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This article presents ünite-element solutions for incompressible Navier–Stokes equations

in velocity–pressure variables. Speciüc to this study is the inclusion of pressure boundary

conditions into the mixed ünite-element formulation. To provide an in-depth analysis

of the ünite-element model, rigorous derivations have been carried out. The justiücation

for applying the ünite-element code to simulate this class of ýow problems is presented

by solving a problem which is amenable to analytical solution and the backward-facing

step benchmark problem. In addition, results for blood ýow in a carotid artery are pre-

sented to show the applicability of the ünite-element code to geometrically more complex

problems.

1. INTRODUCTION

Incompressible viscous £ow has been investigated rather intensively over the
last few decades because of its wide range of industrial applications. Numerical study
of this £ow is also of theoretical importance to achieve the divergence-free constraint
condition for the velocity vector in the calculation of equations of motion. The prac-
tical as well as theoretical importance of this £ow has prompted us to work on this
problem during the past few years. Numerical simulation of incompressible viscous
£ow entails several features which are troublesome to ¢nite-element method (FEM)
code development [1]. Aside from dif¢culties in satisfying the incompressibility con-
straint condition, avoiding convective instability [2], and reducing crosswind (false)
diffusion errors [3], another issue that warrants further examination is proper speci-
¢cation of boundary conditions. The present study aimed to provide a theoretically
rigorous approach to this issue. Under certain circumstances, boundary conditions
other than the Dirichlet type for the velocity can be encountered. Typical examples
are problems involving in£ow or out£ow boundaries, and the free surface. In
the following, attention will be limited to the pressure boundary condition, which
is often prescribed a priori at the outlet. Appropriate treatment of boundary con-
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ditions depends on the choice of working variables. This work addresses the use of
the primitive variables u and p, which denote the velocity vector and pressure,
respectively.

The rest of this article is organized as follows. In the next section, we present
Navier^Stokes equations, which are written in terms of primitive variables.
Equations of motion are solved together with the constraint condition to ensure
the mass conservation. For the elliptic equations to be well posed, boundary con-
ditions are prescribed. In Section 3, we present the weighted residual statement
for the working equations subject to both Dirichlet and Neumann types of boundary
conditions. The pressure prescribed a priori at the boundary is automatically
accounted for via use of a divergence theorem. This is followed by introduction
of the ¢nite element used and the upwinding model applied to resolve pressure
and velocity oscillations, respectively. In Section 4, we conduct a fundamental study
of the Petrov^Galerkin ¢nite-element model. In Section 5, we present an analytical
proof of the pressure boundary condition prescribed and the ¢nite-element code
developed for simulation of incompressible Navier^Stokes equations. This is
followed by calculation of the backward-facing-step problem, and hemodynamic
study in carotid bifurcation. Finally, we draw conclusions in Section 6.

2. WORKING EQUATIONS

The motion of a viscous incompressible £uid £ow in a simply connected
domain O is governed by the Navier^Stokes equations cast in vector form:

u ¢ ru ‡ rp ¡ 1
Re

r2u ˆ 0 …1†

This vector equation is subject to the incompressibility constraint condition given

NOM ENCLATURE

a, b coef¢cients shown in the
linearized momentum equations

A stiffness matrix
Bi upwinding part of the weighting

function
g boundary velocity vector
h height of the channel upstream

of the backward-facing step
H height of the channel

downstream of the
backward-facing step

L characteristic length
N i , M i shape functions
n unit outward normal vector of G
p pressure

Re Reynolds number
…² ruref Lref/m†

u velocity vector
W i weighting functions
g Peclet number
G boundary of O
m dynamic viscosity of the £uid

£ow
r £uid density
t intrinsic time scale
O physical domain

Subscript
ref reference quantities
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below:

r ¢ u ˆ 0 …2†

All the variables in Eqs. (1)^(2) have been nondimensionalized by dividing the length
by Lref , the velocity vector by uref , and the pressure by ru2

ref , where r is the £uid
density. The Reynolds number Re ˆ rurefLref/m comes out as a direct result of
normalization of dependent as well as independent variables.

For the elliptic differential equations to be well posed, Eqs. (1)^(2) must be
subject to the following essential boundary condition at ¶ O ˆ G:

u ˆ g …3†

where

G
n ¢ g dG ˆ 0 …4†

In Eq. (4), n denotes the unit outward normal to G. Under the circumstances, the
following two equations on Gare legitimate for the normal velocity gn and tangential
velocity gr, respectively:

u ¢ n ˆ gn on Gn …5†

and

n £ u £ n ˆ gr on Gr …6†

It is important to note here that no boundary condition is permitted for the pressure
on the boundary G when g ˆ 0 [2].

3. MIXED FINITE-ELEMENT FORMULATION

The solution to Eqs. (1)^(2) can be obtained using coupled formulation. Within
this analysis framework, primitive variables u and p are solved directly from
Eqs. (1)^(2), and we refer to this as the mixed formulation. Denote by L2

0…O† the
constrained space for the pressure, which consists of square integrable functions
having zero mean over O. In addition, we introduce the Sobolev space H1

0…O†, which
consists of one square integrable derivative over O and vanishes on the boundary G,
for the vector-valued functions. Given the above two functional spaces, we seek
u 2 H1

0…O† and p 2 L2
0…O† from the following weak statement:

O
…u ¢ r†u ¢ w dO ‡

1
Re O

ru : rw dO ¡
O

pr ¢ w dO

ˆ
G/Gn

rw ¢ n dG ‡
G/Gr

s ¢ w £ n dG …7†

O
…r ¢ u†q dO ˆ 0 …8†

FEM INVOLVING EXIT PRESSURE BOUNDARY CONDITIONS 481



where

¡p ‡ 1
Re

n ¢ ru ¢ n ˆ r on
G
Gn

…9†

1
Re

n ¢ ru £ n ˆ s on
G
Gr

…10†

In the above, w …² N i ‡ Bi† 2 H1
0…O† £ H1

0…O† and q 2 L2
0…O† are the test functions

for the vector and scalar quantities, respectively. We denote here two segments
of the boundary G as Gn and Gr.The complement of Gi in G [or G/Gi …i ˆ n, r†Š is
that if } 2 G/Gi, then } 2 G but } /2 Gi.

The guiding principle in the choice of ¢nite-element basis functions is to avoid
node-to-node pressure oscillations. One way of achieving this goal is to employ
biquadratic polynomials, Ni, to approximate u by uh ˆ uh

i N
h
i and bilinear

polynomials, Mi, to approximate p by ph ˆ ph
i Mh

i . This variable setting is endowed
with the Ladyzhenskaya-Babuska-Brezzi (LBB) or inf-sup condition [4, 5] and is
closely tied to storing the pressure and velocity unknowns in staggered meshes.

