=constant) **

C*I IBC = 0+1+2 : boundary conditions on Left/Right ends **

C*I = 1 : given du/dx = g0'(t) else given u=g0(t) **

C*I = 2 : given du/dx = g1'(t) else given u=g1(t) **

C*W C(2*NX-1) = Working array for coefficient matrix **

C*W B(NX) = Working array for RHS constant vector **

C*I NX = Number of grid points in X (h=DX=grid spacing) **

C*I NT = Number of grid points in T (k=DT=grid spacing) **

C*I NXMAX = DIMENSION of U(NXMAX,NT),D(NXMAX,NT) **

C** ============================================================ **

N=NX-2

IF(IBC.EQ.1.OR.IBC.EQ.3) N=N+1

IF(IBC.EQ.2.OR.IBC.EQ.3) N=N+1
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C** +----------------------------------------------------------+ **

C** | Setup coefficient matrix (upper triangular of symmetric) | **

C** +----------------------------------------------------------+ **

C(1)=2+A+A

DO 20 I=2,N

C(2*I-2)=-A

C(2*I-1)=2+A+A

20 CONTINUE

C** +----------------------------------------------------------+ **

C** | Modify 1st and/or N-th equation to make matrix symmetric | **

C** +----------------------------------------------------------+ **

IF(IBC.EQ.1.OR.IBC.EQ.3) C(1)=C(1)*0.5

IF(IBC.EQ.2.OR.IBC.EQ.3) C(2*N-1)=C(2*N-1)*0.5

C** +----------------------------------------------------------+ **

C** | Decompose the coefficient matrix C(N,N) | **

C** +----------------------------------------------------------+ **

CALL CBDECP(C,1,N,1)

C** +----------------------------------------------------------+ **

C** | Setup RHS constant vector B(N) | **

C** +----------------------------------------------------------+ **

C WRITE(*,'(1X,10F8.3)') (U(I,1),I=1,NX)

DO 80 J=1,NT-1

DO 40 I=2,NX-1

B(I)=A*(U(I-1,J)+U(I+1,J))+(2-A-A)*U(I,J)+(D(I,J)+D(I,J+1))

40 CONTINUE ! D(I,J+1) = d(x,J*DT)*DT

C** +----------------------------------------------------------+ **

C** | Modify last equation | **

C** +----------------------------------------------------------+ **

IF(IBC.EQ.2.OR.IBC.EQ.3) THEN

B(NX)=A*U(NX-1,J)+(1-A)*U(NX,J)+0.5*(D(NX,J)+D(NX,J+1))

* +A*(BR(J)+BR(J+1)) ! BR(J+1) = g1'(J*DT)*DX

ELSE

B(NX)=BR(J+1) ! BR(J+1) = g1(J*DT)

B(NX-1)=B(NX-1)+A*B(NX)

ENDIF

C** +----------------------------------------------------------+ **

C** | Modify 1st equation and solve to get U(*,J+1) in B(1:NX) | **

C** +----------------------------------------------------------+ **

IF(IBC.EQ.1.OR.IBC.EQ.3) THEN

B(1)=A*U(2,J)+(1-A)*U(1,J)+0.5*(D(1,J)+D(1,J+1))

* -A*(BL(J)+BL(J+1)) ! BL(J+1) = g0'(J*DT)*DX

CALL CBSOLX(C,B(1),1,N,1)

ELSE

B(1)=BL(J+1) ! BL(J+1) = g0(J*DT)

B(2)=B(2)+A*B(1)

CALL CBSOLX(C,B(2),1,N,1)

ENDIF

C** +----------------------------------------------------------+ **

C** | Move B(1:NX) to U(1:NX,J+1) (include boundary) | **

C** +----------------------------------------------------------+ **

DO 60 I=1,NX

60 U(I,J+1)=B(I)

C WRITE(*,'(1X,10F8.3)') (U(I,J+1),I=1,NX)

80 CONTINUE

RETURN

END

************************************************************************
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************************************************************************

PROGRAM ELPTST

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION U(51,51),P(51,51),IP(51,51),BL(51),BD(51),BR(51),BU(51)

DATA NDIM/51/

C** ============================================================ **

C** This program setup the data for calling ELLIP* to solve **

C** Poisson equation : d^2u/dx^2 + d^2u/dy^2 = p, x^2+y^2 < r^2 **

C** with boundary condition : u(x,y) = b on x^2+y^2 = r^2 **

C** ============================================================ **

READ(*,'(I4,5F8.0,I4)') N,R,P0,B,W,EPS,NITER

IF(N/2*2.EQ.N.OR.N.GT.NDIM) STOP 'N IS EVEN OR N.GT.NDIM'

H=2*R/(N-1)

PHH=P0*H*H

C** +----------------------------------------------------------+ **

C** | Initialize | **

C** +----------------------------------------------------------+ **

DO 20 J=1,N

DO 10 I=1,N

U(I,J)=0

IP(I,J)=-3

10 CONTINUE

20 CONTINUE

C** +----------------------------------------------------------+ **

C** | Boundary pt on horizontal line, set theta, U()=B, IP()=-2| **

C** +----------------------------------------------------------+ **

DO 40 J=1,N

Y=(J-N/2-1)*H

X=DSQRT(R**2-Y**2)

MI=X/H

THETA=DABS(X-MI*H)/H

IF(THETA.LT.0.333333) THEN

THETA=1+THETA

MI=MI-1

ENDIF

BL(J)=THETA

BR(J)=THETA

U(-MI-1+N/2+1,J)=B ! U(-MI-1+N/2+1,J)=b(-X,Y)

U( MI+1+N/2+1,J)=B ! U( MI+1+N/2+1,J)=b(+X,Y)

IP(-MI-1+N/2+1,J)=-2

IP( MI+1+N/2+1,J)=-2

C** +----------------------------------------------------------+ **

C** | For interior points, set P()=p(x,y)*h*h and IP()=0 | **

C** +----------------------------------------------------------+ **

DO 30 I=-MI,MI

P(I+N/2+1,J)=PHH ! P(I+N/2+1,J)=p(X,Y)*H*H ; X=I*H

IP(I+N/2+1,J)=0

30 CONTINUE

40 CONTINUE

C** +----------------------------------------------------------+ **

C** | Boundary pt on vertical line, set theta, U()=B, IP()=-2 | **

C** +----------------------------------------------------------+ **

DO 50 I=1,N

X=(I-N/2-1)*H

Y=DSQRT(R**2-X**2)

MJ=Y/H

THETA=DABS(Y-MJ*H)/H
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IF(THETA.LT.0.333333) THEN

THETA=1+THETA

MJ=MJ-1

ENDIF

BD(I)=THETA

BU(I)=THETA

U(I,-MJ-1+N/2+1)=B ! U(I,-MJ-1+N/2+1)=b(X,-Y)

U(I, MJ+1+N/2+1)=B ! U(I, MJ+1+N/2+1)=b(X,+Y)

IP(I,-MJ-1+N/2+1)=-2

IP(I, MJ+1+N/2+1)=-2

50 CONTINUE

C** +----------------------------------------------------------+ **

C** | Calculate acceleration factor W for subroutine ELLIPT | **

C** +----------------------------------------------------------+ **

IF(W.EQ.0.0) W=2/(1+DSQRT(1-DCOS(3.14159D0/(N-1))**2))

C** +----------------------------------------------------------+ **

C** | Compute U(I,J) and Output results | **

C** +----------------------------------------------------------+ **

IF(NITER.NE.0) THEN

CALL ELLIPT(U,P,IP,BL,BD,BR,BU,W,EPS,NITER,N,N,NDIM)

ELSE

CALL ELLIPS(U,P,IP,BL,BD,BR,BU,N,N,NDIM)

ENDIF

DO 80 J=N,1,-1

80 WRITE(*,'(1X,25I3)') (IP(I,J),I=1,N)

DO 90 J=N,1,-1

90 WRITE(*,'(1X,10F8.4)') (U(I,J),I=1,N)

STOP

END

************************************************************************

SUBROUTINE ELLIPT(U,P,IP,BL,BD,BR,BU,W,EPS,NITER,N,M,NDIM)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION U(NDIM,M),P(NDIM,M),IP(NDIM,M),BL(M),BD(M),BR(N),BU(N)

C** ============================================================ **

C** Use Gauss-Seidel iterations to solve Poisson or Laplace eq. **

C** ------------------------------------------------------------ **

C** Output : IP(i,j) -3 : Outside point **

C** M -3 -3 -2 -2 -2 -2 -2 -3 -3 -2 : Boundary point **

C** (U) -3 -2 9 8 8 8 10 -2 -3 0 : Inside point **

C** -2 9 0 0 0 0 0 10 -2 1 : Boundary on Left side **

C** -2 1 0 0 0 0 0 2 -2 2 : Boundary on Right side **

C** j -2 1 0 0 0 0 0 2 -2 4 : Boundary on Down side **

C** -2 1 0 0 0 0 0 2 -2 8 : Boundary on Up side **

C** -2 5 0 0 0 0 0 6 -2 5 = 1+4 : Bou. on L+D side **

C** (D) -3 -2 5 4 4 4 6 -2 -3 6 = 2+4 : Bou. on R+D side **

C** 1 -3 -3 -2 -2 -2 -2 -2 -3 -3 9 = 1+8 : Bou. on L+U side **

C** 1(L) i (R)N 10 = 2+8 : Bou. on R+U side **

C** ------------------------------------------------------------ **

C*I U(I,J) = Assumed initial function values for IP=0,-2 **

C*O = Computed function values for IP=0 **

C*I P(I,J) = p(x,y)*h*h (h=grid spacing) for IP=0 **

C*I BL(J) = Distance_to_boundary_point / h for IP=-2 **

C*I W = Acceleration factor (1 <= W <= 2) **

C*I EPS = Convergence if |Unew-Uold| < |Uold|*EPS **

C*I NITER = Maximum number of iterations allowed **

C*I N,M = Grid points in X/Y-dirctions **

C*I NDIM = DIMENSION of U(NDIM,M),P(NDIM,M),IP(NDIM,M) **

C** ============================================================ **

C** +----------------------------------------------------------+ **
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C** | For points near boundary : set IP()=(1+2+4+8) | **

C** +----------------------------------------------------------+ **

DO 20 J=1,M

DO 10 I=1,N

IF(IP(I,J).NE.0) GO TO 10

IF(IP(I-1,J).EQ.-2) IP(I,J)=IP(I,J)+1

IF(IP(I,J-1).EQ.-2) IP(I,J)=IP(I,J)+4

IF(IP(I+1,J).EQ.-2) IP(I,J)=IP(I,J)+2

IF(IP(I,J+1).EQ.-2) IP(I,J)=IP(I,J)+8

10 CONTINUE

20 CONTINUE

C** +----------------------------------------------------------+ **

C** | Use Gauss-Seidel iterations to solve U(I,J) | **

C** +----------------------------------------------------------+ **

DO 60 ITER=1,NITER

NERR=0

DO 50 J=1,M

DO 40 I=1,N

UOLD=U(I,J)

K=IP(I,J)

IF(K.LE.-2) GO TO 40

IF(K.EQ.0) THEN

UNEW=(U(I-1,J)+U(I,J-1)+U(I+1,J)+U(I,J+1)-P(I,J))*0.25

ELSE IF(K.GT.0) THEN

FL=1

FD=1

FR=1

FU=1

IF(MOD(K ,2).EQ.1) FL=BL(J)

IF(MOD(K/4,2).EQ.1) FD=BD(I)

IF(MOD(K/2,2).EQ.1) FR=BR(J)

IF(MOD(K/8,2).EQ.1) FU=BU(I)

UNEW=(U(I-1,J)/(FL*(FL+FR))+U(I,J-1)/(FD*(FD+FU))

* +U(I+1,J)/(FR*(FL+FR))+U(I,J+1)/(FU*(FD+FU))

* -P(I,J)*0.5)*FL*FR*FD*FU/(FL*FR+FD*FU)

ENDIF

C** +----------------------------------------------------------+ **

C** | Convergence control | **

C** +----------------------------------------------------------+ **

U(I,J)=(1-W)*UOLD+W*UNEW

IF(DABS(U(I,J)-UOLD).GT.DABS(UOLD)*EPS) NERR=NERR+1

40 CONTINUE

50 CONTINUE

C** +----------------------------------------------------------+ **

C** | Debug output and convergence test | **

C** +----------------------------------------------------------+ **

IF(MOD(ITER,10).EQ.1.OR.NITER-ITER.LE.10.OR.NERR.EQ.0) THEN

WRITE(*,'('' ITER :'',I4)') ITER

DO 55 J=N,1,-1

55 WRITE(*,'(1X,10F8.4)') (U(I,J),I=1,N)

ENDIF

IF(NERR.EQ.0) RETURN

60 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE ELLIPS(U,P,IP,BL,BD,BR,BU,N,M,NDIM)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION U(NDIM,M),P(NDIM,M),IP(NDIM,M),BL(M),BD(M),BR(N),BU(N)
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DIMENSION S(180000),T(3000),L(2,3000)

DATA MAXA,MAXN/180000,3000/

C** ============================================================ **

C** Use direct method to solve Poisson or Laplace equation **

C** ------------------------------------------------------------ **

C** Input : IP(i,j) Output : IP(i,j) **

C** M -3 -3 -2 -2 -2 -2 -2 -3 -3 -3 -3 -2 -2 -2 -2 -2 -3 -3 **

C** (U) -3 -2 0 0 0 0 0 -2 -3 -3 -2 41 42 43 44 45 -2 -3 **

C** -2 0 0 0 0 0 0 0 -2 -2 34 35 36 37 38 39 40 -2 **

C** -2 0 0 0 0 0 0 0 -2 -2 27 28 29 30 31 32 33 -2 **

C** j -2 0 0 0 0 0 0 0 -2 -2 20 21 22 23 24 25 26 -2 **

C** -2 0 0 0 0 0 0 0 -2 -2 13 14 15 16 17 18 19 -2 **

C** -2 0 0 0 0 0 0 0 -2 -2 6 7 8 9 10 11 12 -2 **

C** (D) -3 -2 0 0 0 0 0 -2 -3 -3 -2 1 2 3 4 5 -2 -3 **

C** 1 -3 -3 -2 -2 -2 -2 -2 -3 -3 -3 -3 -2 -2 -2 -2 -2 -3 -3 **

C** 1(L) i (R)N 1(L) i (R)N **

C** ------------------------------------------------------------ **

C*I U(I,J) = Assumed initial function values for IP=0,-2 **

C*O = Computed function values for IP=0 **

C*I P(I,J) = p(x,y)*h*h (h=grid spacing) for IP=0 **

C*I BL(J) = Distance_to_boundary_point / h for IP=-2 **

C*I N,M = Grid points in X/Y-dirctions **

C*I NDIM = DIMENSION of U(NDIM,M),P(NDIM,M),IP(NDIM,M) **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | For interior points : set IP() = NEQ = Equation Number | **

C** +----------------------------------------------------------+ **

NEQ=0

DO 20 J=1,M

DO 10 I=1,N

IF(IP(I,J).LE.-2) GO TO 10

NEQ=NEQ+1

IP(I,J)=NEQ

10 CONTINUE

20 CONTINUE

IF(NEQ.GT.MAXN) WRITE(*,'(I8,'' > MAXN'')') NEQ

IF(NEQ.GT.MAXN) STOP 'DIMENSION TOO SMALL'

C** +----------------------------------------------------------+ **

C** | Find L(1,K) = Top non-zero row_number | **

C** | and L(2,K) = Left non-zero col_number | **

C** +----------------------------------------------------------+ **

DO 30 K=1,NEQ

30 L(1,K)=K

DO 40 J=1,M

DO 35 I=1,N

K=IP(I,J)

IF(K.LT.0) GO TO 35

KMIN=K

IF(IP(I-1,J).GT.0) KMIN=MIN0(KMIN,IP(I-1,J))

IF(IP(I,J-1).GT.0) KMIN=MIN0(KMIN,IP(I,J-1))

IF(IP(I+1,J).GT.K) L(1,IP(I+1,J))=MIN0(K,L(1,IP(I+1,J)))

IF(IP(I,J+1).GT.K) L(1,IP(I,J+1))=MIN0(K,L(1,IP(I,J+1)))

L(2,K)=KMIN

35 CONTINUE

40 CONTINUE

C** +----------------------------------------------------------+ **

C** | Find L(1,K)/L(2,K) = K_col/K_row location index | **

C** +----------------------------------------------------------+ **

L(1,1)=0

L(2,1)=0
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DO 50 K=2,NEQ

L(1,K)=L(2,K-1)+(K-L(1,K))

50 L(2,K)=L(1,K)+(K-L(2,K))

IF(L(2,NEQ)+NEQ.GT.MAXA) WRITE(*,'(I8,'' > MAXA'')') L(2,NEQ)+NEQ

IF(L(2,NEQ)+NEQ.GT.MAXA) STOP 'DIMENSION TOO SMALL'

C** +----------------------------------------------------------+ **

C** | Initialize and Form S(NEQ,NEQ) & T(NEQ) | **

C** +----------------------------------------------------------+ **

DO 60 K=1,L(2,NEQ)+NEQ

60 S(K)=0.0

DO 70 J=1,M

DO 65 I=1,N

K=IP(I,J)

IF(K.LT.0) GO TO 65

IF(IP(I-1,J).NE.-2.AND.IP(I,J-1).NE.-2.AND.

* IP(I+1,J).NE.-2.AND.IP(I,J+1).NE.-2) THEN

C** +--------------------------------------------------------+ **

C** | All 5-points inside the boundary | **

C** +--------------------------------------------------------+ **

T(K)=-P(I,J)

S(L(2,K)+K)=4.0

S(L(2,K)+IP(I-1,J))=-1

S(L(2,K)+IP(I,J-1))=-1

S(L(1,IP(I+1,J))+K)=-1

S(L(1,IP(I,J+1))+K)=-1

ELSE

C** +--------------------------------------------------------+ **

C** | Some given points on the boundary | **

C** +--------------------------------------------------------+ **

FL=1

FD=1

FR=1

FU=1

IF(IP(I-1,J).EQ.-2) FL=BL(J)

IF(IP(I,J-1).EQ.-2) FD=BD(I)

IF(IP(I+1,J).EQ.-2) FR=BR(J)

IF(IP(I,J+1).EQ.-2) FU=BU(I)

T(K)=-P(I,J)

S(L(2,K)+K)=2/(FL*FR)+2/(FD*FU)

IF(IP(I-1,J).EQ.-2) T(K)=T(K)+U(I-1,J)*2.0/(FL*(FL+FR))

IF(IP(I-1,J).NE.-2) S(L(2,K)+IP(I-1,J))=-2/(FL*(FL+FR))

IF(IP(I,J-1).EQ.-2) T(K)=T(K)+U(I,J-1)*2.0/(FD*(FD+FU))

IF(IP(I,J-1).NE.-2) S(L(2,K)+IP(I,J-1))=-2/(FD*(FD+FU))

IF(IP(I+1,J).EQ.-2) T(K)=T(K)+U(I+1,J)*2.0/(FR*(FL+FR))

IF(IP(I+1,J).NE.-2) S(L(1,IP(I+1,J))+K)=-2/(FR*(FL+FR))

IF(IP(I,J+1).EQ.-2) T(K)=T(K)+U(I,J+1)*2.0/(FU*(FD+FU))

IF(IP(I,J+1).NE.-2) S(L(1,IP(I,J+1))+K)=-2/(FU*(FD+FU))

ENDIF

65 CONTINUE

70 CONTINUE

C** +----------------------------------------------------------+ **

C** | Solve linear equation : S(NEQ,NEQ) * U(NEQ) = T(NEQ) | **

C** +----------------------------------------------------------+ **

CALL USDECP(S,L,NEQ,NNT,NSD,MAXA,MAXN)

CALL USSOLX(S,T,L,NEQ,NNT,T)

C** +----------------------------------------------------------+ **

C** | Get function values U(I,J) from T(IP(I,J)) | **

C** +----------------------------------------------------------+ **

DO 80 J=M,1,-1

DO 75 I=1,N
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IF(IP(I,J).GT.0) U(I,J)=T(IP(I,J))

75 CONTINUE

WRITE(*,'(1X,10F8.4)') (U(I,J),I=1,N)

80 CONTINUE

RETURN

END

************************************************************************
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P4(�) = �P3(�)� P2(�)

z
m+1 = 0-.#z = cos (2k�1)�

m
+i sin (2k�1)�

m
$k = 1; . . . ;m/z

m
�1 = 0-.

# z = cos (2k)�

m
+ i sin (2k)�

m
$ k = 1; . . . ;m'0123456 2m1.$%&

76018.9:#�1;$%<#=��5>?@.$56m�1�'A2

34z
m
�1BCD%5>?@.�0,E4 (z2�2 cos k�

m
z+1) = (z2�pz+1)

F7$GHI0,E4'J�m = 5#KLM (z2� pz+1)7 z
5
� 1NOL

z
5
� 1 = (z2� pz+1)(Po(p)z

3 +P1(p)z
2 +P2(p)z+P3(p))+P4(p)z�P3(p)� 1

'%&�Po(p)P P4(p)# p�234$Q pR# �$GSTUV)� !

234WX'YZ[ p = 2 cos k�

m
$\E (z2 � pz + 1)F7 z

m
� 1�]$^

P4(p) = 0'EIO�� = 2 cos k�

m
#Pm�1(�) = 0�.'

1 0 0 0 0 �1

pPo pP1 pP2 pP3

+ �Po �P1 �P2 �P3

Po P1 P2 P3 P4 �P3�1
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����

�����	

14.1 
�

����� (Linear programming problem)����� (Operation

research)��������� !"#$%&'("�&)*$�(+,
-./0��(1���23%45&'6 3789:.;$%<�=
(Simplex method)>?@A4B�CCDEFGHI=�J*FK)L6

14.2 MNOPQRSTUV

W�X�����YZ[\]^F_`ab

cd0b z = c1 x1 + c2 x2 + :::+ cn xn (14.1)

eDfb a11 x1 + a12 x2 + :::+ a1n xn � b1

a21 x1 + a22 x2 + :::+ a2n xn � b2 (14.2)

� � �

am1x1 + am2x2 + :::+ amnxn � bm

xi � 0 (14.3)

ghijLklb cd0b z = hCifXg (14.4)

eDfb [A]fXg � fBg (14.5)

fXg � f0g (14.6)

379



380 mnop qrstuv
L (14.1)w4x�y_w4 (Objective function)(L (14.2)x�CDL

(Constraint equations)(L(14.3)x�z{CD (Non{negativity restriction)6
|B�����YZ�}<F~A"\�^F_`a6+c�0

Fy_w4Z8�4 hCiA�"~�cd0Fy_w46+CDL��f
�fZ8�LF�4 [A]�;4 fBgA�"~�df�f6+CDL��
fZ~��XCDL(�X�df�f(�X��f�f (�8�4�;
4A�~�df�f )6+A4�C��{Z8�A�"\�z{F�A
4(��4��A4F�4F��{6+A4�Cfz{g�{Z8�
~��Xz{A4F�(��F�A4F�4���A4F�4(�4
F�A4F�4���A4F�4F��{6

14.3 MNOPQR�����

������FA4F4yn���XE���$�����kl
(�� $�XA4%������¡¢£¤(>¥h¦§�¨B©
ª«6

¬]^�����b
cd0b z = �8x1 � 4x2 (14.7)

eDfb 4x1 + 3x2 � 12

2x1 � x2 � 4 (14.8)

3x1 + 5x2 � 15

x1 � 0 ; x2 � 0 (14.9)

£� £¤�����
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WXCDL�z{CDY8���\±²CD³�±²CD�´�
6µE±²¶XCDF·¸´�(¹£�ºh (1c)(ac)(ab)(2b)(12)�»¼
F¶½¾(��X¿¾%ÀÁ6�ÀÁÂF¼Y±²CDÃÄx�ÅH¤
(Feasible solution)6J*¶X»¼F¤x�23ÅH¤(Basic feasible solu-

tion)6�º�¼ (ab)Fy_w4{�.dÆ�./¤(Optimal solution)6
�ÇÈ¤�����E(Y8��LÉ½Ê��Xz{A4"0

�+]|^F�LCDL6�z{A4x�ËÌA4 (Slack variable)(
Í��y_w4F�4�ÎÏ(ZÐ�ÇA4GH6L (14.7)1~[\L
(14.10)FaL6

�z � 8x1 � 4x2 = 0 (14.10)

4x1 + 3x2 + x3 = 12

2x1 � x2 + x4 = 4 (14.11)

3x1 + 5x2 + x5 = 15

L (14.11)�¶XA4ÑX�LF¶ÒÑLÓÔI)L(+�CA4
�z{ÕBÖC×¤6+ØÙ�º�XA4�Î(��A4x�Ú23
A4 (Non{basic variable)(ÆZÛÓÔLÈÜÝÏÑXA4F{(�ÑA
4x�23A4 (Basic variable)(Þ¨¤x�23¤ (Basic solution)63
¡ßB 10× (¶ÙÑF×Å )23¤(J*f£�ºF¶Ãà�FáX·
¼6�Þ¨¤>Ú|BA4{Y�z{(â��ã�ÅH¤6�º B
¶×¤FA4{YÖ�{"±²|BCDÃÄI�23ÅH¤6"./
¤Õäåæ�Þ¨23ÅH¤º6çèÅH¤BÖC×"23ÅH¤é
BBC×6Æê+�(�A4�CDLëìE(23ÅH¤F4yíî
ïì"��Zðñ´Èòhóôºõò./¤6]ö|!9:%<�=
�ô÷�X23ÅH¤òø(ùúõòÝ�Xûêy_w4{�üF2
3ÅH¤(�àý�ð�êy_w4{�ü�þ(�23ÅH¤Æ�.
/¤6

14.4 ÿ��

ÛL (14.11)Zh§��òb�� x1 = x2 = 0EZÜ x3 = 12; x4 =

4; x5 = 15��×23ÅH¤6�Û�EFy_w4( z = �8x1 � 4x2(
Zh�òb



382 mnop qrstuv
1.�x1WëÊ 1Ey_w4�ü 8�
2.�x2WëÊ 1Ey_w4�ü 46
3.âÙ�ëÊx1(íî�x2 = 06ÆÙ�4�.��{FA4��2
3A46

4.h	Zð
ý%���by_w4F�4YÚ�{(Õ�ð�ê
y_w4�ü(ÆZ�ã�ÈÜ./¤6
�îëÊ x1gx2YZêy_w4�ü6��;�ú ���XÚ2

3A4~�23A4"ëÊ�{(��Ió�ÇYÙ��4�.��{
�6�î x1~�23A4	ä�B�X23A4~�Ú23A46h]
��+�õýÞX23A4��ãx1ZëÊýì�%��b

1.Û��Lb�x1ë� 12

4
Ex3��Î6Æ 12

4
�x1F.�C{6

2.Û��Lb�x1ë� 4

2
Ex4��Î6Æ 4

2
�x1FÝ�.�C{6

3.Û�ÑLb�x1ë� 15

3
Ex5��Î6Æ 15

3
�x1F��.�C{6

4.h�ÑX.�C{hL�F 4

2
�.d(âÜx1 =

4

2
\�23A4(

"��LF x4 = 0~�Ú23A46 x3� x5Õ��ã��Î"í
�23A46

5.h	Zð
ý%���b÷�CDLF�4��z{(Õ�LJ
�23A4ÖCD�$ (��23A4ëÊE(�LF23A41
��ëÊ )6|BCDLF�4YÚz{(Õ�23A4ZÖC
ëÊ("y_w41ZÖC�ü(|ÜF¤xÖC¤ (Unbounded

solution)6
��õò� 23A4�y_w4F{(Z8��LÍhx1F�42

ê x1F�4� 1	(8 x1 = 0:5x2 � 0:5x4 + 2!"�#CDL�y_w4
h$%x1F�4"Ü+]F©� (��&'(�fh��L�)*^¢+
,$%&' )b

�z � 8:0x2 + 4:0x4 = 16 (14.12)

5:0x2 + x3 � 2:0x4 = 4

x1 � 0:5x2 + 0:5x4 = 2 (14.13)

6:5x2 � 1:5x4 + x5 = 9

��Æ-\<�=%�X&'.Å61Æ�Û�X23ÅH¤õý
Ý�X/#%23ÅH¤60Û�%©�L1�¤�b

z = �16; x3 = 4; x1 = 2; x5 = 9; x2 = x4 = 0
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h	F&'Y�2(µ(é´���3B�µ�+456]�.Å&'
}5+]b

Ûy_w41�.��{�4�x2F�4�8:0(��Ùx2ëÊ�{
h~�23A46

Û��L1x2F.�C{� 4

5
6Û��L1x2F�4��{âÖ.�

C{6Û�ÑL1x2F.�C{� 9

6:5
6h��LF 4

5
�.d(��x2 =

4

5

(>h��L�)*^¢+,$%ZÜb
�z + 1:6x3 + 0:8x4 = 22:4 (14.14)

x2 + 0:2x3 � 0:4x4 = 0:8

x1 + 0:1x3 + 0:3x4 = 2:4 (14.15)

�1:3x3 + 1:1x4 + x5 = 3:8 (14.16)

���-\�X&'.Å6ÛL (14.14)1��4YÖ�{(âëÊÚ2
3A4F{Y�ûêy_w4 zF{�ü6��Z�ã�ÈÜ./¤�b

z = �22:4; x2 = 0:8; x1 = 2:4; x5 = 3:8; x3 = x4 = 0

çèL (14.10)�L (14.15)Y']^67�$8b
(1)WX23A4Y ò9��XCDLº(0��4� 1��#CDL
�y_w4F�4�Î6�:�4 B�X� 1(�#ñ�Î(6x�2
Ò;<6
(2)CDL=½F;4�YÖ�{("�f�J*F23A4F{6
(3) BÚ23A4Zðò9�y_w4º6��y_w4=½F;4�
A�	Æ�y_w4{6>Zhà>Û��4�d�ã~A?XÚ23
A4�23A4(g@A�ÈÜ./¤6
(4)1 BÚ23A4Zðò9�|BCDLº6B$Þ¨�4�=½F
z{;4�ÆZà>�ã�%23A4FC{��%Ú23A4(g@
A¤�ÖC¤6

+8L (14.10)�L (14.15)FA4C3ÆZ~�+]FkD(ÕE�
}F6çèkº�C3 z%�4:(y_w4L1~Gf.	�^6h	
À¡Y8~hHIFkD¦§6



384 mnop qrstuv
[k� ] ¡� <�=F&'kD

+---------------------------------------+----------+

| 4.0 3.0 1 0 0 | 12.0 | 12/4

| 2.0 -1.0 0 1 0 | 4.0 < 4/2

| 3.0 5.0 0 0 1 | 15.0 | 15/3

+---------------------------------------+----------+

| -8.0 -4.0 0 0 0 | .0 |

+---^-----------------------------------+----------+

+---------------------------------------+----------+

| 0 5.0 1 -2.0 0 | 4.0 < 4/5.0

| 1 -.5 0 .5 0 | 2.0 |

| 0 6.5 0 -1.5 1 | 9.0 | 9/6.5

+---------------------------------------+----------+

| 0 -8.0 0 4.0 0 | 16.0 |

+-----------^---------------------------+----------+

+---------------------------------------+----------+

| 0 1 .2 -.4 0 | .8 |

| 1 0 .1 .3 0 | 2.4 |

| 0 0 -1.3 1.1 1 | 3.8 |

+---------------------------------------+----------+

| 0 0 1.6 .8 0 | 22.4 |

+---------------------------------------+----------+

14.5 JKLMN�SON {PQRS

4�|?@%���W�XCDLYÊ"�XËÌA4(0��=
½F;4�Y�z{(âZhà>TãÞ¨ËÌA4�f�=½F;4
"�±²z{CDF23A4(� A4ÕTã�Î"�Ú23A46
��ÆB�×23ÅH¤Z¢�<�=%UVÅH¤6+WCDL=½
��{(+]^F�����b

cd0b z = �8x1 � 4x2 (14.17)

eDfb �4x1 � 3x2 � �12

�2x1 + x2 � �4 (14.18)

3x1 + 5x2 � 15

x1 � 0 ; x2 � 0 (14.19)
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[k� (a)] ¡� dTA4
+-------------------------------------------------+---------+

| 4.0 3.0 -1 0 0 1 0 | 12.0 |

| 2.0 -1.0 0 -1 0 0 1 | 4.0 |

| 3.0 5.0 0 0 1 0 0 | 15.0 |

+-------------------------------------------------+---------+

| -8.0 -4.0 0 0 0 M M | 0.0 |

+-------------------------------------------------+---------+

�;�8��L (Ê"ËÌA4	 )F|B�4A�6�EËÌA4
F�4A\�1("�ðà>Tã��23A461Æ�LÖ=à>�ò
?�XA4Z¢�23A46�EZ�Ê"�Xz{A4x6gx7(+ [k
� (a)](eE���f�L=½Fz{;4"�23A46��A4+�
z{(Õf§�g��LÆ�±²��%CDÃÄ6���ê���ò
9�./¤(Zh8y_w4~�+L (14.20)g [k� (a)]|l (�ºM

�ØèÚ;�%ã{ )b

z = �8x1 � 4x2 +Mx6 +Mx7 (14.20)

k���î�� x6� x7�fÎ(�hi���ê�^y_w4�.d(
äî�ê x6� x7�fÎjûÜý./¤6Þ¨A4 �kElm(.	
�ðn%BÚÎ{(âx�dTA4 (Arti�cial variable)6��ê�k\
�'B4ö|5F67(ä�8y_w4ºF23A4x6�x7F�4M

$%6$æx6�x7F�^%�y_w4^ÆZ$Íx6�x7F�4+]b

z = (�8� 6M)x1 + (�4� 2M)x2 +Mx3 +Mx4 + 16M (14.21)

y_w4Ê"æM%�4	�8æM³�æMF�4���^(hop
��q�4(Ê	ÛfrsBtu4%CD"ê�æMF�4�`g�
%Í6æM%y_w4�Ç^f��y_w4F	(0Z8Mvò" 
$��4&'6��"\ [k� (b)]6

[k� (b)] ¡� y_w4���^
+-------------------------------------------------+---------+

| 4.0 3.0 -1 0 0 1 0 | 12.0 | 12/4

| 2.0 -1.0 0 -1 0 0 1 | 4.0 < 4/2

| 3.0 5.0 0 0 1 0 0 | 15.0 | 15/3

+-------------------------------------------------+---------+

| -8.0 -4.0 0 0 0 0 0 | 0.0 |

| -6.0 -2.0 1 1 0 0 0 | -16.0 * M

+---^---------------------------------------------+---------+



386 mnop qrstuv
h	F¢=Æ³4ö|5�(µ(���ë^y_w4�whÚ;�F
M{(ây_w4F�4F�d�î�hë^y_w4F�4�`6�
à�ýë^y_w4F�4 (dTA4�ÍÏ )ñ�Î	(jð8�^%
x".ý��y_w4^yz¢&'6hë^y_w4�`F&'x{
|� (Phase I)�h��y_w4�`F&'x{|� (Phase II)6{|�
�hé��õ�×nz%ÅH¤(âZx�õÅH¤{|6{|�ÕÛ
ÅH¤yzõ./¤(âZx�õ./¤{|6

[k� (c)] ¡� õÅH¤{|F&'
+-------------------------------------------------+---------+

| 0 5.0 -1 2.0 0 1 -2.0 | 4.0 < 4/5.0

| 1 -.5 0 -.5 0 0 .5 | 2.0 |

| 0 6.5 0 1.5 1 0 -1.5 | 9.0 | 9/6.5

+-------------------------------------------------+---------+

| 0 -8.0 0 -4.0 0 0 4.0 | 16.0 |

| 0 -5.0 1 -2.0 0 0 3.0 | -4.0 * M

+----------^--------------------------------------+---------+

+-------------------------------------------------+---------+

| 0 1 -.2 .4 0 .2 -.4 | .8 |

| 1 0 -.1 -.3 0 .1 .3 | 2.4 |

| 0 0 1.3 -1.1 1 -1.3 1.1 | 3.8 < 3.8/1.3

+-------------------------------------------------+---------+

| 0 0 -1.6 -.8 0 1.6 .8 | 22.4 |

| 0 0 .0 .0 0 ( 1 1 ) | .0 * M

+-----------------^-------------------------------+---------+

[k� (d)] ¡� õ./¤{|F&'
+-----------------------------------+----------+

| 0 1 0 .23 .15 | 1.38 < 1.38/0.23

| 1 0 0 -.38 .08 | 2.69 |

| 0 0 1 -.85 .77 | 2.92 |

+-----------------------------------+----------+

| 0 0 0 -2.15 1.23 | 27.08 |

+------------------------^----------+----------+

+-----------------------------------+----------+

| 0 4.33 1 0 .67 | 6.00 |

| 1 1.67 0 0 .33 | 5.00 |

| 0 3.67 0 1 1.33 | 8.00 |

+-----------------------------------+----------+

| 0 9.33 0 0 2.67 | 40.00 |

+-----------------------------------+----------+

õÅH¤{|>��ã}Zõýnz%ÅH¤6��CDLZð�
�ÅH (g~� )%ÃÄ6�q��YZfë^y_w4F�4 (dTA4
�ÍÏ )&'ýYÖ�{E (���y_w4{�ð��üE )�òb
(1)+W|B�4 (dTA4�ÍÏ )Y�Î(Õkl�õýnz%ÅH¤
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(+3¡F [k� (c)])6
(2)+W�üB�X�4 (dTA4�ÍÏ )�fÎ(0ë^y_w4F;
4�dfÎ(ÕklCDLF�×ÅûÜý�X+ë^y_w4FC
DL (��" z�dTA4F� )6�L��ÅHFÃÄ(�É½Fz{�
4wz{A4�Zð�f=½F�{;46��Z�ãÖÅH¤6
(3)µ 2(�ë^y_w4F;4��Î(ÕZh�ë^y_w4F�4
��ÎFJ*Ú23A4���Î(>�V¢õ./¤{|6Æ�{|
�6�çè�ðÙÞ¨���ÎFÚ23A4A�23A46

dTA4�î�kElm(������A�Ú23A46���
�A�Ú23A4(��Bä!���A�23A46|h�&'kº
Zh8dTA4|J*%�:�4%Í6�I�ZhöCÞ¨�4%�
����&'E�(�I�ZhopÞ¨A4�A\Ú23A4	(�
�\�23A4 (��4Zð�.��{ )6�Ï�çè{|�,�Eh
ë^y_w4F�4@A��BÅH¤E(ä�8dTA4�ÍÏ (¡+
[k� (c)]º.	�^�4ÍdTA4�� 1Ï(�#Y�Î )6â8dT
A4F�:�4%Í	(ZpxÍÏ%�E&'(�"}F6���h
	%À¡(Æ��^òdTA4%�:�46

�õÅH¤{|(f�ã�23A4F.�C{E(1Z�Hû�
�LCDFdTA4��A��{(���{A�	z#Z~�ËÌA
4F{(>�dTA4�Î (+.�C{Y���LCDÕ��ºF.�
{ )6���¡�º(3�.�C{BÑX� (12=4; 4=2; 15=3)(+�¬
�º�X�ê��LCDFdTA4A��{FC{ (12=4; 4=2)(Õ.�
C{é��X� (15=3)(Û�Ü�23A4F{� 5(>h�Ñ^�)*
^¢+,$%&'ZÜb

+-------------------------------------------------+---------+

| 0 -3.67 -1 0 -1.33 1 0 | -8.0 < 0

| 0 -4.33 0 -1 -0.67 0 1 | -6.0 < 0

| 1 1.67 0 0 0.33 0 0 | 5.0 |

+-------------------------------------------------+---------+

| 0 9.33 0 0 2.67 0 0 | 40.0 |

| 0 8.00 1 1 2.00 0 0 | 14.0 * M

+-------------------------------------------------+---------+

çè�kºB¨CDL��=½F;4��{(8Þ¨CDLA�
	;4�A�z{"Z~�ËÌA4F{(µE1�h�CDL%�ë
^y_w4h$%�ËÌA4�ë^y_w4F�4(Æ�$��Jë
ÊFdTA4FGH(��ZÜ+]F,Wb



388 mnop qrstuv
+-------------------------------------------------+---------+

| 0 3.67 1 0 1.33 -1 0 | 8.0 |

| 0 4.33 0 1 0.67 0 -1 | 6.0 |

| 1 1.67 0 0 0.33 0 0 | 5.0 |

+-------------------------------------------------+---------+

| 0 9.33 0 0 2.67 0 0 | 40.0 |

| 0 .0 0 0 .0 (1 1) | .0 * M

+-------------------------------------------------+---------+

�#F&'�)Õ³45�(µ63¡Õz#Üý./¤",�&'6

14.6 �� ¡S¢£

çè�h��XÀ¡F&'kº (Íë^y_w4Ï )(|BÊ"ËÌ
A4F�:�4(Í�ËÌA4|�^F�4�+1g�1(�Eë^y_
w4F�4�+1)Ï(�#Y�Î6��*Z8Þ¤:%xhöC��³
E�6Þ¨:|J*%A4�¥Z$LI(I)¦§F6I=�b+W�JX
A4F�4 B�� I^BX+1g�1(Õ���LI(I)�f+Jg�J 6

�CDL��LE(�î4�¦�Z~��Xdf�fF��L"
0�_`a6�Ð<�=F&'I=(Zà>$�X�LÊ��XdT
A4ÆZz;¨�6�EZ�LI(I) = 06

çèJ÷�^ I"©(� LI(I) ð¦§�X{ (+J;�Jg 0)(1Æ
 $h¦§ÚdTA46��^F=½;4��z{(â�LI(I)�z{
JE(kl� JXA4�23A4(�{�f� I^=½F;4����
LI(I)�Îg�{E(kl� I^íÖnz%23A4(ä�eEhdT
A4�¢23A4(��Ð4öF¦§(�$�^%�ë^y_w4^
h$%dTA4F�461Æ&'F4Z$LI(I)Tãë^y_w4F�
46

�B%x%?¨:Õ8�ªã�«÷�ªãA4F�4(��1�
$�¬_LJ(J)¦§F6I=�b8� J:�4|�FA4�¥ I¦§f
LJ(J)6

4övý{|�,�E(Zð�Tã÷¨Ú23A4���Î(Þ
¨Ú23A4Z$�%LJ(J)_lF6I=�b�J:�4|�FÚ2
3A4����Î (T�A4�¥� I)(Õ�LJ(J) = �I6

çè�3|®)Lº(û¯°8LI(I) = 0F{~�±J{�fNX

F�{(NX�nhA4�ËÌA4F�46���fNXFA4��L
CDFdTA4>��h�{�fLI(�)gLJ(�)6
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�W�.Å�Võy_w4F.��{E(* õLJ(J)�fÎ|J
*F�4¢�E6

B$Þ¨LI(I)�LJ(J)(h [k� (b)]� [k� (d)]�¡Z~+ [k�
(e)]|l6çèW�.ÅF&'YB�XLI(I){³�XLJ(J){¸(·¹
(�z��F~A6Æ���Ú23A4FLJ(J)A\23A4"¢��
%LI(I){����23A4FLI(I)(�z{ )ÕA\Ú23A4"¢�
�%LJ(J){6º»¼�E [k� (b)]� [k� (d)]³ [k� (e)]>6�çè
LI(I)³LJ(J)Fz��F$=�~A(���½¾56

[k� (e)] ¡� ��2Ò;<
+-------------------+-----------+-----

| 4.00 3.00 | 12.00 | -3 12/4

| 2.00 -1.00 | 4.00 < -4 4/2

| 3.00 5.00 | 15.00 | 5 15/3

+-------------------+-----------+- ^

| -8.00 -4.00 | .00 | LI

| -6.00 -2.00 | -16.00 * M

+-----^-------------+-----------+-----

| 1 2 <-- LJ |

+-------------------+-----------+-----

| 2.00 5.00 | 4.00 < -3 4/5.0

| -.50 -.50 | 2.00 | 1

| 1.50 6.50 | 9.00 | 5 9/6.5

+-------------------+-----------+- ^

| -4.00 -8.00 | 16.00 | LI

| -2.00 -5.00 | -4.00 * M

+--------------^----+-----------+-----

| 4 2 <-- LJ |

+-------------------+-----------+-----

| .40 -.20 | .80 | 2

| -.30 -.10 | 2.40 | 1

| -1.10 1.30 | 3.80 < 5 3.8/1.3

+-------------------+-----------+- ^

| -.80 -1.60 | 22.40 | LI

| .00 .00 | .00 * M

+--------------^----+-----------+-----

| 4 3 <-- LJ |

+-------------------+-----------+-----

| .23 .15 | 1.38 < 2 1.38/0.23

| -.38 .08 | 2.69 | 1

| -.85 .77 | 2.92 | 3

+-------------------+-----------+- ^

| -2.15 1.23 | 27.08 | LI

+-----^-------------+-----------+-----

| 4 5 <-- LJ |
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+-------------------+-----------+-----

| 4.33 .67 | 6.00 | 4

| 1.67 .33 | 5.00 | 1

| 3.67 1.33 | 8.00 | 3

+-------------------+-----------+- ^

| 9.33 2.67 | 40.00 | LI

+-------------------+-----------+-----

| 2 5 <-- LJ |

��óf¿¬(ÝÏ^ò�XÖC¤��XÖÅH¤F&'¡( ��+
[kÑ ]� [kÀ ]|l6

[kÑ ] ¡Ñ ÖC¤
+-------------------+-----------+-----

| 4.00 3.00 | 12.00 | -3 12/3

| 2.00 -1.00 | 4.00 | 4

| 3.00 5.00 | 15.00 < -5 15/5

+-------------------+-----------+- ^

| -8.00 -4.00 | .00 | LI

| -7.00 -8.00 | -27.00 * M

+--------------^----+-----------+-----

| 1 2 <-- LJ |

+-------------------+-----------+-----

| 2.20 .60 | 3.00 < -3 3/2.2

| 2.60 -.20 | 7.00 | 4 7/2.6

| .60 -.20 | 3.00 | 2 3/0.6

+-------------------+-----------+- ^

| -5.60 -.80 | 12.00 | LI

| -2.20 -.60 | -3.00 * M

+-----^-------------+-----------+-----

| 1 5 <-- LJ |

+-------------------+-----------+-----

| -.45 .27 | 1.36 | 1

| 1.18 -.91 | 3.45 < 4 3.45/1.18

| .27 -.36 | 2.18 | 2 2.18/0.27

+-------------------+-----------+- ^

| -2.55 .73 | 19.64 | LI

| .00 .00 | .00 * M

+-----^-------------+-----------+-----

| 3 5 <-- LJ |

+-------------------+-----------+-----

| .38 -.08 | 2.69 | 1

| .85 -.77 | 2.92 | 3

| -.23 -.15 | 1.38 | 2

+-------------------+-----------+- ^

| 2.15 -1.23 | 27.08 | LI

+--------------^----+-----------+-----

| 4 5 <-- LJ |
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[kÀ ] ¡À ÖÅH¤
+-------------------+-----------+-----

| 4.00 3.00 | 12.00 | 3 12/4

| 2.00 -1.00 | 4.00 < -4 4/2

| 3.00 5.00 | 15.00 | -5 15/3

+-------------------+-----------+- ^

| -8.00 -4.00 | .00 | LI

| -5.00 -4.00 | -19.00 * M

+-----^-------------+-----------+-----

| 1 2 <-- LJ |

+-------------------+-----------+-----

| 2.00 5.00 | 4.00 < 3 4/5.0

| -.50 -.50 | 2.00 | 1

| 1.50 6.50 | 9.00 | -5 9/6.5

+-------------------+-----------+- ^

| -4.00 -8.00 | 16.00 | LI

| -1.50 -6.50 | -9.00 * M

+--------------^----+-----------+-----

| 4 2 <-- LJ |

+-------------------+-----------+-----

| .40 .20 | .80 | 2

| -.30 .10 | 2.40 | 1

| -1.10 -1.30 | 3.80 | -5

+-------------------+-----------+- ^

| -.80 1.60 | 22.40 | LI

| 1.10 1.30 | -3.80 * M

+-------------------+-----------+-----

| 4 3 <-- LJ |

14.7 MNOPQR�ÄÅN

JfW�X�����(x23�� (Primal problem)(YB�X
J*%�����(xJÆ�� (Dual problem)(��fÝ�×�µ%
A4��6ÞÇX��F./{�BBC¤%��û�{����Õ�
�X��BÖC¤Ý�X��ÖÅH¤6ÞÇX��+[\_`aE(
�Jx.§�b

23�� JÆ��
cd0bz = fCgTfXg cd0bw = fBgTfY g

eDfb [A]fXg � fBg eDfb �[A]TfY g � fCg

fXg � f0g fY g � f0g

(14.22)
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JÆ��%JÆ���23��(âx?�X�23��?�X�JÆ
��>� !( ���¦§FIó"�6

4��¦§�+�8�����0��^_`a6çè�X��
FCDL+��LÕ�JÆ��FJ*A4ä��CDz�{FA46
��LFCDZ~��Xdf�fFCD("��F�4��(â�J
Æ��FJ*�XA4F�41��("Z8�XA4(�ÅÈ��X
�Cz�{FA46

���¤23��³JÆ���F�ì !"BÉ%©�(ÊË8
A4Ì./¤ (�B¤E )F,W���×b�×�23A4(X1; S1)g
(Y1;K1)(Ý�×�Ú23A4(X2; S2)g (Y2;K2)6�4ij�;<1½
�×6Õ23���JÆ��F�V©�8+ [k¶ (a)]|l6�k�+
,$%&'	ZÜ./¤+ [k¶ (b)]|l6��%Í<Ò;<>JÍ4
	�:	+ [k¶ (c)]|l6�E�k(Z§��ò�Jx�]^F©
�b
(1)��X�� (h23���¡ )�BC¤Eb
(1a)23��F./¤FÃÄbA

�1

11B1 � 0; B2 �A21A
�1

11B1 � 0 �
�CT

1
A
�1

11
� 0; C

T

2
� C

T

1
A
�1

11
A12 � 0 ���JÆ��F./¤FÃÄb

�A�T
11
C1 � 0; C2 �A

T

12
A
�T

11
C1 � 0 � B

T

1
A
�T

11
� 0; B

T

2
�B

T

1
A
�T

11
A

T

21
� 06

â�X��Y�BC¤60Û�X��%¤ZhÜýÝ�X��%¤6
(1b)�X��F./¤Fy_w4{�{��bC

T

1
A
�1

11
B1g�BT

1
A
�T

11
C1 6

(1c)�X��FJ*A4 (X1;K1); (X2;K2); (S1; Y1); (S2; Y2)º(�XA4
�23A4(ÕÝ�XA4ä�Ú23A46�F1î61Æb
23��FCDL�ÎÏ�$E(ÆS2 > 0(ÕJÆ��FJ*A4{�
Î(ÆY2 = 06H�+�(��ÐÑ (µÒg(K2 > 0(ÕX2 = 0)6
JÆ��FA4{�fÎE(ÆY1 > 0(Õ23��FJ*CDL��L
(ÆS1 = 06 (µÒg(X1 > 0(ÕK1 = 0)6
(2)��X�� (h23���¡ )�ÖC¤E(Æy_w4B÷�X�4
��{("��CDLFJ*�4YÖz{(Õ�JÆ��FJ*CDL
��L=½F;4��{("É½F�4YÖ�{ (��X��FCDL
�4ij¸�ÓG�� )(Æ��Zð±²FÃÄ(âJÆ���Ö¤6

[k� (f)]� [k� (e)]FJÆ��F&'�)�./¤6�E�k8
�Ô�ò4�|vý%JÆ©�6
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[k¶ (a)] 23��³JÆ��F�V©�
A11 A12 I 0 B1

A21 A22 0 I B2

C
T

1
C

T

2
0 0 0

�AT

11
�AT

21
I 0 C1

�AT

12
�AT

22
0 I C2

B
T

1
B

T

2
0 0 0

[k¶ (b)] 23��³JÆ��F./¤©�
I A

�1

11
A12 A

�1

11
0 A

�1

11
B1 = X1

0 A22 �A21A
�1

11
A12 �A21A

�1

11
I B2 �A21A

�1

11
B1 = S2

0 C
T

2
� C

T

1
A
�1

11
A12 �CT

1
A
�1

11
0 �CT

1
A
�1

11
B1 = �z

X2 = 0 S1 = 0

I A
�T

11
A

T

21
�A�T

11
0 �A�T

11
C1 = Y1

0 �AT

22
+A

T

12
A
�T

11
A

T

21
�AT

12
A
�T

11
I C2 �A

T

12
A
�T

11
C1 = K2

0 B
T

2
�B

T

1
A
�T

11
A

T

21
B

T

1
A
�T

11
0 B

T

1
A
�T

11
C1 = �w

Y2 = 0 K1 = 0

[k¶ (c)] 23��³JÆ��F./¤©� {��2Ò;<
A
�1

11
A
�1

11
A12 A

�1

11
B1 = X1 (K1 = 0)

�A21A
�1

11
A22 �A21A

�1

11
A12 B2 �A21A

�1

11
B1 = S2 (Y2 = 0)

�CT

1
A
�1

11
C

T

2
� C

T

1
A
�1

11
A12 �CT

1
A
�1

11
B1 = �z (�z = w)

S1 = 0 X2 = 0

�A�T
11

A
�T

11
A

T

21
�A�T

11
C1 = Y1 (S1 = 0)

�AT

12
A
�T

11
�AT

22
+A

T

12
A
�T

11
A

T

21
C2 �A

T

12
A
�T

11
C1 = K2 (X2 = 0)

B
T

1
A
�T

11
B

T

2
�B

T

1
A
�T

11
A

T

21
B

T

1
A
�T

11
C1 = �w (�w = z)

K1 = 0 Y2 = 0
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[k� (f)] ¡�FJÆ��

+----------------------------+-----------+-----

| -4.00 -2.00 3.00 | 8.00 | -4 8/3

| -3.00 1.00 5.00 | 4.00 < -5 4/5

+----------------------------+-----------+- ^

| -12.00 -4.00 15.00 | .00 | LI

| 7.00 1.00 -8.00 | -12.00 * M

+-----------------------^----+-----------+-----

| 1 2 3 <-- LJ |

+----------------------------+-----------+-----

| -2.20 -2.60 .60 | 5.60 < -4 5.6/0.6

| -.60 .20 -.20 | .80 | 3

+----------------------------+-----------+- ^

| -3.00 -7.00 3.00 | -12.00 | LI

| 2.20 2.60 -.60 | -5.60 * M

+-----------------------^----+-----------+-----

| 1 2 5 <-- LJ |

+----------------------------+-----------+-----

| -3.67 -4.33 -1.67 | 9.33 | 5 (k2=9.33) {x2=0}

| -1.33 -.67 -.33 | 2.67 | 3 (y3=2.67) {s3=0}

+----------------------------+-----------+- ^

| 8.00 6.00 5.00 | -40.00 | LI

| .00 .00 .00 | .00 * M

+----------------------------+-----------+-----

| 1 2 4 <-- LJ |

(y1=0) (y2=0) (k1=0) {-} ÕÖ×ØÙÚÛ
{s1=8} {s2=6} {x1=5} (-) ÕÜÝØÙÚÛ

14.8 Þßßà

|á�CCD�A4Í��f�fÎÏ(1�edf�f÷��1
F�C{FCD6�CD+Ì�ÇCDLGH(�ëÊCDLF4y6
3ö8?@<�=+�GHÞ¨�CCD"�äëÊCDLF4y6�
�BtGH�CCD(JA4¢+]F�ãb
(1)�A4Xië���C{DiE(Õ8�A4~��A4 �Xi("ãâ�

�Xi = Di �Xi

���%A4 �Xi�fÎ"A\Ú23A4(>e 0 � �Xi � DiFz{
CD��CCD(8Xi = Di � �Xi!"CDL�y_w4ºZÜ�A
4 �XiF�4��A4XiF�4F��{(��=½F;4��%�
A4XiF�4whDi6

(2)��A4 �XiA\�fÎE(Õ��8��A4 �Xi~.�A4Xi6�
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î�4�;4�¢+4�|5FHIGH6
(3)�A4��A4EhPi = �1_l���A4EhPi = +1_l6
çèÌ� (2)��ã(�A4 �Xiéð¢�Ú23A4(�� Pi = �1��
kl�A4 �Xi = 0(g�A4Xi = Di)6

h]8<�=¬�CCDF�)}5+]b
(1)Ûy_w4^õ.��{F�4h�ã�23A46
�23A4F�ã³æ¬�CCDF��(µ(Æíhy_w4F
�4�.��{FA4��23A46���Ì�23A4����
A4"��]^�q��b (T.��{�4�� j:(A4�¥�
l = LJ(j))

�� 1b�23A4��A4Xl6
�� 2b�23A4��A4 �Xl6���A4�ð�23A4(â�

~��A4	�¢�23A46
(2)Û�CDLJ�23A4F.�C{��23A4F�C{Dlºõ
.d�¢��23A4F{6Ì.d{F�ç��]^Ñq��b (T
k = LI(i))

��Ab�CDLF�4Aij�z{E(�23A4F.�C{�ê�
CDL|�F23A4Xk��Î6Æ.�C{�Bi=Aij6

��Bb�CDLF�4Aij��{E(�23A4F.�C{�ê�
CDL|�F23A4Xkë���C{Dk6Æ.�C{�
(Bi �Dk)=Aij6

��Cb��23A4F3èF�C{6Æ.�C{�Dl6
�º��A�h4æ¬A4B�CCDEFéB�q��6

(3)Ì�� 1; 2�A;B;CFéq×Å¢]^F&'b
�� 1Ab¢+,$%6�LI(i) = l(LJ(j) = k6
�� 2Ab8� j:�4ËwhDl%�=½;4�A�6�P (l)=+16

¢+,$%6�LI(i) = l(LJ(j) = k6
�� 1Bb8� i^=½;4�%Dk68A4 kF<Ò;<A�6

�P (k)=�16¢+,$%6�LI(i) = l(LJ(j) = k6
çèA4 kF<Ò;<æ�f&'kº�+,$%	ê�f
� j:6



396 mnop qrstuv
�� 2Bb8� i^=½;4�%Dk68A4 kF<Ò;<A�6

�P (k)=�168� j:�4ËwhDl%�=½;4�A�6
�P (l)=+16¢+,$%6�LI(i) = l(LJ(j) = k6

�� 1Cb8� j:�4ËwhDl%�=½;4�A�6�P (l)=�16
Ú23A4��A4Xl6

�� 2Cb8� j:�4ËwhDl%�=½;4�A�6�P (l)=+16
Ú23A4��A4Xl6

14.9 MNOPëìíîïðìí

�K)LLINEARº( i=KI; j=KJ; k=KKI; l=KKJ6�ö|5
�� (1)F&'¯C11(�� (2)¯C12�V(�� (3)¯C14�V(�º�
�1B; 2BF���&'¯C15�V(�� 2A; 2B; 1C; 2CJ� j:�4F&
'¯C16�V(�� 1A; 2A; 1B; 2BF+,$%¯C17�V6

���ü&'Fñ%ò�(f-\{|�F&'	(Y �Û�V©
�L�VÌ�ÈÜF23A4¢+,$%(��&'ÛK)LRECOMP

ó:6��¢��&'ä�8�V©�Lôõ�ö÷ ISgj^Bº6)
Lû¯°øù ISF{¢�ôõ&'b IS>0E�fö÷� IS<0E�fj
^�1Z� IS=0"�¢��&'6

)LFB©ú"�úòûüYý^f)LFþ_º(���Ý¾56
[k� ] ���=K)L³ÿ$)L

************************************************************************

PROGRAM LPTST

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(51,61),LI(51),LJ(61),D(110),X(110)

DIMENSION T(51,61),MI(51),MJ(61)

DATA NIA,NJA/51,61/,IS,IC/0,6/

C** ============================================================ **

C** Input data -----+------+--------------------+---------- **

C** SEQ | SETS | VARIABLES | FORMAT **

C** -----+------+--------------------+---------- **

C** 1 | 1 | IS,IC | 2I5 **

C** 2 | 1 | II,JJ,NY | 3I5 **

C** 3 | II | (A(I,J),J=1,JJ) | 8F10.0 **

C** 4 | 1 | (D(J),J=1,NY) | 8F10.0 **

C** 5 | 1 | (LI(I),I=1,II-1) | 16I5 **

C** 6 | 1 | (LJ(J),J=1,JJ-1) | 16I5 **

C** -----+------+--------------------+---------- **

C** IS = File# to save origi. tableau (no re-perform if IS=0) **

C** IC = File# to save debug output (no debug output if IC=0) **
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C** II,JJ = Numbers of rows and columns of simplex tableau **

C** NY = Maximum variable # which have upper bound to input **

C** (may include slack var but not artificial var) **

C** ------------------------------------------------------------ **

C** A(I,J) = Simplex tableau **

C** I=1,II-1;J=1,JJ-1 : For coeff. of variables : A(I,J) **

C** I=1,II-1;J=JJ : For RHS constants : B(I) = A(I,JJ) **

C** I=II ;J=1,JJ-1 : For objective function : C(J) = A(II,J) **

C** ------------------------------------------------------------ **

C** D(J) = Upper bound value for variable I **

C** ------------------------------------------------------------ **

C** LI(I) = Constaint equation type **

C** = +1 for lesser or equal constraint **

C** = -1 for greater or equal constraint **

C** = 0 for equal constarint **

C** LJ(J) = Variable # for column J of the table **

C** = 0 will be reset to J by this program **

C** ============================================================ **

10 READ (*,'(11I5)') IS,IC

IF(IS.GT.0) OPEN (IS,FILE='LP.TMP',STATUS='NEW'

* ,FORM='UNFORMATTED',ACCESS='SEQUENTIAL')

READ (*,'(11I5)') II,JJ,NY

IF(II.EQ.0.OR.II.GE.NIA.OR.JJ.GT.NJA) STOP

DO 15 I=1,II

15 READ (*,'(11F10.0)') (A(I,J),J=1,JJ)

READ (*,'(11F10.0)') (D(J),J=1,NY)

READ (*,'(11I5)') (LI(I),I=1,II-1)

READ (*,'(11I5)') (LJ(J),J=1,JJ-1)

C** +----------------------------------------------------------+ **

C** | Comput NX and fill D(NY+1:NX)=0 | **

C** | Setup LI(II-1),LJ(JJ-1),D(NX) for simplex tableau | **

C** +----------------------------------------------------------+ **

DO 20 J=1,JJ-1

IF(LJ(J).EQ.0) LJ(J)=J

20 CONTINUE

NX=JJ-1

DO 25 I=1,II-1

IF(LI(I).EQ.0) GO TO 25

NX=NX+1

IF(IABS(LI(I)).EQ.1) LI(I)=ISIGN(NX,LI(I))

25 CONTINUE

DO 30 J=1,NX

IF(J.GT.NY) D(J)=0.0

IF(D(J).LE.0.0) D(J)=1.0D30

30 CONTINUE

C** +----------------------------------------------------------+ **

C** | Write data before calling LP | **

C** +----------------------------------------------------------+ **

WRITE(*,'('' ********** DATA BEFORE CALLING LINEAR **********'')')

DO 45 I=1,II

45 WRITE(*,'(1X,1P11E10.3)') (A(I,J),J=1,JJ)

WRITE(*,'(1X,1P11E10.3)') (D(J),J=1,NX)

WRITE(*,'(1X,11I5)') (LI(I),I=1,II-1)

WRITE(*,'(1X,11I5)') (LJ(J),J=1,JJ-1)

C** +----------------------------------------------------------+ **

CALL LINEAR(A,LI,LJ,D,X,II,JJ,NX,ICASE,KKK,NIA,NJA,T,MI,MJ,IS,IC)

C** +----------------------------------------------------------+ **

C** | Write data after calling IDP | **

C** +----------------------------------------------------------+ **

WRITE(*,'('' ========== DATA AFTER CALLING LINEAR =========='')')
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DO 50 I=1,II

50 WRITE(*,'(1X,1P11E10.3)') (A(I,J),J=1,JJ)

WRITE(*,'(1X,1P11E10.3)') (D(J),J=1,NX)

WRITE(*,'(1X,11I5)') (LI(I),I=1,II-1)

WRITE(*,'(1X,11I5)') (LJ(J),J=1,JJ-1)

C** +----------------------------------------------------------+ **

C** | Output feasible optimal solution | **

C** +----------------------------------------------------------+ **

IF(ICASE.NE.0) GO TO 10

WRITE(*,'('' VALUES OF VARIABLES ='')')

WRITE(*,'(1X,1P8E10.3)') (X(J),J=1,NX)

WRITE(*,'('' OBJECTIVE FUNCTION ='',1PE15.8)') -A(II,JJ)

GO TO 10

END

************************************************************************

SUBROUTINE LINEAR

*(A,LI,LJ,D,X,II,JJ,NX,ICASE,KKK,NIA,NJA,T,MI,MJ,IS,IC)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(NIA,NJA),LI(NIA),LJ(NJA),D(NX),X(NX)

DIMENSION T(NIA,NJA),MI(NIA),MJ(NJA)

DATA EPS,BIG/1.0D-6,1.0D10/

C** ============================================================ **

C** Linear programming with upper bound by simplex method **

C** ------------------------------------------------------------ **

C** 1 JJ-1 JJ **

C** +-----------------------------+------+ **

C** 1 | | | **

C** | >= | L(I)<0 **

C** | A = B | L(I)=0 **

C** | <= | L(I)>0 **

C** II-1 | | | **

C** +-----------------------------+------+ **

C** II | C | -Z | **

C** +-----------------------------+------+ **

C** II+1 | C' | -Z' | * M **

C** +-----------------------------+------+ **

C** ------------------------------------------------------------ **

C** Minimize: Z = \sum C(J)*X(LJ(J)) **

C** Subject to: \sum A(I,J)*X(LJ(J)) [-|+] X([-|+]LI(I)) = B(I) **

C** and : D(K) >= X(K) >= 0 **

C** where: I = 1 to II-1; J = 1 to JJ-1; K = 1 to NX **

C** ------------------------------------------------------------ **

C** Input : A(II ,JJ),LI(II-1),LJ(JJ-1),D(NX),II,JJ,NX,NIA,NJA,IS,IC

C** Output : A(II+1,JJ),LI(II-1),LJ(JJ-1),D(NX),X(NX),ICASE,KKK **

C** Working: T(II ,JJ),MI(II-1),MJ(JJ-1) **

C** NIA >= II+1; NJA >= JJ **

C** ------------------------------------------------------------ **

C** If IS.GT.0 then T unused & IS=file # to save A **

C** If IS.EQ.0 then T,MI,MJ unused **

C** If IS.LT.0 then T is a working array to save A **

C** ============================================================ **

C01 +----------------------------------------------------------+ **

C** | Call CHKOUT is for print out only, it can be deleted | **

C** +----------------------------------------------------------+ **

CALL CHKOUT(A,LI,LJ,D,LI,LJ,II,JJ,NX,NIA,NJA,IC,0,1,1)

C** +----------------------------------------------------------+ **

C** | KKKK,KKKO = Re-perform control variables | **

C** | KKK = Number of simplex pivot | **

C** +----------------------------------------------------------+ **
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KKKK=0

KKKO=0

KKK=0

C02 +----------------------------------------------------------+ **

C** | Re-set L(I) from the input values of (-s,0,+s) | **

C** | (1) Change all constraints to <= B(I), such that: | **

C** | L(I) > 0 : for slack variable X(I), I<=NX | **

C** | L(I) < 0 : for artificial variable X(I), I> NX | **

C** | (2) Make sure that D(I) >= 0 for non-artificial variable | **

C** +----------------------------------------------------------+ **

NY=NX

DO 130 I=1,II-1

IF(LI(I).LT.0) THEN

DO 125 J=1,JJ

A(I,J)=-A(I,J)

125 CONTINUE

LI(I)=-LI(I)

ELSE IF(LI(I).EQ.0) THEN

NY=NY+1

LI(I)=-NY

ENDIF

130 CONTINUE

C** ------------------------------------------------------------ **

DO 150 J=1,NX

IF(D(J).LT.0.0) STOP 1111

150 CONTINUE

C03 +----------------------------------------------------------+ **

C** | Save A(II,JJ) on (1) file# IS>0 or (2) T(II,JJ) if IS<0 | **

C** | For IS=0, A(II,JJ) will not be saved and no re-perform | **

C** +----------------------------------------------------------+ **

IF(IS.GT.0) THEN

REWIND IS

WRITE (IS) ((A(I,J),I=1,II),J=1,JJ)

ELSE IF(IS.LT.0) THEN

DO 170 J=1,JJ

DO 165 I=1,II

T(I,J)=A(I,J)

165 CONTINUE

170 CONTINUE

ENDIF

C04 +----------------------------------------------------------+ **

C** | Save |LI(I)| & |LJ(J)| on MI(I) & MJ(J) for re-perform | **

C** +----------------------------------------------------------+ **

IF(IS.NE.0) THEN

DO 180 I=1,II-1

MI(I)=IABS(LI(I))

180 CONTINUE

DO 190 J=1,JJ-1

MJ(J)=IABS(LJ(J))

190 CONTINUE

ENDIF

C05 +----------------------------------------------------------+ **

C** | Set up simplex tableau : | **

C** | (1) Reset A(II+1,*)=0 : Objective fun. for artifical var.| **

C** | (2) Set LJ(J)<0 : To disqualify J as basic variable, if | **

C** | (2a) Artificial variables (J>NX) | **

C** | (2b) Non-artificial variables (J<=NX) but D(J) = 0 | **

C** | KK=II+1 : Phase 1 objective function at row II+1 | **

C** | KK=II : Phase 2 objective function at row II | **

C** +----------------------------------------------------------+ **
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200 KK=II+1

A(KK,JJ)=0.0

DO 210 J=1,JJ-1

A(KK,J)=0.0

LJJ=IABS(LJ(J))

IF(LJJ.GT.NX) THEN

LJJ=-LJJ

ELSE IF(D(LJJ).EQ.0.0) THEN

LJJ=-LJJ

ENDIF

LJ(J)=LJJ

210 CONTINUE

C06 +----------------------------------------------------------+ **

C** | (3) Change B(I)=A(I,JJ) to >= 0 (for I=1 to II-1) | **

C** +----------------------------------------------------------+ **

DO 270 I=1,II-1

IF(A(I,JJ).LT.0.0) THEN

DO 230 J=1,JJ

A(I,J)=-A(I,J)

230 CONTINUE

LI(I)=-LI(I)

ENDIF

C07 +----------------------------------------------------------+ **

C** | (4) For artificial var (I>NX) : LI(I) must be < 0 | **

C** +----------------------------------------------------------+ **

IF(LI(I).GT.NX) LI(I)=-LI(I)

C08 +----------------------------------------------------------+ **

C** | (5) Basic var X(L(I))=A(I,JJ) must be <= D(LI(I)) | **

C** | otherwise change basic var S to D-S': i.e. change : | **

C** | (5a) A(I,JJ) to A(I,JJ)-D(LI(I)) | **

C** | (5b) D(LI(I)) to -D(LI(I)) to indicate bounded var | **

C** | (5c) LI(I) to -LI(I) to indicate non-basic var | **

C** +----------------------------------------------------------+ **

LII=LI(I)

IF(LII.GT.0) THEN

IF(A(I,JJ).GT.D(LII)) THEN

A(I,JJ)=A(I,JJ)-D(LII)

D(LII)=-D(LII)

LI(I)=-LII

ENDIF

ENDIF

C09 +----------------------------------------------------------+ **

C** | (6) For any constraint not satisfied (LI(I) <= 0) | **

C** | substract from A(II+1,J) by A(I,J) | **

C** +----------------------------------------------------------+ **

IF(LI(I).LE.0) THEN

DO 260 J=1,JJ

A(KK,J)=A(KK,J)-A(I,J)

260 CONTINUE

ENDIF

270 CONTINUE

C10 +----------------------------------------------------------+ **

C** | Feasibility check | **

C** +----------------------------------------------------------+ **

ICASE=0

DO 280 J=1,JJ-1

C** +----------------------------------------------------------+ **

C** | LJ(J)<0 indicate X(J) must be 0 & can not be a basic var | **

C** | So, test only for J<JJ and LJ(J)>0 | **

C** | (0) Stay at phase 1 (go to 300) : if any A(II+1,J)<0 | **
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C** | (1) Feasible (ICASE=0, phase 2) : if all A(II+1,J)=0 | **

C** | (2) May be infeasible : if not (0) and any A(II+1,J)>0 | **

C** +----------------------------------------------------------+ **

IF(LJ(J).LE.0) GO TO 280

IF(ABS(A(KK,J)).LE.EPS) GO TO 280

IF(A(KK,J).LT.0.0) GO TO 300

ICASE=-1

280 CONTINUE

C** +----------------------------------------------------------+ **

C** | (2a) A(II+1,JJ)< 0 : infeasible (ICASE=-1 & go to 710) | **

C** | (2b) A(II+1,JJ)>=0 : feasible, set LJ(J)<0 if A(II+1,J)>0| **

C** +----------------------------------------------------------+ **

IF(ICASE.LT.0) THEN

IF(A(KK,JJ).LT.-EPS) GO TO 710

DO 285 J=1,JJ-1

IF(A(KK,J).GT.0.0) LJ(J)=-IABS(LJ(J))

285 CONTINUE

ENDIF

C** +----------------------------------------------------------+ **

C** | Feasible case : get into phase 2 to find the optimal sol | **

C** +----------------------------------------------------------+ **

ICASE=0

KK=II

C11 +----------------------------------------------------------+ **

C** | Begin simplex pivot (KK=II+1:phase 1) (KK=II:phase 2) | **

C** +----------------------------------------------------------+ **

C** | Find XMIN=A(KK,KJ)=min.A(KK,1:JJ-1) -> XMIN<0 & LJ(KJ)>0 | **

C** | Case 1: P(LJ(KJ)) = +1 (P(LJ(KJ))=SIGN(1,D(LJ(KJ)))) | **

C** | Case 2: P(LJ(KJ)) = -1 | **

C** | If all A(KK,1:JJ-1) >= 0 : End of phase 1/2 -> go to 700 | **

C** +----------------------------------------------------------+ **

300 IF(KKK.EQ.0)CALL CHKOUT(A,LI,LJ,D,LI,LJ,II,JJ,NX,NIA,NJA,IC,0,1,1)

XMIN=-EPS

KJ=0

DO 310 J=1,JJ-1

IF(A(KK,J).GE.XMIN.OR.LJ(J).LE.0) GO TO 310

XMIN=A(KK,J)

KJ=J

310 CONTINUE

IF(KJ.LE.0) GO TO 700

C12 +----------------------------------------------------------+ **

C** | Find XMIN=min.XI (for KI=1 to II-1) | **

C** | Case A: A(KI,KJ)>0 -> XI=A(KI,JJ)/A(KI,KJ) | **

C** | Case B: A(KI,KJ)<0 -> XI=(A(KI,JJ)-D(LI(I)))/A(KI,KJ) | **

C** | Case C: (KI=0) -> XI=D(LJ(KJ)) | **

C** +----------------------------------------------------------+ **

LJK=LJ(KJ)

XMIN=ABS(D(LJK))

