Accepted Manuscript

Numerical solutions to a two-component Camassa—Holm equation

Ching-Hao Yu, Bao-Feng Feng, Tony W.H. Sheu

PII: S0377-0427(18)30011-6
DOI: https://doi.org/10.1016/j.cam.2017.12.043
Reference: CAM 11462

To appear in:  Journal of Computational and Applied
Mathematics

Received date: 20 November 2015
Revised date: 27 May 2016

Please cite this article as: C. Yu, B.-F. Feng, T.W.H. Sheu, Numerical solutions to a two-component
Camassa—Holm equation, Journal of Computational and Applied Mathematics (2018),
https://doi.org/10.1016/j.cam.2017.12.043

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to
our customers we are providing this early version of the manuscript. The manuscript will undergo
copyediting, typesetting, and review of the resulting proof before it is published in its final form.
Please note that during the production process errors may be discovered which could affect the
content, and all legal disclaimers that apply to the journal pertain.


https://doi.org/10.1016/j.cam.2017.12.043

Numerical solutions to a two-component Camassa-Holm
Equation

Ching-Hao Yu!, Bao-Feng Feng®*, Tony W. H. Sheu?*>7
IState key lab of Hydraulics and Mountain River Engineering, Sichuan University,
Sichuan 610000, People’s Republic of China
2School of Mathematical and Statistical Sciences, The University of Texas Rio Grande Valley, Edinburg
78539, U.S.A.
3Department of Engineering Science and Ocean Engineering, National Taiwan University,

No. 1, Sec. 4, Roosevelt Road, Taipei, Taiwan, Republic of China

*Institute of Mathematical and Applied Mathematics, National Taiwan University

> Center for Advanced Study on Theoretical Sciences (CASTS), National Taiwan University

Abstract

In the present paper, a three-step iterative algorithm for solving a two-component
Camassa-Holm (2CH) equation is presented. In the first step, the time-dependent
equation for the horizontal fluid velocity with nonlinear convection is solved. Then
an inhomogeneous Helmholtz equation is solved. Finally, the equation for modeling
the transport of density is solved in the third step. The differential order of 2CH
equation has been reduced in order to facilitate numerical scheme development in
a comparatively smaller grid stencil. In this study, a fifth-order spatially accurate
upwinding combined compact difference scheme (UCCDS) which differs from that
in [J. Comput. Phys. 230 (2011) 5399-5416] is developed in a four-point grid sten-
cil for approximating the first-order derivative term. For the purpose of retaining
long-time Hamiltonians in the 2CH equation, the time integrator (or time-stepping

scheme) chosen is symplectic. Various numerical experiments such as the single
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peakon, peakon-antipeakon interaction and dam-break problems are conducted to il-
lustrate the effectiveness of the the proposed numerical method. It is shown that both

the Hamiltonians and Casimir functions are conserved well for all problems.

Keywords: two-component Camassa-Holm equation; inhomogeneous Helmholtz equation; com-
bined compact difference scheme; peakon-antipeakon; dam-break; Hamiltonians; Casimir

function.

1 Introduction

We consider the following two-component Camassa-Holm (2CH) equation:
Ur + Kty — Upyx + 3utty — 2Ullyy — Ullyry £ OPPx = 0, 1)

pr + (pu)x = 0. (@)

In the context of shallow water theory, u can be interpreted as the horizontal fluid velocity and p is
related to the water elevation in the first approximation [1,2]. In this case, the system is physically
meaningful only when ¢ is positive [3]. It should be also pointed out that the CH equation is
reduced from the 2CH equation by taking ¢ — O instead of p — 0. The quantity of p still exists
implicitly in the CH equation and plays an important role in the construction of its integrable
discretization and self-adaptive moving mesh scheme [4, 5]. Therefore, the above system (1)-(2)
can be considered as a generalization of the CH equation [6, 7].
Similar to the CH equation, equation (1) can be written in terms of the momentum variable
m = u — uy, + K. The resulting equation with the reduced spatial differential order takes the form
of
my + 2myu + mu, £ oppy = 0. 3)

The system (2)—(3) constitutes the so-called m-formulation of the 2CH equation. From the com-
putational point of view, it is preferable for us to adopt the m-formulation due to the reduction of
differential order by two.