The assembled matrix equations for a problem having ne elements take the
form Aq ˆ b for the solution vector

q ˆ
uj

vj

pj

…11†

The matrix A is expressed as

A ˆ ‰aij Š ˆ
ne

1 Oh

C ij 0 ¡M j ¶ N i

¶ x1
‡ Bi ¶ M i

¶ x1

0 C ij ¡M j ¶ N i

¶ x2
‡ Bi ¶ M i

¶ x2

M i ¶ N j

¶ x1
M i ¶ N j

¶ x2
0

dOh

‡
Gh

¡ 1
Re

N i ¶ N j

¶ xk
¢ nk 0 0

0 ¡ 1
Re

N i ¶ N j

¶ xk
¢ nk 0

0 0 0

dGh …12†

where

C ij ˆ …N i ‡ Bi†N j ~V j
k

¶ N j

¶ xk
‡

1
Re

¶ N i

¶ xk

¶ N j

¶ xk
¡

1
Re

Bi ¶ 2N j

¶ xk ¶ xk
…13†

In practice, it is customary to set the value of ~V j
k as a constant when evaluating the

¢nite-element matrices. It is noted that the line integral shown in Eq. (12) is
attributed to the prescribed essential boundary conditions. As to boundaries where
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natural boundary conditions are imposed, they are shown in the b vector,

b ˆ
Gh

¡N ipin1
¡N ipin2

0
dGh …14†

where the vector (n1, n2† is locally orthogonal to the boundary, at which pressure
values are imposed.

In the numerical simulation of high Reynolds number £ows, selection of the
test space w is vital to suppressing velocity oscillations [3]. Within the
Petrov^Galerkin ¢nite-element framework, we have enhanced the discrete system
through modi¢cation of the Galerkin method by adding a biased polynomial Bi

shown in Eq. (13),

Bi ˆ tN j ~V j
k

¶ N i

¶ xk
…15†

to the basis function, N j. The direct result is that ¢eld variables on the upwind side
are favorably considered [3]. With a view to constructing a computationally excellent
Petrov^Galerkin model, it is desired that in Eq. (15) the free parameter t, which
determines the degree of upwinding needed to suppress oscillatory velocities, can
be derived theoretically. Take the following linear convection-diffusion equation
as an example,

u
¶ f
¶ x

¡ 1
Re

¶ 2f
¶ x2 ˆ 0 …16†

we make use of its analytical solution,

fexact ˆ C1 ‡ C2 exp…u Re x† …17†

in the derivation of Petrov^Galerkin ¢nite-element model in a domain of one
dimension. In the above, C1 and C2 are two constants. Assuming that
f ˆ 3

iˆ1 Nifi and Wj ˆ Nj ‡ tu…¶ Nj/¶ x†, we substitute them into the weak rep-
resentation of Eq. (16). After some algebra, the discrete equations at two end nodes
and one center node can be derived. By substituting the exact expressions of
fi, fi§1, fi§2, obtained from Eq. (17), into these discrete equations, we can derive
t analytically at the center and end nodes,

t ˆ duH

2juj2
…18†

where H represents the grid size. Considering nodes of different classi¢cation, d is
chosen as follows to obtain their exact expressions on quadratic elements:

d ˆ

2 ¡ cosh…g† ¡ …4/g† tanh…g/2† ‡ …1/g† sinh…g†
4 tanh…g/2† ¡ sinh…g† ¡ …6/g† sinh…g† tanh…g/2†

at end nodes

1
2

coth
g
2

¡ 1
g

at center nodes
…19†
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where

g ˆ uHRe
2

For the sake of completeness, we plot d against Peclet number g in Figure 1.
The extension of the above ¢nite-element formulation to multidimensional

analysis is, however, obtained at the cost of accuracy. The reason is that use of
the conventional Petrov^Galerkin model has a tendency to add false diffusion errors
to regions normal to the streamline as the angle between the grid line and the £ow
direction is considerable. To improve upon this situation, the chosen weighting
functions should accommodate a streamline operator so as to provide a natural
mechanism for adding arti¢cial diffusivity in the primary £ow direction only. In
biquadratic elements, the following upwinding coef¢cients are assigned at the center

Figure 1. Upwinding coef¢cient t, de¢ned in Eq. (19), against Peclet numbers g in a biquadratic element.
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and end nodes to stabilize the discrete system [6]:

t ˆ
n
iˆ1 d…g

Yi
†VYi

h

2…u2 ‡ v2†2 …20†

In the above, d is obtained on the one-dimensional basis

d…g† ˆ

2 ¡ cosh…g† ¡ …4/g† tanh…g/2† ‡ …1/g† sinh…g†
4 tanh…g/2† ¡ sinh…g† ¡ …6/g† sinh…g† tanh…g/2†

at end nodes

1
2

coth
g
2

¡ 1
g

at center nodes
…21†

where g
Yi

ˆ VYi
Reh/2, and Yi denotes the local coordinates x and Z.

4. THEORETICAL ANALYSIS

Like the work of Pepper and Baker [13], we can also rewrite the discretized
¢nite-element equation to a form akin to that of the ¢nite-difference equations. Both
continuity and linearized momentum equations have been investigated in this regard.

Continuity Equation

To analyze the discrete problem for Eqs. (7)^(10) , we carry out expansion of u
and p using basis functions and substitute them into Eqs. (7)^(8). This is followed
by substitution of test functions into the weak statement to obtain the following
discrete conservation equation for the mass at the nodal point …i, j†:

1
9h

…¡ui¡2,j¡1 ¡ 4ui¡1,j¡1 ‡ 4ui‡1,j¡1 ‡ ui‡2,j¡1 ¡ ui¡2,j ¡ 4ui¡1,j ‡ 4ui‡1,j

‡ ui‡2,j ¡ ui¡2,j‡1 ¡ 4ui¡1,j‡1 ‡ 4ui‡1,j‡1 ‡ ui‡2,j‡1†

‡ 1
9h

…¡vi¡1,j¡2 ¡ 4vi¡1,j¡1 ‡ 4vi¡1,j‡1 ‡ vi¡1,j‡2 ¡ vi,j¡2 ¡ 4vi,j¡1 ‡ 4vi,j‡1

‡ vi,j‡2 ¡ vi‡1,j¡2 ¡ 4vi‡1,j¡1 ‡ 4vi‡1,j‡1 ‡ vi‡1,j‡2† ˆ 0 …22†

To better elucidate on how well the divergence-free condition is satis¢ed, comp-
lementary modi¢ed equation analysis was therefore undertaken. By conducting
Taylor series expansion on the terms shown in the discrete continuity equation (22),
the following modi¢ed equation is derived:

ux ‡ vy ˆ ¡ h2

3
uxxx ‡ h2

3
uxyy ‡ h4

20
uxxxxx ‡ h4

9
uxxxyy ‡ h4

36
uxyyyy

¡
h2

3
vxxy ‡

h2

3
vyyy ‡

h4

36
vxxxxy ‡

h4

9
vxxyyy ‡

h4

20
vyyyyy ‡ O…h6† …23†

Clearly seen from the above equation is that Eq. (2) is approached as the grid size h
continues to decrease. This provides justi¢cation for the validity of the mixed
¢nite-element formulation for incompressible £uid £ows.
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Momentum Equations