KI=0

DO 450 I=1,II-1

IF(ABS(A(I,KJ)).LE.EPS) GO TO 450

IF(A(I,KJ).GT.0.0) THEN

XI=A(I,JJ)/A(I,KJ)

ELSE

C** +------------------------------------------------------+ **

C** | Case B: for slack var LI(I)>0 and bounded var only | **

C** +------------------------------------------------------+ **

LII=LI(I)

IF(LII.LE.0) GO TO 450

IF(D(LII).GE.BIG) GO TO 450
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XI=(A(I,JJ)-D(LII))/A(I,KJ)

ENDIF

C** ---------------------------------------------------------- **

IF(XI.GT.XMIN) GO TO 450

IF(XI.EQ.XMIN.AND.KI.NE.0) THEN

IF(LI(I).GT.LI(KI)) GO TO 450

ENDIF

XMIN=XI

KI=I

450 CONTINUE

C13 +----------------------------------------------------------+ **

C** | If XMIN >= BIG : Un-bounded for new basic var (go to 740)| **

C** +----------------------------------------------------------+ **

IF(XMIN.GE.BIG) GO TO 740

C14 +----------------------------------------------------------+ **

C** | Cases 1A,2A,1B,2B (KI>0) | **

C** +----------------------------------------------------------+ **

IF(KI.GT.0) THEN

LKI=LI(KI)

LIK=IABS(LKI)

BKK=ISIGN(1,LKI)

C** +--------------------------------------------------------+ **

C** | Sweep LI(KI),LJ(KJ) and Set LJ(KJ) to <0 for artif. var| **

C** +--------------------------------------------------------+ **

LI(KI)=LJK

LJ(KJ)=LIK

IF(LIK.GT.NX) LJ(KJ)=-LIK

C15 +--------------------------------------------------------+ **

C** | Cases 1B,2B : Change basic var to non-bas var X -> D-X'| **

C** | (A(KI,KJ)<0) X(LIK)'= D(LIK)-X(LIK) = 0, P(LIK) = -1 | **

C** +--------------------------------------------------------+ **

IF(A(KI,KJ).LT.0.0) THEN

A(KI,JJ)=A(KI,JJ)-D(LIK)

D(LIK)=-D(LIK)

BKK=-1.0

ENDIF

ENDIF

C16 +----------------------------------------------------------+ **

C** | Case 2A,2B (KI>0) : X(LJK) < D(LJK), P(LJK) = -1 --> +1 | **

C** | Case 1C (KI=0) : X(LJK)'= 0, P(LJK) = +1 --> -1 | **

C** | Case 2C (KI=0) : X(LJK) = 0, P(LJK) = -1 --> +1 | **

C** +----------------------------------------------------------+ **

IF(D(LJK).LT.0.0.OR.KI.EQ.0) THEN

DJ=ABS(D(LJK))

DO 540 I=1,KK

A(I,JJ)=A(I,JJ)-A(I,KJ)*DJ

A(I,KJ)=-A(I,KJ)

540 CONTINUE

D(LJK)=-D(LJK)

ENDIF

C17 +----------------------------------------------------------+ **

C** | Cases 1A,2A,1B,2B (KI>0) : Perform Gauss elimination | **

C** +----------------------------------------------------------+ **

IF(KI.GT.0) CALL GAUSS(A,II,JJ,KI,KJ,BKK,KK,LKI,NIA,NJA)

C18 +----------------------------------------------------------+ **

C** | End of simplex loop : go to Begin of loop (300) | **

C** +----------------------------------------------------------+ **

KKK=KKK+1

CALL CHKOUT(A,LI,LJ,D,MI,MJ,II,JJ,NX,NIA,NJA,IC,KKK,KI,KJ)

GO TO 300
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C19 +----------------------------------------------------------+ **

C** | Re-perform phase 1 simplex 5-times maximum | **

C** +----------------------------------------------------------+ **

700 IF(KK.EQ.II) GO TO 710

IF(KKKK.GE.5.OR.KKKO.EQ.KKK) GO TO 750

KKKK=KKKK+1

KKKO=KKK

IF(IS.NE.0) THEN

CALL RECOMP(A,LI,LJ,D,II,JJ,NX,NIA,NJA,T,MI,MJ,IS)

CALL CHKOUT(A,LI,LJ,D,MI,MJ,II,JJ,NX,NIA,NJA,IC,0,1,1)

ENDIF

GO TO 200

C20 +----------------------------------------------------------+ **

C** | Feasible solution in X(*) (also for Unbounded/Infeasible)| **

C** +----------------------------------------------------------+ **

710 DO 720 J=1,NX

X(J)=MAX(0.0D0,-D(J))

720 CONTINUE

DO 730 I=1,II-1

IF(LI(I).GT.0) X(LI(I))=A(I,JJ)

730 CONTINUE

DO 735 J=1,NX

X(J)=MIN(X(J),ABS(D(J)))

735 CONTINUE

RETURN

C21 +----------------------------------------------------------+ **

C** | Unbounded solution | **

C** +----------------------------------------------------------+ **

740 ICASE=1

GO TO 710

C22 +----------------------------------------------------------+ **

C** | Infeasible solution | **

C** +----------------------------------------------------------+ **

750 ICASE=-2

GO TO 710

END

************************************************************************

SUBROUTINE GAUSS(A,II,JJ,KI,KJ,BKK,KK,LKI,NIA,NJA)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(NIA,NJA)

C** ============================================================ **

C** Perform Gauss elimination pivot at A(KI,KJ) **

C** A(*,KJ) will be used by new non-basic var (BKK = -1 or +1) **

C** LKI=LI(KI) < 0 : New non-bas var is art var (has 1*M in obj) **

C** ============================================================ **

AKK=A(KI,KJ)

A(KI,KJ)=BKK

DO 630 J=1,JJ

A(KI,J)=A(KI,J)/AKK

630 CONTINUE

DO 640 I=1,KK

IF(I.EQ.KI) GO TO 640

AIK=A(I,KJ)

A(I,KJ)=0.0

IF(I.EQ.II+1.AND.LKI.LT.0) A(I,KJ)=1.0

DO 635 J=1,JJ

A(I,J)=A(I,J)-AIK*A(KI,J)

635 CONTINUE

640 CONTINUE
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RETURN
END

************************************************************************
SUBROUTINE RECOMP(A,LI,LJ,D,II,JJ,NX,NIA,NJA,T,MI,MJ,IS)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(NIA,NJA),LI(NIA),LJ(NJA),D(NX)
DIMENSION T(NIA,NJA),MI(NIA),MJ(NJA)
DATA EPS/1.0D-6/

C** ============================================================ **
C** Perform Gauss elimination from the original matrix **
C** For phase 1 only : To reduce roundoff error **
C** ============================================================ **

800 IF(IS.GT.0) THEN
REWIND IS
READ (IS) ((A(I,J),I=1,II),J=1,JJ)

ELSE IF(IS.LT.0) THEN
DO 820 J=1,JJ
DO 815 I=1,II
A(I,J)=T(I,J)

815 CONTINUE
820 CONTINUE

ENDIF
C** +----------------------------------------------------------+ **
C** | LI(I) = Basic variables; LJ(J) = Non-basic variables | **
C** +----------------------------------------------------------+ **

DO 830 I=1,II-1
LI(I)=IABS(LI(I))

830 CONTINUE
DO 840 J=1,JJ-1
LJ(J)=IABS(LJ(J))

840 CONTINUE
C** +----------------------------------------------------------+ **
C** | Set MI(I) = -MI(I) < 0 if MI(I) not in LI(1:II-1) | **
C** +----------------------------------------------------------+ **

NI=0
DO 850 I=1,II-1
DO 845 KI=1,II-1
IF(MI(I).EQ.LI(KI)) GO TO 850

845 CONTINUE
MI(I)=-MI(I)
NI=NI+1

850 CONTINUE
C** +----------------------------------------------------------+ **
C** | Set MJ(J) = -MJ(J) < 0 if MJ(J) not in LJ(1:JJ-1) | **
C** +----------------------------------------------------------+ **

NJ=0
DO 860 J=1,JJ-1
DO 855 KJ=1,JJ-1
IF(MJ(J).EQ.LJ(KJ)) GO TO 860

855 CONTINUE
MJ(J)=-MJ(J)
NJ=NJ+1

860 CONTINUE
C** +----------------------------------------------------------+ **
C** | Move signed MI(I) & MJ(J) to LI(I) & LJ(J) | **
C** | Reset MI(I) & MJ(J) to original positive values | **
C** +----------------------------------------------------------+ **

DO 865 I=1,II-1
LI(I)=MI(I)
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865 MI(I)=IABS(MI(I))
DO 870 J=1,JJ-1
LJ(J)=MJ(J)

870 MJ(J)=IABS(MJ(J))
C** +----------------------------------------------------------+ **
C** | Find pivot element A(KI,KJ) : LI(KI) < 0 and LJ(KJ) < 0 | **
C** +----------------------------------------------------------+ **

IF(NI.NE.NJ) STOP 2222
IF(NI.EQ.0) GO TO 960
DO 950 K=1,NI
AKK=0.0
DO 920 J=1,JJ-1
IF(LJ(J).GE.0) GO TO 920

DO 910 I=1,II-1
IF(LI(I).GE.0) GO TO 910
IF(AKK.GE.ABS(A(I,J))) GO TO 910
AKK=ABS(A(I,J))
KI=I
KJ=J

910 CONTINUE
920 CONTINUE

IF(AKK.LE.EPS) GO TO 960
C** +--------------------------------------------------------+ **
C** | Elimination by pivot row : Sweep -LI(KI) <--> -LJ(KJ) | **
C** +--------------------------------------------------------+ **

LIK=-LI(KI)
LI(KI)=-LJ(KJ)
LJ(KJ)=LIK

C** ---------------------------------------------------------- **
C** CALL GAUSS(A,II,JJ,KI,KJ,1.0D0,II,1,NIA,NJA) ! Also OK **
C** ---------------------------------------------------------- **

AKK=A(KI,KJ)
A(KI,KJ)=1.0
DO 930 J=1,JJ
A(KI,J)=A(KI,J)/AKK

930 CONTINUE
DO 940 I=1,II
IF(I.EQ.KI) GO TO 940
AIK=A(I,KJ)
A(I,KJ)=0.0
DO 935 J=1,JJ
A(I,J)=A(I,J)-AIK*A(KI,J)

935 CONTINUE
940 CONTINUE
950 CONTINUE

C** +----------------------------------------------------------+ **
C** | Reform simplex tableau | **
C** | (1) Reset P(LI(I)) = +1 | **
C** | (2) Change var X --> D-X' if P(LJ(J)) = -1 | **
C** +----------------------------------------------------------+ **

960 DO 970 I=1,II-1
LII=LI(I)
IF(LII.GT.NX) GO TO 970
D(LII)=ABS(D(LII))

970 CONTINUE
DO 990 J=1,JJ-1
LJJ=LJ(J)
IF(LJJ.GT.NX) GO TO 990
IF(D(LJJ).GE.0.0) GO TO 990
DJ=-D(LJJ)
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DO 980 I=1,II
A(I,JJ)=A(I,JJ)-A(I,J)*DJ
A(I,J)=-A(I,J)

980 CONTINUE
990 CONTINUE

RETURN
END

************************************************************************
SUBROUTINE CHKOUT(A,LI,LJ,D,MI,MJ,II,JJ,NX,NIA,NJA,IC,KKK,KI,KJ)

C** ============================================================ **
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(NIA,NJA),LI(NIA),LJ(NJA),D(NX),MI(NIA),MJ(NJA)

C** ============================================================ **
C** Print out simplex tableau
C** ============================================================ **

IF(IC.LE.0) RETURN
WRITE(IC,'(3H +,8A)')('---------',J=1,JJ-1),'-+-----------+-----'
DO 40 I=1,II-1
WRITE(IC,'(3H |,F7.4,$)') A(I,1)
DO 30 J=2,JJ-1

30 WRITE(IC,'(F9.4,$)') A(I,J)
40 WRITE(IC,'(4H |,F8.4,4H |,I4)') A(I,JJ),LI(I)

WRITE(IC,'(3H +,8A)')('---------',J=1,JJ-1),'-+-----------+- ^ '
WRITE(IC,'(3H |,F7.4,$)') A(II,1)
DO 50 J=2,JJ-1

50 WRITE(IC,'(F9.4,$)') A(II,J)
WRITE(IC,'(4H |,F8.4,8H | LI)') A(II,JJ)
WRITE(IC,'(3H |,F7.4,$)') A(II+1,1)
DO 60 J=2,JJ-1

60 WRITE(IC,'(F9.4,$)') A(II+1,J)
WRITE(IC,'(4H |,F8.4,8H * M )') A(II+1,JJ)
WRITE(IC,'(3H +,8A)')('---------',J=1,JJ-1),'-+-----------+-----'
WRITE(IC,'(3H |,I6,$)') LJ(1)
DO 70 J=2,JJ-1

70 WRITE(IC,'(I9,$)') LJ(J)
WRITE(IC,'(17H <-- LJ |,//)')
DO 80 J=1,JJ-1

80 WRITE(IC,'(F8.4,$)') D(J)
WRITE(IC,'(7H <-- DJ,/)')
RETURN
END

************************************************************************

��

1. �������������� !"

#$%& z = �8x1 � 4x2

'()& 4x1 + 3x2 � 12

2x1 � x2 = 4

3x1 + 5x2 � 15

x1 � 0 ; x2 � 0
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2. *+,�-.��/0 /1��23�����4!"

3. �56 (14.22) ������7%8��9:��& (;<4=>?

:��@>ABCD )

A 0 B �T 0 �C 0

0 �T C 0 A �B 0

C B 0 B C 0 0

A 0 B A 0 B 0

0 �T C 0 �T C 0

C B 0 C B 0 0

0 0 0 0 0 0 0
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�$%&'()*���+ ,� (integer)-./� (discrete$0 �*1
234� )$05 67,�-./������� (Mixed integer/discrete

linear programming)89:67�1; #�<,�67$-#�<./
�678=>1?67@AB,�������CDEFGH3IJ$
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����� (#� )�g �hi�,�-./�$9jikIlm��
�nSoVC�pqr�st8%X���uSovu�2wG7x�
st8

,�������VE��JGay (1)Land<Doig�Uz<'�J
(branch and bound method){ (2)Gomory�|_J (cutting plane method)8
}~�Uz<'�J��E�./�$A9�����Pl�E9J$
�CU��o�G#��,�<./����8���|_J��e�
���8

Uz<'�J-|_J��R��en� (#� )������8|
_J �b���3�(lD����,������ ,��8�Uz
<'�Jv� ��,�����$D x3 = 3:76 W$U¡a4���
�y (1)��x3 � 3�'({ (2)��x3 � 4�'(8¢£��¤3Uz8
%¥9Uz������ �¦�$Xt§�U�f¦¨o8%©#R
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15.2 ØÙÚÛÜÝÞß

ÍÎÐà�,�������y

�áâ z =
NvX

j=1

cjxj (15.1)

ã(�
NvX

j=1

aijxj � bi ; i = 1; . . . ; Nc (15.2)

xj = 0; 1; 2; . . . ; j = 1; . . . ; Ni (15.3)

xj � 0 ; j = Ni + 1; . . . ; Nv (15.4)

}~Nc �(l��Æ{Nv ����Æ{Ni ,�����Æ$,
���CuºXRl§Tä~m#����å8 l (15.2)~�(�C 
�-=�]l$l (15.3)<l (15.4)~���æ,�-� 0�ç�'(À
$�C�R''(y0 dj � xj � 08 &l (15.3)�TU���+' 
xj = 0; v1j; v2j; . . . ; vmj; dj$vè��¡ 67./�������8��
���PlCé�ÐàÑj��y (1)#���{ (2)'� 0- 1�,�
��{ (3),���{ (4)./��8 Ä��uºêbëä~ìà8í�
}�Eîïnð$¹Gº»eñò�óU$�æ�=>1ô$��fõ
5¢*�� ,�������8
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15.3 üýþÿ��

DÐfÏEÐà���W��ôUz<'�J�G�ò�yí�Uz
��¦�$f ���êU����b� 1	
��$êUz�@�¡
X����� (tree)�$ ���m���~ �4�� (node)$f)�
���� (5���)<}Uz����� (5���)E��Ò!$0�
���8mUz<'�J~ ����ÃGa4���$U>5 ��
�<���$�G5 (� )���<� (� )��;8��fD����
5�8�2xi � k;m���{xi � k + 1;m���8

�áâ z = �2x1 � 4x2

ã(� 6x1 + 2x2 � 29

�2x1 + 8x2 � 16

x1; x2 = 0; 1; 2; . . .

�� Uz<'�J
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(1)Rà�� (�� 1)D��������C�y x1 = 3:85$ x2 = 2:96$
z = �19:548A}����,�$h�U�}Uz��y
(2)��� (�� 2)��x1 � 3�'({U�st yx1 = 3$x2 = 2:75$
z = �17:00$A�,��$}���+�x2e'(8
(3)��� (�� 3)��x1 � 4�'($U�st yx1 = 4$x2 = 2:50$
z = �18:00$��,��$}�����x2e'(8

�Ga4��Ã+e}Uz��$Q��;�e}Uz��$��
R¸������v$DÐ VE��v$� ������Pl�
�E;y� ÆÇÈ���á���$A}ÓGC!í}�����Æ
ÇÈ��á����8"r&)�� u7x�$v}����uC!
G7x�$A����'(#$É�����Fu%&qÅ$�uºe
è���Uz��8

êR'�v��� (2; 3)�ÆÇÈ� (�17:00;�18:00)�á��� 3 
���$ "e}�����y
(4)��� (�� 4)��x2 � 2�'($!�����'(x1 � 4$U�s
t yx1 = 4:17$x2 = 2$ z = �16:33$(�,��$}���+�x1e
'(8
(5)��� (�� 5)��x2 � 3�'($!�����'(x1 � 4$U�s
t yu7x�8

"r�� 4���x1$)*m}��� ,�� 4$%mè���+
�¡�,��4:178¢�¦çV�VG�,-8í9C.$)*���·
�x1 = 4�,��$%u!�h/x1 = 4$�f'(#$x1 � 4018

�æ�� 5 u7x�À$2G�� (2; 4)C� ���$ê}ÆÇ
È�� (�17:00;�16:33)��á;��� 2$"e}�����y
(6)��� (�� 6)��x2 � 2�'($!�����'(x1 � 3$U�s
t yx1 = 3$x2 = 2$ z = �14:00$ ,�7x�8
(7)��� (�� 7)��x2 � 3�'($!�����'(x1 � 3$U�s
t yu7x�8

���� 6�7x�$Q<·������ÉÓ34��;���
�5 nopt = 6$<ÆÇÈ�� zopt = �14:00$D �"+G,�7x
�oÉÓ�E8

6Æå 7$�8�� 4C� ���$A }¾��9�Ðà:j
,-���Ãuºe}����Uz��y (1)��1; 2; 3·e;}���
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{ (2)�� 5; 7 u7x�$}����uC!G7x�{ (3)�� 6 ,
�7x�$}���)�C! 7x�$%}ÆÇÈ��uwÉ���
F�$��uº¼e}����Uz��8 (4)¿À�jum���?�
�,- yè���ÆÇÈ��uÉ·�����,�7x� �8A 
}����ÆÇÈ�uwÉ���F�8

h�e�� 4������y
(8)��� (�� 8)��x1 � 4�'($!�����'(x2 � 2$CD�
���'(x1 � 4$U�st yx1 = 4$x2 = 2$ z = �16:00$ ,�
7x�8
(9)��� (�� 9)��x1 � 5�'($!�����'(x2 � 2$CD�
���'(x1 � 4$U�st yu7x�8

"r������'(#$$º+é�}RE�GD����'(
$�0XGFÔ-FG�'(Qã�H�'($A9)���R' �
è������GR'��á�$�}Ð'v �è������GÐ
'��S�8���E�����PlÍÎ��ÃGR''($ ���
GRÐ'�;$X x

u
j � xj � x

l
j$CE��� x

0

j E xj$D xj = x
0

j + x
l
j

EI����Ñl$0C��Q����Ñl8/ dj = x
u
j � x

l
j$v��

��RÐ'0Cg dj � x
0

j � 0�R''(Cç�'(8
"r�� 8 ,�7x�$}ÆÇÈ�� z = �16:00$É·����

�� zopt = �14:00F�$�������g nopt = 8$��ÆÇÈ��
g zopt = �16:008�A·¸���+e}Uz��$�Æå�����
�0 �,���������yx1 = 4$x2 = 2$ zopt = �16:008

��./����$&����)��� xj�� vk< vk+1�J$�
ud�¢*�o$ÒÁ�,����� ,�$+�è��eajUz
��y}������'( xj � vk{������'( xj � vk+18
}KeJ<,�;Ò�8

15.4 LMNOPQR�

mPlDLP~��I�ÆÇÈ��S�ZNOD(I)8}����5S�
MV X(1; I)8}���T��R-Ð'�(����5S�MVX(2; I) $
è�X 0UV� (� )�� ,��$0,���§ ,�8}� (� )

���R'�S�MVX(3; I)$��./�vWS}./��1Ç$WX
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xj � vko$MV X(3; I) = k8

¿ÀÁ)�� u7x�o$uºe}����Uz��$�Cu
EMV X(2; I)WS���5$A9/MV X(2; I)=�1(íPl INTCHKX
Y )$DÇVuºe}���8�Zm)��·e;}�����$Cf
MV X(2; I)��g [� (íPlSAV NODXY )$DÇVuºe}��
�8D9Il\2�$]Ð�4���o$Ì+�MV X(2; I) � 0���
~]ZNOD(I) �á���0C (ñ^PlNXTNOD)8ÐU R�W
����_`8
Node Mother JV JX Solution

I MV X(1; I) MV X(2; I) MV X(3; I) ZNOD(I) x1 x2

1 0 �1 3 �19:54 3:85 2:96

2 1 �2 2 �17:00 3 2:75

3 1 �2 2 �18:00 4 2:50

4 3 �1 4 �16:33 4:17 2

5 3 �1 0 � � �

6 2 0 0 �14:00 3 2

7 2 �1 0 � � �

8 4 0 0 �16:00 4 2

9 4 �1 0 � � �

15.5 aÙbcþdeÙNfghi

��j��ôPl~D ITY P (1; J)�ÇV���k]y#�D0ÇV
{ 0- 1,�D 1ÇV{,�D 2ÇV{./�D�mÇV8}~m�UV
è./�Gm4~J12�$ué��á� 0�<�S�R'� dj$Ä+
m > 08¿Àm���������$@í^Pl INTCHKlm���
�n ,�-./�$flm�stÇV� ITY P (3; J)y (1)D�1U
Vy (1a)#���{ (1b),���� ,�{ (1c)./��� ./�8
(2)D � 0UVy (2a),�����,��{ (2b)./����./�{
9o ITY P (3; J)d�É���á��S,�$-É���á��S./
��1Ç8ÏE9ÇV$ INTCHK0Co ITY P (3; J) � 0���~$]
?�4��JV <JX=ITY P (3; JV )$De U�Uz���E{X u
7x�o$v/JV=�189:��� JV <JX0pqPlSAVNOD$
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í}WS�MVX(2; NODE)<MV X(3; NODE)8
Á ITY P (1; J)=3o$��J ./�$}./� v1; v2; . . . ; vm+WS

mV AL(JP )6V AL(JP+m�1)~8�JPvS�ITY P (2; J)8"rvk+í
ápSìàÄ+S�08WXÐà_`�St; ./��x2�44~J1
2� (1:2; 2:5; 4:2; 6:3)<./��x4�34~J12� (0:8; 1:8; 3:4)8"r}
~ ITY P (1; 1)=0$UVx1 #���{ ITY P (1; 3)=2$UVx3 ,��
�{ ITY P (1; 5)=1$UVx5 0- 1,���8¢uj��� ITY P (2; J)

uº�E8

V AL(K)

K

1:2 2:5 4:2 6:3 0:8 1:8 3:4

1 2 3 4 5 6 7

ITY P (1; J)

ITY P (2; J)

J

0 �4 2 �3 1

1 5

1 2 3 4 5

15.6 vw�

|_J��RË�ÏE��#��������J��$*�xy
,�����,����Q��(l$ÏEÐ'eJ$�?�4�3�
(#$$e �������(l$¼D (#� )��������8X
(G�,��$¼D�ZIl½"���3�(l��$�p,���
�§ ,� 78�z\),���x3�� 9:6$m���{|l~$
}�Q��(l y

0x1 + 2x2 + x3 + 0x4 + 1:7x5 � 2:2x6 + 2:3x7 = 9:6

íRl}*C~ x2 = x5 = x6 = x7 = 0 �����$ x1< x4C! �
���8¢*���n �����DÐeJ¸�@8G�@; ¢
*���n ,���8�z\x7 #���$}K ,���8�C
fRlg�¡y

(2 + 0)x2 + (1 + 0)x3 + (1 + 0:7)x5 + (�3 + 0:8)x6 + 2:3x7 = (9 + 0:6)
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-

0:7x5 + 0:8x6 + 2:3x7 = 0:6 + (9 � 2x2 � x3 � x5 + 3x6)

A x5� x6< x7Ã ç���$Rld����@��Ã ç� (X x7�
@� [�$Q�f�G@����¼:x{X#����@�GçË
G[$vè�(l¸JED����(l$QgE}¾�(l )$�d�
�� (<�� )���2 ç�8A9�������º+� �0:6$nv
0uC!mx5�x6<x7 ç�o�Rl¡�8&������Ã ,�
��$v�����º ,�$v}u�+� �0:6$Ä�+� 08A9d
l����0u�+� 0$Ä�+� 0:68"r#���ÃQ4mdl�
�$Xx78A9C�Ðà� (ÓH� )�(ly

0:7x5 + 0:8x6 + 2:3x7 � 0:6 (15.5)

R'��(l05 |_8A }'(ÓH (í� 0g � 0:6)$�Cf
TU (¸,�'(Ð� )7xó�|æ8A9Á��3�(l��o$C
D��#���������,��8

(D� 15.3��W� (XÐ�U� )E|_J��XÐy
+-------------------------------------+-----------+-----

|-2.0000 8.0000 1.0000 .0000 | 16.0000 | -5

| 6.0000 2.0000 .0000 1.0000 | 29.0000 | -6

+-------------------------------------+-----------+- ^

|-2.0000 -4.0000 .0000 .0000 | .0000 | LI

|-4.0000 -10.0000 -1.0000 -1.0000 |-45.0000 * M

+-------------------------------------+-----------+-----

| 1 2 3 4 <-- LJ |

RU¥��C�Ðà�sty
+-------------------------------------+-----------+-----

| -.0385 -.1154 .1154 .0385 | 2.9615 | 2

| -.1538 .0385 -.0385 .1538 | 3.8462 | 1

+-------------------------------------+-----------+- ^

| -.4615 -.3846 .3846 .4615 | 19.5385 | LI

| .0000 .0000 .0000 .0000 | .0000 * M

+-------------------------------------+-----------+-----

| -6 -5 3 4 <-- LJ |

íRUC~ x1 = 3:8462$ x2 = 2:9615$ x3 = x4 = 08 x1<x2Ã�,�$
�}~á�TUÓS�x2�� 1�(l y

x2 + 0:1154x3 + 0:0385x4 = 2:9615 (15.6)
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"rRl�é��� x5< x6$A¢a4��Ã �\��$}�º+
 08êå'IJC�Ðà����(ly

0:1155x3 + 0:0386x4 � 0:9614 (15.7)

Rl~���@���$���V�v��$D��(;UH����
u7x�(8¥�IRl��(�0�Ðà����y
+-------------------------------------+-----------+-----

|-2.0000 8.0000 1.0000 .0000 | 16.0000 | -6

| 6.0000 2.0000 .0000 1.0000 | 29.0000 | -7

| .0000 .0000 .1155 .0386 | .9614 | -5

+-------------------------------------+-----------+- ^

|-2.0000 -4.0000 .0000 .0000 | .0000 | LI

|-4.0000 -10.0000 -1.1155 -1.0386 |-45.9614 * M

+-------------------------------------+-----------+-----

| 1 2 3 4 <-- LJ |

¼¥��C�Ðà�sty
+-------------------------------------+-----------+-----

| -.0385 -.1154 .9990 -.0001 | 2.0011 | 2

| -.1538 .0385 -.3330 .1667 | 4.1663 | 1

| .0000 .0000 -8.6580 .3342 | 8.3238 | 3

+-------------------------------------+-----------+- ^

| -.4615 -.3846 3.3300 .3330 | 16.3370 | LI

| .0000 .0000 .0000 .0000 | .0000 * M

+-------------------------------------+-----------+-----

| -7 -6 5 4 <-- LJ |

íRUC~ x1 = 4:1663$ x2 = 2:0011$ x3 = 8:3238$ x4 = x5 = 08x1<
x3Ã�,� (x2Cik� ,� )$C�E�Q�� 2-� 3�(l$D�
���(l8�A x5 #���$Ä}@�mèa�(l~Ã [�$
A9èa�(l�@�+���$�¡ l (15.8)<l (15.9)$¼Då'
Il:x�C��(l (15.10)<l (15.11)8l (15.8)�V�� (0.8336)Ó
(0.6761)S$�� ���(l$A9��à����8

�x1 � 0:1667x4 + 0:3330x5 = �4:1663 (15.8)

�x3 � 0:3342x4 + 8:6580x5 = �8:3238 (15.9)

0:8334x4 + 0:3331x5 � :8336 (15.10)

0:6659x4 + 8:6581x5 � :6761 (15.11)
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+----------------------------------------------+-----------+-----

|-2.0000 8.0000 1.0000 .0000 .0000 | 16.0000 | -7

| 6.0000 2.0000 .0000 1.0000 .0000 | 29.0000 | -8

| .0000 .0000 .1155 .0386 -1.0000 | .9614 | -9

| .0000 .0000 .0000 .8334 .3331 | .8336 | -6

+----------------------------------------------+-----------+- ^

|-2.0000 -4.0000 .0000 .0000 .0000 | .0000 | LI

|-4.0000 -10.0000 -1.1155 -1.0720 .6669 |-46.7950 * M

+----------------------------------------------+-----------+-----

| 1 2 3 4 5 <-- LJ |

¼¥��C�Ðà�sty
+----------------------------------------------+-----------+-----

| -.0385 -.1154 .9990 -.0001 .9990 | 2.0012 | 2

| -.1538 .0385 -.3330 .2000 -.3996 | 3.9996 | 1

| .0000 .0000 -8.6580 .4010 -8.7916 | 7.9895 | 3

| .0000 .0000 .0000 -1.1999 .3997 | 1.0002 | 4

+----------------------------------------------+-----------+- ^

| -.4615 -.3846 3.3300 .3996 3.1969 | 16.0039 | LI

| .0000 .0000 .0000 .0000 .0000 | .0000 * M

+----------------------------------------------+-----------+-----

| -8 -7 -9 6 5 <-- LJ |

íRUC~ x1 = 3:9996$ x2 = 2:0012$ x3 = 7:9895$ x4 = 1:0002$
x5 = x6 = 08x1< x2ÃCik� ,�$A90�����ÆÇÈ��
 �16:00398EÓ��á���|CD�Ó��st8QER�Cm�
��<,�ÒÊu��m%�îï��o�7�|D��oJ8

15.7 p������� q�N ¡i

z\l (15.12)� p4#$6¶»G q4#$+qÅo$C� �#$
Ñ���'� 0- 1�,��� yi$fl (15.12)gDl (15.13) E$¼
����(#$l (15.14)$0C¢p9Æ38l (15.13)~�@� di gi

�C!�S�-FS��$#£QEQu¤¥2$WX� di = 100$-
di = 1000d8"rÁ yi = 1ol (15.13)d�l (15.12)��({Á yi = 0o
l (15.13)�2w¡�$0�Q�l (15.12)uSm�¸¦E8

gi � 0 ; i = 1; 2; . . . ; p (15.12)

gi � di (1 � yi) � 0 ; i = 1; 2; . . . ; p (15.13)
pX

i=1

yi = q (15.14)
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Rà����,- y p=2$ q=1$0 g1 � 0- g2 � 0a;��+qÅ8
9=WC�hEl (15.14)�#$$0 y1 + y2 = 1$f y2D 1� y1 E$0
CÌ���4'� 0- 1�,��� y1$�fl (15.12)�a#$g y

g1 � d1 (1� y1) � 0 (15.15)

g2 � d2 y1 � 0 (15.16)

%"ryÁ p > 2o$D p=3 W$ y3u!D q � y1 � y2 E8A y1< y2

 0- 1o$ q � y1 � y2u�2 0- 1$�C!G}¾�$�u! E'
� 0- 1� y38

15.8 ³´µÙ¶·��¸¹º»¼�

��¼���jCDE0-1,���:x�,-yÁ)��xiS� s

o$�áâÆÇÈ�0+���½2� �ci$%Áxi � so$ÆÇÈ�0u
E��9½2� (kkÆÇÈ� ��xi�¾¿È� (step function)À@�
�ci)8}:xIl y���'� 0- 1�,��� y$fÆÇÈ���
�� �ci y$��Ðà��(l (l~�@� di<R�kk$ (xi � s)

�C!�S�-FS�� )y
(xi � s)� di y � 0 (15.17)

R':xIJ�çÁ��ôXÐyÁxi � so$RluÂ y = 0- y = 1Ã
w¡�$% �ÆÇÈ� �á$ yº+d� 0$� �ci0uw�pÆÇÈ
��8Ã�Á xi > so$Rà�(#$º+ y = 1Äw¡�$A9ÆÇÈ
��0�R �ci y = �ci8

15.9 Å 0Æ 1aÙÇ¼·��ÈÉ��N ¡i

z\)#$ g � 0m y = 1oº+qÅ{m y = 0ou�2»qÅ8�
&CÁ2 guwS�d$ÊÍ�15.7��eJ$CE�(l g�d (1�y) � 0

¢¡8A y = 1oè�(l0 g � 0{� y = 0o g£uã� 0�'(8
&+qÅ�#$ g < 0$vgD g + � � 0EË$}~ � ná�ç�$
Á g ,�oCE � = 18Ñj,-�Ì7ÍGÎjÃà�ÐU8U~�
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àV¿�kEJ yD��j�(l W$è�(lC�#$ g > 0¡�
o y = 0{#$ g > 0u¡�o yCDd� 0- 18

if then if then by assume

y = 1 g � 0 g > 0 y = 0 g � d (1 � y) � 0 g � d

y = 1 g � 0 g < 0 y = 0 g + d (1 � y) � 0 g � �d

y = 1 g < 0 g � 0 y = 0 g + �� d (1� y) � 0 g < d

y = 1 g > 0 g � 0 y = 0 g � �+ d (1� y) � 0 g > �d

y = 0 g � 0 g > 0 y = 1 g � d y � 0 g � d

y = 0 g � 0 g < 0 y = 1 g + d y � 0 g � �d

y = 0 g < 0 g � 0 y = 1 g + �� d y � 0 g < d

y = 0 g > 0 g � 0 y = 1 g � �+ d y � 0 g > �d

15.10 Å·��ÏÐ 0Æ 1aÙ�N ¡i

íRa��:xIlCEDxy#$ g � 0 �n¡��� 0-1�y�
$XÐU�V�Ì7ÍG:j8IJ�kk� 15.8��:xIl$�E�
4�(l$%mÆÇÈ�����$A9m������Q�Ñ,Ò�
Ó�ÆÇÈ��8IJa�E� 15.9��aj#$�Ì7$A9+�oE
a4�(l8WX��j�(lC�y#$ g � 0¡�o y = 1{u¡�
o y = 08è�(l�CE�y y = 1o#$ g � 0+qÅ{% y = 0o#$
g � 0uC¡�$0#$ g > 0+qÅ8

iif then by sec(15:8) or sec(15:9) assume

g � 0 y = 1 minimize � �c y g � �+ d y � 0 g > �d

g > 0 y = 0 g � d (1 � y) � 0 g � d (1 � y) � 0 g � d

g � 0 y = 1 minimize � �c y g + �� d y � 0 g < d

g < 0 y = 0 g + d (1� y) � 0 g + d (1 � y) � 0 g � �d

g � 0 y = 0 minimize �c y g � �+ d (1� y) � 0 g > �d

g > 0 y = 1 g � d y � 0 g � d y � 0 g � d

g � 0 y = 0 minimize �c y g + �� d (1� y) � 0 g < d

g < 0 y = 1 g + d y � 0 g + d y � 0 g � �d
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15.11 deÙÚÛÜÝØi

[U� ] ./�����J^Pl<ÙEPl
************************************************************************

PROGRAM DLPTST

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION AA(51,61),LLI(51),LLJ(61),D(110),X(110)

DIMENSION A(51,61),LI(51),LJ(61)

DIMENSION T(51,61),MI(51),MJ(61)

DIMENSION DLU(3,61),ITYP(3,61),VAL(1000)

DIMENSION ZNOD(1000),MVX(3,1000)

DATA NIA,NJA,NVAL/51,61,1000/,IS,IC/0,6/

C** ============================================================ **

C** Input data -----+------+--------------------+---------- **

C** SEQ | SETS | VARIABLES | FORMAT **

C** -----+------+--------------------+---------- **

C** 1 | 1 | IS,IC | 2I5 **

C** 2 | 1 | II,JJ,NY | 3I5 **

C** 3 | II | (A(I,J),J=1,JJ) | 8F10.0 **

C** 4 | 1 | (D(J),J=1,NY) | 8F10.0 **

C** 5 | 1 | (LI(I),I=1,II-1) | 16I5 **

C** 6 | 1 | (LJ(J),J=1,JJ-1) | 16I5 **

C** 7 | 1 | (ITYP(J),J=1,JJ-1) | 16I5 **

C** 8 | * | (VAL(K,*),K=1,m) | 8F10.0 **

C** -----+------+--------------------+---------- **

C** IS = File# to save origi. tableau (no re-perform if IS=0) **

C** IC = File# to save debug output (no debug output if IC=0) **

C** II,JJ = Numbers of rows and columns of simplex tableau **

C** NY = Maximum variable # which have upper bound to input **

C** (may include slack var but not artificial var) **

C** ------------------------------------------------------------ **

C** A(I,J) = Simplex tableau **

C** I=1,II-1;J=1,JJ-1 : For coeff. of variables : A(I,J) **

C** I=1,II-1;J=JJ : For RHS constants : B(I) = A(I,JJ) **

C** I=II ;J=1,JJ-1 : For objective function : C(J) = A(II,J) **

C** ------------------------------------------------------------ **

C** D(J) = Upper bound value for variable I **

C** ------------------------------------------------------------ **

C** LI(I) = Constaint equation type **

C** = +1 for lesser or equal constraint **

C** = -1 for greater or equal constraint **

C** = 0 for equal constarint **

C** LJ(J) = Variable # for column J of the table **

C** = 0 will be reset to J by this program **

C** ITYP(J) = 0 : Real variable **

C** = 1 : 0/1 integer var (D(J)=1 set by this program) **

C** = 2 : Integer var -> 0,1,2,...,D(J) **

C** =-m : Discrete var -> 0,VAL(1),VAL(2),..,VAL(m),D(J) **

C** VAL(1:m,*) = Discrete values for discrete variable **

C** ============================================================ **
10 READ (*,'(11I5)') IS,IC

IF(IS.GT.0) OPEN (IS,FILE='IDP.TMP',STATUS='NEW'

* ,FORM='UNFORMATTED',ACCESS='SEQUENTIAL')

READ (*,'(11I5)') II,JJ,NY

IF(II.EQ.0.OR.II.GE.NIA.OR.JJ.GT.NJA) STOP

DO 15 I=1,II

15 READ (*,'(11F10.0)') (A(I,J),J=1,JJ)



422 ª«¬ ®¯°±²³´µ
READ (*,'(11F10.0)') (D(J),J=1,NY)

READ (*,'(11I5)') (LI(I),I=1,II-1)

READ (*,'(11I5)') (LJ(J),J=1,JJ-1)

READ (*,'(11I5)') (ITYP(1,J),J=1,JJ-1)

C** +----------------------------------------------------------+ **

C** | Comput NX and fill D(NY+1:NX)=0 | **

C** | Setup LI(II-1),LJ(JJ-1),D(NX) for simplex tableau | **

C** +----------------------------------------------------------+ **

DO 20 J=1,JJ-1

IF(LJ(J).EQ.0) LJ(J)=J

20 CONTINUE

NX=JJ-1

DO 25 I=1,II-1

IF(LI(I).EQ.0) GO TO 25

NX=NX+1

IF(IABS(LI(I)).EQ.1) LI(I)=ISIGN(NX,LI(I))

25 CONTINUE

DO 30 J=1,NX

IF(J.GT.NY) D(J)=0.0

IF(D(J).LE.0.0) D(J)=1.0D30

30 CONTINUE

C** +----------------------------------------------------------+ **

C** | Read discrete values VAL(1:m,*) for ITYP=-m | **

C** +----------------------------------------------------------+ **

KNEXT=1

DO 40 J=1,JJ-1

IF(ITYP(1,J).EQ.1) D(J)=1.0

IF(ITYP(1,J).LT.0) THEN

KSTRT=KNEXT

KNEXT=KSTRT-ITYP(1,J)

IF(KNEXT.GT.NVAL) STOP 'VAL(*) TOO SMALL'

ITYP(2,J) =KSTRT

READ (*,'(8F10.0)') (VAL(K),K=KSTRT,KNEXT-1)

ENDIF

40 CONTINUE

C** +----------------------------------------------------------+ **

C** | Write data before calling IDP | **

C** +----------------------------------------------------------+ **

WRITE(*,'('' ********** DATA BEFORE CALLING IDP **********'')')

DO 45 I=1,II

45 WRITE(*,'(1X,1P11E10.3)') (A(I,J),J=1,JJ)

WRITE(*,'(1X,1P11E10.3)') (D(J),J=1,NX)

WRITE(*,'(1X,11I5)') (LI(I),I=1,II-1)

WRITE(*,'(1X,11I5)') (LJ(J),J=1,JJ-1)

WRITE(*,'(1X,11I5)') (ITYP(1,J),J=1,JJ-1)

C** +----------------------------------------------------------+ **

CALL DLP(A,LI,LJ,D,X,II,JJ,NIA,NJA,AA,LLI,LLJ,T,MI,MJ,IS,IC

* ,ICASE,DLU,ITYP,VAL,ZNOD,MVX,NVAR,NX)

C** +----------------------------------------------------------+ **

C** | Write data after calling IDP | **

C** +----------------------------------------------------------+ **

WRITE(*,'('' ========== DATA AFTER CALLING IDP =========='')')

DO 50 I=1,II

50 WRITE(*,'(1X,1P11E10.3)') (AA(I,J),J=1,JJ)

WRITE(*,'(1X,1P11E10.3)') (D(J),J=1,NX)

WRITE(*,'(1X,11I5)') (LLI(I),I=1,II-1)

WRITE(*,'(1X,11I5)') (LLJ(J),J=1,JJ-1)

WRITE(*,'(1X,11I5)') (ITYP(1,J),J=1,JJ-1)

C** +----------------------------------------------------------+ **

C** | Output feasible optimal solution | **
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C** +----------------------------------------------------------+ **

IF(ICASE.NE.0) GO TO 10

WRITE(*,'('' VALUES OF VARIABLES ='')')

WRITE(*,'(1X,1P8E10.3)') (X(J),J=1,NX)

WRITE(*,'('' OBJECTIVE FUNCTION ='',1PE15.8)') -AA(II,JJ)

GO TO 10

END

************************************************************************

SUBROUTINE DLP(AA,LLI,LLJ,D,X,II,JJ,NIA,NJA,A,LI,LJ,T,MI,MJ,IS,IC

* ,ICASE,DLU,ITYP,VAL,ZNOD,MVX,NVAR,NX)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION AA(NIA,NJA),LLI(NIA),LLJ(NJA),D(1),X(1)

DIMENSION A(NIA,NJA),LI(NIA),LJ(NJA)

DIMENSION T(NIA,NJA),MI(NIA),MJ(NJA)

DIMENSION DLU(3,1),ITYP(3,1),VAL(1)

DIMENSION ZNOD(100),MVX(3,100)

C** ============================================================ **

C** DIMENSION DLU(3,NVAR),ITYP(3,NVAR),VAL(1),D(NX),X(NX) **

C** ------------------------------------------------------------ **

C*I AA(II,JJ) = Simplex tableau **

C*I LLI(II-1) = -1/0/1 : Constraint type GE/EQ/LE **

C*O = -s/0/s : s/a = slack/artificail variable **

C*I LLJ(JJ-1) = 0/v : Variable for columns **

C*O = v : Set by this subroutine when input is 0 **

CIO D(NX) = Upper bound for each variable in simplex **

C*O X(NX) = Solution vector **

C*I II,JJ = Number of rows and columns in simplex tableau **

C*I NIA,NJA = Dimensions of A(NIA,NJA) **

C*W A,LI,LJ = Computing array for simplex method **

C*W T,MI,MJ = Working array for simplex method **

C** ------------------------------------------------------------ **

C*W DLU(3 ,IV) = Given upper bound = D(IV) for IV <= NVAR **

C*W DLU(1:2,IV) = Lower:Upper bound of variables(integer bound) **

C*I ITYP(1, IV) = Variable type : **

C*I = 0 : Real **

C*I = 1 : Integer 0 or 1 **

C*I = 2 : Integer 0, 1, 2, ... **

C*I =-m : Discrete value in table VAL(1:m,*) **

C*I ITYP(2, IV) = Pointer to the table VAL(*) for ITYP(1,IV)=-m **

C*I ITYP(3, IV) = Lower integer value of non-integer variable **

C*I VAL(*) = Discrete values for discrete variables **

C*W ZNOD(NODE) = Objective value at NODE **

C*W MVX(3,NODE) = Mother/JV/JX **

C*W NVAR = JJ - 1 = Number of variables (No slack var) **

C*W NX = Number of variables include slack variables **

C** ------------------------------------------------------------ **

C*W ZOPT = Z_optimal so far **

C*W NOPT = Node of the ZOPT **

C*W ZMIN = Minimum Z from all active node **

C*W NMIN = Node of the ZMIN **

C*W NODE = Number of nodes have been done **

C*W IV/IX = Integer variable/value for current node **

C*W JV/JX = Integer variable/value for the left node **

C*I IS,IC = File#/0/-1,File#/0 for subroutine LINEAR **

C** ============================================================ **

IV=0

IX=0

NODE=0

NMIN=0



424 ª«¬ ®¯°±²³´µ
NOPT=0

ZMIN=1.0D29

ZOPT=1.0D30

CALL SETLIJ(LLI,LLJ,D,DLU,II,JJ,NX,NIA,NJA,NVAR)

C** +----------------------------------------------------------+ **

C** | Set DLU(1:2,Nvar) = Lower:Upper bound of all variables | **

C** | Set DLU(1:2,IV) for integer variable at left/right node | **

C** | Set A(NIA,NJA),LI(NIA),LJ(NJA),D(NX) | **

C** | Perform linear programming computation | **

C** +----------------------------------------------------------+ **

20 CALL SETBLU(NMIN,MVX,DLU,ITYP,VAL,NVAR)

CALL ADDNOD(NODE,IV,IX,DLU,ITYP,VAL,NVAR)

CALL SETSMP(A,LI,LJ,D,NX,II,JJ,NIA,NJA,AA,LLI,LLJ,DLU,NVAR,ICASE)

IF(ICASE.GE.0)

*CALL LINEAR(A,LI,LJ,D,X,II,JJ,NX,ICASE,KKK,NIA,NJA,T,MI,MJ,IS,IC)

Z=-A(II,JJ)

IF(ICASE.LT.0) Z= 1.0D30

IF(ICASE.GT.0) Z=-1.0D30

C*1 WRITE(*,'('' DLP '',1P3E10.3,I5)') ZMIN,ZOPT,Z,ICASE

C** +----------------------------------------------------------+ **

C** | Reset X(1:NVAR) : From discrete values to real vaules | **

C** +----------------------------------------------------------+ **

CALL GETXVL(X,DLU,NVAR,ICASE)

C** +----------------------------------------------------------+ **

C** | Zmin = Zopt : Return after re-compute optimal solution | **

C** +----------------------------------------------------------+ **

IF(ZMIN.GE.ZOPT) RETURN

C** +----------------------------------------------------------+ **

C** | Integer check and Get next integer var/val JV/JX | **

C** | Save result of new node at MVX(3,++NODE) | **

C** +----------------------------------------------------------+ **

CALL INTCHK(X,ITYP,VAL,NVAR,JV,JX,ICASE)

CALL SAVNOD(NODE,ZNOD,MVX,Z,NMIN,JV,JX)

C** +----------------------------------------------------------+ **

C** | JV = 0 : All integer solution | **

C** +----------------------------------------------------------+ **

IF(JV.EQ.0) THEN

IF(Z.LT.ZOPT) THEN

ZOPT=Z

NOPT=NODE

ENDIF

ENDIF

IF(NODE/2*2.EQ.NODE) GO TO 20

C** +----------------------------------------------------------+ **

C** | After analyze left and right nodes | **

C** | Find next node with minimum Z : NMIN,ZMIN,IV,IX | **

C** +----------------------------------------------------------+ **

CALL NXTNOD(NODE,ZNOD,MVX,NOPT,NMIN,ZMIN,IV,IX)

GO TO 20

END

************************************************************************

SUBROUTINE SETBLU(NMIN,MVX,DLU,ITYP,VAL,NVAR)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION MVX(3,1),DLU(3,NVAR),ITYP(3,NVAR),VAL(1)

C** ============================================================ **

C** Set DLU(1:2,IV) = Lower:Upper bound of variable IV **

C** ------------------------------------------------------------ **

C** MVX(1,NODE) = Node number of mother node **

C** MVX(2,NODE) = JV : Next integer variable (active if JV>=0) **
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C** MVX(3,NODE) = JX : Next integer value **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Reset lower/upper bound of all variable | **

C** +----------------------------------------------------------+ **

DO 20 IV=1,NVAR

DLU(1,IV)=0.0

DLU(2,IV)=DLU(3,IV)

20 CONTINUE

IF(NMIN.LE.1) RETURN

C** +----------------------------------------------------------+ **

C** | Tracking back to set lower/upper bound by mother nodes | **

C** +----------------------------------------------------------+ **

NODE=NMIN

50 MO=MVX(1,NODE)

IF(MO.EQ.0) RETURN

IV=IABS(MVX(2,MO))

IX=MVX(3,MO)

IF(NODE/2*2.NE.NODE) IX=IX+1

C** +----------------------------------------------------------+ **

C** | Get XVAL = true value of variable IV at integer IX | **

C** +----------------------------------------------------------+ **

CALL INTVAL(IV,IX,XVAL,DLU,ITYP,VAL,NVAR)

C** +----------------------------------------------------------+ **

C** | NODE = 2, 4, 6, ... for left node : X(IV) <= XVAL | **

C** +----------------------------------------------------------+ **

IF(NODE/2*2.EQ.NODE) THEN

DLU(2,IV)=DMIN1(DLU(2,IV),XVAL)

ELSE

DLU(1,IV)=DMAX1(DLU(1,IV),XVAL)

ENDIF

C** +----------------------------------------------------------+ **

C** | Back to Mother node at upper level | **

C** +----------------------------------------------------------+ **

NODE=MO

GO TO 50

END

************************************************************************

SUBROUTINE ADDNOD(NODE,JV,JX,DLU,ITYP,VAL,NVAR)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION DLU(3,NVAR),ITYP(3,NVAR),VAL(1)

C** ============================================================ **

C** Set upper/lower bound for left/right node **

C** ============================================================ **

IF(JV.LE.0) RETURN

IF(NODE/2*2.EQ.NODE) JX=JX+1

CALL INTVAL(JV,JX,XVAL,DLU,ITYP,VAL,NVAR)

IF(NODE/2*2.NE.NODE) THEN

DLU(2,JV)=DMIN1(DLU(2,JV),XVAL)

ELSE

DLU(1,JV)=DMAX1(DLU(1,JV),XVAL)

ENDIF

C*1 WRITE(*,'('' ADDNOD'',1P3E10.3)') DLU

RETURN

END

************************************************************************

SUBROUTINE NXTNOD(NODE,ZNOD,MVX,NOPT,NMIN,ZMIN,JV,JX)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)
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DIMENSION ZNOD(NODE),MVX(3,NODE)

C** ============================================================ **

C** Find node NMIN with minimum ZNOD(NMIN) from active node **

C** ------------------------------------------------------------ **

C*O NMIN = Node number for next starting node **

C*O ZMIN = Objective value Z of the node NMIN **

C*O JV,JX = Next integer variable/value (JV<0 : infeasible) **

C** ============================================================ **

NMIN=NODE

IF(NOPT.NE.0) NMIN=NOPT

ZMIN=ZNOD(NMIN)

DO 20 N=1,NODE

IF(MVX(2,N).LT.0) GO TO 20

IF(ZNOD(N).GE.ZMIN) GO TO 20

NMIN=N

ZMIN=ZNOD(N)

20 CONTINUE

JV=MVX(2,NMIN)

JX=MVX(3,NMIN)

C*1 WRITE(*,'('' NXTNOD'',1PE10.3,4I5)')

C*1 * (ZNOD(N),N,(MVX(K,N),K=1,3),N=1,NODE)

C*1 WRITE(*,'('' NXTNOD'',1PE10.3,3I5)') ZMIN,NMIN,JV,JX

RETURN

END

************************************************************************

SUBROUTINE SAVNOD(NODE,ZNOD,MVX,Z,NMIN,JV,JX)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION ZNOD(1),MVX(3,1)

C** ============================================================ **

C** At NODE=NODE+1 : Save node data : ZNOD(NODE) & MVX(3,NODE) **

C** ============================================================ **

NODE=NODE+1

ZNOD(NODE)=Z

MVX(1,NODE)=NMIN

MVX(2,NODE)=JV

MVX(3,NODE)=JX

C** +----------------------------------------------------------+ **

C** | Set mother node to non-active (negative MVX(2,NMIN)) | **

C** +----------------------------------------------------------+ **

MVX(2,NMIN)=-IABS(MVX(2,NMIN))

C*1 WRITE(*,'('' SAVNOD'',1PE10.3,4I5)')

C*1 * ZNOD(NODE),NODE,(MVX(K,NODE),K=1,3)

RETURN

END

************************************************************************

SUBROUTINE INTVAL(IV,IX,XVAL,DLU,ITYP,VAL,NVAR)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION DLU(3,NVAR),ITYP(3,NVAR),VAL(1)

C** ============================================================ **

C*I IV = Integer variable **

C*I IX = Integer value of the var IV **

C*O XVAL = Real value of the var IV = IX or VAL(IX+ITYP(2,IV)-1) **

C*I ITYP(1,IV) = 0 : Real value **

C** = 1 : 0 or 1 **

C** = 2 : Integer value : 0, 1, 2, ... **

C** =-m : Use discrete values for intermidiate values **

C** in VAL(IYPE(2,IV):ITYP(2,IV)+m-1) **

C** ============================================================ **
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IF(ITYP(1,IV).EQ.0) THEN

STOP 2222

ELSE IF(ITYP(1,IV).GT.0) THEN

XVAL=IX

ELSE IF(ITYP(1,IV).LT.0) THEN

ID=ITYP(2,IV)+IX-1

IF(IX.LE.0) THEN

XVAL=0.0

ELSE IF(IX.LE.IABS(ITYP(1,IV))) THEN

XVAL=VAL(ID)

ELSE

XVAL=DLU(3,IV)

ENDIF

ENDIF

RETURN

END

************************************************************************

SUBROUTINE INTCHK(X,ITYP,VAL,NVAR,JV,JX,ICASE)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(NVAR),ITYP(3,NVAR),VAL(1)

DATA EPS/1.0D-6/

C** ============================================================ **

C*I ICASE = -1/0/1 : Infeasible/feasible/unbounded **

C*O ITYP(3,IV) = -1 : Variable is integer/discrete **

C*O >= 0 : Variable is not integer/discrete **

C*O JV,JX = Next integer variable/value (JV=-1:infeasible) **

C** ============================================================ **

JV=-1

JX=0

IF(ICASE.LT.0) RETURN

DO 50 IV=1,NVAR

ITYP(3,IV)=-1

IF(ITYP(1,IV).EQ.0) THEN

ITYP(3,IV)=-1

ELSE IF(ITYP(1,IV).GT.0) THEN

IX=X(IV)+EPS

IF(DABS(IX-X(IV)).GT.EPS) ITYP(3,IV)=X(IV)

ELSE IF(ITYP(1,IV).LT.0) THEN

VALS=0.0

ISTRT=ITYP(2,IV)

ISTOP=ISTRT-ITYP(1,IV)-1

DO 20 ID=ISTRT,ISTOP

IF(X(IV).LE.VAL(ID)) THEN

XI=(X(IV)-VALS)/(VAL(ID)-VALS)

IX=XI+EPS

IF(DABS(IX-XI).GT.EPS) ITYP(3,IV)=ID-ISTRT

GO TO 50

ENDIF

VALS=VAL(ID)

20 CONTINUE

ENDIF

50 CONTINUE

C** +----------------------------------------------------------+ **

C** | Find JV/JX : Non-integer variable/value for left node | **

C** +----------------------------------------------------------+ **

C*1 WRITE(*,'('' INTCHK'',10I5)') (ITYP(1,IV),IV=1,NVAR)

C*1 WRITE(*,'('' INTCHK'',10I5)') (ITYP(2,IV),IV=1,NVAR)

C*1 WRITE(*,'('' INTCHK'',10I5)') (ITYP(3,IV),IV=1,NVAR)

JV=0
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DO 60 IV=1,NVAR

IF(ITYP(3,IV).LT.0) GO TO 60

JV=IV

JX=ITYP(3,IV)

C*1 WRITE(*,'('' INTCHK'',2I5)') JV,JX

RETURN

60 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE SETSMP

* (A,LI,LJ,D,NX,II,JJ,NIA,NJA,AA,LLI,LLJ,DLU,NVAR,ICASE)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION AA(NIA,NJA),LLI(NIA),LLJ(NJA)

DIMENSION A(NIA,NJA),LI(NIA),LJ(NJA),D(NX)

DIMENSION DLU(3,NVAR)

C** ============================================================ **

C** Input : AA,LLI,LLJ; Output : A,LI,LJ,D of simplex tableau **

C** ------------------------------------------------------------ **

C*O ICASE = -1 : for infeasible case due to XL > XU (= 0 else) **

C** ============================================================ **

DO 50 J=1,JJ

LJ(J)=LLJ(J)

DO 40 I=1,II

A(I,J)=AA(I,J)

40 CONTINUE

50 CONTINUE

DO 60 I=1,II

LI(I)=LLI(I)

60 CONTINUE

ICASE=0

DO 80 J=1,JJ-1

D(J)=DLU(2,J)-DLU(1,J)

IF(D(J).LT.0.0) ICASE=-1

IF(DLU(1,J).EQ.0.0) GO TO 80

DO 70 I=1,II

A(I,JJ)=A(I,JJ)-A(I,J)*DLU(1,J)

70 CONTINUE

80 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE GETXVL(X,DLU,NVAR,ICASE)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(NVAR),DLU(3,NVAR)

C** ============================================================ **

C** Transform solution of Simplex tableau to Original equation **

C** ============================================================ **

IF(ICASE.LT.0) RETURN

DO 20 IV=1,NVAR

X(IV)=X(IV)+DLU(1,IV)

20 CONTINUE

C*1 WRITE(*,'('' GETVAL'',1P8E10.3)') X

C*1 WRITE(*,'('' GETVAL'',1P3E10.3)') DLU

RETURN

END

************************************************************************

SUBROUTINE SETLIJ(LI,LJ,D,DLU,II,JJ,NX,NIA,NJA,NVAR)
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C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION LI(NIA),LJ(NJA),D(NJA),DLU(3,1)

C** ============================================================ **

C*I LI(I) =-1/0/1 : GE/EQ/LE constraint for row I **

C*O =-s/0/s : s = Slack variable number > NVAR **

C*I LJ(J) = 0/K : K = Variable number for column J **

C*O = J/K : J = Variable number for column J **

C*I D(K) = 0/U : U = Upper bound for variable K **

C*O = M/U : M = 1.0D30 for no-upper-bound variable K **

C*O DLU(3,K) = D(K) : For K <= NVAR **

C*I II = Number of total rows in A(II,JJ) <= NIA **

C*I JJ = Number of total cols in A(II,JJ) <= NJA **

C*O NVAR = JJ - 1 **

C*O NX = NVAR + Slack variables **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Set NVAR,NX,LI(II-1),LJ(JJ-1),D(NX) for simplex tableau | **

C** | Save D(1:NVAR) in DLU(3:3,1:NVAR) for int bounds setup | **

C** +----------------------------------------------------------+ **

DO 30 J=1,JJ-1

IF(LJ(J).EQ.0) LJ(J)=J

30 CONTINUE

NVAR=JJ-1

NX=JJ-1

DO 35 I=1,II-1

IF(LI(I).EQ.0) GO TO 35

NX=NX+1

IF(IABS(LI(I)).EQ.1) LI(I)=ISIGN(NX,LI(I))

35 CONTINUE

DO 38 J=1,NX

IF(D(J).LE.0.0) D(J)=1.0D30

IF(J.LE.NVAR) DLU(3,J)=D(J)

38 CONTINUE

RETURN

END

************************************************************************
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ã(� 6x1 + 2x2 � 27

�2x1 + 8x2 � 16

x1; x2 = 0; 1; 2; . . .

2. Ùf�ÛPleÐà�Ügym^Pl INTCHK~$� ����
�(�� y}��� �,�%�hi,�;8���ÛPl@
����5Óá;8
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16.1 
�

���������������� 0� 1���� !�"#
����� (Zero{one linear programming)$%&'�(������
)*+,-�"#������./"#�������,01&
�23����45678�9Nv:���45;�� 2Nv�<�(�
���������45 (,��=2> )�?�@A,-BC�D�
EF-G�"#�����$H'IJK�LMN (Balas)F �O-
�D�PQEFR 2NvS458TUVW�$

XYZI���[\]^_`a ,bcAd���efgh_`i
j� ef5X�kEa!�laPQ$9m5X m,��VW�n
9�5X��opqrstuvwx��y��uz5X�{�W�|
,stA��VW�$XYZ9}2NvS45����~laPQ��=
5X���p,R5X�8T�VW�$I�����t����t�
��!�����t����!uz���1R��$��R����
y<�st1R��m��B����m,�gh_`ij�uvwx
��m,�y�G0�5X�{CW���Nf�1R����v� ,
mp}2Nf :��45~laPQ$kEa !�aPQ$�B�aPQ
&�,-��D��st�>��45m,��VW����q~��
�2�3�laPQ� ,G0VW�$

"#������,���������  (1)"#����
��n (2)(�������$/A¡¢������,£&�¤¥
¦§�¨�"#�����$�©�¤¥¦§�IªH'«¬JK$
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16.2 ·¸¹º»¼½¾

¿À���"#����� 

VÁÂ z =
NvX

j=1

cjxj + d (16.1)

NvX

j=1

aijxj + bi � 0 ; i = 1; . . . ; Nc (16.2)

xj = 0 or 1 ; j = 1; . . . ; Nv (16.3)

�Ã��ÄÅÆZ�EÇ�a (16.1)8� cj�m��È��É_`a��
� 0�ij�vwx�q�ÊÁÂ$H'ËY����ÌÍ�kÎa$

_`a9�� 0�ij�,I��Ï�ÐÑ��Ò� ,Ó�� 0�
ij$vwx�9�ÊÔÂ��,I��Ï�ÐÑ��Ò� ,Ó�Ê
ÁÂ�vwx�$9 cj�È��,I}@��xjÓ� 1�x0

j
� ,ÕÖ�

�x0
j
�Ï��cj�¨×�$ØÙvwx�8 Ñ�Ú@Ó� d+ cj$_`

a8 Ñ�Ú@Ó� bi + aij�x0
j
�Ï��@�ÒÓ��aij$

16.3 ÛÜÝÞßàáâ·¸¹º»¼½¾

HãI�äåS,-RæçFG��G0èÅ�����é�� 
(1)ê&S�é�� _`aÑ�Ú�� 0$����ë� 0�5X�$
���"#������,-ìlíUuVW�� x

1
= x

2
= x

3
= 0�

 ���ë� 0�u}@�VÁvwx��� z = 0$/� (1)vwx��
Ï� cj = (5; 2; 1)ë�×�nÐ (2)_`a�Ñ�Ú bi = (1; 5; 7)ë�È��
 � 0$�R (1)îï���R 0�� 1�ðÕ zÔª 0��VW�nR (2)

î����� 0�_`ij�ðgh$
z = 5x

1
+ 2x

2
+ x

3

5x
1
+ 4x

2
� 2x

3
+ 1 � 0 ( 1 � 0 )

4x
1
� 2x

2
+ 3x

3
+ 5 � 0 ( 5 � 0 )

�x
1
+ 2x

2
+ 4x

3
+ 7 � 0 ( 7 � 0 )

(2)ê¡S�é�� ,£����st=5X�$
£R�������,î�&_`aef,�gh I bi¬Z��×��
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aij��uû�È��o,stA_`ijm,�gh$/A�F�0�
������ 0� 1�ij�_`aüý�,�VÔ�$���£k��
��stï&_`ijm,�gh� ,stA��=5X�$þ��
��ÿ_`a����1 + 5 + 4 = 8��5 + 4 + 3 = 2��7 + 2 + 4 = �1�
u8ê 3��È (�1)��î_`a 3m,�gh$/kA��=5X�$

z = 5x
1
+ 2x

2
+ x

3

5x
1
+ 4x

2
� 2x

3
� 1 � 0 ( �1 + 5 + 4 � 0 )

4x
1
� 2x

2
+ 3x

3
� 5 � 0 ( �5 + 4 + 3 � 0 )

�x
1
+ 2x

2
+ 4x

3
� 7 � 0 ( �7 + 2 + 4 6� 0 )

Z�¡S��s��Å�����@B,�mð��������
��Hã���ì�¡S�é��1*�uB	��ÉÔ�B	$&

���������Z,-� 2Nv � 1S,�����45�laPQ
$/kZ�¡S67�����Ðbc�}ï������@Aæ�p
~���$H'IJK�LMNFð-&t��o�Ít&�����
�0�1�����!�t����uz��o!�1R��$ It��
���]^���� ,0&��1R���Ö��$RkEa�0�
Ö����,��/k���>�ð���¡S�é��$��ZLM
NF�e��¡S�é������>����45�laPQ$�9
ê 16.8ã�����I�� x

1
�t� 0�Ix

1
= 0]^Aa� ,0Z�

�ê¡S�é�� (���Ò�� 1)�Rk,m£ 23 � 1 = 7S���4
5�laPQ��stx

1
= 0�m,��5X�$

(3)êÿS�é�� vwx��Z2�,£����î���q� 0$
������}vwx��¬&Z2ij� z < zmax�ÍH��zmax = 6

�o£R�������,î�&��efpqdª 0 �� d + cj��
A�Ôª�dªZ2� zmax�o,st�� xjpqdª 0$/� xj = 1

o}@� z = d+ cj � zmax mghZ2ij$þ���vwx�a��
2+5 = 7�2+2 = 4�2+1 = 3�u8�7 � 6��î��x

1
pqdª0$

z = 5x
1
+ 2x

2
+ x

3
+ 2 ( z < 6 )

5x
1
+ 4x

2
� 2x

3
� 1 � 0 ( 2 + 5 6< 6 )

4x
1
� 2x

2
+ 3x

3
� 5 � 0 ( 2 + 2 < 6 )

2x
1
+ 2x

2
+ 4x

3
� 7 � 0 ( 2 + 1 < 6 )
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(4)êåS�é�� vwx��Z2��uÑ�Ú�Ôª�dªZ2�$
�9Z��vwx��Z2�Ó� zmax = 1�o/������ 0���
0� z = d = 2�VÁ���£Ôª�dª zmax��,stu�m,�Õ
vwx�ÁªZ2�$ØÙH�é��+ð�bc�êÿS�é��� 
!I�����t�0�.ubcBd � zmaxyêÿSB>!d+ cj � zmax

����@"bcef�êåS�é��$
Z�¡S�é��}vwx��Z2ij�Ä%¡S�é��&�

m#ð$����ZUþ$.$LMNF�PQ�%8;��ðT�5
X��oZ�� zmax �5X�8�VÁvwx�� zopt$,&&���
>�ð���S����$��'Nv:��8stu8&:����o
,� 2Nv�1S,�����45�laPQ$

ØÙbcêÿS�é��(<ê¡S�é���������bc
ef��åS�é���)*� ê&S+êåS+êÿS+ê¡S$

16.4 ,-./0â12345

-���vNv = 4�������45;�� 24 = (1 + 1)4 = 1 +

4 + 6 + 4 + 1 = 16��I6&S45æ�&:78 (node)�I�� i:�
��� 1�789ªê i:  ê 0:��&78� (0; 0; 0; 0)nê 1:;�
å78� (1; 0; 0; 0)� (0; 1; 0; 0)� (0; 0; 1; 0)� (0; 0; 0; 1)nê2:;�<78
� (1; 1; 0; 0)� (1; 0; 1; 0)� (1; 0; 0; 1)� (0; 1; 1; 0)� (0; 1; 0; 1)� (0; 0; 1; 1)n
ê 3:;�å78� (1; 1; 1; 0)� (1; 1; 0; 1)� (1; 0; 1; 1)� (0; 1; 1; 1)nê 4:

��&78� (1; 1; 1; 1)$�Z:��&78Ä�:�=&78����
�&:m�d (Z:{� 0n�:{� 1)�oIA¡78B&7> ( )�
?� ,¨�@&�A�:!Ð7>@$@878ZwAª [ ]B{���
��1���Ò��!78���A78o�!�����78n 7>Z
�wA{��?�¡88����m�d���Ò��!7>���A
7>o�!����7>$ØÙ@8Z:78�78��¬Z�£7>
�7>�� ��:78�78���� �:78<Z:{>&��
�� 1����k���7>��$�LMNFC!LMND¬F (Balas'

additive algorithm)$ØÙ7>@86&78]E"#������&
4,��$
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@& ���45�:!Ð7> @¡ PQ>ÄPQ78

16.5 LMNßâOP5¹

LMNF�oZÏ)Q&i9@¡�A�PQ>�>ZwA�
Ò��R£A>�)* (S]@&8wA�7>Ò� )�78ZwA�
TU)*o�PQA78�)*$ØÙ6&>��¡:Ò��$7>
üý{V�R>�$Wý{VZR>$78Z��md�v�TU
�6&mXTU]E}78�&!PQ$YZ�PQ78�[\�$}
X&78~"]¡!PQ���I��Ít�mX^_� ,`a�î
�[\��Õ¡!PQmX$-78 [1]�� PQ8 b� x

1
=1�t��

�� x
2
; x

3
; x

4
�1R��nPQ8 j�x

1
=1�x

2
=0�t���� x

3
; x

4
�

1R��nPQ8 n� x
1
=1� x

2
=x

3
=0�t���� x

4
�1R��nP

Q8 p�x
1
=1�x

2
=x

3
=x

4
=0�t����=1R��$1R���9ë

� 0� �PQ8����n9�èÅ1R���� 1�o�APQ8�
].$bZ:PQ8�%�£PQ8����$�9$PQ8 j�]�$
bZ:PQ8 q�%�£PQ8�k; l;m; n; o; p (Å�$78 [1; 3]+ [1; 3; 4]

+ [1; 4]Ä [1])�u1R�� (x
3
; x

4
)�� $k;m8� (1; 0)+$ l8� (1; 1)

+$ o8� (0; 1)+$ n; p8� (0; 0)n.t��� (x
1
; x

2
)��o��X�

(1; 0)$�I j8�t�����]^����a8� ,0��1R��
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(x

3
; x

4
)�Ö��$}AÖ��,PQuef�åS�é���&�9c

eê&S (��� 0�5X� )� ,st-]ÿ:78m,��CW�5
X�n9�ê¡S (m,��5X� )� ,st-]ÿ:78m,��
5X�n9�êÿS (����q� 0)�Íx

3
��q� 0� ,std�

peR£x
3
7>�]�¡:78 [1; 3]Ä [1; 3; 4]n9�êåS (vwx�m

Áª�îVW� )� ,st-]ÿ:78m,��CW��$}ªêÿ
S�é���,f� k; l;m�PQ8�[\�PQ8n$}ªuzÿS�
é���,f� k; l;m;n; o; p�PQ8�[\�PQ8 q$

16.6 ghijkOP5¹

RZã��ì,îLMNF$PQ�PQ8��}6&���Ít
�t����1R���þ-lw ID(J)�9�EawA��J�^_ 
(1)t���u�� 1��!� 1����B ID(J)=1wA$
(2)t���u�� 0��!� 0����B ID(J)=� 1wA$
(3)1R���B ID(J)=0wA$

ØÙZã�PQ>�¡:me��  (1)RZ:PQ8n�:PQ
8�o7>�mmp� (2)R�:PQ8bZ:PQ8�o�7>$�Ã
�OqrPQ>R£�7>ÄPQ8����J�^_B ID(J)EA�
�=�B&:st (stack)uv��t����Ò��-EÇT�b%7
>ÐÍt��^_$�wst�-"x]U (� ]x"U )�Eaux
�SUst8��Z$/k���K<��J"R1R���¨�t��
�uxst8�o��K��$��J�]1st8SU�yz�1R�
�$Íst� IS(NS)�NS�stZ�t�����v$þ-Zã�P
Q>��ì9��BkstÄ��^_{r`(iPQ>�Rx$

-��ì|}¿ [E& ]�E8� a; b; c; . . .}@@¡�PQ8�)*$
(1)$8 a�������1R���� ID(1)=ID(2)=ID(3)=ID(4)=0�
NS = 0$$8 a~�,o7>� 4i��q�1R���}@�7>�!
�,R7>$�@¡���x

1
=1�7>n8 b(7>��F=�]� )$

(2)$8 b�78�� x
1
=1Ó� 1����9ªstZ (Ó� ID(1)=1�

NS=NS+1=1� IS(NS)=1)�u� ID(�)�m�$1R��Ä,R7>�
3��@¡���x

2
=1�7>n8 c$

(3)$8 c�78�� x
2
=1Ó� 1����9ªstZ (Ó� ID(2)=1�
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NS=NS+1=2� IS(NS)=2)�u� ID(�)�m�$1R��Ä,R7>�
2��@¡���x

