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Space-time analysis and beyond: toward a better
understanding of Camassa-Holm equation

CHUEH-HSIN CHANG, CHING-HAO YU, AND TONY WEN-HANN SHEU*

Camassa-Holm (CH) equation for modeling shallow water wave will
be analyzed through direct scattering analysis. Thanks to this anal-
ysis in spectral domain, some physically meaningful wave propaga-
tion features that can by no means be obtained from the analysis in
the space-time domain are exhibited. To broaden our understand-
ing of the CH equation, in this article the study underlying the
scattering analysis is performed in spectral domain and the solu-
tion of CH equation is computed by the finite difference method in
time domain. We aim to get some missing details in the space-time
analysis. The detailed wave transmission and reflection in the CH
equation, subject to the chosen initial condition, shall be theoreti-
cally enlightened.

AMS 2000 SUBJECT CLASSIFICATIONS: Primary 78 A46, 81U40;
secondary 37K10.

1. Introduction

Shallow water wave can be modeled by different partial differential equations
[1, 2, 3, 4, 5] since the development of Korteweg—de Vries (KdV) equation
in 1895. In this paper, the Camassa-Holm (CH) equation [1, 2] is consid-
ered. This nonlinear equation is dispersive in nature for a function u of two
variables, which are x (space variable) and t (time variable). CH equation
shown below has been regarded as an important member of the completely
integrable equations.

(1) Up — Uggt + 26Uz + UL = 2Uplpy + Ulggy.

In CH equation, the integrability, bi-Hamiltonian structure, infinite num-
ber of conservation laws [1], Lax pair and its inverse scattering processes
[6] have been well-studied. CH equation possesses many mathematical prop-
erties undiscovered in KdV equation. Moreover, this equation is the first
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equation capable of exhibiting the phenomena of soliton interaction and
wave breaking. The CH equation has therefore been considered as a master
equation for modeling shallow water wave (see [7] for the references therein).

There have been many numerical methods proposed to solve the CH
equation in space-time domain [8, 9, 10]. However, wave propagation details
in spectral domain cannot be observed. In order to get a thorough under-
standing of the wave propagation features in shallow water equation, one
can take the integrability in CH equation into account in spectral domain.
Transformation of equations from one to the other is an important tech-
nique to solve nonlinear and dispersive differential equations. The differen-
tial equation defined in the space-time domain needs to be transformed to its
equivalent equations defined in a domain with two new variables. Through
the use of these new variables the differential equation is transformed to a
much simple differential equation or even an algebraic equation. The most
well-known transformations in the context of differential equations are the
Laplace and Fourier transforms. In the discussion of the integrability of CH
equation, the transformation method normally employed is the inverse scat-
tering transform (IST) [6].

IST is now well accepted as one of the most important developments in
the community of mathematical physics in the last of the century. The key
theme in IST is to recover the potential from its time evolving scattering data
in spectral domain. The technique of inverse scattering involves analyzing
the isospectral problem from the corresponding Lax pair. In the isospectral
problem, an incident wave in the form of the eigenfunction emerging from one
side of the domain can be divided into a part transmitted to the other side
and a reflected part accounting for the eigenfunction, respectively. The sum
of the transmission and reflection waves equals the original incident wave
[6]. The data include the eigenvalues, and the reflected wave content called
the scattering data. The degree of wave reflection is essential in the study of
integrable equations. This can be seen from the following two examples. In
[11], the multi-soliton solutions have been constructed for the case without
reflected wave. However, it is physically reasonable that an incident wave
can completely transmit if there is no wave being reflected. Therefore, there
exists just a solitary wave emerging along the real line without exhibiting
its oscillatory tails [12]. In contrast to this example, Boutet de Monvel et
al. [13] observed the long-time asymptotic nature in the classical solutions.
They found that as the time becomes large enough, not only the multi-
soliton will be seen but also its oscillatory tail shall appear owing to the
reflection waves contributing to the propagation of incident wave. Because
of these important mathematical studies, now we know quite well about the



Toward a better understanding of Camassa-Holm equation 369

u(x,1=0) ~great scattering for = S(7t\t) 0) »
1 Schrédinger equation (scattering data)
5 att=0 time
Solution : evolution of
foKdV | scattering
equation dota
f |
u (x N ) —~ S (x ’ t)

inverse scattering for
Schrédinger equation
attime t

Figure 1: The diagram linking the direct and inverse scatterings for the KdV
equation.