In the derivation of discrete equations of motion in biquadratic elements, we
must divide the elements into four types to complete the formulation. According
to the ¢nite elements shown schematically in Figure 2, the discrete representation
of the momentum equations can be obtained. Due to space limitation, we omit
the detailed derivation of these equations but summarize them in Tables 1^4. To
explore in more detail the streamline-upwinding Petrov^Galerkin ¢nite-element
model, we now turn our attention to modi¢ed equation analysis of the linearized
momentum equations, which involve constant velocities a and b along the x and
y direction, respectively. A detailed derivation of these equations is mathematically
lengthy and will not be presented here for the sake of brevity. We simply summarize
them below for the reader’s reference.

Figure 2. Notations used in the classi¢cation of elements for the derivation of discrete momentum
equations.

486 S. F. TSAI AND T. W. H. SHEU



T
ab

le
1.

D
is

cr
et

iz
ed

m
om

en
tu

m
eq

ua
ti

on
s

fo
r

th
e

ty
pe

1
el

em
en

t:

2

i ˆ
¡

2

2

j ˆ
¡

2
a i

ju
ij

‡
2

i ˆ
¡

2

2

j ˆ
¡

2
b i

jp
ij

ˆ
0

E
le

m
en

t
ty

pe
no

de
nu

m
be

r
T

yp
e

1

R
ef

er
en

ce
no

de
a i

j
(t

ak
in

g
(0

,
0)

as
an

ex
am

pl
e)

b i
j

(x
m

om
en

tu
m

)
b i

j
(y

m
om

en
tu

m
)

N
od

e
… i

¡
2,

j¡
2†

¡
1 90

b2
h

R
e

t ‡
h2

R
e

a ‡
5h

R
e

bt
a ‡

bh
2

R
e ¡

11
tb

¡
11

ta
‡

h
R

e
ta

2
‡

2h
R

e
h3

¡
1 36

tb h2
¡

1 36
ta h2

N
od

e
… i

¡
1,

j¡
2†

1 45
b2

h
R

e
t ‡

2h
2

R
e

a ‡
10

h
R

e
bt

a ‡
bh

2
R

e
¡

11
tb

¡
16

ta
‡

4h
R

e
ta

2
‡

5h
R

e
h3

N
od

e
… i,

j¡
2†

1 45
¡

19
tb

¡
7h

R
e

ta
2
‡

4b
h2

R
e ¡

3h
‡

4b
2

R
e

t
R

e
h3

¡
1 9

3t
b ‡

h
h2

N
od

e
… i

‡
1,

j¡
2†

¡
1 45

¡
b2

h
R

e
t ‡

2h
2

R
e

a ‡
10

h
R

e
bt

a ¡
bh

2
R

e ‡
11

tb
¡

16
ta

¡
4h

R
e

ta
2
¡

5h
R

e
h3

N
od

e
… i

‡
2,

j¡
2†

1 90
¡

b2
h

R
e

t ‡
h2

R
e

a ‡
5h

R
e

bt
a ¡

bh
2

R
e ‡

11
tb

¡
11

ta
¡

h
R

e
ta

2
¡

2h
R

e
h3

1 36
tb h2

1 36
ta h2

N
od

e
… i

¡
2,

j¡
1†

1 45
4b

2
h

R
e

t ‡
h2

R
e

a ‡
10

h
R

e
bt

a ‡
2b

h2
R

e ¡
16

tb
¡

11
ta

‡
h

R
e

ta
2
‡

5h
R

e
h3

N
od

e
… i

¡
1,

j¡
1†

¡
4 45

2b
2
h

R
e

t ‡
h2

R
e

a ‡
10

h
R

e
bt

a ‡
bh

2
R

e ¡
8t

b ¡
8t

a ‡
2h

R
e

ta
2
‡

4h
R

e
h3

N
od

e
… i,

j¡
1†

¡
2 45

¡
14

tb
¡

7h
R

e
ta

2
‡

8b
h2

R
e ‡

9h
‡

16
b2

h
R

e
t

R
e

h3

N
od

e
… i

‡
1,

j¡
1†

4 45
¡

2b
2
h

R
e

t ‡
h2

R
e

a ‡
10

h
R

e
bt

a ¡
bh

2
R

e ‡
8t

b ¡
8t

a ¡
2h

R
e

ta
2
¡

4h
R

e
h3

N
od

e
… i

‡
2,

j¡
1†

¡
1 45

¡
4b

2
h

R
e

t ‡
h2

R
e

a ‡
10

h
R

e
bt

a ¡
2b

h2
R

e ‡
16

tb
¡

11
ta

¡
h

R
e

ta
2
¡

5h
R

e
h3

N
od

e
… i

¡
2,

j†
1 45

¡
19

ta
‡

4h
2

R
e

a ‡
4h

R
e

ta
2
¡

7b
2
h

R
e

t ¡
3h

R
e

h3
¡

1 9
h ‡

3t
a

h2

N
od

e
… i

¡
1,

j†
¡

2 45
¡

14
ta

‡
8h

2
R

e
a ¡

7b
2
h

R
e

t ‡
16

h
R

e
ta

2
‡

9h
R

e
h3

N
od

e
… i,

j†
56 45

R
e

ta
2
‡

2 ‡
b2

R
e

t
h2

R
e

2 3
ta h2

2 3
tb h2

N
od

e
… i

‡
1,

j†
2 45

¡
14

ta
‡

8h
2

R
e

a ‡
7b

2
h

R
e

t ¡
16

h
R

e
T

a2
¡

9h
R

e
h3

N
od

e
… i

‡
2,

j†
¡

1 45
¡

19
ta

‡
4h

2
R

e
a ¡

4h
R

e
ta

2
‡

7b
2
h

R
e

t ‡
3h

R
e

h3
¡

1 9
¡

h ‡
3t

a
h2

FEM INVOLVING EXIT PRESSURE BOUNDARY CONDITIONS 487



T
ab

le
1.