4
=1�7>n8 d$

(4)$8 d�78�� x
4
=1Ó� 1����9ªstZ (Ó� ID(4)=1�

NS=NS+1=3� IS(NS)=4)�u� ID(�)�m�$þ���� x
3
=1��

&,R7>n8 e$
[E& ] @¡PQ>8PQ8���^_ÄstB�

+------+--------------+--------------+--------------++--------------+

| node | x1 x2 x3 x4 | ID(*) | IS(*) || IDS(*) |

+------+--------------+--------------+--------------++--------------+

| a | 0 0 0 0 | 0 0 0 0 | || |

| b | 1 0 0 0 | 1 0 0 0 | 1 || 1 |

| c | 1 1 0 0 | 1 1 0 0 | 1 2 || 1 2 |

| d | 1 1 0 1 | 1 1 0 1 | 1 2 4 || 1 2 4 |

| e | 1 1 1 1 | 1 1 1 1 | 1 2 4 3 || 1 2 4 3 |

| f | 1 1 0 1 | 1 1 -1 1 | 1 2 4 3 || 1 2 4 -3 |

| g | 1 1 0 0 | 1 1 0 -1 | 1 2 4 || 1 2 -4 |

| h | 1 1 1 0 | 1 1 1 -1 | 1 2 4 3 || 1 2 -4 3 |

| i | 1 1 0 0 | 1 1 -1 -1 | 1 2 4 3 || 1 2 -4 -3 |

| j | 1 0 0 0 | 1 -1 0 0 | 1 2 || 1 -2 |

| k | 1 0 1 0 | 1 -1 1 0 | 1 2 3 || 1 -2 3 |

| l | 1 0 1 1 | 1 -1 1 1 | 1 2 3 4 || 1 -2 3 4 |

| m | 1 0 1 0 | 1 -1 1 -1 | 1 2 3 4 || 1 -2 3 -4 |

| n | 1 0 0 0 | 1 -1 -1 0 | 1 2 3 || 1 -2 -3 |

| o | 1 0 0 1 | 1 -1 -1 1 | 1 2 3 4 || 1 -2 -3 4 |

| p | 1 0 0 0 | 1 -1 -1 -1 | 1 2 3 4 || 1 -2 -3 -4 |

| q | 0 0 0 0 | -1 0 0 0 | 1 || -1 |

+------+--------------+--------------+--------------++--------------+

(5)$8 e�78��x
3
=1Ó� 1����9ªstZ (Ó� ID(3)=1�

NS=NS+1=4� IS(NS)=3)�u� ID(�)�m�$/�=~��,R7>
�pq)�>ZRbZ:n8 f$
(6)$8 f �b%�ZR7>��x

3
qÓ� 0���.�$stZ (Ó�

ID(3)=�1�NS=4m� )�u� ID(�)�m�$ /�=~��,R7>�
pqr)�>ZRbZ:n8 g$
(7)$8 g��b%ZR7>��x

4
qÓ� 0��� (Ó� ID(3)=�1)��

$8 f�Í� 0����x
3
�@�8 g�1R���pqIu ID(3)Ó� 0

��1stSU$
��Z$~�=,R7>�pqbZ:��pq'stS0bZ:

��>��9$R8 eb8 f �%��KV=IS(NS)=3� ,S0b
%� x

3
7>$.e$R8 f b8 g�%��KV=IS(NS)=3��S0�

x
3
7>��b%7>��e8 f ��R7> (R ID(3)=�10î )�k�

×�,-�BkKV=3I}@�� x
3
R 0���yz�1R���1
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stSU (� ID(KV )=0�NS=NS�1)$/��S0b%7>����
KV=IS(NS)=4�þR ID(4)=1,îu�b%7>$�kKV=4I}@�
� x

4
R 1���Ó� 0����$stZ (� ID(KV )=�1�NS=3m� )

$ ,~8 g�PQ$8 gPQ]��o��x
4
��&�R7>n8h$

(8)$8 h�78�� x
4
=1Ó� 1����9ªstZ (Ó� ID(4)=1�

NS=NS+1=4� IS(NS)=4)�u� ID(�)�m�$/=�R7>�q)�
>ZRbZ:n8 i (�KV=IS(NS)=3�R ID(3)=1îu�b%7> )$
(9)$8 i���x

3
=0Ó�0����$stZ (Ó� ID(3)=�1�NS=4m

� )�u�ID(�)�m�$/�=~��,R7>�pq)�>ZRbZ:
n8 j �KV=IS(NS)=3�R ID(3)=�1îu�b%7>�IuR0��
�yz�1R�� (� ID(3)=0�NS=NS�1=3)�r�KV =IS(NS)=4

�R ID(4)=�1îu��b%7>�IuR 0���yz�1R�� (�
ID(4)=0�NS=NS�1=2)���KV =IS(NS)=2�R ID(2)=1îu�b
%7>$b8 j-] ,�¢�~F�Bst�uS�)�o���PQ
8n e0��$E8��U%��PQ8��Z�u�{,1R���Z$

9c�st���È{ (9E8V]&� IDS(�)� )EAu� 0��
�� ,mpB^_lw ID(�)$.PQ�<ÑB�[��1R���Ï
����I1R��Ò�v$st]����9�foPQÅÆ�ð�
mEÇ$kSEa�Õst��<p���H'���%a���B$

16.7 LMNßâOP ß

LMNFÏ)Q9@¡�A�PQ> (�%¡ã )� }�£��P
Q8Guvwx��Ð_`��- (la )PQef�VW�$X�}A
PQ8æ�1R���Ö���- (�a )PQuef�åS�é���
&�9e ,f�èÅPQ8$9cd�,f��PQ8�oPQ>
ð£�ëè78��,T�VW��st=5X�$

-��LMNF�PQ�� (�¡%aFINDKV ) 
(1)�Z � Zopt�o�KV =0�¢_PQ$�ê&�êåS�é��$
(2)}�� ID(J)=0�1R�� � Z+C(J) � Zopt¨£�o�KV=�J

�¢_PQ$�êÿS�é��$
(3)}�� G(I)<0�m¤_` � G(I)¬Z��×��1R��Ï�
A(I; J)�û�Áª 0�o�KV=0�¢_PQ$�ê¡S�é��$
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(4)}�� ID(J)=0�1R�� ��§_`�G(I)+A(I; J)�IÈ�{
�¬�y<0A��VÔ{���J�.�A�dª0�o�C(J)�VÁ
{���J (/�k�EA�&PQ8�5X����VÁC(J)-Õuv
wx���VÁ )��KV=J�¢_PQ$

Z�PQ�¢c9�KV=0� EAd�,�R7>���£HP
Q8� (�a )PQst£u�R7>�PQ8=VW��/k,-f�
�mp~ (la )PQ$9PQ¢c�KV =�J� EA1R��J,Ó�
0���$9PQ¢c�KV=J� EAR1R��J��R7>,¨�
&PQ8$YZKV �~��9� (��¡%aZERONEÐZã�ì ) 
(1)�KV=J I1R��JÓ�1����9Jªst���:PQ8$
 �ID(J)=1�NS=NS+1�IS(NS)=J$���:PQ8�ZÄG(I)$
(2)�KV =�J I1R��JÓ� 0����9Jªst�©$X78$
 � ID(J)=�1�NS=NS+1� IS(NS)=J$
(3)�KV =0 "1stS0HPQ8�0���IuÓ�1R���V]
�1stS0bZ:PQ8�ZR7>�IZR7>��Ó� 0����
�Z:PQ8$ �KV =IS(NS)��ID(KV )=�1�� ��R7>�0

����R ID(KV )=0�NS=NS�1�Ó�1R����'st���m
pk�%n� ID(KV )=1�� �ZR7>� 1����R ID(KV )=�1

�Ó� 0���$��Z:PQ8�ZÄG(I)$
�� (1)(3)q��PQ8�ZÄG(I)��RCOMPGZ��$/�R

&PQ8n=&PQ8�u8&:���Ó����� Z�G(I)�ª¬
�«A���Ï� ,$9�<W�o¬©��^_ ID(�)ª IM(�)$

ØÙ�R7>���t�=®}�VW¯o�°n-±�²�~
t+,-G�$=�$G05X�]�,-�¬&2`ij� vw
x�Áª�G0�VÁvwx��$kij,r³^�_`ij��
45$Geo�rion´µ¶-�����&F��A45Ï�-G0V�
·�2`a$&����¸��2`ij��<¹º2`�,�¬»G
���Õm5X�C�¼st$.u�¸���3ef�<�«?�L
MNF���3�?��@�¿À�/½$H'�¾�%a���B$

16.8 ¿À

%Á�ã�ÅÆ�LMNF�§ÚÂã�-�r-&��~�ì$
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z = 3x
1
+ 5x

2
+ 2x

3
+ x

4

�x
1
+ 5x

2
+ 4x

3
� 2x

4
� 1 � 0

4x
1
+ 4x

2
� 2x

3
+ 3x

4
� 5 � 0

4x
1
� x

2
+ 2x

3
+ 4x

4
� 7 � 0

(1)§E8ü�èÅ��a-§t�����]^]�Öa$���1R
���Ï�$ ddª 1���� cj�û$ gidª biÄ 1���� aij�û$
(2)§E8W�èÅ�}PQ8�Ö����aPQÅÆ 
(2a)$ d�Wý���v%�î�VW� zopt� �E�=5X�,æ�=
ÃÔ�$� d � zopt� ,�KV=0�¢_PQ��ê&�êåS�é�
�$8 (d)Ä (l) V��¡PQ8��5X�$5X��PQ8�ê&S
�é��n�5X��PQ8�êåS�é��$
(2b)$8 (g)8�EW x3�E� 2+8��� c

3
+d���/uÔª zopt=9�

�îx3pq� 0�/k�KV =�3�¢_PQ��êÿS�é��$uz
PQ8 (n)Ä (q)��¢����.�� cj+d < zopt�67���¢_PQ
�ÉPQ8 (j)Ä (k)�Z������]�� (2d)Ú�����S]$
(2c)gmax�dª g�¬Z��1R���×�Ï� aij$��ï& gi < 0�
 ,�KV=0�¢_PQ��ê¡S�é��$8 (m)(n)Ä (q) V�$
8 (m)�¡: gmaxÁª 0�uzPQ8§�&:$
(2d)WE81R���E��dª g¬üE8}@�1R���E�Ï�
aij$�9PQ8 (a)8 EWx1�E� (�2;�1;�3)dª (�1;�5;�7)¬E
ü x1�E� (�1; 4; 4)$I���8���È��¬ 0uZ���$9
x1���7� (�2;�1;�3)�ûnx2���9� (4;�1;�8)8�È� (�1;�8)

�ûnRk,0��1R���E��� (�7;�9;�12;�8)�u8-��
x1��7�VÔ�/k�KV =1�¢_PQ$8 (a)(b)(c)(j)Ä (k)�V�$
�����KV �$A���×�E�V �ÄÒ{$

Z�KV �}PQ8�aPQ��&¢c�£PQ��PQ8��
u��9§EW�E�A$KV �9c� 0� ,f� 2(2Nf�1):PQ8
�laPQ�Nf �PQ8�1R����v$�9$PQ8 (d)Ä (n)�
KV=0�uNf=1��§f� 2:PQ8� �EPQ8 (e)Ä (o)Ðb%
PQ8 (f)Ä (p)�PQ$PQ8 (q)�KV =0�uNf=3��&! f� 14

!PQ$PQ8 (i)(l)Ä (m)�KV=0�uNf=0���=PQ8,f�$
/k9st�go=1R��,�� Nf=0�op*0KV=0$
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KV 9�È��ÅÑ,f�2Nf�1:PQ8�laPQ�PQ8(g)�Nf=1

���f� 1:PQ8� �EPQ8 (h)�PQ$
[E¡ ] ��§PQ8�PQÅÆ
x1 x2 x3 x4 d/g g_max x1 x2 x3 x4

+-----------------+-----++-----+--V--------------+

(a) | 3 5 2 1 | 0 < * | -7 -9 -12 -8 | X( 0 0 0 0)

+-----------------+-----++-----+-----------------+

| -1 5 4 -2 | -1 || 8 | -2 4 3 -3 | ID( 0 0 0 0)

| 4 4 -2 3 | -5 || 6 | -1 -1 -7 -2 |

| 4 -1 2 4 | -7 || 0 | -3 -8 -5 -3 | IS()

+-----------------+-----++-----+-----------------+

KV= 1

1 x2 x3 x4 d/g g_max x1 x2 x3 x4

+-----------------+-----++-----+------V----------+

(b) | 5 2 1 | 3 < * | -4 -4 -4 | X( 1 0 0 0)

+-----------------+-----++-----+-----------------+

| 5 4 -2 | -2 || 7 | 3 2 -4 | ID( 1 0 0 0)

| 4 -2 3 | -1 || 6 | 3 -3 2 |

| -1 2 4 | -3 || 3 | -4 -1 1 | IS( 1)

+-----------------+-----++-----+-----------------+

KV= 2

1 1 x3 x4 d/g g_max x1 x2 x3 x4

+-----------------+-----++-----+--------------V--+

(c) | 2 1 | 8 < * | -2 0 | X( 1 1 0 0)

+-----------------+-----++-----+-----------------+

| 4 -2 | 3 || | 7 1 | ID( 1 1 0 0)

| -2 3 | 3 || | 1 6 |

| 2 4 | -4 || 2 | -2 0 | IS( 1 2)

+-----------------+-----++-----+-----------------+

KV= 4

1 1 x3 1 d/g g_max x1 x2 x3 x4

+-----------------+-----++-----+-----------------+

(d) | 2 | 9 >= 9 | | X( 1 1 0 1)

+-----------------+-----++-----+-----------------+

| 4 | 1 || | | ID( 1 1 0 1)

| -2 | 6 || | |

| 2 | 0 || | | IS( 1 2 4)

+-----------------+-----++-----+-----------------+

KV= 0

1 1 x3 0 d/g g_max x1 x2 x3 x4

+-----------------+-----++-----+----------V------+

(g) | 2 | 8 < 9 <= 2+8 | X( 1 1 0 0)

+-----------------+-----++-----+-----------------+

| 4 | 3 || | | ID( 1 1 0 -1)

| -2 | 3 || | |

| 2 | -4 || | | IS( 1 2 4)

+-----------------+-----++-----+-----------------+

KV=-3

1 1 0 0 d/g g_max x1 x2 x3 x4

+-----------------+-----++-----+-----------------+

(i) | | 8 < 9 | | X( 1 1 0 0)

+-----------------+-----++-----+-----------------+

| | 3 || | | ID( 1 1 -1 -1)

| | 3 || | |

| | -4 || | | IS( 1 2 4 3)

+-----------------+-----++-----+-----------------+

KV= 0
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1 0 x3 x4 d/g g_max x1 x2 x3 x4

+-----------------+-----++-----+----------V------+

(j) | 2 1 | 3 < 9 | -4 -4 | X( 1 0 0 0)

+-----------------+-----++-----+-----------------+

| 4 -2 | -2 || 2 | 2 -4 | ID( 1 -1 0 0)

| -2 3 | -1 || 2 | -3 2 |

| 2 4 | -3 || 3 | -1 1 | IS( 1 2)

+-----------------+-----++-----+-----------------+

KV= 3

1 0 1 x4 d/g g_max x1 x2 x3 x4

+-----------------+-----++-----+--------------V--+

(k) | 1 | 5 < 9 | 0 | X( 1 0 1 0)

+-----------------+-----++-----+-----------------+

| -2 | 2 || | 0 | ID( 1 -1 1 0)

| 3 | -3 || 0 | 0 |

| 4 | -1 || 3 | 3 | IS( 1 2 3)

+-----------------+-----++-----+-----------------+

KV= 4

1 0 1 1 d/g g_max x1 x2 x3 x4

+-----------------+-----++-----+-----------------+

(l) | | 6 >= 6 | | X( 1 0 1 1)

+-----------------+-----++-----+-----------------+

| | 0 || | | ID( 1 -1 1 1)

| | 0 || | |

| | 3 || | | IS( 1 2 3 4)

+-----------------+-----++-----+-----------------+

KV= 0

1 0 1 0 d/g g_max x1 x2 x3 x4

+-----------------+-----++-----+-----------------+

(m) | | 5 < 6 | | X( 1 0 1 0)

+-----------------+-----++-----+-----------------+

| | 2 || | | ID( 1 -1 1 -1)

| | -3 || -3 < 0 |

| | -1 || -1 < 0 | IS( 1 2 3 4)

+-----------------+-----++-----+-----------------+

KV= 0

1 0 0 x4 d/g g_max x1 x2 x3 x4

+-----------------+-----++-----+-----------------+

(n) | 1 | 3 < 6 > 1+3 | X( 1 0 0 0)

+-----------------+-----++-----+-----------------+

| -2 | -2 || -2 < 0 | ID( 1 -1 -1 0)

| 3 | -1 || 2 | |

| 4 | -3 || 1 | | IS( 1 2 3)

+-----------------+-----++-----+-----------------+

KV= 0

0 x2 x3 x4 d/g g_max x1 x2 x3 x4

+-----------------+-----++-----+-----------------+

(q) | 5 2 1 | 0 < 6 > 5+0 2+0 1+0 | X( 0 0 0 0)

+-----------------+-----++-----+-----------------+

| 5 4 -2 | -1 || 8 | | ID(-1 0 0 0)

| 4 -2 3 | -5 || 2 | |

| -1 2 4 | -7 || -1 < 0 | IS( 1)

+-----------------+-----++-----+-----------------+

KV= 0
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16.9 Ê-¹ºËÌ¹º»¼½¾

Hã�ìI(���������¤Â�"#������
���¦§$I(��� xB 2x�EA� � x =

P
k

j=0
2j yj�I�� x

ÓBk+1:Ö��yo; y1; . . . ; yk]Í�/yj���0�1�Ix =
P

k

j=0
2j yj

]^vwx�aÄ_`a���xa9���o�0�§a��Ö�
� yj��an9����o�0�§a�Ö�� yj���a$�
�(������ ,�¨"#�����n�(������
� o,�¨"#������$"#������rB�ã¦§ 
,�¨"#�����$

16.10 ·¸Ì¹º»¼½¾

Hã�ìI"#������¤Â�"#������¦§$
/�� x = 0� 1��� n > 0�o xn = x$�vwx�a�_`a
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2
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1
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2
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x
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1
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x
1
+ x

2
� y � 1 (16.4)

x
1
+ x

2
� 2y � 0 (16.5)

RZ¡a�2`,Õx
1
; x

2
Ä y¤5�E�©Ï$

x
1

x
2

x
1
x
2

y �DB2`a
0 0 0 0 �2y � 0

0 1 0 0 1� 2y � 0

1 0 0 0 1� 2y � 0

1 1 1 1 2� y � 1
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þ¿À p:���ÎÏ�9x

1
x
2
� � � xp$u¤¥Ea��¸¬&Ö�� y�

IÎÏÚByS]�y����2ª0Ä 1��¸¬��¡:�_`a 
pX

j=1

xj � y � p� 1 (16.6)

pX

j=1

xj � p y � 0 (16.7)

RZ¡a�2`,Õx
1
; x

2
; . . . ; xpÄ y¤5�E�©Ï$E8 0 � k < p$

P
xj

Q
xj y �DB2`a

0 0 0 �p y � 0

k 0 0 k � p y � 0

p � 1 0 0 p� 1 � p y � 0

p 1 1 p � y � p� 1
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1
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1
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x
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4
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2
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16.11 ÒÓÔâÕkÖ

Hã�ì$"#�����8¬^�ij�_`a�	XEF$�
$"#�����8�_`ij (X1)Ä (X2)���$ij (Y1)Ä (Y2)

X�¨£�ij (Z1)¨£�|ªegh$�   IF((Y1.AND.Y2).OR.Z1)

THEN (X1 and X2 must be .TRUE.)$u	XEF� ¸¬2�� 0� 1�
��y

1
; y

2
; z

1
�"Iija (Y1)+ (Y2)Ä (Z1)Ó¨�"#�����Ö_

`a (YY1)+ (YY2)Ä (ZZ1)��]� ,I�ij�_`a (X1)Ä (X2)

Ó�=ij�Ö_`a (XX1)Ä (XX2)$ØÙ��Ö_`a��×>��
�ÎÏÚ�qrBZã�EF~¤¥$

X1 : a
11
x
1
+ a

12
x
2
+ b

1
� c

1
(16.12)
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X2 : a
21
x
1
+ a

23
x
3
+ b

2
� c

2
(16.13)

Y 1 : a
31
x
1
+ a

33
x
3
+ b

3
� d

1
(16.14)

Y 2 : a
41
x
1
+ a

43
x
3
+ b

4
� d

2
(16.15)

Z1 : a
51
x
1
+ a

53
x
4
+ b

5
� d

3
(16.16)

Z�§a8q ci � 0� di � � > 0� aijÄ bi,�ïÙ�$ ���Á�×��
.9 aijÄ bi��(��,B � = 1$�ØÙ%¡_`a��n]ÿija
��$/ aijÄ bi,×,È��ïÙmda�,Ó¨Z�Îa$dao,
Ó�&:�Ð&:��mda$

XX1 : [1� (1 � y
1
y
2
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1
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1
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1
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1
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23
x
3
+ b

2
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) (a

31
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33
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3
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3
) � d

1
� � (16.19)
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x
3
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4
) � d

2
� � (16.20)

ZZ1 : (1 � z
1
) (a
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x
1
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53
x
4
+ b

5
) � d

3
� � (16.21)

Z�~F�×s��ì9� (ØÙ� di � �ÏS]< di�ij ) 
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1
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2
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1
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2
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1
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16.12 àáâã,-â/0áâÕkÖ

Hã�ì$"#�����8�=&S,R~F� �tèÅ�
�9 (x

1
; x

3
; x

5
; x

7
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Za8mdaWýÑ�Ú��dª%��t�� 1����v« 1$u
×s�,R-��ìíU ¿ÀZaüý�� � (x

1
; x

3
; x

5
; x

7
; x

9
) =

(1; 1; 1; 0; 0)�dª 3�A��üý,��VÔ��.×�yWý2>1�m
ghAa$.�u8ï&��Ó��lt���9x

1
R 1Ó� 0��x

7
R

0Ó� 1��ðÕüý��dª 2�ghAa$C>��Ó��oüý�
�CÁ�ghAa$

[Eÿ ] �"#������%a
************************************************************************

PROGRAM ZERO1T

C** ============================================================ **

IMPLICIT REAL (A-H,O-Z)

DIMENSION A(80,90),B(80),C(90),G(80),IX(90),ID(90),IM(90),IS(90)

C** ============================================================ **

10 READ (*,'(2I7)') NC,NV

READ (*,'(11F7.0)') (C(J),J=1,NV)

DO 20 I=1,NC

20 READ (*,'(11F7.0)') (A(I,J),J=1,NV),B(I)

C** ------------------------------------------------------------ **

CALL ZERONE(A,B,C,G,IX,ID,IM,IS,ZOPT,NC,NV,80)

C** ------------------------------------------------------------ **

WRITE(*,'(11F7.0)') (C(J),J=1,NV)

DO 30 I=1,NC

30 WRITE(*,'(11F7.0)') (A(I,J),J=1,NV),B(I)

WRITE(*,'(11F7.0)') (G(I),I=1,NC)

C** ------------------------------------------------------------ **

WRITE(*,'('' Solution vector :''/(11I7))') (IX(J),J=1,NV)

WRITE(*,'('' Optimal function : ''11F7.0)') ZOPT

GO TO 10

END
************************************************************************

SUBROUTINE ZERONE(A,B,C,G,IX,ID,IM,IS,ZOPT,NC,NV,NRA)

C** ============================================================ **

IMPLICIT REAL (A-H,O-Z)

DIMENSION A(NRA,NV),B(NC),C(NV),G(NC),IX(NV),ID(NV),IM(NV),IS(NV)

C** ============================================================ **

C** Minimize Z = C(J)*IX(J) **

C** Subject to : A(I,J)*IX(J) + B(I) >= 0 **

C** : IX(J) = 0 or 1 **

C** ============================================================ **

C*O G(I) = A(I,J)*IX(J) + B(I) **
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C*O IX(J) = 0 or 1 : The solution vector **

C*W = 1 : Indicate the input C(J) is negative **

C*W ID(J) = 0 : Variable J is a free variable **

C*W = 1 : Variable J is fixed at 1 **

C*W =-1 : Variable J is fixed at 0 **

C*W IM(J) = ID(J) corresponding to ZOPT **

C*W IS(*) = Fixed variables stack **

C*W NS = Number of fixed variables in the stack **

C*W Z = Objective function under consideration **

C*O ZOPT = The best objective function found so far **

C*I NC = Number of constraints **

C*I NV = Number of variables **

C*I NRA = Row dimension of matrix A(NRA,NV) **

C*W KV = The last fixed variable to be put or get from stack **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Initialize : Set ID(*)=0 : i.e. all variables are free | **

C** | Change variable X(J) to 1-X(J) if C(J) < 0 | **

C** | and set IX(J)=1 to indicate this change | **

C** | Set NS=0 : i.e. no fixed variable in stack | **

C** | Set G(I)=B(I) & Z=0 and ZOPT=0 or infinity | **

C** +----------------------------------------------------------+ **

DO 20 J=1,NV

IM(J)=0

ID(J)=0

IX(J)=0

IF(C(J).LT.0.0) THEN

IX(J)=1

C(J)=-C(J)

DO 15 I=1,NC

B(I)=B(I)+A(I,J)

A(I,J)=-A(I,J)

15 CONTINUE

ENDIF

20 CONTINUE

C** ------------------------------------------------------------ **

NS=0

Z=0.0

ZOPT=0.0

DO 30 I=1,NC

G(I)=B(I)

IF(G(I).LT.0.0) ZOPT=1.0D30

30 CONTINUE

C** +----------------------------------------------------------+ **

C** | Find variable KV (if any) to be fixed at 1 or 0 | **

C** +----------------------------------------------------------+ **

50 CALL FINDKV(A,C,G,ID,NC,NV,NRA,Z,ZOPT,KV)

C** +----------------------------------------------------------+ **

C** | IF KV > 0 : Go down one level & Fix variable KV at 1 | **

C** +----------------------------------------------------------+ **

IF(KV.GT.0) THEN

NS=NS+1

IS(NS)=KV

ID(KV)=1

WRITE(*,'('' KV : '',2I7)') KV,ID(KV)

C** +----------------------------------------------------------+ **

C** | If KV < 0 : Stay at this level & Fix variable KV at 0 | **

C** +----------------------------------------------------------+ **

ELSE IF(KV.LT.0) THEN

KV=-KV
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NS=NS+1

IS(NS)=KV

ID(KV)=-1

WRITE(*,'('' KV : '',2I7)') KV,ID(KV)

GO TO 50

C** +----------------------------------------------------------+ **

C** | If KV = 0 : Free variables in stack & Go back one level | **

C** +----------------------------------------------------------+ **

ELSE

C** +--------------------------------------------------------+ **

C** | Return if no fixed variable in stack | **

C** +--------------------------------------------------------+ **

70 IF(NS.EQ.0) GO TO 100

C** +--------------------------------------------------------+ **

C** | Get from stack : variable KV to be free or fixed at 0 | **

C** +--------------------------------------------------------+ **

KV=IS(NS)

WRITE(*,'('' KV : '',2I7)') -KV,ID(KV)

C** +--------------------------------------------------------+ **

C** | If variable KV fixed at 0 : Free variable KV | **

C** +--------------------------------------------------------+ **

IF(ID(KV).LT.0) THEN

NS=NS-1

ID(KV)=0

GO TO 70

ENDIF

C** +--------------------------------------------------------+ **

C** | Else : Go back one level & Fix variable KV at 0 | **

C** +--------------------------------------------------------+ **

ID(KV)=-1

WRITE(*,'('' KV : '',2I7)') KV,ID(KV)

ENDIF

C** +----------------------------------------------------------+ **

C** | Update G(I), Z & ZOPT : base on status of fixed var KV | **

C** +----------------------------------------------------------+ **

CALL COMPGZ(A,C,G,ID,NC,NV,NRA,Z,ZOPT,IM,KV)

GO TO 50

C** +----------------------------------------------------------+ **

C** | Return : If no fixed variable in stack | **

C** +----------------------------------------------------------+ **

100 IF(ZOPT.LT.1.0D30) ZOPT=0.0

C** +----------------------------------------------------------+ **

C** | Compute G(NC) : base on IM(NV) | **

C** +----------------------------------------------------------+ **

DO 110 I=1,NC

G(I)=B(I)

110 CONTINUE

DO 150 J=1,NV

IF(IM(J).GT.0) THEN

DO 120 I=1,NC

G(I)=G(I)+A(I,J)

120 CONTINUE

ENDIF

C** +----------------------------------------------------------+ **

C** | Reset A,B,C to original input values : base on IX(NV) | **

C** +----------------------------------------------------------+ **

IF(IX(J).GT.0) THEN

C(J)=-C(J)

DO 130 I=1,NC

B(I)=B(I)+A(I,J)
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A(I,J)=-A(I,J)

130 CONTINUE

ENDIF

C** +----------------------------------------------------------+ **

C** | Compute IX(NV) & ZOPT : base on IM(NV) & IX(NV) | **

C** +----------------------------------------------------------+ **

IF(IM(J).GT.0) IX(J)=1-IX(J)

IF(IX(J).GT.0) ZOPT=ZOPT+C(J)

150 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE FINDKV(A,C,G,ID,NC,NV,NRA,Z,ZOPT,KV)

C** ============================================================ **

IMPLICIT REAL (A-H,O-Z)

DIMENSION A(NRA,NV),G(NC),C(NV),ID(NV)

C** ============================================================ **

C** Input : A,C,G,ID,NC,NV,NRA,Z,ZOPT; Output : KV **

C** ------------------------------------------------------------ **

C*O (1) KV = 0 : If Z >= Zopt (true for feasible solution) **

C*O (4) or Z >= Zopt (no more improvement) **

C*O (2) or No feasible solutions at all nodes **

C*O (u) or No free variable (no ID(*) = 0) **

C*O (3) KV < 0 : The variable to be fixed at 0 in this level **

C*O (d) KV > 0 : The variable to be fixed at 1 in next level **

C** ============================================================ **

KV=0

C** +----------------------------------------------------------+ **

C** | Return KV=0 by case (1) or (4) : Z >= Zopt | **

C** +----------------------------------------------------------+ **

IF(Z.GE.ZOPT) RETURN

C** +----------------------------------------------------------+ **

C** | Return KV=-J by case (3) : Any Z+C(J) >= Zopt | **

C** +----------------------------------------------------------+ **

IF(ZOPT.LT.1.0D30) THEN

DO 20 J=1,NV

IF(ID(J).NE.0) GO TO 20

IF(Z+C(J).LT.ZOPT) GO TO 20

KV=-J

RETURN

20 CONTINUE

ENDIF

C** +----------------------------------------------------------+ **

C** | Return KV=0 by case (2) : Any G(I)+Sum.Pos.A(I,J) < 0 | **

C** +----------------------------------------------------------+ **

DO 40 I=1,NC

GI=G(I)

IF(GI.LT.0.0) THEN

DO 30 J=1,NV

IF(ID(J).EQ.0.AND.A(I,J).GT.0.0) GI=GI+A(I,J)

30 CONTINUE

IF(GI.LT.0.0) RETURN

ENDIF

40 CONTINUE

C** +----------------------------------------------------------+ **

C** | Compute Infeasiblity value = GJ = Sum.Neg.(G(I)+A(I,J)) | **

C** +----------------------------------------------------------+ **

GJMAX=-1.0D30

DO 60 J=1,NV

IF(ID(J).NE.0) GO TO 60
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GJ=0.0

DO 50 I=1,NC

GJ=GJ+AMIN1(G(I)+A(I,J),0.0)

50 CONTINUE

C** +----------------------------------------------------------+ **

C** | Select KV by max.GJ : If GJ<0 : next node is infeasible | **

C** +----------------------------------------------------------+ **

IF(GJ.GT.GJMAX) THEN

GJMAX=GJ

KV=J

C** +----------------------------------------------------------+ **

C** | Select KV by min.C(J) : If GJ=0 : next node is feasible | **

C** | Next 2 lines are not reqd if C(J) is in increasing order | **

C** +----------------------------------------------------------+ **

ELSE IF(GJ.EQ.0) THEN

IF(C(J).LT.C(KV)) KV=J

ENDIF

60 CONTINUE

C** +----------------------------------------------------------+ **

C** | Return KV>0 by case (d) : KV = variable to be fixed at 1 | **

C** | Return KV=0 by case (u) : No free variable | **

C** +----------------------------------------------------------+ **

RETURN

END

************************************************************************

SUBROUTINE COMPGZ(A,C,G,ID,NC,NV,NRA,Z,ZOPT,IM,KV)

C** ============================================================ **

IMPLICIT REAL (A-H,O-Z)

DIMENSION A(NRA,NV),G(NC),C(NV),ID(NV),IM(NV)

C** ============================================================ **

C** Explicit enumerate the node by computing G(NC) & Z **

C** ------------------------------------------------------------ **

C** Input : A,C,G,ID,NC,NV,NRA,Z,ZOPT,IM,KV **

C** Output : G,Z,ZOPT,IM **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Update G(I) & Z and Set ISF=1 if all G(I) >= 0 ? | **

C** +----------------------------------------------------------+ **

ISF=1

IF(ID(KV).EQ.1) THEN

Z=Z+C(KV)

DO 30 I=1,NC

G(I)=G(I)+A(I,KV)

IF(G(I).LT.0.0) ISF=0

30 CONTINUE

ELSE

Z=Z-C(KV)

DO 40 I=1,NC

G(I)=G(I)-A(I,KV)

IF(G(I).LT.0.0) ISF=0

40 CONTINUE

ENDIF

C** +----------------------------------------------------------+ **

C** | For feasible solution : Save best one in Zopt & IM(NV) | **

C** +----------------------------------------------------------+ **

IF(ISF.NE.0.AND.Z.LT.ZOPT) THEN

ZOPT=Z

DO 50 J=1,NV

IM(J)=ID(J)

50 CONTINUE
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WRITE(*,'('' Zopt follows : '',F7.0)')

ENDIF

WRITE(*,'('' ID :'',10I7)') ID

WRITE(*,'('' G(*) :'',10F7.0)') (G(I),I=1,NC)

WRITE(*,'('' Z :'',F7.0)') Z

RETURN

END

************************************************************************

ë¾

1. ìI��(�������Ó�"#�����$

VÁÂ z = 3x
1
+ 2x

2
+ 2x2

1
� 2x

1
x
2
+ 3x2

2

x
1
� 3

x
2
� 2

x
1
; x

2
= 0; 1; 2; . . .

2. ì�Z��0�"#�����$
3. ìI�¾%aÓ�mB ID(�)��ÓBst IDS(�)S] ID(�)�I 0

���J�^_B IDS(NS) = �JEA$
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17.1 �

�� 1965�Cooley�Tukey�����������������
�� (Fourier Transform) !"#$%&'()*+�,-./012/
03/04567089:;0<=0>?/0@8A�BCD���
��EFGHHIJK�������L�'�����MNOPQRS
TU�VWX�YFZ[\����4]^�_R�`abKcd��
���eYWf���,ghgi (Laplace Transform)A�!j(%k'
Klm_�ghgi��nX�'�����ao�pqrstuvK

FZw(xyz&{k'ghgi���cWX�|}~����
����������'(a��yz&Km�_�������Mo
R�y�� �O��6�,�t_��VW������ Xaox
yz&R��K��r��Wa���������� FFTTRS�X'
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FZ;v�� �ST¡4R���¢4�£ST¡4R���¤
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17.2 ïðñòóô

FZõa�-.ö�� (17.1)(÷Ãøù )ú�X�'Duhamel¤6|
}a�,� (17.2)K

�y(t) + 2�
 _y(t) + 
2y(t) = f(t) (17.1)

y(t) =
1

p
1� �2


Z t

0
f(� )e��
(t��) sin[

q
1 � �2
(t� � )] d� (17.2)

ªûüËúý+ (Time domain)E67þ�cW|}õúý+Ë¤6�a
� (ÿ�úý+67nX'FZR��6ö�45�þ)K

°nX�� f(t)�FSTU¡4 (WSTT XÙÚ���°�VT �

�ºa�z&R�	 )�����¢4 (Fourier series)
��

f(t) =
1

2
a0 +

1X
n=1

an cos(
2�n

T
t) +

1X
n=1

bn sin(
2�n

T
t) (17.3)

��
an =

2

T

Z T

0
f(t) cos(

2�n

T
t) dt (17.4)

bn =
2

T

Z T

0
f(t) sin(

2�n

T
t) dt (17.5)

n r���6�� (a)�F��� 1
2
a0(������)� (b)F���

��!n = 2�n=T ���� an� bnE���� (Harmonic loading)K
,drf(t)6��)��6�RÒ� Xab�� !)��6�"

'Rz&��r)z&�®t� oO��6R#z&,$
yp(t) = 
�2f

1

2
a0 +

1X
n=1

an[(1� �2n) cos!nt+ 2��n sin!nt]

(1� �2n)
2 + (2��n)2

+
1X
n=1

bn[(1� �2n) sin!nt� 2��n cos!nt]

(1� �2n)
2 + (2��n)2

g (17.6)

��
�n = !n=
 (17.7)

!n = n!1 =
2�n

T
(17.8)

_�&�t_$�R��� Xo� (17.1)R@�K��A; BX����
�y(0)� _y(0)aoK

yc(t) = e��
t(A sin(
q
1 � �2
t) +B cos(

q
1 � �2
t)) (17.9)

r f(t)6��)¾��E��6���67a�� (17.1)Eöþü���
+ (Frequency domain)67þK
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17.3 +,-./01/23ô

�'Euler4�Xr���¢4E cos� sin567�Û4849�K
c�

sinn� =
1

2i
(ein� � e�in�) (17.10)

cosn� =
1

2
(ein� + e�in�) (17.11)

M�
f(t) =

1

2
a0 +

1X
n=1

an cos(
2�n

T
t) +

1X
n=1

bn sin(
2�n

T
t) (17:3)

=
1X

n=�1

Cne
i!nt (17.12)

��
Cn =

1

T

Z T

0
f(t)e�i!ntdt (17.13)

Cn =
1

2
(an � ibn) (17.14)

C
�n =

1

2
(an + ibn) (17.15)

:�f(t)X���� (17.12)RÛ4849��cdX; ei!nt�FÈ<"'
¡4�=µ»-ö�� (17.1)�Xo

y(t) = Hne
i!nt (17.16)

�� Hn =
1

(
2 � !2n) + 2�
!ni
(17.17)

� (17.1)��!� (17.12)R f(t)"'RO��6Rz&X'>tÆ;o

yp(t) =
1X

n=�1

HnCne
i!nt (17.18)

?Ú� (17.6)��!FÃß (@Þß)6�"'Rz&���Ãß�ÞßA
¾6����� (17.18)Ð�!FÛ4849�R6� ei!nt"'Rz&�
����FG®B849�R6��CWz&L4HnY�ÇD�E&'
_Y�öÂK

°� (17.18)�RL4Cn�Hn��Û4�&'õm4*+Y�FG
c�"'¡4 f (t),�m4��Wz& y(t)Ó�n�m4Kw(dH�I
ÇÈÍÎ,$
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(1)J?ÚõÛ4849�R� (17.13)�� (17.18)��n5��K5K�
ÿf(t)�m4ú�Cn�C

�nF�L�ÜÝÛ4�ECne
i!nt�C

�ne
�i!ntnL

�ÜÝÛ4�cdA§®tÒÓ·MNO4�6KªPQD�R� (17.13)

Ó���ÃKn5��� (17.4)�� (17.5)S��Ãn5RÆcK
(2)�?Úw(� (17.1)RmL4�� (@WfmL4�� )�Wz&L4
Hn�H

�nÓ�ÜÝÛ4wKEHnCne
i!nt�H

�nC�ne
�i!ntnÓ�ÜÝÛ4

w�A§®tÓ�TMNO4�6���oUm4Rz&�cdÛ4'
(m4VW�XYZ[\K

17.4 +,-./]/^_`a {bc+,-de

õ���¢4�

f(t) =
1X

n=�1

Cne
i!nt (17:12)

Cn =
1

T

Z T

0
f(t)e�i!ntdt (17:13)

Cn5R¥¦Xk'f9g¤þ�r t = 0hT ý6�NA6a¡4�Ki

�t = t1 =
T

N
; �! = !1 =

2�

T

�
tk = kt1 = k�t; !n = n!1 = n�!

o
!ntk = (�!�t)nk = (

2�

N
)nk (17.19)

�Xr� (17.12)�� (17.13)7�

fk =
1X

n=�1

CnW
�kn (17.20)

Cn =
1

N

N�1X
k=0

fkW
nk ; n = 0;�1;�2; . . . ;�N=2 (17.21)

= 0 ; jnj > N=2 (� (17.21)Rjklm ) (17.22)

��
W = e�2�i=N (17.23)
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vY� (17.13)�� (17.21)X�[$�OU
(1)� (17.21)�� (17.13)R¤6��f9g¤þw¯R4��÷�¤6x
�6�a�x�K
(2)� (17.21)¦oRCnPQSTU�WST�N�n 

Cn = CN+n = C2N+n = � � � ; C
�n = CN�n = C2N�n = � � � (17.24)

(3)� (17.13)¦oRCn�XSTU�Cÿn5ymúCn5yHK
(4)ÿ f(t)�m4ú�� (17.13)�� (17.21)RCn�C

�n��ÜÝÛ4wK
z{_�OU��(17.21)RCnw&(�(17.13)RCnR�	�n = 0;�1;�2;
. . . ;�N=2Kd�	|RCn�'� (17.21)��NG f(t)5÷Xþ\Ä$¦
b�Ó����}�,� (17.22)M�Kcd�� (17.20)¥¦fkRt#�	
&6�n = 0;�1;�2; . . . ;�N=2�°�(Cn�C

�nRSTU�Wt#�	
nX6� n = 0; 1; 2; . . . ; N�1�°�?ÚCN�n~=�C

�nR5 (n � N=2)

�dHõ¥¦HnCnú�&?Ú�cd

fk =
N�1X
n=0

CnW
�kn (17.25)

Cn =
1

N

N�1X
k=0

fkW
nk; n = 0; 1; 2; . . . ; N�1 (17.26)

�?Ú� (17.26)�R fk� t = 0hTýR����¡4�� t = k�t)HR
5��f9g¤þaCnR¤6K�� (17.25)�RCn�!RB��¡4�
�ÿ ! = n�!úQ5�WÞR5�}K� (17.25)�� (17.26)FZü�¨
©����� (w )K

17.5 �����/]+,-�ò

�� f(t)�£STU¡4�,$�.��XrW;�ST T = 1E
¡4�:;K,d���¢4������V·�'(X��STE¡
4�W������F¤6��E6ü����¤6K õ���¢4�

f(t) =
1X

n=�1

Cne
i!nt (17:12)

Cn =
1

T

Z T

0
f(t)e�i!ntdt (17:13)
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ÿT !1ú�iCn = F (!n)�!�=µ_�o

f(t) =
1X

n=�1

F (!n)e
i!nt�! (17.27)

F (!n)�! =
1

T

Z T

0
f(t)e�i!ntdt (17.28)

�'�! = 2�=T �iW�w( d!�o

f(t) =

Z
1

�1

F (!)ei!td! (17.29)

F (!) =
1

2�

Z
1

�1

f(t)e�i!tdt (17.30)

� (17.29)�� (17.30)FZü����¤6 (w )K
m'_�_á�R���¤6�'45¤6þ¥¦��Ë$gR~�
(1)��¥¦z&RÁ?�	� t = 0hT K
(2)� t = 0h T ý�|R f(t) = 0K,�B�}~X|}��}�c�
t > T R f(t)B�� t = 0h T ýRz&�� t < 0R f(t)R��X' t = 0

R����¥µKcd�� (17.30)R¤6�	�� 0! TK
(3)r t = 0hT ý6�NA6� i�t = T=NK
(4)� (17.30)RF (!)���¡4�°X�S¥¦! = n�!RF (n�!)�i
W�R�! = 2�=T K
(5)��_�5~�:;Ò�� (17.29)�� (17.30)R���¤6��

fk =
2�

T

1X
n=�1

FnW
�kn (17.31)

Fn =
T

2�N

N�1X
k=0

fkW
nk ; n = 0;�1;�2; . . . ;�N=2 (17.32)

= 0 ; jnj > N=2 (� (17.32)Rjklm ) (17.33)

��
W = e�2�i=N (17.34)

(6)� (17.32)RFn¬�STU�°X'FnR�	�n = 0;�1;�2; . . . ;�N=2
� jnj > N=2RFn5�� (17.32)�'NG fk¥¦�Wjklm�B·k'
����}�,� (17.33)M�K
(7)� (17.31)Rt#�	&6� n = 0;�1;�2; . . . ;�N=2K°�( Fn �
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W�knRSTU�Wt#�	nX6�n = 0; 1; 2; . . . ; N�1Kcd
fk =

2�

T

N�1X
n=0

FnW
�kn (17.35)

Fn =
T

2�N

N�1X
k=0

fkW
nk; n = 0; 1; 2; . . . ; N�1 (17.36)

(8)vY� (17.25)(17.26)�� (17.35)(17.36)�,i
Cn = (

2�

T
)Fn (17.37)

�á���®BKcdÕ�_£STUR¡4 f(t)�nX;�STTRS
T¡4���ST¡4:;�S�STT��z&67RÁ?�	K
(9) Cn = (2�=T )Fn = �!FnX;�r��6 ¡4F (!)õ!n��!=2 � ! �
!n +�!=2�	qR5¡�õ!nFHK
(10)cM·¦oRFnR×m����!N=2 = �N=T �m(d��RFn�

%���}KEM¢'RN=T&£m@�t = T=N&£HK
(11)ÿ T @�!¤�ú�Nym��Cn@Fny\Ä�·¦oR���	
Y¥KÿN¤�ú� T ym (�!yH )��Cn@FnyB\�·¦oR�
��	Y¦Kÿ�t = T=N ¤�ú�N� T ym (�!yH )��·¦oR
���	B�K
(12)FZ$�z&67ú�N;T;�t)5@��, [�F ]M�KW�	§
�N = 256h 4096�T = 10:24h 40:96¨��t = 0:005h 0:10¨K

[�F ] �'RSTT=N�t(¨ )

Nn�t 0.005 0.010 0.020 0.050 0.100

256 - - - 12.80 25.60

512 - - 10.24 25.60 51.20

1024 - 10.24 20.48 51.20 -

2048 10.24 20.48 40.96 - -

4096 20.48 40.96 - - -

17.6 +,-./©+,-�ò]ª«

� (17.12)R���¢4��� (17.29)R���¤6�¬¨©ùÒ6
��� (17.25)�� (17.35)R¨©�����KW�Cn�FnRÁL��
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(17.37)w&Ò�� (17.25)�� (17.35)m�_DFûEK°A§Õ�_Q
®²®³:�m�6÷(¯g���I�°±�²W³BH,$��³
~R' (�³�´F )

(a) ST¡4 f(t)����¢4L4Cn

(b) £ST¡4 f(t)����¤6F (!)

(c) fk������Cn

´F ���¢4µ¤6���

(1) Cn�¨©¡4 (�®²Aý¶RDelta function)�F (!)���¡4K
Fn���¡4õ! = !nH_R¡45KCn�X;�rF (!)õ!n��!=2 �
! � !n + �!=2ýR5¡�õ!nH_K
(2) Cn�Fn�£ST¡4�Cÿn ! 1ú�Cn ! 0�Fn ! 0K°c¤
6¥¦Rw¯jk�·�Cn�Fnn�ST¡4KcdÓ�i jnj > N=2R
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Cn�Fn�}K
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�n�Fn�F
�n��ÜÝÛ4wK

(4)�� (17.12)¦oR f(t)�ST¡4��� (17.29)¦oR f(t)�£ST
¡4�°�� (17.25)�� (17.35)¦oR fk��ST¡4K� (17.12)��
QD¥¦¢4��� (17.25)SDN¸Y¥�RCn� �Q�5R��W
jk��¹¥µ¥�Rº»�÷K�� (17.29)Rf(t)L�¤6¦o��£
ST¡4�°6�� (17.35)�a�=¼¤6ÒÓ�Vf(t)��ST¡4�
WST�T = 2�= �!Kÿ�!yHúXVST T ���³½´áK�ÿ
�! ! 0ú�T !1 XV f(t)��£ST¡4K

´á ST�ùw��L4R�¾
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(5)w(£STC£Q��	R¡4R:;FZ¥¦z&�QF¤�R
Á?�	��W� t = 0hT1K�X¿� t = 0hT1ýR¡4��Ò��d
�¡4ÀÁT ¨�Ûb[K ~�W�STTRST¡4��X�'��
�¢4RÕ�:;�nX��d��	�| (t < 0� t > T1)R¡45�}
� X�'���¤6RÕ�:;KA§õ¥¦� (17.25)�� (17.35)ú
�Xk'YmRT¥¦K

17.7 ,ÂFFT ÃÄÅÆÇ]ÈÉÊË

õÌFÍ÷��-.ö�� (17.18)
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��
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t(A sin(

q
1� �2
t) +B cos(

q
1 � �2
t)) (17:9)

w(!£ST¡4f (t)"'ú�&6'���¤6�°Õ�_~X;�S
T¡4:;KBv'���¢4@���¤6�×Ò{Xù�¨©���
��KcdO���

yk =
N�1X
n=0

YnW
�kn (17.38)

��
Yn = HnCn (17.39)

Cn =
1

N

N�1X
k=0

fkW
nk; n = 0; 1; 2; . . . ; N�1 (17:26)

Hn =
1

(
2 � !2n) + 2�
!ni
(17:17)



17.7 êÎFFT ÏÐÑÒÓsÔÕÖ× 463

(b) ÈØz&h(t)������H(!)

(c) ��z& y(t)������Y (!)

´« ����z&67

°�?Ú� (17.17)¥¦HnR!n� (³½´« )

!n = n�!; n = 0; 1; . . . ; N=2 � 1

= (n�N)�!; n = N=2; . . . ; N�1 (17.40)

w(m4R f(t)�Ù n = 0� n = N=2|�CN�n�CnL�ÜÝÛ4�Hn

¬� (17.40)R~�Ò�HN�n�HnnL�ÜÝÛ4�cdYN�n�YnnL
�ÜÝÛ4Kw( n = 0RÚ9C0�H0RO���}�E Y0RO�n
�}Kh( n = N=2RÚ9CN=2RO��}�°HN=2RO��BA(
}�EYN=2RO� BA(}�� ykRO�rBF��}K¬�HN=2R
5FZ÷ÛH���Bm�°~�·VMQRHN�n�HnL�ÜÝÛ4
YÜ±;v�a�cdXi Imag(HN=2) = 0�n i

Imag(HN=2) = 0 XV Imag(YN=2) = 0 (17.41)
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17.8 ÝÞÆÇ]_`

�'��+R67þ�ÙXao�yz& (Steady{state response)|�
nXt_���'����aoxyz& (Transient response)

y(t) = yp(t) + yc(t) (17.42)

�� (17.38)Ð

yp(t) =
N�1X
n=0

YnW
�kn (17.43)

_yp(t) =
N�1X
n=0

i!nYnW
�kn (17.44)

= t = 0�Xo

yp(0) =
N�1X
n=0

Yn =
N�1X
n=0

Yrn = y
p
0 (17.45)

_yp(0) =
N�1X
n=0

i!nYn = �
N�1X
n=0

!nYin = _y
p
0 (17.46)

�$R� (17.47)�� (17.9)R�F¾x�

yc(t) =
e��
t
p
1� �2

[
_yc0



sin(
q
1 � �2
t) + yc0 cos(

q
1 � �2
t� �)] (17.47)

_��6��i
sin� = �; cos � =

q
1� �2 (17.48)

Xo

_yc(t) =

e��
t
p
1� �2

[
_yc0



cos(
q
1� �2
t+ �)� yc0 sin(

q
1 � �2
t)] (17.49)

_á�= t = 0�Xo

yc(0) =
1

p
1 � �2

yc0 cos(��) = yc0 (17.50)

_yc(0) =



p
1 � �2

_yc0



cos(�) = _yc0 (17.51)
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X½� (17.47)÷rO�õ t = 0R��<äyc0����` _yc0~�õqK�
÷Ðxyz& y(t)R����� y(0) = y0� _y(0) = _y0��

y0 = yc0 + y
p
0 (17.52)

_y0 = _yc0 + _y
p

0 (17.53)

Xo
yc0 = y0 � y

p
0 (17.54)

_yc0 = _y0 � _y
p
0 (17.55)

=µ� (17.47)�cdXo
yc(t) =

e��
t
p
1��2

[
_y0 � _y

p
0



sin(
q
1��2 
t) + (y0 � y

p
0) cos(

q
1��2 
t� �)] (17.56)

��y0; _y0�÷ÐR�����y
p
0; _y

p
0�O��6R��5�X'� (17.45)

�� (17.46)¦oK

17.9 åæçèé]ÆÇ

w(Xêë��
Hn =

1


2 � !2n
(17.57)

ÿìFG �n5 (�� �n � N=2)ÃíV �n�! = 
@T = �n(2�=
)ú�H�n !1
K;v_�w(Xêë��!F�W��ST®BSTRÇ�|.ú�Ó
�îïÜ��Wz&r¸úýð���m�CB�PQSTUKm�Ëz
&67ú�f(t)RSTUñL����£òQÇ�|.óõ�cdPB&
QÜ�z&�ïK����XÐ�Xêë��R��R¡4 sin(
t)Ãí
�O� n = �nR¡4 sin(�n�!t)®BKcdm�»¦ú�X|}iH�n = 0

�×Ò�~�����ô��tµ T��w&(�� �n�!Rz&K�
FÇÈËþ�õö¢'RSTTA( �n(2�=
)K

17.10 ,Â+,-de÷øùøúdeûÆde

m¡4 y(t)Rghgi���
G(s) =

Z
1

0
g(t)e�stdt (17.58)
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� s������

s = c+ i! (17.59)

�� (17.58)��

G(c + i!) =

Z
1

0
[g(t)e�ct]e�i!t

dt (17.60)

�� t < 0�� g(t) = 0��������� ��1!"# g(t)$%&%

'()*+ g(t)e�ct$,-.()!

%&%'/()�01� (17.60)$2345��67$89:;<

� s = c + i!4=G(s)>�G(c + i!)?��*+F (!)!@ABF (!)$,

-./()5f (t)!" f(t) = g(t)e�ctC5 g(t) = e
ct
f(t)D�G(s)$%&%

'/()!

%&%'()�� cEFGHI+�()J�G(s)$6KLM$NO

E!PQRSTUVWX$ cEY�H1�Z[I cEK\]^K_M!

\]�I` cE=a g(t)e�ct[bcde+f�4�H1[g$��hi!

_M��+/()B g(t)��I` cEa[I tE$ g(t)jkl�"[I t

E$ g(t)e�ctmg4nK[I$opqr!C cEjsmI�tjsmg!

17.11 uvwxyz{|}~

�7��()���
P

N

o
$B����

P
�$3�j���Y��

��� (�W = e
�2�i=N���W (k; l) = W

lk):

F (k) =

N�1X
l=0

f(l) �W lk
; k = 0; 1; . . . ; N�1 (17.61)

���,-.()$���������+N �N�� [W (k; l)]��N�

�� ff(l)g�5N ��� fF (k)g!�6�����N � N ������

!46��c,-.() (FFT)3-1W
lknK ¡$¢£�=���¤

�N � (N1+N2+ � � �+Nm)��������N = N1�N2� � � � �Nm!

��N = 1024�¥�N1=N2= � � �=N9 = N10=2��¦§���$¨�

1024 : 20©ª 50 : 1!�«��c4¬$!

;<®����¯°±²³�$�9!´µ¶·$¸¹�¹�¹´

D�º�$�¯°±²9!��»�� 2´ 5� 10� 30¸>� (30,10,5,2)
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!" 60¸� 1�� 60¿�¸$¯°�À�Á!���ÂÃ�� ¡�

�6K¯°�ÄÅ>� (60,60,24,7)!-1#¯°ÆÇ�±²È��Â

Ã$�É¸��4 (30,10,5,2)6Ê±$¸�*+ 30 + 10�60 + 5�60�60 +

2�60�60�24 = 191430!��4Ë�� (N1; N2; . . . ; Nm)��¯°�±² 0

ÈN�1É$RÌ³�E!�N = N1�N2� � � � �Nm!Í�FORTRAN

$DIMENSION A(0:1; 0:4; 0:6)��+ÎÏÐÑ$¯°� (2,5,7)�D�º

�$�¯°±²ÐÑ$�9!

�Ò»+®�ÓÔÕÖ×$19��: i1; j1; k1; l1$ØÙ¯°�

N1Ú i2; j2; k2; l2$ØÙ¯°�N2ÚÀ�Á!"# (l1; l2; k5; k4; i3)$ØÙ

¯°� (N1; N2; N5; N4; N3)!�ÔÕÛ×ÜÆÝÞ$¯°�Æßà¯°

ÚÆáÞ$¯°�Æâà¯°ÚÀ�Á!

ãä�7�¯°±²9$Ö×ÔÕ���N = N1�N2�N3�N4�N5�

¥�� (17.61)�>�:

F (k5; k4; k3; k2; k1)

=

N1�1X
l1=0

N2�1X
l2=0

N3�1X
l3=0

N4�1X
l4=0

N5�1X
l5=0

f(l1; l2; l3; l4; l5)�W (l1;l2;l3;l4;l5)�(k5;k4;k3;k2;k1) (17.62)

å"

(l1; l2; l3; l4; l5) � (k5; k4; k3; k2; k1)

= (0; 0; 0; 0; l5) � (k5; k4; k3; k2; k1)

+(0; 0; 0; l4; 0) � (k5; k4; k3; k2; k1)

+(0; 0; l3; 0; 0) � (k5; k4; k3; k2; k1)

+(0; l2; 0; 0; 0) � (k5; k4; k3; k2; k1)

+(l1; 0; 0; 0; 0) � (k5; k4; k3; k2; k1)

= (0; 0; 0; 0; l5) � (k5; 0; 0; 0; 0) + (0; 0; 0; 0; l5) � (0; k4; k3; k2; k1)

+(0; 0; 0; l4; 0) � (k5; k4; 0; 0; 0) + (0; 0; 0; l4; 0) � (0; 0; k3; k2; k1)

+(0; 0; l3; 0; 0) � (k5; k4; k3; 0; 0) + (0; 0; l3; 0; 0) � (0; 0; 0; k2; k1)

+(0; l2; 0; 0; 0) � (k5; k4; k3; k2; 0) + (0; l2; 0; 0; 0) � (0; 0; 0; 0; k1)

+(l1; 0; 0; 0; 0) � (k5; k4; k3; k2; k1)
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= (0; 0; 0; 0; l5) � (k5; 0; 0; 0; 0) +N � (l5) � (k4; k3; k2; k1)

+(0; 0; 0; l4; 0) � (k5; k4; 0; 0; 0) +N � (l4) � (k3; k2; k1)

+(0; 0; l3; 0; 0) � (k5; k4; k3; 0; 0) +N � (l3) � (k2; k1)

+(0; l2; 0; 0; 0) � (k5; k4; k3; k2; 0) +N � (l2) � (k1)

+(l1; 0; 0; 0; 0) � (k5; k4; k3; k2; k1) (17.63)

Ææ��*×$çè3é (0; 0; 0; 0; l5) = N1�N2�N3�N4�(l5)À�Á�

(0; k4; k3; k2; k1) = N5 � (k4; k3; k2; k1)À�Á�N = N1�N2�N3�N4�N5

*23Áê45!?-1W
(x+y+z) = W

x
W

y
W

z��W
N = 1$23��

(17.62)�>�

F (k5; k4; k3; k2; k1)

=

N1�1X
l1=0

(

N2�1X
l2=0

(

N3�1X
l3=0

(

N4�1X
l4=0

(

N5�1X
l5=0

f(l1; l2; l3; l4; l5)�W (0;0;0;0;l5)�(k5;0;0;0;0)
)

�W
(0;0;0;l4;0)�(k5;k4;0;0;0))

�W
(0;0;l3;0;0)�(k5;k4;k3;0;0))

�W
(0;l2;0;0;0)�(k5;k4;k3;k2;0))

�W
(l1;0;0;0;0)�(k5;k4;k3;k2;k1) (17.64)

��ë��ì��íî�ï()ðñ�Ææ��¯°/�òà]ó:

F1(l1; l2; l3; l4; k5) =

N5�1X
l5=0

f (l1; l2; l3; l4; l5) �W (0;0;0;0;l5)�(k5;0;0;0;0)

F2(l1; l2; l3; k4; k5) =

N4�1X
l4=0

F1(l1; l2; l3; l4; k5) �W
(0;0;0;l4;0)�(k5;k4;0;0;0)

F3(l1; l2; k3; k4; k5) =

N3�1X
l3=0

F2(l1; l2; l3; k4; k5) �W
(0;0;l3;0;0)�(k5;k4;k3;0;0)

F4(l1; k2; k3; k4; k5) =

N2�1X
l2=0

F3(l1; l2; k3; k4; k5) �W
(0;l2;0;0;0)�(k5;k4;k3;k2;0)

F5(k1; k2; k3; k4; k5) =

N1�1X
l1=0

F4(l1; k2; k3; k4; k5) �W
(l1;0;0;0;0)�(k5;k4;k3;k2;k1)

F (k5; k4; k3; k2; k1) = F5(k1; k2; k3; k4; k5) (17.65)

ôõ�ðñ4Ë��= (l1; l2; l3; l4)��§ö��÷�ø�÷KN5� f�

N5�F1!ø�÷$N5�F1ù���÷$N5� fK2�"#ø�÷
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$N5���fF1g*+N5�N5$������÷$N5��� ffg�C#

ðñú�8N �N5������!�ó�õûðñ��= (l1; l2; l3)� (k5)

��§ö��÷�ø�÷KN4�F1�N4�F2�#ðñú�8N �N4�

�����!õüðñ��= (l1; l2)� (k5; k4)��§ö��÷�ø�÷K

N3�F2�N3�F3�#ðñú�8N �N3������!õýðñ��=

(l1)� (k5; k4; k3)��§ö��÷�ø�÷KN2�F3�N2�F4�#ðñ

ú�8N �N2������!õîðñ��= (k5; k4; k3; k2)��§ö��

÷�ø�÷KN1�F4�N1�F5!#ðñú�8N �N1������!C

6�8$þ���Déÿ�$N �N¤�ÈN � (N1+N2+N3+N4+N5) !

��G���Ì`�:�	�ì�� (17.65)$î�ðñ$
�WXK

û: (1)� (17.63)Ææ��*×áÞ$6K��Y�N$³��!4�6

���\�#$ÿ"�W
lkk� l$¯°FGâßà¯°/�òà�í!

D k$¯°� (N5; N4; N3; N2; N1)Ú4 l$¯°� (N1; N2; N3; N4; N5) !

(2)�W
nN=W 0=1!DJ�W

x��ÃN$�ÃJ� (n; x�RÌ³� )!

�ñ����$Éçè��1���»$���� (D�1�»

$¯°�í�� )�¥�� (17.64)t�1�íî�ï()ðñ��$�

ZÆæ$()çè fF (k)g$¯° (N5; N4; N3; N2; N1)�FG����ä

ff(l)g$¯° (N1; N2; N3; N4; N5)/�òà!"#��� (17.65)$¯°/

�òà]ó!4-1�������¯°/�òà$]ó!

F1(l1; l2; l3; l4; k5) =

N5�1X
l5=0

f (l1; l2; l3; l4; l5) �W
(0;0;0;0;l5)�(k5;0;0;0;0)

F2(l1; l2; l3; k5; k4) =

N4�1X
l4=0

F1(l1; l2; l3; l4; k5) �W
(0;0;0;l4;0)�(k5;k4;0;0;0)

F3(l1; l2; k5; k4; k3) =

N3�1X
l3=0

F2(l1; l2; l3; k5; k4) �W
(0;0;l3;0;0)�(k5;k4;k3;0;0)

F4(l1; k5; k4; k3; k2) =

N2�1X
l2=0

F3(l1; l2; k5; k4; k3) �W
(0;l2;0;0;0)�(k5;k4;k3;k2;0)

F (k5; k4; k3; k2; k1) =

N1�1X
l1=0

F4(l1; k5; k4; k3; k2) �W
(l1;0;0;0;0)�(k5;k4;k3;k2;k1)

(17.66)

� (17.65)�� (17.66)�K��!�1� (17.65)�()çè�� !ÿ�

$"#à�!D6�ôÿà� (In place)��!ZÆæ�8¯°/�òà
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]ó!#¯°/�òà]ót�=¯°/�òàæ$çèfFg $ÿ�

"#à� fF5g�ZGTU�7WX:¯°/�æ$¯°G�/��$¯

°��!�1� (17.66)�()çè%� !ÿ�$"#à��"#Í�

��N�&��'(É8�)�*"#$+Êà��Zj�8¯°/

�òà]ó!�¯°,� 2��-.-1� (17.65)�"�jFa1&��

'(ÉÚZ�¯°j� 2��-.-1� (17.66)�PQ�a1&��'(

É�Z���¯°/�òà]ó���[�/0!

17.12 12|34

56678�� FFTAúKü�95: (1)/09Ú (2)N19Ú (3)

:�9!/093-1� (17.66);@>��V��FG1<&��'(

É!N19�3=Ø¯°� 2$>?�� (17.65)ôÿà����4�j

1&��'(É��+6K 2$¯°8@æD8¯°/�òà��K�

AB�¯°?1� (17.66)8()�"#�a1&��'(É!Í�Ø+

¯°� 2$>?��NOW=N3=2�¥���Ø�� F3(l1; l2; 0; k4; k5)�

F3(l1; l2; 1; k4; k5)ûE�é���C�ù�8�D���¨/09�8û

D���¤��E$�É!�Ì� x = (0; 0; 1; 0; 0) � (k5; k4; 0; 0; 0)�4

(0; 0; 1; 0; 0)�(k5; k4; 1; 0; 0) = x+N1�N2�N5�N4 = x+(N=2)�W
(N=2) = �1

�CW
(0;0;1;0;0)�(k5;k4;1;0;0) = �W

(0;0;1;0;0)�(k5;k4;0;0;0)!8<
: F3(l1; l2; 0; k4; k5)

F3(l1; l2; 1; k4; k5)

9=
;

=

2
4 W

(0;0;0;0;0)�(k5;k4;0;0;0)
W

(0;0;1;0;0)�(k5;k4;0;0;0)

W
(0;0;0;0;0)�(k5;k4;1;0;0)

W
(0;0;1;0;0)�(k5;k4;1;0;0)

3
5
8<
: F2(l1; l2; 0; k4; k5)

F2(l1; l2; 1; k4; k5)

9=
;

=

2
4 1 W

x

1 �W
x

3
5
8<
: F2(l1; l2; 0; k4; k5)

F2(l1; l2; 1; k4; k5)

9=
;

:�9Ø&��'(É$�B�N19��:D�N � 2$³�D��

�j1&��'(É�F�GH��G�I#(É!Ø��JK$ L

MN�íû: (1)Ø+��¯°�O��1 4$¯°��-1P("�

(twiddle factor)��?¤�N19$1=4���ÉÚ (2)Ø+B�¯°�t

-1P("��úQ¢£��¨�û9¤� 1=4È 3=4$���É!;<

®P("�:R�NOW=N3�¥�� (17.65)����íû�:
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F
0

2(l1; l2; l3; k4; k5) = F2(l1; l2; l3; k4; k5) �W
(0;0;l3;0;0)�(k5;k4;0;0;0) (17.67)

F3(l1; l2; k3; k4; k5) =

N3�1X
l3=0

F
0

2(l1; l2; l3; k4; k5) �W
(0;0;l3;0;0)�(0;0;k3;0;0) (17.68)

� (17.67)$W
(0;0;l3;0;0)�(k5;k4;0;0;0)¿P("�!1��P("�$F

0

2�a�

(17.68)$()W�[W ]$��[/�Ó=Ø¯° 4�B�¯°�7��:

(1)¯°� 4��W
(0;0;l3;0;0)�(0;0;k3;0;0) = W

l3�k3�N=4�"#�5:

[W ] =

2
6666664

1 1 1 1

1 �i �1 i

1 �1 1 �1

1 i �1 �i

3
7777775

�C� (17.68)jF8RS�� (� iù�=NO�XOØY?8Z��×

D� )�4P("�$���[� 3N=4�"�ØÙ l3 = 0$N=4�P(

"�� 1!�ÌN198ûD¯° 2$���[� 2 �N=2 = N!ó\��

1¯° 8�?¤������Z LJèjI�C]MN+��!

(2)¯°�B����NOW=N3=5�¥�W
(0;0;l3;0;0)�(0;0;k3;0;0) = W

l3�k3�N=5

= U
l3�k3��U = e

�2�i=5�"#�5:

[W ] =

2
6666666664

1 1 1 1 1

1 U
1

U
2

U
3

U
4

1 U
2

U
4

U
1

U
3

1 U
3

U
1

U
4

U
2

1 U
4

U
3

U
2

U
1

3
7777777775
=

2
6666666664

1 1 1 1 1

1 U
1

U
2 �U2 �U1

1 U
2

U
4 �U4 �U2

1 �U2 �U4
U
4

U
2

1 �U1 �U2
U
2

U
1

3
7777777775

�U� �U$D� x��§�8��÷ÄÅ���� (17.69)6² (�U

Ê± U
x)�D�^�� (17.70)$_��<�Xt; Y t�?�Xo; Y o��ù

� 4DN����*+ 1D���!"úK (N3�1)2=4÷�C�����

N�(N3�1)2=(4�N3)�?��P("�$���� N�(N3�1)=N3�D�

#ðñ$��þ��!�1/09�#���N�(N3�1)2=N3!�N3 =

(3; 5; 7; 11; 13; 17)�û§$¨� 1
4
+ 1

N3�1
= (0:75; 0:50; 0:42; 0:35; 0:33; 0:31)!8<

: Xo

Y o

9=
; =

2
4 U �U

�U U

3
5
8<
: Xi

Y i

9=
; (17.69)

Xt = (Xo + Y o)=2 = Ur (Xi+ Y i) ; Xo = Xt+ Y t

Y t = (Xo � Y o)=2 = i�Ui (Xi� Y i) ; Y o = Xt� Y t (17.70)
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17.13 `abcdea|z{

NfÙ1flµ�N��DXO,�f!4()æ$�gFknKF
�k =

FN�k = �Fk$23!�FQhiÒjÇØf$ÇÀ��!��klû�

[:�$�9: (1)=û����� (Y�N)$N�hl� gl�m8()$

��Ú (2)�N� fl$"#����� (n�2N)��=�ö�N���8

()$��!

�� (1)a1�[j�»�ZK2����1+��(2)C<okl:=hl�

8N�O�� gl�8X�O����B5hl + igl$,-.()�Rk + iIk

!�� hl$()Hrk + iHik� gl$()Grk + iGik$23�Rk + iIk =

(Hrk + iHik) + i(Grk + iGik)�"#5� (17.71)�?-1N�$()E

HN�k = �Hk�DHrN�k = Hrk�HiN�k = �Hik$23��5� (17.72)!

é� (17.71)�� (17.72)D�ì5� (17.73)�� (17.74)!

Rk = Hrk �Gik ; Ik = Hik +Grk (17.71)

RN�k = Hrk +Gik ; IN�k = �Hik +Grk (17.72)

Hrk =
1

2
(Rk +RN�k) ; Hik =

1

2
(Ik � IN�k) (17.73)

Gik = �

1

2
(Rk �RN�k) ; Grk =

1

2
(Ik + IN�k) (17.74)

�� (2)3�hl = f2l�8N�O�� gl = f2l+1�8X�O���é��

(1)�B5Hk�Gk��û�6²!?é�í23D���Fk!

Fk =

2N�1X
j=0

fje
�2kj�i=2N

=

N�1X
l=0

f2le
�2kl�i=N

+

N�1X
l=0

f2l+1e
�k(2l+1)�i=N

= Hk +Gke
�k�i=N = Hk + iG

0

k

Frk = Hrk �Gik sin(
�k�

N
) +Grk cos(

�k�

N
) = Hrk �Gi

0

k
(17.75)

FrN�k = Hrk +Gik sin(
�k�

N
)�Grk cos(

�k�

N
) = Hrk +Gi

0

k
(17.76)

Fik = Hik +Grk sin(
�k�

N
) +Gik cos(

�k�

N
) = Hik +Gr

0

k
(17.77)

FiN�k = �Hik +Grk sin(
�k�

N
) +Gik cos(

�k�

N
) = �Hik +Gr

0

k
(17.78)

Ø+úQ��E$,-.()�é�7pq8r���:sM�í��

�Gi
0

k
= Gik sin(

�k�

N
)�Grk cos(

�k�

N
)�Gr

0

k
= Grk sin(

�k�

N
) +Gik cos(

�k�

N
)�
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�éxC$ Fky�íý��B5Hk�G
0

k
�������� (17.73)�?

éGik = Gi
0

k
sin(�k�

N
) +Gr

0

k
cos(�k�

N
)�Grk = Gr

0

k
sin(�k�

N
)�Gi

0

k
cos(�k�

N
)�

�5Gkæ�Ê�� (17.71)�� (17.72)��B5Rk� Ik�Ææé#N��

�E8,-.r()D�5 2N�N� fl!�Ì� (17.75)È� (17.78)��

(17.71)È� (17.72)@,����Cr�������z����ùGk

�G
0

k
{)��Ü$ cos$3�Ö×j�!|8��FFTR�FFTC!

17.14 }~b�~z{

N�$,-.()$X�O��×æ*+�í$�� (sin)():

Fk =

N�1X
l=0

fl sin(
2kl�

N
) (17.79)

N�$,-.()$N�O��*+�í$À� (cos)():

Fk =

N�1X
l=0

fl cos(
2kl�

N
) (17.80)

�=2N�N�fl>�/Ø¿al = (fl�f2N�l)=2�Ø¿bl = (fl+f2N�l)=2

$��D fl = al + bl!� al$,-.()�/Ø¿$�X��� fl$,-

.()$X�O���Ú4 bl$,-.()�Ø¿$�N��� fl$,-

.()$N�O���!"#�1 al$�N�E8E��() (|D� )

���û�ED� 2N� flE$��()$�N�E��À$E�é/Ø

¿B5!�ó�1 bl$�N + 1�E8EÀ�() (|D� )��û�ED

� 2N� flE$À�()$�N + 1�E��À$E�éØ¿B5!|8

��FFTCS!

17.15 �}~b��~z{

K�Ù1G8N�$E�� (half-sin)()�D (� k = 0; . . . ; N�1)

Fk =

N�1X
l=0

fl sin(
kl�

N
) (17.81)

fl =
2

N

N�1X
l=0

Fk sin(
kl�

N
) (17.82)
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©EÀ� (half-cos)()�D (� k = 0; . . . ; N�
P

"±²;�ûG� 1
2
)

Fk =

NX
l=0

"fl cos(
kl�

N
) (17.83)

fl =
2

N

NX
l=0

"Fk cos(
kl�

N
) (17.84)

�� f2N�l = �fl� fo = fN = 0�a��/Ø¿$ 2N�"#�?1,-.

()��$��65$()��X��VE�� 2iD�E��()!�

� f2N�l = fl�a��Ø¿$ 2N �"#�?1,-.()��$��6

5$()��N��VE�� 2D�EÀ�()!Z��89��û��

�(É�t[i�!��kl[:�$89:

(1)E��()<���í���í:

yo = 0

yl =
1

2
(fl � fN�l) + sin(

l�

N
) (fl + fN�l) ; l = 1; . . . ; N�1 (17.85)

���,-.() (�1N3�$�� FFTR)�5Rk + i Ik��� Fk$

23���é#D���Fk!|8��FFTSC!