CH equation. However, there are still some questions awaiting for further
investigation, such as the difference between the computed CH solutions in
space-time and spectral domains (the solutions found by inverse scattering
transform); the dynamics of reflection wave, and how a reflection wave can
affect the dynamics of CH equations.

In this paper, the CH solution will be computed by the FDTD (finite
difference in time domain method) and in spectral analysis we will perform
direct scattering analysis on the CH equation as well [14]. The explicit ex-
pression of the ratio of the reflection/transmission coefficients which measure
the ratio of reflected/transmitted waves will be presented. This is a new at-
tempt to the best of authors’ knowledge. We also aim to reveal more clearly
the relation between the solution of CH equation and the corresponding
reflection coefficient.

In Section 4 some theoretical backgrounds closely related to the develop-
ment of finite difference numerical scheme will be briefly summarized. The
solutions found in space-time and spectral domains will be introduced in
Sections 4.3, 4.4 and in Section 5, respectively. Discussion of the transmis-
sion and reflection coefficients will be given in Section 6. Some remarks and
conclusions are drawn in Section 7.

2. The method of scattering transform

IST can be regarded as a nonlinear version of the Fourier transform. The
method of IST was first applied to KdV equation u; — 6uuy + iy, = 0 [15].
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Figure 2: The numerically predicted long-time asymptotics of the CH so-
lutions using the numerical method presented in Section 4 in six distinct
regions.

This equation is integrable and is associated with a linear ordinary differen-
tial equation (LODE), which is the Schrédinger equation —Z%f +u(z,t)p =
k21 containing the spectral parameter A = k2. Note that the spectral pa-
rameter does not change with time [15]. While x and ¢ are considered as
independent variables in KdV equation, in the linear Schrédinger equation,
x is an independent variable and A and ¢ are regarded as two parameters.
It is quite normal that the potential u(z,t) vanishes at each fixed ¢ as x
becomes infinite. As a result, a scattering scenario can be created for the re-
lated LODE (or Schrodinger equation), in which the potential u(x,t) can be
uniquely related to some scattering data S(\,t). The scattering data having
association with the LODE (Schrédinger equation) consist of a reflection
coefficient which is a function of the spectral parameter X, a finite set of
constants \; corresponding to a set of poles of the transmission coefficient
in the upper half of the complex plane, and the bounded-state norming con-
stants. The number for each bounded-state pole A; is equal to the number
of poles. The potential u(x,t) in the LODE can be uniquely determined by
the corresponding scattering data and vice versa. Take the integrable KAV
equation as an example, the IST method can be explained by the diagram
schematically shown in Fig. 1:

The IST method involves the so-called direct scattering problem, which
is defined as the problem of determining S(\,t) for all A values from u(x,t)
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Figure 3: The computed solution of u at t = 40, ¢ = % based on the finite
difference method presented in Section 4.

given for all  values, for the Schréinger equation and the inverse scattering
problem for Schréinger equation, which is defined as the problem of deter-
mining u(x,t) from S(\, t). It is amazing that as ¢ — 0 the limiting value of
u(z,t) agrees with the initial profile u(z,0).

The IST method for solving the KdV equation was firstly proposed by
Gardner et al. in 1967 [15]. By the Gel’fand-Dorfmann theory [1], it is known
that the nonlinear KdV equation is in fact a compatibility condition for the
two linear equations, namely, the isospectral eigenvalue problem —%ﬁ +
u (z,t) 9 = k*1p, and the linear evolution equation 1; = (2u + 4\)1), — uzy
for the eigenfunction . In short, the solution of KdV equation is sought
subject to the compatibility of two linear equations i.e., ¥yt = Vize, and
isospectrality (% = 0). Consequently, one can apply the method of IST to
solve the solution of KdV equation. This method was later extended to solve
the nonlinear Schrédinger equation, the sine-Gordon equation [16], the Toda
lattice equation [17], the Kadomtsev—Petviashvili (KP) equation [18], and

SO O1.
3. Scattering analysis of CH equation

The solution of CH equation (1) shall be sought subject to the specified
initial condition given by

A(A+1+log(e®—A))

et )