co
nt

in
ue

d

E
le

m
en

t
ty

pe
no

de
nu

m
be

r
T

yp
e

1

R
ef

er
en

ce
no

de
a i

j
(T

ak
in

g
(0

,
0)

as
an

ex
am

pl
e

b i
j

(x
m

om
en

tu
m

)
b i

j
(y

m
om

en
tu

m
)

N
od

e
… i

¡
2,

j‡
1†

1 45
4b

2
h

R
e

t ‡
h2

R
e

a ¡
10

h
R

e
bt

a ¡
2b

h2
R

e ‡
16

tb
¡

11
ta

‡
h

R
e

ta
2
‡

5h
R

e
h3

N
od

e
… i

¡
1,

j‡
1†

¡
4 45

2b
2
h

R
e

t ‡
h2

R
e

a ¡
10

h
R

e
bt

a ¡
bh

2
R

e ‡
8t

b ¡
8t

a ‡
2h

R
e

ta
2
‡

4h
R

e
h3

N
od

e
… i,

j‡
1†

2 45
¡

14
tb

‡
7h

R
e

ta
2
‡

8b
h2

R
e ¡

9h
¡

16
b2

h
R

e
t

R
e

h3

N
od

e
… i

‡
1,

j‡
1†

4 45
¡

2b
2
h

R
e

t ‡
h2

‡
h2

R
e

a ¡
10

h
R

e
bt

a ‡
bh

2
R

e ¡
8t

b ¡
8t

a ¡
2h

R
e

ta
2
¡

4h
R

e
h3

N
od

e
… i

‡
2,

j‡
1†

¡
1 45

¡
4b

2
h

R
e

t ‡
h2

R
e

a ¡
10

h
R

e
bt

a ‡
2b

h2
R

e ¡
16

tb
¡

11
ta

¡
h

R
e

ta
2
¡

5h
R

e
h3

N
od

e
… i

¡
2,

j‡
2†

¡
1 90

b2
h

R
e

t ‡
h2

R
e

a ¡
5h

R
e

bt
a ¡

bh
2

R
e ‡

11
tb

¡
11

ta
‡

h
R

e
ta

2
‡

2h
R

e
h3

1 36
tb h2

1 36
ta h2

N
od

e
… i

¡
1,

j‡
2†

1 45
b2

h
R

e
t ‡

2h
2

R
e

a ¡
10

h
R

e
bt

a ¡
bh

2
R

e ‡
11

tb
¡

16
ta

‡
4h

R
e

ta
2
‡

5h
R

e
h3

N
od

e
… i,

j‡
2†

¡
1 45

¡
19

tb
‡

7h
R

e
ta

2
‡

4b
h2

R
e ‡

3h
¡

4b
2
hR

e
t

R
e

h3
1 9

h ¡
3t

b
h2

N
od

e
… i

‡
1,

j‡
2†

¡
1 45

¡
b2

h
R

e
t ‡

2h
2

R
e

a ¡
10

h
R

e
bt

a ‡
bh

2
R

e ¡
11

tb
¡

16
ta

¡
4h

R
e

ta
2
¡

5h
R

e
h3

N
od

e
… i

‡
2,

j‡
2†

1 90
bh

2
R

e ‡
h2

R
e

a ¡
5h

R
e

bt
a ¡

b2
h

R
e

t ¡
11

tb
¡

11
ta

¡
h

R
e

ta
2
¡

2h
R

e
h3

¡
1 36

tb h2
¡

1 36
ta h2

488 S. F. TSAI AND T. W. H. SHEU



T
ab

le
2.

D
is

cr
et

iz
ed

m
om

en
tu

m
eq

ua
ti

on
s

fo
r

th
e

ty
pe

2
el

em
en

t:

2

i ˆ
¡

2

2

j ˆ
¡

2
a i

ju
ij

‡
2

i ˆ
¡

2

2

j ˆ
¡

2
b i

jp
ij

ˆ
0

E
le

m
en

t
ty

pe
no

de
nu

m
be

r
T

yp
e

2

R
ef

er
en

ce
no

de
a i

j
(t

ak
in

g
(0

,
¡

1)
as

an
ex

am
pl

e)
b i

j
(x

m
om

en
tu

m
)

b i
j

(y
m

om
en

tu
m

)