F2k = Ik ; F2k+1 = F2k�1 +Rk ; k = 0; . . . ; (N=2�1) (17.86)

é��� k = 0�"F1 = �F�1�5 F1 =
1

2
Ro (17.87)

(2)EÀ�()<���í���í:

yl =
1

2
(fl + fN�l)� sin(

l�

N
) (fl � fN�l) ; l = 0; . . . ; N�1 (17.88)

���,-.()�5Rk + i Ik���Fk$23���é#D��� Fk

!|8��FFTSC!

F2k = Rk ; F2k+1 = F2k�1 + Ik ; k = 0; . . . ; (N=2�1) (17.89)

é� (17.83)� k = 1�5 F1 =
1

2
(fo � fN ) +

N�1X
l=1

fl cos(
l�

N
) (17.90)

(3)EÀ� (half-cos)()tK1��$Õ�§�#�ù1N �J�E (�

(17.83)�N+1�E )�D (� k = 0; . . . ; N�1�
P
0±²;G� 1

2
)

Fk =

N�1X
l=0

fl cos
k(l+ 1

2
)�

N
(17.91)

fl =
2

N

N�1X
l=0

0

Fk cos
k(l+ 1

2
)�

N
(17.92)
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� (17.91)$()�<���í���í:

yl =
1

2
(fl + fN�1�l)� sin

(l + 1
2
)�

N
(fl � fN�1�l) ; l = 0; . . . ; N�1 (17.93)

���,-.()�5Rk + i Ik���Fk$23���é#D�y k =

N=2 � 1�¤È k = 0$����F2k; F2k+1!|8��FFTCH!

F2k = Rk cos(
k�

N
)� Ik sin(

k�

N
) (17.94)

F2k+1 � F2k�1 = Rk sin(
k�

N
) + Ik cos(

k�

N
) ; k = (N=2�1); . . . ; 0 (17.95)

é��� k = N=2�"FN�1 = �FN+1�5 FN�1 = �

1

2
RN=2 (17.96)

� (17.92)$()���789r�/B:DéFky����Rk; Ik�é

FFTCB yj�?é� (17.99)�� fj!|8��FFTCH!

Rk = (F2k+1 � F2k�1) sin(
k�

N
) + F2k cos(

k�

N
) (17.97)

Ik = (F2k+1 � F2k�1) cos(
k�

N
)� F2k sin(

k�

N
) ; k = (N=2�1); . . . ; 0 (17.98)

fl =
1

2
(yl + yN�1�l)� (yl � yN�1�l)=4 sin

(l+ 1
2
)�

N
; l = 0; . . . ; N�1 (17.99)

���®� (17.86)$23

Rk =

N�1X
l=0

yl cos(
2kl�

N
) =

N�1X
l=0

(fl + fN�l) sin(
l�

N
) cos(

2kl�

N
)

=

N�1X
l=0

2fl sin(
l�

N
) cos(

2kl�

N
)

=

N�1X
l=0

fl

"
sin

(2k + 1)l�

N
� sin

(2k � 1)l�

N

#
= F2k+1 � F2k�1 (17.100)

Ik =

N�1X
l=0

yl sin(
2kl�

N
) =

N�1X
l=0

1

2
(fl � fN�l) sin(

2kl�

N
)

=

N�1X
l=0

fl sin(
2kl�

N
) = F2k (17.101)

���®� (17.89)$23

Rk =

N�1X
l=0

yl cos(
2kl�

N
) =

N�1X
l=0

1

2
(fl + fN�l) cos(

2kl�

N
)
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=

N�1X
l=0

fl cos(
2kl�

N
) = F2k (17.102)

Ik =

N�1X
l=0

yl sin(
2kl�

N
) =

N�1X
l=0

�(fl � fN�l) sin(
l�

N
) sin(

2kl�

N
)

=

N�1X
l=0

�2fl sin(
l�

N
) sin(

2kl�

N
)

=

N�1X
l=0

fl

"
cos

(2k + 1)l�

N
� cos

(2k � 1)l�

N

#
= F2k+1 � F2k�1 (17.103)

���®� (17.94)�� (17.95)$23:�R
0

k
= Rk cos(

k�

N
) � Ik sin(

k�

N
)�

I
0

k
= Rk sin(

k�

N
) + Ik cos(

k�

N
)�é�íû�D�5� (17.104)�� (17.105)!

cos(
2kl�

N
) cos(

k�

N
)� sin(

2kl�

N
) sin(

k�

N
) = cos

2k(l + 1
2
)�

N

cos(
2kl�

N
) sin(

k�

N
) + sin(

2kl�

N
) cos(

k�

N
) = sin

2k(l + 1
2
)�

N

R
0

k
=

N�1X
l=0

yl cos
2k(l + 1

2
)�

N
=

N�1X
l=0

1

2
(fl + fN�1�l) cos

2k(l + 1
2
)�

N

=

N�1X
l=0

fl cos
2k(l + 1

2
)�

N
= F2k (17.104)

I
0

k
=

N�1X
l=0

yl sin
2k(l + 1

2
)�

N
=

N�1X
l=0

�(fl � fN�1�l) sin
(l + 1

2
)�

N
sin

2k(l + 1
2
)�

N

=

N�1X
l=0

�2fl sin
(l + 1

2
)�

N
sin

2k(l + 1
2
)�

N

=

N�1X
l=0

fl

"
cos

(2k + 1)(l + 1
2
)�

N
� cos

(2k � 1)(l + 1
2
)�

N

#

= F2k+1 � F2k�1 (17.105)

17.16 ��z{

�Ò�»a1��Ü��7���;@1+û�()$8��FFT2D

��FFT2SC!�Aû�©û���$()��Vû8��>�!
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ÆæÙ�ÌK�()G����µ��N©N=2�Ù+GH678

��$�©$æ o��$!

,-.¡��,-.��Y�±²�¢£,-.()4�-1�c

,-.()$�9��$!,-.()$Ù1¤µ¥¦��Ü�ç§¨

©ª«$/Ù�¬�¥�®,-.()jZ�B5®ì�t�B5

RÌ¯°WX$&®ì�"#a�c$,-.()�	1�ì±��¨

©/Ù$²³!

",-.()´¢nK�Ã ¡$¢£�4�µ¶·�c()$�

��9�a��	¸KJ`¹�1+��º»$�¬!¼�c,-.(

)"ª½���E���%�Kqr�$�4a��,-.¡��,-

.��$£¾K�r¿�a1�ÙÀ|ÁÒì����lÂa1��

�-Ã!

[±û (a)] �c,-.()8�� (/09 )

************************************************************************

SUBROUTINE FFTA(F,A,N,INV)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

COMPLEX*16 F(0:N-1),A(0:N-1)

C** ============================================================ **

C** F(N) = Input (FI) and Output (FO) data array of arbitrary N **

C** A(N) = Working array (F1,F2,F3,...) **

C** ============================================================ **

IF(N.LE.1) RETURN

IFA=1

NBF=N

NAF=1

C** +----------------------------------------------------------+ **

C** | NOW = 2,..,3,..,5,..,7,..,11,..,13,..,17,.. | **

C** +----------------------------------------------------------+ **

NOW=2

20 IF((NBF/NOW)*NOW.NE.NBF) THEN

NOW=NOW+1

GO TO 20

ENDIF

NBF=NBF/NOW

IF(IFA.GT.0) CALL FFTBNA(F,A,NBF,NOW,NAF,INV)

IF(IFA.LT.0) CALL FFTBNA(A,F,NBF,NOW,NAF,INV)

IFA=-IFA

NAF=NAF*NOW

IF(NBF.GT.1) GOTO 20

C** +----------------------------------------------------------+ **

C** | Return transformed values in F(0:N-1) | **

C** +----------------------------------------------------------+ **

IF(IFA.GT.0) RETURN

DO 50 I=0,N-1



478 ���� �����	
�

50 F(I)=A(I)

RETURN

END

************************************************************************

SUBROUTINE FFTBNA(FI,FO,NBF,NOW,NAF,INV)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

COMPLEX*16 FI(0:NBF-1,0:NOW-1,0:NAF-1),FO(0:NBF-1,0:NAF-1,0:NOW-1)

COMPLEX*16 OMG,AR1,FF

C** ============================================================ **

ANG=-6.2831853071795864D0/ISIGN(NOW*NAF,INV)

OMG=DCMPLX(DCOS(ANG),DSIN(ANG))

C** ------------------------------------------------------------ **

AR1=(1.D0,0.D0)

DO 90 IM=0,NOW-1

DO 80 IA=0,NAF-1

DO 70 IB=0,NBF-1

FF=FI(IB,NOW-1,IA)

DO 60 IN=NOW-2,0,-1

60 FF=FF*AR1+FI(IB,IN,IA)

70 FO(IB,IA,IM)=FF

80 AR1=AR1*OMG

90 CONTINUE

RETURN

END

*************************************************************************

[±û (b)] �c,-.()8�� (N19 )

*************************************************************************

SUBROUTINE FFTA(F,A,N,INV)

C ===================================================================== *

IMPLICIT REAL*8 (A-H,O-Z)

COMPLEX*16 F(0:N-1),A(0:N-1)

C ===================================================================== *

C F(N) = Input (FI) and Output (FO) data array of arbitrary N *

C A(N) = Working array (F1,F2,F3,...) reqd for N .NE. 2**Integer only *

C --------------------------------------------------------------------- *

C FO(K5,K4,K3,K2,K1)=FI(L1,L2,L3,L4,L5)W^(L1,L2,L3,L4,L5)(K5,K4,K3,K2,K1)

C where W = EXP(i*(-2*PI*INV/N)) *

C ===================================================================== *

C For NOW = 2 (N5=N4=N3=2) : by DO 290 *

C --------------------------------------------------------------------- *

C F1(L1,L2,L3,L4,J5)=FI(L1,L2,L3,L4,I5)W^( 0, 0, 0, 0,I5)(J5, 0, 0, 0, 0)

C F2(L1,L2,L3,J4,K5)=F1(L1,L2,L3,I4,K5)W^( 0, 0, 0,I4, 0)(K5,J4, 0, 0, 0)

C F3(L1,L2,J3,K4,K5)=F2(L1,L2,I3,K4,K5)W^( 0, 0,I3, 0, 0)(K5,K4,J3, 0, 0)

C --------------------------------------------------------------------- *

C Bit-reversal FR(L1,L2,K5,K4,K3)=F3(L1,L2,K3,K4,K5) : by DO 590 *

C --------------------------------------------------------------------- *

C For NOW > 2 (N2>2, N1>2) : by DO 90 *

C --------------------------------------------------------------------- *

C F4(L1,K5,K4,K3,J2)=FR(L1,I2,K5,K4,K3)W^( 0,I2, 0, 0, 0)(K5,K4,K3,J2, 0)

C FO(K5,K4,K3,K2,J1)=F4(I1,K5,K4,K3,K2)W^(I1, 0, 0, 0, 0)(K5,K4,K3,K2,J1)

C ===================================================================== *

C W^(0,0,I3,0,0)(K5,K4,J3,0,0) = W^(0,0,1,0,0)(K5,K4,J3,0,0)I3 = AR1^I3 *

C OMG = W^(0,0,1,0,0) = EXP(i*(-2*PI*INV/N)*NBF) *

C AR1 = W^(0,0,1,0,0)(K5,K4,J3,0,0) = 1*OMG*OMG*OMG*... *

C --------------------------------------------------------------------- *

C NBFore = N1*N2*N3*N4 N1*N2*N3 N1*N2 N1 1 *

C NOW = N5 N4 N3 N2 N1 *
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C NAFter = 1 N5 N5*N4 N5*N4*N3 N5*N4*N3*N2 *

C --------------------------------------------------------------------- *

C IB = (L1,L2,L3,L4) (L1,L2,L3) (L1,L2) (L1) 0 *

C IN = (I5) (I4) (I3) (I2) (I1) *

C IA = 0 (K5) (K5,K4) (K5,K4,K3) (K5,K4,K3,K2) *

C IR = 0 (K5) (K4,K5) (K3,K4,K5) (K2,K3,K4,K5) *

C IM = (J5) (J4) (J3) (J2) (J1) *

C < for NOW=N2=5 > : -------------------------------------------------- *

C / FO(IB,IA,0) \ / W00 W01 W02 W03 W04 \ / FI(IB,0,IA) \ *

C | FO(IB,IA,1) | | W10 W11 W12 W13 W14 | | FI(IB,1,IA) | *

C | FO(IB,IA,2) | = | W20 W21 W22 W23 W24 | | FI(IB,2,IA) | *

C | FO(IB,IA,3) | | W30 W31 W32 W33 W34 | | FI(IB,3,IA) | *

C \ FO(IB,IA,4) / \ W40 W41 W42 W43 W44 / \ FI(IB,4,IA) / *

C --------------------------------------------------------------------- *

C where : Wij = W^ij, W1j = W^j, W1j = AR1 = OMG^(IA,j) *

C --------------------------------------------------------------------- *

C FO($#j)=FI($0#)+(FI($1#)+(FI($2#)+(FI($3#)+FI($4#)*W1j)*W1j)*W1j)*W1j *

C ===================================================================== *

IF(N.LE.1) RETURN

IFA=1

NBF=N

NAF=1

C** +----------------------------------------------------------+ **

C** | NOW = 2,..,3,..,5,..,7,..,11,..,13,..,17,.. | **

C** +----------------------------------------------------------+ **

NOW=2

20 IF((NBF/NOW)*NOW.NE.NBF) THEN

NOW=NOW+1

GO TO 20

ENDIF

NBF=NBF/NOW

IF(IFA.GT.0) CALL FFTBNA(F,A,NBF,NOW,NAF,INV)

IF(IFA.LT.0) CALL FFTBNA(A,F,NBF,NOW,NAF,INV)

IF(NOW.NE.2) IFA=-IFA

NAF=NAF*NOW

IF(NBF.GT.1) GOTO 20

C** +----------------------------------------------------------+ **

C** | Return transformed values in F(0:N-1) | **

C** +----------------------------------------------------------+ **

IF(IFA.GT.0) RETURN

DO 50 I=0,N-1

50 F(I)=A(I)

RETURN

END

************************************************************************

SUBROUTINE FFTBNA(FI,FO,NBF,NOW,NAF,INV)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

COMPLEX*16 FI(0:NBF-1,0:NOW-1,0:NAF-1),FO(0:NBF-1,0:NAF-1,0:NOW-1)

COMPLEX*16 OMG,AR1,FF

C** ============================================================ **

ANG=-6.2831853071795864D0/ISIGN(NOW*NAF,INV)

OMG=DCMPLX(DCOS(ANG),DSIN(ANG))

C** ------------------------------------------------------------ **

IF(NOW.EQ.2) GOTO 200

C** ------------------------------------------------------------ **

AR1=(1.D0,0.D0)

DO 90 IM=0,NOW-1

DO 80 IA=0,NAF-1

DO 70 IB=0,NBF-1
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FF=FI(IB,NOW-1,IA)

DO 60 IN=NOW-2,0,-1

60 FF=FF*AR1+FI(IB,IN,IA)

70 FO(IB,IA,IM)=FF

80 AR1=AR1*OMG

90 CONTINUE

RETURN

C** +----------------------------------------------------------+ **

C** | NOW=2 : Use dual nodes and in-place computation | **

C** +----------------------------------------------------------+ **

200 IR=0

AR1=(1.D0,0.D0)

DO 290 IA=0,NAF-1

C** +--------------------------------------------------------+ **

C** | / FI(IB,0,IR) \ / 1 AR1 \ / FI(IB,0,IR) \ | **

C** | \ FI(IB,1,IR) / = \ 1 -AR1 / \ FI(IB,1,IR) / | **

C** +--------------------------------------------------------+ **

DO 280 IB=0,NBF-1

FF=FI(IB,1,IR)*AR1

FI(IB,1,IR)=FI(IB,0,IR)-FF

FI(IB,0,IR)=FI(IB,0,IR)+FF

280 CONTINUE

IF(IA.EQ.NAF-1) GO TO 290

IS=NAF/2

285 IF(IS.LE.IR) THEN

IR=IR-IS

IS=IS/2

GOTO 285

ENDIF

IR=IR+IS

AR1=AR1*OMG

290 CONTINUE

IF((NBF/2)*2.EQ.NBF) RETURN

C** +----------------------------------------------------------+ **

C** | Bit-reversal operation after all base 2 transformations | **

C** +----------------------------------------------------------+ **

IR=0

DO 590 IA=0,2*NAF-2

IF(IA.LT.IR) THEN

DO 540 IB=0,NBF-1

FF=FI(IB,IR,0)

FI(IB,IR,0)=FI(IB,IA,0)

FI(IB,IA,0)=FF

540 CONTINUE

ENDIF

IS=NAF

550 IF(IS.LE.IR) THEN

IR=IR-IS

IS=IS/2

GOTO 550

ENDIF

IR=IR+IS

590 CONTINUE

RETURN

END

************************************************************************
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************************************************************************

SUBROUTINE FFTA(F,A,N,INV)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

COMPLEX*16 F(0:N-1),A(0:N-1)

C** ============================================================ **

C** F(N) = Input (FI) and Output (FO) data array of arbitrary N **

C** A(N) = Working array (F1,F2,F3,...) for N .NE. 2**M only **

C** ============================================================ **

IF(N.LE.1) RETURN

IFA=1

NBF=N

NAF=1

C** +----------------------------------------------------------+ **

C** | NOW = 4,..,2,3,..,5,..,7,..,11,..,13,..,17,.. | **

C** +----------------------------------------------------------+ **

NOW=4

20 IF((NBF/NOW)*NOW.NE.NBF) THEN

NOW=NOW+1

IF(NOW.EQ.5) NOW=2

IF(NOW.EQ.4) NOW=5

GO TO 20

ENDIF

NBF=NBF/NOW

IF(IFA.GT.0) CALL FFTBNA(F,A,NBF,NOW,NAF,INV)

IF(IFA.LT.0) CALL FFTBNA(A,F,NBF,NOW,NAF,INV)

IF(NOW.NE.2.AND.NOW.NE.4) IFA=-IFA

NAF=NAF*NOW

IF(NBF.GT.1) GOTO 20

C** +----------------------------------------------------------+ **

C** | Return transformed values in F(0:N-1) | **

C** +----------------------------------------------------------+ **

IF(IFA.GT.0) RETURN

DO 50 I=0,N-1

50 F(I)=A(I)

RETURN

END

************************************************************************

SUBROUTINE FFTBNA(FI,FO,NBF,NOW,NAF,INV)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

COMPLEX*16 FI(0:NBF-1,0:NOW-1,0:NAF-1),FO(0:NBF-1,0:NAF-1,0:NOW-1)

COMPLEX*16 OMG,AR1,AR2,AR3,FF,V0,V1,V2,V3

COMPLEX*16 XXT,YYT,XXI,YYI,UNM,UN1,U11

DIMENSION XT(0:1),YT(0:1),XI(0:1),YI(0:1),U(0:1)

EQUIVALENCE (XXT,XT),(YYT,YT),(XXI,XI),(YYI,YI),(UNM,U)

C** ============================================================ **

ANG=-6.283185307179586D0/ISIGN(NOW*NAF,INV)

OMG=DCMPLX(DCOS(ANG),DSIN(ANG))

C** ------------------------------------------------------------ **

IF(NOW.EQ.4) GOTO 400

IF(NOW.EQ.2) GOTO 200

C** +----------------------------------------------------------+ **

C** | NOW=Odd : use twiddle factor computation | **

C** +----------------------------------------------------------+ **

ANG=-6.283185307179586D0/ISIGN(NOW,INV)

U11=DCMPLX(DCOS(ANG),DSIN(ANG))

AR1=(1.D0,0.D0)
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DO 190 IA=0,NAF-1

C** +--------------------------------------------------------+ **

C** | For IA > 0 : Multiplicate twiddle factors | **

C** +--------------------------------------------------------+ **

IF(IA.GT.0) THEN

AR1=AR1*OMG

AR2=(1.D0,0.D0)

DO 120 IN=1,NOW-1

AR2=AR2*AR1

DO 110 IB=0,NBF-1

FI(IB,IN,IA)=FI(IB,IN,IA)*AR2

110 CONTINUE

120 CONTINUE

ENDIF

C** +-------------------------------------------------------+ **

C** / FO(IB,IA,0) \ / U00 U01 U02 U03 U04 \ / FI(IB,0,IA) \ **

C** | FO(IB,IA,1) | | U10 | | FI(IB,1,IA) | **

C** | FO(IB,IA,2) | = | U20 | | FI(IB,2,IA) | **

C** | FO(IB,IA,3) | | U30 | | FI(IB,3,IA) | **

C** \ FO(IB,IA,4) / \ U40 / \ FI(IB,4,IA) / **

C** +-------------------------------------------------------+ **

DO 140 IB=0,NBF-1

FO(IB,IA,0)=FI(IB,0,IA)

DO 130 IN=1,NOW-1

FO(IB,IA,0)=FO(IB,IA,0)+FI(IB,IN,IA)

FO(IB,IA,IN)=FI(IB,0,IA)

130 CONTINUE

140 CONTINUE

C** +-------------------------------------------------------+ **

C** / FO(IB,IA,0) \ / \ / FI(IB,0,IA) \ **

C** XO | FO(IB,IA,1) | | U11 U12 U13 U14 | | FI(IB,1,IA) | **

C** | FO(IB,IA,2) | = | U21 U22 U23 U24 | | FI(IB,2,IA) | XI **

C** | FO(IB,IA,3) | | U31 U32 U33 U34 | | FI(IB,3,IA) | YI **

C** YO \ FO(IB,IA,4) / \ U41 U42 U43 U44 / \ FI(IB,4,IA) / **

C** +-------------------------------------------------------+ **

UN1=(1.D0,0.D0)

DO 180 IN=1,NOW/2

JN=NOW-IN

UN1=UN1*U11

UNM=(1.D0,0.D0)

DO 170 IM=1,NOW/2

JM=NOW-IM

UNM=UNM*UN1

C** +--------------------------------------------------------+ **

C** | XXO = XXT+YYT = (U(0)+i*U(1))*XXI + (U(0)-i*U(1))*YYI | **

C** | YYO = XXT-YYT = (U(0)-i*U(1))*XXI + (U(0)+i*U(1))*YYI | **

C** | XXT = (XXO+YYO)/2 = U(0) * (XXI+YYI) | **

C** | YYT = (XXO-YYO)/2 = i*U(1) * (XXI-YYI) | **

C** +--------------------------------------------------------+ **

DO 160 IB=0,NBF-1

XXI=FI(IB,IN,IA)

YYI=FI(IB,JN,IA)

XT(0)=(XI(0)+YI(0))*U(0)

XT(1)=(XI(1)+YI(1))*U(0)

YT(0)=(YI(1)-XI(1))*U(1)

YT(1)=(XI(0)-YI(0))*U(1)

FO(IB,IA,IM)=FO(IB,IA,IM)+XXT+YYT

FO(IB,IA,JM)=FO(IB,IA,JM)+XXT-YYT

160 CONTINUE

170 CONTINUE
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180 CONTINUE

190 CONTINUE

RETURN

C** +----------------------------------------------------------+ **

C** | NOW=2 : Use dual nodes and in-place computation | **

C** +----------------------------------------------------------+ **

200 IR=0

AR1=(1.D0,0.D0)

DO 290 IA=0,NAF-1

C** +--------------------------------------------------------+ **

C** | / FI(IB,0,IR) \ / 1 AR1 \ / FI(IB,0,IR) \ | **

C** | \ FI(IB,1,IR) / = \ 1 -AR1 / \ FI(IB,1,IR) / | **

C** +--------------------------------------------------------+ **

DO 280 IB=0,NBF-1

FF=FI(IB,1,IR)*AR1

FI(IB,1,IR)=FI(IB,0,IR)-FF

FI(IB,0,IR)=FI(IB,0,IR)+FF

280 CONTINUE

IF(IA.EQ.NAF-1) GO TO 290

IS=NAF/2

285 IF(IS.LE.IR) THEN

IR=IR-IS

IS=IS/2

GOTO 285

ENDIF

IR=IR+IS

AR1=AR1*OMG

290 CONTINUE

GOTO 500

C** +----------------------------------------------------------+ **

C** | NOW=4 : Use twiddle factor and in-place computation | **

C** +----------------------------------------------------------+ **

400 IR=0

AR1=(1.D0,0.D0)

DO 490 IA=0,NAF-1

C** +---------------------< for INV>=1 >--------------------+ **

C** | / FO(IB,0,0,IR) \ / 1 1 1 1 \ / FI(IB,0,0,IR) \ | **

C** | | FO(IB,0,1,IR) | | 1 -i -1 i | | FI(IB,1,0,IR) | | **

C** | | FO(IB,1,0,IR) | = | 1 -1 1 -1 | | FI(IB,0,1,IR) | | **

C** | \ FO(IB,1,1,IR) / \ 1 i -1 -i / \ FI(IB,1,1,IR) / | **

C** +-------------------------------------------------------+ **

DO 480 IB=0,NBF-1

IF(IA.GT.0) THEN

FI(IB,1,IR)=FI(IB,1,IR)*AR1

FI(IB,2,IR)=FI(IB,2,IR)*AR2

FI(IB,3,IR)=FI(IB,3,IR)*AR3

ENDIF

V0=FI(IB,0,IR)+FI(IB,2,IR)

V1=FI(IB,1,IR)+FI(IB,3,IR)

V2=FI(IB,0,IR)-FI(IB,2,IR)

V3=FI(IB,1,IR)-FI(IB,3,IR)

IF(INV.GT.0) THEN

V3=CMPLX(AIMAG(V3),-REAL(V3))

ELSE

V3=CMPLX(-AIMAG(V3),REAL(V3))

ENDIF

FI(IB,0,IR)=V0+V1

FI(IB,2,IR)=V2+V3

FI(IB,1,IR)=V0-V1

FI(IB,3,IR)=V2-V3



484 ���� ������� 

480 CONTINUE

IF(IA.EQ.NAF-1) GO TO 490

IS=NAF/2

485 IF(IS.LE.IR) THEN

IR=IR-IS

IS=IS/2

GOTO 485

ENDIF

IR=IR+IS

AR1=AR1*OMG

AR2=AR1*AR1

AR3=AR2*AR1

490 CONTINUE

500 IF((NBF/2)*2.EQ.NBF) RETURN

C** +----------------------------------------------------------+ **

C** | Bit-reversal operation after all base 4 + 2 transforms | **

C** +----------------------------------------------------------+ **

IR=0

DO 590 IA=0,NOW*NAF-2

IF(IA.LT.IR) THEN

DO 540 IB=0,NBF-1

FF=FI(IB,IR,0)

FI(IB,IR,0)=FI(IB,IA,0)

FI(IB,IA,0)=FF

540 CONTINUE

ENDIF

IS=NOW*NAF/2

550 IF(IS.LE.IR) THEN

IR=IR-IS

IS=IS/2

GOTO 550

ENDIF

IR=IR+IS

590 CONTINUE

RETURN

END

************************************************************************

[�! ] "# /$%&#
�����'( /)*���

************************************************************************

SUBROUTINE FFTR(A,B,N,INV)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(0:N-1),B(0:N-1)

C** ============================================================ **

C** FFT of real data for any even N **

C** ------------------------------------------------------------ **

C** f(0:1,0:N-1) ===> F(0:1,0:N-1) : f(1,I)=0, F(1,0)=F(1,N/2)=0 **

C** F(0,N-I)=F(0,I), F(1,N-I)=-F(1,I), for I=1,N/2 **

C** ============================================================ **

C** For INV=+-1 : DIMENSION A(0:2*N-1) **

C** Input : A(2*I)=f(0,I), for I=0,N-1 (others unused) **

C** Output : A(2*I)=F(0,I), A(2*I+1)=F(1,I), for I=0,N-1 **

C** ------------------------------------------------------------ **

C** For INV=+-2 : DIMENSION A(0:N+1) **

C** Input : A(I) = f(0,I), for I=0,N-1 **

C** Output : A(2*I)=F(0,I), A(2*I+1)=F(1,I), for I=0,N/2 **

C** ------------------------------------------------------------ **

C** For INV=+-3 : DIMENSION A(0:N-1) **
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C** Input : A(I) = f(0,I), for I=0,N-1 **

C** Output : A(2*I)=F(0,I), A(2*I+1)=F(1,I), for I=1,N/2-1 **

C** A(0) = F(0,0), A(1) = F(0,N/2) **

C** ============================================================ **

C** Working : B(0:N-1) required for N .NE. 2**M only **

C** ============================================================ **

IF(IABS(INV).NE.1) GOTO 40

DO 20 I=0,N-1

20 A(I)=A(2*I)

C** ------------------------------------------------------------ **

40 CALL FFTA(A,B,N/2,ISIGN(1,INV))

C** ------------------------------------------------------------ **

AN0R=A(0)-A(1)

A(0)=A(0)+A(1)

A(1)=0.0

C** ------------------------------------------------------------ **

ANG=-3.1415926535897932D0*ISIGN(2,INV)/N

W0=DCOS(ANG)

W1=DSIN(ANG)

U0=W0

U1=W1

J=N-2

DO 50 I=2,N/2,2

H0=(A(I )+A(J ))*0.5

G1=(A(J )-A(I ))*0.5

G0=(A(I+1)+A(J+1))*0.5

H1=(A(I+1)-A(J+1))*0.5

P0=G0*U1+G1*U0

P1=G1*U1-G0*U0

A(I )=H0-P1

A(J )=H0+P1

A(I+1)=P0+H1

A(J+1)=P0-H1

T0=U0

U0=T0*W0-U1*W1

U1=T0*W1+U1*W0

50 J=J-2

C** ------------------------------------------------------------ **

GOTO (60,90,55),IABS(INV)

55 A(1)=AN0R

RETURN

60 J=2*N-2

DO 80 I=2,N-1,2

A(J)=A(I)

A(J+1)=-A(I+1)

80 J=J-2

90 A(N)=AN0R

A(N+1)=0.0

RETURN

END

************************************************************************

SUBROUTINE FFTC(A,B,N,INV)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(0:N-1),B(0:N-1)

C** ============================================================ **

C** FFT of conjugate data for any even N **

C** ------------------------------------------------------------ **

C** f(0:1,0:N-1) <=== F(0:1,0:N-1) : f(1,I)=0, F(1,0)=F(1,N/2)=0 **

C** F(0,N-I)=F(0,I), F(1,N-I)=-F(1,I), for I=1,N/2 **
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C** ============================================================ **

C** For INV=+-1 : DIMENSION A(0:2*N-1) **

C** Input : A(2*I)=F(0,I), A(2*I+1)=F(1,I), for I=0,N/2 **

C** note that : A(1)=0, A(N+1)=0, others unused **

C** Output : A(2*I)=f(0,I), A(2*I+1)=f(1,I)=0, for I=0,N-1 **

C** ------------------------------------------------------------ **

C** For INV=+-2 : DIMENSION A(0:N+1) **

C** Input : A(2*I)=F(0,I), A(2*I+1)=F(1,I), for I=0,N/2 **

C** note that : A(1)=0, A(N+1)=0 **

C** Output : A(I) = f(0,I), for I=0,N-1 (f(1,I)=0 not given) **

C** ------------------------------------------------------------ **

C** For INV=+-3 : DIMENSION A(0:N-1) **

C** Input : A(2*I)=F(0,I), A(2*I+1)=F(1,I), for I=1,N/2-1 **

C** A(0) = F(0,0), A(1) = F(0,N/2) **

C** Output : A(I) = f(0,I), for I=0,N-1 (f(1,I)=0 not given) **

C** ============================================================ **

C** Working : B(0:N-1) required for N .NE. 2**M only **

C** ============================================================ **

AN0R=A(1)

IF(IABS(INV).LT.3) AN0R=A(N)

A(1)=A(0)-AN0R

A(0)=A(0)+AN0R

C** ------------------------------------------------------------ **

ANG=3.1415926535897932D0*ISIGN(2,INV)/N

W0=DCOS(ANG)

W1=DSIN(ANG)

U0=W0

U1=W1

J=N-2

DO 50 I=2,N/2,2

H0=A(I )+A(J ) ! Reverse from: H0=(A(I )+A(J ))*0.5

P1=A(J )-A(I ) ! G1=(A(J )-A(I ))*0.5

P0=A(I+1)+A(J+1) ! 1 < / G0=(A(I+1)+A(J+1))*0.5

H1=A(I+1)-A(J+1) ! \ / H1=(A(I+1)-A(J+1))*0.5

G0=P0*U1-P1*U0 ! \ / P0=G0*U1+G1*U0

G1=P1*U1+P0*U0 ! 2 <-----X------ P1=G1*U1-G0*U0

A(I )=H0-G1 ! / \ A(I )=H0-P1

A(J )=H0+G1 ! / \ A(J )=H0+P1

A(I+1)=G0+H1 ! 3 < \ A(I+1)=P0+H1

A(J+1)=G0-H1 ! A(J+1)=P0-H1

T0=U0 !

U0=T0*W0-U1*W1 ! Except *0.5 to be done outside FFTC

U1=T0*W1+U1*W0

50 J=J-2

C** ------------------------------------------------------------ **

CALL FFTA(A,B,N/2,ISIGN(1,INV))

C** ------------------------------------------------------------ **

IF(IABS(INV).NE.1) RETURN

DO 80 I=N-1,0,-1

A(2*I+1)=0.0

80 A(2*I)=A(I)

RETURN

END

************************************************************************

SUBROUTINE FFTSC(A,B,N,ICS)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(0:N-1),B(0:N-1)

C** ============================================================ **

C** Half-SIN or Half-COS transform of real data for even N **
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C** ------------------------------------------------------------ **

C** Input : A(0:N-1)/A(0:N)/A(0:N-1) = AI() = real dat **

C** Output : A(0:N-1)/A(0:N)/A(0:N-1) = Asin()/Acos()/Ac() **

C** ------------------------------------------------------------ **

C** ICS=+-1: Asin(K) = \sum_{J=0}^{N-1} AI(J)*SIN(K*J*PI/N) **

C** ICS=+-2: Acos(K) = \sum_{J=1}^{N-1} AI(J)*COS(K*J*PI/N) **

C** + (AI(0)+AI(N)*COS(K*PI))*0.5 **

C** ICS=+3 : Ac(K) = \sum_{J=0}^{N-1} AI(J)*COS(K*(J+.5)*PI/N) **

C** ICS=-3 : Ac(K) = \sum_{J=1}^{N-1} AI(J)*COS((K+.5)*J*PI/N) **

C** + 0.5*AI(0)*COS((K+.5)*0*PI/N) **

C** ------------------------------------------------------------ **

C** Working : B(0:N-1) required for N .NE. 2**M only **

C** ============================================================ **

IF(IABS(ICS).GE.3) THEN

CALL FFTCH(A,B,N,ICS)

RETURN

ENDIF

C** ------------------------------------------------------------ **

ANG=3.1415926535897932D0/N

W0=DCOS(ANG)

W1=DSIN(ANG)

C** ------------------------------------------------------------ **

U0=W0

U1=W1

IF(IABS(ICS).EQ.1) THEN

A(0)=0.0

ELSE

A1 =(A(0)-A(N))*0.5

A(0)=(A(0)+A(N))*0.5

ENDIF

DO 50 I=1,N/2

IF(IABS(ICS).EQ.1) THEN

R0=(A(I)-A(N-I))*0.5

R1=(A(I)+A(N-I))*U1

A(I) =R1+R0

A(N-I)=R1-R0

ELSE

R0=(A(I)+A(N-I))*0.5

R1=(A(I)-A(N-I))*U1

A1=(A(I)-A(N-I))*U0+A1

A(I) =R0-R1

A(N-I)=R0+R1

ENDIF

T0=U0

U0=T0*W0-U1*W1

U1=T0*W1+U1*W0

50 CONTINUE

C** ------------------------------------------------------------ **

CALL FFTR(A,B,N,-3)

IF(IABS(ICS).NE.1) A(N)=A(1)

A(1)=0.0

C** ------------------------------------------------------------ **

IF(IABS(ICS).EQ.1) THEN

A1=-0.5*A(0)

DO 60 I=0,N-2,2

A1=A1+A(I)

A(I)=A(I+1)

A(I+1)=A1

60 CONTINUE

ELSE
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DO 70 I=1,N-1,2

A1=A1+A(I)

A(I)=A1

70 CONTINUE

ENDIF

RETURN

END

************************************************************************

SUBROUTINE FFTCH(A,B,N,ICS)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(0:N-1),B(0:N-1)

C** ============================================================ **

C** Half-SIN or Half-COS transform of real data for even N **

C** ------------------------------------------------------------ **

C** Input : A(0:N-1) = AI(0:N-1) = real data **

C** Output : A(0:N-1) = AC(0:N-1) **

C** ------------------------------------------------------------ **

C** ICS=+3 : AC(K) = \sum_{J=0}^{N-1} AI(J)*COS(K*(J+.5)*PI/N) **

C** ICS=-3 : AC(K) = \sum_{J=1}^{N-1} AI(J)*COS((K+.5)*J*PI/N) **

C** + 0.5*AI(0)*COS((K+.5)*0*PI/N) **

C** ------------------------------------------------------------ **

C** Working : B(0:N-1) required for N .NE. 2**M only **

C** ============================================================ **

ANG=3.1415926535897932D0/N

W0=DCOS(ANG)

W1=DSIN(ANG)

C** ------------------------------------------------------------ **

IF(ICS.GT.0) THEN

U0=DCOS(0.5*ANG)

U1=DSIN(0.5*ANG)

DO 20 I=0,N/2-1

R0=(A(I)+A(N-1-I))*0.5

R1=(A(I)-A(N-1-I))*U1

A(I) =R0-R1

A(N-1-I)=R0+R1

T0=U0

U0=T0*W0-U1*W1

U1=T0*W1+U1*W0

20 CONTINUE

C** ------------------------------------------------------------ **

CALL FFTR(A,B,N,-3)

AN=A(1)

A(1)=0.0

C** ------------------------------------------------------------ **

AJ=-0.5*AN

U0=W0

U1=W1

DO 30 I=N-2,0,-2

DJ =A(I)*U0+A(I+1)*U1

A(I) =A(I)*U1-A(I+1)*U0

A(I+1)=AJ

AJ=AJ-DJ

T0=U0

U0=T0*W0-U1*W1

U1=T0*W1+U1*W0

30 CONTINUE

RETURN

C** ------------------------------------------------------------ **

ELSE
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AN=A(N-1)

U0=W0

U1=W1

DO 70 I=N-2,2,-2

DJ =A(I+1)-A(I-1)

A(I+1)=DJ*U1-A(I)*U0

A(I) =DJ*U0+A(I)*U1

T0=U0

U0=T0*W0-U1*W1

U1=T0*W1+U1*W0

70 CONTINUE

C** ------------------------------------------------------------ **

A(1)=-2.0*AN

CALL FFTC(A,B,N,3)

C** ------------------------------------------------------------ **

U0=DCOS(0.5*ANG)

U1=DSIN(0.5*ANG)

DO 80 I=0,N/2-1

R0=(A(I)+A(N-1-I))*0.25

R1=(A(I)-A(N-1-I))*0.125/U1

A(I) =R0-R1

A(N-1-I)=R0+R1

T0=U0

U0=T0*W0-U1*W1

U1=T0*W1+U1*W0

80 CONTINUE

RETURN

ENDIF

END

************************************************************************

SUBROUTINE FFTCS(A,B,N,ICS)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(0:N-1),B(0:N-1)

C** ============================================================ **

C** SIN or COS transform of real data for even N **

C** ------------------------------------------------------------ **

C** Input : A(0:N-1) = AI(0:N-1) = real data **

C** Output : A(0:N-1) = Asin(0:N-1) or Acos(0:N-1) **

C** ------------------------------------------------------------ **

C** ICS=+-1: Asin(K) = \sum_{J=0}^{N-1} AI(J)*SIN(K*J*2PI/N) **

C** ICS=+-2: Acos(K) = \sum_{J=0}^{N-1} AI(J)*COS(K*J*2PI/N) **

C** ------------------------------------------------------------ **

C** Working : B(0:N/2-1) required for N .NE. 2**M only **

C** ============================================================ **

IF(IABS(ICS).EQ.1) THEN

A(0)=0.0

DO 20 I=1,N/2-1

A(I)=A(I)-A(N-I)

20 CONTINUE

ELSE

A(0)=A(0)+A(0)

DO 30 I=1,N/2-1

A(I)=A(I)+A(N-I)

30 CONTINUE

A(N/2)=A(N/2)+A(N/2)

ENDIF

C** ------------------------------------------------------------ **

CALL FFTSC(A,B,N/2,ICS)

C** ------------------------------------------------------------ **
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IF(IABS(ICS).EQ.1) THEN

A(N/2)=0.0

DO 40 I=1,N/2-1

A(N-I)=-A(I)

40 CONTINUE

ELSE

DO 60 I=1,N/2-1

A(N-I)=A(I)

60 CONTINUE

ENDIF

RETURN

END

************************************************************************

[�+ ] �,����-./

************************************************************************

SUBROUTINE FFT2D(A,N1,N2,INV1,INV2,W,NRA)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

COMPLEX*16 A(0:NRA-1,0:N2-1),W(0:*)

C** ============================================================ **

C** INV1,INV2 = +1 : Fourior transform **

C** INV1,INV2 = -1 : Inverse transform **

C** ------------------------------------------------------------ **

C** Input & output : A(0:N1-1,0:N2-1) = complex data **

C** ------------------------------------------------------------ **

C** W(0:N-1) : Working array **

C** N .GE. MAX(N1,N2+N2) for any N1 and any N2 **

C** N .GE. MAX(N1, N2) for any N1 and N2=2**K **

C** N .GE. N2+N2 for N1=2**M and any N2 **

C** N .GE. N2 for N1=2**M and N2=2**K **

C** ------------------------------------------------------------ **

IF(N2.GT.1) THEN

DO 40 I=0,N1-1

DO 20 J=0,N2-1

W(J)=A(I,J)

20 CONTINUE

CALL FFTA(W,W(N2),N2,INV2)

DO 30 J=0,N2-1

A(I,J)=W(J)

30 CONTINUE

40 CONTINUE

ENDIF

C** ------------------------------------------------------------ **

IF(N1.GT.1) THEN

DO 50 J=0,N2-1

CALL FFTA(A(0,J),W,N1,INV1)

50 CONTINUE

ENDIF

C** ------------------------------------------------------------ **

RETURN

END

************************************************************************

SUBROUTINE FFT2SC(A,N1,N2,ICS1,ICS2,W,NRA)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(0:NRA-1,0:N2-1),W(0:*)

C** ============================================================ **

C** 2-D Half-SIN/COS transform **
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C** ------------------------------------------------------------ **

C** ICS1=+-1 Half-SIN transform for any N1 (NR=N1 ) **

C** ICS1=+-2 Half-COS transform for any N1 (NR=N1+1) **

C** ICS1=+-3 Half-COS trans/inv for any N1 (NR=N1 ) **

C** ICS2=+-1 Half-SIN transform for any N2 (NC=N2 ) **

C** ICS2=+-2 Half-COS transform for any N2 (NC=N2+1) **

C** ICS2=+-3 Half-COS trans/inv for any N2 (NC=N2 ) **

C** ------------------------------------------------------------ **

C** Input & output : A(0:NR-1,0:NC-1) = real data **

C** ------------------------------------------------------------ **

C** W(0:N-1) : Working array **

C** N .GE. MAX(N1,N2+NC) for any N1 and any N2 **

C** N .GE. MAX(N1, NC) for any N1 and N2=2**J **

C** N .GE. N2+NC for N1=2**I and any N2 **

C** N .GE. NC for N1=2**I and N2=2**J **

C** ============================================================ **

NR=N1

NC=N2

IF(IABS(ICS1).EQ.2.AND.N1.GT.1) NR=N1+1

IF(IABS(ICS2).EQ.2.AND.N2.GT.1) NC=N2+1

C** ------------------------------------------------------------ **

IF(N2.GT.1) THEN

DO 40 I=0,NR-1

DO 20 J=0,NC-1

W(J)=A(I,J)

20 CONTINUE

CALL FFTSC(W,W(NC),N2,ICS2)

DO 30 J=0,NC-1

A(I,J)=W(J)

30 CONTINUE

40 CONTINUE

ENDIF

C** ------------------------------------------------------------ **

IF(N1.GT.1) THEN

DO 50 J=0,NC-1

CALL FFTSC(A(0,J),W,N1,ICS1)

50 CONTINUE

ENDIF

C** ------------------------------------------------------------ **

RETURN

END

************************************************************************

[�0 ] 1
���23456-���

************************************************************************

SUBROUTINE FFTTRR(W,E,YST,Y,DT,N,U,U0,V0)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION Y(0:N-1),U(0:N+1)

C** ============================================================ **

C** This subroutine computes transient response of the equation **

C** Rel.A(I) + 2*E*W*V(I) + W*W*U(I) = W*W*YST*Y(I) **

C** with initial conditions : U(0)=U0, V(0)=V0 **

C** and N=2**M by Fast Fourier Transform. (V=dU/dT, A=dV/dT) **

C** ------------------------------------------------------------ **

C*I W = Natural frequence of the system **

C*I E = Damping ratio of the system **

C*I YST = Scale constant **

C** > 0 : for transient response **
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C** < 0 : for steady-state response **

C*I Y(I) = Input force divided by W*W*YST at T=I*DT **

C*I DT = Time interval **

C*I N = Number of data points **

C*O U(I) = Output response at T=I*DT **

C*I U0 = Initial displacement at T=0 **

C*I V0 = Initial velocity at T=0 **

C** ------------------------------------------------------------ **

C** Array U(N+2) may be equivalence to Y(N). **

C** If N .NE. 2**Integer then array U() must has length 2*N+2 **

C** ============================================================ **

DO 10 I=0,N-1

10 U(I)=Y(I)*YST*W*W

C** +----------------------------------------------------------+ **

C** | Perform Fourier Transform by FFT(Real) | **

C** +----------------------------------------------------------+ **

CALL FFTR(U,U(N+2),N,2)

C** +----------------------------------------------------------+ **

C** | Multiple by transfer function H(I*DW) and divided by N | **

C** +----------------------------------------------------------+ **

DW=6.2831853071795864D0/(DT*N)

DO 30 I=0,N/2

H1= W**2-(I*DW)**2

H2=-2.*E*W*DW*I

HH=(H1*H1+H2*H2)*N

U1=U(2*I)

U(2*I )=(U1*H1-U(2*I+1)*H2)/HH

30 U(2*I+1)=(U1*H2+U(2*I+1)*H1)/HH

U(N+1)=0.0

C** +----------------------------------------------------------+ **

C** | For YST<0 : Compute steady-state response by Inverse FFT | **

C** +----------------------------------------------------------+ **

IF(YST.LT.0) THEN

CALL FFTC(U,U(N+2),N,-2)

RETURN

ENDIF

C** +----------------------------------------------------------+ **

C** | For YST>0 : Get initial value of steady-state response | **

C** +----------------------------------------------------------+ **

UO=0.0

VO=0.0

DO 40 I=1,N/2-1

UO=UO+U(2*I)

40 VO=VO-U(2*I+1)*DW*I

UO=UO+UO+U(0)+U(N)

VO=VO+VO

C** +----------------------------------------------------------+ **

C** | Then : Compute the steady-state response by Inverse FFT | **

C** +----------------------------------------------------------+ **

CALL FFTC(U,U(N+2),N,-2)

C** +----------------------------------------------------------+ **

C** | And : Adjust I.C. to U0 and V0 for transient response | **

C** +----------------------------------------------------------+ **

UU=U0-UO

VV=(V0-VO)/W

D=DSQRT(1.0-E*E)

O=DATAN(E/D)

EDT=1.0/D

WDDT=W*D*DT

EWDT=DEXP(-E*W*DT)
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C** ------------------------------------------------------------ **

DO 50 I=0,N-1

WDT=WDDT*I

U(I)=U(I)+EDT*(UU*DCOS(WDT-O)+VV*DSIN(WDT))

50 EDT=EDT*EWDT

RETURN

END

************************************************************************

78
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��345.67 (89N).:+;<=��>=?@A�B�CN ?
D.EFG(-H2N log

2
N;<=��>I9JK�LN5?MNHO

P�Q-+,*RSTUVWX��,YZ[��, (Bubble sort)�\]
��, (Shaker sort)�^_��, (Heapsort)`ab��, (Quicksort)*
cde9f�+,Ggde9a�+,*RSh(��ij �>kl
T345 (A(I); I = 1; N)�@m;A(1:N)��;nDo M.p�9q*
RSrstYuv��wxy��`2345.z{|}~3 .���
�>*��^_��,2ab��,./01�!=?*

18.2 �����

Z[��,9� I = 1; 2; . . . ; N � 1.���=?��d345A(I)

2A(I + 1)�Ldep���NH���*�gA(N)��9�M5*�
d��� I = 1; 2; . . . ; N � 2.���=?��d345����=?��
��9 I = 1; N � 2*��|������=?�����T345 p
��¡ (¢£! )*��¤!�¥.=?����¦�!�§��oc�
=?N�g!����¨+.c*q©Yªc�¥�g!����«¬
9NX��A(NX)2A(NX + 1)9�g!����HA(NX + 1)oA(N)
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.p��<¶�·Q-345k=A(1)oA(NX)M�¸�¹!�¥ºO
�A(1)oA(NX).»������¼=?���9 I = 1; NX � 1*¢©
��>BUBBLEh½*

£! Z[��,.=?¾�

Z[��,��¿�EÀ¹(ÁÂz{ÃÄ�Å )Æ=?���N�(N�1)=2
�G���¡�EÀ¹ (ÁÂz{ ��Å )HºÆ=? (N � 1)�*

[Ç! ] Z[��,��>

************************************************************************

SUBROUTINE BUBBLE(A,N)

C** ============================================================ **

DIMENSION A(N)

C** ============================================================ **

C** Bubble sort : After sorting A(I).LE.A(I+1) **

C** ============================================================ **

NX=N

20 M=NX-1

DO 50 I=1,M

IF(A(I).LE.A(I+1)) GO TO 50

AT=A(I)

A(I)=A(I+1)

A(I+1)=AT

NX=I

50 CONTINUE

C** +----------------------------------------------------------+ **

C** | Return if no exchange during do loop 50 (NX=M+1) | **

C** +----------------------------------------------------------+ **

IF(NX.LE.M) GO TO 20

RETURN

END

************************************************************************
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18.3 ÊË���

\]��,9LZ[��,��Ìg=?��d345N�ªO�
�d345�HC��gÍÎÌc=?��d345���p���e�
Ïop�<¶����9¦��LCÌcÐ�Z[��*q©£dÑ�=
?A(4) = 62A(5) = 4g�O��9A(4) = 4 2A(5) = 6�¸�ÍÎÌc

£d \]��,.=?¾�

=?A(3) = 52A(4) = 4���9A(3) = 42A(4) = 5��=?A(2) = 3

2A(3) = 4�Òp�<¶����§Ó¦Ìc�=?���ÔÌg.A(5)

2A(6)�=?*��Ìc�=?`��PcÕ (u��¾Ìg=?.�� )

345Ö× p��¡�q©�=?A(5)2A(6)N�A(1 : 4) = (2; 3; 4; 5)

�Øp��¡�¼ºO�!�Ìg.=?��Ö;���Ù*¢��>
SHAKER*¸z{N§ÌgÚ]N§ÌcÚ]�¼Û9\]��,*

[Çd ] \]��,��>
************************************************************************

SUBROUTINE SHAKER(A,N)

C** ============================================================ **

DIMENSION A(N)

C** ============================================================ **

C** Shaker sort : After sorting A(I).LE.A(I+1) **

C** ============================================================ **

DO 50 I=2,N

IF(A(I-1).LE.A(I)) GO TO 50

K=I

AX=A(K)

30 A(K)=A(K-1)

K=K-1
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IF(K.LE.1) GO TO 40

IF(A(K-1).GT.AX) GO TO 30

40 A(K)=AX

50 CONTINUE

RETURN

END

************************************************************************

18.4 ÜÝ���

ª(ÞÎM�K+1ß345A(K :M)�àá¹Å3â (ãä£å )Y

A(I) � A(2 � I) · A(I) � A(2 � I + 1) (18.1)

HÛA(K : M)9^_*LK = 1N^_º!æçh(M ß5*LK =

2; M = 7N^_�9dæ�èç 3ß5*LK = 2; M = 10N^_r�9
dæ�!æç 3ß5 (A(3); A(6); A(7))�é!æçÒê 6ß5*

£å ^_ëÞìd5Oàá> (18.1)

^_��,�!ßíîïR/09Yðñ!ß345AXòA(K+1 :

M).^_Ñ�PF;ó^_A(K :M)*¢ôõö©¹ (÷£W )Y
õö!Yøù I = K*Î�õöd*
õödYú�ûAX�¬CA(I)ü�l�ýHùA(I) = AX§;ó^_�
Òþÿ9Y
(1)L 2 � I > MN*
(2)L 2 � I =MNYAX � A(2 � I)*
(3)L 2 � I < MNYAX � max(A(2 � I); A(2 � I + 1))*
��/0�øùJ = 2�I�§LA(2�I) < A(2�I+1)NH�ùJ = 2�I+1*
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��AX � A(J).=?�;��ýHùA(I) = AX���F;ó^_§
��/0GûHÎ�õöå*
õöå :ùA(I) = A(J); I = J �õöd*r�T A(I).¹�Ñ?M�
A(J)�Ú!��AX����	«¬ IH¹Ú!�oJ���õödÍÎ
=?AX�û�¬CA(J)*
l�¾�¢£W2��>HEAPë.SHIFT*

£W ð5o^_.�Ú¾�

l^_�����9¹Åd
ÕY
(1)
Õ!Y9�¥ (A(I); I = 1; N)P;^_*�,9Yª�(^_ (A(I);

I = K + 1; N)����cÕh�+,ðñAX�lF;ó^_ (A(I); I =

K;N)�ùK = N=2; 1;�1J�¾���Ö;^_ (A(I); I = 1; N)*�
�K�N=2�Ââ¸ (A(I); I = N=2 + 1; N)k~¹�z{�� 2 � I > N�
¼�F;^_*��£�Ñ�ì�Þ.»��F;^_*

£� 
Õ!F;^_.¾�

(2)
ÕdY9�^_ (A(I); I = 1;M)Ñ��Ò�M5A(1)¬C��
g.<¶«¬M�A(M)H���ù9AX�r cÕh�+,ðò^_
(A(I); I = 2;M � 1)ÑF;ó^_ (A(I); I = 1;M � 1)�ùM = N; 2;�1

J��¾���Ö;���Ù*��£�Ñ��.»���¡p�*
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£� 
Õd^_��.¾�
[Çå ] ^_��,��>

************************************************************************

SUBROUTINE HEAP(A,N)

C** ============================================================ **

DIMENSION A(N)

C** ============================================================ **

C** Heap sort : After sorting A(I).LE.A(I+1) **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Form heap (A(I),I=K,N) for K=N/2 ... 1 | **

C** +----------------------------------------------------------+ **

DO 10 K=N/2,1,-1

AX=A(K)

CALL SHIFT(A,K,N,AX)

10 CONTINUE

C** +----------------------------------------------------------+ **

C** | Put max of A(1:M) in the correct position M | **

C** | Form heap (A(I),I=1,M-1) for M=N ... 2 | **

C** +----------------------------------------------------------+ **

DO 20 M=N,2,-1

AX=A(M)

A(M)=A(1)

CALL SHIFT(A,1,M-1,AX)

20 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE SHIFT(A,K,M,AX)

C** ============================================================ **

DIMENSION A(M)

C** ============================================================ **

C** Given AX and heap A(K+1:M) where K .LE. M **

C** Shift AX down to form new heap A(K:M) **

C** A: A(I).GE.A(2*I) .AND. A(I).GE.A(2*I+1) **

C** ============================================================ **

I=K

60 J=I+I

IF(J.LE.M) THEN

IF(J.LT.M) THEN
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IF(A(J+1).GT.A(J)) J=J+1

ENDIF

IF(A(J).GT.AX) THEN

C** +------------------------------------------------------+ **

C** | Shift AX down to position J | **

C** +------------------------------------------------------+ **

A(I)=A(J)

I=J

GO TO 60

ENDIF

ENDIF

C** +----------------------------------------------------------+ **

C** | No more shift down : I is the correct position for AX | **

C** +----------------------------------------------------------+ **

A(I)=AX

RETURN

END

************************************************************************

SUBROUTINE HEAPB(A,B,N)

C** ============================================================ **

DIMENSION A(N),B(N)

C** ============================================================ **

C** Heap sort : After sorting A(I).LE.A(I+1) **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Form heap (A(I),I=K,N) for K=N/2 ... 1 | **

C** +----------------------------------------------------------+ **

DO 10 K=N/2,1,-1

AX=A(K)

BX=B(K)

CALL SHIFTB(A,B,K,N,AX,BX)

10 CONTINUE

C** +----------------------------------------------------------+ **

C** | Put max of A(1:M) in the correct position M | **

C** | Form heap (A(I),I=1,M-1) for M=N ... 2 | **

C** +----------------------------------------------------------+ **

DO 20 M=N,2,-1

AX=A(M)

BX=B(M)

A(M)=A(1)

B(M)=B(1)

CALL SHIFTB(A,B,1,M-1,AX,BX)

20 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE SHIFTB(A,B,K,M,AX,BX)

C** ============================================================ **

DIMENSION A(M),B(M)

C** ============================================================ **

C** Given AX and heap A(K+1:M) where K .LE. M **

C** Shift AX down to form new heap A(K:M) **

C** A: A(I).GE.A(2*I) .AND. A(I).GE.A(2*I+1) **

C** ============================================================ **

I=K

60 J=I+I

IF(J.LE.M) THEN

IF(J.LT.M) THEN

IF(A(J+1).GT.A(J)) J=J+1

ENDIF
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IF(A(J).GT.AX) THEN

C** +------------------------------------------------------+ **

C** | Shift AX down to position J | **

C** +------------------------------------------------------+ **

A(I)=A(J)

B(I)=B(J)

I=J

GO TO 60

ENDIF

ENDIF

C** +----------------------------------------------------------+ **

C** | No more shift down : I is the correct position for AX | **

C** +----------------------------------------------------------+ **

A(I)=AX

B(I)=BX

RETURN

END

************************************************************************
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[ÇW ] ab��,��>
************************************************************************

SUBROUTINE QUICK(A,N)

C** ============================================================ **

DIMENSION A(N),IL(20),IU(20)

C** ============================================================ **

C** Quick sort : after sorting A(I).LE.A(I+1) **

C** IL(NN),IU(NN) permit sorting up to N=2**(NN+1)-1 **

C** ============================================================ **

I=1

M=N

NN=1

C** ------------------------------------------------------------ **
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10 IF(I.GE.M) GO TO 70

C** +----------------------------------------------------------+ **

C** | Sorting A(I),A(IX),A(M) | **

C** | And get AX=MID(A(I),A(IX),A(M)) | **

C** +----------------------------------------------------------+ **

IX=(I+M)/2

AX=A(IX)

IF(A(I).GT.AX) THEN

A(IX)=A(I)

A(I)=AX

AX=A(IX)

ENDIF

IF(AX.GT.A(M)) THEN

A(IX)=A(M)

A(M)=AX

AX=A(IX)

IF(A(I).GT.AX) THEN

A(IX)=A(I)

A(I)=AX

AX=A(IX)

ENDIF

ENDIF

C** ============================================================ **

C** SUBROUTINE PARTITION(A,I,M,J,K,AX)

C** ============================================================ **

C** Sorting A(I:M) by partition into A(I:K) and A(J:M) **

C** ============================================================ **

C** Such that I <= K < J <= M provided I < M **

C** A(x) <= AX for I <= x <= K **

C** A(x) = AX for K < x < J **

C** A(x) >= AX for J <= x <= M **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Test right part for A(K)>AX & left part for A(J)<AX | **

C** +----------------------------------------------------------+ **

J=I

K=M

40 K=K-1

IF(A(K).GT.AX) GO TO 40

50 J=J+1

IF(AX.GT.A(J)) GO TO 50

C** ------------------------------------------------------------ **

IF(J.LE.K) THEN

AT=A(J)

A(J)=A(K)

A(K)=AT

GO TO 40

ENDIF

C** +----------------------------------------------------------+ **

C** | End of partitioning : Find longer partition to save | **

C** +----------------------------------------------------------+ **

IF(K-I.GT.M-J) THEN

C** +--------------------------------------------------------+ **

C** | Save left partition A(I:K) then sort A(J:M) | **

C** +--------------------------------------------------------+ **

IL(NN)=I

IU(NN)=K

NN=NN+1

I=J

ELSE
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C** +--------------------------------------------------------+ **

C** | Save right partition A(J:M) then sort A(I:K) | **

C** +--------------------------------------------------------+ **

IL(NN)=J

IU(NN)=M

NN=NN+1

M=K

ENDIF

GO TO 80

C** +----------------------------------------------------------+ **

C** | Get a saved partition A(I:M) for sorting | **

C** +----------------------------------------------------------+ **

70 NN=NN-1

IF(NN.EQ.0) RETURN

I=IL(NN)

M=IU(NN)

C** +----------------------------------------------------------+ **

C** | Use quick sort for long key array | **

C** +----------------------------------------------------------+ **

80 IF(M-I.GE.11.OR.I.EQ.1) GO TO 10

C** +----------------------------------------------------------+ **

C** | Use shaker sort for short key array | **

C** +----------------------------------------------------------+ **

90 I=I+1

IF(I.GT.M) GO TO 70

IF(A(I-1).LE.A(I)) GO TO 90

K=I

AX=A(K)

95 A(K)=A(K-1)

K=K-1

IF(A(K-1).GT.AX) GO TO 95

C** ------------------------------------------------------------ **

A(K)=AX

GO TO 90

END

************************************************************************
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************************************************************************

SUBROUTINE SHAKEL(A,L,N)

C** ============================================================ **

DIMENSION A(N),L(N)

C** ============================================================ **

C** Shaker sort : After sorting A(L(I)).LE.A(L(I+1)) **

C** ============================================================ **

DO 10 I=1,N

10 L(I)=I

C** ------------------------------------------------------------ **

DO 50 I=2,N

IF(A(L(I-1)).LE.A(L(I))) GO TO 50

K=I

LX=L(K)

30 L(K)=L(K-1)

K=K-1

IF(K.LE.1) GO TO 40

IF(A(L(K-1)).GT.A(LX)) GO TO 30

40 L(K)=LX

50 CONTINUE

RETURN

END

************************************************************************
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SUBROUTINE HEAPL(A,L,N)

C** ============================================================ **

DIMENSION A(N),L(N)

C** ============================================================ **

C** Heap sort : After sorting A(L(I)).LE.A(L(I+1)) **

C** ============================================================ **

DO 5 I=1,N

5 L(I)=I

C** +----------------------------------------------------------+ **

C** | Form heap (A(L(I)),I=K,N) for K=N/2 ... 1 | **

C** +----------------------------------------------------------+ **

DO 10 K=N/2,1,-1

LX=L(K)

CALL SHIFTL(A,L,K,N,LX)

10 CONTINUE

C** +----------------------------------------------------------+ **

C** | Put max of A(L(1:M)) in the correct position M | **

C** | Form heap (A(L(I)),I=1,M-1) for M=N ... 2 | **

C** +----------------------------------------------------------+ **

DO 20 M=N,2,-1

LX=L(M)

L(M)=L(1)

CALL SHIFTL(A,L,1,M-1,LX)

20 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE SHIFTL(A,L,K,M,LX)

C** ============================================================ **

DIMENSION A(M),L(M)

C** ============================================================ **

C** Given LX and heap A(L(K+1:M)) where K .LE. M **

C** Shift A(LX) down to form new heap A(L(K:M)) **

C** A: A(L(I)).GE.A(L(2*I)) .AND. A(L(I)).GE.A(L(2*I+1)) **

C** ============================================================ **

I=K

60 J=I+I

IF(J.LE.M) THEN

IF(J.LT.M) THEN

IF(A(L(J+1)).GT.A(L(J))) J=J+1

ENDIF

IF(A(L(J)).GT.A(LX)) THEN

C** +------------------------------------------------------+ **

C** | Shift A(LX) down to position J | **

C** +------------------------------------------------------+ **

L(I)=L(J)

I=J

GO TO 60

ENDIF

ENDIF

C** +----------------------------------------------------------+ **

C** | No more shift down : I is the correct position for A(LX) | **

C** +----------------------------------------------------------+ **

L(I)=LX

RETURN

END

************************************************************************
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************************************************************************

SUBROUTINE HEAPG(N)

C** ============================================================ **

C** LOGICAL ICMPIJ,ICMPIX,ICMPXJ **

C** ============================================================ **

C** Heap ascending sort (for decending : change .LE. to .GE.) **

C** =================< key sorting >==+===< index sorting >===== **

C** DIMENSION A(N) | A(N),L(N) **

C** After sorting A : A(I).LE.A(I+1) | A(L(I)).LE.A(L(I+1)) **

C** D : A(I).GE.A(I+1) | A(L(I)).GE.A(L(I+1)) **

C** ----------------------------------+------------------------- **

C** ICMPIJ(I,J) = A : A(I).LE.A(J) | A(L(I)).LE.A(L(J)) **

C** ICMPIX(I) = A : A(I).LE. AX | A(L(I)).LE. A(LX) **

C** ICMPXJ(J) = A : AX .LE.A(J) | A(LX) .LE.A(L(J)) **

C** ----------------------------------+------------------------- **

C** MOVEIJ(I,J) : A(I)=A(J) | L(I)=L(J) **

C** MOVEIX(I) : A(I)=AX | L(I)=LX **

C** MOVEXJ(I) : AX=A(J) | LX=L(J) **

C** ----------------------------------+------------------------- **

C** SWAPIJ(I,J) : AT=A(I) | LT=L(I) **

C** : A(I)=A(J) | L(I)=L(J) **

C** : A(J)=AT | L(J)=LT **

C** ----------------------------------+------------------------- **

C** ROTXIJ(I,J) : (AX=A(I)) A(I)=A(J) | (LX=L(I)) L(I)=L(J) **

C** : A(J)=AX & AX=A(I) | L(J)=LX & LX=L(I) **

C** ============================================================ **

C** INITIL(N) : Set L(I)=I for I=1,N for index sorting **

C** ============================================================ **

CALL INITIL(N)

C** +----------------------------------------------------------+ **
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C** | Form heap (A(I),I=K,N) for K=N/2 ... 1 | **

C** +----------------------------------------------------------+ **

DO 10 K=N/2,1,-1

CALL MOVEXJ(K)

CALL SHIFTG(K,N)

10 CONTINUE

C** +----------------------------------------------------------+ **

C** | Put max of A(1:M) in the correct position M | **

C** | Form heap (A(I),I=1,M-1) for M=N ... 2 | **

C** +----------------------------------------------------------+ **

DO 20 M=N,2,-1

CALL MOVEXJ(M)

CALL MOVEIJ(M,1)

CALL SHIFTG(1,M-1)

20 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE SHIFTG(K,M)

C** ============================================================ **

LOGICAL ICMPIJ,ICMPIX,ICMPXJ

C** ============================================================ **

C** Given AX and heap A(K+1:M) where K .LE. M **

C** Shift AX down to form new heap A(K:M) **

C** A: A(I).GE.A(2*I) .AND. A(I).GE.A(2*I+1) **

C** ============================================================ **

I=K

60 J=I+I

IF(J.LE.M) THEN

IF(J.LT.M) THEN

IF(.NOT.ICMPIJ(J+1,J)) J=J+1

ENDIF

IF(.NOT.ICMPIX(J)) THEN

C** +------------------------------------------------------+ **

C** | Shift AX down to position J | **

C** +------------------------------------------------------+ **

CALL MOVEIJ(I,J)

I=J

GO TO 60

ENDIF

ENDIF

C** +----------------------------------------------------------+ **

C** | No more shift down : I is the correct position for AX | **

C** +----------------------------------------------------------+ **

CALL MOVEIX(I)

RETURN

END

************************************************************************

SUBROUTINE QUICKG(N)

C** ============================================================ **

LOGICAL ICMPIJ,ICMPIX,ICMPXJ

DIMENSION IL(20),IU(20)

C** IL(NN),IU(NN) permit sorting up to N=2**(NN+1)-1 **

C** ============================================================ **

C** Quick ascending sort (for decending : change .LE. to .GE.) **

C** =================< key sorting >==+===< index sorting >===== **

C** DIMENSION A(N) | A(N),L(N) **

C** After sorting A : A(I).LE.A(I+1) | A(L(I)).LE.A(L(I+1)) **

C** D : A(I).GE.A(I+1) | A(L(I)).GE.A(L(I+1)) **

C** ----------------------------------+------------------------- **
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C** ICMPIJ(I,J) = A : A(I).LE.A(J) | A(L(I)).LE.A(L(J)) **

C** ICMPIX(I) = A : A(I).LE. AX | A(L(I)).LE. A(LX) **

C** ICMPXJ(J) = A : AX .LE.A(J) | A(LX) .LE.A(L(J)) **

C** ----------------------------------+------------------------- **

C** MOVEIJ(I,J) : A(I)=A(J) | L(I)=L(J) **

C** MOVEIX(I) : A(I)=AX | L(I)=LX **

C** MOVEXJ(I) : AX=A(J) | LX=L(J) **

C** ----------------------------------+------------------------- **

C** SWAPIJ(I,J) : AT=A(I) | LT=L(I) **

C** : A(I)=A(J) | L(I)=L(J) **

C** : A(J)=AT | L(J)=LT **

C** ----------------------------------+------------------------- **

C** ROTXIJ(I,J) : (AX=A(I)) A(I)=A(J) | (LX=L(I)) L(I)=L(J) **

C** : A(J)=AX & AX=A(I) | L(J)=LX & LX=L(I) **

C** ============================================================ **

C** INITIL(N) : Set L(I)=I for I=1,N for index sorting **

C** ============================================================ **

CALL INITIL(N)

C** ------------------------------------------------------------ **

I=1

M=N

NN=1

C** ------------------------------------------------------------ **

10 IF(I.GE.M) GO TO 70

C** +----------------------------------------------------------+ **

C** | Sorting A(I),A(IX),A(M) | **

C** | And get AX=MID(A(I),A(IX),A(M)) | **

C** +----------------------------------------------------------+ **

IX=(I+M)/2

CALL MOVEXJ(IX)

IF(.NOT.ICMPIX(I)) THEN

CALL ROTXIJ(IX,I)

ENDIF

IF(.NOT.ICMPXJ(M)) THEN

CALL ROTXIJ(IX,M)

IF(.NOT.ICMPIX(I)) THEN

CALL ROTXIJ(IX,I)

ENDIF

ENDIF

C** ============================================================ **

C** SUBROUTINE PARTITION(A,I,M,J,K,AX)

C** ============================================================ **

C** Sorting A(I:M) by partition into A(I:K) and A(J:M) **

C** ============================================================ **

C** Such that I <= K < J <= M provided I < M **

C** A(x) <= AX for I <= x <= K **

C** A(x) = AX for K < x < J **

C** A(x) >= AX for J <= x <= M **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Test right part for A(K)>AX & left part for A(J)<AX | **

C** +----------------------------------------------------------+ **

J=I

K=M

40 K=K-1

IF(.NOT.ICMPIX(K)) GO TO 40

50 J=J+1

IF(.NOT.ICMPXJ(J)) GO TO 50

C** ------------------------------------------------------------ **

IF(J.LE.K) THEN
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CALL SWAPIJ(J,K)

GO TO 40

ENDIF

C** +----------------------------------------------------------+ **

C** | End of partitioning : Find longer partition to save | **

C** +----------------------------------------------------------+ **

IF(K-I.GT.M-J) THEN

C** +--------------------------------------------------------+ **

C** | Save left partition A(I:K) then sort A(J:M) | **

C** +--------------------------------------------------------+ **

IL(NN)=I

IU(NN)=K

NN=NN+1

I=J

ELSE

C** +--------------------------------------------------------+ **

C** | Save right partition A(J:M) then sort A(I:K) | **

C** +--------------------------------------------------------+ **

IL(NN)=J

IU(NN)=M

NN=NN+1

M=K

ENDIF

GO TO 80

C** +----------------------------------------------------------+ **

C** | Get a saved partition A(I:M) for sorting | **

C** +----------------------------------------------------------+ **

70 NN=NN-1

IF(NN.EQ.0) RETURN

I=IL(NN)

M=IU(NN)

C** +----------------------------------------------------------+ **

C** | Use quick sort for long key array | **

C** +----------------------------------------------------------+ **

80 IF(M-I.GE.11.OR.I.EQ.1) GO TO 10

C** +----------------------------------------------------------+ **

C** | Use shaker sort for short key array | **

C** +----------------------------------------------------------+ **

90 I=I+1

IF(I.GT.M) GO TO 70

IF(ICMPIJ(I-1,I)) GO TO 90

K=I

CALL MOVEXJ(K)

95 CALL MOVEIJ(K,K-1)

K=K-1

IF(.NOT.ICMPIX(K-1)) GO TO 95

C** ------------------------------------------------------------ **

CALL MOVEIX(K)

GO TO 90

END

************************************************************************
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[Ç¥ (a)] 2z{|}~3.;� 62��>

************************************************************************

LOGICAL FUNCTION ICMPIJ(I,J)

C** ============================================================ **

COMMON/EXTKEY/ A(1)

COMMON/INTINK/ AX

C** +----------------------------------------------------------+ **

C** | For decending key sorting | **

C** +----------------------------------------------------------+ **

C** ICMPIJ=A(I).GE.A(J)

C** +----------------------------------------------------------+ **

C** | For ascending key sorting | **

C** +----------------------------------------------------------+ **

ICMPIJ=A(I).LE.A(J)

RETURN

END

************************************************************************

LOGICAL FUNCTION ICMPIX(I)

C** ============================================================ **

COMMON/EXTKEY/ A(1)

COMMON/INTINK/ AX

C** +----------------------------------------------------------+ **

C** | For decending key sorting | **

C** +----------------------------------------------------------+ **

C** ICMPIX=A(I).GE.AX

C** +----------------------------------------------------------+ **

C** | For ascending key sorting | **

C** +----------------------------------------------------------+ **

ICMPIX=A(I).LE.AX

RETURN

END

************************************************************************

LOGICAL FUNCTION ICMPXJ(J)

C** ============================================================ **

COMMON/EXTKEY/ A(1)

COMMON/INTINK/ AX

C** +----------------------------------------------------------+ **

C** | For decending key sorting | **

C** +----------------------------------------------------------+ **

C** ICMPXJ=AX.GE.A(J)

C** +----------------------------------------------------------+ **

C** | For ascending key sorting | **

C** +----------------------------------------------------------+ **

ICMPXJ=AX.LE.A(J)

RETURN

END

************************************************************************

SUBROUTINE MOVEIJ(I,J)

C** ============================================================ **

COMMON/EXTKEY/ A(1)

COMMON/INTINK/ AX

C** ============================================================ **

C** For key sorting

C** ============================================================ **

A(I)=A(J)

RETURN

END

************************************************************************

SUBROUTINE MOVEIX(I)
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C** ============================================================ **

COMMON/EXTKEY/ A(1)

COMMON/INTINK/ AX

C** ============================================================ **

C** For key sorting

C** ============================================================ **

A(I)=AX

RETURN

END

************************************************************************

SUBROUTINE MOVEXJ(J)

C** ============================================================ **

COMMON/EXTKEY/ A(1)

COMMON/INTINK/ AX

C** ============================================================ **

C** For key sorting

C** ============================================================ **

AX=A(J)

RETURN

END

************************************************************************

SUBROUTINE SWAPIJ(I,J)

C** ============================================================ **

COMMON/EXTKEY/ A(1)

COMMON/INTINK/ AX

C** ============================================================ **

C** For key sorting

C** ============================================================ **

AT=A(I)

A(I)=A(J)

A(J)=AT

RETURN

END

************************************************************************

SUBROUTINE ROTXIJ(I,J)

C** ============================================================ **

COMMON/EXTKEY/ A(1)

COMMON/INTINK/ AX

C** ============================================================ **

C** For key sorting

C** ============================================================ **

A(I)=A(J)

A(J)=AX

AX=A(I)

RETURN

END

************************************************************************

SUBROUTINE INITIL(N)

C** ============================================================ **

COMMON/EXTKEY/ A(1)

COMMON/INTINK/ AX

C** ============================================================ **

C** For key sorting

C** ============================================================ **

RETURN

END

************************************************************************



514 ���� �����
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************************************************************************

LOGICAL FUNCTION ICMPIJ(I,J)

C** ============================================================ **

COMMON/EXTKEY/ A(1)

COMMON/EXTIND/ L(1)

COMMON/INTINK/ LX

C** ============================================================ **

C** For stable sorting by HEAPG or QUICKG **

C** Change Cstable to blanks **

C** ============================================================ **

Cstable IF(A(L(I)).NE.A(L(J))) THEN

C** +------------------------------------------------------+ **

C** | For decending index sorting | **

C** +------------------------------------------------------+ **

C** ICMPIJ=A(L(I)).GE.A(L(J))

C** +------------------------------------------------------+ **

C** | For ascending index sorting | **

C** +------------------------------------------------------+ **

ICMPIJ=A(L(I)).LE.A(L(J))

Cstable ELSE

Cstable ICMPIJ=L(I).LE.L(J)

Cstable ENDIF

RETURN

C** +----------------------------------------------------------+ **

C** | Following statements may be more efficient | **

C** | For some computers or compilers | **

C** +----------------------------------------------------------+ **

C** | For decending stable index sorting | **

C** +----------------------------------------------------------+ **

C** IF(A(L(I))-A(L(J))) 3,2,1

C** +----------------------------------------------------------+ **

C** | For ascending stable index sorting | **

C** +----------------------------------------------------------+ **

C** IF(A(L(I))-A(L(J))) 1,2,3

C** 1 ICMPIJ=.TRUE.