Subsequent to original work by Olver and Rosenal [8], the 2CH equation for modeling shallow
water waves has been studied intensively [1,2,9,10], for example, on the well-posedness and blow-
up phenomenon [10] and the global existence of small-amplitude and large-amplitude traveling
wave solutions were also approved in [11]. Most recently, it was shown that the KdV, the CH and
the 2CH hierarchies all belong to a more general r-KdV-CH hierarchy [12].

Although many numerical methods have been proposed to the CH equation, the numerical
scheme for the 2CH equation is very rare. As far as we are concerned, only a multi-symplectic
method was proposed by Cohen et al. [3]. In [13], although some numerical examples were given

for generalized multi-component CH equation, the numerical scheme was not provided. The lack



of numerical investigation of this physically important and computationally challenging problem
motivates the current study.

The aim of the present paper is to propose a three-step finite difference scheme to solve the
2CH equation. The strategies of the scheme development is as follows: after a brief review for
the 2CH equation in Section 2, we transform the 2CH equation which contains the third-order
dispersive term into its equivalent u — P — p form which contains the reduced differential order
terms and the inhomogeneous Helmholtz equation in Section 3. A sixth-order accurate symplectic
Runge-Kutta (SRK6) scheme is used to deal with the time evolution of the u solution. A fifth-
order spatially accurate upwinding combined compact difference scheme (UCCDS) is used in a
four-point grid stencil for approximating the first-order derivative term of u. A three-point sixth-
order accurate compact scheme is applied to solve the inhomogeneous Helmholtz equation. All
above details are presented in Section 4. Analysis of the proposed scheme is given in Section 5.
In Section 6, we illustrate various numerical examples to show the effectiveness of the proposed

numerical scheme. The paper is concluded by Section 7.

2 Integrable properties of the 2CH equation

The 2CH equation has attracted considerable attention since it was initially appeared in [8] as
a tri-Hamiltonian system. The system of equations (1)—(2) ( or (2)—(3) ) is physically important
as well and is worthy to be investigated since it approximates the governing equations for shallow
water waves [2]. Besides its practical significance and scientific importance, the 2CH equation has

many rich mathematical structures. It is integrable, admitting a Lax lair of the form [1]

Wiy = <cx2p2+xm+ i) v, 4)
Y B (5)
e\ ) e

The compatibility condition ¥y, = ¥, gives the 2CH equation (2)—(3).

The 2CH equation is bi-Hamiltonian, its first Poisson bracket

OF 8G OF _8G OF, 8G
{FG}l——/[S (md +am)g )+ 5 0I5 P | d ©)
corresponds to the existence of the following Hamiltonian
=3 [ @+ rop?)ax @
while its second Poisson bracket
B OF 3,0G  OF | 06G
{F,G}z_—/[am(a—a)8 050 |4 @®)



corresponds to the Hamiltonian
1
H, = 3 / (u3 + uu)% + Gupz) dx. )

As shown in [9], by noting a fact that equation (2) represents a conservation law, thus a hodograph

(reciprocal) transformation (x,#)—(y,s) can be defined as
dy = pdx —pudx, ds = dt, (10)

which converts the Lax pair of the 2CH equation into the first negative flow of the AKNS hierarchy.
Among the infinite number of Hamiltonian functions, two with the lowest spatial differential order
given in Eqgs. (7) and (9) will be employed in Section 6 for the justification of the new finite
difference scheme for the 2CH equation detailed in Sections 3 and 4.

As for the dependent variable p(x,t) for Eq. (2), it possesses the Casimir functions defined as

q=/pm, (11)

1
C, = 5/(u—uxx) dx. (12)

The above two Casimir functions and the Hamiltonian functions defined in Eqs. (7) and (9) will
be considered in each test case in Section 6 to demonstrate that the employed difference scheme
can indeed conserve the Hamiltonian and Casimir functions.