N
od

e
… i

¡
2,

j¡
2†

1 45
4b

2
h

R
e

t ‡
h2

R
e

a ‡
10

h
R

e
bt

a ‡
2b

h2
R

e ¡
10

tb
‡

4t
a ‡

h
R

e
ta

2
‡

5h
R

e
h3

¡
1 9

h ‡
3t

a ‡
tb

h2
¡

1 9
ta h2

N
od

e
… i

¡
1,

j¡
2†

¡
4 45

2b
2
h

R
e

t ‡
h2

R
e

a ‡
10

h
R

e
bt

a ‡
bh

2
R

e ¡
5t

b ‡
7t

a ‡
2h

R
e

ta
2
‡

4h
R

e
h3

N
od

e
… i,

j¡
2†

¡
2 45

10
tb

¡
7h

R
e

ta
2
‡

8b
h2

R
e ‡

9h
‡

16
A

y2
h

R
e

t
R

e
h3

2 3
ta h2

¡
4 9

1 h

N
od

e
… i

‡
1,

j¡
2†

4 45
¡

2b
2
h

R
e

t ‡
h2

R
e

a ‡
10

h
R

e
bt

a ¡
bh

2
R

e ‡
5t

b ‡
7t

a ¡
2h

R
e

ta
2
¡

4h
R

e
h3

N
od

e
… i

‡
2,

j¡
2†

¡
1 45

¡
4b

2
h

R
e

t ‡
h2

R
e

a ‡
10

h
R

e
bt

a ¡
2b

h2
R

e ‡
10

tb
‡

4t
a ¡

h
R

e
ta

2
¡

5h
R

e
h3

¡
1 9

¡
h ‡

3t
a ¡

tb
h2

1 9
ta h2

N
od

e
… i

¡
2,

j¡
1†

4 45
2h

R
e

ta
2
‡

2h
2

R
e

a ¡
17

ta
¡

2b
2
h

R
e

t
R

e
h3

N
od

e
… i

¡
1,

j¡
1†

¡
16 45

4h
R

e
ta

2
‡

2h
2

R
e

a ¡
11

ta
¡

b2
h

R
e

t ‡
3h

R
e

h3

N
od

e
… i,

j¡
1†

16 45
7

R
e

ta
2
‡

11
‡

4b
2

R
e

t
h2

R
e

N
od

e
… i

‡
1,

j¡
1†

16 45
¡

4h
R

e
ta

2
‡

2h
2

R
e

a ¡
11

ta
‡

b2
h

R
e

t ¡
3h

R
e

h3

N
od

e
… i

‡
2,

j¡
1†

¡
4 45

¡
2h

R
e

ta
2
‡

2h
2

R
e

a ¡
17

ta
‡

2b
2
h

R
e

t
R

e
h3

N
od

e
… i

¡
2,

j†
1 45

4b
2
h

R
e

t ‡
h2

R
e

a ¡
10

h
R

e
bt

a ¡
2b

h2
R

e ‡
10

tb
‡

4t
a ‡

h
R

e
ta

2
‡

5h
R

e
h3

¡
1 9

h ‡
3t

a ¡
tb

h2
1 9

ta h2

N
od

e
… i

¡
1,

j†
¡

4 45
2b

2
h

R
e

t ‡
h2

R
e

a ¡
10

h
R

e
bt

a ¡
bh

2
R

e ‡
5t

b ‡
7t

a ‡
2h

R
e

ta
2
‡

4h
R

e
h3

N
od

e
… i,

j†
2 45

10
tb

‡
7h

R
e

ta
2
‡

8b
h2

R
e ¡

9h
¡

16
b2

hR
e

t
R

e
h3

2 3
ta h2

4 9
1 h

N
od

e
… i

‡
1,

j†
4 45

¡
2b

2
h

R
e

t ‡
h2

R
e

a ¡
10

h
R

e
bt

a ‡
bh

2
R

e ¡
5t

b ‡
7t

a ¡
2h

R
e

ta
2
¡

4h
R

e
h3

N
od

e
… i

‡
2,

j†
¡

1 45
¡

4b
2
h

R
e

t ‡
h2

R
e

a ¡
10

h
R

e
bt

a ‡
2b

h2
R

e ¡
10

tb
‡

4t
a ¡

h
R

e
ta

2
¡

5h
R

e
h3

¡
1 9

¡
h ‡

3t
a ‡

tb
h2

¡
1 9

ta h2

FEM INVOLVING EXIT PRESSURE BOUNDARY CONDITIONS 489



T
ab

le
3.

D
is

cr
et

iz
ed

m
om

en
tu

m
eq

ua
ti

on
s

fo
r

th
e

ty
pe

3
el

em
en

t:

2

i ˆ
¡

2

2

j ˆ
¡

2
a i

ju
ij

‡
2

i ˆ
¡

2

2

j ˆ
¡

2
b i

jp
ij

ˆ
0

E
le

m
en

t
ty

pe
no

de
nu

m
be

r
T

yp
e

3

R
ef

er
en

ce
no

de
a i

j
(t

ak
in

g
(¡

1,
0)

as
an

ex
am

pl
e)

b i
j

(x
m

om
en

tu
m

)
b i

j
(y

m
om

en
tu

m
)

N
od

e
… i

¡
2,

j¡
2†

1 45
4h

R
e

ta
2
‡

2h
2

R
e

a ‡
10

h
R

e
bt

a ‡
5h

‡
4t

b ¡
10

ta
‡

bh
2

R
e ‡

b2
h

R
et

R
e

h3
¡

1 9
tb h2

¡
1 9

3t
b ‡

ta
‡

h
h2

N
od

e
… i

¡
1,

j¡
2†

4 45
2b

2
h

R
e

t ¡
2h

R
e

ta
2
‡

2b
h2

R
e ¡

17
tb

R
e

h3

N
od

e
… i,

j¡
2†

¡
1 45

¡
4h

R
e

ta
2
‡

2h
2

R
e

a ‡
10

h
R

e
bt

a ¡
5h

¡
4t

b ¡
10

ta
¡

bh
2

R
e ¡

b2
h

R
e

t
R

e
h3

1 9
tb h2

¡
1 9

3t
b ¡

ta
‡

h
h2

N
od

e
… i

¡
2,

j¡
1†

¡
4 45

2h
R

e
ta

2
‡

h2
R

e
a ‡

10
h

R
e

bt
a ‡

4h
‡

7t
b ¡

5t
a ‡

bh
2

R
e ‡

2b
2
h

R
e

t
R

e
h3

N
od

e
… i

¡
1,

j¡
1†

¡
16 45

4b
2
h

R
e

t ¡
h

R
et

a2
‡

2b
h2

R
e ¡

11
tb

‡
3h

R
e

h3

N
od

e
… i,

j¡
1†

4 45
¡

2h
R

e
ta

2
‡

h2
R

e
a ‡

10
h

R
e

bt
a ¡

4h
¡

7t
b ¡

5t
a ¡

bh
2

R
e ¡

2b
2
h

R
et

R
e

h3

N
od

e
… i

¡
2,

j†
¡

2 45
10

ta
‡

8h
2

R
e

a ‡
16

h
R

e
ta

2
¡

7b
2
h

R
e

t ‡
9h

R
e

h3
¡

4 9
1 h

2 3
tb h2

N
od

e
… i

¡
1,

j†
16 45

11
‡

7b
2

R
e

t ‡
4

R
e

ta
2

h2
R

e

N
od

e
… i,

j†
2 45

10
ta

‡
8h

2
R

e
a ¡

16
h

R
e

ta
2
‡

7b
2
h

R
e

t ¡
9h

R
e

h3
4 9

1 h
2 3

tb h2

N
od

e
… i

¡
2,

j‡
1†

¡
4 45

2h
R

e
ta

2
‡

h2
R

e
a ¡

10
h

R
e

bt
a ‡

4h
¡

7t
b ¡

5t
a ¡

bh
2

R
e ‡

2b
2
h

R
e

t
R

e
h3

N
od

e
… i

¡
1,

j‡
1†

16 45
¡

4b
2
h

R
e

t ‡
h

R
e

ta
2
‡

2b
h2

R
e ¡

11
tb

¡
3h

R
e

h3

N
od

e
… i,

j‡
1†

4 45
¡

2h
R

e
ta

2
‡

h2
R

e
a ¡

10
h

R
e

bt
a ¡

4h
‡

7t
b ¡

5t
a ‡

bh
2

R
e ¡

2b
2
h

R
e

t
R

e
h3

N
od

e
… i

¡
2,

j‡
2†

1 45
¡

4t
b ‡

2h
2

R
e

a ¡
10

h
R

e
bt

a ¡
bh

2
R

e ‡
b2

h
R

e
t ¡

10
ta

‡
4h

R
e

ta
2
‡

5h
R

e
h3

1 9
tb h2

1 9
ta

‡
h ¡

3t
b

h2

N
od

e
… i

¡
1,

j‡
2†

¡
4 45

¡
2b

2
h

R
et

‡
2h

R
e

ta
2
‡

2b
h2

R
e ¡

17
tb

R
e

h3

N
od

e
… i,

j‡
2†

¡
1 45

4t
b ‡

2h
2

R
e

a ¡
10

h
R

e
bt

a ‡
bh

2
R

e ¡
b2

h
R

e
ta

¡
10

ta
¡

4h
R

e
ta

2
¡

5h
R

e
h3

¡
1 9

tb h2
1 9

¡
ta

‡
h ¡

3t
b

h2

490 S. F. TSAI AND T. W. H. SHEU



T
ab

le
4.