C** RETURN

C** 2 ICMPIJ=L(I).LE.L(J)

C** RETURN

C** 3 ICMPIJ=.FALSE.

C** RETURN

END

************************************************************************

LOGICAL FUNCTION ICMPIX(I)

C** ============================================================ **

COMMON/EXTKEY/ A(1)

COMMON/EXTIND/ L(1)

COMMON/INTINK/ LX

C** ============================================================ **

C** For stable sorting by HEAPG or QUICKG **

C** Change Cstable to blanks **

C** ============================================================ **

Cstable IF(A(L(I)).NE.A(LX)) THEN

C** +------------------------------------------------------+ **

C** | For decending index sorting | **

C** +------------------------------------------------------+ **

C** ICMPIX=A(L(I)).GE.A(LX)

C** +------------------------------------------------------+ **

C** | For ascending index sorting | **
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C** +------------------------------------------------------+ **

ICMPIX=A(L(I)).LE.A(LX)

Cstable ELSE

Cstable ICMPIX=L(I).LE.LX

Cstable ENDIF

RETURN

END

************************************************************************

LOGICAL FUNCTION ICMPXJ(J)

C** ============================================================ **

COMMON/EXTKEY/ A(1)

COMMON/EXTIND/ L(1)

COMMON/INTINK/ LX

C** ============================================================ **

C** For stable sorting by HEAPG or QUICKG **

C** Change Cstable to blanks **

C** ============================================================ **

Cstable IF(A(LX).NE.A(L(J))) THEN

C** +------------------------------------------------------+ **

C** | For decending index sorting | **

C** +------------------------------------------------------+ **

C** ICMPXJ=A(LX).GE.A(L(J))

C** +------------------------------------------------------+ **

C** | For ascending index sorting | **

C** +------------------------------------------------------+ **

ICMPXJ=A(LX).LE.A(L(J))

Cstable ELSE

Cstable ICMPXJ=LX.LE.L(J)

Cstable ENDIF

RETURN

END

************************************************************************

SUBROUTINE MOVEIJ(I,J)

C** ============================================================ **

COMMON/EXTKEY/ A(1)

COMMON/EXTIND/ L(1)

COMMON/INTINK/ LX

C** ============================================================ **

C** For index sorting **

C** ============================================================ **

L(I)=L(J)

RETURN

END

************************************************************************

SUBROUTINE MOVEIX(I)

C** ============================================================ **

COMMON/EXTKEY/ A(1)

COMMON/EXTIND/ L(1)

COMMON/INTINK/ LX

C** ============================================================ **

C** For index sorting **

C** ============================================================ **

L(I)=LX

RETURN

END

************************************************************************

SUBROUTINE MOVEXJ(J)

C** ============================================================ **

COMMON/EXTKEY/ A(1)

COMMON/EXTIND/ L(1)
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COMMON/INTINK/ LX

C** ============================================================ **

C** For index sorting **

C** ============================================================ **

LX=L(J)

RETURN

END

************************************************************************

SUBROUTINE SWAPIJ(I,J)

C** ============================================================ **

COMMON/EXTKEY/ A(1)

COMMON/EXTIND/ L(1)

COMMON/INTINK/ LX

C** ============================================================ **

C** For index sorting **

C** ============================================================ **

LT=L(I)

L(I)=L(J)

L(J)=LT

RETURN

END

************************************************************************

SUBROUTINE ROTXIJ(I,J)

C** ============================================================ **

COMMON/EXTKEY/ A(1)

COMMON/EXTIND/ L(1)

COMMON/INTINK/ LX

C** ============================================================ **

C** For index sorting **

C** ============================================================ **

L(I)=L(J)

L(J)=LX

LX=L(I)

RETURN

END

************************************************************************

SUBROUTINE INITIL(N)

C** ============================================================ **

COMMON/EXTKEY/ A(1)

COMMON/EXTIND/ L(1)

COMMON/INTINK/ LX

C** ============================================================ **

C** For index sorting **

C** ============================================================ **

DO 10 I=1,N

10 L(I)=I

RETURN

END

************************************************************************
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18.8 ,-./

0123�� (Stable sorting)4��56789��:;<=>?@

ABC56�D�ECF0GHBIJ��KLMN��KO23��P

QRS��KLTU��KVWX23��KE

Y23��KZ[\23��]^_`ab�:;�89c]def

g�:;6hVijab?@Akl��B89mn3?D�Eop\q

r_s\tuab�]dvwx?@Akl��VXtyz{E|`��

��]}�:;�klW~��W�z{P|`Y����]V[���

��tyN�����A��@Akl��]d�V�Wd������

E}���^�������\KEd [	
 (b)]������4Cstable

�~4��]Z��������]�[ HEAPGLQUICKG\23

��E¡¢BUBBLGLSHAKEG(£¤{ )¥A¦X23��]W�§

~ [	
 (b)]]m¨©ª«¬cE [	
 (b)]~423��5«¬c®

¯�°±�33 (~���B²K]d�³ty´µ IF~4¬¶ IF]|W

7·¸¹º»¼[�½~�«¬c�¯�°±a )E���HEAPLL

QUICKLZ[¾�~423��E

18.9 ¿À./ÁÂÃÄ./ÁÅÆÇÈÉÊ

dËÌÍ±Î¹�������tuÏ�B��]�[ÐÑÒ���

8®«¬Ód [	Ô ] (Õ�Ö�N � log
2
N�×a� )E	�a = log

2
N; b =

log
2
(N=2); c = log

2
(N=8)]ØNÙ8c[Ú4 a = b = cE

	�ÛÜÝÞßà67�4áy����«¬Ó8â[m6ãBä

± (åæQUICK�çèé`HEAP� )E}�[êëìÖQUICK�«¬

ÓíîéÙsE
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[	Ô ] TU��K�RS��K�«¬Ó

��� ���� «¬Ó ÛÜ

AT = A(J) ; A(J) = A(I) ; A(I) = AT cN3=4 =

QUICK K = K � 1 ; J = J + 1 cN +

IF (A(K):GT:AX) ; IF (A(J):LT:AX) cN >

IF (J:LE:K) cN=4 <

J = I + I aN +

IF (J �M) aN <

IF (A(J):LT:A(J + 1)) bN

HEAP J = J + 1 bN=2

IF (A(J):LE:AX) bN >

A(I) = A(J) bN =

I = J bN

ïð

1. ñ���� BUBBLELQUICK~4�������BUBBLLL

QUICKLE

2. ñ����BUBBLELSHAKER~4��:;�����B�

����BUBBLGLSHAKEGE

3. ñ� [	
 (a)]¹ [	
 (b)]���~4ò�`�:;4�ó����

�����E

4. ôõ��K (Shell's sort)4MN��KBtö~÷��KEø�M =

N=2]æ5ùúûü (ý4�� )]þÿM = 14�E|`�yM ;

]\d������A(I); A(I+M); A(I +2M); A(I +3M); . . .Ú4t

�]}�ç��M�]±���MN��K���E�î	]^�

\
5túM = 1c����[����E|`M > 1c���å

æXs�B]?[��:;\b8�B�N]�?����]«

¬c®�N3=2�×aEñ²�K����SHELLE
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&$+,-./0!"#$-.+,123����$45/678�
�9:$�; <'=$>?8@0A BC45$DEFGH/IJ
KL-.�*$%&<MN��$45 OP������QRSTU
$VW/XY������'<Z[\]^_�* J��*%&$\
]-.`aFPbcdef/g=�*T.hi� Kjklmn* 
opq23rs������Z[$t�Chi��u (1)vg=�*T
.hiwP!"#-&$= 0��Z[$xyCxz{|}~hi$
�� ��g=rs$�*%&/KJEp��n��Z[�=�*T
.hi$��C�hi$��C��/ (2)�*T.hi vR�=�!
"#-&$� J��:�(�d�*+,-.!"#$%& op�
��*T.MN45$Xd/ (3)��*T.hi��\]-&Z[��
��Q �������Z[$!"#-&�Z[ v:��� �¡
=¢C�*£#X$¤#�m<¥¦�*T.hi/�!"#-&§ 
�� (1)¨$j© ª«Z[opq¬=�*T.hi {|p1J¨
hi®� IJ0pq23rZ[$ª«hi�� 0¯TUd°�±
qb²�ª«�Z[/
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19.2 ÃÄÅÆÇÈÉÊËÌÍÎÏÐ

Ñ'RS�*$!"#q�RS 6Ò~�PÓ£ ÔªS#Õ�
*T.$23qÒ IJ<§$Ö×oØÙRS�*ÕÚRS!"#/
������Q$������SÛ��$����9ÜF IJ���
�$.mÝÞ��*;$��/<§$ßàvjkáR��vCâS�
*Óã$äå J��oPæå�à$ç (Edge) �*oPæå�à$
* (Node)/K��CèS�*Óã p=èçÝéêCmS�*Óã p
=m(m � 1)=2SçÝé oªQëìâ�*í:�RSçÓã$/IJ
ÜF����$��C�* op� (1)*$îïufx1; x2; . . . ; xng ð*
îfXg C (2)ç$îïuf(x1; x2); (x5; x3); . . .g ðçîfEg ñò9F$
æåG = (fXg; fEg)sóô/<æR$æåPõufXg = f1; 2; 3; 4; 5; 6g 
fEg = f(1; 2); (2; 3); (1; 5); (2; 4); (3; 6); (5; 6); (4; 5)g ªÕÚ��ö÷�� (

o *�� )Kæâ (a)/��*+,�Pu fXg = f3; 6; 2; 5; 1; 4g �ªÕ
Ú��Kæâ (b)/ �æâ (a)øPæâ (b)$�*T.hip=RT.ù
ú LV SN(n)óôu LV SN(1)=3; LV SN(2)=6; LV SN(3)=2; LV SN(4)=5;

LV SN(5)=1; LV SN(6)=4 �LV SN(1:6)=f3; 6; 2; 5; 1; 4g/LV SN(2) = 6

ìP� 2%�*Pr 6%�* �r 6%�*T.P� 2%�*/

æR æå$*Cç

1 2 3 4 5 6

1

2

3

4

5

6

2
6666666666664

� � �

� � � �

� � �

� � �

� � � �

� � �

3
7777777777775

æâ (a)

3 6 2 5 1 4

3

6

2

5

1

4

2
6666666666664

� � �

� � �

� � � �

� � � �

� � �

� � �

3
7777777777775

æâ (b)
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19.3 ��Î�����

1æå$çî fEg=RSâ��mJOE(2; Ne)��NeSç$â	�
*%& J¨hio
�óôRæå$�¤hi/6�hi$��E[
 Õ��*T.$��Pq� IJ:1æåhi�=l�����
*T.��$hi ð��*$Ó���*�/In�*$Ó��*$
#X ð�# �qÓ£ IJqE�<RSâ��m��/KæR$
æå n�*$Ó���*�,P (2; 5); (1; 3; 4); (2; 6); (2; 5); (1; 4; 6); (3; 5)

 n�*$�#�,P 2; 3; 2; 2; 3; 2/�1n�*$Ó���*�,��
�RSR��mQ oADJN(1:14) = f2; 5; 1; 3; 4; 2; 6; 2; 5; 1; 4; 6; 3; 5g/¬
=RÜ��ùúù×n�*$Ó���*$���� oXADJ(1:7) =

f1; 3; 6; 8; 10; 13; 15g/KJopE�Ý�n�*$Ó���*uo�* J

$Ó���*PADJN(XADJ(J))|ADJN(XADJ(J+1)�1)/0�* J

$�#£�XADJ(J+1)�XADJ(J)/�ì�mXADJ$hiS#H�*
#Nn�R <E���â¨��/

ADJN(K) 2 5 1 3 4 2 6 2 5 1 4 6 3 5

K 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

XADJ(J) 1 3 6 8 10 13 15

J 1 2 3 4 5 6 7

�� ��$��*$Ó���*�$R��mhi Ú!��*
$�#<� ��ùúXADJ(Nn+ 1)/6�7��*$�# �"� 
�*$Ó���*$hi >?#�$�*z%�çî}$�#wP��
*$�# qR&'G( IC$â�*Óã$çp<T)0q�RS 
K����$æåo±¢/IJ>?� ��hi(�*+/<l¬,-
R.</0 (Link)E[��$hi��/<JE[� ��*$Ó���
*�$hi qb!��*$�# IJ1���*+/6JE[$��
2;:Yò$â3 4=��*T.$���56�7/IJv8�<J
E[7�n�*$�#uo</0E[� ��*$Ó���*�§ v
���*$�#<� ��ùúXADJ(Nn+1) ¬=<� R��mh
iADJN()/9�</0E[� hi$XdvP:;��*$�# I
JK�P� ��*$Ó����*� opv=R<$��2; 0p
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¡=Cª��2;Ò=Ó£$ADJN �m$��/9>$�*$Ó��
���*�ùÓ��*ª%&H$�*Òò ?oq@AH$�*$%&
P=$Ó��*/<loPæR$��*$Ó����*�$/0hi
/<�* J = 2PõªÝ�Ó��*$E[Klu�K1 = HEAD(J) = 2

 �ªÓ���*NODE(K1) = 3ê¬�K2 = LINK(K1) = 4 �BR
Ó���*NODE(K2) = 4ê¯§�K3 = LINK(K2) = �2 PCD0"

EÓ���*/�ì�* 2$Ó��*1 I 1 < 2 0!my/0Q/

LINK(K)

NODE(K)

3 4 �1 �2 �3 �5 �4

2 3 5 4 6 6 5

K 1 2 3 4 5 6 7

HEAD(J) 1 2 5 7 6 �6

J 1 2 3 4 5 6

KæåQFGyR�ç (1; 4)� p(KlHI��* 1GyR�dÓ�
��* 4u (1)!(&�* 4J!m��*J = 1$Ó���*Qu�K1 =

HEAD(J) = 1 �ªÓ���*NODE(K1) = 2 q£� 4ê¬�K2 =

LINK(K1) = 3 �BRÓ���*NODE(K2) = 5 ?q£� 4ê¯§
�K3 = LINK(K2) = �1 PCD0p(&4J!m�Ó���*Q/ (2)

Gy�* 4uKLINK(Next) = �1 NODE(Next) = 4 LINK(K2) =

Next Next = Next+ 1/ªQNextPlRSp=���� �* 4Gy
$YP 8 Gy$§P 9/

LINK(K)

NODE(K)

3 4 8 �2 �3 �5 �4 �1

2 3 5 4 6 6 5 4

K 1 2 3 4 5 6 7 8

HEAD(J) 1 2 5 7 6 �6

J 1 2 3 4 5 6

�Z[GRAPHSo±L=��w@7�*�# ��JAJT ¬� 
XADJCADJN �Û��JAJPCJAJS/�� /0hi�HEAD�
�JAJP NODE(K)��JAJS(2�K�1) LINK(K)��JAJS(2�K)/
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19.4 ÈÉÎQRÇSTU

�VèWßàXu�� [A]�8FlèY�� [L]C�èY�� [U ]$
Z[ p�\��$4]^_/ [L]v:��ám�`VRSö÷��|
ÕYa;$�� ªS# Aö÷��6q#ÕY��¢ð�m$`<
45/ [U ]v:��áb��VRSö÷��|ÕYa;$�� ªS
# Aö÷��6q#ÕY��¢ð�b$�<45/�� [L]$@c©
(Envelope�Pro�le)Pnm$`<45$d/�� [U ]$@c©Pnb$�
<45$d/eWvjk [A]PÕð�� Ô [L] = [U ]T �� [L]� [U ]$
@c©?ðP�� [A]$@c©/0nm$`<45$¯Òò �nb$
�<45$¯Òò oP�� [A]$<45/0¯Ò`<45C¯Ò�<
45$dGR oP�� [A]$45/

Bf eW'ßà�1��ÕÚ$!"g#hi.m$äåuo�
�$VRmC¯§RmÕj VâmCk#VâmÕj lmn/��
nb?wmoÕj/K��r��7Õj§$��$@c© �:#�
(1)ám�pVRSö÷��|ÕYa;$��S# o�m$p<45
ê� (2)áb�lVRSö÷��|ÕYa;$��S# o�b$l<
45/�Õj§��$@c©£�nm$p<45$d�nb$l<4
5$d/I$m j$p<45PÕj§ÕÚm (Nn�j+1)$`<45ê$
b$l<45PÕj§ÕÚb$�<45/�ì��ÕjY§$@c©
qR&'Ó£/

19.5 RCM(Reverse Cuthill{McKee)�

NnS�*$.mq#r�Nn!$� Õ��Ò$Nn o��s
�¬t ?uvE@w9�p�.mQxzyï$.U7z{$¯|.
m/}a±�*T.~W*+$�/6±K�qU7¯|$�� �I
p�$ï�$��`b�P#{� IJ`b����E@p�7n.
ï�$��/ e�9U,-dRCM@PXY¯Ñ=dE@ ª��56
{|49���`q7/RCM@�e��1CM@9�$�*+, h
i.m0�/IP�CM9�$�*.m�hi§ ��$45qg 6
��$@c© �'MNq'�� J*1�,-CM@§¬GÖ×/

<l1CM@�Pâ~�Ö×u (1)�&��*§ �*$.,@ê
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(2)��*$Þ&/�*.mQ$VRS�* ðP��* (Root)/�*
$.,@�R�(& ���&$��*o
Þ&:�*$.m+,/
IJ��*$�ÝÓ�TU/6Ò~�d��e�P�*$.,XZ 
IJ!,- (1)¬,- (2)/

<lP�*.,$-%r�  \��*��-P� 1%¢u
(1)C
-%�*Óã$�*ÚH!Óã$�*!-%/
(2)!-%�*$Ó��*H§-%�*$Ó��*!-%/
(3)Õ$R�*$Ó��*-%� �*$�#NòH�#�ò!-%/

1 2 3 4 5 6

1

2

3

4

5

6

2
6666666666664

� � �

� x � � �

� � �

� y

�

� y
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æè
r� (1)�UXd�MN45 I�$�*x$Ó��*y$-%á�§R
% �y�*ÕÚ$`< (��< )45o�R/õKæèQ�jkÕ
-
P� 2%$�* x$$Ó��* y-%�u� y-P� 4% �V 4m$`
<45P 2=4�2ê� y-P� 6% �V 6m$`<45P 4=6�2/r�
(2)Xd?�MN45 I�§-%�*$Ó��*!-%� 1!-
%�*$Ó��*�§-%0�Gª45/r� (3)Xd�1�p���
�Ò45$�#�$Ó��*�©�§-% ?��IJ�MN45/
�ì}�r��e��<MN45Pj© 6�vw$�*d��I�
jk�~$5Ú �!��Cª«�*d�]23 Ô��q���'
7�¯=$45/

��r� (3) �1$�*$Ó��*�!()ª�#�=|Ò$+
,.m ��Õ$�*$Ó��*-%� op��*Ý�$+,-%/
Y��X<LV SN(1:Nn)óô�*T.hi %ØÙ�*-.XZQ 

-%�*#PNSIZ o�%
-|NSIZ 0LV SN(1); LV SN(2); . . . ;

LV SN(NSIZ)�,P�1%|�NSIZ%$�*r%&/�*�
-�%
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& pKXADJ(I)PGD��$ !-%Y!gPCD¢ < �T¡
-&/<lP�*$-%XZu
(1)KNSIZ = 1 LV SN(NSIZ) = ROOT  XADJ(ROOT ) = �XADJ

(ROOT ) ROOT P��*r%&/
(2)K i\ 1�|NnP¢ wlm��u

(2a)� k = LV SN(i) "� i%�*Pr k%�*/
(2b)K jP\ADJN(jXADJ(k)j)�|ADJN(jXADJ(k + 1)j � 1)P¢
$Ó��* � jJ!-�%& oXADJ(j) < 0 �1ª-&
P�NSIZ+1% oKNSIZ = NSIZ+1 LV SN(NSIZ) = j 
XADJ(j) = �XADJ(j) /

<lÖ×CM @Q��*$Þ&E@/�@�<lm&£$¤��
�$^_ K¤¥�¦¤$�*¢P��w��<Þ&��*u
(1)V 1¤P��*9ÜF$*îï fL1g/
(2)V i+ 1¤PV i¤9§�*$9�Ó��*Q��¨V i¤CV i� 1¤

$�*§$*îï fLi+1g/

æ© æRæå$¤���

R¤���$q¤#ðP¤¥ (Depth)/V 1¤ªð«¤ê¯§R¤ªð
¦¤/<æRPõ ���*PROOT=3� fL1g = f3g fL2g = f6; 2g

 fL3g = f5; 1; 4g ¤¥P 3 Kæ©9ô/�-%XZQ ?p+�;
�¤��� on¤$*îï/õKV i+1¤$�*P-.V i¤�*$
Ó��*�9��-&$�*/<loPCM@Þ&��*$XZu
(1)ë�R�*P��*/
(2)<���*-�%&�7�¤���/��ª¤¥/
(3)�¦¤�*Q��#¯NòP�d��*/
(4)h¡HI (2)(3) H�¤¥Ò= |¤¥q¬�GP¢/
Ñ'¤¥¬Ò45'¬= 6�öÕd®�/IJeW�¯Z[�j
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kl�â¨�¦$w@u (1)�-%XZQ+��z45 ��H�45
Ò= |45?q¬M=P¢/ (2)�-%XZQ?+��z@c© �
�H�@c©Ò= |@c©?q¬M=P¢/��XZ (3)���*d
r�$�U��°�K�uP:�G¤¥ ��*¯°�\æå$fc
±ç�* 0fc±ç�*�p�z%�¦¤$*îïQ 4fc±ç
�*$�#Ñ''H}~�*òP= Ô��*�¦¤�#¯N$�*
/<lÖ×BR.w@¯²ju��*Ý\¦¤�*Q�#=�$R�
D$�* KJo�²�d-&��p¯H��³ I0p�;���
Fd-&/6ª9�$-&��©P#p� �qR&D�/

19.6 ´µÌÍÎ¶·ÇSTUÎ¸�

e�1!Ö×CM@.m9ÕÚ$��$^_ua��$�èY�
�0A KV im$¯pç$ ���$b%PC(i) KB(i) =

i

max
k=1

C(k)  
oB(i)PC(1)|C(i)Q$¯ÒD/�m(i) = C(i)�B(i�1) > 0 �V im
\VB(i�1)+1b�'�ã¹m(i)S ���/J^_p�CM@$-%r
� (1)C (2)ºzujkXYG»Õ� i%�*$Ó��*-%/�ì�J
¨-%Y Õª!Y i� 1S�%�*$Ó��*
-|VB(i�1)%/�
ª9�Ó��*�
-X% �B(i) = B(i�1) C(i) � B(i)ê��Ó�
�*J!-% Ù�m(i)S �()r� (2) ª-%b"�\B(i�1)+1

 4ã%¼¹-|C(i) = B(i�1) +m(i) o19�J!-%$Ó��*
½~-�P¢ 4()r� (1)ª;q�¾-!Ó�$�*/IJV im
�VB(i�1)b$pç'�ã¹m(i)S ���/

��nm$VB(i)bCVB(i)+1b;¿RÀ>a ðÁÂaêB�Y
�ã¹m(i)S����E¿RÂDawPÃ«Äê�ÂÁÅÁÂaÁlo
'Æ�Ã«Ä0��+ÇÃ«ÄipÈ|lRSÁÂa/nb�Ã«Ä|
��ÕYa;9@c$��# oP�b$�<45 nb�<45$
d oPCM@.m9���$@c©Env(CM)/�ì�@c©?£�
unm�ÁÂa|��ÕYa;9@c$��#ÓG$d oEnv(CM) =
P

Nn

i=1(B(i)� i)/%jk1CM@$�*.mhi oRCM@$�*.m
 �ª9ÕÚ$��$@c©£�nmp<45$d oEnv(RCM) =
P

Nn

i=1
(C(i) � i)/6IC(i) � B(i) Ô Env(RCM) � Env(CM)/|�â.

�*.m$<45��£� Nn

max
i=1

(B(i)� i)/
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æÏ (a)

C(i) B(i) LV SN(i) i

3 3 3 1

4 4 6 2

6 6 2 3

6 6 5 4

5 6 1 5

6 6 4 6

æÏ (b)

Y� B(i) =
i

max
k=1

C(i)$&£pÐF B(i) = max(B(i�1); C(i))/o
�m(i) = C(i) � B(i�1) > 0 �B(i) = C(i) > B(i�1)ê6�m(i) =

C(i) � B(i�1) � 0 �B(i) = B(i�1) � C(i)/�ìB(i)p<>?��
*$-%XZQ;�u�� i%$Ó��*
½~-��$NSIZo£�
B(i)/6C(i)$D ¨:�B(i) > B(i�1)� C(i) = B(i)$äåf :
UB�ÑÒ7Ý/<l,-â.7C(i)$E[u
E[Ru�Y�$�*-%XZQ$ (2b)§GwlmâHIu
(2c)�B(i) > B(i�1) �C(i) = B(i)êÓ�KC(i) = B(i�1)¹w (2d)/
(2d)�C(i) = i ��ÔêÓ� wlm��u

K k = LV SN(C(i)) H� k±ÓP� i%�*$Ó��*/
�± �C(i)
7�0�Ôê�q± KC(i) = C(i)�1¹w (2d)/

E[âu1�*-%XZ�Pu
(0)KLISN(1:Nn) = 0/
(1)KNSIZ = 1 LV SN(NSIZ) = ROOT  LISN(ROOT ) = NSIZ/
(2)K i\ 1�|NnP¢ wlm��u

(2a)� k = LV SN(i) "� i%�*Pr k%�*/
(2b)K j P\ADJN(XADJ(k) )�|ADJN(XADJ(k + 1) � 1)P¢
$Ó��* � jJ!-�%& oLISN(j) = 0 �1ª-&
P�NSIZ+1% oK NSIZ = NSIZ+1 LV SN(NSIZ) = j 
LISN(j) = NSIZ /

(2c)�B(i) > B(i�1) �C(i) = B(i)êÓ� KC(i) = i¹w (2d)/
(2d)K j P\ADJN(XADJ(k) )�|ADJN(XADJ(k + 1) � 1)P¢
$Ó��* #�C(i) = max(C(i); LISN(j))/



530 ³´µ¶ ·¸¹º»¼½¾¿ÀÁÂ
eW9�¯Z[�g=E[R/E[â�wPÕW �@:�G�m
LISN(1:Nn) <E� (2d)$�� Ö4p=ªwP±Ó
-%$ùú
 <ÝéXADJ()$GDú� IJ0²� (2b)K� ª«ÕXADJ()Ý
ÕD$ùK?Ú×ï²�/Bf�ì YÄ9=$C(i); B(i); m(i)�q
:U=�m�� vPÖ×E�0Ù/�eWZ[Q NSIZ=<�B(i)

 NSAV !Ø�B(i�1) 0�B(i) � B(i�1)� NSAV o=<�C(i) 
NDIF P#�@c©=$B(i)�i�C(i)�i/

19.7 ÙÚÛÜÎÝÞ

Ñ'�«¤Öß$�*+,'�÷à 45�²7qá 0|¦¤
'�âã0D+/J%ä�U±I��*��RS$Ô/IJjk1¦
¤�âã$�*å�æ�«¤0åF��«¤$¤���/«¤}$�*
+,pg=Y�.mhi-%§$+, J+,I
�D+ Úpçè
§é�*$âã_/H�æê (a)Cæê (b)p"ªÕâ�_����$
ë5/qXIæånf^_ ëLw@�ì+ÕÒ~�äíí�5/I
J��w@ �Z[Qv�wR.îéE�uo�¯§ï=R���«
¤ 6ª@c©�45b"HRCM=ðg=/

æê (a) ñ�«¤$¤���

æê (b) ��«¤$¤���
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19.8 ÷øÊËùÎÃÄÌú�

����ûQáR��$�*ÒíüXâS qýæå�àßà$
çv�âS�*/��YÄ�XmS*d��p=m(m � 1)=2Sçîé
 6�J9�$çP#p� :U�Òd���m/IJjk<���
�û$l�âÜhiÝé��*$Ó���*�u
(1)< JOES(M); JOEP (Ne + 1)�����$��*�uo1��V I

%��$��*�æ� JOES(JOEP (I))| JOES(JOEP (I+1) � 1)Q/
J¨hiP����û$�ehi Ñ'P
"/
(2)<EOJS(M); EOJP (Nn + 1)����*$����uo1A�V J

%�*$����æ�EOJS(EOJP (J))|EOJS(EOJP (J+1) � 1)Q/
J¨hipìþÿ�� (1)¨hi7�/ª°�PEOJS(M)$hi#M

CJOES(M)òÓ£ 4�H��*$Ó���*�òPN ªIS#

"0þÿ��ª2;/<lPæ�$����û$ÕÚhiu

JOES(K) 1 3 4 2 3 5 6 3 6 7 4 4 7 8

K 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

JOEP (I) 1 5 8 12 15

I 1 2 3 4 5

EOJS(K) 1 1 1 2 3 1 3 4 2 2 3 3 4 4

K 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

EOJP (J) 1 2 3 6 9 10 12 14 15

J 1 2 3 4 5 6 7 8 9

æ� ����û
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������������������ !"#$%&EOJS'(�

�)*"+,-��)*%& JOES'(����.,/����01

234"56$789:,;<=�>?@A.BCD��E����

���F�GH"+IJ��9:,;<=�>?KL� .M&NO

FEMRCMP����)*:'Q��9:RKL� "BCSTCM6

�� TU (3)VWMX.YZ[\-TU"]^_` 2abcOde.

19.9 fghGRAPHSiGENRCM

[jE ]kNOGRAPHS P��lm)*n���aop����

�q��rRsWtukNO GENRCM �vw��. [j� ]kNO

GENRCM P��RCM 6x@��"yz{|�D}"~����S

������S��"yS|I���@?����R����.

[jE ] lm)*n�������q��

************************************************************************

SUBROUTINE GRAPHS(JOEP,JOES,JAJT,JAJP,JAJS,NELM,NODE,NEDG)

C** ============================================================ **

DIMENSION JOEP(1),JOES(1),JAJT(1),JAJP(1),JAJS(1)

C** ============================================================ **

C** Input : JOEP(NELM+1),JOES(JOEP(NELM+1)-1),NELM,NODE **

C** Output : JAJP(NODE+1),JAJS(JAJP(NODE+1)-1),JAJT(NODE),NEDG **

C** ------------------------------------------------------------ **

C*I JOES(JOEP(I)),...,JOES(JOEP(I+1)-1) = Nodes Of Element I **

C*O JAJS(JAJP(J)),...,JAJS(JAJP(J+1)-1) = Adjacency Nodes Of J **

C*O JAJT(J) = Degree of node J **

C*I NELM = Number of Elements **

C*I NODE = Number of Nodes **

C*O NEDG = Number of Edges **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Setup temporarily Lower adjacency Linked Lists | **

C** | Adjacency Nodes of J are JAJS(JAJP(J)), | **

C** | JAJS(JAJS(JAJP(J)+1)), | **

C** | JAJS(JAJS(JAJS(JAJP(J)+1)+1)),... | **

C** +----------------------------------------------------------+ **

NEXT=1

DO 100 J=1,NODE

JAJP(J)=-J

100 JAJT(J)=0

DO 180 IE=1,NELM

NJA=JOEP(IE)

NJB=JOEP(IE+1)-1

IF(NJA.GT.NJB) GO TO 180

DO 170 KX=NJA,NJB

JX=JOES(KX)

DO 160 KY=NJA,NJB

JY=JOES(KY)
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IF(JX.GE.JY) GO TO 160

C** +----------------------------------------------------------+ **

C** | Get the pointer of the first adjacency node | **

C** +----------------------------------------------------------+ **

JXP=JAJP(JX)

IF(JXP.LE.0) THEN

JAJP(JX)=NEXT

GO TO 150

ENDIF

C** +----------------------------------------------------------+ **

C** | Test if node JY is already in adjacency lists of node JX | **

C** | YES : CONTINUE | **

C** | NO : Get the pointer of the next adjacency node | **

C** +----------------------------------------------------------+ **

120 IF(JAJS(JXP).EQ.JY) GO TO 160

JXN=JAJS(JXP+1)

IF(JXN.LE.0) THEN

JAJS(JXP+1)=NEXT

GO TO 150

ENDIF

JXP=JXN

GO TO 120

C** +----------------------------------------------------------+ **

C** | Put adjacency node at the end of List & Update pointer | **

C** | Update degrees of nodes JX and JY : JAJT(JX) & JAJT(JY) | **

C** +----------------------------------------------------------+ **

150 JAJS(NEXT)=JY

JAJS(NEXT+1)=-JX

NEXT=NEXT+2

JAJT(JX)=JAJT(JX)+1

JAJT(JY)=JAJT(JY)+1

160 CONTINUE

170 CONTINUE

180 CONTINUE

C** +----------------------------------------------------------+ **

C** | Setup adjacency structure for RCM method | **

C** | Given JAJT(J) as the degree of node J | **

C** +----------------------------------------------------------+ **

JAJP(1)=1

DO 200 J=1,NODE

JAJP(J+1)=JAJP(J)+JAJT(J)

200 JAJT(J)=0

DO 280 IE=1,NELM

NJA=JOEP(IE)

NJB=JOEP(IE+1)-1

IF(NJA.GT.NJB) GO TO 280

DO 270 KX=NJA,NJB

JX=JOES(KX)

JXT=JAJT(JX)

DO 260 KY=NJA,NJB

JY=JOES(KY)

IF(JX.EQ.JY) GO TO 260

JXP=JAJP(JX)

IF(JXT.EQ.0) GO TO 250

DO 240 JT=1,JXT

IF(JAJS(JXP).EQ.JY) GO TO 260

240 JXP=JXP+1

250 JAJS(JXP)=JY

JXT=JXT+1

260 CONTINUE
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270 JAJT(JX)=JXT

280 CONTINUE

C** +----------------------------------------------------------+ **

C** | Shaker sorting JAJS(NJX) ... JAJS(NJY) | **

C** | in increasing order of degree for Adj nodes of each node | **

C** +----------------------------------------------------------+ **

DO 380 J=1,NODE

NJX=JAJP(J)

NJY=JAJP(J+1)-1

IF(NJX.GE.NJY) GO TO 380

JYP=NJX

330 JXP=JYP

JYP=JYP+1

JY=JAJS(JYP)

JYT=JAJT(JY)

C** ------------------------------------------------------------ **

340 JX=JAJS(JXP)

JXT=JAJT(JX)

IF(JXT.LE.JYT) GO TO 350

JAJS(JXP+1)=JX

JXP=JXP-1

IF(JXP.GE.NJX) GO TO 340

C** ------------------------------------------------------------ **

350 JAJS(JXP+1)=JY

IF(JYP.LT.NJY) GO TO 330

380 CONTINUE

C** +----------------------------------------------------------+ **

C** | Compute the numbers of the edges | **

C** +----------------------------------------------------------+ **

NEDG=JAJP(NODE+1)-1

RETURN

END

************************************************************************

[j� ] E������x@NO

************************************************************************

SUBROUTINE GENRCM(NODE,XADJ,ADJN,LVSN)

C** ============================================================ **

INTEGER XADJ(1),ADJN(1),LVSN(1)

C** ============================================================ **

C** Perform the RCM ordering to get LVSN(NODE) **

C** ------------------------------------------------------------ **

C** Input : XADJ(NODE+1),ADJN(XADJ(NODE+1)-1),NODE **

C** Output : LVSN(NODE), ADJN : Sorted by degree in incr. order **

C** ------------------------------------------------------------ **

CIO ADJN(XADJ(J)),...,ADJN(XADJ(J+1)-1) = Adjacency Nodes Of J **

C*O LVSN(I) = The original node number of the new I-th node **

C*I NODE = Number of Nodes **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Set LVSN(J) temporarily as the degree of node J | **

C** +----------------------------------------------------------+ **

DO 250 J=1,NODE

250 LVSN(J)=XADJ(J+1)-XADJ(J)

C** +----------------------------------------------------------+ **

C** | Shaker sorting ADJN(NJX) ... ADJN(NJY) | **

C** +----------------------------------------------------------+ **

DO 380 J=1,NODE

NJX=XADJ(J)
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NJY=XADJ(J+1)-1

IF(NJX.GE.NJY) GO TO 380

JYP=NJX

330 JXP=JYP

JYP=JYP+1

JY=ADJN(JYP)

JYT=LVSN(JY)

C** ------------------------------------------------------------ **

340 JX=ADJN(JXP)

JXT=LVSN(JX)

IF(JXT.LE.JYT) GO TO 350

ADJN(JXP+1)=JX

JXP=JXP-1

IF(JXP.GE.NJX) GO TO 340

C** ------------------------------------------------------------ **

350 ADJN(JXP+1)=JY

IF(JYP.LT.NJY) GO TO 330

380 CONTINUE

C** +----------------------------------------------------------+ **

C** | Set XADJ(J) < 0 to mark node J as an un-re-numbered node | **

C** +----------------------------------------------------------+ **

DO 500 J=1,NODE

500 XADJ(J)=-XADJ(J)

C** +----------------------------------------------------------+ **

C** | Call MRRCM to re-number node begin from ROOT = J | **

C** +----------------------------------------------------------+ **

NBGN=1

DO 600 J=1,NODE

IF(XADJ(J).GT.0) GO TO 600

CALL MRRCM(J,XADJ,ADJN,LVSN(NBGN),NSIZ)

NBGN=NBGN+NSIZ

IF(NBGN.GT.NODE) RETURN

600 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE MRRCM(IROOT,XADJ,ADJN,LVSN,NSIZ)

C** ============================================================ **

INTEGER XADJ(1),ADJN(1),LVSN(1),LVBG(2),ROOT

DATA KLVL/2/,MAXINT/32767/

C** ============================================================ **

ROOT=IROOT

IROO=0

NLVL=0

NBND=MAXINT

NENV=MAXINT

C** +----------------------------------------------------------+ **

C** | Single Root begin re-number from here | **

C** +----------------------------------------------------------+ **

100 NSIZ=1

LVSN(NSIZ)=ROOT

XADJ(ROOT)=-XADJ(ROOT)

C** +----------------------------------------------------------+ **

C** | Multiple Roots begin re-number from here | **

C** +----------------------------------------------------------+ **

110 NLVO=NLVL

NBNO=NBND

NENO=NENV

NLVL=0

NBND=0
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NENV=0

LVEND=0

DO 120 K=1,KLVL

120 LVBG(K)=1

C** +----------------------------------------------------------+ **

C** | LVBGN & LVEND = Pointers to first & last of this level | **

C** +----------------------------------------------------------+ **

200 NLVL=NLVL+1

LVBGN=LVEND+1

LVEND=NSIZ

DO 210 K=2,KLVL

210 LVBG(K-1)=LVBG(K)

LVBG(KLVL)=LVBGN

C** +----------------------------------------------------------+ **

C** | Generate the new level by finding all the masked | **

C** | un-re-numbered neighbors of nodes in this level | **

C** +----------------------------------------------------------+ **

DO 400 I=LVBGN,LVEND

NOD=LVSN(I)

JSTRT=IABS(XADJ(NOD))

JSTOP=IABS(XADJ(NOD+1))-1

IF(JSTRT.GT.JSTOP) GO TO 400

NSAV=NSIZ

DO 300 J=JSTRT,JSTOP

NOD=ADJN(J)

IF(XADJ(NOD).GT.0) GO TO 300

XADJ(NOD)=-XADJ(NOD)

NSIZ=NSIZ+1

LVSN(NSIZ)=NOD

300 CONTINUE

C** +----------------------------------------------------------+ **

C** | Compute the exact envelope of RCM ordering | **

C** | by reducing the envelope of CM ordering | **

C** +----------------------------------------------------------+ **

NDIF=NSIZ-I

IF(NSAV.LT.NSIZ) GO TO 380

320 IF(NSAV.LE.I) GO TO 360

NOD=LVSN(NSAV)

DO 340 J=JSTRT,JSTOP

IF(ADJN(J).EQ.NOD) GO TO 360

340 CONTINUE

NSAV=NSAV-1

GO TO 320

360 NDIF=NSAV-I

380 NBND=MAX0(NBND,NDIF)

NENV=NENV+NDIF

400 CONTINUE

IF(NSIZ.GT.LVEND) GO TO 200

C** +----------------------------------------------------------+ **

C** | No more node in the new level(All nodes are re-numbered) | **

C** | Compare the Depth(Band,Envelope) of two level structures | **

C** +----------------------------------------------------------+ **

405 FORMAT(/' ** ROOT,NLVL,NBND,NENV/LVSN(*)=',4I8/(10I8))

WRITE(*,405) ROOT,NLVL,NBND,NENV,(LVSN(I),I=1,NSIZ)

IF(ROOT.EQ.IABS(IROO).OR.NLVL.EQ.NSIZ) GO TO 800

IF(NLVL-NLVO) 700,420,450

420 IF(NBND-NBNO) 450,430,700

430 IF(NENV-NENO) 450,800,700

C** +----------------------------------------------------------+ **

C** | Find new ROOT from the last level with minimum degree | **
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C** +----------------------------------------------------------+ **

450 IROO=ROOT

MINDEG=NSIZ

DO 500 I=LVBGN,LVEND

NOD=LVSN(I)

NDEG=IABS(XADJ(NOD+1))-IABS(XADJ(NOD))

IF(NDEG.GE.MINDEG) GO TO 500

MINDEG=NDEG

ROOT=NOD

500 CONTINUE

C** +----------------------------------------------------------+ **

C** | Reset the mark to restart the re-numbering | **

C** +----------------------------------------------------------+ **

550 DO 600 I=1,NSIZ

NOD=LVSN(I)

600 XADJ(NOD)=-XADJ(NOD)

GO TO 100

C** +----------------------------------------------------------+ **

C** | Reconstruct previous level structure | **

C** +----------------------------------------------------------+ **

700 ROOT=IROO

GO TO 550

C** +----------------------------------------------------------+ **

C** | Reverse the Cuthill-Mckee ordering | **

C** +----------------------------------------------------------+ **

800 NS=NSIZ/2

L=NSIZ

DO 900 I=1,NS

NOD=LVSN(I)

LVSN(I)=LVSN(L)

LVSN(L)=NOD

900 L=L-1

IF(NENV.GT.NENO) GO TO 550

IF(IROO.LT.0) RETURN

IROO=-ROOT

C** +----------------------------------------------------------+ **

C** | Use all nodes in the last KLVL levels as Multiple Roots | **

C** +----------------------------------------------------------+ **

I1=LVEND-LVBG(1)+2

DO 960 I=I1,NSIZ

NOD=LVSN(I)

960 XADJ(NOD)=-XADJ(NOD)

NSIZ=I1-1

GO TO 110

END

************************************************************************

19.10 fghFEMRCM

[j� ]kNOFEMRCM����lm)*n��RRCM6x@�

�.���� aop���q)*rR'Qp�����q��r"¡

¢�£A¤9¥�H¢W;"¦§$¨©"ª��Wc«.FEMRCM

¬SGENRCMEz{|�D}. [j® ]W¯�NO°vw��.��

�WLV SN(1:9) = f3; 2; 4; 1; 9; 5; 8; 6; 7g.
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************************************************************************

SUBROUTINE FEMRCM(JOEP,JOES,LVSN,EOJP,EOJS,NELM,NODE)

C** ============================================================ **

INTEGER JOEP(1),JOES(1),LVSN(1),EOJP(1),EOJS(1)

C** ============================================================ **

C** Perform the RCM ordering to get LVSN(NODE) **

C** ------------------------------------------------------------ **

C** Input : JOEP(NELM+1),JOES(JOEP(NELM+1)-1),NELM,NODE **

C** Output : EOJP(NODE+1),EOJS(EOJP(NODE+1)-1),LVSN(NODE) **

C** ------------------------------------------------------------ **

C*I JOES(JOEP(I)),...,JOES(JOEP(I+1)-1) = Nodes Of Element I **

C*O EOJS(EOJP(J)),...,EOJS(EOJP(J+1)-1) = Elements of Node J **

C*O LVSN(I) = The original node number of the new I-th node **

C*I NELM = Number of Elements **

C*I NODE = Number of Nodes **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Set LVSN(J) temporarily as the degree of node J | **

C** +----------------------------------------------------------+ **

DO 100 NOD=1,NODE

100 LVSN(NOD)=0

DO 180 MEM=1,NELM

JSTRT=JOEP(MEM)

JSTOP=JOEP(MEM+1)-1

IF(JSTRT.GT.JSTOP) GO TO 180

DO 170 J=JSTRT,JSTOP

NOD=JOES(J)

170 LVSN(NOD)=LVSN(NOD)+1

180 CONTINUE

C** +----------------------------------------------------------+ **

C** | Setup a list of the element connected to each node | **

C** | Given LVSN(J) as the degree of node J | **

C** +----------------------------------------------------------+ **

EOJP(1)=1

DO 200 NOD=1,NODE

EOJP(NOD+1)=EOJP(NOD)+LVSN(NOD)

200 LVSN(NOD)=EOJP(NOD)

DO 280 MEM=1,NELM

JSTRT=JOEP(MEM)

JSTOP=JOEP(MEM+1)-1

IF(JSTRT.GT.JSTOP) GO TO 280

DO 270 J=JSTRT,JSTOP

NOD=JOES(J)

K=LVSN(NOD)

LVSN(NOD)=K+1

270 EOJS(K)=MEM

280 CONTINUE

C** +----------------------------------------------------------+ **

C** | Set EOJP(J) < 0 to mark node J as an un-re-numbered node | **

C** +----------------------------------------------------------+ **

DO 500 NOD=1,NODE

500 EOJP(NOD)=-EOJP(NOD)

C** +----------------------------------------------------------+ **

C** | Call EMRRCM to re-number node begin from ROOT = NOD | **

C** +----------------------------------------------------------+ **

NBGN=1

DO 600 NOD=1,NODE

IF(EOJP(NOD).GT.0) GO TO 600



19.10 �� FEMRCM 539

CALL EMRRCM(NOD,JOEP,JOES,EOJP,EOJS,LVSN(NBGN),NELM,NSIZ)

NBGN=NBGN+NSIZ

IF(NBGN.GT.NODE) RETURN

600 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE EMRRCM(IROOT,JOEP,JOES,EOJP,EOJS,LVSN,NELM,NSIZ)

C** ============================================================ **

INTEGER JOEP(1),JOES(1),EOJP(1),EOJS(1),LVSN(1),LVBG(2),ROOT

DATA KLVL/2/,MAXINT/32767/

C** ============================================================ **

ROOT=IROOT

IROO=0

NLVL=0

NBND=MAXINT

NENV=MAXINT

C** +----------------------------------------------------------+ **

C** | Single Root begin re-number from here | **

C** +----------------------------------------------------------+ **

100 NSIZ=1

LVSN(NSIZ)=ROOT

EOJP(ROOT)=-EOJP(ROOT)

C** +----------------------------------------------------------+ **

C** | Multiple Roots begin re-number from here | **

C** +----------------------------------------------------------+ **

110 NLVO=NLVL

NBNO=NBND

NENO=NENV

NLVL=0

NBND=0

NENV=0

LVEND=0

DO 120 K=1,KLVL

120 LVBG(K)=1

C** +----------------------------------------------------------+ **

C** | LVBGN & LVEND = Pointers to first & last of this level | **

C** +----------------------------------------------------------+ **

200 NLVL=NLVL+1

LVBGN=LVEND+1

LVEND=NSIZ

DO 210 K=2,KLVL

210 LVBG(K-1)=LVBG(K)

LVBG(KLVL)=LVBGN

C** +----------------------------------------------------------+ **

C** | Generate the new level by finding all the masked | **

C** | un-re-numbered neighbors of nodes in this level | **

C** +----------------------------------------------------------+ **

DO 400 I=LVBGN,LVEND

NOD=LVSN(I)

KSTRT=IABS(EOJP(NOD))

KSTOP=IABS(EOJP(NOD+1))-1

IF(KSTRT.GT.KSTOP) GO TO 400

NSAV=NSIZ

DO 240 K=KSTRT,KSTOP

MEM=EOJS(K)

IF(JOEP(MEM).LT.0) GO TO 240

JOEP(MEM)=-JOEP(MEM)

JSTRT=IABS(JOEP(MEM))

JSTOP=IABS(JOEP(MEM+1))-1
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C IF(JSTRT.GT.JSTOP) GO TO 240

DO 230 J=JSTRT,JSTOP

NOD=JOES(J)

IF(EOJP(NOD).GT.0) GO TO 230

EOJP(NOD)=-EOJP(NOD)

NSIZ=NSIZ+1

LVSN(NSIZ)=NOD

230 CONTINUE

240 CONTINUE

C**

IF(NSAV.GE.NSIZ) GO TO 320

NDIF=NSIZ-I

NJX=NSAV+1

NJY=NSIZ

IF(NJX.GE.NJY) GO TO 380

C** +----------------------------------------------------------+ **

C** | Shaker sorting LVSN(NJX) ... LVSN(NJY) | **

C** +----------------------------------------------------------+ **

JYP=NJX

250 JXP=JYP

JYP=JYP+1

JY=LVSN(JYP)

JYT=IABS(EOJP(JY+1))-IABS(EOJP(JY))

C** ------------------------------------------------------------ **

260 JX=LVSN(JXP)

JXT=IABS(EOJP(JX+1))-IABS(EOJP(JX))

IF(JXT.LE.JYT) GO TO 270

LVSN(JXP+1)=JX

JXP=JXP-1

IF(JXP.GE.NJX) GO TO 260

C** ------------------------------------------------------------ **

270 LVSN(JXP+1)=JY

IF(JYP.LT.NJY) GO TO 250

GO TO 380

C** +----------------------------------------------------------+ **

C** | Compute the exact envelope of RCM ordering | **

C** | by reducing the envelope of CM ordering | **

C** +----------------------------------------------------------+ **

320 IF(NSAV.LE.I) GO TO 360

NOD=LVSN(NSAV)

DO 340 K=KSTRT,KSTOP

MEM=EOJS(K)

JSTRT=IABS(JOEP(MEM))

JSTOP=IABS(JOEP(MEM+1))-1

DO 340 J=JSTRT,JSTOP

IF(JOES(J).EQ.NOD) GO TO 360

340 CONTINUE

NSAV=NSAV-1

GO TO 320

360 NDIF=NSAV-I

380 NBND=MAX0(NBND,NDIF)

NENV=NENV+NDIF

400 CONTINUE

IF(NSIZ.GT.LVEND) GO TO 200

C** +----------------------------------------------------------+ **

C** | No more node in the new level(All nodes are re-numbered) | **

C** | Compare the Depth(Band,Envelope) of two level structures | **

C** +----------------------------------------------------------+ **

405 FORMAT(/' ** ROOT,NLVL,NBND,NENV/LVSN(*)=',4I8/(10I8))

WRITE(*,405) ROOT,NLVL,NBND,NENV,(LVSN(I),I=1,NSIZ)
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IF(ROOT.EQ.IABS(IROO).OR.NLVL.EQ.NSIZ) GO TO 800

IF(NLVL-NLVO) 700,420,450

420 IF(NBND-NBNO) 450,430,700

430 IF(NENV-NENO) 450,800,700

C** +----------------------------------------------------------+ **

C** | Find new ROOT from the last level with minimum degree | **

C** +----------------------------------------------------------+ **

450 IROO=ROOT

MINDEG=NSIZ

DO 500 I=LVBGN,LVEND

NOD=LVSN(I)

NDEG=IABS(EOJP(NOD+1))-IABS(EOJP(NOD))

IF(NDEG.GE.MINDEG) GO TO 500

MINDEG=NDEG

ROOT=NOD

500 CONTINUE

C** +----------------------------------------------------------+ **

C** | Reset the mark to restart the re-numbering | **

C** +----------------------------------------------------------+ **

550 DO 600 I=1,NSIZ

NOD=LVSN(I)

600 EOJP(NOD)=-EOJP(NOD)

DO 620 MEM=1,NELM

620 JOEP(MEM)=IABS(JOEP(MEM))

GO TO 100

C** +----------------------------------------------------------+ **

C** | Reconstruct previous level structure | **

C** +----------------------------------------------------------+ **

700 ROOT=IROO

GO TO 550

C** +----------------------------------------------------------+ **

C** | Reverse the Cuthill-Mckee ordering | **

C** +----------------------------------------------------------+ **

800 NS=NSIZ/2

L=NSIZ

DO 900 I=1,NS

NOD=LVSN(I)

LVSN(I)=LVSN(L)

LVSN(L)=NOD

900 L=L-1

DO 920 MEM=1,NELM

920 JOEP(MEM)=IABS(JOEP(MEM))

IF(NENV.GT.NENO) GO TO 550

IF(IROO.LT.0) RETURN

IROO=-ROOT

C** +----------------------------------------------------------+ **

C** | Use all nodes in the last KLVL levels as Multiple Roots | **

C** +----------------------------------------------------------+ **

I1=LVEND-LVBG(1)+2

DO 960 I=I1,NSIZ

NOD=LVSN(I)

960 EOJP(NOD)=-EOJP(NOD)

NSIZ=I1-1

GO TO 110

END

************************************************************************

[�! ] �����"#$��

************************************************************************
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PROGRAM TRCM

C** ============================================================ **

DIMENSION IA(2000)

DATA NDIM/2001/,N1/1/

C** ============================================================ **

10 READ(*,'(2I5)') NELM,NODE

N2=N1+NELM+1

CALL GRAPHI(IA(N1),IA(N2),NELM,NPNT)

C** ------------------------------------------------------------ **

N3=N2+NPNT

N4=N3+NODE

N5=N4+NODE+1

N6=N5+NPNT

IF(N6.GT.NDIM) STOP

CALL FEMRCM(IA(N1),IA(N2),IA(N3),IA(N4),IA(N5),NELM,NODE)

CALL GRAPHO(IA(N3),IA(N4),IA(N5),NODE,0)

C** ------------------------------------------------------------ **

CALL GRAPHS(IA(N1),IA(N2),IA(N3),IA(N4),IA(N5),NELM,NODE,NEDG)

N6=N5+NEDG

IF(N6.GT.NDIM) STOP

CALL GENRCM(NODE,IA(N4),IA(N5),IA(N3))

CALL GRAPHO(IA(N3),IA(N4),IA(N5),NODE,1)

GO TO 10

END

************************************************************************

SUBROUTINE GRAPHI(JOEP,JOES,NELM,NPNT)

C** ============================================================ **

DIMENSION JOEP(1),JOES(1,1)

CHARACTER*15 IFM

C** ============================================================ **

READ(*,'(A)') IFM ! Input data

IX=1 ! ------------

JOEP(1)=IX ! 8,9

DO 200 IE=1,NELM ! (20I4)

C** READ(*,IFM) NX,(JOES(J,IX),J=1,NX) ! 1,9,8

READ(*,IFM) (JOES(J,IX),J=1,20) ! 1,2,9

NX=0 ! 2,4,9

DO 150 J=1,20 ! 2,3,4

IF(JOES(J,IX).LE.0) GO TO 160 ! 8,6,7

150 NX=J ! 8,9,6

160 IX=IX+NX ! 9,5,6

200 JOEP(IE+1)=IX ! 9,4,5

NPNT=IX-1

WRITE(*,'(/'' JOEP/JOES:''/(10I8))') (JOEP(I),I=1,NELM+1)

WRITE(*,'(10I8)') (JOES(J,1),J=1,NPNT)

RETURN

END

************************************************************************

SUBROUTINE GRAPHO(LVSN,EOJP,EOJS,NODE,M)

C** ============================================================ **

INTEGER LVSN(1),EOJP(1),EOJS(1)

C** ============================================================ **

IF(M.EQ.0) WRITE(*,'(/'' LVSN/EOJP/EOJS:'')')

IF(M.EQ.1) WRITE(*,'(/'' LVSN/XADJ/ADJN:'')')

WRITE(*,'(10I8)') (LVSN(J),J=1,NODE)

WRITE(*,'(10I8)') (EOJP(J),J=1,NODE+1)

WRITE(*,'(10I8)') (EOJS(J),J=1,EOJP(NODE+1)-1)

RETURN

END

************************************************************************
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19.11 /0123456789:;

[�< ]=>����?@���ABCDE�FGHI��JKL

MNOPQ���RSLTOUV����W���XYZ[?\]^

�_`aXP��bcPQ���DE J�de@���ABC�DE

NV AR(K;J)Rf��bc�����deJg LV SN(1); LV SN(2); . . . ;

LV SN(NODE)�de@���ABC�DEX

[�< ] ����h��ABCDE�@�
************************************************************************

SUBROUTINE EQNO(NODE,NDF,NFILE,NRL,NVAR,LVSN)

INTEGER NRL(NDF,NODE),NVAR(NDF,NODE),LVSN(NODE)

C** ============================================================ **

C*I NODE = Number of Nodes **

C*I NDF = Number of Degrees of Freedom for each Node **

C*I NFILE = File number which stores the array LVSN(NODE) **

C*I NRL(K,J) = Node Restraint List **

C** > 0 : Restraint direction, its Displacement = 0 **

C** = 0 : Allow displacement, **

C** Its displacement = DISP(NVAR(K,J)) **

C*O NVAR(K,J) = 0 : For restraint direction **

C** > 0 : Sequence number of the unknown displacement **

C** for K-th direction of node J **

C*W LVSN(New) = The original node number of the new New-th node **

C** ============================================================ **

C** J | NRL(*,J) | NVAR(*,J) | LVSN(J) !! NVAR(*,J) **

C** -----+-----------+-------------+----------++---------------- **

C** 1 | 1 1 0 | 0 0 17 | 4 !! 0 0 1 **

C** 2 | 0 0 0 | 11 12 13 | 5 !! 2 3 4 **

C** 3 | 0 0 0 | 5 6 7 | 3 !! 5 6 7 **

C** 4 | 1 0 0 | 0 1 2 | 6 !! 0 8 9 **

C** 5 | 1 0 0 | 0 3 4 | 2 !! 0 10 11 **

C** 6 | 0 0 0 | 8 9 10 | 7 !! 12 13 14 **

C** 7 | 0 0 0 | 14 15 16 | 1 !! 15 16 17 **

C** 8 | 1 1 0 | 0 0 18 | 8 !! 0 0 18 **

C** ============================================================ **

C** New program ! Original program **

C** ---------------------------------+-------------------------- **

NFREE=0 ! NFREE=0

READ(NFILE,*) (LVSN(N),N=1,NODE) !!

DO 60 New=1,NODE !! DO 60 J=1,NODE

J=LVSN(New) !!

DO 50 K=1,NDF ! DO 50 K=1,NDF

IF(NRL(K,J).EQ.0) THEN ! IF(NRL(K,J).EQ.0) THEN

NFREE=NFREE+1 ! NFREE=NFREE+1

NVAR(K,J)=NFREE ! NVAR(K,J)=NFREE

ELSE ! ELSE

NVAR(K,J)=0 ! NVAR(K,J)=0

ENDIF ! ENDIF

50 CONTINUE ! 50 CONTINUE

60 CONTINUE ! 60 CONTINUE

RETURN ! RETURN

END ! END

************************************************************************
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20.1 �

�������������������� !"#$%&"'
(�$%&")*+,-."/0123456786#6�0192
-:;<=>?@A (Monte Carlo method)'��#� !"BCD� 
!"E�F� !"EG"�F� !"EH"� !"EIJ� !
"EKL� !"EM� !"9'NOP�F� !"Q��2RP
CD� !"#$%&"QSTUV'WXYZP[\UV&"Q]^
_`A<aUV-bc#CD� #$%&" (d;C &" )2efX
UVNgh�� #$%&"'ijkalmC &"#UVno�p
A2elm3q(�C &"UVNgh�� #$%&"2rlmQ
��#�F� $%&"#"�4A'

20.2 stuvwxyz{|}

UVC &"#Qd~RQ��#pA<����A(Linear congruen-

tial method) (D.H.Lehmer 1948)'(��A�UV_-bc$%&"���
� (20.1)2X"c;<����"c(Linear congruential sequence, LCS)'

Xi+1 = (aXi + c) mod m (20.1)

�O m = �"�m > 0'-:�m = 2j7m = 10j'
X0 = ����m > X0 � 0'

545
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a = �"�m > a � 0'
c = ���m > c � 0'

(��A� i+ k��Xi+k)*� fXi4¡3¢£

Xi+k = (akXi + c(
ak � 1

a� 1
)) mod m (20.2)

(��AUV_"c¤�-¥�_"�¦ (§<n)2¨UV©���
ª«_&"2¬Xn = X0'®��#��2$¦#&"¯°±²Z5�
UV_"c2¬Xn+i = Xi'WX<-³B¥�´µ_"c2 n;<�"
c#´µ'¶3
PX0 = 2; a = 3; c = 1; m = 8<¶2NLCS3¢ (´µn = 4)£

2; 7; 6; 3; 2; 7; 6; 3; . . .

PX0 = 2; a = 5; c = 1; m = 8<¶2NLCS3¢ (´µn = 8)£
2; 3; 0; 1; 6; 7; 4; 5; 2; 3; . . .

o·�X"c#´µn-�¸¨¹��"m'�º�$%&"»����
¼23½��$%&"#"Y¾¿nÀÁÂ&"#Ã�2WX´µn�Ä
*Å¹.'P¢Æ�ÇÈ<É LCS#´µ n9�N�"m#Ê�¯ËÇ
È£
1. c©mÌÍ'
2. b (= a� 1)<ÅÎÏm#�BÍ"#Ð"'
3. b< 4#Ð"2Ñm< 4#Ð"'
¶3�¶O2a = 5; c = 1; m = 8¬��XÊËÇÈ2N´µn = m = 8'

f� c = 0*ÒÓ�Ô¼Õ2WX)�Öº�'×G��#m = 2jP
�m = 10j#ØÙ2É´µ�Ú< 2j�2� 5 � 10j�2#Ê�ÇÈ<£
1. m = 2j ; j � 3¼£X0<Û"2¬¸< 2#Ð"2 a mod 8 = �3'
2. m = 10j ; j � 5¼£X0¸< 27 5#Ð"2 a mod 2009�¢c 16��
7NÜ�£

3; 11; 13; 19; 21; 27; 29; 37; 53; 59; 61; 67; 69; 77; 83; 91

PX0 = 3; a = 3; c = 0; m = 8<¶2NLCS<£ f3; 1; 3; 1; . . .g'
G��UV_&"ÝÞ���4_� !"ß�*(� �2àáA7

âãäåæçèéêëæ (Kolmogorov-Smirnov)àáAàá#2Bìí_
îï*ðñ [1]'-:��G�a�_ò�3óô¢cnÀ¬*4¡õÃ_
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&"'
1. a� ýp

m'
2. a_Q¦-þ_ÿ��< 0© 1_ÿ�"¹�ª9'

20.3 |}stuvwxyz{���

f��"m�¹��2�-:[\��C�m9�Q¹Î"	123
XÀÉmod#
Ô���'�W-:Î"K��Ü�2ß��Ü�P
Q�ÿ���2��Q�ÿ�< 02Ü�< 1'�����A�ÔXi+1¼
2�°�Ý���»
Ô2�W[\��Ô�	Ô¦2�¡ÿ�¨¾¿
����#ÿ�"2R*Å����Ü�_Q�ÿ�< 12rÖ��»<
�&"Xi+12�¨BÜ���'X¼¯�kX��_Q�ÿ��< 0'

P �ÿ�#Î"<¶2ÀQ�ÿ�<0#Q¹��<72Nÿ��<
01112WX�m = 8'�P a = 5; c = 1; Xi = 5<¶2¡Xi+1 = aXi+ c =

262Nÿ��<110102[\k���Q¦ �ÿ�1010»<Xi+1'��
���mod8R< 0010'<!»X"#o¯�$+[\OÜ�_��A'

Ü�_��AYZÖº�_B%�£N-< 1_&�A2N%< 2_
&�A'¹'�[\º� 2_&�A�B.[\Àº� 1_ &�A'(P
Æ�ÿ�<¶2f¢�)*Ü�_��A'

[ \ ���#Î"� Â+Ü�#Q�ÿ�
ÿ�� 1_&�A 2_&�A 1_&�A 2_&�A
000 0 0

001 1 1

010 2 2

011 3 3

100 {3 {4 {3 +3 = 0 {4 +3 +1 = 0

101 {2 {3 {2 +3 = 1 {3 +3 +1 = 1

110 {1 {2 {1 +3 = 2 {2 +3 +1 = 2

111 {0 {1 {0 +3 = 3 {1 +3 +1 = 3

�, 1_&�A<k��_--ÿ�~.4NG� 1_&�"»<Ü
� (P 1Ò�~-ÿ���¡#/�;�ÿ��# 1_&�"2¬ 0© 1Ì
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< 1_&�" )'¶3+2_ÿ��< 0102N 1_&�"_ÿ��<1012
¬<Ü"�2'0Ã��©Ü�Ì< 1_&�"'

�, 2_&�A<k��# 1_&�"	 1¦»<Ü�'¶3+2_ÿ
��< 0102N 1_&�"< 1012	 1¦_ÿ��< 1102¬<Ü"�2'
0ÃÏ 0©�412��©Ü�Ì< 2_&�"'

3½2Ëk��Ü�_Q�ÿ�_ 1�< 02R¸�3Ngÿ�¼2
¶3k 101�< 0012G� 1_&�"2*kÜ��2 (¬ 101)	�Q¹#
�Î"3(¬011)2¬¡ 1(¬001)'G� 2_&�"2Ï�akÜ��3 (¬
101)	�Q¹#�Î" 3(¬ 011)12�e	 1p*¡ 1(¬ 001)'

¢���#��<UV~ÿC &"#!"2�°ª4d~�É��
��¼2¯�a$+��[\#Ü���A�Nÿ�"2eðñ�5)
*»647�'

[�% ] UVC &"#��
************************************************************************

FUNCTION RANDOM(IX)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DATA MAXN/2147483647/

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Random number by linear congruential method | **

C** | For 32 bits INTEGER*4: C=51605, M-1=2147483647 | **

C** | For 16 bits INTEGER*2: C=405, M-1=32767 | **

C** | IX = MOD( 51605*IX+3, 2**32) | **

C** +----------------------------------------------------------+ **

IX = 51605*IX + 3

C** +----------------------------------------------------------+ **

C** | Next statement changes the sign bit from 1 to 0 | **

C** | That is : IX = MOD( 51605*IX+3, 2**31) | **

C** | for 1'S complement, cancel +1 | **

C** +----------------------------------------------------------+ **

IF(IX .LT. 0) IX = IX+MAXN+1

C** +----------------------------------------------------------+ **

C** | RANDOM = Uniform distributed number between 0 and 1 | **

C** +----------------------------------------------------------+ **

RANDOM = IX/2147483647.0D0

C** +----------------------------------------------------------+ **

C** | If you can not avoid overflow error | **

C** | Use follows for 32 bits INTEGER*4: | **

C** +----------------------------------------------------------+ **

C IX = MOD(405*IX+3,32768)

C RANDOM = IX/32767.0D0

RETURN

END

************************************************************************
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20.4 stuvwxyz{;<=>

?%�)�Öº�_pA<	Ô��A (Additive congruential method)

�M@AÔA (Algorithm M)'Bd5N»A�¦'
-E	Ô��A#�Ô���3¢£

Xi+1 = (Xi +Xi�k) modm; k � 1 (20.3)

XpA#´µ p = �m=22NO 1 < � < 2k � 1'4 k = 1#C¶¼2À<
BD#EFGH (Fabonacci)"c£ Fi+1 = Fi + Fi�1'
%EM@AÔAfMacLaren©MarsaglinI�2JK3¢£
aUV k� (k-:*ò� 100P¢#� )����"c XiL�Mc V (0 :

k�1)'
M1.UV%�����&"X;Y (X;Y Q��Úf´µ<ÌÍ#%�"c
UV )'

M2.fY ,�McHN j = INT (k � Y=m)20ÃNOm<Y "c#�"2
� 0 � j < k'

M3.OV (j)<�4#&"2r§V (j) = X'
P k = 4<¶2r�Xi+1 = (5Xi + 5) mod 8; X0 = 1� Yi+1 = (5Yi +

3) mod 8; Y0 = 1'QP§�Mc fV g = f1; 2; 7; 0g2$¦#"c fXg =

f5; 6; 3; 4; 1; 2; 7; 0g2"c fY g = f1; 0; 3; 2; 5; 4; 7; 6g2 fjg = fkY=mg =

f0; 0; 1; 1; 2; 2; 3; 3g2WX*¡&" fxg = f1; 5; 2; 3; 7; 1; 0; 7; 6; 5; 4; 3; 2g'
X"ck±²��Q¦ 8�&"'WXQ��ÉX; Y Q"c#´µ

ÌÍ'X¶�¡Q¦´µ�#"c�RÝ-�SÒ9/T"'X�R��
UCÚV�2�*W��.AÔA�°ª4XY2�5�WZ[\¸T
¡���d~#]^2_`�aRSTb�R�_Øc'

20.5 ;<uv{wxyz{=>

(�CD� $%&"4Ng� #$%&"#-:pAdËB e
£-<a!"A (Invert method)�%<fÂò�A (Reject select method)

�Æ<g�A (Mixed method)� <h�A (Composition method)'Z%
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�pAhBNij�¸Å6�_Øc�¦%�pAk�Z%A#il�
�ÆAm� A#��STno2�� A
ÔpqQ�'
-Ea!"A

Ñ$%&"x#ér!"<f(x)2ÀN� !"< F (x) =
R x
�1 f(x) dx

'(Ñ��-$%&"u = F (x)2ÀNér!"*f fu(u)du = f(x)dx#
]^4¡< fu(u) = f(x)=F 0(x) = 1')¬ u< 0s 1ÕCD� #$%&
" (d;~ÿC &" )'WX*tuh�� #$%&"C*vwxR
¡-~ÿC &"u'

Ra!"A¬<aUV-�~ÿC &"u2e+F (x) = u27fN
awxx = F�1(u)24¡x¬<�4#$%&" (Nér!"<f (x)2� 
!"<F (x))'Åy� �a!"A4$%&"_� !"BzF (Weibull)

� 2H" (Exponential)� 2IJ (Rayleigh)� 2âN (Cauchy)� 
92BkNér!"�� ! "{c3¢£
1.zF� !" (� > 0; � > 0; x � 0)

f(x) =
�

�
(
x

�
)��1e�(

x

�
)�

F (x) = 1 � e�(
x

�
)�

F�1(u) = � (� ln(1� u))1=�

2.H"� !" (� > 0; x � 0)

f(x) =
1

�
e�

x

�

F (x) = 1� e�
x

�

F�1(u) = �� ln(1� u)

3.IJ$%&"(� > 0; x � 0)

f(x) =
x

�2
e�

x
2

2�2

F (x) = 1 � e�
x
2

2�2

F�1(u) = �
q
�2 ln(1� u)

4.'�IJ$%&"(� > 0; x � a)

f(x) =
x

�2
e�

x
2
�a

2

2�2
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F (x) = 1 � e
�x

2
�a

2

2�2

F�1(u) =
q
a2 � 2�2 ln(1 � u)

5.âN$%&"(� > 0)

f(x) =
1

��(1 + (x��)2
2�2

)

F (x) =
1

2
+

1

�
tan�1

x� �

�

F�1(u) = �+ � tan[�(u� 0:5)]

G�|} (Discrete)ér!")C*�a!"A4N$%&"' (P
%"� (Binomial)� <¶£

f(x) =

 
n

x

!
px(1 � p)(n�x)

F (x) =
xX

k=0

f(k)

a4~ÿC &"u2ÑF (x�1) < u � F (x)2Àx¬<�4#$%&"'
(�a!"A¼Q�~ak x = 0; 1; . . . ; n#�B F (x)�Ô���-

Mc�2eP%���A (Binary search)fu����F (x�1) < u � F (x)

#x'
%EfÂò�A

fÂò�A6��$%&"B-�#��ï2ÞÀ�ò�-�ý[#
��2§<as b2É1�F (b)+F (a)�s*P��_�r'P�ò�-�
ér!"_���§< c2É f(x) � c'¬*ô¢cJK4$%&"x'

1.aUV%�~ÿC &"u1; u2'
2.�Ôx = a+ (b� a)u1; y = f(x); z = cu2'
3.Ñ z � y2Àx¬<�4#$%&"�ÞÀfÂx2�JK 1.±Ô'

XpAno�d~2$%&"Öò�_%q© f(x)#¹����'��
AB-�l2<a; bÕ#��3��2À�½m¸��'���1#&"
k��¸¨Öò�'3 a; bÕ#���¹2Àò�q¸�2¬pqm/'
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ÆEg�A

a!"AG�Å� o�a!"F�1(u)#� !"C*��R��4
�'ÞÀ¬�4+U��p��u = F (x)_2km�¼2�N4 F (x)