A(A+1+log((1+A4)%e~=—A))
(1+4)%e—= ’

for > log (1 + A),
2)  u(z0)=

for v <log(1+ A).
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90
1=qo~
choosing (2) as the initial data in the current study is as follows. Under the

above initial condition, the resulting scattering data have non-zero reflection
coefficients [19]. Provided that the reflection coefficient is zero, the process
of performing IST becomes comparatively easy. Moreover, for the case with
a single soliton the corresponding asymptotic exists. This prescribed initial
condition can be transformed to the Schrédinger type operator with the
corresponding delta-function potential. Subject to this initial condition, both
the soliton and the oscillatory phenomena can be exhibited in the long-time
asymptotics. Moreover, by applying the finite difference method in [20] one
can obtain the asymptotic CH solution from the known scattering data under
the initial condition given in (2).

The reason of

In the above, gy € (0,1) is a given constant and A =

Given the initial condition, the method underlying IST involves the solu-
tion step known as the forward scattering. In this step detailed in Section 3.1,
we aim to find the Lax pair, which comprises two linear operators. The next
step, detailed in Section 3.2, is to get the evolution of eigenfunctions as-
sociated with their corresponding eigenvalues, norming constants, and the
reflection coefficients. The final step schematic in Fig. 1 involves performing
inverse scattering procedure, which will not be dealt with in this study. As
opposed to the direct scattering problem of finding the scattering matrix
(or data) from the given potential, by solving the linear Gel’fand-Levitan-
Marchenko integral equation to get the solution in (z,t).

3.1. Direct scattering

The step of conducting inverse scattering transform is to perform firstly the
forward scattering analysis. This direct scattering process involves finding
the Lax pair of the CH equation, which is composed of

) o (et ) =,

w

() b= = (g5 ) et g

In (3), w = u—ugy,+1 denotes the momentum. The solution to the CH equa-~
tion is sought subject to the initial condition which satisfies the following
conditions for some integer [ > 1.

(5) w(z,0) >0, VreR,
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(6)
w (z,0) € {v c H? (R)‘ /]R (14 [z[)tF (Jv(z) — K|+ |v’ (z)| + ’U” (1:)’) d:r:}

It was shown in [6] that w(z,t) > 0 for ¢ > 0 provided that the initial
condition (5) holds. By the Liouville transformation [21]

(7) D (y) = (w (1) ¢ (2),
®) y=o— [ (Vol-1)n

equation (3) can be reformulated as a spectral problem containing the op-
erator of the Schrédinger type

(9) Lip =~y + q (y,0) ¥ = K9,
where ¢ = 9 (y, k, t). It is noted that k and X relate themselves by

1
1 A== + k2
(10) 1t

Moreover, one can get

— Wyy (y7 t) 3 (wy)2 (y7 t) 1—w (y¢ t)
(11) q(v.1) = 4w (y,t) 16 w? (y,t) 4w (y,t)

with w (y,t) = w (z (y) ,t). From (6) we have

/R (1+ 9% ¢ (3, 0) dy < oo.

Thanks to the previous work in [22], u1,--- , un € R exist for some N €
N and, in turn, the spectra at a finite number of discrete k = ipy,-- - ,iun ex-

ist. All the eigenvalues are simple with the eigenfunction @j (y) = (y,ip;,0)
for k =ip;. Let ; be a constant satisfying the following assumption

1[)]- (y) =y " +0(l) as y — oo.
In the continuous spectrum context, the eigenfunction 1& = 1& (y,k) fork e R

satisfies

(12)

. { e~ 4+ R (k) e as y — oo,

T (k)e ™Y as y — —oo.
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Figure 4: The time dependence of %(R(kz, t)) fromt=0tot=15at ¢qg = %

In the above equation, T' (k) and R (k) are called as the transmission and
reflection coefficients, respectively. The eigenvalue y;, the constants v;, and
the reflection coefficient R (k) constitute the so-called scattering data defined

as {R(k) ,uj,'yj} (j =1,..,N). Let T (k) and R (k) be the transmission
and reflection coefficients of the spectral problem (3). The four transmission

and reflection functions T (k) , R (k) and T (k) , R (k) are related themselves
with the two equations given below