D
is

cr
et

iz
ed

m
om

en
tu

m
eq

ua
ti

on
s

fo
r

th
e

ty
pe

4
el

em
en

t:

2

i ˆ
¡

2

2

j ˆ
¡

2
a i

ju
ij

‡
2

i ˆ
¡

2

2

j ˆ
¡

2
b i

jp
ij

ˆ
0

E
le

m
en

t
ty

pe
no

de
nu

m
be

r
T

yp
e

4

R
ef

er
en

ce
no

de
a i

j
(t

ak
in

g
(¡

1,
¡

1)
as

an
ex

am
pl

e)
b i

j
(x

m
om

en
tu

m
)

b i
j

(y
m

om
en

tu
m

)

N
od

e
… i

¡
2,

j¡
2†

¡
4 45

10
h

R
e

bt
a ‡

10
ta

‡
2h

R
e

ta
2
‡

h2
R

e
a ‡

10
tb

‡
2b

2
h

R
e

t ‡
bh

2
R

e ‡
4h

R
e

h3
¡

4 9
h ‡

tb h2
¡

4 9
ta

‡
h

h2

N
od

e
… i

¡
1,

j¡
2†

¡
16 45

4b
2
h

R
e

t ¡
h

R
e

ta
2
‡

2b
h2

R
e ¡

5t
b ‡

3h
R

e
h3

N
od

e
… i,

j¡
2†

4 45
10

h
R

e
bt

a ‡
10

ta
¡

2h
R

e
ta

2
‡

h2
R

e
a ¡

10
tb

¡
2b

2
h

R
et

¡
bh

2
R

e ¡
4h

R
e

h3
4 9

h ‡
tb h2

¡
4 9

ta
‡

h
h2

N
od

e
… i

¡
2,

j¡
1†

¡
16 45

4h
R

e
ta

2
‡

3h
‡

2h
2

R
e

a ¡
5t

a ¡
b2

hR
e

t
R

e
h3

N
od

e
… i

¡
1,

j¡
1†

12
8

45
R

et
a2

‡
2 ‡

b2
R

e
t

h2
R

e

N
od

e
… i,

j¡
1†

16 45
¡

4h
R

e
ta

2
¡

3h
‡

2h
2

R
e

a ¡
5t

a ‡
b2

h
R

e
t

R
e

h3

N
od

e
… i

¡
2,

j†
¡

4 45
¡

10
h

R
e

bt
a ‡

10
tA

x ‡
2h

R
e

ta
2
‡

h2
R

e
A

x ¡
10

tb
2
h

R
e

t ¡
bh

2
R

e ‡
4h

R
e

h3
4 9

¡
h ‡

tb
h2

4 9
ta

‡
h

h2

N
od

e
… i

¡
1,

j†
16 45

¡
4b

2
h

R
e

t ‡
h

R
e

ta
2
‡

2b
h2

R
e ¡

5t
b ¡

3h
R

e
h3

N
od

e
… i,

j†
4 45

¡
10

h
R

e
bt

a ‡
10

ta
¡

2h
R

e
ta

2
‡

h2
R

e
a ‡

10
tb

¡
2b

2
h

R
e

t ‡
bh

2
R

e ¡
4h

R
e

h3
¡

4 9
¡

h ‡
tb

h2
4 9

¡
ta

‡
h

h2

FEM INVOLVING EXIT PRESSURE BOUNDARY CONDITIONS 491



Type 1:

aux ‡ buy ‡ px ¡ 1
Re

…uxx ‡ uyy† ˆ a2tuxx ‡ 2abtuxy ‡ b2tuyy

‡ 1
3

a…¡9t ‡ h2 Re†
Re

uxxx ‡ 1
5

b…¡5t ‡ h2 Re†
Re

uxxy

‡ 1
5

a…¡5t ‡ h2 Re†
Re

uxyy ‡ 1
3

b…¡9t ‡ h2 Re†
Re

uyyy

‡ ¢ ¢ ¢ ‡ 3tapxx ‡ tbpxy ¡ 2
3

h2pxxx ‡ ¢ ¢ ¢

avx ‡ bvy ‡ py ¡ 1
Re

…vxx ‡ vyy† ˆ a2tvxx ‡ 2abtvxy ‡ b2tvyy

‡ 1
3

a…¡9t ‡ h2 Re†
Re

vxxx ‡ 1
5

b…¡5t ‡ h2 Re†
Re

vxxy

‡ 1
5

a…¡5t ‡ h2 Re†
Re

vxyy ‡ 1
3

b…¡9t ‡ h2 Re†
Re

vyyy

‡ ¢ ¢ ¢ ‡ tapxy ‡ 3tbpyy ¡
2
3

h2pyyy ‡ ¢ ¢ ¢

Type 2:

aux ‡ buy ‡ px ¡ 1
Re

…uxx ‡ uyy† ˆ a2tuxx ‡ 2abtuxy ‡ b2tuyy

‡ 1
3

a…¡9t ‡ h2 Re†
Re

uxxx ‡ 1
5

b…¡5t ‡ h2 Re†
Re

uxxy

¡ 1
10

a…10t ‡ h2 Re†
Re

uxyy ¡ 1
6

bh2uyyy

‡ ¢ ¢ ¢ ‡ 3tapxx ‡ tbpxy ¡ 2
3

h2pxxx ¡ 1
2

h2pxyy ‡ ¢ ¢ ¢

avx ‡ bvy ‡ py ¡ 1
Re

…vxx ‡ vyy† ˆ a2tvxx ‡ 2abtnxy ‡ b2tvyy

‡ 1
3

a…¡9t ‡ h2 Re†
Re

vxxx ‡ 1
5

b…¡5t ‡ h2 Re†
Re

vxxy

¡ 1
10

a…10t ‡ h2 Re†
Re

vxyy ¡ 1
6

bh2vyyy

‡ ¢ ¢ ¢ ‡ tapxy ¡
1
6

h2pyyy ‡ ¢ ¢ ¢
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Type 3:

aux ‡ buy ‡ px ¡
1

Re
…uxx ‡ uyy† ˆ a2tuxy ‡ 2abtxy ‡ b2tuyy

¡ 1
6

ah2uxxx ¡ 1
10

b…10t ‡ h2 Re†
Re

uxxy

‡ 1
5

a…¡5t ‡ h2 Re†
Re

uxyy ‡ 1
3

b…¡9t ‡ h2 Re†
Re

uyyy

‡ ¢ ¢ ¢ ‡ tbpxy ¡
1
6

h2pxxx ‡ ¢ ¢ ¢

avx ‡ bvy ‡ py ¡ 1
Re

…vxx ‡ vyy† ˆ a2tvxx ‡ 2abtvxy ‡ b2tvyy

¡ 1
6

ah2vxxx ¡ 1
10

b…10t ‡ h2 Re†
Re

vxxy

‡ 1
5

a…¡5t ‡ h2 Re†
Re

vxyy ‡ 1
3

b…¡9t ‡ h2 Re†
Re

vyyy

‡ ¢ ¢ ¢ ‡ tapxy ‡ 3tbpyy ¡ 1
2

h2pxxy ¡ 2
3

h2pyyy ‡ ¢ ¢ ¢

Type 4:

aux ‡ buy ‡ px ¡
1

Re
…uxx ‡ uyy† ˆ a2tuxx ‡ 2abtuxy ‡ b2tuyy

¡
1
6

ah2uxxx ¡
1
10

b…10t ‡ h2 Re†
Re

uxxy

¡ 1
10

a…10t ‡ h2 Re†
Re

uxyy ‡ 1
6

bh2vyyy

‡ ¢ ¢ ¢ ‡ tbpxy ¡ 1
6

h2pxxx ¡ 1
2

h2pxyy ‡ ¢ ¢ ¢

avx ‡ bvy ‡ py ¡ 1
Re

…vxx ‡ vyy† ˆ a2tvxx ‡ 2abtvxy ‡ b2tvyy

¡ 1
6

ah2vxxx ¡ 1
10

b…10t ‡ h2 Re†
Re

vxxy

¡ 1
10

a…10t ‡ h2 Re†
Re

vxyy ¡ 1
6

bh2vyyy

‡ ¢ ¢ ¢ ‡ tapxy ¡ 1
2

h2pxxy ¡ 1
6

h2pyyy ‡ ¢ ¢ ¢

Thanks to the above modi¢ed equations, the consistency property is retained using
the proposed streamline upwinding scheme.

5. ANALYTICAL VALIDATION

The justi¢cation for applying Eqs. (7)^(8) to obtain ¢nite-element solutions for
Eqs. (1)^(2), subject to pressure boundary conditions (9)^(10), will be presented ¢rst.
As a validation study of the proposed method, we consider the Kovasznay £ow
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problem to obtain the rate of convergence of the ¢nite-element method [12]. Upon
speci¢cation of the boundary values in the square shown schematically in
Figure 3, the exact solutions are obtained as follows:

u ˆ 1 ¡ elx cos…2py† …24†

v ˆ l
2p

elx sin…2py† …25†

p ˆ
1
2

…1 ¡ e2lx† …26†

where

l ˆ Re
2

¡ Re2

4
‡ 4p2

1/2

In this study, a remeshing procedure is used to uniformly divide the physical
domain, leading to continuously re¢ned grids with resolutions of
Dx ˆ Dy ˆ 1/10, 1/20, and 1/40. Table 5 tabulates the L2 error norms obtained
for the case with pressure boundary condition speci¢ed at the boundary x ˆ 1.
For comparison purposes, results obtained for the case with prescribed velocity
boundary condition have also been tabulated in Table 6. It has been shown that
good agreement has been obtained with exact solutions. The legitimate use of
our method to solve the problem with a speci¢ed pressure boundary condition is
thus demonstrated. Also given in these tables are the rates of convergence, from
which it is concluded that the present ¢nite-element model formally provides the
same spatial rate of convergence, regardless of the employed boundary conditions.

Figure 3. A schematic illustration of the boundary condition speci¢ed at the four boundaries: case (i),
specify u at the boundary x ˆ 1; case (ii), specify p at the boundary x ˆ 1.
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6. NUMERICAL RESULTS AND DISCUSSION

Backward-Facing Step Problem

The problem of interest considers a £ow over a backward-facing step, shown
schematically in Figure 4. The height of the entrance channel is h ˆ 0.9423, and
the downstream channel height is H ˆ 1.9423, leading to an expansion ratio
d ˆ H/h ˆ 2.0612. At the entry which is suf¢ciently upstream of the step with a
length of l ˆ 1.9231, the £ow pro¢le is that of the fully developed type. Denote
by 2h the characteristic length and the average inlet velocity by the characteristic
velocity; the Reynolds number chosen for this study is 800, which falls within
the laminar regime. The length of the channel is 38, which is suf¢cient to allow
the expansion £ow to fully develop again. It is thus rational to assign the
Neumann-type velocity boundary condition at the channel exit. We conduct
¢nite-element analysis for this £ow condition ¢rst [8]. As revealed by Figure 5,
the predicted primary reattachment length agrees well with the experimental value
of 14.289 [7].

The analysis is followed by prescribing the pressure just obtained at the outlet
channel. We compare two sets of computed solutions, shown in Figures 6 and 7,
with the computed difference on the order of 10¡7 for both velocities and pressure.
As these ¢gures show, results obtained under different out£ow boundary conditions
are essentially the same. This justi¢es the use of the pressure boundary condition
in ¢nite-element simulation of in£ow^out£ow problems.

Table 5. Case with the speci¢ed Dirichlet-type velocity boundary condition

Velocity Convergence Pressure Convergence
Element numbers u order …c† p order …c†

10 £ 10 1.4194 £ 10¡4 8.3611 £ 10¡3

20 £ 20 5.1677 £ 10¡5 1.46 2.2842 £ 10¡3 1.87
40 £ 40 1.7168 £ 10¡5 1.59 5.9942 £ 10¡4 1.93

Table 6. Case with the speci¢ed Dirichlet-type pressure boundary condition

Velocity Convergence Pressure Convergence
Element numbers u order …c† p order …c†

10 £ 10 1.4193 £ 10¡4 8.3610 £ 10¡3

20 £ 20 5.1674 £ 10¡5 1.46 2.2845 £ 10¡3 1.87
40 £ 40 1.7168 £ 10¡5 1.59 5.9942 £ 10¡4 1.93
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Figure 4. Schematic of the backward-facing-step problem.