#6��AP+�A4¡¼ (X¼�*����/!" (Error function)e
P�"�ý[ )'

fÂò�A#4+�r¸¨W� !"#C�RB�¹_��2�
N»AW�G$%&"ò�-¥���R�<ý[#+2���1#�
kÖÂÏR¸��2<N�l'

G�¸Å� o�a!"7UB���#&"2*ñ��¢c%�
g�`A4�£
(1)ò�-��mST4a!"#� !"2Nér!"< �f (x) (&"�
�ª« )2rò�-�" c2É f(x) � c �f (x)'¬*ô¢cJK4 f(x)#
$%&"£

1.UV �f(x)#$%&"x2r�Ô z = c �f (x)'
2.�Ô y = f(x)'
3.UV 0s 1ÕC &"u'
4.Ñ y � z u2Àx<�4#$%&"�ÞÀfÂx2�JK 1.±Ô'

(2)k$%&"#���<N + 1�2§h�ÕP x1; x2; :::; xN <�'G
� 2s N �£4h� f(x)#��� ci �¢��©���#� di 2¬É
di ci � f(x) � ci'G� 1�N + 1�£hò�mST4a!"#� !
"2;ðñ� !"2Nér!"< �fi(x)2rò ci2É f(x) � ci �fi(x)�
7É�%�#��%q�s*P��_�r'WX2*¸UV�%��
#&"2¬�§ ci = 07F1 = 0; FN = 1'°¦�Ô Fi = F (xi)�7�Ô
S1 = c1; Si = Si�1 + ci(xi � xi�1); SN+1 = SN + cN+12� �Fi = Si=SN+1'¬
*ô¢cJK4 f(x)#$%&"£

1.aUV-�~ÿC &"u0'
2.f¢cÇÈ#-,�$%&"# Õ<xi�1sxi'

(a) Fi�1 < u0 � Fi

(b) �Fi�1 < u0 � �Fi

3.eUV%�~ÿC &"u1; u2'
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4.G� 2sN�£
�Ôx = xi�1+ (xi� xi�1)u1'Ñ di � u22Àx<�4#$%&"
�ÞÀO z = ci'

G� 1�N + 1�£
� Pa!"Afu14¡x2r�Ô z = ci �fi(x)'

5.�Ô y = f(x)'
6.Ñy � z u22Àx<�4#$%&"�ÞÀfÂx2P 2(a)<ÇÈ¼
�JK 3.±Ô�P 2(b)<ÇÈ¼�JK 1.±Ô'

P¢¬<G�#��2«¼*6��fÂò�A�g�A'
[�Æ ] UV¡Ã&"#��

************************************************************************

FUNCTION RANFUN(IX)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

COMMON/RAN000/ N,X(99),F(99),D(99),C(100)

C** ============================================================ **

C** General program for any distributed random number **

C** By mixed method : invert method & reject-select method **

C** ------------------------------------------------------------ **

C** Given : N,X(1:N),F(1:N),D(2:N),C(1:N+1) & following routines **

C** DENFUN(XX) = Density function of XX **

C** FINVL(DIS,VAR,DEN) & FINVR(DIS,VAR,DEN) **

C** = Referential distribution function for first & last sections **

C** (VAR can be find by invert method from DIS) **

C** Input : DIS = Distribution function **

C** Output: VAR = Random number **

C** DEN = Density function **

C** =============================================== **

C** N | Conditions | Reqd. Functions **

C** =====+==================+====================== **

C** N=0 | | DENFUN, FINVL **

C** -----+------------------+---------------------- **

C** | F(1)=0 | DENFUN, FINVR **

C** N=1 | 0 < F(1) < 1 | DENFUN, FINVL, FINVR **

C** | F(1)=1 | DENFUN, FINVL **

C** -----+------------------+---------------------- **

C** | 0=F(1) F(N)=1 | DENFUN **

C** | 0=F(1) F(N)<1 | DENFUN, FINVR **

C** N>1 | 0<F(1) F(N)<1 | DENFUN, FINVL, FINVR **

C** | 0<F(1) F(N)=1 | DENFUN, FINVL **

C** =============================================== **

C** +----------------------------------------------------------+ **

C** | IF F(I) = Referential distribution function | **

C** | Here is for GO TO 50 | **

C** +----------------------------------------------------------+ **

50 CONTINUE

C*1 ------------------------------------------------------------ **

U0 = RANDOM(IX)

C*2 +----------------------------------------------------------+ **

C** | Find I by binary search such that | **
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C** | F(I-1) < U0 <= F(I) | **

C** +----------------------------------------------------------+ **

IBGN=1

IEND=N+1

10 IF (IBGN.GE.IEND) THEN

I=IEND

ELSE

I=(IBGN+IEND)/2

IF (U0.LT.F(I)) THEN

IEND=I

GO TO 10

ELSE IF (U0.GT.F(I)) THEN

IBGN=I+1

GO TO 10

ENDIF

ENDIF

C** +----------------------------------------------------------+ **

C** | IF F(I) = Actual distribution function | **

C** | Here is for GO TO 50 | **

C** +----------------------------------------------------------+ **

C**50 CONTINUE

C*3 ------------------------------------------------------------ **

U1 = RANDOM(IX)

U2 = RANDOM(IX)

C*4 ------------------------------------------------------------ **

IF (I.LT.2) THEN

CALL FINVL (U1,XX,DEN)

ZZ = C(1) * DEN

ELSE IF (I.GT.N) THEN

CALL FINVR (U1,XX,DEN)

ZZ = C(N+1) * DEN

ELSE

XX = X(I-1) + (X(I)-X(I-1)) * U1

IF (D(I) .GE. U2) THEN

RANFUN = XX

RETURN

ENDIF

ZZ = C(I)

ENDIF

C*5 ------------------------------------------------------------ **

YY = DENFUN (XX)

C** IF (YY .GT. ZZ) STOP 1111

C*6 +----------------------------------------------------------+ **

C** | Reject XX | **

C** +----------------------------------------------------------+ **

IF (YY .LT. ZZ*U2) GO TO 50

C** +----------------------------------------------------------+ **

C** | Select XX | **

C** +----------------------------------------------------------+ **

RANFUN = XX

RETURN

END

************************************************************************

�c����.Øc¢¸���¢��FINV L7FINV R¼)�£
-¤§#¢��2¬�� SUBROUTINE FINV L(DIS; V AR;DEN)�
ENDQ¥'



20.6 ¦§øù������:� 555

 Eh�A

kér!"¢_56�¨�©�m¹ª#«Ù�«Ù�p#¸¬À
�ª2-ª#56¹�»<l����ª�#%q'®X%q2f-
~ÿC &"#¹�*,�l����-ª�'Ñ�ª<-«Ù2N
®¯°#±²³N< xi�1; xi2Àf?-~ÿC &" u*,�l���
�ª�#±²³N<x = xi�1 + (xi � xi�1) � u2��¬*»<�ñ�#é
r!"#$%&"'Ñ�ª<-¸¬À�ª2À*�Z5fÂò�A,
�l´���ª�#±²³Nr�<$%&"'4«Ù��56 ý 1¼
2�A#²Cpq¨�mNgpA<µ'ðñ¶· [2]¬PX¸¹Iº-
�UV�F� &"#��pA'»¼»A)*ðñ [1]'

(��Ao���~»©����Ô½¾2����©�¿L�"
#ÀÁÂÕ2�ÏU�Ë��_pq2-:�Óº��A'

20.6 ÃÄuv{wxyz{=>

f��F� #$%&"Q�ÖÉ�2Ng� #&"23Ë4Å
r¸�2)�P�F� #&"ý[2WXP¢CÚlm"��&"#
4A'
-E(�OÆÇ��o#4A

ÈOÆÇ��o£3½�$%&"x =
Pn

i=1 ui2NOn�ui<.É#
&"2À4 n�¹¼2x#� <�F� 2N²C�E[x] =

Pn
i=1 E[ui]

23Ê"V [x] =
Pn

i=1 V [ui]'
Ñ�ui<~ÿC &"2ÀE[ui] = 1=2; V [ui] =

R 1
0 (u� 0:5)2du = 1=12

'Ñ�n = 12¼2*¡E[x] = 6; V [x] = 1'P¢¬<G�#��'
[� ] (�OÆÇ��oUV�F� &"

************************************************************************

FUNCTION GAUSS(AMEAN,SIGMA)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DATA IX/11111/

C** ============================================================ **

C** GAUSS = Normal distributed random number **

C** AMEAN = Mean value of the random number **



556 ���� ��������
C** SIGMA = Standard diviation of the random number **

C** = SQRT(variance) **

C** ============================================================ **

SU = -6.0

DO 10 I=1,12

10 SU = SU + RANDOM(IX)

C** +----------------------------------------------------------+ **

C** | SU = Unit std. div. zero mean normal dist. | **

C** +----------------------------------------------------------+ **

GAUSS1 = AMEAN + SIGMA * SU

RETURN

END

************************************************************************

XA#�l<£nÑ�¹À�rË���À�/¹'ÌPn = 12<¶
2 jx�E[x]j¹�3ÐN�Í/#&"#��qÌ¿�ÍÎ2R jx�E[x]j¹
� 6ÐN�Í/#&"À�¸��'
%E� 4A|(�%Ï� !"#a!"#4A

(ñ�-�%Ï#ér!"2� (20.4)P�Ð³N��2� (20.5)P
Ç³N��2%ï���#ér!"Ñª9'

f(x; y) =
1

2��2
e�

x
2
+y

2

2�2 (20.4)

g(r; �) =
1

2��2
e�

r
2

2�2 (20.5)

����#ér!"#C�<���Ònl9Ò|#Ó�#ér!"�
ª«'3½ÔÕÖËu×��_l©nl#Ò| r2R¸Ëu×NpØ �

2ÀG�Ò| r#ér!" gr(r)*f¢�4¡

gr(r) =
Z 2�

0
g(r; �) r d� = 2�rg(r; �) =

r

�2
e�

r
2

2�2 (20.6)

Xér!"<IJ� 'RIJ� Ù�Z5)*¿2*P�a!"A�
 4¡2¬ r = �

q
�2 ln (1� u)2�Ou<~ÿC &"'

3½ÔÕÖËu×��_lGnl#pØ �2R¸Ëu×N©nl#
Ò| r2Àf� (20.5)u g(r; �)Ö©Ò| rB]R© ��]2�G�pØÐ
�#ér!" g�(�)*f¢�4¡

g�(�) =
Z 1

0
g(r; �) r dr =

1

2�
(20.7)

Xér!"<CD� '
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3½ÔÕÖËu×��_l#x³N�2R¸Ëu×N y³N�2À
Nér!" fx(x)*f¢�4¡

fx(x) =
Z 1

�1
f(x; y) dy =

1p
2��

e
� x

2

2�2 (20.8)

Xér!"<�F� '
Ú�� (20.6)s� (20.8)u2(�IJ� *¡ r�CD� *¡ �2

)¬*¡� (20.4)7� (20.5)#� #$%ÿÛ< (r; �)2kNÜ�s xÝ

2¬x = r cos �2¬*¡�F� #$%&"'P¢¬<G�#��'
[�Þ ] (�IJ� UV�F� &"

************************************************************************

FUNCTION GAUSS(AMEAN,SIGMA)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DATA IX/11111/

C** ============================================================ **

C** GAUSS = Normal distributed random number **

C** AMEAN = Mean value of the random number **

C** SIGMA = Standard diviation of the random number **

C** = SQRT(variance) **

C** ------------------------------------------------------------ **

C** UR = RANDOM(IX) **

C** UA = RANDOM(IX) **

C** GAUSS2 = AMEAN + SIGMA * SQRT(-2*ALOG(UR))*COS(6.2831853*UA) **

C** ------------------------------------------------------------ **

C** Note that : UR (0:1) can be replaced by RR (RR=U1*U1+U2*U2) **

C** COS(6.2831853*UA) can be replaced by U1/SQRT(RR) **

C** ============================================================ **

10 U1 = RANDOM(IX)*2.0 - 1.0

U2 = RANDOM(IX)

RR = U1*U1 + U2*U2

IF(RR.GT.1.0) GOTO 10

GAUSS2 = AMEAN + SIGMA * DSQRT(-2.0*DLOG(RR)/RR)*U1

RETURN

END

************************************************************************

ÆE(�g�A

P¢cßÆ�p�dËY_^»<g�A#�¶2P<Ng� !"
#ðñ'`à4�F� #$%&"áPº�Z5%A��m<dâ�
pq)¸�/'

¢c��^k$%&"#��P x1 = �a; x2 = a�<Æ�2Z¦%
�P'�IJ$%&"»<ðñ� !"'W

f(x)
�f(x)

=
�p
2�x

e�
a
2

2�2
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<SÒ!"2��¢c c�¬*É f(x) � c �f(x)'

c = f(a)= �f(a) =
�p
2�a

e
� a

2

2�2

P¢¬<G�#��'
[�ã ] (�g�AUV�F� &"#-

************************************************************************

FUNCTION GAUSS(AMEAN,SIGMA)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

COMMON/RAN000/ N,X(99),F(99),D(99),C(100)

DATA IX/-1/

C** ============================================================ **

C** Use mixed method (invert method & reject-select method) **

C** to find the normal distributed number **

C** ============================================================ **

IF(IX.LT.0) THEN

IX=11111

C** +-------------------------------------------------------+ **

C** | Set N,X(1:N),F(1:N),D(2:N),C(1:N+1) | **

C** | for unit std. div. zero mean normal dist. | **

C** +-------------------------------------------------------+ **

A=1.0

N=2

X(1)=-A

X(2)=+A

C(1)=DEXP(-0.5*X(1)**2)/(DSQRT(6.283185307179586D0)*DABS(X(1)))

C(2)=1.0/DSQRT(6.283185307179586D0)

C(3)=C(1)

D(2)=EXP(-0.5*X(1)**2)

C** +-------------------------------------------------------+ **

C** | Calculate referential F(1:N) from X(1:N) and C(1:N+1) | **

C** | Follows are general procedure (for N>0) | **

C** +-------------------------------------------------------+ **

C** F(1)=C(1) **

C** DO 30 I=2,N **

C**30 F(I)=F(I-1)+(X(I)-X(I-1))*C(I) **

C** SNP1=F(N)+C(N+1) **

C** DO 50 I=1,N **

C**50 F(I)=F(I)/SNP1 **

C** Next st. is to prevent choose from 1st section **

C** IF (F(1).EQ.0.0) F(1)=-0.00001 **

C** +-------------------------------------------------------+ **

C** | But for this special case we use | **

C** +-------------------------------------------------------+ **

F(1)=C(1)/(C(1)+2.*A*C(2)+C(3))

F(2)=1.0-F(1)

ENDIF

C** ------------------------------------------------------------ **

GAUSS = AMEAN + SIGMA * RANFUN(IX)

RETURN

END

************************************************************************

FUNCTION DENFUN(X)

C** ============================================================ **
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IMPLICIT REAL*8 (A-H,O-Z)

C** COMMON/RAN000/ N,X(99),F(99),D(99),C(100)

DATA RSQR2P/0.3989422804014327D0/

C** ============================================================ **

C** DENFUN = density function of a random number X **

C** For unit std. div. zero mean normal dist. **

C** ============================================================ **

DENFUN = RSQR2P * DEXP(-0.5*X*X)

RETURN

END

************************************************************************

SUBROUTINE FINVL(DIS,VAR,DEN)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

COMMON/RAN000/ N,X(99),F(99),D(99),C(100)

C** ============================================================ **

C** Input : DIS = Distribution function **

C** Output: VAR = Random number **

C** DEN = Density function **

C** ------------------------------------------------------------ **

C** Partial Rayleigh distribution (VAR .GE. A) for SIGMA = 1 **

C** For better result use A .GE. SIGMA **

C** ============================================================ **

ASQ = X(1)**2

XSQ = ASQ-2.*DLOG(DIS)

VAR = -DSQRT(XSQ)

DEN = -VAR * DEXP(-0.5*(XSQ-ASQ))

RETURN

END

************************************************************************

SUBROUTINE FINVR(DIS,VAR,DEN)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

COMMON/RAN000/ N,X(99),F(99),D(99),C(100)

C** ============================================================ **

ASQ = X(N)**2

XSQ = ASQ-2.*DLOG(DIS)

VAR = DSQRT(XSQ)

DEN = VAR * DEXP(-0.5*(XSQ-ASQ))

RETURN

END

************************************************************************

Ñk$%&"#��Px1 = 0�<%�2%�CPH"$%&"»<
ðñ� !"'W f(x)= �f(x) = ��p

2��
e�

x
2

2�2
+ x

�� �x = a = �2=��¼<Ç¹2�
�¢c c�¬*É f(x) � c �f(x)'

c = f(a)= �f (a) =
��p
2��

e
�
2

2��2

P¢¬<G�#��'
[�ä ] (�g�AUV�F� &"#%

************************************************************************

FUNCTION GAUSS(AMEAN,SIGMA)
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C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

COMMON/RAN000/ N,X(99),F(99),D(99),C(100)

DATA IX/-1/

C** ============================================================ **

C** Use mixed method (invert method & reject-select method) **

C** to find the normal distributed number **

C** ============================================================ **

IF(IX.LT.0) THEN

IX=11111

C** +-------------------------------------------------------+ **

C** | Set N,X(1:N),F(1:N),D(2:N),C(1:N+1) | **

C** | for unit std. div. zero mean normal dist. | **

C** +-------------------------------------------------------+ **

N=1

X(1)=0.0

C(1)=DEXP(0.5D0)/DSQRT(6.283185307179586D0)

C(2)=C(1)

F(1)=0.5

ENDIF

C** ------------------------------------------------------------ **

GAUSS = AMEAN + SIGMA * RANFUN(IX)

RETURN

END

************************************************************************

FUNCTION DENFUN(X)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

C** COMMON/RAN000/ N,X(99),F(99),D(99),C(100)

DATA RSQR2P/0.3989422804014327D0/

C** ============================================================ **

C** DENFUN = density function of a random number X **

C** For unit std. div. zero mean normal dist. **

C** ============================================================ **

DENFUN = RSQR2P * DEXP(-0.5*X*X)

RETURN

END

************************************************************************

SUBROUTINE FINVL(DIS,VAR,DEN)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

COMMON/RAN000/ N,X(99),F(99),D(99),C(100)

C** ============================================================ **

C** Input : DIS = Distribution function **

C** Output: VAR = Random number **

C** DEN = Density function **

C** ------------------------------------------------------------ **

C** Exponential distribution (VAR .GE. 0)

C** MEAN = Standard diviation = SIGMA = 1

C** ============================================================ **

VAR = DLOG(DIS)

C** DEN = DEXP(VAR)

DEN = DIS

RETURN

END

************************************************************************

SUBROUTINE FINVR(DIS,VAR,DEN)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

COMMON/RAN000/ N,X(99),F(99),D(99),C(100)
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C** ============================================================ **

VAR = -DLOG(DIS)

C** DEN = DEXP(-VAR)

DEN = DIS

RETURN

END

************************************************************************

Ñk$%&"#���sÉ%�Q1��#��%q�s*P��
_�r2¶3� x1 = �6�; F (x1) = 10�92WX*¸UV�%��#&"
2¬�§F1 = 0; FN = 12À*¸¯��¢��FINV L; FINVR'P¢
¬<G�#��20Ã���W¸¨å�FINV L; FINVR2��c�%
��C�%¥'

[�æ ] (�g�AUV�F� &"#Æ
************************************************************************

FUNCTION GAUSS(AMEAN,SIGMA)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

COMMON/RAN000/ N,X(99),F(99),D(99),C(100)

DATA IX/-1/

C** ============================================================ **

C** Use mixed method (invert method & reject-select method) **

C** to find the normal distributed number **

C** ============================================================ **

IF(IX.LT.0) THEN

IX=11111

C** +-------------------------------------------------------+ **

C** | Set N,X(1:N),F(1:N),D(2:N),C(1:N+1) | **

C** | for unit std. div. zero mean normal dist. | **

C** +-------------------------------------------------------+ **

DX = 0.25

N = 49

C** --------------------------------------------------------- **

NH = (N+1)/2

N = NH*2-1

DO 10 I=1,NH

X(I) = (I-NH)*DX

C(I) = DENFUN(X(I))

X(N-I+1) = -X(I)

10 C(N-I+2) = C(I)

DO 20 I=2,NH

D(I) = C(I-1)/C(I)

20 D(N-I+2) = D(I)

C** +-------------------------------------------------------+ **

C** | Neglect the infinite sections | **

C** +-------------------------------------------------------+ **

C(1)=0.0

C(N+1)=0.0

C** +-------------------------------------------------------+ **

C** | Calculate referential F(1:N) from X(1:N) and C(1:N+1) | **

C** | Follows are general procedure (for N>0) | **

C** +-------------------------------------------------------+ **

F(1)=C(1)
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DO 30 I=2,N

30 F(I)=F(I-1)+(X(I)-X(I-1))*C(I)

SNP1=F(N)+C(N+1)

DO 50 I=1,N

50 F(I)=F(I)/SNP1

C** Next st. is to prevent choose from 1st section **

IF (F(1).EQ.0.0) F(1)=-0.00001

ENDIF

C** ------------------------------------------------------------ **

GAUSS = AMEAN + SIGMA * RANFUN(IX)

RETURN

END

************************************************************************

FUNCTION DENFUN(X)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

C** COMMON/RAN000/ N,X(99),F(99),D(99),C(100)

DATA RSQR2P/0.3989422804014327D0/

C** ============================================================ **

C** DENFUN = density function of a random number X **

C** For unit std. div. zero mean normal dist. **

C** ============================================================ **

DENFUN = RSQR2P * DEXP(-0.5*X*X)

RETURN

END

************************************************************************

SUBROUTINE FINVL(DIS,VAR,DEN)

END

************************************************************************

SUBROUTINE FINVR(DIS,VAR,DEN)

END

************************************************************************

P�Þ���UV&"#¼Õ�¶çè�< 7 : 6 : 10 : 12 : 5'

éê

1. àÈ	Ô��A7M@AÔAo-¢��PUV~ÿC &"'
2. àPa!"Ao-¢��PUV�ò#|}ér!"#&"'
3. àPg�Ao-¢��PUV�ò#ér!"#&"'
4. G"�F� #&" y*f�F� #&"xë4'P¢<%ï#3
"E²C"�N�Í/#]^'ào-¢��<#'

�2x = ln(
�2y

�2y
+ 1)

�x = ln�y �
�2x
2

y = ex
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21.2 ÚÛÜÝÜÞßà

f°�´gá���V�[h���&�Th���#��%â½
�°�ã�MÂä°´&åâæ�[h���#��yzV7\]ç�T
h���#��yz��2f�&è[h���é9)*êë+ìí9)
*A"0��kî�sh�#ï���ð���"´#��ñ&k�Th
��ò�óô-.�#��yz2èÁðõ�+P9�ö��#��æ
�#+&S��+&f�W÷hA"0��0�#��b øtwx�
ùú�ð&9Aðõ�B$�+�û2

�ªü�de���#0arý&þwx9ÿST���è��F (X)

��9�,�ò�XL � X � XR���úñ&�XM ���,�&¾
F (XM) < F (XL)qF (XM) < F (XR)&>F (X)� (XL;XR),����2

ø��alJ�a�&V7	
��� (XL;XR),����#��
&�3��� (XL;XR)#��&r���G�+�?$%��2
� . �)* (XL;XR)�+,������ñ&�XA = (XL + XR)=2&

XB = XA + dX� dX�����#��&�_ F (XA)&F (XB)2�
F (XA) < F (XB)&>���#�,� (XL;XB)&f����XR = XB

M\#�F (XA) > F (XB)&>���#�,� (XA;XR)&f���
�XL = XA2ca���_�ÿ���&�,�½9 &!"#ø
a$&�½%&�2

' . �)* (XL;XR)�+,������ñ&�XA = 0:618�XL+0:382�XR

&XB = 0:382 �XL + 0:618 � XR&�_F (XA)&F (XB)2�F (XA) <

F (XB)&>���#�,� (XL;XB)&f����XR = XBM\#�
F (XA) > F (XB)&>���#�,� (XA;XR)&f����XL = XA

2ca J9�rj#XAqXB�V�9+(ý9��,#XB �
XA()&f���*+,�_9ÿ���&��,���-#0:618

&!"#´a.2r´#7� 0:618��/0�1ï& ?2¯��
((
p
5� 1)=2)&7X2 +X � 1 = 0� 1 : X = X : (1�X)#32

4 . �)�XL;XM ;XR5+&?���³6 F (XM) < F (XL)qF (XM) <

F (XR)#»7&>@ðõ9ÿX #���� F2(X)&? F2(XL) =

F (XL)&F2(XR) = F (XR)&F2(XM ) = F (XM)2�����#���
#��&ò�XX&7� (XL;XR)#�,2�_F (XX)8ï#F (XX)
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(F (XM)qXX(XM&>@G��XL&XRqXM3ø<æ=�
� > ��XL ��XM ��XR

XX < XM XL XX XM
F (XX) < F (XM )

XM < XX XM XX XR

XX < XM XX XM XR
F (XM) < F (XX)

XM < XX XL XM XX

? . �X1;X2;X3���ðõ�5+&ç����5+@�G9ÿX#��
��F2(X)&?F2(X1) = F (X1)&F2(X2) = F (X2)&F2(X3) = F (X3)

2�_�����#���#��&ò�XX2r�+v����+
&f����5+k÷�X1 = X2&X2 = X3&X3 = XX2
J�af9A&���+#���_?����#���#��&

?¨¯;#@&3ABC>BC;#D&E��BC2Â?F+�P9�
ABC2f?PGý5aHIJK���L�9¯�#�,2�ý5a
ÀJK9�ABC&Â?BC;VPD&E9�BC2�MNO`:P
Q&RpSø�0a�
T . �)�XL;XM ;XR5+&?���³6 F (XM) < F (XL)qF (XM) <

F (XR)#»72«òX1;X2;X3���ðõ�5+&ç����5+@
ðõ9ÿX#����F2(X)&?F2(X1) = F (X1)&F2(X2) = F (X2)

&F2(X3) = F (X3)2�_�����#���#��&ò�XX2�
XXd (XL;XR)#,&>6&�M�XX � (XL;XR)#�,�&>
6UV&«÷8XL;XM ;XR5+#���#�����?���#
��v�XX&>�XX7� (XL;XR)#�,2�_F (XX)j)J5
aï#F (XX)(F (XM)qXX(XM&@G��XL&XRqXM 3J
5a#<æ=2����5+>3J�a÷�X1 = X2&X2 = X3&
X3 = XX2
J¢a<W´ÀX�J5J�a&ÂYc´7rJ�a�Z&8[

´J5a#\]Ì��¯JAB^2f?*��@¸A_`ñab�é
ô÷�J5a&c?BC;�J�a#��BC2

[<9 ]#dEF73eJ¢af¬2?ghgi#j�HIdEF�
#k�2

[<9 ] Th���#��
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************************************************************************

FUNCTION XMin(X,F,dX,Istep,IVY,B)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(14),B(14)

EQUIVALENCE (A(13),ST),(A(14),VY)

* ,(A(1),X1),(A(2),X2),(A(3),X3),(A(4),F1),(A(5),F2),(A(6),F3)

* ,(A(7),XL),(A(8),XM),(A(9),XR),(A(10),FL),(A(11),FM),(A(12),FR)

DATA Pmax/1.0D30/

C** ============================================================ **

C** FIND XMin **

C** ------------------------------------------------------------ **

C** This program combines 3 methods to get the best guess of X : **

C** (1) from quadratic eq. of newest_3_points (if concave_upward) **

C** but the max_step_size is set to 3.75*previous_step_size **

C** (2) from quadratic eq. of valley_set_of_3_points (if any) **

C** when (1)_is_NA or X_from_(1) outside the bounds_of_valley **

C** (3) step on the downward_side twice the previous_step_size **

C** when both (1)&(2)_are_NA **

C** Method(1) makes the program so fast as quadratic convergence **

C** Method(2) makes the program so stable as global convergence **

C** Method(3) makes the program so insensitive to init_step_size **

C** ------------------------------------------------------------ **

C** XMin = new guess of X for minimizing F(X) **

C** X = argument of function **

C** F = F(X) = function value of X **

C** dX = return XMin=X+dX if no better formula to find XMin **

C** Istep = number of call to Function XMin **

C** IVY = 1/0 if valley set is found/not found **

C** B(14) = buffer must NOT be changed between each calling Istep **

C** ------------------------------------------------------------ **

C** for Istep = 1 : (X1=X,F1=F) (ST=1) (VY=0) **

C** XMin = X1 + dX if dX.NE.0 **

C** XMin = X1 + 0.1 if dX.EQ.0 **

C** for Istep = 2 : (X2=X,F2=F) (ST=2) (VY=0) **

C** XMin = X1 + (X1-X2)*2 if F1<F2 **

C** XMin = X2 + (X2-X1)*2 if F2<F1 **

C** for Istep > 2 : (X3=X,F3=F) (ST>2) (VY=1 if found valley) **

C** XMin = Y1 from quadratic eq. of newest point (X1,X2,X3) **

C** XMin = Y2 from quadratic eq. of valley set (XL,XM,XR) **

C** if VY=1 and when Y1 is NA or Outside (XL,XR) **

C** ============================================================ **

IF(Istep.EQ.1) THEN

DO 10 I=1,14

A(I)=Pmax

10 CONTINUE

ST=0

VY=0

ELSE

DO 20 I=1,14

A(I)=B(I)

20 CONTINUE

ENDIF

ST=ST+1

C** +----------------------------------------------------------+ **

C** | SAVE the newest 3 points to (X1,X2,X3) | **

C** +----------------------------------------------------------+ **

X1=X2

X2=X3

X3=X
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F1=F2

F2=F3

F3=F

C** +----------------------------------------------------------+ **

C** | FIND new points (XL,XM,XR) that bracket the root | **

C** +----------------------------------------------------------+ **

IF(X.GT.XM) THEN

IF(F.GT.FM.OR.(F.EQ.FM.AND.FR.GT.FL)) THEN

XR=X

FR=F

ELSE

XL=XM

XM=X

FL=FM

FM=F

ENDIF

ELSE IF(X.LT.XM) THEN

IF(F.GT.FM.OR.(F.EQ.FM.AND.FL.GT.FR)) THEN

XL=X

FL=F

ELSE

XR=XM

FR=FM

XM=X

FM=F

ENDIF

ENDIF

IF(FL.LT.Pmax.AND.FR.LT.Pmax) VY=1

Iget=0

XX=0.0

C** +----------------------------------------------------------+ **

C** | FIND a new point from qradratic equation on (X1,X2,X3) | **

C** | if it is concave upward d2F/dX2 = 1/ddF > 0 | **

C** | and make sure that ABS(XX-(X3+X1)/2) < 3*ABS(X3-X1) | **

C** | | **

C** | X1 X2 X3 <---3.75*(X3-X2)---> XXmax | **

C** | *---*---+---*---+---x---+---x---+---x---+-* | **

C** | *---+---+---x---+---+---x---+---+---* | **

C** | 0 <---3*(X3-X1)---> -ddX | **

C** +----------------------------------------------------------+ **

IF(ST.GT.2) THEN

FF=(F3-F2)*(X1-X2)-(F1-F2)*(X3-X2)

IF(FF.NE.0) THEN

ddF=(X3-X1)*(X3-X2)*(X1-X2)/FF

IF(ddF.GT.0) THEN

ddX=0.5*(F3-F1)/(X3-X1)*ddF

Rate=DABS(ddX/(X3-X1))/3.0

IF(Rate.LE.1) Rate=1.0

XX=0.5*(X3+X1)-ddX/Rate

Iget=4

ENDIF

ENDIF

ENDIF

C** +----------------------------------------------------------+ **

C** | if minimum is bracketed by (XL,XM,XR) and if no XX get | **

C** | or XX goes outside (XL,XR) then use quadratic equation | **

C** +----------------------------------------------------------+ **

IF(VY.NE.0) THEN

IF(Iget.EQ.0.OR.(XX-XL)*(XX-XR).GT.0) THEN

FF=(FR-FM)*(XL-XM)-(FL-FM)*(XR-XM)
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XX=0.5*(XR+XL)

IF(FF.NE.0) XX=XX-0.5*(FR-FL)*(XR-XM)*(XL-XM)/FF

Iget=3

ENDIF

ENDIF

C** +----------------------------------------------------------+ **

C** | if none XX get so far, then: | **

C** | if known at least 2 points, go the downward side | **

C** | if known only one point, set XX=X+dX or XX=X+0.1 | **

C** +----------------------------------------------------------+ **

IF(Iget.EQ.0) THEN

IF(ST.GE.2) THEN

IF(F3.GT.F2) THEN

XX=X2

X2=X3

X3=XX

XX=F2

F2=F3

F3=XX

ENDIF

XX=X3+(X3-X2)*2.0

Iget=2

ELSE

IF(dX.NE.0) THEN

XX=X+dX

ELSE

XX=X+0.1D0

ENDIF

Iget=1

ENDIF

ENDIF

C** ------------------------------------------------------------ **

DO 30 I=1,14

B(I)=A(I)

30 CONTINUE

IVY=VY

XMin=XX

RETURN

END

************************************************************************

21.3 lÛÜÝÜÞßà{mnop

ýt)põ�[h���F (fXg)#��V7\]ç�Th���#
��yz��2�9Th���W (T )#��yzVé9)*êë+fXkg
qëìí9)*A"0� fDk+1g�A"´#��æ
r#sË T &9U
�A"�� (Line search)2k�?� k = 0; 1; . . .�\]����

���� W (T ) = F (fXkg+ T � fDk+1g) (21.1)
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 �G´�yz�+#T = Tk+1j@G��êë+�
fXk+1g = fXkg+ Tk+1fDk+1g (21.2)

ct#y+k�A"0�fDk+1g#��2?Zº0a�ø��¶�
9 .�£0�a�Steepest descent method�
caæ&�#0��ìz0�#���#�½"��g{2k0�
fDk+1g�

fDk+1g = �frFkg (21.3)

F� frFkg = f@F (fXg)
@xi

g
���
fXg=fXkg

(21.4)

frFkg��|~�} (Gradient)&���h�"�g�0�&�(
F (fXg) = Fk#!W~A2r/W���u�ò@E�5����#
��&?h���ÿ/W��&|~�}k~A �@"2f��£
0�a�ìíêë+��£#0��õ���2,r��v���
êë+y��YEk@�õ��+2z��+@8 fDk+1g#�}V
����#2ca#F+�BC��&E";BC 2y����[
2

� .¤¥0�a�Conjugate gradient method�
caæ&�#0� fDk+1g�

fDk+1g = �frFkg ; è k = 0 (21.5)

fDk+1g = �frFkg+ fDkg
hrFkifrFkg

hrFk�1ifrFk�1g
; è k > 0 (21.6)

ca#ÃÄbHµ �t2�»EFI [<� ]2
5 .¦§a�Newton method�
¦§aæ&�#0� fDk+1g�

fDk+1g = �[H�1
k ]frFkg (21.7)

[Hk] = [
@2F (fXg)
@xi@xj

]
���
fXg=fXkg

(21.8)

[Hk]��N �N#�����Hessian matrix�234�������
���> [Hk]�����&ç�¦§a9�k@�G�¾P7�A"
´�ð��&fTk+1 = 1k���#����2
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� .¨¦§a�Quasi{Newton method�
¨¦§aYc´7b¦§a#�����$%#�� [Ak]��&�`
:$%���?���7�^_YE#�4��÷&c�»#$%�
�#�_F�����F2 rDFP�Davidon{Fletcher{Powell���
F (21.10)�u& æ&�#��0� fDk+1g�

fDk+1g = �[A�1
k ]frFkg (21.9)

[A�1
o ] = [H�1

o ] � [I] (21.10)

[A�1
k ] = [A�1

k�1] +
f�xgh�xi
h�xif�gg �

[A�1
k�1]f�ggh�gi[A�1

k�1]

h�gi[A�1
k�1]f�gg

(21.11)

f�xg = fXkg � fXk�1g (21.12)

f�gg = frFkg � frFk�1g (21.13)

za�@&�[¶?���F&����F#ÃÄbHµ «9t2
�»EFI [<5 ]2

¢ .Th�a�Univariate method�
za9�·÷h9ÿh�#�&?�h�J�î��2k{�&�
T���#Jmod (k;N)�v� fDk+1g2r N = 5�u& fD1g =

f1; 0; 0; 0; 0g&fD2g = f0; 1; 0; 0; 0g& . . .&fD9g = f0; 0; 0; 1; 0g& . . .2
za<W´BC�~P�&Âf?P7�_|~�} frFkg&c�
�!"8P$&�¾EF�Ç�f2
[<� ] ¤¥0�a {FRa(PRa

************************************************************************

SUBROUTINE FR(N,Xp,Gc,Gp,S,ISTEP)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION Xp(N),Gc(N),Gp(N),S(N)

C** ============================================================ **

C** Find conjugate direction Sp(N) for given Gp(N),Sc(N) **

C** ------------------------------------------------------------ **

C*I N = Number of variables **

C*I Xp(N) = This point (Unused in this subroutine) **

C*I Gc(N) = Gradient at Xc (Unused, for consistence with PR) **

C*I Gp(N) = Gradient at Xp **

C*I S (N) = Sc(N) : Conjugate direction at Xc (for ISTEP>0 only) **

C*O = Sp(N) : Conjugate direction at Xp **

C*I ISTEP = 0 : Sp(I) = -Gp(I) (Sc(N) unused) **

C*I > 0 : Sp(I) = -Gp(I) + Sc(I) * (Gp.Gp)/(Gc.Gc) **

C*I CC = Gc.Gc (for ISTEP>0 only) **

C*O = Gp.Gp **

C** ============================================================ **
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C** CALL PR(N,Xp,Gp,Gp,S,-ISTEP)

PP=0.0

DO 10 I=1,N

10 PP=PP+Gp(I)*Gp(I)

IF(ISTEP.EQ.0) THEN

DO 20 I=1,N

20 S(I)=-Gp(I)

ELSE

POC=PP/CC

DO 40 I=1,N

40 S(I)=-Gp(I)+S(I)*POC

ENDIF

CC=PP

RETURN

END

************************************************************************

SUBROUTINE PR(N,Xp,Gc,Gp,S,ISTEP)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION Xp(N),Gc(N),Gp(N),S(N)

C** ============================================================ **

C** Find conjugate direction Sp(N) for given Gc(N),Gp(N),Sc(N) **

C** ------------------------------------------------------------ **

C*I N = Number of variables **

C*I Xp(N) = This point (Unused in this subroutine) **

C*I Gc(N) = Gradient at Xc (for ISTEP>0 only) **

C*I Gp(N) = Gradient at Xp **

C*I S (N) = Sc(N) : Conjugate direction at Xc (for ISTEP<>0 only) **

C*O = Sp(N) : Conjugate direction at Xp **

C*I ISTEP = 0 : Sp(I) = -Gp(I) (Gc(N) and Sc(N) unused) **

C*I > 0 : Sp(I) = -Gp(I) + Sc(I) * (Gp.Gp-Gc.Gp)/(Gc.Gc) **

C*I < 0 : Sp(I) = -Gp(I) + Sc(I) * Gp.Gp/(Gc.Gc) **

C*I CC = Gc.Gc (for ISTEP<>0 only) **

C*O = Gp.Gp **

C** ============================================================ **

PP=0.0

DO 10 I=1,N

10 PP=PP+Gp(I)*Gp(I)

IF(ISTEP.EQ.0) THEN

DO 20 I=1,N

20 S(I)=-Gp(I)

ELSE

CP=PP

IF(ISTEP.GT.0) THEN

DO 30 I=1,N

30 CP=CP-Gc(I)*Gp(I)

ENDIF

POC=CP/CC

DO 40 I=1,N

40 S(I)=-Gp(I)+S(I)*POC

ENDIF

CC=PP

RETURN

END

************************************************************************

[<5 ] ¨¦§a {BFGSa(DFPa
************************************************************************

SUBROUTINE BFGSLG(N,Xc,Xp,Gc,Gp,EPSMAH,ETA,ANGRAD,D,L,H,S,Y,T,VM)
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C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION Xc(N),Xp(N),Gc(N),Gp(N),S(N),Y(N),T(N),D(N),L(N),H(1)

C** ============================================================ **

C** Update Hp from Hc **

C** ------------------------------------------------------------ **

C*I N = Number of variables **

C*I Xc(N) = Last point **

C*I Xp(N) = This point **

C*I Gc(N) = Gradient at Xc **

C*I Gp(N) = Gradient at Xp **

C*I EPSMAH = Machine epsilon **

C** ETA,ANGRAD = Dummy (Unused in this subroutine) **

C*I D(N) = Diagonal matrix for adaptive Lagrange multiplier **

C*I L(N) = Location index of matrix H **

C*I H(N,N) = Hessian matrix Hc **

C*O = Hessian matrix Hp **

C*W S(N) = Xp(N)-Xc(N) -> sqrt((1-VM)*TTS)*(Y(N)/YTS-T(N)/TTS) **

C*W Y(N) = Gp(N)-Gc(N) -> Y(N)/sqrt(YTS) **

C*W T(N) = Hc(N,N)*S(N) -> T(N)/sqrt(TTS) **

C*I VM = BFGS/(DFP+BFGS) : Proportion of update methods **

C** H = H_BFGS + (1-VM) * (H_DFP-H_BFGS) **

C** Hp = Hc + Y(I)*Y(J)/YTS - T(I)*T(J)/TTS **

C** +(1-VM)*TTS*(Y(I)/YTS-T(I)/TTS)*(Y(J)/YTS-T(J)/TTS) **

C** ============================================================ **

SS=0.0

YY=0.0

YS=0.0

DO 10 I=1,N

S(I)=Xp(I)-Xc(I)

Y(I)=Gp(I)-Gc(I) + D(I)*S(I)

SS=SS+S(I)*S(I)

YY=YY+Y(I)*Y(I)

10 YS=YS+Y(I)*S(I)

IF(DABS(YS).LE.EPSMAH*DSQRT(SS*YY)) RETURN

C** ------------------------------------------------------------ **

TT=0.0

TS=0.0

DO 30 I=1,N

T(I)=0.0 + D(I)*S(I)

DO 20 J=1,I

20 T(I)=T(I)+H(J+L(I))*S(J)

DO 25 J=I+1,N

25 T(I)=T(I)+H(I+L(J))*S(J)

TT=TT+T(I)*T(I)

30 TS=TS+T(I)*S(I)

IF(DABS(TS).LE.EPSMAH*DSQRT(TT*SS)) RETURN

C** ------------------------------------------------------------ **

YS=DSQRT(YS)

TS=DSQRT(TS)

DO 50 I=1,N

Y(I)=Y(I)/YS

T(I)=T(I)/TS

50 S(I)=(Y(I)*TS/YS-T(I))*DSQRT(1-VM)

C** ------------------------------------------------------------ **

DO 80 J=1,N

DO 80 I=1,J

80 H(I+L(J))=H(I+L(J))+Y(I)*Y(J)-T(I)*T(J)+S(I)*S(J)

RETURN

END
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************************************************************************

SUBROUTINE BFGS(N,Xc,Xp,Gc,Gp,EPSMAH,ETA,ANGRAD,L,B,S,Y,T,VM)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION Xc(N),Xp(N),Gc(N),Gp(N),S(N),Y(N),T(N),L(N),B(1)

C** ============================================================ **

C** Update Bp from Bc (B is the inverse of Hessian matrix H) **

C** ------------------------------------------------------------ **

C*I N = Number of variables **

C*I Xc(N) = Last point **

C*I Xp(N) = This point **

C*I Gc(N) = Gradient at Xc **

C*I Gp(N) = Gradient at Xp **

C*I EPSMAH = Machine epsilon **

C** ETA,ANGRAD = Dummy (Unused in this subroutine) **

C*I L(N) = Location index of matrix B **

C*I B(N,N) = Inverse of Hessian matrix Hc **

C*O = Inverse of Hessian matrix Hp **

C*W Y(N) = Gp(N)-Gc(N) -> sqrt( VM * TTY)*(S(N)/STY-T(N)/TTY) **

C*W S(N) = Xp(N)-Xc(N) -> S(N)/sqrt(STY) **

C*W T(N) = Bc(N,N)*Y(N) -> T(N)/sqrt(TTY) **

C*I VM = BFGS/(DFP+BFGS) : Proportion of update methods **

C** B = B_DFP + VM * (B_BFGS-B_DFP) **

C** Bp = Bc + S(I)*S(J)/STY - T(I)*T(J)/TTY **

C** + VM*TTY*(S(I)/STY-T(I)/TTY)*(S(J)/STY-T(J)/TTY) **

C** ============================================================ **

C** DO 5 I=1,N ! Follows can be replaced by these 3 statements **

C** 5 T(I)=0.0 **

C** CALL BFGSLG(N,Gc,Gp,Xc,Xp,EPSMAH,ETA,ANGRAD,T,L,B,Y,S,T,1-VM) **

SS=0.0

YY=0.0

SY=0.0

DO 10 I=1,N

S(I)=Xp(I)-Xc(I)

Y(I)=Gp(I)-Gc(I)

SS=SS+S(I)*S(I)

YY=YY+Y(I)*Y(I)

10 SY=SY+S(I)*Y(I)

IF(DABS(SY).LE.EPSMAH*DSQRT(SS*YY)) RETURN

C** ------------------------------------------------------------ **

TT=0.0

TY=0.0

DO 30 I=1,N

T(I)=0.0

DO 20 J=1,I

20 T(I)=T(I)+B(J+L(I))*Y(J)

DO 25 J=I+1,N

25 T(I)=T(I)+B(I+L(J))*Y(J)

TT=TT+T(I)*T(I)

30 TY=TY+T(I)*Y(I)

IF(DABS(TY).LE.EPSMAH*DSQRT(TT*YY)) RETURN

C** ------------------------------------------------------------ **

SY=DSQRT(SY)

TY=DSQRT(TY)

DO 50 I=1,N

S(I)=S(I)/SY

T(I)=T(I)/TY

50 Y(I)=(S(I)*TY/SY-T(I))*DSQRT(VM)

C** ------------------------------------------------------------ **

DO 80 J=1,N
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DO 80 I=1,J

80 B(I+L(J))=B(I+L(J))+S(I)*S(J)-T(I)*T(J)+Y(I)*Y(J)

RETURN

END

************************************************************************

´µý5¶0a#��7(ø�";CD0EF#�a�AB#»
7�ò [A]�2�
���&>ø�";CD0EF

[A]fXg � fBg = f0g (21.14)

@]�ø�����#���yz
���� F (fXg) = C � hBifXg + 1

2
hXi[A]fXg (21.15)

�b9U����F (fXg)r� ¡�¢q£¤J�¥Ä��$%#&k
F (fXg) :

= Fk + hrFkif�Xg+ 1

2
h�Xi[Hk]f�Xg (21.16)

F�
Fk = F (fXkg) (21.17)

frFkg = f@Fk
@xi

g ; [Hk] = [
@2Fk

@xi@xj
] (21.18)

f�Xg = fXg � fXkg (21.19)

F (21.16)#$%����#���� fXg&@8(è F (21.14)#ø�
";0EF_G f�Xgj,8F (21.19)�G2

[Hk]f�Xg+ frFkg = f0g (21.20)

AB�´�";0EFæG# f�Xgv��ð�����#��#0�
fDk+1gk�¦§a2

34����������&> [Hk]�����&ç�¦§a9�k
@�G�¾P7�A"´�ð�+&fTk+1 = 1k���#�+��M�
¤¥0�a 9UWvN�#";��M��£0�a>WvN�r´#
";��234������@���¾êë+.�+¦Iñ&>ç�
¦§aP9�A§��+&¦¤A§�(\#0�M�ñ�£0�>@
¸���!#��0�29U�¨&�.�+#I�&�£0�a¸¯
J�G©.#�+&��ª���BC; (Global convergence)M\#&�
�+#$�&¦§aæG$%+#«$¸r��0F¬�����G¨
¯#�+&��ª�á��BC; (Local quadratic convergence)2r´
saV�aXª�¶BC;2røde#!"��ar#¸Xª#2
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21.4 lÛÜÝÜÞßà{¯nop

3b´t#A"��÷�!"��&��!"�êë+(�£0�(
°&)ñ�¸±Y¦§+�¨¦§+&>¸Xª�¶BC;2!"3rj
�<=&>ì!"��²�T9h��k!"j����#��yz&
8³fA"÷�!"�´[|}~2ª´µn;#!"@¸��µ#[
&røde9¶rï¶·!" (Bezier curve)æ�#��!"&
 ��
�����¨&ìz!"#���ª�T¸¬�#n;&�n;<=�¦
§+#ýü�A¹º»¦§+ùú��#á¼@+2

ç� (fXOg; fXCg; fXNg)5+8F (21.23)æ�½#!"&3¾=F
(21.24)¤F (21.28)#��&>!"A�z5+æ�¬#5¿�/W�2?
�fXOg�êë+&kF (21.15)#fXkg+MfXNg�¦§+�¨¦§+&k
F (21.19)(F (21.20)#�M fXCg�À?+ (Cauchy point)&�F (21.16)

#��$%����£0��frFkg#��+&�? f�Xg = ��CrFk&
k@�G��#�CqÀ?+3F (21.22)qF (21.21)2

fXCg = fXOg � �CfrFOg (21.21)

�C = hrFOifrFOg
hrFOi[HO]frFOg

(21.22)

fX(t)g = fXOg+ �(t)(fXNg � fXOg) + �(t)(fXCg � fXOg)
= �(t)fXNg+ �(t)fXCg) + (t)fXOg (21.23)

1 > t � 0 (21.24)

�(t) � 0 (21.25)

�(t) � 0 (21.26)

(t) > 0 (21.27)

�(t) + �(t) + (t) = 1 (21.28)

3z!"#7��¾=F (21.29)#��>@ÁxF (21.30)#»7¬D&
k������F (X)ì!"8 fXOg¤ fXNg�T¸¬�2

�0(t) � 0 ; �0(t) > 0 (21.29)

hrF (fX(t)g)ifX 0(t)g < 0 (21.30)

8 i = 0; 1; . . . ; n� n + 1ÿÂ�+ fPigæ�½# n¥ï¶·!"��
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�?�Bi;n(t)� t#n¥[ÃF��Mernstein polynomial�

fP (t)g =
nX
i=0

Bi;n(t) fPig ; 0 � t � 1 (21.31)

Bi;n(t) = Cn
i t

i (1� t)n�i (21.32)

Cn
i =

n!

i! (n� i)!
(21.33)

r fXOg; fXNg�Â�+#ï¶·!"�¦§0�#A"Mr fXOg; fXCg;
fXNg�Â�+#ï¶·!"���!"M�y|'��,+&kGF
(21.34)#n¥ï¶·!"2zFæÄD#ï¶·!"A±Y fXOg(fXNg
�+&¾�o(OC�CN (°2F�# fXCg©@� fXOg¤ fXCg,#
+ fXV g£�&k fXV g = fXOg + v (fXCg � fXOg)&F� 1 � v > 0&�
!"²ÁA( frFOg(°&Â±YN +#!">÷( V N (°2ï#F
(21.34)(F (21.23)&@GF (21.35)#7�&¾ 1 > t � 0ñF (21.36)A

¬D&c������ì!"�T¸¬�2�»EFI [<� ]2
fX(t)g = tn fXNg+ (1 � tn � (1 � t)n) fXCg+ (1� t)n fXOg (21.34)

�(t) = tn ; �(t) = 1� tn � (1 � t)n ; (t) = (1� t)n (21.35)

�0(t) = n tn�1 � 0 ; �0(t) = n (1 � t)n�1 > 0 (21.36)

Å9 ï¶·!"
[<� (a)] ";�!"��dEF

************************************************************************

SUBROUTINE LINSCH

*(NX,NS,NE,N,XOLD,XNEW,SN,SC,PFAC,PPEN,C,BEZTYP,GFN)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION XOLD(N),XNEW(N),SN(N),SC(N),PFAC(NX)

DIMENSION PPEN(6),C(1),BEZTYP(2),BUFFER(14)
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DATA NSTP,ERRX,ERRD,DMAG,DX/15,1D-6,1D-4,0D0,0.25D0/

C** ============================================================ **

C** Find minimier XNEW(N) of GFN(XNEW(N)) **

C** Search along the Bezier curve of (Xo,Xc,Xn) or (Xo,Xv,Xn) **

C** ------------------------------------------------------------ **

C*I NX = Number of original variables **

C*I NS = Number of constraints Gj(Xp(NX)) <= 0 **

C*I NE = Number of constraints Hi(Xp(NX)) = 0 **

C*I XOLD(N) = Xold = Xp(NX)[,S(NS),Ls(NS),Le(NE)] **

C*O XNEW(N) = Xnew = Xp(NX)[,S(NS),Ls(NS),Le(NE)] **

C*I SN(N) = Xn - Xold = Newton direction **

C*I SC(N) = Xc - Xold = Cauchy direction **

C*I PFAC(NX) = Scalar factor of Xp(NX) **

C*I BEZTYP(2) = Nb,v for type of Bezier curve (See sub. SPT) **

C*S SPT = Sub. to get Xnew from XX **

C*S GFN = Sub. to get general obj. function of Xnew(N) **

C** = GFNPEN,GFNLAG,GFMLAG **

C** ::For Penalty function **

C*I N = NX **

C*I XOLD(N) = Xp(NX) **

C*I PPEN(6) = Xp(NX),R(3),T,C1,C2 **

C*W C(2*NC) = Gj(Xp(NX)),Hi(Xp(NX)),dYsj/dGj,dYei/dHi **

C** ::For Lagrange multiplier **

C*I N = NX+NS+NS+NE **

C*I XOLD(N) = Xp(NX),S(NS),Ls(NS),Le(NE) **

C*I PFAC(NX+1 :NX+N ) = Newton point Xn(N) : for GFMLAG **

C*I PFAC(NX+N+1:NX+N+N) = Modified diagonal D(N) : for GFMLAG **

C*W C(NC) = Gj(Xp(NX)),Hi(Xp(NX)) **

C** ============================================================ **

ERRD=1D-4

XX=1.0D30

FX=1.0D30

XN=0.0 ! Initialize

XM=XX ! Minimizer

FM=FX ! Minimum F

DO 10 ISTEP=1,NSTP

XO=XX

FO=FX

XX=XN

CALL SPT(N,XOLD,SN,SC,XNEW,XX,BEZTYP) ! get XNEW(N) from XX

CALL GFN(NX,NS,NE,XNEW,PFAC,PPEN,C,FX) ! FX=F(XX) from XNEW(N)

IF(FX.LT.FM) THEN

FM=FX

XM=XX

ENDIF

XN=XMIN(XX,FX,DX,ISTEP,IVY,BUFFER)

IF(ISTEP.EQ.2.AND.DMAG.EQ.0.0) ERRD=ERRD*ABS((FX-FO)/(XX-XO))

WRITE(*,'('' BUF(14)''/(1X,1P6E13.5))') BUFFER

IF(ISTEP.GE.4.OR.IVY.NE.0) THEN

IF(ABS(XX-XO).LE.ERRX) GO TO 20

IF(ABS(FX-FO).LE.ERRD*ABS(XX-XO)) GO TO 20

ENDIF

10 CONTINUE

20 CALL SPT(N,XOLD,SN,SC,XNEW,XM,BEZTYP)

RETURN

END

************************************************************************

[<� (b)] �ï¶·!"´#+
************************************************************************



580 ÎÏÐÑÒ ÓÔÕÖ×ØÙ
SUBROUTINE SPT(N,XOLD,SN,SC,XNEW,T,BEZTYP)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION XOLD(N),SN(N),SC(N),XNEW(N),BEZTYP(2)

C** ============================================================ **

C** Find a point on Bezier curve for given T and (Xo,Xc,Xn) **

C** ------------------------------------------------------------ **

C*I N = Number of variables **

C*I XOLD(N) = Xo = Initial point **

C*I SN(N) = Xn - Xo = Newton direction **

C*I SC(N) = Xc - Xo = Cauchy direction **

C*O XNEW(N) = Xo + t^Nb*(Xn-Xo) + (1-t^Nb-(1-t)^Nb) * (Xv-Xo) **

C** = Xo + t^Nb*(Xn-Xo) + (1-t^Nb-(1-t)^Nb)*v*(Xc-Xo) **

C** Xv = v*Xc + (1-v)*Xo **

C*I T = t = Parameter of Bezier curve **

C*I Nb = DABS(BEZTYP(1)) = Order of Bezier curve **

C** = 0 : For straight line OC (SN,BEZTYP(2:2) Unuse) **

C** = 1 : For straight line ON (SC,BEZTYP(2:2) Unuse) **

C** > 1 : For Bezier curve of order Nb, BUT IF **

C** BEZTYP(1) < 0 : Use line ON for T>=1 or T<=0 **

C*I v = DABS(BEZTYP(2)) <= 1 **

C** ============================================================ **

NB=DABS(BEZTYP(1))

IF(NB.EQ.0) THEN

DO 5 I=1,N

5 XNEW(I)=XOLD(I)+T*SC(I)

ELSE IF(NB.EQ.1.OR.BEZTYP(2).EQ.0

* .OR.(BEZTYP(1).LT.0.AND.(T.GE.1.OR.T.LE.0))) THEN

DO 10 I=1,N

10 XNEW(I)=XOLD(I)+T*SN(I)

ELSE

TN=T**NB

TC=(1-TN-(1-T)**NB)*DABS(BEZTYP(2))

DO 20 I=1,N

20 XNEW(I)=XOLD(I)+TN*SN(I)+TC*SC(I)

ENDIF

RETURN

END

************************************************************************

21.5 ÆÇÈÉÞÊË

�ø�";CD0EF&?� [A]�2�
����
[A]fXg = fBg (21.37)

fug( fvg��}�³6ø�»7�
hui[A]fvg = 0 (21.38)

>� fug( fvg
�� [A]Ì�¤¥&�S� fug( fvgÌ�¤¥2
�9
n�n#2�
���&¤½A�9<nÿÌ�¤¥#�}�u3?nÿn
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Ó�}kÌ�¤¥&fnÓ�}©¾=F (21.38)2¾Ì�¤¥#�}©
�Ì(ÔD#�}�Õ� pÿÌ�¤¥�}�({&k fdpg =

Pp�1
i=1 xifdig

&> hdpi[A]fdpg = hdpi[A](
Pp�1
i=1 xifdig) =

Pp�1
i=1 xihdpi[A]fdig = 0&kGÖ

×#�4 fdpg = f0g2f�[*¸� nÿÌ(ÔD#�}&c9<Ì�
¤¥#�}�[� nÿ2ØÁ9< nÿÌ�¤¥#�}�Ì(ÔD&c
�9�} fwgV@f¬ nÿÌ�¤¥#�} fdig#";<=&k fwg =
Pn

i=1 xifdig&?�xi = hdii[A]fwg=hdii[A]fdig&@8zFÙÚý� hdii[A]
8Û�F (21.38)#¤¥»7�G2)�F (21.37)#� fXg = [A�1]fBg&
� fXg � fXog = [A�1]fBg � fXog©@�o<�

fXg =
nX
i=1

xifdig ; xi =
hdiifBg

hdii[A]fdig
(21.39)

fXg � fXog =
nX
i=1

xifdig ; xi =
hdii(fBg � [A]fXog)

hdii[A]fdig
(21.40)

3eF (21.40)&�
fXig = fXi�1g+ xifdig ; i = 1; 2; . . . ; n (21.41)

> fXg = fXng2©kF (21.37)#�@]�8�9Üò#+ fXog{�ì
fd1g; fd2g; . . . ; fdng#0�óô¤ fX1g; fX2g; . . . ; fXng2��j#+ fXng
k�F (21.37)#� fXg2
�

fgig = frF (fXig)g (21.42)

>f�8F (21.14)qF (21.41)�

frF (fXig)g = [A](fXog+
iX

s=1

xsfdsg)� fBg (21.43)

cè p � iñ (J��F#J9ÃÛ�F (21.40))

hdpifgig = hdpi([A](fXog+
iX

s=1

xsfdsg)� fBg)

= hdpi([A]fXog � fBg) + xphdpi[A]fdpg
= 0 (21.44)

´F� hdiifgig = 0&�k�} fdig(�} frF (fXig)g2Ý&©k<=
fXig+#����F (fXig)�é fXi�1gì fdig0�´#��{2f�&



582 ÎÏÐÑÒ ÓÔÕÖ×ØÙ
fXig#��@8 fXi�1gqë&ì�} fdig#0��ð����F (fXg)#
�+��Gxi&©k
 ����#����&ìfdigð�+æG#xi&
(ç�F (21.40)æG{()2���a ?�m����#����&
@·�9¥Þ�# frFi�1g&�P7�F (21.40)æ+#�¥Þ� [Hi�1]2

«ß��
 ������&F (21.40)# xig�( fdig#àá�»
2©kæ� xiV@é fXogqëìsÿ fdig0��ðsz0�´#���
���F#�� fXog+ xifdig��G()#xi2

¤�ý�û�³de3��_9<¤¥�}fdig2røde{���
� ����yz#0a&�FR�Fletcher{Reeves�a2

�J i+ 1ÿ¤¥�}58øF�i�

fdi+1g = �fgig+ xifdig+
i�1X
s=1

ysfdsg (21.45)

>8´F�� i = p�qF (21.44)@ÁG&è p < iñ�

hgpifgig = (�fdp+1g+ xpfdpg+
p�1X
s=1

ysfdsg)fgig = 0 (21.46)

ç�¤¥#��&k

hdsi[A]fdi+1g = 0 ; s � i (21.47)

8F (21.45)ý� hdsi[A]� hdii[A]&@GF�# ysqxi3ø�

ys =
hdsi[A]fgig
hdsi[A]fdsg

; s < i (21.48)

xi =
hdii[A]fgig
hdii[A]fdig

(21.49)

Â8F (21.41)¤F (21.45)qF (21.46)@G�

hdsi[A]fgig =
1

xs
(hXsi � hXs�1i)[A]fgig

=
1

xs
(hgsi � hgs�1i)fgig = 0 ; s < i (21.50)

hdii[A]fgig =
1

xi
(hgii � hgi�1i)fgig

=
1

xi
hgiifgig (21.51)
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hdii[A]fdig =
1

xi
(hgii � hgi�1i)(�fgi�1g+ xi�1fdi�1g+

i�2X
s=1

ysfdsg)

=
1

xi
hgi�1ifgi�1g (21.52)

f�G�
ys = 0 ; s < i (21.53)

xi =
hgiifgig

hgi�1ifgi�1g
(21.54)

ß�F (21.54)P7�F (21.49)�# [A]&k [Hi�1]2�F (21.45)S���
fdi+1g = �fgig+

hgiifgig
hgi�1ifgi�1g

fdig (21.55)

´Fk�ýt¤¥0�aæ�#F (21.5)2F (21.55)�# hgiifgig3÷�
(hgii�hgi�1i)fgigk� PR(Polak{Ribiere)a2za
������#�4
()& f hgi�1ifgig = 0&Â
9U����>BC;�ñAD:2

21.6 êëìíîÞïðñòó

ýWæde#0al@AB� ������#��yz�&ø�
#�����#�.�yz&©@X�ô�9��#�����#��
yzj&,ç�ýµ0a����syz#�&����yz#�Aõ
�ö$�����#�.�yz#�2

���� F (X) (21.56)

÷� � gj(X) � 0 ; j = 1; . . . ; Ns (21.57)

hi(X) = 0 ; i = 1; . . . ; Ne (21.58)

[�0a
�F��(P�F��V@��&c9UV�o�#2Â�
�F��#0ø��ñ&@´ò9h�SjbP�F÷��Fgj(X)+S2

j = 0

M\#�P�F��#0ø��ñ&@b�F÷��ÿP�F hi(X) � 0

q�hi(X) � 02
��������#�.�yz#0a@�����9�����

�� (Lagrange multiplier)aM9����� (Penalty function)a2ù�o
de ø�st2ctqrjst�gá��} fXg; fSg; fLsg; fLegV
úû fgrS�¾i2
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21.7 üýþÿ�Ü�

ç������� �9ÿ�F��F@G3ø#�����#�
����

U(X;S;Ls; Le) = F (X) +
NsX
j=1

Lsj(gj(X) + S2
j ) +

NeX
i=1

Leihi(X) (21.59)

z������ (Stational value)#7º����

frUg =

8>>>>>><
>>>>>>:

f @U
@X
g

f@U
@S
g

f @U
@Ls

g
f @U

@Le
g

9>>>>>>=
>>>>>>;

= f0g (21.60)

�

f @U
@X

g = f @F
@X

g+
X

Lsjf@gj
@X

g+
X

Leif@hi
@X

g
= frFg+

X
Lsjfrgjg+

X
Leifrhig = 0 (21.61)

f@U
@S

g = 2fLsjSjg = 0 ; j = 1; . . . ; Ns (21.62)

f @U
@Ls

g = fgj(X) + S2
j g = 0 ; j = 1; . . . ; Ns (21.63)

f @U
@Le

g = fhi(X)g = 0 ; i = 1; . . . ; Ne (21.64)

�<=�ø�# (Kuhn{Tucker)�.����

frFg = �
NsX
j=1

Lsjfrgjg �
NeX
i=1

Leifrhig (21.65)

( Lsj = 0 � gj = �S2
j < 0 ��!����)

( Lsj � 0 � gj = �S2
j = 0 ��!����)

Lsj � 0 ; j = 1; . . . ; Ns (21.66)

Lsjgj(X) = 0 ; j = 1; . . . ; Ns (21.67)

gj(X) � 0 ; j = 1; . . . ; Ns (21.68)

hi(X) = 0 ; i = 1; . . . ; Ne (21.69)
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ß���F (21.65)	F (21.68)	F (21.69)(è ��F (21.61)	F
(21.63)	F (21.64)28��F (21.63)@*��F (21.67)©(è ��F
(21.62)2ß�F (21.67)<=Lsj = 0� gj(X) = 0&f�F (21.65)�#P

(

è P
�!���� �k gj(X) < 0&Lsj = 0�#á�2¤ ��F
(21.66)>�'�-#�.�yz#����F (X)������#��&
ùwx3ø�
� ffg��.��#�9=�0�&>=�0�#����

hfifrgjg � 0 (Sj = 0) (21.70)

hfifrhig = 0 (21.71)

����������#����

hfifrFg = �
NsX
j=1

Lsjhfifrgjg �
NeX
i=1

Leihfifrhig � 0 (21.72)

� Lsj � 0&>³6��F (21.70)(21.71)#�9=�0�V¸'��F
(21.72)³62Â�?��9ÿ Lsk < 0&ò frgg( frhg�";ÔD&>
@9=�0� ffg'

hfifrgkg < 0 (Sk = 0) (21.73)

hfifrgjg = 0 (Sj = 0; j 6= k) (21.74)

hfifrhig = 0 (21.75)

> hfifrFg = �Lskhfifrgkg < 0&kP³6���#��F (21.72)&c
7WLsk � 02

3e (Kuhn-Tucker)��F (21.65)¤F (21.69)&ß�?�)P
h�
S&c@y��½��������

U(X;Ls; Le) = F (X) +
NsX
j=1

Lsjgj(X) +
NeX
i=1

Leihi(X) (21.76)

ÂWF�# Lsj � 0 ; j = 1; . . . ; Ns (21.77)

>�F (21.76)������#���k@GF (21.56)#���yz#�2
ç�������a#�gPQ��.�#U(X�; L�

s; L
�
e)&À
h�

(X)����&Â
³6Lsj � 0#h� (Ls; Le)>��g�&k
U(X�; Ls; Le) � U(X�; L�

s; L
�
e) � U(X;L�

s; L
�
e) (21.78)
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´FJ9ÿ»7Áx3ø�f
 ³6 (Kuhn-Tucker)��#�.��

hi(X
�) = 0 ; L�

sjgj(X
�) = 0 ; gj(X

�) � 0 (21.79)

ÂLsj � 0&c
X

Lsjgj(X
�) � 0 (21.80)

U(X�; L�
s; L

�
e) = F (X�) +

X
L�
sjgj(X

�) +
X

L�
eihi(X

�)

= F (X�) (21.81)

U(X�; Ls; Le) = F (X�) +
X

Lsjgj(X
�) +

X
Leihi(X

�)

= F (X�) +
X

Lsjgj(X
�) (21.82)

f�GU(X�; Ls; Le) � U(X�; L�
s; L

�
e)2

\#�
æ�Lsj � 0# (Ls; Le)V¸³6ø�P�F�

U(X�; Ls; Le) � U(X�; L�
s; L

�
e) (21.83)

?�

U(X�; L�
s; L

�
e) = F (X�) +

X
L�
sjgj(X

�) +
X

L�
eihi(X

�) (21.84)

U(X�; Ls; Le) = F (X�) +
X

Lsjgj(X
�) +

X
Leihi(X

�) (21.85)

>f Lei������ Lei = +1>W hi(X�) � 0&�� Lei = �1>W
hi(X�) � 0&cW hi(X�) = 0&0@'F (21.83)¬D2fLsj � 0���
Lsj = +1>W gj(X�) � 0&�� Lsj = 0>W L�

sjgj(X
�) � 0&0@'F

(21.83)¬D2ÂL�
sj � 0¾ gj(X�) � 0&cWL�

sjgj(X
�) = 02

F (21.78)J�ÿ»7l@8F (21.72)G*�&©@8F (21.87)�i�
3����[H(F (X))]� 2�¾Lsj � 0&>���� [H(U(X;S;Ls; Le))]

�
r (X;S)#á������ 2���2f�î� (Ls; Le)ñ&

r h� (X;S)#��#������2�F� d�c�
¿���

[H(U(X;Ls; Le))] =

2
6664

[H(F (X))] [frgjg] [frhig]
[hrgji] [0] [0]

[hrhii] [0] [0]

3
7775 (21.86)
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[H(U(X;S;Ls; Le))] =

2
6666664

[H(F (X))] [0] [frgjg] [frhig]
[0] d2Lsjc d2Sjc [0]

[hrgji] d2Sjc [0] [0]

[hrhii] [0] [0] [0]

3
7777775

(21.87)

ØÁ8������æG#����#��³6F (21.78)#�+&c
ýWæµ#";��aVP¸�� r (X;Ls; Le)�h�#U(X;Ls; Le)2
Â@�ø��g���� (Max.min)yz���

U�(L
�
s; L

�
e) = U(X�(L

�
s; L

�
e); L

�
s; L

�
e) =

r (Ls; Le)�g��U�(Ls; Le) = U(X�(Ls; Le); Ls; Le)2�
U�(Ls; Le) = U(X�(Ls; Le); Ls; Le) =

î� (Ls; Le)r (X)����U (X;Ls; Le) = F (X)+
P
Lsjgj(X)+

P
Leihi(X)

f´�yz�ø�����g� (Min.max)yz#Ycyz#
byz�
U�(X�) = U(X�; L

�
s(X�); L

�
e(X�)) =

r (X)����U�(X) = U(X;L�
s(X); L�

e(X))2�
U�(X) = U(X;L�

s(X); L�
e(X)) =

î� (X)r (Ls; Le)�g��U (X;Ls; Le) = F (X)+
P
Lsjgj(X)+

P
Leihi(X)

�´�#î� (X)r� (Ls; Le)#�g�yz#���
U�(X) = F (X) � gj(X) � 0 ¾ hi(X) = 0

= +1 � gj(X) > 0 > Lsj = +1
� hi(X) > 0 > Lei = +1
� hi(X) < 0 > Lei = �1

Â�� U�(X)#���ñ&z�� +1#á�ÆÁ@rûV&f�r
(X)���U�(X)k� ���F (X)÷� gj(X) � 0qhi(X) = 02��
��yzk��-#�����#�.�yz&f��-#�.�yz
�k%��Ycyz�@�?
byz#�g����yz��2
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21.8 ����������

����������� !"#$%&�' !"()*+,-

."�/012345 !678"9:%;9:<" !"=>)?

@ !"=>)AB%C9: !D=>)EF#G$% HI/JKL

,"������M9: !"#)%N'O@ !"()*

FPQRS%@ !TUF (fXg)%VE! fXgW2345X!%Y

ZW[\E!*9: !TU �F(fXg)%]^_`a

�F (fXg) = F (fXg) +
1

2
(hXi � hXN i) [D] (fXg � fXNg) (21.88)

bc [D]Fdefg%h9: !D fXOgi"jklmnopfgFa

fr �FOg = frFOg+ [D] (fXOg � fXNg) (21.89)

[ �HO] = [HO] + [D] (21.90)

q=>)Fa

fXNg = fXOg � ([HO] + [D])�1 (frFOg+ [D] (fXOg � fXNg)) (21.91)

rbLsKX ([HO] + [D])%tu%vKX [H�1

O ]/Oa

fXNg = fXOg � [H�1

O ] frFOg (21.92)

rbYF@ !"=>)"wxb%/y9: !z{|E=>)"}

~*_ [D]��%�qopfgY���]EF�]fg%=>)��@

 !"()EU9: !"#G)% HI/J�����M�9: !