(13) T (k) =T (k) e* 1) R (k)= R (k),

where H_1 (w) = [, <\/w (r,t) — 1) dr. It is noted that H_; (w) is one of

the conservation laws [23].
3.2. Evolution of scattering data

From (4), which describes the time evolution of the eigenfunction in (3),
together with the asymptotic expressions in (12), we can get the isospectral
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Figure 5: The time dependence of R(R(k,t)) from t = 20 to ¢ = 200 at

qo = %
property

i (t) = g, 1= 1, ...,N.
The dependence of R(k) and v; on time can be derived as [21]

(14)  R(k,t) = R(k)e R/ QAR (1) = et/ 2A74=1) | for ¢ > 0,
3.3. Inverse scattering

The inverse scattering transform is mathematically equivalent to the process
of recovering the solution u from the scattering data derived in the forward
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scattering step. For example, the solution of KdV equation corresponds to
the potential of Schrédinger type. The KAV solution can be therefore ob-
tained by solving the so-called Gel’fand- Levitan-Marchenko (GLM) integral
equation for the KdV equation [15]

(15) K(y,r,t)—|—f(y+r,t)+/OOK(y,z,t)f(7“+z,t)dz:0, r>y,
y

where

N

(16) f(Z,t) = Z"}/? (t) e Hi% 4 % /_ZR(kﬂt) etz g

=1

The operator for the spectral problem of CH equation is much different
from that of the KdV equation. We need, as a result, to recover the solution
of CH equation after deriving the potential ¢ in (9) from the GLM equation

d
17 t)y=-2—K t).
(17) q(y.1) a0 (v,y,t)
Some results concerning the IST performed on the CH equation are now
available in the literature, for example, [6, 14, 24, 25]. In [6], Constantin
stated that w(y,t) is equal to C* (y,t), which satisfies

1 1 .
ny:C(q(y,t)—f—Z) _4_6137 lim C(yat)zl

ly|—o0

In order to eliminate the difficulties in solving the nonlinear differential
equation stated above, another version of IST was proposed in [14] as follows.
Consider v (y,t) as the unique solution to the equation

1
(18) Pyy = <q (y, 1) + Z) ¢
subject to the asymptotic behavior given by
y —1 y
(19) Y (y,t) = e 2 and fy (y,t) = 7675 as y — 00.

If H; : R — R is the bijection given by

Yy 1
H(y) = /_oo Zen®
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then we can get H; (y) = e and
w(z,t) = eyt (Ht_1 (e") ,t) )

The momentum w can now be expressed in the following parametric form
with the variable y being considered as a parameter.

w(y,t) =Wyl (y ¢,
(20) = H} (y) v* (y,1),

z(y,t) =IWnH(y) = [Y  iepde.

Note that one can verify the inverse processes either by the example given
in [14] or by the initial condition (2). In the later case, at ¢ = 0 the unique
solution 7(y, 0) to ¢y, = (¢ (y,0) + %) ¢ can be found explicitly as

es, y >0,
¥ (y,0) = .

qpez +(1—qo)e=, y<O.

Given the above expression of ¥ (y,0), we can get

Hy(y) = 1‘}0 wriaer Y<0
gt -L  y>0
and then the solution
(2 — A)F, (1)
O (Hy' (e9),0) = a0 ((1+ 4 e = A); +

1 x<In(l+A).
(1= ) ((1+ 4P e = 4)7,

Finally, one can easy verify that e?®y4 (HO_ Lem) ,O) equals w (z,0) in [19].
3.4. Long-time asymptotic
The long-time asymptotics of the CH equation were obtained within the

Riemann-Hilbert analysis context [13, 21]. Subject to a suitable initial con-
dition satisfying (5) and (6), Boutet de Monvel et al. [13, 21] showed that
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the asymptotics of CH equation can be classified into different types in (z, t)
domain. After a sufficiently long time, the regions can be divided into the (i)
soliton region, (ii), (iii) two oscillatory regions, and (iv) fast decay region.
Two transition regions denoted by (T1) exist between the regions (i) and
(ii). The (T2) region between the regions (iii) and (iv) can be also seen in
Fig. 2 and 3. We will confirm the existence of these regions by virtue of the
space-time finite difference method detailed in Section 4. In (T1) and (T2)
regions, the solutions to the CH equation asymptotically approach to the
solutions of the Painlevé II transcendents

(21) — = 2w
fixed by the asymptotics
w(z) ~pAi(z) asz > o0, z€R

where Ai(z) is the Airy function (see [13]).