The system of equations (1)-(2) is rewritten in its multi-symplectic form as a new system of
equations containing only the first-order derivatives in space and time. Such a reformation of
the equations enables us to extract multi-symplectic structure consisting of two skew-symmetric
matrices M and K and one scalar function S. Given the derived multi-symplectic formulation
M 7,4+ K z, = V_ S(z) for the vector z, the local multi-symplectic conservation laws, namely,
% + % =0, %—% + %—% = 0 and % + aa—% = 0 have been derived with w, é, E, F, I and G being
detailed in [1]. Other global invariants have been also derived in [1]. These local conservation

laws and global invariants are useful for use in code validation if benchmark solutions are not

available for making a comparison of results.

3 Three-step iterative algorithm for solving the 2CH equa-
tion

When approximating the 2CH equation, it is essential to avoid dealing with the third-order
derivative term and the mixed space-time derivative term. To acquire a better predicted nonlinear
and dispersive natures of the shallow water with higher level of accuracy without invoking too

many stencil points, one can transform the original 2CH equation to a more appropriate equivalent



formulation. To this end, the intermediate solution u will be firstly computed from the follow-
ing nonlinear system of equations, subject to the prescribed boundary conditions and the initial

conditions for uy and pg:

u; + uu, + P, =0, (13)

' 2 1,
P_Pxx:u +§(ux) +Ku+§p ) (14)
pr+ (up), =0. (15)

The above u — P — p reformulation of the 2CH equation has the measure u defined by
p=i? i+ pl. (16)

This quantity, which is nothing but the density of the Hamiltonian function H;, satisfies the trans-

port equation given by
i+ (upn), = (u® — 2Pu),. (17)

Note that Cohen et al. [3] have considered the above system of equations as the second multi-

symplectic formulation of the 2CH equation.

4 Numerical method

Presentation of our proposed high-order scheme is organized into the following six subsections.

4.1 Symplectic scheme for the temporal derivative term in Eq. (13)

When solving the bi-Hamiltonian system (1)—(2), a structure-preserving numerical integrator
should be adopted for conserving its symplecticity. A sixth-order symplectic Runge-Kutta scheme
[14] is used in this study to compute the 2CH solution.

Having calculated the solution " at the time ¢ = nAt, the solution #"*! at the next time step
is obtained from the following iterative method. We start with an initial guess for a set of values
ulh) (j=1,2, 3) by u", then calculate F (/). The computed values of F (/) are then substituted into the

following three implicit equations to compute the updated values of /) (j=1,2,3)

5 2 2¢ 5 ¢
(1) _ n S L O (T I - ) BT ST B 21 )
u u" + At [SGF +(9+3>F +<36+3>F } (18)
5 5¢ 2 5 5¢
2) _ n D 2N\ tp@ (226 p0)
u u" + At [(36 12>F —|—9F +<36+12)F ] (19)



5 ¢ 2 2 5
(G) — A I 20D SV fF(@ 3)
u u' + At [(36 3>F + <9 3 >F +36F ] (20)

where ¢ = %\/g Note that FU), j= 1, 2, 3, represent the values of F(= —Py—uuy) att =n+ (% +
C)At,t =n+ %At, andf =n-+ (% — C)At, respectively. As the difference of ul’) computed from the
two consecutive iterations becomes negligibly small, calculation of the values FU) from equations
(18-20) is terminated. Upon reaching our specified tolerance 1078, the solution at t = (n+ 1)At is

computed as follows

Ar |5 5

4.2 Fifth-order upwinding combined compact difference (UCCDS)

scheme for the spatial derivative terms

An upwinding combined compact difference scheme possessing a better dispersion relation
has been developed to solve the first derivative term in Eq. (13). Our primary aim is to enhance
convective stability of the Eq. (13) by virtue of the increased dispersive accuracy. In the follow-
ing the combined compact difference scheme for approximating the spatial derivative term g” is
presented. Besides the nodal value of the first-order derivative term 57 Ju > the second derivative term
375‘ is also considered as the unknown variable at each grid point. Cornblmng the first and second
order derivative terms enables us to get a solution with spectral-like resolution. In a four-point grid
stencil, the numerical scheme employed for calculating the nodal values 2 S, and Cal 552 1n this study is

given below

ou N ou n ou
a; — —| +a3 —
' ox i1 0x|; * o i+1
1 o%u o%u 0%u
= E(Clu,;z—l-c’zu,;l + c3u;) —h< Fye) —l—bz "2 i+b3 pYe) i+1) , (22)
1 0%u %u 1 o%u 3 9 ou ou
e il [ B A ) @3
8 ox? i_1+ ox?|; 8 x|, hz(ul 1= 2t ui) = Sh( ox l._1+ ox i+1> @3)

The coefficients shown in Eq. (23) are derived solely by the method of Taylor series expansion,

from which the leading truncation error terms in the derived modified equation are eliminated. By
virtue of the modified equation analysis we can get the formal accuracy order of six [15].