"#G$N'O@ !"()*H9: !���)"=>)N|E%

��F789:* ?BFGS��b"���b� [�� ]*

[�� ] wxjklm?opfg"��b

************************************************************************

SUBROUTINE FDGRAD(NX,NS,NE,N,X,PFAC,PPEN,C,Fp,ETA,G)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(N),PFAC(N),PPEN(6),C(1),G(N)

C** ============================================================ **

C** Compute Gradient G(N) by difference & partial analysis **

C** ------------------------------------------------------------ **

C*I NX = Number of original variables **

C*I NS = Number of constraints Gj(Xp(NX)) <= 0 **
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C*I NE = Number of constraints Hi(Xp(NX)) = 0 **

C*I N = NX : for Penalty function **

C*I = NX+NS+NS+NE : for Lagrange multiplier **

C*I X(N) = Xp(NX)[,S(NS),Ls(NS),Le(NE)] **

C*I PFAC(NX) = Scalar factor of Xp(NX) **

C*I PPEN(6) = R(1),R(2),R(3): Penalty parameters **

C*I T,C1,C2 : Hyperbolic penalty function coef. **

C*W C(2*NC) = Gj(Xp(NX)),Hi(Xp(NX)),dYsj/dGj,dYei/dHi : Penalty **

C*W C(NS+NE) = Gj(Xp(NX)),Hi(Xp(NX)) : Lagrange **

C*O Fp = F(X(N)) **

C*I ETA = Machine epsilon **

C*O G(N) = Gradient at X(N) **

C*S GFNPN0,1 = Sub. to compute diff. Penalty obj. func. F(X(N)) **

C*S GFNLAG = Sub. to compute Lagrange objective func. F(X(N)) **

C** ============================================================ **

NC=NS+NE

ETAH=DSQRT(ETA)

IF(N.EQ.NX) CALL GFNPN0(NX,NS,NE,X,PFAC,PPEN,C,Fp,C(NC+1),C(NC+1))

IF(N.NE.NX) CALL GFNLAG(NX,NS,NE,X,PFAC,PPEN,G(NX+1),Fp)

DO 10 J=1,NX

Xp=X(J)

X(J)=Xp+ETAH*DMAX1(DABS(Xp),1.0D0)

IF(N.EQ.NX) CALL GFNPN1(NX,NS,NE,X,PFAC,PPEN,C,FJ,C(NC+1),C(NC+1))

IF(N.NE.NX) CALL GFNLAG(NX,NS,NE,X,PFAC,PPEN,C,FJ)

G(J)=(FJ-Fp)/(X(J)-Xp)

10 X(J)=Xp

C** +----------------------------------------------------------+ **

C** | For Lagrange multiplier method | **

C** +----------------------------------------------------------+ **

DO 20 J=NX+NS+1,N-NE

G(J-NS)=2*X(J-NS)*X(J)

20 G(J)=G(J)+X(J-NS)**2

C DO 25 I=NX+NS+NS+1,N

C 25 G(I)=G(I)

RETURN

END

************************************************************************

SUBROUTINE FDHESS(NX,NS,NE,N,X,PFAC,PPEN,C,F,DX,ETA,L,H)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(N),PFAC(NX),PPEN(6),C(1),F(NX),DX(NX),L(N),H(1)

C** ============================================================ **

C** Compute Hessian matrix H(N,N) by difference & partial analysis **

C** ------------------------------------------------------------ **

C*I NX = Number of original variables **

C*I NS = Number of constraints Gj(Xp(NX)) <= 0 **

C*I NE = Number of constraints Hi(Xp(NX)) = 0 **

C*I N = NX : for Penalty function **

C*I = NX+NS+NS+NE : for Lagrange multiplier **

C*I X(N) = Xp(NX)[,S(NS),Ls(NS),Le(NE)] **

C*I PFAC(NX) = Scalar factor of Xp(NX) **

C*I PPEN(6) = R(1),R(2),R(3): Penalty parameters **

C*I T,C1,C2 : Hyperbolic penalty function coef. **

C*W C(NC*(NX+4)) = C(NC),HH(NC,NX),O(NC),D(NC),DD(NC) : Penalty **

C*W C(NC*2) = C(NC),O(NC) : Lagrange **

C*W F(NX) = F(X(N)+DX(I)*ei) **

C*W DX(NX) = Step size **

C*I ETA = Machine epsilon **

C*I L(N) = Location index of matrix H(N,N) **

C*O H(N+L(N))= Hessian matrix H(N,N) at X(N) **
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C*S GFNPN0,1 = Sub. to compute diff. Penalty obj. func. F(X(N)) **

C*S GFNLAG = Sub. to compute Lagrange objective func. F(X(N)) **

C** ============================================================ **

NC=NS+NE

NO=NC+NC*NX

ND=NO+NC+1

NDD=NO+NC+NC

ETAH=ETA**0.333333

DO 10 I=1,N*(N+1)/2

10 H(I)=0.0

IF(N.EQ.NX) THEN

CALL GFNPN0(NX,NS,NE,X,PFAC,PPEN,C(NO+1),Fp,C(ND),C(NDD+1))

ELSE

CALL GFNLAG(NX,NS,NE,X,PFAC,PPEN,C(NC+1),Fp)

ENDIF

DO 30 I=1,NX

XI=X(I)

X(I)=XI+ETAH*DMAX1(DABS(XI),1.0D0)

DX(I)=X(I)-XI

IF(N.EQ.NX) THEN

CALL GFNPN1(NX,NS,NE,X,PFAC,PPEN,C,F(I),C(ND),C(NDD+1))

DO 20 J=1,NS+NE

20 C(NC*I+J)=(C(J)-C(NO+J))/DX(I)

ELSE

CALL GFNLAG(NX,NS,NE,X,PFAC,PPEN,C,F(I))

DO 25 J=1,NS+NE

25 H(I+L(NX+NS+J))=(C(J)-C(NC+J))/DX(I)

ENDIF

30 X(I)=XI

C** +----------------------------------------------------------+ **

C** | Use forward difference for off-diagonal H(I,J) | **

C** +----------------------------------------------------------+ **

DO 40 J=1,NX

XJ=X(J)

X(J)=X(J)+DX(J)

DO 35 I=1,J-1

XI=X(I)

X(I)=X(I)+DX(I)

IF(N.EQ.NX) CALL GFNPN1(NX,NS,NE,X,PFAC,PPEN,C,FIJ,C(ND),C(NDD+1))

IF(N.NE.NX) CALL GFNLAG(NX,NS,NE,X,PFAC,PPEN,C,FIJ)

H(I+L(J))=((FIJ-F(J))-(F(I)-Fp))/(DX(I)*DX(J))

35 X(I)=XI

C** +----------------------------------------------------------+ **

C** | Use central difference for diagonal H(J,J) | **

C** +----------------------------------------------------------+ **

X(J)=XJ-DX(J)

IF(N.EQ.NX) CALL GFNPN1(NX,NS,NE,X,PFAC,PPEN,C,FIJ,C(ND),C(NDD+1))

IF(N.NE.NX) CALL GFNLAG(NX,NS,NE,X,PFAC,PPEN,C,FIJ)

H(J+L(J))=((F(J)-Fp)-(FIJ-Fp))/(DX(J)*DX(J))

40 X(J)=XJ

C** +----------------------------------------------------------+ **

C** | For Lagrange multiplier method | **

C** +----------------------------------------------------------+ **

IF(N.NE.NX) THEN

DO 50 J=NX+1,N

H(J+L(J+NS))=2*X(J)

50 H(J+L(J))=2*X(J+NS)

ELSE

C** +----------------------------------------------------------+ **

C** | For Penalty function method | **
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C** +----------------------------------------------------------+ **

DO 80 J=1,NX

DO 80 I=1,J

GIJ=0.0

HIJ=0.0

DO 60 K=1,NS

60 GIJ=GIJ+C(NDD+K)*C(NC*I+K)*C(NC*J+K)

DO 70 K=NS+1,NS+NE

70 HIJ=HIJ+C(NDD+K)*C(NC*I+K)*C(NC*J+K)

80 H(I+L(J))=H(I+L(J))+PPEN(2)*GIJ+PPEN(1)*HIJ

ENDIF

RETURN

END

************************************************************************

SUBROUTINE GFNLAG(NX,NS,NE,X,PFAC,PPEN,C,W)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(1),PFAC(1),C(1)

C** ============================================================ **

C** Compute general objective function by Lagrange multiplier **

C** ------------------------------------------------------------ **

C*I N = NX+NS+NS+NE **

C*I X(N) = Xp(NX),S(NS),Ls(NS),Le(NE) **

C** PFAC(NX) = Scalar factor of Xp(NX) (unused) **

C** PPEN(6) = R(3),T,C1,C2 (unused) **

C*W C(NS+NE) = Gj(Xp(NX)),Hi(Xp(NX)) **

C*O W = F + Ls(j)*(G(j) + S(j)**2)+ Le(i)*H(i) **

C*S FFF = Sub. to compute F(Xp(NX)),Gj(Xp(NX)),Hi(Xp(NX)) **

C** ============================================================ **

CALL FFF(NX,NS,NE,X,F,C)

W=0.0

DO 20 J=1,NS

20 W=W+X(NX+NS+J)*(C(J)+X(NX+J)**2)

DO 30 I=NS+1,NS+NE

30 W=W+X(NX+NS+I)*C(I)

W=F+W

RETURN

END

************************************************************************

SUBROUTINE GFMLAG(NX,NS,NE,X,PFAC,PPEN,C,W)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(1),PFAC(1),PPEN(6),C(1)

C** ============================================================ **

C** Compute Adaptive modified Lagrange function **

C** ------------------------------------------------------------ **

C*I N = NX+NS+NS+NE **

C*I X(N) = Xp(NX),S(NS),Ls(NS),Le(NE) **

C*I PFAC(NX) = Scalar factor of Xp(NX) **

C*I PFAC(NX+1 :NX+N ) = Newton point Xn(N) **

C*I PFAC(NX+N+1:NX+N+N) = Modified diagonal D(N) **

C** PPEN(6) = R(3),T,C1,C2 (unused) **

C*W C(NS+NE) = Gj(Xp(NX)),Hi(Xp(NX)) **

C*O W = FL + (X(i)-Xn(i))*D(i)*(X(i)-Xn(i)) / 2 **

C** FL = F(Xp(NX)) + Ls(j)*(G(j) + S(j)**2)+ Le(i)*H(i) **

C*S GFNLAG = Sub. to compute Lagrange objective func. FL(X(N)) **

C** ============================================================ **

N=NX+NS+NS+NE

CALL GFNLAG(NX,NS,NE,X,PFAC,PPEN,C,FL)

W=0.0
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DO 20 I=1,N

DX=X(I)-PFAC(I+NX)

20 W=W+DX*PFAC(I+NX+N)*DX

W=FL+0.5*W

RETURN

END

************************************************************************

SUBROUTINE GFNPEN(NX,NS,NE,X,PFAC,PPEN,C,W)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(NX),PFAC(NX),PPEN(6),C(NS+NE)

C** DATA T,C1,C2/0.1D-3,1.0D0,0.1D0/

C** ============================================================ **

C** Compute general objective function by Penalty function **

C** ------------------------------------------------------------ **

C*I N = NX **

C*I X(NX) = Xp(NX) **

C*I PFAC(NX) = Scalar factor of Xp(NX) (unused) **

C*I PPEN(6) = R(3),T,C1,C2 **

C*W C(NS+NE) = Gj(Xp(NX)),Hi(Xp(NX)) **

C*O W = R(3)*F + R(2)*Ys(Gj;T,C1,C2) + R(1)*Ye(Hi;T,C1,C2) **

C*S FFF = Sub. to compute F(Xp(NX)),Gj(Xp(NX)),Hi(Xp(NX)) **

C** ============================================================ **

CALL FFF(NX,NS,NE,X,F,C)

PG=0.0

PH=0.0

DO 20 J=1,NS

20 PG=PG+PF(C(J),PFAC(J),PPEN(4),PPEN(5),PPEN(6),-1)

DO 30 I=NS+1,NS+NE

30 PH=PH+PF(C(I),PFAC(I),PPEN(4),PPEN(5),PPEN(6), 0)

W=PPEN(3)*F+PPEN(2)*PG+PPEN(1)*PH

RETURN

END

************************************************************************

SUBROUTINE GFNPN0(NX,NS,NE,X,PFAC,PPEN,C,W,D,DD)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(NX),PFAC(NX),PPEN(6),C(NS+NE),D(NS+NE),DD(NS+NE)

C** DATA T,C1,C2/0.1D-3,1.0D0,0.1D0/

C** ============================================================ **

C** Compute differential Penalty function for the gradient **

C** ------------------------------------------------------------ **

C*I N = NX **

C*I X(NX) = Xp(NX) **

C*I PFAC(NX) = Scalar factor of Xp(NX) **

C*I PPEN(6) = R(3),T,C1,C2 **

C*W C(NS+NE) = Gj(Xp(NX)),Hi(Xp(NX)) **

C*O W = R(3)*F + R(2)*DYj*Gj+ R(1)*DYi*Hi **

C*O D(NS+NE) = dYsj/dGj or dYei/dHi **

C*O DD(NS+NE) = d2Ysj/dGj2 or d2Yei/dHi2 **

C*S FFF = Sub. to compute F(Xp(NX)),Gj(Xp(NX)),Hi(Xp(NX)) **

C** ============================================================ **

CALL FFF(NX,NS,NE,X,F,C)

PG=0.0

PH=0.0

DO 20 J=1,NS

CALL PD(C(J),PFAC(J),PPEN(4),PPEN(5),PPEN(6),-1,Y,D(J),DD(J))

20 PG=PG+D(J)*C(J)

DO 30 I=NS+1,NS+NE

CALL PD(C(I),PFAC(I),PPEN(4),PPEN(5),PPEN(6), 0,Y,D(I),DD(I))
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30 PH=PH+D(I)*C(I)

W=PPEN(3)*F+PPEN(2)*PG+PPEN(1)*PH

RETURN

END

************************************************************************

SUBROUTINE GFNPN1(NX,NS,NE,X,PFAC,PPEN,C,W,D,DD)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION X(NX),PFAC(NX),PPEN(6),C(NS+NE),D(NS+NE),DD(NS+NE)

C** DATA T,C1,C2/0.1D-3,1.0D0,0.1D0/

C** ============================================================ **

C** Compute differential Penalty function for the gradient **

C** ------------------------------------------------------------ **

C*I N = NX **

C*I X(NX) = Xp(NX) **

C*I PFAC(NX) = Scalar factor of Xp(NX) **

C*I PPEN(6) = R(3),T,C1,C2 **

C*W C(NS+NE) = Gj(Xp(NX)),Hi(Xp(NX)) **

C*O W = R(3)*F + R(2)*DYj*Gj + R(1)*DYi*Hi **

C1I D(NS+NE) = dYsj/dGj or dYei/dHi : input for GRDPN1 **

C0O D(NS+NE) = dYsj/dGj or dYei/dHi : output for GRDPN0 **

C1I DD(NS+NE) = d2Ysj/dGj2 or d2Yei/dHi2 : input for GRDPN1 **

C0O DD(NS+NE) = d2Ysj/dGj2 or d2Yei/dHi2 : output for GRDPN0 **

C*S FFF = Sub. to compute F(Xp(NX)),Gj(Xp(NX)),Hi(Xp(NX)) **

C** ============================================================ **

CALL FFF(NX,NS,NE,X,F,C)

PG=0.0

PH=0.0

DO 20 J=1,NS

C0 CALL PD(C(J),PFAC(J),PPEN(4),PPEN(5),PPEN(6),-1,Y,D(J),DD(J))

20 PG=PG+D(J)*C(J) ! D(1:NS) are given

DO 30 I=NS+1,NS+NE

C0 CALL PD(C(I),PFAC(I),PPEN(4),PPEN(5),PPEN(6), 0,Y,D(I),DD(I))

30 PH=PH+D(I)*C(I) ! D(NS+1:NS+NE) are given

W=PPEN(3)*F+PPEN(2)*PG+PPEN(1)*PH

RETURN

END

************************************************************************

21.9 � ���

¡¢ !�£1\¤¥¦§"¨©tª«¬tF_`"&¤¥¦§"

¨©tª«a

¨Gta W (X;Rs; Re) = F (X)+Rs

NsX

j=1

Ys(gj(X))+Re

NeX

i=1

Ye(hi(X)) (21.93)

bcRsnReF¡¢!*®¯¡¢!°¨©t±F²]"$%Y¨G

t !F@³´wE!X" !%I !�Fµ¶·¸ !*¹º!¡¢

 !»%¼!¡¢ !"¡¢½¾_¿G�À¾"ÁkÂÃ%CÄ¿�

�;@·¸ !ÂÅÆ%N&�ÇÈ¨©)*���ÉÊ0ËÈRb9
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:¡¢!%;¡¢½¾�GË�%HINÌ'Í¼ÎÂB"µ¶·¸

 !"¨©tª«*ÏÉÐb¤¥?ÂÐb¤¥[J"¡¢ !zÂA

B%ÑÂB¡¢ ![J"¡¢!"9:Rb�ÂÒAB%Ó1ÉJ

"¡¢ !-._`a

1. º!¡¢ !

ÂÐba Ys(g(X)) = �1=g(X); g(X) < 0

Ðb a ÂÔJ

Rs = R%��RbFRm = Rm�1=RateÕRateF���EÖ%�G

F 10 � 100×*

I !ØÔJ°ÂÐ¤¥b%Ñ°Â/ÙÚÕ g(X) � 0×&]^%

�Û�)n��Ü�"cÝ)"XÞÂ/ßÜ/ÙÚ%àxráâ

iã%Fqä)åCH[\ÍÞD/ÙÚæ%/�±çèàxNO

�ãÍFqé)%I¡¢ !�HI�Fæê¡¢ !*I¡¢ 

!"¡¢!"��Rb�áëì%R$íG±Y¡¢½¾íG±

%qÍîïíÇÈ�ðÍ*

2. ñR¡¢ !

ÂÐba Ys(g(X)) = [max(0; g(X))]2

Ðb a Ye(h(X)) = [h(X)]2

Rs = Re = R%��RbFRm = Rm�1 �RateÕRate = 10 � 100×*

I¡¢ !"ÐbòóC2 !%/ÔJ°Lô"R�ÕYJõ·¸

 !"Lôö÷ò%_=>�×åÂÐbòóC1 !%Ø/ÔJ°

�ô"R�*I !"øùä)F¡¢ !D¨©ÍúÈáFñû

%¡¢½¾Â�%ÊJá�"R$îïOõá�ð"Í*

3. �ð¡¢ !

ÂÐba Ys(g(X)) = jmax(0; g(X))j

Ðb a Ye(h(X)) = jh(X)j

Rs = Re = Rüý�Ôþ$<Âÿv|E*

I !"øùä)FÂ/ö÷%ØÔJ°½Öá�"�ô"R�Õ+

�{-.×*

4. ���¡¢ !

ÂÐba Ys(g(X)) = Y = 1

2
(
q
g(X)2 + T 2 + g(X))

Ðb a Ye(h(X)) = Y =
q
h(X)2 + T 2
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Rs = Re = R%��RbFRm = Rm�1 � 2 *

T"��RbFTm = Tm�1=(Rate �R)ÕRate = 10 � 100×*

��I¡¢ !¼W�!T�F��!%I!	¥���"�

�%þT = 0I���¡¢ !EU�ð¡¢ !*ÂÜ�ù T > 0

I���¡¢ !YF
�/ö÷��ô" !*Â��ð¡¢

 !FÂ/ö÷ !*�I !/�FÈ��ð/ö÷¡¢ !*

5. ã�¡¢ !ÕY F���¡¢ !×

ÂÐba��� Ys(g(X)) = c1 � Y + c2 � Y 2

�L� Ys(g(X)) = ec1�Y+c2�Y
2

� 1

Ðb a��� Ye(h(X)) = c1 � Y + c2 � Y
2

�L� Ye(h(X)) = ec1�Y+c2�Y
2

� 1

I¡¢ !0���¡¢ !F�+ !*�L�ÔJ°�!�"·

¸ !%��·¸ !�J���Y/*���" c2 = 0±YF��

�¡¢ !*Y �d°ÇÈ¤$"¤¥¦§\á�ð"¡¢½¾%

;[OÀ¾áF�ðN���¤¥¦§åNY 2�d°��¤$á�

"¤¥¦§\á�ã"¡¢�J%;¤¥¦§�¤$í�ò9È¤

$"�kí�*HIh¡¢ !�� �È"¤¥¦§*!"r%

¹r#L�¡¢ !»%�/ZWY "ÃÎ�%$�J Y "q%&

9 ! (Monotonic function)6F¡¢ !*\'�b� [�( ]*

)L ã�¡¢ !

[�( ] ã�¡¢ !

************************************************************************

SUBROUTINE PD(G,P,T,C1,C2,NCTP,F,DF,DDF)

C** ============================================================ **
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IMPLICIT REAL*8 (A-H,O-Z)

C** ============================================================ **

C*I G = value of constraint **

C*I P = positive scale factor of G **

C*I T = shape parameter of the hyperbola **

C*I C1,C2 = coefficients for modified penalty function **

C*I NCTP = type of constraint **

C** > 0 for constraint P*G>=0 : S=-P ==> X = S*G <= 0 **

C** < 0 for constraint P*G<=0 : S=+P ==> X = S*G <= 0 **

C** = 0 for constraint P*G =0 : S=+P ==> X = S*G = 0 **

C*O F = C1*Y + C2*Y*Y = Penalty function for T>0 **

C** = exp(C1*Y+C2*Y*Y)-1 = Penalty function for T<0 **

C*O DF = (dF/dY)*DY : DY = dY/dG **

C*O DDF = (dF/dY)*DDY + (d2F/dY2)*DY*DY : DDY = d2Y/dG2 **

C** ============================================================ **

S=P

IF(NCTP.GT.0) S=-S

X=S*G

C** +----------------------------------------------------------+ **

C** | Penalty function for X=0 constraint | **

C** | from Y**2 - X**2 = T**2 \ / | **

C** | Y = sqrt(X*X+T*T) \ / | **

C** | DY = S*X/sqrt(X*X+T*T) = S*X/Y \/ | **

C** | DDY = (S*T)**2/sqrt(X*X+T*T)**3 | **

C** +----------------------------------------------------------+ **

Y=DSQRT(X*X+T*T)

DY=S*X/Y

DDY=(S*T/Y)**2/Y

C** +----------------------------------------------------------+ **

C** | Penalty function for X<=0 constraint | **

C** | from (2Y)**2 - 2*X*(2Y) = T**2 / | **

C** | 2Y = sqrt(X*X+T*T)+X / | **

C** | 2DY = S*(sqrt(X*X+T*T)+X)/sqrt(X*X+T*T) ______/ | **

C** | 2DDY= (S*T)**2/sqrt(X*X+T*T)**3 | **

C** +----------------------------------------------------------+ **

IF(NCTP.NE.0) THEN

Y2=Y+DABS(X)

IF(X.LT.0.0) Y2=T*T/Y2

DDY=0.5*DDY

DY=0.5*S*Y2/Y

Y=0.5*Y2

ENDIF

C** +----------------------------------------------------------+ **

C** | Modified penalty function | **

C** +----------------------------------------------------------+ **

F=C1*Y+C2*Y*Y

D1=C1+2*C2*Y

D2=2*C2

IF(T.LT.0) THEN

F=DEXP(DMIN1(F,64.0D0))

D2=(D1*D1+D2)*F

D1=D1*F

F=F-1

ENDIF

C** +----------------------------------------------------------+ **

C** | For gradient, only DF is required, Loc.DF=Loc.DDF is OK | **

C** +----------------------------------------------------------+ **

DDF=D1*DDY+D2*DY*DY

DF=D1*DY

RETURN
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END

************************************************************************

SUBROUTINE PE(G,P,T,C1,C2,NCTP,F)

CD SUBROUTINE PD(G,P,T,C1,C2,NCTP,F,DF,DDF)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

C** ============================================================ **

C*I G = value of constraint **

C*I P = positive scale factor of G **

C*I T = shape parameter of the hyperbola **

C*I C1,C2 = coefficients for modified penalty function **

C*I NCTP = type of constraint **

C** > 0 for constraint P*G>=0 : S=-P ==> X = S*G <= 0 **

C** < 0 for constraint P*G<=0 : S=+P ==> X = S*G <= 0 **

C** = 0 for constraint P*G =0 : S=+P ==> X = S*G = 0 **

C*O F = C1*Y + C2*Y*Y = Penalty function for T>0 **

C** = exp(C1*Y+C2*Y*Y)-1 = Penalty function for T<0 **

C*O DF = (dF/dY)*DY : DY = dY/dG **

C*O DDF = (dF/dY)*DDY + (d2F/dY2)*DY*DY : DDY = d2Y/dG2 **

C** ============================================================ **

S=P

IF(NCTP.GT.0) S=-S

X=S*G

C** +----------------------------------------------------------+ **

C** | Penalty function for X=0 constraint | **

C** | from Y**2 - X**2 = T**2 \ / | **

C** | Y = sqrt(X*X+T*T) \ / | **

C** | DY = S*X/sqrt(X*X+T*T) = S*X/Y \/ | **

C** | DDY = (S*T)**2/sqrt(X*X+T*T)**3 | **

C** +----------------------------------------------------------+ **

Y=DSQRT(X*X+T*T)

CD DY=S*X/Y

CD DDY=(S*T/Y)**2/Y

C** +----------------------------------------------------------+ **

C** | Penalty function for X<=0 constraint | **

C** | from (2Y)**2 - 2*X*(2Y) = T**2 / | **

C** | 2Y = sqrt(X*X+T*T)+X / | **

C** | 2DY = S*(sqrt(X*X+T*T)+X)/sqrt(X*X+T*T) ______/ | **

C** | 2DDY= (S*T)**2/sqrt(X*X+T*T)**3 | **

C** +----------------------------------------------------------+ **

IF(NCTP.NE.0) THEN

Y2=Y+DABS(X)

IF(X.LT.0.0) Y2=T*T/Y2

CD DDY=0.5*DDY

CD DY=0.5*S*Y2/Y

Y=0.5*Y2

ENDIF

C** +----------------------------------------------------------+ **

C** | Modified penalty function | **

C** +----------------------------------------------------------+ **

F=C1*Y+C2*Y*Y

CD D1=C1+2*C2*Y

CD D2=2*C2

IF(T.LT.0) THEN

F=DEXP(DMIN1(F,64.0D0))

CD D2=(D1*D1+D2)*F

CD D1=D1*F

F=F-1

ENDIF

C** +----------------------------------------------------------+ **
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C** | For gradient, only DF is required, Loc.DF=Loc.DDF is OK | **

C** +----------------------------------------------------------+ **

CD DDF=D1*DDY+D2*DY*DY

CD DF=D1*DY

RETURN

END

************************************************************************

FUNCTION PF(G,P,T,C1,C2,NCTP)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

C** ============================================================ **

CALL PE(G,P,T,C1,C2,NCTP,PF)

RETURN

END

************************************************************************

21.10 *+,-

F.;!/¤¥bDµ¶·¸ !æ"¡¢½¾Aþ%/1b (21.93)

"µ¶·¸ !|Fa

W (X;Rs; Re) =
F (X)

jF (Xr)j
+Rs

NsX
j=1

Ys(
gj(X)

jgj(Xr)j
) +Re

NeX
i=1

Ye(
hi(X)

jhi(Xr)j
) (21.94)

$

W (X;Rs; Re) = F (X) +Rs

NsX
j=1

Ys(
jF (Xr)j

jgj(Xr)j
gj(X)) +Re

NeX
i=1

Ye(
jF (Xr)j

jhi(Xr)j
hi(X))

(21.95)

¹���¡¢ !»%0rLb"½¾ABåCd°���¡¢ !%H

q¼W�/��!T %_0;0rLb"½¾AB%�b (21.95)c"T

ÿÊÐ°b (21.94)c" T X0 jF (Xr)j*Cb (21.94)c" T $?¤¥b"

jk�G"Ad1�2U�3%Â4 jF (Xr)j$"56%�;Jb (21.94)

áFã�*b (21.94)"37!Aþ°;9:<"·¸ !n¤¥b"

EtÖÕYjk�G×AÐÑF²]$*"Jr37!ÂÊ89%�

Âÿ:Î� fXg|E%�ÊD;#cKLÎ¨©tª«"Û�)<wx

�ÎY/%H�LÎ¨©tª«"Û�)ÕY��Î¨©tª«"Í×

=AþÇÈ\¤¥¦§"¨©tª«"Í%�0h)6F fXrgÕY>

)×xO"37!?@AB��*
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21.11 IJKLMN�

+O¨<-.�P?KQ6�áQ'R"\¤¥¦§"¨©tª«

"S�Í�*h�£1���"·¸ !?¤¥¦§0��bÈT%v0

��UV�'Í*CqÍFÈT"��b"Í%Êv0WÍXW��t%

NÊ6�;#"��UVª«*�°WÍÄ���t"��)¿���

�b"1�¿�N/�&�YZ�#)%HISÊ¤¥E!"Et[\

%_b (21.99)%qc�l?�uFÉ!%/´2 0:1*1b (21.56)�b (21.58)

< !d��) fXog6]^_!`a%zbcLÎn0r"ÃÎ�%/

O`#"��UVª«a

¨Gta hrF if�Xg (21.96)

4¥°a hrgjif�Xg � �gjo ; j = 1; . . . ; Ns (21.97)

hrhiif�Xg = �hio ; i = 1; . . . ; Ne (21.98)

f�uXog � f�Xg � �f�lXog (21.99)

rbcjklm"wx%�/÷ìddE!e�lfmf�X+g?glh

m f�X�g6�÷NOa_ fr+Fg = f
F (fXog+ �uXoifeig)� F (fXog)

�uXoi
g?

fr�Fg = f
F (fXog � �lXoifeig)� F (fXog)

�lXoi
g%qc feigF n � n"&}f

g"� iÙ*i<|J`#��UVª«'Í*h�jiE!¼.�k%

jkewxÌfl�me !$wxm%CH��t"1�áG%:Î

��UV"E!fm/0á�*\'�bn [�o ]*

¨Gta hr+F if�X+g+ hr�F if�X�g (21.100)

4¥°a hr+gjif�X
+g+ hr�gjif�X

�g � �gjo (21.101)

hr+hiif�X
+g+ hr�hiif�X

�g = �hio (21.102)

f�uXog � f�X+g � f0g (21.103)

f�lXog � f�X�g � f0g (21.104)

[�o ] ;#��UV�

************************************************************************

PROGRAM SLPDSM

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION A(50000)

DATA NDIM/50001/
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C** ============================================================ **

C** Sequential Linear Programming by Double Secant Method **

C** ============================================================ **

READ(*,'(6I4,F8.0)') NX,NS,NE,IS,IC,MAXS,EPS

C** ------------------------------------------------------------ **

NGW =NS+NE+1

NGWA=NS+NE+2 ! Constrained eqs.+ objective fun.+ big.M

NXXB=NX+NX+1 ! Positive increment + Negative inc.+ RHS

NXXS=NX+NX+NS ! Positive inc.+ Negative inc.+ Slack var.

C** ------------------------------------------------------------ **

N1=1

N2=N1+NX ! XX(NX)

N3=N2+NX ! DX(NX)

N4=N3+NX ! DXM(NX)

N5=N4+NX ! XXU(NX)

N6=N5+NX ! XXL(NX)

N7=N6+NS ! GGU(NS)

N8=N7+NGW ! GWO(NGW)

M1=N8+NGW ! GWN(NGW)

M2=M1+NGWA*NXXB ! A(NIA,NJA) = A(NS+NE+2,NX+NX+NS)

M3=M2+NGWA ! LI(NIA)

M4=M3+NXXB ! LJ(NJA)

M5=M4+NXXS ! D(NJA)

K1=M5+NXXS ! X(NJA)

K2=K1+NGWA*NXXB ! B(NIA,NJA)

IF(IS.GE.0) K2=K1 ! B is not reqd for IS.GE.0

K3=K2+NGWA ! MI(NIA)

K4=K3+NXXB ! MJ(NJA)

IF(IS.EQ.0) K4=K1 ! MI,MJ are not reqd for IS.EQ.0

IF(K4.GE.NDIM) STOP 1111

C** +----------------------------------------------------------+ **

C** | Input XX(NX),DXM(NX),XXU(NX),XXL(NX),GGU(NS) | **

C** +----------------------------------------------------------+ **

CALL INPXDX(A(N1),A(N3),A(N4),A(N5),A(N6),NX,NS)

C** +----------------------------------------------------------+ **

C** | Call SLP to perform Sequential Linear Programming | **

C** +----------------------------------------------------------+ **

CALL SLP(A(N1),A(N2),A(N3),A(N4),A(N5),A(N6),A(N7),A(N8)

* ,NX,NS,NE,NGW,EPS,MAXS

* ,A(M1),A(M2),A(M3),A(M4),A(M5),NGWA,NXXB,NXXS

* ,A(K1),A(K2),A(K3),IS,IC)

STOP

END

************************************************************************

SUBROUTINE INPXDX(XX,DXM,XXU,XXL,GGU,NX,NS)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION XX(NX),DXM(NX),XXU(NX),XXL(NX),GGU(NS)

C** ============================================================ **

C** Read initial values XX(NX), and maximum move size DXM(NX) **

C** Read upper bounds XXU(NX), and lower bounds XXL(NX) **

C** Read upper bounds of slack variables GGU(NS) **

C** ============================================================ **

READ(*,'(10F8.0)') (XX (J),J=1,NX)

READ(*,'(10F8.0)') (DXM(J),J=1,NX)

READ(*,'(10F8.0)') (XXU(J),J=1,NX) ! If unbound, XXU(J)=XXL(J)=0

READ(*,'(10F8.0)') (XXL(J),J=1,NX)

READ(*,'(10F8.0)') (GGU(I),I=1,NS) ! If unbound, GGU(I)=0

RETURN

END
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************************************************************************

SUBROUTINE SLP(XX,DX,DXM,XXU,XXL,GGU,GWO,GWN

* ,NX,NS,NE,MGW,EPS,MAXS

* ,A,LI,LJ,D,X,NIA,NJA,NJX,B,MI,MJ,IS,IC)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION XX(NX),DX(NX),DXM(NX),XXU(NX),XXL(NX),GGU(NS)

DIMENSION GWO(MGW),GWN(MGW)

DIMENSION A(NIA,NJA),LI(NIA),LJ(NJA),D(NJX),X(NJX)

DIMENSION B(NIA,NJA),MI(NIA),MJ(NJA)

C** ============================================================ **

C** Sequential Linear Programming by Double Secant Method **

C** ------------------------------------------------------------ **

C** Input : NX,NS,NE,MGW,EPS,MAXS,NIA,NJA,NJX,IS,IC **

C** : XX(NX),DXM(NX),XXU(NX),XXL(NX),GGU(NS) **

C** Output : XX(1:NX),GWO(1:NS+NE),GWO(NS+NE+1) **

C** Working : DX(NX),GWN(MGW),A(NIA,NJA) **

C** : A,LI,LJ,D,X : For linear programming (see LINEAR) **

C** : MI,MJ : For linear programming (required if IS<>0) **

C** : B : For linear programming (required if IS< 0) **

C** ------------------------------------------------------------ **

C*I NX = Number of original variables **

C*I NS = Number of .LE. constraints **

C*I NE = Number of .EQ. constraints **

C*I MGW >= NGW = NS+NE+1 **

C*I EPS = Relative error for convergence control **

C*I MAXS = Maximum allowed numbers of linear programming **

C*I NIA >= NGWA = NS+NE+2 : Dimension of Simplex tabulea **

C*I NJA >= NXXB = NX+NX+1 : Dimension of Simplex tabulea **

C*I NJX >= NXXS = NX+NX+NS : Var^+, Var^-, Slack-var **

C*I IS,IC = See SUBROUTINE LINEAR **

C*I XX(NX) = Initial values of original variables **

C*O = Optimum values of original variables **

C*W DX(NX) = Move limits **

CoI DXM(NX) = Maximum Move size **

CoI XXU(NX) = Upper bounds of original variables **

CoI XXL(NX) = Lower bounds of original variables **

CoI GGU(NS) = Upper bounds of slack variables for .LE. constr. **

C*O GWO(1:NG) = Constrained values at optimum (NG=NS+NE) **

C*O GWO(NG+1) = Objective function at optimum **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Set constants | **

C** +----------------------------------------------------------+ **

NGW =NS+NE+1

NGWA=NS+NE+2

NXXB=NX+NX+1

NXXS=NX+NX+NS

C** +----------------------------------------------------------+ **

C** | Check initial setting of XX,DXM,XXU,XXL(NX) and GGU(NS) | **

C** | Set initial DX(NX), WOLD, NSH = Number of LP performed | **

C** +----------------------------------------------------------+ **

C** CALL INPXDX(XX,DXM,XXU,XXL,GGU,NX,NS)

DO 120 J=1,NX

IF(DXM(J).LE.0.0) DXM(J)=DMAX1(0.10*DABS(XX(J)),0.10D0)

DX(J)=DABS(DXM(J))

IF(XXU(J).GT.XXL(J)) GO TO 120

XXU(J)= 1.0D10 ! Set to infinity for XXU=XXL=0

XXL(J)=-1.0D10

120 XX (J)=DMAX1(DMIN1(XXU(J),XX(J)),XXL(J))
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DO 130 I=1,NS

IF(GGU(I).LE.0.0) GGU(I)=1.0D10 ! Set to infinity for GGU=0

130 CONTINUE

WOLD=0.0 ! Old objective function

NSH =0 ! Iteration count

C** +----------------------------------------------------------+ **

C** | Call DSM for SLP by Double Secant Method | **

C** | To find X(NXXS) from given XX(NX),DX(NX) | **

C** +----------------------------------------------------------+ **

200 CALL DSM(XX,DX,XXU,XXL,GGU,GWO,GWN,NX,NS,NE,MGW,ICASE,KKK

* ,A,LI,LJ,D,X,NIA,NJA,NJX,B,MI,MJ,IS,IC)

C** +----------------------------------------------------------+ **

C** | Update variables XX(NX), move limits DX(NX) & count NSH | **

C** +----------------------------------------------------------+ **

DXMAX=0.0 ! For converge. test

DO 230 J=1,NX

DXJ=X(2*J-1)-X(2*J) ! Movement of var. J

DXNJ=DABS(DXJ)

DXMJ=DABS(DXM(J))

DXMAX=DMAX1(DXMAX,DXNJ/DXMJ) ! Maximum movement

IF(DXJ*DXM(J).LT.0.AND.NSH.NE.0) DXNJ=DXNJ/2 ! Reduce move limit

DX(J)=DMAX1(DMIN1((1+DXNJ/DX(J))*DXNJ,DXMJ) ! if move dir. change

* ,0.25*DX(J),0.04*DXMJ,4.0*EPS*DXMJ) ! Update DX(J)

DXM(J)=DSIGN(DXMJ,DXJ) ! Save move direction

230 XX(J)=XX(J)+DXJ ! Update XX(J)

NSH=NSH+1 ! Iteration count

C** +----------------------------------------------------------+ **

C** | Output intermediate results | **

C** +----------------------------------------------------------+ **

CALL OUTMED(XX,DX,X,D,NX,NXXS,NSH,ICASE,KKK)

C** +----------------------------------------------------------+ **

C** | Test convergence | **

C** +----------------------------------------------------------+ **

WDIF=WOLD-GWO(NGW)

WOLD=GWO(NGW) ! Save objective function

IF(NSH.GE.MAXS) GO TO 300 ! Maximum allowed number

IF(ICASE.NE.0) GO TO 200 ! Infeasible or unbounded

IF(DABS(WDIF).LE.0.001*DABS(WOLD)) GO TO 300 ! Objective function

IF(DXMAX.GT.EPS) GO TO 200 ! Max. movement too small

C** +----------------------------------------------------------+ **

C** | Output final results & return | **

C** +----------------------------------------------------------+ **

300 CALL FFF(NX,NS,NE,XX,GWO(NGW),GWO)

CALL OUTFNL(NSH,NX,NS,NE,XX,GWO(NGW),GWO)

RETURN

END

************************************************************************

SUBROUTINE DSM(XX,DX,XXU,XXL,GGU,GWO,GWN,NX,NS,NE,MGW,ICASE,KKK

* ,A,LI,LJ,D,X,NIA,NJA,NJX,B,MI,MJ,IS,IC)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION XX(NX),DX(NX),XXU(NX),XXL(NX),GGU(NS)

DIMENSION GWO(MGW),GWN(MGW)

DIMENSION A(NIA,NJA),LI(NIA),LJ(NJA),D(NJX),X(NJX)

DIMENSION B(NIA,NJA),MI(NIA),MJ(NJA)

DATA SPOS,SNEG/1.0D0,-1.0D0/

C** ============================================================ **

C** Double Secant Method for Sequential Linear Programming **

C** Setup simplex tableau and call LINEAR for linear programming **

C** ------------------------------------------------------------ **
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C** Input : NX,NS,NE,MGW,EPS,MAXS,NIA,NJA,NJX,IS,IC **

C** : XX(NX),DX(NX),XXU(NX),XXL(NX),GGU(NS) **

C** Working : GWO(MGW),GWN(MGW) **

C** : A,LI,LJ,D,X,B,MI,MJ : For linear programming **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Set constants | **

C** +----------------------------------------------------------+ **

NGW =NS+NE+1

NXX =NX+NX

NXXB=NXX+1

C** +----------------------------------------------------------+ **

C** | Compute GWO(1:NG)=G(I), GWO(NG+1)=F_obj at XX(NX) | **

C** | Setup Simplex Tableau : A(1:NG+1,1:NX+NX) (NG=NS+NE) | **

C** +----------------------------------------------------------+ **

CALL FFF(NX,NS,NE,XX,GWO(NGW),GWO)

CALL GRDGW(XX,DX,GWO,GWN,A(1,1),SPOS,NX,NS,NE,MGW,NIA+NIA)

CALL GRDGW(XX,DX,GWO,GWN,A(1,2),SNEG,NX,NS,NE,MGW,NIA+NIA)

C** ------------------------------------------------------------ **

DO 20 J=1,NXX,2 ! \ . Use \./ if this . /

DO 20 I=1,NS+NE ! \. is feasible ./ \./ secant

ASUM=A(I,J)+A(I,J+1) ! + region +

IF(ASUM.GE.0.0) GO TO 20 ! .\ /. ... nonlinear

AVAG=0.5*(A(I,J)-A(I,J+1)) ! .\ /. constrain

A(I,J) = AVAG ! __________\./___________

A(I,J+1)=-AVAG ! Use _._ if this is feasible region

20 CONTINUE ! _._ tangent

C** +----------------------------------------------------------+ **

C** | Set upper bound D(J) and variable index LJ(J) | **

C** +----------------------------------------------------------+ **

J=0

DO 30 JJ=1,NX

J=J+1

LJ(J)=J

D(J)=MIN(DX(JJ),XXU(JJ)-XX(JJ))

J=J+1

LJ(J)=J

30 D(J)=MIN(DX(JJ),XX(JJ)-XXL(JJ))

C** +----------------------------------------------------------+ **

C** | Set upper bound D(NXX+I) of slack var. & basic var. index| **

C** | Set Simplex tableau : A(1:NG+1,NX+NX+1) = RHS of constra.| **

C** +----------------------------------------------------------+ **

NXXS=NXX

DO 40 I=1,NGW

LI(I)=0

IF(I.GT.NS) GO TO 40

NXXS=NXXS+1

LI(I)=NXXS

D(NXXS)=GGU(I)

40 A(I,NXXB)=-GWO(I)

C** +----------------------------------------------------------+ **

C** | Perform linear programming | **

C** +----------------------------------------------------------+ **

CALL LINEAR

*(A,LI,LJ,D,X,NGW,NXXB,NXXS,ICASE,KKK,NIA,NJA,B,MI,MJ,IS,IC)

RETURN

END

************************************************************************

SUBROUTINE GRDGW(XX,DX,GWO,GWN,DGW,S,NX,NS,NE,MGW,NIA2)

C** ============================================================ **
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IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION XX(NX),DX(NX),GWO(MGW),GWN(MGW),DGW(NIA2,NX)

C** ============================================================ **

C** Compute gradients by forward or backward difference **

C** ------------------------------------------------------------ **

C*I XX(NX) = Values of variables **

C*I DX(NX) = Delta Values of variables > 0 **

C*I GWO(NG+1) = Constra. G(1:NG) & Obj.Fun. F_obj at XX(NX) **

C*W GWN(NG+1) = Constra. G(1:NG) & Obj.Fun. F_obj at XX(NX)+DX(J) **

C*O DGW(I,J) = (G_I(XX(J)+DX(J))-G_I(XX(J)))/DX(J) if S=+1 **

C*O DGW(I,J) = (G_I(XX(J)-DX(J))-G_I(XX(J)))/DX(J) if S=-1 **

C*I NX = Number of original variables (NG=NS+NE) **

C*I NS,NE = Number of .LE.,.EQ. constraints (NGW=NG+1) **

C** ============================================================ **

DO 40 J=1,NX

C** +----------------------------------------------------------+ **

C** | Compute constraint GWN(1:NS+NE)=G(I) and GWN(NGW)=F_obj | **

C** +----------------------------------------------------------+ **

XXJ=XX(J)

XX(J)=XX(J)+DX(J)*S

DXP=DABS(XX(J)-XXJ)

CALL FFF(NX,NS,NE,XX,GWN(NS+NE+1),GWN)

XX(J)=XXJ

C** +----------------------------------------------------------+ **

C** | Compute DGW(I,J)=dG(I)/dX(J) and DGW(NGW,J)=dF_obj/dX(J) | **

C** +----------------------------------------------------------+ **

DO 40 I=1,NS+NE+1

40 DGW(I,J)=(GWN(I)-GWO(I))/DXP

RETURN

END

************************************************************************

SUBROUTINE OUTMED(XX,DX,X,D,NX,NXXS,NSH,ICASE,KKK)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION XX(NX),DX(NX),X(NXXS),D(NXXS)

C** ============================================================ **

C** Output intermediate results **

C** ============================================================ **

WRITE(*,'(1X,29(''-'')/'' NSH,ICASE,KKK ='',3I5)') NSH,ICASE,KKK

WRITE(*,'('' D =''/(1X,1P8E10.3))') (D(J),J=1,NXXS)

WRITE(*,'('' X =''/(1X,1P8E10.3))') (X(J),J=1,NXXS)

WRITE(*,'('' DX =''/(1X,1P8E10.3))') (DX(J),J=1,NX)

WRITE(*,'('' XX =''/(1X,1P8E10.3))') (XX(J),J=1,NX)

RETURN

END

************************************************************************

SUBROUTINE OUTFNL(NSH,NX,NS,NE,XX,WO,GWO)

C** ============================================================ **

IMPLICIT REAL*8 (A-H,O-Z)

DIMENSION XX(NX),GWO(NS+NE)

C** ============================================================ **

C** Output final results **

C** ============================================================ **

WRITE(*,'(1X,9(''='')/A,I4,A)') ' After',NSH,' Linear Programming'

WRITE(*,'(A,1PE20.9)') ' The optimum objective function is',WO

WRITE(*,'(/'' Values of variables ''//(1X,1P8E10.3))') XX

WRITE(*,'(/'' Values of constraint''//(1X,1P8E10.3))') GWO

RETURN

END

************************************************************************
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21.12 ��	
��

�������������������� DFP !"#$%&

'()�*�����+,����-./�01�����23,*

4!"5�67829:;<=#<>?@�AB&C=�DE� F

G [6]HI�DE& JK cLJK+LJK++MNOP�<QLR�QL

J<Q�S6T2UV+��&UVWXYZ[OP2��W\YZ[

OP&

]^_`Ja�bc6de@fg"�hij�k (1)���l (2)m

e�&

f(x) = 0 (21.105)

(1)���knop� f(x+)q f 0(x+)2W<r�-." n+(x)-. f(x)2

jn+(x) = 0�s�x++#� f(x) = 0�-.j&

f(x) � n+(x) = f(x+) + f 0(x+)(x� x+) (21.106)

x++ = x+ � f(x+)=f
0(x+) (21.107)

(2)me�knop� f(x+)q f(xc)2W<r�-."m+(x)-. f(x)2

jm+(x) = 0�s�x++#� f(x) = 0�-.j&

f(x) � m+(x) = f(x+) + a+(x� x+) (21.108)

x++ = x+ � f(x+)=a+ (21.109)

)"I� a+tu vwJahxyz�Tk

(a) : m+(x+) = f(x+) (21.110)

(b) : m+(xc) = f(xc) (21.111)

yz (a)7{ a+u |T}~vwl�yz (b)�� a+u J"�n"

(21.113)�s�T�~vwk

a+ =
f(xc)� f(x+)

xc � x+
(21.112)

f(x+) + a+(xc � x+) = f(xc) (21.113)

���s f(x) = 0�-.j�s�me��Jax++&

x++ = x+ � f(x+)(xc � x+)=(f(xc)� f(x+)) (21.114)
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�_`Ja�nc6�n�de@��fg"�hij�k (1)���

l (2)me�&

f(x) = 0 (21.115)

(1)���knop� f(x+)qJ(x+)2J1���� (Jacobi)��2W<r

�-."n+(x)-. f(x)2jn+(x) = 0�s�x++#� f(x) = 0�-.j

&��" (21.116)���" (21.20)2 �������J�������H

23��1��&

f(x) � n+(x) = f(x+) + J+(x� x+) (21.116)

x++ = x+ � J�1
+
f(x+) (21.117)

(2)me�knop� f(x+)q f(xc)2W<r�-."m+(x)-. f(x)2

jm+(x) = 0�s�x++#� f(x) = 0�-.j&

f(x) �m+(x) = f(x+) +A+(x� x+) (21.118)

x++ = x+ �A�1
+
f(x+) (21.119)

)"I�A+tu vwJahxyz�Tk

(a) : m+(x+) = f(x+) (21.120)

(b) : m+(xc) = f(xc) (21.121)

yz (a)7{A+u |T}~vwl�yz (b)��A+u < ¡N�T

�~vw&�A+�¢£¤7¥bc6�a+¦§b¨2��A+*n2©Tª

£23yz (b)«*n©fg"&��¬nyz (b)¤�/s®<j23

tW ¯°i±²f"³¢£A+&�/s®<j2< ´ �µ¶yz*

Ja6ik (1)·X¸k (1a) jjA+�AcjjFl+ (1b) jjA�1
+ �A�1

c jjFl+ (1c)

jjK+�LcjjFl+ (1d) jjK�T
+ �L�T

c jjF&,ILc�J¹º��»LcL
T
c = Ac

23K+K
T
+ = A+�K+7¼¹º��& (2)½¾��¿�À"�k (2a)

A+ �Ac = uvTl+ (2b) A�1
+
�A�1

c = �u�vTl+ (2c) K+ �Lc = ~u~vTl+

(2d) K�T
+ � L�T

c = ~�u~�v
T
& (3)½¾u2 vÁ�k (3a) n � 1���»u = v

21<r�1l+ (3b) n� 1���21<r7�1l+ (3c) n� 2���

»u = v21hr�1&
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)ÂÃµ¶yzÄ ��<Q�Ac2+A�1
c 2+ Lc2+ L�1

c &�

�Å�<Q�mc(x)aP�" (21.122)&Æ�5ÅÇQ�m+(x)aP�"

(21.123)l¤Èyz (2)MNYÉ" (21.124)Ê" (21.127)&

mc (x) = f(xc ) +Ac (x� xc ) = f(xc ) + Lc L
T
c (x� xc ) (21.122)

m+(x) = f(x+) +A+(x� x+) = f(x+) +K+K
T
+(x� x+) (21.123)

= f(x+) + (Ac + uvT) (x� x+) (21.124)

= f(x+) + (A�1
c + �u�vT)�1(x� x+) (21.125)

= f(x+) + (Lc + ~u~vT)(Lc + ~u~vT)T(x� x+) (21.126)

= f(x+) + [(L�T
c + ~�u~�v

T
)(L�T

c + ~�u~�v
T
)T]�1(x� x+) (21.127)

����5tËÌ�ÍÎÏÐ�Çc6 x̂ = Tx2ÑÒ�������

Â = T�TAT�1&ÓÇc6Ô Â+ = T�TA+T
�1 = I2�A+ = TTT2Õ

tsJa4Ök

T�Tmc (x) = T�Tf(xc ) +T�TAcT
�1(Tx�Txc ) (21.128)

T�Tm+(x) = T�Tf(x+) +T�TA+T
�1(Tx�Tx+) (21.129)

m̂+(T
�1x̂) = f̂ (T�1x̂+) + Â+(x̂� x̂+)

= f̂ (T�1x̂+) + (Âc + ûv̂T) (x̂� x̂+) (21.130)

= f̂ (T�1x̂+) + (Â�1
c + �̂u�̂v

T
)�1(x̂� x̂+) (21.131)

nyz (b)q (2a)�" (21.121)q" (21.124)2tsk

fc � f+ = (Ac + uvT)(xc � x+) (21.132)

× yc = fc � f+ ; sc = xc � x+ (21.133)

rc = yc �Acsc (21.134)

s rc = uvT sc (21.135)

nyz (b)q (2b)�" (21.121)q" (21.125)2tsk

xc � x+ = (A�1
c + �u�vT)(fc � f+) (21.136)

× sc = xc � x+ ; yc = fc � f+ (21.137)

�rc = sc �A�1
c yc (21.138)

s �rc = �u�vT yc (21.139)
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nyz (b)q (2a)+ (2b)�" (21.121)q" (21.130)+" (21.131)2tsk

f̂c � f̂+ = (Âc + ûv̂T)(x̂c � x̂+) (21.140)

x̂c � x̂+ = (Â�1
c + �̂u�̂v

T
)(̂fc � f̂+) (21.141)

× ŷc = f̂c � f̂+ = T�Tyc (21.142)

ŝc = x̂c � x̂+ = Tsc (21.143)

r̂c = ŷc � Âcŝc = T�T(yc �Acsc) = T�Trc (21.144)

�̂rc = ŝc � Â�1
c ŷc = T(sc �A�1

c yc) = T�rc (21.145)

s r̂c = ûv̂T ŝc (21.146)

�̂rc = �̂u�̂v
T
ŷc (21.147)

nyz (b)q (2c)�" (21.121)q" (21.126)2tsk

fc � f+ = (Lc + ~u~vT)(Lc + ~u~vT)T(xc � x+) (21.148)

× yc = fc � f+ ; sc = xc � x+ (21.149)

K+ = Lc + ~u~vT (21.150)

Ø ~sc = KT
+
sc (21.151)

~rc = yc � Lc~sc (21.152)

s yc = K+K
T
+ sc = K+~sc (21.153)

~rc = ~u~vT~sc (21.154)

nyz (b)q (2c)�" (21.121)q" (21.127)2tsk

xc � x+ = (L�T
c + ~�u~�v

T
)(L�T

c + ~�u~�v
T
)T(fc � f+) (21.155)

× sc = xc � x+ ; yc = fc � f+ (21.156)

K�T
+ = L�T

c + ~�u~�v
T

(21.157)

Ø ~yc = K�1
+
yc (21.158)

~�rc = sc � L�T
c ~yc (21.159)

s sc = K�T
+ K�1

+ yc = K�T
+ ~yc (21.160)

~�rc = ~�u~�v
T
~yc (21.161)

Ùµ¶yz (2)�½¾Ð2/A+�ÚÛ�Ü�/Ýuqv�ÚÛ&�

/" (21.135)L" (21.139)L" (21.146)L" (21.147)Þß1" (21.135)Áà
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"á2+" (21.154)L" (21.161)Þß1" (21.154)Áh"á�Ý uqv&

�������129yz (3a)+ (3c) �" (21.135)Áà"l3yz (3b)

Õ¬ �" (21.154)Áh"&Ó yz (3b)+ (3c)2ÕâpÖ6ã* 2n©

2Ää¶yz (1a)+ (1b)&Ó yz (3a)2ÕâpÖ6¬n©2�tåæ

n" (21.135)Áà"/sÝu&WJÅW" (21.135)�²O@çÍèéuq

v�/�&AB� rc; sc; yc�JK cêë&

yz (3a)�<r�1ìík�v = u2" (21.135)tYÉ" (21.162)2�"

I (uTs)�¨V29uq rîïðñ2t×u = �r²ò�"�s" (21.163)

2nó"ts" (21.164)��T2���s" (21.165)�u&

r = (uuT)s = u(uTs) (21.162)

= �r(�rTs) = �2r(rTs) (21.163)

u = �r ; � =
1p
rTs

(21.164)

u =
rp
rTs

(21.165)

n)"�s�A+*Jahi&W�ÍÎÏÇc6�" (21.146)q" (21.147)

�sôõ�öc6ÐqJ"ïÆ2��i/�7÷�ÍÎÏ�øù&'(

)nSherman-Morrison-Woodbury!"túéJah"�s�A+ïÆ&ó

"1�SR1ÞSymmetric rank-oneá$%"&

A+ = Ac +
(yc �Acsc)(yc �Acsc)

T

(yc �Acsc)Tsc
(21.166)

A�1
+ = A�1

c +
(sc �A�1

c yc)(sc �A�1
c yc)T

(sc �A�1
c yc)Tyc

(21.167)

yz (3b)�<r7�1ìík" (21.135)tYÉ" (21.168)2�"I (vTs)

�¨V29 uq rîïðñ2t× u = �r²ò�"�s" (21.169)2nó

"ts" (21.170)��T2���s" (21.171)�u&

r = (uvT)s = u(vTs) (21.168)

= �r(vTs) (21.169)

u = �r ; � =
1

vTs
(21.170)

u =
r

vTs
; vtûu��7üå� s (21.171)

v = s ÕtWÔµ¶yz (1)vw (21.172)
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" (21.172)�yz (1)2�v = st·X¸ jjA+ �AcjjF2úéýJk

A+ �Ac = uvT =
rvT

vTs
(21.173)

jjA+ �Acjj2F =

P
i

P
j
(rivj)2

(
P
vksk)2

=
(
P
r2
i
)(
P
v2
j
)

(
P
vksk)2

(21.174)

n
@jjA+ �Acjj2F

@vi
= (

X
r2
i
)
2(
P
vksk)vi � 2(

P
v2
j
)si

(
P
vksk)3

= 0 (21.175)

ts vi = si (

P
v2
jP

vksk
) = si (

vTv

vTs
) (21.176)

5� v == s þÿ jjA+ �Acjj2F��X

)Â�� �" (21.135)tsBroyden�$%"2 �" (21.139)tsBroy-

den�$%"2�7�19¬� �jde@fg"&)Â�� �"

(21.154)tpJa� ~uq ~vt·X¸ jjK+ � Lcjj2F&

~u =
~rc

~sTc ~sc
; ~v = ~sc (21.177)

²ò" (21.150)Øn" (21.151)ts" (21.178)Ø" (21.179)&" (21.179)

I�E��<¨V2óx�ÊÁE	
Ðt��~scq LTc scÉ�Í2�

" (21.180)�P&Å" (21.180)²ò" (21.179)ts" (21.181)23s"

(21.182)� �2&än" (21.180)s" (21.183)� ~sc 2Øn" (21.178)s"

(21.184)�K+2�Ðs" (21.185)�A+21�BFGSÞBroydon{Fletcher{

Goldfarb{Shannoá$%"&  �.#��" (21.161)ts" (21.186)�

A�1
+ 21�DFP $%"&<�ìíBFGS���DFP $%"2qBroy-

den$%"����.&

K+ = Lc +
~rc~s

T
c

~sTc ~sc
= Lc +

(yc �Lc~sc)~sTc
~sTc ~sc

(21.178)

~sc = KT
+sc = LTc sc +~sc(

(yc � Lc~sc)Tsc
~sTc ~sc

) (21.179)

~sc = �LTc sc (21.180)

�LTc sc = LTc sc + �LTc sc(
yTc sc � � sTc LcL

T
c sc

�2sTc LcL
T
c sc

) (21.181)

�2 =
yTc sc

sTc LcL
T
c sc

=
yTc sc

sTc Acsc
(21.182)

~sc =

 
yTc sc

sTc Acsc

!1=2
LTc sc (21.183)
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K+ = Lc +
(yc � �LcL

T
c sc)�s

T
c Lc

�2sTc LcL
T
c sc

(21.184)

A+ = K+K
T
+

= LcL
T
c +

(yc � �Acsc)�sTc Ac

�2sTc Acsc
+
�AT

c sc(yc � �Acsc)T

�2sTc Acsc

+
(yc � �Acsc)�sTc Acsc�(yc � �Acsc)T

(�2sTc Acsc)2

= Ac +
ycy

T
c

yTc sc
� Acscs

T
c Ac

sTc Acsc
(21.185)

A�1
+

= A�1
c +

scs
T
c

sTc yc
� A�1

c ycy
T
c A

�1
c

yTc A
�1
c yc

(21.186)

yz (3c)�hr�1ìíkÅ" (21.135)YÉ" (21.187)2��,IuvTÖ

n rrTL rsT + srTL ssTÁ<r����e@��2ÖËÌ)Â<r�

��3�£&×UV rL s��MN� �L�2hUV��º��&Õ"I

rTs = �� cos�L sTs = �20�¨V29s" (21.188)Ø" (21.189)2n�

tÅ�; �O� �S6ý" (21.190)�P&²ò" (21.191)ts" (21.192)

&" (21.192)IUV s=��b��2�" (21.193)IWh²�&UV r
� cos�

�

øÊ s���b���UVh2× t = r
� cos�

� h2ÕUV tüå�UVh

&��" (21.193)IW (h+ t)�²" (21.192)� r
� cos�

&Ùß¸�" (21.194)

Ð2t WÑÒ jjA+ � Acjj2Fý" (21.195)2nóT� ��MÁ��t

s 1 � �2 = 02��s" (21.199)��; �; ÁT2²ò" (21.191)�s"

(21.201)2 1� PSB$%" (Powell Symmetric Broyden update)&��"

(21.197)I�hiti+hjtj�x��2�UV tüå�UVh& �.#��

" (21.139)ts" (21.203)�A�1
+ �A�1

c 21�GÞGreenstadtá$%"&

n
r
o

=
h
r s

i 24 � 

 �

3
5
2
4 rT

sT

3
5n s

o
(21.187)

=
h
r s

i 24 � 

 �

3
5
8<
: �� cos�

�2

9=
;

=
h
r s

i8<
: ��� cos�+ �2

�� cos�+ ��2

9=
; (21.188)

��� cos �+ �2 = 1 ; �� cos �+ ��2 = 0 (21.189)
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� =
1

�� cos�
� �

� cos �
 ; � = �� cos �

�
 (21.190)

A+ �Ac =
h
r s

i 24 � 

 �

3
5
2
4 rT

sT

3
5 (21.191)

= (
1

�� cos�
� �

� cos �
)rrT � (

� cos �

�
)ssT + (rsT + srT)

=
� cos �

�
(

rrT

�2 cos2 �
� �2(

rrT

�2 cos2 �
+
ssT

�2
� rsT + srT

�� cos �
)) (21.192)

=
� cos �

�
((h+ t)(h+ t)T

��2((h+ t)(h+ t)T + hhT � (h+ t)hT � h(h+ t)T) (21.193)

=
� cos �

�
((h+ t)(h+ t)T � �2(ttT))

=
� cos �

�
(hhT + htT + thT + (1� �2) ttT) (21.194)

jjA+ �Acjj2F
= (

� cos �

�
)2
X
i

X
j

(hihj + hitj + tihj + (1� �2) titj)
2 (21.195)

�d (jjA+ �Acjj2F)
2� 2 cos2 � d 

=
X
i

X
j

(hihj + hitj + tihj + (1 � �2) titj) titj (21.196)

=
X
i

X
j

(tihihjtj + tihitjtj + titihjtj + (1� �2) t2
i
t2
j
) (21.197)

= (1 � �2)
X
i

t2
i

X
j

t2
j
= 0 (21.198)

 =
1

�2
=

1

sTs
; � = ��� cos �

�4
= � rTs

(sTs)2
; � = 0 (21.199)

A+ �Ac =
h
r s

i 24 0 1=sTs

1=sTs �rTs=(sTs)2

3
5
2
4 rT

sT

3
5 (21.200)

=
rsT + srT

sTs
� (rTs)ssT

(sTs)2
(21.201)

A�1
+ �A�1

c =
h
�r y

i 24 0 1=yTy

1=yTy ��rTy=(yTy)2

3
5
2
4 �rT

yT

3
5 (21.202)
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=
�ryT + y�rT

yTy
� (�rTy)yyT

(yTy)2
(21.203)

 �.#��" (21.146)Ø" (21.147)t�X¸ jjT�T(A+ � Ac)T�1jjF+
jjT(A�1

+ �A�1
c )TTjjF&3�s��MN�DFP $%"qBFGS$%"&

,���Á�n (3b)yz�s�" (21.186)q" (21.185)���&��)

ah$%"~÷�ÍÎÏ�øùl3Jah$%"Õ7÷øù&

Â+ � Âc =
r̂ŝT + ŝr̂T

ŝTŝ
� (̂rTŝ)̂sŝT

(̂sTŝ)2

A+ �Ac = TTT
�TrsTTT +TsrTT�1

sTTTTs
T�TT (r

TT�1Ts)TssTTT

(sTTTTs)2
T

=
rsTA+ +A+sr

T

sTA+s
� (rTs)A+ss

TA+

(sTA+s)2

=
ryT + yrT

yTs
� (rTs)yyT

(yTs)2
(21.204)

Â�1
+ � Â�1

c =
�̂rŷT + ŷ�̂r

T

ŷTŷ
� (̂�r

T
ŷ)ŷŷT

(ŷTŷ)2

A�1
+ �A�1

c = T�1T�ry
TT�1 +T�Ty�rTTT

yTT�1T�Ty
T�T

�T�1 (�r
TTTT�Ty)T�TyyTT�1

(yTT�1T�Ty)2
T�T

=
�ryTA�1

+
+A�1

+
y�rT

yTA�1
+ y

� (�rTy)A�1
+
yyTA�1

+

(yTA�1
+ y)2

=
�rsT + s�rT

sTy
� (�rTy)ssT

(sTy)2
(21.205)

� Ja�Sherman{Morrison{Woodbury!"túé)a���MN�"

(21.186)q" (21.185)ô����&J"IS�m�m�f�23m � n &

(A+ uvT)�1 = A�1 � A�1uvTA�1

1+ vTA�1u
(21.206)

(A+USVT)�1 = A�1 �A�1U(S�1 +VTA�1U)�1VTA�1 (21.207)

)ah!"tnJa� !�b���úé�k

(A+ uvT)(A�1 � A�1uvTA�1

1+ vTA�1u
)

= I+ uvTA�1 � (AA�1)uvTA�1 + u(vTA�1u)vTA�1

1+ vTA�1u
= I
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(A +USVT)(A�1 �A�1U(S�1 +VTA�1U)�1VTA�1)

= I + USVTA�1

� (AA�1)US(S�1)(S�1 +VTA�1U)�1VTA�1

� US(VTA�1U)(S�1 +VTA�1U)�1VTA�1 = I

WJa�BFGS$%" (21.185)�Í2� )a!"/,������&

A+�Ac =
ycy

T
c

yTc sc
� Acscs

T
c Ac

sTc Acsc
=
h
yc Acsc

i 264
1

yTc sc
0

0 �1

sTc Acsc

3
75
2
4 yTc

sTc Ac

3
5

�(S�1 +VTA�1U)�1

=

0
@
2
4 �yTc sc 0

0 sTc Acsc

3
5�

2
4 yTc

sTc Ac

3
5A�1

c

h
yc Acsc

i1A
�1

=

2
4 �yTc (sc +A�1

c yc) �yTc sc
�sTc yc 0

3
5
�1

=

2
4 0 �1=yTc sc
�1=sTc yc yTc (sc +A�1

c yc)=(yTc sc)
2

3
5

A�1
+ �A�1

c = �A�1U(S�1 +VTA�1U)�1VTA�1

=
h
A�1
c yc sc

i 24�1 0

1 1

3
5

2
4�1 0

1 1

3
5
2
4 0 �1=yTc sc
�1=sTc yc yTc (sc +A�1

c yc)=(yTc sc)
2

3
5
2
4�1 0

1 1

3
5

2
4�1 0

1 1

3
5
2
4 yTc A

�1
c

sTc

3
5

=
h
�rc sc

i 24 0 1=yTc sc

1=sTc yc �yTc (sc �A�1
c yc)=(yTc sc)

2

3
5
2
4 �rTc
sTc

3
5

=
�rcs

T
c + sc�r

T
c

yTc sc
� (yTc �rc)scs

T
c

(yTc sc)
2

(21.205)
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"#

1. $ Sherman{Morrison{Woodbury!"n" (21.166)B�" (21.167)&

2. $nJaA+�DFP $%"� Sherman{Morrison{Woodbury!"A

BJaA�1
+
�DFP $%"&

A+ = Ac +
rcy

T
c + ycr

T
c

yTc sc
� (rTc sc)ycy

T
c

(yTc sc)
2

(21.204)

A�1
+ = A�1

c +
scs

T
c

sTc yc
� A�1

c ycy
T
c A

�1
c

yTc A
�1
c yc

(21.186)

3. $Y<%g"2� &'() 6�W·\¸·XT (Max.min)ÚÛ

j*½¾yz��*¸ÚÛ&
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22.1 �

��������������� (�������� �� )!"
#�$%& '()�$*& + ���,-��./01���$%
& 2$*& �3 (�,-* )����� +4567��89:$
%2$*;<=>#?@AB�CDEF�@(��,-G3*����
� +!HI67JKF��,-G�(LMNOPQRSOP"TUH
VIW�HI��2WXYZ+[\]^B_�HVIW�$%& F2
]^B_�OP���$*& F:OP��� `ab�YZ� @1
WX����,-*+

cdefgBeck�ahijkG (Modal minimization method)+�G
l(ijk$*mn& Qo�pZOPWX���iq� +:$*m
n& � `ab��_�$*& 2^B_�$*& �n�rst
+�mn& @uV$*& �vwx+OP��� `ab[\OP
WX���yWs7bFz{ah�|}~�ah����yWs7b
Q�k�����,-�7+$%& �(HVIW (excitation)���
x��x2���) (time history)�$*& �(OP^B��OP�
� (response)���x�)+,-���� �9���ah�����
(natural frequency)���� (damping ratio)2OP�ah�^F :��
��,-���ah��2< 2 ¡����x+

3��� }mn& �ij2¢p£¤G�¥¦§¤F¨©mn
& ª� �«�¬L�s7bz®�pZs7bF¯°Q�±& 
�²³´µ3¶+

617



618 ·¸¹¸º »¼½¾¿ÀÁÂ

22.2 ÃÄÅÆÇÈÉ

ª�67��F�±@ÊË?ÌÍÎh���Ï
(1)AB��Ï1������ 2$%& �����$*& +
(2)^B��Ï1������ 2$*& �����$%& +
(3),-��Ï1�����$%2$*& �����Ð�� +
©Ñ,-��@ÒÓ67ÔÕ;���Ð�� 2:ÖcYZ�×9Ø
Ù+

��,-����9ÚÛ�3_��� f�gQÜ��abk+l(
�����$%& f�ug(t)g�ab$%& F:��]_�ab$*&
 f�x(t)gÝ°2^B]_���$*& f�u(t)gÞßw+©ÑFÜuV$
*& vwx�mn& ijkF@3_��� +:mn& 

J(f�g) =
Z
jjf�u(t)g � f�x(t; f�g)gjj2 dt (22.1)

���]_�ab$*& 2^B]_���$*& �n�rsª)à
�á�+��,-����9Oâ�uV��Ð�� `ab�iq�
�� +

22.3 ãäåæçÉ

ahijkGÖcè8éªê�ah���mn& ijkQ3_�
ah�� +ªLë�1xpZOPWX��Fìí:��@}ah�
|F�@�-��~�ah���FîÌ":�ah�ïð+ñÑOP�
ò��@VóD�-ah����pZCw+

!ahijkGôF �ìí^B]_�ò��õö�÷�ah�
��+Ü÷�ah���mn& ijkF@_÷�ah�ah� �
iq³FÍ)@_÷�ah���+:øìí^B]_�ò���÷�
ah�÷ùah����t+©Ñ^B]_�ò��úû��]_�÷
�ah�����÷ùah���+Ü÷ùah���mn& ijk
F@_÷ùah�ah� �iq³FÍ)@_÷ùah���+=Ñ
§üF�@3_ýþah�� ���Fÿ�þah����j�@Q
���7x��+Ñ�F�þah���2^B�mnÞ�)�	G3
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_@��� +�±��������ah�@_�Þ�vw�$*�
�+

��!÷�ø��3_�ah�� �F��1÷�ah�¡×�
Ü÷�ah���mn& ijk+Ì�Ñ)÷�ah����ò��
ú:�ah���F©:ýi �ìí��F¯@_ý���ah� 
F:�ah�Í�@_ý���ah� +¦ èF��!�� ���
ÿ��ah�� Ì�"#$"#^%j��+&'(�Ê)�*��
�+

22.4 +,-./0

�1Ê��,-��Fc234�956ë�1xOP���yWs
7b�Õ;���sG+78�ë�1xOPWX��F�19��ë:
;�$%& FÜOP�1x��ùö�Ï�ö��:;�1xFQ<=
g=ó�:>ö��OP�1x+1O��WXr?F78@ZX���
X2AZXF@_<B�yWs7b
[m]f�ut(t)g+[mg]f�ug(t)g+[c]f _u

t(t)g+[cg]f _ug(t)g+[k]fu
t(t)g+[kg]fug(t)g=f0g

(22.2)2<B� ¡CD
fut(to)g = fut

o
g ; f _ut(to)g = f _ut

o
g (22.3)

bô [m]; [mg]�E^FGF [c]; [cg]���FGF [k]; [kg]�HxFG�
f�ug(t)g; f _ug(t)g; fug(t)g���Ng �:;�1x���x��x2���
f�ut(t)g; f _ut(t)g; fut(t)g�N�OP�1x�ò��x�ò�x2ò���
î f _ut

o
g; fut

o
g�OP�1x� ¡ò�x2 ¡ò��+ÜOP�1x�

ò�� fut(t)gI�Wh��fu(t)g21:;��fug(t)g�Jh'(]KL
�eJh��fus(t)g�tF�

fut(t)g = fu(t)g+ fus(t)g = fu(t)g+ [i]fug(t)g (22.4)

¨©!��,-��)F:ô�ïðFG[i]�M�� FN:OP ^Q
ëF,-ÌRFcdÜ"(���eïðFG[̂i]gSu�+©TU��,
-���mn& J<[\$*& �n³��F1<b@�:QË?Ì
Í$*& f�ut(t)g� f�u(t)g$ f�̂u(t)g��)F]_�OâÞÍ+©ÑÌ 
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(M�ïðFG$��eïðFG��F]_�mn& J�³zÌ"ï
ð+
J =

Z
jjf�un(t)g�f�xn(t)gjj

2 dt =
Z
jj(f�ut

n
(t)g�f�us

n
(t)g)�(f�xt

n
(t)g�f�us

n
(t)g)jj2 dt

=
Z
jj(f�ut

n
(t)g�[i]f�ug(t)g)�(f�x

t

n
(t)g�[i]f�ug(t)g)jj

2 dt

=
Z
jjf�ut

n
(t)g�f�xt

n
(t)gjj2 dt

=
Z
jj(f�̂un(t)g+[̂i]f�ug(t)g)�(f�̂xn(t)g+[̂i]f�ug(t)g)jj

2 dt

=
Z
jjf�̂un(t)g�f�̂xn(t)gjj

2 dt (22.5)

VÜOPò��Q��eïðFGVóD
fut(t)g = fû(t)g+ fûs(t)g = fû(t)g+ [̂i]fug(t)g (22.6)

Üèbu%b (22.2)F�_
[m]f�̂u(t)g+[c]f _̂u(t)g+[k]fû(t)g=�[[m][̂i] + [mg]]f�ug(t)g�[[c][̂i] + [cg]]f _ug(t)g

�[[k][̂i] + [kg]]fug(t)g (22.7)
$�WD
[m]f�̂u(t)g+[c]f _̂u(t)g+[k]fû(t)g=�[m̂g]f�ug(t)g�[ĉg]f _ug(t)g�[k̂g]fug(t)g (22.8)

VÜeWh��fû(t)gWD�ah���pZCw

fû(t)g = f�1gY1(t) + � � � + f�NgYN (t) =
NX
n=1

f�ngYn(t) =
NX
n=1

fûn(t)g (22.9)

bô f�ng�÷ nah�N � 1ah�^F Yn(t)�÷ nah�XY�Zk
[=F fûn(t)g�÷ nah�eah��+Üb (22.9)u%b (22.8)�F\
] f�ngT Fz^(ah�^��_Z (�� i 6= j)Ï f�igT [m]f�jg = 0F
f�ig

T [c]f�jg = 0F f�ig
T [k]f�jg = 0)F�_<b�÷ nah���ahs

7bF@(Q3_eah��+
f�̂un(t)g+ 2�n!nf _̂un(t)g+ !2

n
fûn(t)g = �f�ng

�
hLnmif�ug(t)g+ hLncif _ug(t)g

+hLnkifug(t)gj
�

(22.10)

� ¡eah��2�x
fûn(to)g = ûno = f�ngYno ; f _̂un(to)g = _̂uno = f�ng _Yno (22.11)
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bô�÷nah�����!n2����n�eY�

!2
n

=
f�ngT [k]f�ng

f�ngT [m]f�ng
(22.12)

2�n!n =
f�ngT [c]f�ng

f�ngT [m]f�ng
(22.13)

bô�:;��x��x2��ª÷nah��2< hLnmi; hLnci; hLnki

�eY�

hLnmi = hLnm1; . . . ; LnmNg
i =

f�ngT [m̂g]

f�ngT [m]f�ng
=

f�ngT ([m][̂i] + [mg])

f�ngT [m]f�ng

hLnci = hLnc1; . . . ; LncNg
i =

f�ngT [ĉg]

f�ngT [m]f�ng
=

f�ngT ([c][̂i] + [cg])

f�ngT [m]f�ng

hLnki = hLnk1; . . . ; LnkNg
i =

f�ngT [k̂g]

f�ngT [m]f�ng
=

f�ngT ([k][̂i] + [kg])

f�ngT [m]f�ng

(22.14)

��Ñf©�(eïðFGî��±WX��ë1g? (�x2�� )�2
< +î ¡ah��2 ¡ah�x�XY�Zk[=@1fûog2f _̂uog

3_

Yn(to) = Yno =
f�ngT [m]fûog

f�ngT [m]f�ng
; _Yn(to) = _Yno =

f�ngT [m]f _̂uog

f�ngT [m]f�ng
(22.15)

22.5 hiãäjÇÈ

VQahijkGFl(�|���ahs7bF@�ø����a
h���FîÜ��ah�� ,-*+©ÑOP���� ,-�@
�k�ê�ah�� ,-+HI67è�OPWX��@(<B `a
bVó
f�̂xn(t)g+ 2�n!nf _̂xn(t)g+ !2

n
fx̂n(t)g = �f�ng(hLnmif�ug(t)g+ hLncif _ug(t)g

+hLnkifug(t)g) (22.16)

� ¡eah��2�x
fx̂n(to)g = x̂no = f�ngYno ; f _̂xn(to)g = _̂xno = f�ng _Yno (22.17)
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bô�$%& �^B]_�HV��xf�ug(t)g��x f _ug(t)g2��
fug(t)g�:$*& ���]_�OP^B����xf�̂x(t)g��xf _̂x(t)g

2��fx̂(t)g+�,-���� kÕ2+N+(3Ng+2)�FÜ:��ËC
Ï (1)÷�C�ah����!n2ah����n� 2�� � (2)÷ùC�
ah�^f�ng�N�OP� (3)÷ËC�ah�2< hLnmi; hLnci; hLnki

� 3Ng�OP� 2�ahXY�±k ¡�� 2 ¡�xYno; _Yno+
�le÷�C2÷ùC� F.ah�$*& 2÷ËC� ³m�

pZ;<+��ah���$*& f�̂xn(t)g@WD<BpZ;<

f�̂xn(t)g=f�ngh�nif �Sn(t)g=f�ngh hLnmi hLnci hLnki Yno _Yno i

8>>>>>>>>><
>>>>>>>>>:

f �Snm(t)g

f �Snc(t)g

f �Snk(t)g
�Snd(t)
�Snv(t)

9>>>>>>>>>=
>>>>>>>>>;

= f�ng(hLnmif �Snm(t)g+hLncif �Snc(t)g+hLnkif �Snk(t)g+Yno �Snd(t)+ _Yno �Snv(t))

(22.18)

bô�f �Sn(t)g�<ByWs7b���³+��\Ëb� ¡³�0F�
ùb�'(X� 0F���1nW+
f �Snm(t)g+2�n!nf _Snm(t)g+!