The regions (ii) and (iii) result from the fact that the reflection coefficient
R(k) in scattering data is non-zero. On the other hand, if R(k) = 0 (i.e., only
discrete eigenvalues exist), oscillatory solutions are not observed. Under the
circumstances, only the multi-soliton solutions are permitted to appear [11].

4. The solution in space-time domain

In this section, for the sake of clarity, we will briefly introduce the finite
difference method employed to solve the CH equation in space-time domain.
For the details of this method, one can refer to the paper [20].

Given an initial condition u(z,0) € H', where H'! is the Sobolev space,
the CH equation investigated at the critical shallow water speed, which
is zero, has been shown to have the well-known conservation law M =
ffo udx = constant := ¢1. The other conservation quantities are expressed
as 5 f 2)?dz = constant := ¢y (Hamiltonian H7) and 5 f ud +

u(um)de constant := c¢3 (Hamiltonian Hy). The Hannltonlan H, =
3 f u? + (uz)?dx has association with the energy density u? + (uz)2.

4.1. Symplecticity and dispersion relation equation preserving
finite difference scheme in space-time domain

Given a set of properly prescribed boundary condition and initial condi-
tion for u(x,0) € H', the space-time solution to (1) can be sought from
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the following equivalent inhomogeneous nonlinear hyperbolic pure advec-
tion equation for u to avoid approximating the mixed space-time derivative
terms and the third-order dispersive term

(22) U + uty = —Py.

The above pressure-like term P is governed by the following elliptic
Helmholtz equation

1
(23) P— P, =u’+ 5“925 + 2Ku.
4.2. Approximation of spatial derivatives

Within the framework of the combined compact difference (CCD) schemes,

the derivative terms % and % in (1.1) are approximated implicitly in a

three-point grid stencil as follows for the case of u > 0

a@’ +@"+CL %|
Yo't 9z 30r
1
= E(Clm_Q + coui—1 + c3u;)
9%u 9%u 9%u
(24) —h (blﬁhl + 52@11 + b?’W'iH) ;
TR Tt
80221 gg2t T g g2t
3 9 ou ou
2 = S (ui-1 —2u; +uip1) — o | =5z li-1 + 52l | -
(25) (i~ 20+ i) = g (= Geier + ko)

The coefficients shown in (25), which can be determined partly from the
modified equation analysis, by performing Taylor series expansion on the
terms Ui—1y Ui+1, g—g‘i_l, %’“ g_Z’H—la %h—lv %’z and (3271;’2‘4,_1 shown in
(24) with respect to u; to yield a formal accuracy order of six [27]. The other
algebraic equation derived to uniquely determine all the introduced coeffi-
cients is based on the strategy of reducing dispersion error by matching the
exact and numerical wavenumbers. For the details of maximizing dispersion
accuracy, one can refer to [20, 28].

By virtue of these two rigorous analyses, a; = 0.888251792581, a3 =
0.049229651564, b; = 0.150072398996, by = —0.250712794122, b3 =
—0.012416467490, c¢; = 0.016661718438, co = —1.970804881023 and c3 =
1.954143162584 can be obtained. The resulting upwinding difference scheme
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Figure 6: The time dependence of %(R(k:, t)) fromt=0tot=15at ¢ = %

developed in a stencil of three grid points ¢ — 1, ¢ and ¢ + 1 for % has the

spatial accuracy of order six according to the derived modified equation,
namely, 9% = 2%|cact + 0.424003657 x 10~hT% + H.O.T. As u < 0, the
three-point non-centered CCD scheme can be similarly derived.

The three-point combined compact difference (CCD) scheme [29] is used
here to approximate the gradient term P, shown in (22) as follows

hPP 0P
16 922" 16 022 1!
15 7 OP oP 7 0P
(26) = m—h(—Pz‘—l + Piy1) + <E%’z—1 + %‘z + Ea—xh-ﬂ) )
182P" +62P" 182P‘.
8ax2 "1 T 92" g gg2
1 1/ 90P 99P
2 = (8P — 6P +3Piy1) — 7 (—= -1+ ==—lin1 |-
(27) 0P = 0P 3Pun) = 1 (~g grhior + g o)

The above centered CCD scheme developed in a grid stencil involving three
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Figure 7: The time dependence of S(R(k,t)) from ¢ = 20 to ¢ = 200 at

1
q = 3-

points ¢ — 1, ¢ and ¢ + 1 for g—]; yields the sixth-order accuracy.