Figure 5. Comparison of the computed lengths of x1, x2, and x3 with other data.
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Figure 6. Computed results based on the Dirichlet-type velocity boundary conditions: (a) pressure con-
tours; (b) velocity vector plot; (c) streamline plot.

Figure 7. Computed results based on the pressure boundary conditions prescribed at the outlet: (a) press-
ure contours; (b) velocity vector plot; (c) streamline plot.
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Hemodynamics in Carotid Bifurcation

Study of hemodynamics in a carotid artery is of considerable clinical
importance, since atherosclerotic lesions may show their presence in the carotid
sinus. Progressively, carotid bifurcation atherosclerosis can cause plaque disruption,
clot formation, and, ¢nally, a fatal stroke to occur. There is thus ample motivation to
extend our knowledge of blood £ow structure in the carotid artery. As a test pro-
blem, we consider steady £ow in a model of the carotid bifurcation. The model geo-
metry, shown schematically in Figure 8, is represented mathematically as follows:

Curve ABC: sinh‰c…y ¡ e1†Š sinh‰c…¡x sin y1 ‡ y cos y1 ¡ s1†Š ˆ h1

Curve GHI: sinh‰c…y ‡ e2†Š sinh‰c…x sin y2 ‡ y cos y2 ‡ s2†Š ˆ h2

Curve DEF: sinh‰c…¡x sin y1 ‡ y cos y1 ‡ s1†Š
£ sinh‰c…x sin y2 ‡ y cos y2 ¡ s2†Š ˆ h3

…27†

The parameters for de¢ning the model vessel con¢guration are as follows:
h1 ˆ 0.0365, h2 ˆ 0.0927, h3 ˆ 0.0019, l0 ˆ 4, l1 ˆ 12, l2 ˆ 12, c ˆ 3, d1 ˆ 0.29,
d2 ˆ 0.0345, y1 ˆ 25.1¯, e1 ˆ 0.4, V1 ˆ 0.055, y2 ˆ 25.4¯, e2 ˆ 0.6, V2 ˆ 0.21,
w1 ˆ 1.00, w2 ˆ 1.23, p1 ˆ 0.964, and p2 ˆ 1.790. Another control parameter sj is
that of …j ˆ 1¡2† which is given by sj ˆ dj ‡ Vj sech ‰z…1 ‡ 0.3z4†Š, where
z ˆ ‰x cos yj ¡ …¡1†jy sin yj ¡ pj Š/wj.

To resolve the blood £ow in suf¢cient detail, grids should be clustered in
regions of high gradient solutions. Figure 9 shows the ¢nite-element mesh, which

Figure 8. Schematic of the bifurcation blood problem.
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involves 19,721 nodal points and 4,800 biquadratic elements. A close-up view of the
mesh in the regions of bifurcation is also included to address its importance.
For the sake of brevity, a fully developed steady entry £ow was speci¢ed in the com-
mon carotid artery. Constant pressures were speci¢ed at the outlets of the internal
and external carotid arteries, respectively. In this study, we considered three differ-
ent pressure differences (Dp ² p2 ¡ p1), namely, 0, ¡5, 5, to reveal the in£uence
of Dp on the £ow development in the artery. Under the rigid vessel wall assumption,
the no-slip boundary condition was applied there.

The calculation was performed at Re ˆ 100, which was de¢ned using …e1 ‡ e2†
as the reference length, while umean was used as the characteristic velocity. While
150 µ Re µ 600 is typical for blood £ow analysis, we considered a low Reynolds
number case in the present study mainly for comparison purposes [9]. Figure 10
depicts the velocity pro¢les and Figure 11 plots the streamline contours showing
the £ow reversal along the outer wall of the carotid sinus. The carotid region is
enlarged immediately downstream of the bifurcation. The region of slow blood £ow
is precisely the region where plaque localizes. The rationale for this is that the outer
wall of the carotid sinusis an area of low wall shear stress, as revealed by
Figure 12. According to Ku et al. [10] and Zarins et al. [11], low shear stress is
one of the major risk factors leading to vascular disease.

We also compare the computed wall shear stress, de¢ned by m ¶ ut/¶ n, with that
of Hunt for the case Dp ˆ 0 [9]. Figure 13 reveals good agreement between the two
sets of data. We also plot wall shear stresses computed under Dp ˆ 5 and ¡5 at

Figure 9. Finite-element mesh used for the hemodynamic analysis. Grid details are also shown in the
bifurcation region.
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Figure 10. Velocity pro¢les plotted at several selected locatoins for the case of Re ˆ 500.

Figure 11. Streamline contours for the case of Re ˆ 500 for showing £ow recirculation in the artery.
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Re ˆ 100 in Figures 14 and 15, respectively, to show that the prescribed outlet press-
ure can affect the hemodynamic performance. To show the effect of the end pressure
on the £ow pattern, we plot in Figure 16 the pressure contours and in Figure 17 the
streamlines for Re ˆ 100. Depending on the difference of two end pressures, differ-
ent degrees of £ow reversal will result.

7. CONCLUDING REM ARKS

In this study, a streamline upwind ¢nite-element method has been developed on
biquadratic elements to simulate incompressible viscous £ows. It has been empha-
sized that the pressure boundary condition is speci¢ed theoretically. Results of
two benchmark tests compare favorably with those obtained subject to
Dirichlet-type velocity conditions, thus showing the validity of the algorithm pre-
sented here. We have also applied the computationally ef¢cient mixed ¢nite-element
code to simulate hemodynamics in carotid bifurcation. Different values of outlet
pressure are considered to study their in£uence on the £ow development in the
artery.

Figure 12. Shear stress distribution along the vessel wall for the case with Re ˆ 500.
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Figure 13. Comparison of wall shear stresses, plotted against s de¢ned in Figure 9, with those computed
by Hunt for the case at Re ˆ 500 and Dp ˆ 0.
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Figure 14. Plot of wall shear stresses against s de¢ned in Figure 9 for the case at Re ˆ 100 and Dp ˆ 5.
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Figure 15. Plot of wall shear stresses against s de¢ned in Figure 9 for the case at Re ˆ 100 and Dp ˆ ¡5.
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Figure 16. Pressure contours for the case with Re ˆ 100: (a) p2 ¡ p1 ˆ 0; (b) p2 ¡ p1 ˆ 5; (c) p2 ¡ p1 ˆ ¡5.
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Figure 17. Streamline plots for the case with Re ˆ 100: (a) p2 ¡ p1 ˆ 0; (b) p2 ¡ p1 ˆ 5; (c) p2 ¡ p1 ˆ ¡5.
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