2
n
fSnm(t)g=�f�ug(t)g; fSnm(to)g=f _Snm(to)g=f0g

f �Snc(t)g+2�n!nf _Snc(t)g+!2
n
fSnc(t)g=�f _ug(t)g; fSnc(to)g= f _Snc(to)g=f0g

f �Snk(t)g+2�n!nf _Snk(t)g+!2
n
fSnk(t)g=�fug(t)g; fSnk(to)g= f _Snk(to)g=f0g

�Snd(t) + 2�n!n _Snd(t) + !2
n
Snd(t) = 0 ; Snd(to) = 1 ; _Snd(to) = 0

�Snv(t) + 2�n!n _Snv(t) + !2
n
Snv(t) = 0 ; Snv(to) = 0 ; _Snv(to) = 1 (22.19)

Ñ��le÷�C2÷ËC� F.ah�$*& !OP^B��
³2ah�^ª��³�D���pZ;<+��!le÷�C� !n2
�n2�� )F@_ole÷ùC$÷ËC� FQ��p�C� �i
q³+Ñ)©$*& 2� à�pZ;<F�ùCah� �iq³@
1pZq�s7bÿr3_FÕ;��bsø2�üt+¨©$*& 2
÷�C� !n$ �nàzÌu!�êÛpZ;<F� 2� �iq³v9
l(®pZ;<b3¶+

b (22.19)�����@�(�?sGFQ<Bó]�7b}(��
�bF�Beck2Dowling[\Duhamelá�b]t*+ �Gª83�?�
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�³ (Ñf���x ))y�^i{+
�u(t) + 2�! _u(t) + !2u(t) = p(t); u(to) = uo; _uo(to) = vo (22.20)

èByWs7b�¶Q¬)à|�t�³VóF} ti = to + i�tF pi = p(ti)

Fìíù)~à� p(t)�ÿpF.:��xai = �u(ti)@1<b3_
ao = po � !2uo � 2�!vo (22.21)

a1 = A3uo +A4vo +B1p1 +B2po (22.22)

ai = A1ai�1 +A2ai�2 +B1(pi � 2pi�1 + pi�2) ; i > 1 (22.23)

èbô�<B< 2)à ti	;@4Ð3*
A1 = 2e��!�t cos !d�t (22.24)

A2 = �e�2�!�t (22.25)

A3 = !2e��!�t

��!�t

!d�t
sin!d�t� cos!d�t

�
(22.26)

A4 = �!e��!�t

�(1 � 2�2)!�t

!d�t
sin!d�t+ 2� cos!d�t

�
(22.27)

B1 =
e��!�t

!d�t
sin!d�t (22.28)

B2 = e��!�t

�
�

1 + �!�t

!d�t
sin!d�t+ cos!d�t

�
(22.29)

!d =
q
1� �2 ! (22.30)

22.6 ��ãäÅÆj��

3478÷ËC� ���ÏÜmn& WD÷ËC� �& 
J(hLnmi; hLnci; hLnki; Yno; _Yno)

=
NX
i=1

1

Vni

Z �
�̂uni(t)� �̂xni(t; hLnmi; hLnci; hLnki; Yno; _Yno)

�2
dt

=
NX
i=1

1
R
�̂u
2

ni
(t) dt

Z �
�̂uni(t)� �nih�nif �Sn(t)g

�2
dt (22.31)

}J�ij�CD� frJg = f @J

@�j
g = f0gF�:�^�

@J

@�j
=2

NX
i=1

1R
�̂u
2

ni
(t) dt

Z �
�̂uni(t)��nih�nif �Sn(t)g

��
� �ni �Snj(t)

�
dt=0 (22.32)
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Ü�M�� h�ni���¬b��F:>����¬b��@_

NX
i=1

�2
niR

�̂u
2

ni
(t) dt

Z
�Snj(t)h�nif �Sn(t)g dt =

NX
i=1

�niR
�̂u
2

ni
(t) dt

Z
�Snj(t)�̂uni(t) dt

$Z
�Snj(t)h�nif �Sn(t)g dt =

1
P

N

i=1

�
2

niR
�̂u
2

ni(t) dt

NX
i=1

�niR
�̂u
2

ni
(t) dt

Z
�Snj(t)�̂uni(t) dt (22.33)

:s�FGb�
2
6666664

R �Sn1(t) �Sn1(t)dt R �Sn1(t) �Sn2(t)dt � � �
R �Sn1(t) �Sn(3Ng+2)(t)dtR �Sn2(t) �Sn2(t)dt � � �
R �Sn2(t) �Sn(3Ng+2)(t)dt

. . .
...

sym:
R �Sn(3Ng+2)(t) �Sn(3Ng+2)(t)dt

3
7777775

8>>>>>><
>>>>>>:

�1

�2
...

�3Ng+2

9>>>>>>=
>>>>>>;

=
1

NP
i=1

�
2

ni

Vni

8>>>>>><
>>>>>>:

�n1

Vn1

R �Sn1(t)�̂un1(t)dt+ � � �+ �nN

VnN

R �Sn1(t)�̂unN (t)dt
�n1

Vn1

R �Sn2(t)�̂un1(t)dt+ � � �+ �nN

VnN

R �Sn2(t)�̂unN (t)dt
...

�n1

Vn1

R �Sn(3Ng+2)(t)�̂un1(t)dt+ � � �+ �nN

VnN

R �Sn(3Ng+2)(t)�̂unN (t)dt

9>>>>>>=
>>>>>>;

:ø78÷ùC� ���ÏÜmn& WD÷ùC� �& 

J(f�ng) =
NX
i=1

1

Vni

Z �
�̂uni(t)� �̂xni(t;�ni)

�2
dt

=
NX
i=1

1R
�̂u
2

ni
(t) dt

Z �
�̂uni(t)� �nih�nif �Sn(t)g

�2
dt (22.34)

}J�ij�CD� frJg = f @J

@�nj
g = f0gF�:�^�

@J

@�nj
= 2

1
R
�̂u
2

nj
(t) dt

Z �
�̂unj(t)� �njh�nif �Sng

��
� h�nif �Sn(t)g

�
dt = 0 (22.35)

©OPah��$*& �÷ j�^v2ah�^�÷ j�^Õ;Fèb
~�CDbv��M�� F�ah�^���^+©Ñ�ah��^
@1<Bê�;<b3_

�nj =

R
�̂unj(t)h�nif �Sn(t)g dtR �
h�nif �Sn(t)g

�2
dt

(22.36)



22.7 ½¾ÁÂ��� 625

!Üê�ah�mn& ijk)F°1®pZiqkG_o��÷
�C� �!n2 �nÿ�����+îL~ø"#÷�C� !n$ �n�F
�°�!QèB;<b_o��÷ËC� 2÷ùC� ÿ�����
+ñÑ��Dê�ah�� ,-+

22.7 ÃÄÇÈ/0��

Q<56ahijkG,-÷�C� ��� (s7bOptiminze)Ï
(1)÷����ÏTUMf=Mi:NumM+NumM��,-�ahò +Mi=1

)�Q�£sbF4,-*��ah�� ������ah��,-�
 Fÿ�,-NumM�ah��+�Mi=NumM)F.ÿrªNumM�

ah�� ,-+�±��FSMi=NumM)��)à�ý{F¨ñ ¡
³2iq³Þn��@9Ì���+
(2)÷ù���ÏTUSwep=1:10+����~Ê�ø��F�ªMf�a
hF�÷�ah�÷Mfah=øÊê�ah�ijk,-+�~�ah
� "#^m%j)F����Ò�O +
(3)÷Ë���ÏTUMode=1:Mf+Ñ���ª÷ModeahÊ� ,-+
Ñ)F:�ah�� ¡¢Ì#+
Q<��s£7bMinimizeErr+Ñ£7b�9!3÷Modeah�!n2
�n}mn& �ij+ª�ù� �ø"#:ô��ÊpZ¤¥+
(4)÷����ÏTUCount=1:12+Ñ��TU!n2 �n_o���ø +
(5)÷)���ÏTU I=1:2+Ñ��¦eª§�� Ê��Ï I=1)��
!nF I=2)�� �n+
(6)÷����ÏTUStep=1:16+Ñ��TUpZ¤¥��7�ø +

Q<56ª÷ùC2÷ËC� _o���Õ;���� (s£7b
ComputeAmM)Ï
(1)�� 102 20Ï��b (22.33)��FG�< SjkF2���^ô�á
��SjAF�á�³éª�OP^B��BD Ð (NumS�b (22.33)ô�
N)+
(2)�� 302 40Ï��b (22.33)���^�< RHSF�³1�� 20�
_�á�³SjA]ª�< �¨�î_+
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(3)¶b (22.33)�_BF�³�÷ËC� h�ni+
(4)�� 60Ï��BSBF�³�b (22.36)��©+
(5)�� 80Ï��BSAF�³�b (22.36)��ª+
(6)�� 70Ï1b (22.36)3ah�^ª��^B��³F��÷ùC� 
f�ng+
(7)�« 95ÏTU÷ËC� 2÷ùC� _o���ø +

22.8 +,ÃÄÅÆÇÈ¬

[V� ] OP��� ,-7b
************************************************************************

** MAIN PROGRAM BridgeIdent3D **

** ================================================================ **

** System Identification analysis for Multiple Supported Inputs **

** of Bridge Structures by Modal Minimization Method ( Beck,J.L., **

** "Determining Models of Structures from Earthquake Records", **

** CalTech, CA, 1978 ) **

** ================================================================ **

CALL InputData

CALL Optimize

CALL OutputResult

STOP

END

************************************************************************

SUBROUTINE InputData

** ================================================================ **

** UserInput computational parameters, initial guess of modal **

** parameters, pseudo influence matrix **

** ReadData of recorded ground and structure responses **

** Initialize recorded and computed responses, normalization c **

** ================================================================ **

CALL UserInput

CALL ReadData

CALL Initialize

RETURN

END

************************************************************************

SUBROUTINE UserInput

** ================================================================ **

** READ NumM,NumF,NumG,NumS,NumT,Mi,Ti,Tf **

** READ Omg,Ksi INITIALIZE Phi READ Inf **

** ------------------------------------------------------------ **

** NumM = Number of Modes to be analyized **

** NumF = Number of support Forcing inputs = 1,2,3 **

** NumG = Number of instrumented Ground support DOFs **

** NumS = Number of instrumented Superstructure DOFs **

** NumT = Number of Time steps in input data file **

** Mi = Initial number of Modes of the analysis **

** Ti,Tf = Initial and Final Time step of the analysis **
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** ............................................................ **

** Omg(NumM) = estimated modal frequencies **

** Ksi(NumM) = estimated modal damping coefficients **

** Phi(NumS,NumM) = estimated mode shapes = 1 **

** Inf(NumS,NumG) = pseudo Influence matrix **

** ================================================================ **

$ INCLUDE : 'BI3D1.Inc'

INTEGER NumM,NumF,NumG,NumS,NumT,Mi,Ti,Tf , Mode,Grnd,Stru

REAL*8 Omg(MaxM),Ksi(MaxM),Phi(MaxS,MaxM),Inf(MaxS,MaxG)

COMMON /M[]/ NumM

COMMON /F[]/ NumF

COMMON /G[]/ NumG

COMMON /S[]/ NumS

COMMON /T[]/ NumT

COMMON /Tif/ Ti,Tf

COMMON /Mii/ Mi

COMMON /X[]/ Omg,Ksi

COMMON /Y[]/ Phi

COMMON /I[]/ Inf

** ================================================================ **

WRITE(*,100)

100 FORMAT(' Bridge Identification by ''Modal Minimization Method'' ')

OPEN (1,FILE='BI3D1.In',FORM='FORMATTED',ACCESS='SEQUENTIAL')

** +----------------------------------------------------------+ **

** | READ NumM,NumF,NumG,NumS,NumT,Mi,Ti,Tf | **

** +----------------------------------------------------------+ **

READ (1,'(8I5)') NumM,NumF,NumG,NumS,NumT,Mi,Ti,Tf

IF (NumM.GT.MaxM) STOP ' UserInput : NumM > MaxM '

IF (NumF.GT.MaxF) STOP ' UserInput : NumF > MaxF '

IF (NumG.GT.MaxG) STOP ' UserInput : NumG > MaxG '

IF (NumS.GT.MaxS) STOP ' UserInput : NumS > MaxS '

IF (NumT.GT.MaxT) STOP ' UserInput : NumT > MaxT '

IF (Mi.LT.1.OR.Mi.GT.NumM) Mi = NumM

IF (Ti.LT.1) Ti = 1

IF (Tf.GT.NumT) Tf = NumT

Tf = Ti + (Tf-Ti)/2*2

** ............................................................ **

* OPEN (6,FILE='BI3D1.Deb',FORM='FORMATTED')

WRITE(*,'('' Max M F G S T = '',5I5)') MaxM,MaxF,MaxG,MaxS,MaxT

WRITE(*,'('' Num M F G S T = '',5I5)') NumM,NumF,NumG,NumS,NumT

WRITE(*,'('' Mi Ti Tf = '',3I5)') Mi,Ti,Tf

** +----------------------------------------------------------+ **

** | READ Omg(NumM),Ksi(NumM) | **

** +----------------------------------------------------------+ **

DO 10 Mode = 1,NumM

READ (1,'(2F5.0)') Omg(Mode),Ksi(Mode)

WRITE(*,'('' Omg Ksi = '',2F8.4)') Omg(Mode),Ksi(Mode)

10 CONTINUE

** +----------------------------------------------------------+ **

** | INITIALIZE Phi(NumS,NumM) | **

** +----------------------------------------------------------+ **

DO 20 Mode = 1,NumM

DO 20 Stru = 1,NumS

Phi(Stru,Mode) = 1.D0

20 CONTINUE

** +----------------------------------------------------------+ **

** | READ Inf(NumS,NumG) | **

** +----------------------------------------------------------+ **

DO 30 Grnd = 1,NumG

READ (1,'(16F5.0)') ( Inf(Stru,Grnd) , Stru=1,NumS )
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WRITE(*,'('' Inf = '')')

WRITE(*,'(10F8.4)') ( Inf(Stru,Grnd) , Stru=1,NumS )

30 CONTINUE

CLOSE(1)

RETURN

END

************************************************************************

SUBROUTINE ReadData

** ================================================================ **

** READ Ag,At **

** ------------------------------------------------------------ **

** Ag(NumT,NumG,NumF) = recorded Ground support Acce,velo,displ **

** At(NumT,NumS) = recorded Total superstructure Accel. **

** ================================================================ **

$ INCLUDE : 'BI3D1.Inc'

INTEGER NumF,NumG,NumS,NumT , Forc,Grnd,Stru,Time

REAL*8 Ag(MaxT,MaxG,MaxF),At(MaxT,MaxS)

REAL*4 Temp(MaxT)

COMMON /F[]/ NumF

COMMON /G[]/ NumG

COMMON /S[]/ NumS

COMMON /T[]/ NumT

COMMON /Ag[]/ Ag

COMMON /At[]/ At

** ================================================================ **

OPEN (3,FILE='BI3D1.Rec',FORM='FORMATTED',ACCESS='SEQUENTIAL')

** +----------------------------------------------------------+ **

** | READ Ag(NumT,NumG,NumF) | **

** +----------------------------------------------------------+ **

DO 10 Grnd = 1,NumG

DO 10 Forc = 1,NumF

READ (3,*) ( Temp(Time) , Time=1,NumT )

DO 10 Time = 1,NumT

Ag(Time,Grnd,Forc) = Temp(Time)

10 CONTINUE

** +----------------------------------------------------------+ **

** | READ At(NumT,NumS) | **

** +----------------------------------------------------------+ **

DO 20 Stru = 1,NumS

READ (3,*) ( Temp(Time) , Time=1,NumT )

DO 20 Time = 1,NumT

At(Time,Stru) = Temp(Time)

20 CONTINUE

CLOSE(3)

RETURN

END

************************************************************************

SUBROUTINE Initialize

** ================================================================ **

** COMPUTE Ar INITIALIZE Am COMPUTE Norm **

** ------------------------------------------------------------ **

** Ar(T,NumS) = recorded Relative Acceleration = At-Inf*Ag **

** Am(T,NumM) = computed Modal relative Acceleration **

** Norm(NumS) = Normalization constant of Ar = 1/Int(Ar^2) **

** ================================================================ **

$ INCLUDE : 'BI3D1.Inc'

INTEGER NumM,NumG,NumS,Ti,Tf , Mode,Grnd,Stru,Time

REAL*8 Ag(MaxT,MaxG,MaxF),At(MaxT,MaxS)

REAL*8 Ar(MaxT,MaxS),Am(MaxT,MaxM),Norm(MaxS)

REAL*8 Inf(MaxS,MaxG),InfAg,Intg,dT/0.02D0/
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COMMON /M[]/ NumM

COMMON /G[]/ NumG

COMMON /S[]/ NumS

COMMON /Tif/ Ti,Tf

COMMON /Ag[]/ Ag

COMMON /At[]/ At

COMMON /Ar[]/ Ar

COMMON /Am[]/ Am

COMMON /I[]/ Inf

COMMON /No[]/ Norm

** ================================================================ **

** +----------------------------------------------------------+ **

** | COMPUTE Ar(T,NumS) = At(T,NumS) | **

** | - Inf(NumS,NumG)*Ag(T,NumG,1) | **

** +----------------------------------------------------------+ **

DO 10 Stru = 1,NumS

DO 10 Time = Ti,Tf

InfAg = 0.D0

DO 20 Grnd = 1,NumG

InfAg = InfAg + Inf(Stru,Grnd)*Ag(Time,Grnd,1)

20 CONTINUE

Ar(Time,Stru) = At(Time,Stru) - InfAg

10 CONTINUE

** +----------------------------------------------------------+ **

** | INITIALIZE Am(T,NumM) = 0 | **

** +----------------------------------------------------------+ **

DO 30 Mode = 1,NumM

DO 30 Time = Ti,Tf

Am(Time,Mode) = 0.D0

30 CONTINUE

** +----------------------------------------------------------+ **

** | COMPUTE Norm(NumS) = 1/Int(Ar(T,NumS)^2) | **

** +----------------------------------------------------------+ **

DO 40 Stru = 1,NumS

Norm(Stru) = 1 / Intg ( Ar(Ti,Stru),Ar(Ti,Stru),Ti,Tf,dT )

40 CONTINUE

WRITE(*,'('' Norm = '',1P8F10.4)') ( Norm(Stru) , Stru=1,NumS )

RETURN

END

************************************************************************

FUNCTION Intg ( X,Y,Ti,Tf,dT )

** ================================================================ **

** COMPUTE the numerical integration Intg of function X*Y **

** over the time interval Ti~Tf with the fixed step size **

** dT by using the Simpson's rule ( 1 4 2 4 2 ... 4 1 ) **

** !! (Tf-Ti) must be an even number which is multiple of 2 **

** ================================================================ **

INTEGER Ti,Tf,Time

REAL*8 Intg,X(Ti:Tf),Y(Ti:Tf),dT,A,B

** ================================================================ **

A=0.D0

B=0.D0

DO 10 Time = Ti+1,Tf,2

A = A + X(Time)*Y(Time)

B = B + X(Time+1)*Y(Time+1)

10 CONTINUE

Intg = (X(Ti)*Y(Ti)-X(Tf)*Y(Tf)+4.D0*A+2.D0*B) / 3.D0 * dT

RETURN

END

************************************************************************
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SUBROUTINE Optimize

** ================================================================ **

** For each Swep of Mode = 1,NumM : ComputeArM MinimizeErr **

** ------------------------------------------------------------ **

** Err = Error function to be minimized **

** OmgO = Old Omg before MinimizeErr **

** KsiO = Old Ksi before MinimizeErr **

** Diff = relative Difference between OmgO,KsiO and Omg,Ksi **

** ================================================================ **

$ INCLUDE : 'BI3D1.Inc'

INTEGER NumM,Mi,Mf , Mode,Swep

REAL*8 Omg(MaxM),Ksi(MaxM),Err,OmgO,KsiO,Diff

COMMON /M[]/ NumM

COMMON /Mii/ Mi

COMMON /X[]/ Omg,Ksi

** ================================================================ **

DO 10 Mf = Mi,NumM

DO 20 Swep = 1,10

Diff = 0.D0

DO 30 Mode = 1,Mf

** +----------------------------------------------------------+ **

** | STORE OmgO,KsiO | **

** +----------------------------------------------------------+ **

OmgO = Omg(Mode)

KsiO = Ksi(Mode)

** +----------------------------------------------------------+ **

** | OPTIMIZE Omg,Ksi by MINIMIZE Err | **

** +----------------------------------------------------------+ **

CALL ComputeArM ( Mode )

CALL MinimizeErr ( Mode,Omg(Mode),Ksi(Mode),Err )

** +----------------------------------------------------------+ **

** | COMPUTE Diff | **

** +----------------------------------------------------------+ **

Diff = DMAX1 (DABS(OmgO/Omg(Mode)-1.D0)

& ,DABS(KsiO/Ksi(Mode)-1.D0),Diff)

** ............................................................ **

WRITE(*,'('' Omg Ksi Err Diff OmgD KsiD = '',6F10.5)')

& Omg(Mode),Ksi(Mode),Err,Diff,

& 1.D0-OmgO/Omg(Mode),1.D0-KsiO/Ksi(Mode)

30 CONTINUE

IF (Diff.LT.0.001D0) GOTO 10

20 CONTINUE

10 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE ComputeArM ( M )

** ================================================================ **

** COMPUTE ArM **

** ------------------------------------------------------------ **

** ArM(T,NumS) = recorded Relative Modal Accel = Ar-Sum(Am*Phi) **

** ================================================================ **

$ INCLUDE : 'BI3D1.Inc'

INTEGER NumM,NumS,Ti,Tf , M , Mode,Stru,Time

REAL*8 Ar(MaxT,MaxS),Am(MaxT,MaxM),Phi(MaxS,MaxM)

REAL*8 ArM(MaxT,MaxS)

COMMON /M[]/ NumM

COMMON /S[]/ NumS

COMMON /Tif/ Ti,Tf

COMMON /Ar[]/ Ar
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COMMON /Am[]/ Am

COMMON /ArM[]/ ArM

COMMON /Y[]/ Phi

** ================================================================ **

** +----------------------------------------------------------+ **

** | COMPUTE ArM(T,NumS) = Ar(T,NumS) | **

** | - Sum(Am(T,NumM)*Phi(NumS,NumM)) | **

** +----------------------------------------------------------+ **

DO 10 Stru = 1,NumS

DO 10 Time = Ti,Tf

ArM(Time,Stru) = Ar(Time,Stru) + Am(Time,M)*Phi(Stru,M)

DO 10 Mode = 1,NumM

ArM(Time,Stru) = ArM(Time,Stru) - Am(Time,Mode)*Phi(Stru,Mode)

10 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE MinimizeErr ( M,OmgM,KsiM,Err )

** ================================================================ **

** MINIMIZE Err to find Optimal OmgM,KsiM by using T.W.Lin's **

** nonlinear minimization procedures and Xmin **

** ............................................................ **

** ComputeErr : COMPUTE Err for given values of OmgM and KsiM **

** Xmin : FIND Optimum values of OmgM or KsiM **

** ------------------------------------------------------------ **

** Err = Error function to be minimized **

** OmgM,KsiM = variables of error function to be optimized **

** ............................................................ **

** X(1:2) = initial and optimum values of variables OmgM,KsiM **

** F* = Function values of X = Err **

** TypX = Typical values of X **

** TolX = Tolerance value for X/TypX **

** TolF = Tolerance value for dF(X)/dX **

** dX = new step size of X = Max(|Xm-Xi|/TypX) **

** = maximum relative total moving distance **

** Count = number of Count over minimizing OmgM and KsiM <= 12 **

** Step = number of Step in minimizing OmgM or KsiM <= 16 **

** ================================================================ **

INTEGER M,I,Count,Step,Valley

REAL*8 OmgM,KsiM,Err,X(2),TypX(2),TolX,TolF,dX,dXOld,Xmin

REAL*8 Xo,Fo,Xx,Fx,Xm,Fm,Xn,Xi,Rate,Buf(14)

** ================================================================ **

** +----------------------------------------------------------+ **

** | INITIALIZE X(2),TypX(2),TolX,dX | **

** +----------------------------------------------------------+ **

X(1) = OmgM

X(2) = KsiM

TypX(1) = 5.D0

TypX(2) = 0.05D0

TolX = 0.0001D0

dX = 0.1D0

** +----------------------------------------------------------+ **

** | ITERATE minimizing OmgM and KsiM up to Count=12 times | **

** +----------------------------------------------------------+ **

Count = 0

95 Count = Count + 1

dXOld = dX

dX = 0.D0

DO 10 I = 1,2

** +----------------------------------------------------------+ **
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** | INITIALIZE current Xx,Fx , optimum Xm,Fm , next Xn | **

** | SAVE initial Xi | **

** +----------------------------------------------------------+ **

Xx = 1.D30

Fx = 1.D30

Xm = Xx

Fm = Fx

Xn = X(I)

Xi = X(I)

** +----------------------------------------------------------+ **

** | ITERATE minimizing OmgM or KsiM up to Step=16 times | **

** +----------------------------------------------------------+ **

Step = 0

85 Step = Step + 1

** +----------------------------------------------------------+ **

** | SAVE previous Xo,Fo | **

** +----------------------------------------------------------+ **

Xo = Xx

Fo = Fx

** +----------------------------------------------------------+ **

** | USE next Xn from Xmin as current Xx,X for ComputeErr | **

** +----------------------------------------------------------+ **

Xx = Xn

X(I) = Xx

CALL ComputeErr ( M,X(1),X(2),Fx )

** +----------------------------------------------------------+ **

** | SAVE optimum Xm,Fm during iteration Steps | **

** +----------------------------------------------------------+ **

IF (Fx.LT.Fm) THEN

Xm = Xx

Fm = Fx

ENDIF

** +----------------------------------------------------------+ **

** | OBTAIN next Xn from Xmin for next iteration Step | **

** +----------------------------------------------------------+ **

Xn = Xmin ( Xx,Fx,dXOld*TypX(I),Step,Valley,Buf )

** +----------------------------------------------------------+ **

** | CHECK convergence of X,F | **

** +----------------------------------------------------------+ **

IF (Step.EQ.2) TolF = TolX * DABS((Fx-Fo)/(Xx-Xo))

IF (Step.LT.5 .AND. Valley.EQ.0) GOTO 85

IF (Step.LT.16 .AND.

& DABS(Xx-Xo).GT.TolX*TypX(I) .AND.

& DABS(Fx-Fo).GT.TolF*DABS(Xx-Xo)) GOTO 85

** +----------------------------------------------------------+ **

** | UPDATE X , dX = Max(|Xm-Xi|/TypX) | **

** +----------------------------------------------------------+ **

X(I) = Xm

Rate = 0.5 * DABS(Xm-Xi)/TypX(I)

IF (Rate.GT.dX) dX = Rate

WRITE(*,'(I4,F7.4)') Step,Rate

10 CONTINUE

** +----------------------------------------------------------+ **

** | CHECK convergence of OmgM or KsiM | **

** +----------------------------------------------------------+ **

IF (dX.GT.dXOld) dX = dXOld

IF (dX.GT.TolX.AND.Count.LT.12) GOTO 95

** +----------------------------------------------------------+ **

** | RETURN the minimum Err and the optimum OmgM,KsiM | **

** +----------------------------------------------------------+ **
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OmgM = X(1)

KsiM = X(2)

CALL ComputeErr ( M,OmgM,KsiM,Err )

RETURN

END

************************************************************************

SUBROUTINE ComputeErr ( M,OmgM,KsiM,Err )

** ================================================================ **

** COMPUTE AmM,PhiM,Err **

** ------------------------------------------------------------ **

** AmM(T) = computed Modal Acceleration of the Mth mode **

** PhiM(NumS) = computed mode shapes of the Mth mode **

** Err = Error function = Sum(Norm*Int((ArM-AmM*PhiM)^2)) **

** PF = Penalty Function to Err for computed OmgM,KsiM **

** ================================================================ **

$ INCLUDE : 'BI3D1.Inc'

INTEGER NumS,Ti,Tf , M , Stru,Time

REAL*8 ArM(MaxT,MaxS),Am(MaxT,MaxM),Phi(MaxS,MaxM),Norm(MaxS)

REAL*8 Err,OmgM,KsiM,Diff(MaxT),Intg,dT/0.02D0/,PF

COMMON /S[]/ NumS

COMMON /Tif/ Ti,Tf

COMMON /ArM[]/ ArM

COMMON /Am[]/ Am

COMMON /Y[]/ Phi

COMMON /No[]/ Norm

** ================================================================ **

** +----------------------------------------------------------+ **

** | COMPUTE AmM(T),PhiM(NumS) | **

** +----------------------------------------------------------+ **

CALL ComputeAmM ( OmgM,KsiM,Phi(1,M),Am(1,M) )

** +----------------------------------------------------------+ **

** | COMPUTE Err = Sum ( Norm(NumS) * Int ( (ArM(T,NumS) | **

** | - AmM(T)*PhiM(NumS))^2 ) ) | **

** +----------------------------------------------------------+ **

Err = 0.D0

DO 10 Stru = 1,NumS

DO 20 Time = Ti,Tf

Diff(Time) = ArM(Time,Stru) - Am(Time,M) * Phi(Stru,M)

20 CONTINUE

Err = Err + Norm(Stru) * Intg (Diff(Ti),Diff(Ti),Ti,Tf,dT)

10 CONTINUE

** +----------------------------------------------------------+ **

** | ADD PF to Err for OmgM<0 and KsiM<0 and KsiM>0.5 | **

** +----------------------------------------------------------+ **

Err = Err + PF( OmgM,100.D0,0.001D0,1.D0,1.D0,1)

Err = Err + PF( KsiM,100.D0,0.001D0,1.D0,1.D0,1)

Err = Err + PF(0.5-KsiM,100.D0,0.001D0,1.D0,1.D0,1)

WRITE(*,'('' OmgM,KsiM,Err = '',2F10.5,F7.3)') OmgM,KsiM,Err

RETURN

END

************************************************************************

SUBROUTINE ComputeAmM ( OmgM,KsiM,PhiM,AmM )

** ================================================================ **

** COMPUTE AmM,PhiM by iteration of linear modal minimization **

** for linear parameter PhiM and participation factor B **

** ............................................................ **

** COMPUTE S,Sjk,SjA << COMPUTE RHS , SOLVE B , COMPUTE BSB,BSA **

** , COMPUTE PhiM , CHECK convergence >> NORMALIZE PhiM,B , **

** COMPUTE AmM **

** ------------------------------------------------------------ **



634 ����� �����	
�

** ArM(T,NumS) = recorded Relative Modal Acceleration **

** AmM(T) = computed Modal Acceleration = Sum(B*S) **

** OmgM,KsiM = Modal frequency & Modal damping ratio **

** PhiM(NumS) = Mode shapes = Int(SumBS*ArM)/Int(SumBS*SumBS) **

** Norm(NumS) = Normalization constant of Ar **

** ............................................................ **

** B(NumV) = participation factor = soln of Sjk*B=RHS **

** S(T,NumV) = unit accel response of SDOF linear oscil. **

** Sjk(NumV,NumV) = Int(Sj*Sk) **

** SjA(NumV,NumS) = Int(Sj*ArM) **

** RHS(NumV) = Right Hand Side of linear equations **

** = Sum(Norm*PhiM*SjA)/Sum(Norm*PhiM^2) **

** BSB = Bj*Sjk*Bk = Int(Sum(B*S)*Sum(B*S)) **

** BSA = Bj*SjA = Int(Sum(B*S)*ArM) **

** NumV = Number of Variables of system = NumG*NumF+2 **

** ================================================================ **

$ INCLUDE : 'BI3D1.Inc'

INTEGER NumS,Ti,Tf,NumV , Stru,Time , J,K,Count

REAL*8 Ag(MaxT,MaxG,MaxF),ArM(MaxT,MaxS),AmM(MaxT)

REAL*8 OmgM,KsiM,PhiM(MaxS),Norm(MaxS),PhiMax,PhiOld

REAL*8 B(MaxV),S(MaxT,MaxV),Sjk(MaxV,MaxV),SjA(MaxV,MaxS)

REAL*8 RHS(MaxV),BSB,BSA,Intg,dT/0.02D0/,Sum

COMMON /S[]/ NumS

COMMON /Tif/ Ti,Tf

COMMON /V[]/ NumV

COMMON /Ag[]/ Ag

COMMON /ArM[]/ ArM

COMMON /No[]/ Norm

** ================================================================ **

** +----------------------------------------------------------+ **

** | COMPUTE S(T,NumV) | **

** +----------------------------------------------------------+ **

CALL ComputeS ( OmgM,KsiM,Ag,S )

** +----------------------------------------------------------+ **

** | COMPUTE Sjk = Skj = Int(Sj*Sk) , SjA = Int(Sj*ArM) | **

** +----------------------------------------------------------+ **

DO 10 J = 1,NumV

DO 10 K = 1,J

Sjk(J,K) = Intg ( S(Ti,J),S(Ti,K),Ti,Tf,dT )

Sjk(K,J) = Sjk(J,K)

10 CONTINUE

DO 20 J = 1,NumV

DO 20 Stru = 1,NumS

SjA(J,Stru) = Intg ( S(Ti,J),ArM(Ti,Stru),Ti,Tf,dT )

20 CONTINUE

** ------------------------------------------------------------ **

Count = 0

95 Count = Count + 1

** +----------------------------------------------------------+ **

** | COMPUTE RHS = Sum(Norm*PhiM*SjA) / Sum(Norm*PhiM^2) | **

** +----------------------------------------------------------+ **

Sum = 0.D0

DO 30 Stru = 1,NumS

Sum = Sum + Norm(Stru) * PhiM(Stru)**2

30 CONTINUE

DO 40 J = 1,NumV

RHS(J) = 0.D0

DO 50 Stru = 1,NumS

RHS(J) = RHS(J) + Norm(Stru) * PhiM(Stru) * SjA(J,Stru)

50 CONTINUE
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RHS(J) = RHS(J) / Sum

40 CONTINUE

** +----------------------------------------------------------+ **

** | SOLVE B from linear equations Sjk * B = RHS | **

** +----------------------------------------------------------+ **

CALL SolveSystem ( Sjk,RHS,B,NumV )

** +----------------------------------------------------------+ **

** | COMPUTE BSB = Bj*Sjk*Bk = Int(Sum(B*S)*Sum(B*S)) | **

** +----------------------------------------------------------+ **

BSB = 0.D0

DO 60 J = 1,NumV

DO 60 K = 1,NumV

BSB = BSB + B(J) * Sjk(J,K) * B(K)

60 CONTINUE

** ------------------------------------------------------------ **

PhiMax = 0.D0

Sum = 0.D0

DO 70 Stru = 1,NumS

PhiOld = PhiM(Stru)

** +----------------------------------------------------------+ **

** | COMPUTE BSA = Bj*SjA = Int(Sum(B*S)*ArM) | **

** +----------------------------------------------------------+ **

BSA = 0.D0

DO 80 J = 1,NumV

BSA = BSA + B(J) * SjA(J,Stru)

80 CONTINUE

** +----------------------------------------------------------+ **

** | COMPUTE PhiM = BSA / BSB | **

** +----------------------------------------------------------+ **

PhiM(Stru) = BSA / BSB

IF (DABS(PhiM(Stru)).GT.PhiMax) PhiMax = DABS(PhiM(Stru))

Sum = Sum + DABS(PhiM(Stru)-PhiOld)

70 CONTINUE

** +----------------------------------------------------------+ **

** | CHECK convergence of PhiM | **

** +----------------------------------------------------------+ **

IF (Sum.GT.PhiMax*NumS*0.001D0.AND.Count.LT.10) GOTO 95

** +----------------------------------------------------------+ **

** | NORMALIZE PhiM,B | **

** +----------------------------------------------------------+ **

DO 90 Stru = 1,NumS

PhiM(Stru) = PhiM(Stru) / PhiMax

90 CONTINUE

DO 100 J = 1,NumV

B(J) = B(J) * PhiMax

100 CONTINUE

* WRITE(*,'('' PhiM = '',10F8.4)') ( PhiM(Stru) , Stru=1,NumS )

* WRITE(*,'('' B = '',10F8.4)') ( B(J) , J=1,NumV )

** +----------------------------------------------------------+ **

** | COMPUTE AmM = Sum(B*S) | **

** +----------------------------------------------------------+ **

DO 110 Time = Ti,Tf

AmM(Time) = 0.D0

DO 110 J = 1,NumV

AmM(Time) = AmM(Time) + B(J) * S(Time,J)

110 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE ComputeS ( Omg,Ksi,G,S )
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** ================================================================ **

** COMPUTE unit acceleration response S(T,NumV) of SDOF linear **

** oscillator S + 2*Ksi*Omg*V + Omg^2*X = - G by using **

** Duhamel's integral over the time interval Ti~Tf ( Beck, **

** J.L. & Dowling,M.J. , " Quick Algorithms for Computing **

** Either Displacement, Velocity or Acceleration of an **

** Oscillator " , Earthquake Engineering and Structural **

** Dynamics, Vol.16, P.245-253, 1988 ) **

** ------------------------------------------------------------ **

** S(T,1:NumV-2) = response of 'forced vibration' due to ground **

** accel,veloc,displ with X(To)=V(To)=0 **

** S(T,NumV-1) = response of 'free vibration' with X(To)=1 **

** S(T,NumV) = response of 'free vibration' with V(To)=1 **

** ............................................................ **

** Omg,Ksi = natural frequency & damping ratio of oscil. **

** G(T,NumG,NumF) = recorded Ground support Accel,Veloc,Displ **

** = Ag(T,NumG), Vg(T,NumG), Xg(T,NumG) **

** NumV = Number of response Variables = NumG*NumF+2 **

** ================================================================ **

$ INCLUDE : 'BI3D1.Inc'

INTEGER NumF,NumG,Ti,Tf,NumV , F,I,T,V

REAL*8 Omg,Ksi,G(MaxT,MaxG,MaxF),S(MaxT,MaxV),dT/0.02D0/

REAL*8 A1,A2,A3,A4,B1,B2,B3,OmgT,KsiT,SKsiT,e,eSin,eCos

COMMON /F[]/ NumF

COMMON /G[]/ NumG

COMMON /Tif/ Ti,Tf

COMMON /V[]/ NumV

** ================================================================ **

** +----------------------------------------------------------+ **

** | COMPUTE the required repeat constants | **

** +----------------------------------------------------------+ **

OmgT = Omg * dT

KsiT = Ksi * OmgT

SKsiT = DSQRT(1-Ksi**2) * OmgT

e = DEXP(-KsiT)

eSin = e * DSIN(SKsiT) / SKsiT

eCos = e * DCOS(SKsiT)

** +----------------------------------------------------------+ **

** | COMPUTE the time independent coefficients As & Bs | **

** +----------------------------------------------------------+ **

A1 = 2.D0 * eCos

A2 = - e**2

A3 = Omg**2 * ( KsiT*eSin - eCos )

A4 = - Omg * ( (1.D0-2.D0*Ksi**2)*OmgT*eSin + 2.D0*Ksi*eCos )

B1 = eSin

B2 = eCos - (1.D0+KsiT)*eSin

B3 = 1.D0

** +----------------------------------------------------------+ **

** | COMPUTE responses of forced vibration S(T,1:NumV-2) | **

** +----------------------------------------------------------+ **

V = 0

DO 10 F = 1,NumF

DO 20 I = 1,NumG

V = V + 1

S(Ti,V) = - B3*G(Ti,I,F)

S(Ti+1,V) = - B1*G(Ti+1,I,F) - B2*G(Ti,I,F)

DO 20 T = Ti+2,Tf

S(T,V) = A1*S(T-1,V) + A2*S(T-2,V)

& - B1*(G(T,I,F) - 2*G(T-1,I,F) + G(T-2,I,F))

20 CONTINUE
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** +----------------------------------------------------------+ **

** | UPDATE Bs from G=Ag to G=2*Ksi*Omg*Vg and G=Omg^2*Xg | **

** +----------------------------------------------------------+ **

B1 = B1 * Omg

B2 = B2 * Omg

B3 = B3 * Omg

10 CONTINUE

** +----------------------------------------------------------+ **

** | COMPUTE responses of free vibration S(T,NumV-1:NumV) | **

** +----------------------------------------------------------+ **

S(Ti,V+1) = - Omg**2

S(Ti,V+2) = - 2.D0*Ksi*Omg

S(Ti+1,V+1) = A3

S(Ti+1,V+2) = A4

DO 30 T = Ti+2,Tf

S(T,V+1) = A1*S(T-1,V+1) + A2*S(T-2,V+1)

S(T,V+2) = A1*S(T-1,V+2) + A2*S(T-2,V+2)

30 CONTINUE

NumV = V + 2

RETURN

END

************************************************************************

SUBROUTINE SolveSystem ( A,B,X,N )

** ================================================================ **

** SOLVE system of N linear equations A(N,N)*X(N)=B(N) of X **

** ............................................................ **

** LDLTDec : Lower-Diagonal-Lower-Transpose Decomposition for A **

** A = LDLT AX = B -> LDLTX = B **

** FDBSub : Forward-Diagonal-Backward Substitution to solve X **

** LTX = Y DY = Z LZ = B **

** ------------------------------------------------------------ **

** A : must be a symmetric positive definite square matrix **

** MaxV = Maximum dimension of matrix A >= N **

** ================================================================ **

$ INCLUDE : 'BI3D1.Inc'

INTEGER N

REAL*8 A(MaxV,MaxV),B(MaxV),X(MaxV)

REAL*8 L(MaxV,MaxV),D(MaxV)

** ================================================================ **

DO 10 J=1,N

X(J)=B(J)

DO 10 I=1,J

10 L(I,J)=A(I,J)

CALL CBDECP (L,N,N,MaxV)

CALL CBSOLX (L,X,N,N,MaxV)

RETURN

END

************************************************************************

SUBROUTINE OutputResult

** ================================================================ **

** WRITE Ar,Ac WRITE Omg,Ksi,Phi **

** ------------------------------------------------------------ **

** Ar(T,NumS) = Recorded relative Acceleration **

** Ac(T,NumS) = Computed relative Acceleration = Sum(Am*Phi) **

** Omg(NumM) = computed optimal modal frequencies **

** Ksi(NumM) = computed optimal modal damping coefficients **

** Phi(NumS,NumM) = computed optimal mode shapes **

** ================================================================ **

$ INCLUDE : 'BI3D1.Inc'

INTEGER NumM,NumS,Ti,Tf , Mode,Stru,Time
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REAL*8 Ar(MaxT,MaxS),Am(MaxT,MaxM),Ac

REAL*8 Omg(MaxM),Ksi(MaxM),Phi(MaxS,MaxM)

COMMON /M[]/ NumM

COMMON /S[]/ NumS

COMMON /Tif/ Ti,Tf

COMMON /Ar[]/ Ar

COMMON /Am[]/ Am

COMMON /X[]/ Omg,Ksi

COMMON /Y[]/ Phi

** ================================================================ **

** +----------------------------------------------------------+ **

** | WRITE Ar(T,NumS) | **

** | Ac(T,NumS) = Sum(Am(T,NumM)*Phi(NumS,NumM)) | **

** +----------------------------------------------------------+ **

OPEN (4,FILE='BI3D1.Res',FORM='FORMATTED')

DO 10 Stru = 1,NumS

DO 10 Time = Ti,Tf

Ac = 0.D0

DO 20 Mode = 1,NumM

Ac = Ac + Am(Time,Mode)*Phi(Stru,Mode)

20 CONTINUE

WRITE(4,110) Stru,Time,Ar(Time,Stru),Ac

110 FORMAT(2I5,1P2E12.4)

10 CONTINUE

** +----------------------------------------------------------+ **

** | WRITE Omg(NumM),Ksi(NumM),Phi(NumS,NumM) | **

** +----------------------------------------------------------+ **

OPEN (2,FILE='BI3D1.Out',FORM='FORMATTED')

DO 30 Mode = 1,NumM

WRITE(2,120) Mode,Omg(Mode),Mode,Ksi(Mode)

120 FORMAT(2X,'Omg(',I1,') =',F12.6,10X,'Ksi(',I1,') =',F12.6)

DO 30 Stru = 1,NumS

WRITE(2,130) Stru,Mode,Phi(Stru,Mode)

130 FORMAT(2X,'Phi(',I2,',',I1,') =',F12.6)

30 CONTINUE

RETURN

END

************************************************************************

** BI3D1.Inc **

************************************************************************

** INCLUDE FILE for BI3D1.For **

** ================================================================ **

** DEFINE Maximum dimensions : MaxM,MaxF,MaxG,MaxS,MaxT,MaxV **

** for MAIN PROGRAM and SUBROUTINEs of BI3D1.For **

** BI3D1.Dat must has NumT*NumF*NumG+NumT*NumS lines of data **

** ------------------------------------------------------------ **

** MaxM = Maximum number of Modes can be analyized >= NumM **

** MaxF = Maximum number of support Forcing inputs >= NumF **

** MaxG = Maximum number of Ground support DOFs >= NumG **

** MaxS = Maximum number of superStructure DOFs >= NumS **

** MaxT = Maximum number of Time steps in Ag and At >= NumT **

** MaxV = Maximum number of Variables for solving Am >= NumV **

** ================================================================ **

PARAMETER (

& MaxM = 5,

& MaxF = 3,

& MaxG = 9,

& MaxS = 15,

& MaxT = 2000,

& MaxV = MaxG * MaxF + 2 )
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23.1 �

������������������� !"#$%&'(��
)*+$,-./!&�01#,2./34 (567&./8�9: )

;<=>?@�'(ABCDE�F<GH-I��!JKLDE��%
���!)*M-N���LOPQR-ST��UV��WX���
������ !%YZ��[B�U\-]���^_`a'(� 
$[Bb���������-5&[B��1#,-��cdef�
'(-]g4h./"i[B�����def-Jj`a'(ki[
B���,�'(lefB�j��m"i[B���,�n��cd
��%&�o�����1#,-YZpq"rstuv-w��t�
oxjt����%

yz{#GH|}���+$~�-�'(��-����-�:�
��%�B�������L./ (node)"� (arc)-./"�&nXG
H���C����-��&�����./�~���-��~��
�������-&'(����~��3�g�67'(-./�~
'(��/����-� �¡¢%'(��)*+$w)L£¤¥P)
* !¦WL./!§WL��!%./!����./34L¨©F-
YZ6ª«¬ (56a"6x./�3ªd� )L�$®�0-¯S6
ª«¬$�W°±$²�34;<&)³�´µ-¶&�01#,23
4;<=>?@�'(]ABCDE�F<GH%��!J�'(6ªL
¨©F-·�6ª«¬$ k��34«¬ (5��,'(£¸/�34
;�¹L@ )L�$�0-T !KLDE��-¶WºKL)*»l¼

641



642 ½¾¿ÀÁ ÂÃÄÅÆÃÇÈÅ
Z%ÉÊKesavan�YZËÌÍÎ (graph theory)�o��¦ÏÐoxWÑ
ÒÓËÌ-g./L���ÔÕ./-g'(F�?./FÖW-×Ø
./�Ù�WÚ��-Û5Ü��Ý&?ÒÓËÌ-Ô��,Þ?TÒÓ
ËÌ����'(�ßàáÒß (tree)-gâCÞ?ÒÓ���'(�ß
àáâÒß (cotree)%âÒßã�'(F�?Ô�����F-äâÒß
ã�åW'("Òßã�'(wæW��á����%Sçè����n
é²WâÒßã�'(-¶êL�����%T!�ëìí/Llæ�
��îKï-5ð²�'(Kz-ç]ñ��)*lò���ªó`%�
�]��ôW !��o��-g�õCö?�Òß"âÒß�o��
� !-÷læ���îKø-Sgùyj��|1i[B���l�
'(-dú?ûW��Cü?é�îÒßã�'(%NielsenJ�ËÌÍ
ÎYZýþÿ��f�x��34«¬$��Fýþ%��Ð�L��
b!-��������«¬$ (��	
w�1 )%

]6ª«¬$ (56a"6x./�3ªd� )�L¦
NpX
i=1

aijqi = Qj ; j = 1; 2; . . . ; Nn�1 (23.1)

$, iL'(�- jL./�-NpL'(�F-NnL./�F- aij

�F�1-�1-0�X<-� i'(���66a j./-Jaij=1§� i'
(���66x j./-J aij=�1§� i'(" j./Cde-J aij=0 %
qiL i'(�6ª-QjL j./�6x3ª-�$w�Býþ$��¦

[A]Tfqg = fQg (23.2)

$, [A]LNp � (Nn�1)ýþ- fqgLNp��ª- fQgL (Nn�1)��ª%
]6ª fqg)L�X6ª�¹¦

fqg = fqcg+ [C]fug = [ I j C ]

8<
:
qc

u

9=
; (23.3)

÷ [C]ýþ����£$
[A]T [C] = 0 (23.4)

[C] 6= 0 (23.5)

$, fqcgL$ (23.2)�×�0- fugL (Np�Nn+1)��ª-L���6ª
- [C]LNp�(Np�Nn+1)ýþ-J [C]ýþL��34«¬$��Fýþ-
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[C]ýþw���1#ox¦ÏÐ2 [A]Týþ�®��-5¦
[A]T [P ] = [ F j G ] (23.6)

ñ [F ]L (Nn�1) � (Nn�1)���� þ (�� [F ]�n®w L2!?
Kesavan�Òßã�'( i��F aij)-·"

fqcg = [P ]

8<
:

[F ]�1fQg

f0g

9=
; (23.7)

[C] = [P ]

2
4 �[F ]�1[G]

[I]

3
5 (23.8)

J [C]ýþ5L#���Fýþ-g��� 0-�1- 1�X<%
Nielsen!$Z�#$q%&�L (Nn�1)�Np-2ì'��I(-'

(F)w�ì*F+�F,-ñZKLC--�.5��ôWXN��
����!%

23.2 ./0/12345

�'(deÌB������$��U6¦
Nl = Np �Nn + 1 (23.9)

g,NlL��#�� (closed loop)��ÑF-NpL'(ÑF-NnL./
ÑF%

×Ø��7L'(k./l[B-mw]���^_`aj'(k
j./� $[Bb��%&[B���1#,-`aj'(kj./�
 $8�oW9def�j'(kg�j./-g4h./·"i[B
���,�:'(kg�:./deI�BWj��%;�b9j'(C
æ<��B��-÷j'(�./=Lj./-éb9j'(�4h�
¸./L:./%J¦ (1)j`a�'(ki[B���,�'(lef
B�j��m"i[B���,�n����cd��§ (2)[B>WÑ
���'(ÑF"./ÑFd�§ (3)jóW��M-gj`a�j'(
ÑFmKj./ÑFz 1%¶&^°�æj���n?@-gi[B��
�[,�����ÑF-'(ÑFk./ÑFmAà�$¦

Nl;i = Np;i �Nn;i + 1 (23.10)
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g,Nl;i-Np;i-Nn;i)VL> i?@���ÑF-'(ÑFk./ÑF%

BK$ (23.9)"$ (23.10)£$Ûw©ú�jt��CDM-l=jó
`�'(ÑFLjó`./ÑF` 1%÷Sjó`�����j`a�'
(-¶b��"EW?@�l������mÞ���� (�áCdF�
� )%

23.3 ./0/123GH

L	
 --ÏÐE�WèIJ¦&`aj'(�[B��I�o
�����1#,-ú'(&�?@i`a��,-ágLKñZ1�
'( (used pipe)-áb'(��¸./LiñZ1�./ (used node)-
ú./�dL'(ê¨ñZ1-ágL¨ñZ1�./ (5./M¨`
a��, )-ú./�dL'(êiñZ1-ágLNÔñZ1�./ (

5./�l�dL'(êi`a��, )-�./�Õ)dL'(iñZ
1-ágL¨NÔñZ1�./%áO�o�j��PQ/LxR./
(start node)-��xR./�ådL'(SQ�o����-áb'(
LxR'( (start pipe)-áxR'(�d2?xR./�ô¸./LT
./ (root node)%

N������uvwYZ��U�trs (scan)"pq (label)%&
��U��zXGHwYZrs"pqtuv-��ëø�î-ëïV
#-ëì6ª� (>WX�ÛYZTuv )%��E-úY./Z][\
]a^./M-m=_1de�'(-ST_1'(��o./-áL
rs%gdL./à?Ú`»Japq-áY./Lrs./-^./
Lapq./%apq�./�Fb�aWáLpq./b��ßà�-
��OcLrs./%×ØMd./�ÓemL���X�W¦ (1)L¨
pq- (2)LipqOrs- (3)Lipqirs%��mP-Ûw]Kp
qirs�./ (>�XÓe )Oj�aKpqOrs (>£XÓe )�Ó
e-�ëø-ëïV#%fgnXGHlñZ�pqÚ`CW-¯gh
iJì�j�%!Z�Elk !�o����M-úå./adL�
rl./rsIpq-5~�wm|�rl./*apq./�'(I
�Bj��-ST&rs"pq�1#,-apq./=Aà��Ú`
¦ (1)�rs./LiñZ1-l|1�'(Û=LiñZ1 (5Ùm_
1iñZ1'(rl )% (2)apq./nL¨pq./%
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&SQ�o������-ÏÐ]��,l�./k'(ê�L¨
ñZ1�./k'(-�× W./LxR./-gdL¨ñZ1�'
(LxR'(-xR'(�ôW¸./LT./-�qOr�k�oj
���1#¦
(1)ÏÐ]l�./�L¨pq./-]T./pqq�?pq./b��
Ï%�qOr�ks��*�æjt���bb��t�Ors./Ý&
Lu¦
(1a)�pq./b�,FbäxWOrs./cLrs./-�brs.
/_1gdL'(rlgvwdL�./-ars�./�àxEkpq
�Ú`Japq-apq�./�LxR./-J�æ��tj��-
ycQR (2a)%
(1b)zJ-]Tjpq�./�apq./b��-�q{Tjpq./
�rs./k|1�'(|�}~������xR./�Z%yc
QR (1a)%
(2a)��æj��-J�xR./Fl�{�'(|^°~���|1
�./*xR./-l|'(5Lj���'(%]b���l�'(
�LñZ1%ycQR (3)%
(2b)�pq./b��t�Ors./Ý&-~��xR'(xRÜ!�
æj��%]xR'(k�¸./�LñZ1%ycQR (3)%
(3)Oj EW¨NÔñZ1�./�LxR./-OrQR (1)��oj
��§�l�./êLNÔñZ1-Ji�æWde���l���%
ycQR (4)%
(4)���Lz�Cde��-J?W�'(k./êi�LNÔñZ1
�./q-=·�o���¨ñZ1./cLxR./-� ExR'
("T./qOrQR (1)%

S�� (open loop)ÛwZ�� $�æ¦��W'(?S���4
h./-ú�og���M-�u�1T��'(-�T��'(LxR
'(-l�æ�������'(-5Llò�S��%

23.4 ��

ËW���� 9Ñ./- 12�'(- 4Ñ����-�Ë£ (a)* (d)

Fbp��o 4Ñ�����1#%
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ËW ./"'(�

¦./� (¨ñZ )

¦'(� (¨ñZ )

¦./� (iñZ )

¦'(� (iñZ )

¦./�pq�b

Ë£ ���pq�b
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&Ë£ (a),-./ 1LxR./-'( 1LxR'(-./ 2LT.
/-./�apq�bL (2; 3; 5; 6; 4; 8; 9; 1)%&o�xR./ 1M-5
w�E�æjt����-�q�./ 1F~��îwæb���'(
|-FbL (3; 6; 4; 1)-�q]��E�'(�LiñZ1%

&Ë£ (b),-./ 2LxR./-'( 2LxR'(-./ 3LT.
/-./�apq�bL (3; 6; 5; 9; 2)%;�ú�./ 5Lrs./M-
S./ 5LiñZ1�./-¶ém_1iñZ1�'( 4rlIpq.
/ 2-ICm_1¨ñZ1�'( 9rl�./ 8-gâ��!�Ek%

Ë£ (c)kË£ (d))V�oô�£Ñ����-�qSl�'(êi
�LiñZ1-~�ÔÕ����êioæ%

��Kesavan!äË��Òß-Jlæ�n�����'(|L
(6; 4; 1; 3)- (7; 5; 2; 4)- (11; 9; 4; 1; 3; 8)- (12; 10; 5; 2; 4; 9)-�Ë�%
g���'(F)
�tBË£læ���'(F)z%��E�Ë£
læ������xLëø��%

Ë� Òß'("./ Ë� âÒß'("����

23.5 ./0/123��

���}E. !lN��#$-#$,n�F����¦NP-NN

-NL)V�~��'(F)-./F)-��F)-NOPP(1:2,I))V
L'(�4h./�%�pPONP(J)�ã�LñK=PONP(J)+I{1<2
!� PONS(K)��Ý�b|K-5� PONS(PONP(J)+I{1)�Ý./ J

vw�> IdL'(|%�p POLP(L)�ã�LñK=POLP(L)+I{1<
2!�POLS(K)��Ý�b|K-5�POLS(POLP(L)+I{1)�Ý��
LlÞ�> Ide'(|%��.���L�-Ekn<���l�¦
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'(| J 1 2 3 4 5 6 7 8 9 10 11 12

NOPP(1,J) 1 2 1 2 3 4 5 4 5 6 7 8

NOPP(2,J) 2 3 4 5 6 5 6 7 8 9 8 9

./| J '(| '(F PONP(J)

1 {1 {3 2 1

2 1 {2 {4 3 3 =2+1

3 2 {5 2 6 =3+3

4 3 {6 {8 3 8 =2+6

5 4 6 {7 {9 4 11 =3+8

6 5 7 {10 3 15 =4+11

7 8 {11 2 18 =3+15

8 9 11 {12 3 20 =2+18

9 10 12 2 23 =3+20

25 =2+23

PONS(K) �1 �3 1 �2 �4 2 �5 3 �6 �8

K 1 2 3 4 5 6 7 8 9 10

4 6 �7 �9 5 7 �10 8 �11 9 11 �12 10 12

11 12 13 14 15 16 17 18 19 20 21 22 23 24 25

��|L '(| '(F POLP(L)

1 3 6 {4 {1 4 1

2 4 7 {5 {2 4 5 =4+1

3 6 9 {11 {8 4 9 =4+5

4 {7 9 12 {10 4 13 =4+9

17 =4+13

POLS(K) 3 6 �4 �1 4 7 �5 �2

K 1 2 3 4 5 6 7 8

6 9 �11 �8 �7 9 12 �10

9 10 11 12 13 14 15 16 17
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#$ô��PONU(J)q{J./�ñZÓµ¦PONU(J)=PONP(J+1)

~�./¨ñZ§PONP(J)<PONU(J)<PONP(J+1)~�./iñZ¯¨
NÔñZ§PONU(J)=PONP(J)~�./KNÔñZ%L .¡#$q%
&�-� PONP(J)ä¢�~ J./ipq-�NOPP(1,IP)ä¢�~
'( IPiñZ-�NOPP(2,IP)ä¢�~��'(%�LVSN(1:JL)b�

�Ýapq./|-g> 1* IL{1bã�./Lirs./-> ILb

�./Lrs./-> IL+1* JLb./LOrs./%2!¡¢�
LVSB(JL)k LVSP(JL))Vq{ñ./ LVSN(JL)apq�rs./tb
kl_1�'(�|%� IR�~xR./- IP�~xR'(- JR�
~T./-��L#$�8ÍQR¦
(1)ÌBPONP(1:NP)-PONS(*)-PONU(1:NN)-"xR./ IR�? 1%
(2)�xR./ IR xR'( IPkT./ JR%
(3)pqxR'(�T./ JR-" IL=1-]T./Ýapq./b��
> 1¡¢-5" JL=1-�Ýapq./|k2!£¤LVSN(JL)=JR-
LVSP(JL)=IP-LVSB(JL)=0%
(4)äxpq./b�,�> ILb�./ IN=LVSN(IL)cLrs./-
Fb_1gdL'( JP�rl./ JN%�å./ JNà?pqÚ`-J
¥yQR (5)%�./ IN�rl./êCàpqÚ`-J¦*QR (6)%
(5)pq./ JN-5" JL=JL+1-�Ýpqb�£¤ LVSN(JL)=JN-
LVSP(JL)=JP-LVSB(JL)=IL-�./ JNLxR./-J�æjt��
��-¦*QR (7)-zJ¥yQR (6)%
(6)" IL=IL+1-� IL�JLJ¦�QR4§� IL>JLJ~�pqb�,iÜ
Ors./-"./ IR- JRk'( IPLiñZ1-¦*QR (8)%
(7)� LVSN-LVSP- LVSB�£¤oxj�����./k'(-�"
gLiñZ1-¥yQR (8)%
(8)�o�W����¨ñZ1�./cLjtxR./ IR-�æJ¦�
QR (2)§zJ¥yQR (9)%
(9)�oôW����¨ñZ1�./cLjtxR./ IR-�æJ¦�
QR (2)§zJ§¨�#$%

�#$S�o��lò�q%&�L 4 �Np-KNielsenl�x� !
lò�Np � (Nn�1)ìL.¡-�©Z?ª«¬���3'�)*,-g
Np = 448; Nn = 239; Nl = 210%
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[~W ] N������#$

************************************************************************

SUBROUTINE MKLOOP(NOPP,PONP,PONS,POLP,POLS

* ,PONU,LVSN,LVSP,LVSB,NP,NN,NL)

C** ============================================================ **

INTEGER NOPP(2,NP),PONP(1),PONS(1),POLP(1),POLS(1)

INTEGER PONU(NN),LVSN(NN),LVSP(NN),LVSB(NN)

C** ============================================================ **

C** Input : NOPP(2,NP),NP,NN **

C** Oouput : PONP(NN+1),PONS(2*NP),POLP(NL+1),POLS(POLP(NL+1)-1),NL **

C** Working: PONU(NN),LVSN(NN),LVSP(NN),LVSB(NN) **

C** ------------------------------------------------------------ **

C** NP,NN,NL = Numbers of pipes, nodes, loops **

C** NOPP(2,IP) = Positive pipe flow **

C** from node NOPP(1,IP) to NOPP(2,IP) **

C** PONP,PONS = Pipe list of nodes **

C** POLP,POLS = Pipe list of loops **

C** PONU(IN) = Index for the usage of pipes connected to node IN **

C** = PONP(IN+1) : No pipe used : unused node **

C** = PONP(IN) : All pipes used : used node **

C** = In between : Some pipes used : used node **

C** PONP(IN) < 0 : To mark node IN as labeled **

C** NOPP(1,IP) < 0 : To mark pipe IP as used **

C** NOPP(2,IP) < 0 : Input value for a dummy pipe btwn 2 reservoirs **

C** It is used in the only loop rooted by itself **

C** LVSN,LVSP,LVSB = Node, pipe, backward_pntr in level structure **

C** ------------------------------------------------------------ **

C** Connected pipes of node IN : PONS( PONP(IN) : PONP(IN+1)-1) ) **

C** Connected pipes of loop IL : POLS( POLP(IL) : POLP(IL+1)-1) ) **

C** ============================================================ **

C** +----------------------------------------------------------+ **

C** | Count the no. of pipes connecting to node IN : PONU(IN) | **

C*1 +----------------------------------------------------------+ **

DO 100 IN=1,NN

100 PONU(IN)=0

DO 120 IP=1,NP

DO 120 K=1,2

IN=IABS(NOPP(K,IP))

120 PONU(IN)=PONU(IN)+1

C** +----------------------------------------------------------+ **

C** | Setup pointers to the pipe list for the nodes | **

C** +----------------------------------------------------------+ **

PONP(1)=1

DO 140 IN=1,NN

PONP(IN+1)=PONP(IN)+PONU(IN)

140 PONU(IN)=PONP(IN)

C** +----------------------------------------------------------+ **

C** | Setup pipe list of nodes | **

C** +----------------------------------------------------------+ **

DO 160 IP=1,NP

DO 160 K=1,2

IN=IABS(NOPP(K,IP))

IT=PONU(IN)

PONS(IT)=IP*(2*K-3)

160 PONU(IN)=IT+1

C** +----------------------------------------------------------+ **

C** | Initialize a loop array | **

C** +----------------------------------------------------------+ **

NL=0



23.5 ÈÅÄÅÆÃÇ�� 651

POLP(NL+1)=1

ML=NP-NN+1

C** +----------------------------------------------------------+ **

C** | Setup a level structure for an unused pipe: NOPP(1,IP)>0 | **

C** | The pipe must has at least one used node: node IR | **

C** | Node IR is a used node but not labeled as a root node | **

C*2 +----------------------------------------------------------+ **

IR=1

200 IBG=PONP(IR)

IED=PONP(IR+1)-1

DO 700 IT=IBG,IED

IP=IABS(PONS(IT))

IF(NOPP(1,IP).LE.0) GO TO 700 ! Skip used pipes

C** +----------------------------------------------------------+ **

C** | Make IP as a root pipe and JR as a root node : JL = 1 | **

C** | Mark node JR as labeled : PONP(JR) < 0 | **

C*3 +----------------------------------------------------------+ **

JR=NOPP(1,IP)+IABS(NOPP(2,IP))-IR

PONP(JR)=-PONP(JR)

JL=1

LVSN(JL)=JR

LVSP(JL)=PONS(IT)

LVSB(JL)=0

IL=1

C*4 ------------------------------------------------------------ **

300 IN=LVSN(IL)

JBG=IABS(PONP(IN))

JED=IABS(PONP(IN+1))-1

DO 400 JT=JBG,JED

JP=IABS(PONS(JT))

C** +----------------------------------------------------------+ **

C** | Never go through unused pipe from used node | **

C** +----------------------------------------------------------+ **

C** | PONU(IN)=PONP(IN+1): unused node: OK for all unused pipe | **

C** | PONU(IN)=PONP(IN) : used node: OK for all used pipe | **

C** | PONU(IN)=In between: used node: OK for used pipes only | **

C** +----------------------------------------------------------+ **

IF(PONU(IN).LE.JED.AND.NOPP(1,JP).GT.0) GO TO 400

IF(NOPP(2,JP).LT.0) GO TO 400

JN=IABS(NOPP(1,JP))+NOPP(2,JP)-IN

IF(PONP(JN).LT.0) GO TO 400

IF(JP.EQ.IP) GO TO 400

C*5 ------------------------------------------------------------ **

PONP(JN)=-PONP(JN)

JL=JL+1

LVSN(JL)=JN

LVSP(JL)=PONS(JT)

LVSB(JL)=IL

IF(JN.EQ.IR) GO TO 500

400 CONTINUE

C*6 ------------------------------------------------------------ **

IL=IL+1

IF(IL.LE.JL) GO TO 300

C** +----------------------------------------------------------+ **

C** | Reset index for labeled nodes | **

C*6 | Always mark the root pipe and its end nodes as used | **

C*7 +----------------------------------------------------------+ **

500 DO 550 IL=1,JL

IN=LVSN(IL)

550 PONP(IN)=IABS(PONP(IN))
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C** ------------------------------------------------------------ **

PONU(IR)=PONU(IR)-1

PONU(JR)=PONU(JR)-1

NOPP(1,IP)=-NOPP(1,IP)

C** ------------------------------------------------------------ **

IF(IN.NE.IR) GO TO 700

C** +----------------------------------------------------------+ **

C** | Trace back the level structure for the pipes of new loop | **

C*7 +----------------------------------------------------------+ **

NL=NL+1

KT=POLP(NL)

C** ------------------------------------------------------------ **

600 JP=IABS(LVSP(JL))

IF(NOPP(1,JP).GT.0) THEN

IN=NOPP(1,JP)

JN=NOPP(2,JP)

PONU(IN)=PONU(IN)-1

PONU(JN)=PONU(JN)-1

NOPP(1,JP)=-IN

ENDIF

POLS(KT)=LVSP(JL)

KT=KT+1

JL=LVSB(JL)

IF(JL.GT.0) GO TO 600

C** ------------------------------------------------------------ **

POLP(NL+1)=KT

700 CONTINUE

C** +----------------------------------------------------------+ **

C** | Find a used node which has at least one unused pipe : IR | **

C** | or an unused node for another separate district : IY | **

C** +----------------------------------------------------------+ **

C** | PONU(IR)=PONP(IR+1): unused node: NG for all unused pipe | **

C** | PONU(IR)=PONP(IR) : used node: NG for all used pipe | **

C*8 | PONU(IR)=In between: used node: OK for any unused pipe | **

C*9 +----------------------------------------------------------+ **

IX=IR

IY=NN+1

750 IR=IR+1

IF(IR.GT.NN) IR=1

IF(IR.EQ.IX) THEN

IF(IY.GT.NN) GO TO 900

ML=ML+1

IR=IY

GO TO 200

ENDIF

IF(PONU(IR).EQ.PONP(IR)) GO TO 750

IF(PONU(IR).NE.PONP(IR+1)) GO TO 200

IY=MIN0(IR,IY)

GO TO 750

C** ------------------------------------------------------------ **

900 IF(NL.NE.ML) WRITE(*,*) ' ERROR IN MKLOOP '

DO 950 IP=1,NP

950 NOPP(1,IP)=IABS(NOPP(1,IP))

RETURN

END

************************************************************************
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[~£ ] N������®Z#$

************************************************************************

PROGRAM MKMAIN

C** ============================================================ **

INTEGER A(10000)

NDIM=10000

C** ============================================================ **

100 READ (*,'(/I5,2I5)') NP,NN,ND

IF(NP.EQ.0.OR.NN.EQ.0) STOP

IF(ND.LE.0) ND=1

WRITE(*,'(I6)')

NL=NP-NN+ND

C** ------------------------------------------------------------ **

N1=1

N2=N1+2*NP ! NOPP(2,NP)

N3=N2+NN+1 ! PONP(NN+1)

N4=N3+2*NP ! PONS(2*NP)

N5=N4+NL+1 ! POLP(NL+1)

N6=NDIM-4*NN+1 ! POLS(*) unknown

N7=N6+NN ! PONU(NN)

N8=N7+NN ! LVSN(NN)

N9=N8+NN ! LVSP(NN)

NA=N9+NN ! LVSB(NN)

C** ------------------------------------------------------------ **

CALL MKINP (A(N1),NP)

CALL MKLOOP(A(N1),A(N2),A(N3),A(N4),A(N5)

* ,A(N6),A(N7),A(N8),A(N9),NP,NN,NL)

CALL MKOUT (A(N2),A(N3),A(N4),A(N5),NN,NL)

IF(N5+A(N4+NL).GT.N6) WRITE(*,*) ' ARRAY TOO SMALL '

GO TO 100

END

************************************************************************

SUBROUTINE MKINP(NOPP,NP)

C** ============================================================ **

INTEGER NOPP(2,NP)

C** ============================================================ **

DO 200 IP=1,NP

READ (*,'(5X,2I5)') NOPP(1,IP),NOPP(2,IP)

200 CONTINUE

RETURN

END

************************************************************************

SUBROUTINE MKOUT(PONP,PONS,POLP,POLS,NN,NL)

C** ============================================================ **

INTEGER PONP(1),PONS(1),POLP(1),POLS(1)

C** ============================================================ **

DO 100 IN=1,NN

IPBG=PONP(IN)

IPED=PONP(IN+1)-1

100 WRITE(*,'(I6,14I5)') IN,(PONS(IP),IP=IPBG,IPED)

C** ------------------------------------------------------------ **

DO 200 IL=1,NL

IPBG=POLP(IL)

IPED=POLP(IL+1)-1

200 WRITE(*,'(I6,14I5)') IL,(POLS(IP),IP=IPBG,IPED)

RETURN

END

************************************************************************
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