The Helmholtz equation (or equation (23)) for P; is approximated as
follows for ¢g; = —(ul2 + Uity ;)

1 1
Poi—(2+R+ =+ —n8 )P +P_
i+1 < + + 12 -+ 360 [ + 1—1

1 d%g; 1 %g; Oy
(28) :h29i+§h4<fi+ g>+—h6<gz-+ %y g).

0z2 360 ox?2 = Oxt

According to the corresponding modified equation for equation (23), which

-, O°P _ h® 093P h8 ovop
1S o2 P = g+ 50160 Ozt + 1814400 Oz10 + .. 4’.[{01-’7 the proposed three—

point compact differencing scheme is deemed sixth-order accurate.
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4.3. Approximation of temporal derivatives

Due to the symplectic structure inherent in the CH equation, the time-
stepping scheme for equation (22) cannot be chosen arbitrarily provided
that one wishes to obtain a long-term accurate solution. To conserve this
property in the currently investigated non- dissipative Hamiltonian system
of equations (22-23), the following sixth-order accurate symplectic Runge-
Kutta scheme [30] is applied to compute the CH solution iteratively for
uy = F(u, P) = —uuy, — P,

[ 5 2 2 5 ¢
) My e At D (222 p@ 4 (2L 2ypB)
(29) u u + t_36 +(9+3) +(36+3) ;
[ 5 5é 2 5 5é
(2) — yn 2 YO S p®@) oy 22y pB)
(30) u u” + At _(36 12)F +(9)F +(36 + 12)F }
[ 5 & 2 2¢ 5
31 B) — oy At (2 SO (2 _ S p@) L 2 pB)
(32) WMl =u 4 At S pm 4 dpe 2 pe)|
|18 9 18

In the above, ¢ = %\/g and FO) = F(u®, PW), i =1,2,3.
5. The solution in spectral domain

By means of the method of IST detailed in [6], the following scattering data
can be rigorously derived [19, 20].

Theorem 5.1. (Theorem 3.1 in [20]) Let qo € (0,1) be a given constant and
A= 130%. For the Camassa-Holm equation (1) subject to the initial condition

(2), the scattering data can be derived as follows in spectral domain

—q0 40 /40
k; = — = — = —.
(33) R (k) % + 2ik’ K1 R 4! 5

In this section we will numerically solve the GLM equation under the
initial condition (2).

5.1. Derivation on IST

The time dependent expressions of R(k) and 7; are derived in the following
form [21]

R(k,t) = R(k)e™*/ (/AHR) " (1) = el 2074710 for ¢ > 0.
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In (3.15), the expression of f (z,t) can be written as

Qo Pot=%e L [T G0 i(ke- it at)
2, t) = —el w0 ? — ————e a4k df.
f(z) 2 ’ +27T oo G0 t+ 2ik

By the residue theorem, the integral term shown above can be simplified in
a way similar to the KdV equation featuring with the initial condition of
the delta function type [31, 32]. That is, f (z,t) can be rewritten as

2490 a0

Der-ad 27 for 2 <0,
(34) f(zt) = 4 for z =0,
0 for z > 0.

In the first step of IST, the GLM equations (15) and (34) are solved by the
underlying idea given in [33]. For simplicity, in the processes of performing
IST the parameter t is omitted. The variable y is considered in the bounded
interval [—n,n]. Provided that the domain [—n,n| is partitioned into N
parts, the grid size turns out to be h = QW” Then, the discrete variables
Yi,Tj, zm are defined as

yi=-n+(Gi—1)hi=1..N+1,
ri=-n+(G-1hj=1..N+1,
Zm=-n+m—-1)h,m=1,..,N+1.

Let K (y;,r;) = K;j, and f (y; + 1) = fij, equation (15) can then be ap-
proximated using the trapezoidal integration rule

N+1
(35) Kij+fij+h Y AimKinfim =0, i<j<N+1

m=i

where
l EY)
m_{% for k =i, N + 1,

otherwise.

Our objective of solving (35) is to find ¢ (y;,t). From (17), the discrete form
of q (yi,t) is expressed as

Kiiqii1 — K
(36) ¢ = q(yi,t) = —2 <W> ,i=1,...,N.
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The forward difference scheme is chosen from the physical viewpoint. That
is, the incident waves expressed in (12) move from right (y — oo) to left
(y — —o0), Like the application of the upwinding schemes in solving the
hyperbolic PDEs, the potential ¢ (y) at y = y; shall be influenced by ¢ at
Y =Yit1-

Following similar process given in [33], equation (35) is simplified as
follows. For ¢ = N + 1, we have j = N + 1. Then, (35) is considered as a
degenerate case. In this case we set Kny1 n+1 = —fn41,nv+1 = 0. Fori < N,
let F; = prin;; (F') be the principal sub-matrix of order i + 1, where

N1 N+1 0 N1
F = : : :

finyr o fin

and fI be the last row of F;. Similarly, let K; = prin,; ; (K), where

Kyyiner o0 Knyi

Kinyaw - Ky
and k‘ZT be the last row of K;. By writing S; = diag(Anti—iN+1s--s
ANti1-iN+1-i), equation (35) can be expressed differently as

(Lix1 + hE;S;) ki = —f;.

It should be noticed that I;11 + hF;S; is not a positive definite matrix.
Unlike the work carried out in [33], we need to compute k; in a direct way.
Let Kn42 n+2 be the polynomial extrapolation

1

Kniony2 =
To compute gny1, the forward difference scheme is applied.

The next derivation step is to recover the momentum variable w(y) from
q(y). This step is the most difficult part in IST analysis. More importantly,
this step clearly shows the primary difference between the IST analysis of
the CH and KdV equations in the sense that the recovery from ¢(y) to w(y)
needs to proceed a nonlinear process rather than its linear counterpart for
the KdV equation.
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We can find the solution ¢ (y) of ¢y, = (q(y) + i) ¢ with the asymp-
totics (19) by solving the following integral equation.

v =etr [T (- F)a@v©d yer

The discrete version for the above integral equation is expressed as

N+1

Y(y) =i =ei+h Y Al Eq (&) v (&),

k=i

§L—Yi Yi—Ek

where E;, = e 2 —e 2 ,gk:—n—i—(k‘—l)h’ei:e_%,

Asz:{

Finally, we can obtain the equation

fork=14,k=N+1,
otherwise.

[l NI

(Iny1 — hEdiag (¢:)) ¥ = e

where

(01 €l
(o)

U= : , €= ,
UN+1 EN+1
0 Ep -+ Ewv 24
0 0

E" = En_1n
0 0 0 0

The next step is to find w* (Ht_1 (e),t) through (20). Recall that
Hy(y) = ffoo mdg = €. From the values of ¥ = (¢1,---,¢N+1)T, the
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discrete representation of Hy (y) can be expressed as

! 1
where
fork=1, k=1,

1
AH = 2 .
ik { 1 otherwise.

For ¢ = 1, we set H; = 0. Then, equation (37) is solved for i = 2,..., N 4+ 1,
thereby leading to

1
Hy 1/12
H Jii 1
. Ay Ayy - 0 .
— h . : . .
7 A%+1,1 A%-&-l,? o A%-{-I,N-&-l 1
+

If one uses the resulting H; as the data to perform IST analysis, the depen-
dence of x on y cannot be accurately obtained and we need to add an error
term to H;. For ¢ = 0, we have f:; m% = ﬁ and use this as the

error for all ¢ > 0. Hy, ..., Hy41 are therefore defined as H; = H; + ﬁ.

The value of H~! (¢%) can then be computed through interpolation for
(H1, ..., Hy41). When representing w (z;) = €**9p* (H~! (")) in terms of x,
we need to perform interpolation to find w (z;). In order to avoid generating
unnecessary error, the momentum w and the solution u are expressed in
terms of y. That is, we use the parametric expression (w (y,t) ,x (y,t)) (resp.
(u(y,t),x(y,t))) to express w(z,t) (resp. u(z,t)) with y being considered
as a parameter. By substituting x (y;) = log H (y;) into the momentum
variable, we have

wi = w(y) = e@Wyt(y)
(38) (. P b N L

The final step in the IST analysis is to recover u from w. Since we want
to express u in y domain, we recast the equation v —u,, = w—1 in x domain
to the corresponding equation defined in y domain:

1
wuyy+§wyuy—u:1—w
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In the above equation, % = w(y,t). By performing a centered finite
difference approximation on the above equation, we have

1 1
(wi + ] (wit1 — wi1)>uz’+1 - (2wi + h2) u; + (wi -3 (wit1 — wil)) Uj—1

=—h?(w;—1), i=2,...,N.

or
uUN wy — 1
UN-_1 wy-1 — 1
Al [ =07
us wg — 1
u9 w9 — 1
1
— (wn + § (WN41 — WN-1)) UN$1
0
(39) + !
0

- (wz - % (w3 - wl)) ul

The components of the above matrix A = (Ay;),; ;< are defined as

Ay = — (2wN+17¢ + h2) Jori=1,....N —1,
1

Ajit1 = WNg1—i — 3" (wNnto—i —wn—;),fori=1,..,N —2,

1 .
Aiji1 = WNg1— + 3" (wNnyo—i —wn—;),fori=2,.., N —1,

A; ; =0, otherwise,

Note that u; and un 41 are interpolated by the Lagrange polynomial formula,
thereby yielding
L = (y1 —y3) (y1 — ya) + g (y1 —v2) (y1 — ya) b (y1 —y2) (y1 — y3)
(y2 — y3) (Y2 — ya) (y3 — y2) (Y3 — ya) (ya — y2) (ya — y3)
= 3ug — 3us + uy;

(Yyn+1 —Yn—1) (Yn+1 — YN—2)
(yv —y~n—1) (yn —yn—2)

UN+1 = UN
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T Yl(t>

Figure 8: The graph of 7 (¢) is plotted with respect to ¢ at gy = %

(Yn+1 — yn) (Yn+1 — Yn—2)
+un-1

(yn—1 —yn~) (Yn—1 — Yyn—2)
b uns (yn+1 —yN) (Yn41 — yN—1;

(Yn—2 —yN) (UN—2 — YN-1
=3uy —3uny_1 +un_so.

6. Numerical study of the influence of transmition/reflection
coefficients on the solutions

Under the initial condition (2), we recall that the time evolution of the reflec-
tion and normalization coefficients are expressed respectively as
R(k,t) = R(k)e *t/(U/ATE) — ——toro=iht/ (/4K and T (k,t) = T (k) =
T (k) e®H-1(w) For the derivation of the scattering data and H_; (w), one
can refer to [19].

In order to explain the influence of the reflection coefficient R(k,t) on
the computed solutions wu(y,t) at different times, we plot the profiles of
R(k,t) in Fig. 4 and Fig. 5. From the above derived expression for R(k,t),
we know that R(0,t) = —1 for all ¢ > 0. In Figs. 4 and 5, the height of
§R(R(k:, t)) is increased with respect to time ¢. Moreover, Figs. 6 and 7 reveal
that %(R(k:, t)) changes its profile shape, from the maximum appearing in
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the left to that appearing in the right. All the four figures show that the
heights of §R(R(k:, t)) and the amplitudes of %(R(k‘, t)) change more abruptly
as time increases. According to the definition of reflection coefficient, at a

pnit

—Hr ‘1_02t .
larger time the profile of v (t) = y1e*/*=D = (/De'~4% ¥Vt > 0 is also
plotted in Fig. 8.

7. Concluding remarks

In this article, we continue our work in [20] on the long-time asymptotics of
the Camassa-Holm equation. In the works of Boutet de Monvel [13, 21], there
exist some asymptotic solution formulas. However, what the solution profiles
look like and how the space-time domain information corresponding to the
solution in spectral domain are not clear. In the so-called “spectral domain”,
the solutions are not solved in the original space-time domain but rather we
intend to apply the inverse scattering transform (IST) method underlying
the characteristics of integrable system. The Gelfand-Levitan-Marchenko
(GLM) integral equations are discretized first to get the potential g(y,t)
of the transformed Schrédinger type operator. Then, in the inverse process
of the CH equation, which is different from that of the KdV equation, we
transform the equation from the potential ¢(y,t) to the momentum w(y, t)
and then perform the change of variables from y to x from their relation (8).
However, due to the computational difficulty encountered in the numerical
integration of GLM, which involves the term e in the example of the one-
soliton solution of KdV equation, the current computational accuracy is
insufficient for the case at a large time. Therefore, it is difficult at the time
being to predict a very accurate solution at a large time. Our IST results
can however give us a conceptual guidance of making a comparison of results
using the finite difference and the IST methods at an early time of the wave
propagation.
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