Derivation of the undetermined coefficients in Eq. (22) is started as well by performing Taylor

i ; . . du ou| Ou Pu Pu

series expansion on the terms u; 2, u;—1, §: L oy ok, o o,

corresponding modified equation. The six leading truncatlon error terms in the modified equation

2
and %| i+1 to get the




are then eliminated. We can therefore obtain a set of algebraic equations

ci1+cr+c3=0, 24)

—2c1—cp—a;—az=1, (25)

4ey + ey +2a; —2a3 —2by —2by —2b3 =0, (26)
8c1+c2+3ar +3a3 —6b1 +6b3 =0, (27)

16c1 +c2 +4a; —4a3 — 12b; — 1203 =0, (28)
32ci + ¢+ 5a1 + Saz —20b; +20b3 = 0. (29)

At this moment, we are still short of two algebraic equations to uniquely determine all the intro-
duced coefficients shown in Eq. (22). Our underlying idea of deriving the necessary algebraic
equations so as to be able to get a better approximation of the term % is to reduce the numeri-
cal error of an accumulative type. Having performed this error reduction derivation, we can then
expect to retain the theoretical dispersive property of g—ﬁ.

Our strategy of achieving the goal of reducing the numerical dispersion error is to match the
exact and numerical wavenumbers. The effective wavenumbers of and o' are set to be equal to

those shown in the following two equations to get the expression of o’/ given below [16]

ioh (a1e7 % 11 4+ a3e' ™) = (cre 2 1 cre 1% 4 03) — (iocﬂh)z(blefi“h +by + b3, (30)

" 1 . 1. . . / 9 . 9 .
(iOL h)z(_geﬂah_’_ 1— gel()th) v (3671(1/1 _6+3elah) —ioh (_geﬂah_‘_ gelah)_ (31)

It is worthy to note here that the real and imaginary parts of the numerical modified (or scaled)
wavenumber oA account for the numerically generated dispersion error (or phase error) and the
dissipation error (or amplitude error), respectively.

To improve the dispersive accuracy for o, the exact value ah should be very close to R[a'A],
where R[o'A] denotes the real part of a’h. To achieve the goal of improving solution accuracy
we define a positive-valued error function E(a) over the integration interval 0 < oh < %’t for the

modified wavenumber ot/

in

E(oc):/08 (W (ah—R[o k)] d(oh),, (32)

where the weight function W is chosen to be the denominator of (ot — R[a!’ A]) [17]. This choice
facilitates us to integrate E (o) exactly. Requiring the error function to be a minimum value leads

to two conditions

oE oE
e 0, 3 0. (33)

The above condition, together with other six algebraic equations (24-29), uniquely determined
eight introduced unknown coefficients a; = 0.8873686, a3 = 0.0491178, by = 0.1495320, b, =



—0.2507682, bz = —0.0123598, ¢; = 0.0163964, c; = —1.9692791 and c3 = 1.9528828. The
upwinding scheme developed in four stencil points i —2, i — 1, i and i + 1 for ?TZ has the spatial

accuracy of order fifth according to the derived modified equation given below

u 9 96
a1 0.0000077381655315119445 K5 —“ L H.OT. . (34)
ox  Ox ox0

exact

4.3 Discretization of P,

The three-point combined compact difference (CCD) scheme derived in [15] is applied to

approximate the gradient term P, in Eq. (13). The resulting equations are as follows:

h 0*P h 0*P 15 7 (0P 16 oP| oP
— a5 a5 =P -Poa)t+— | — - + 5 , (35
16 ox? |,_; 16 ox? |, 16h( - )+ 16 <8x i71+ 7 ox l.+ ox i+1> (33)
1 0°P ’P| 1 9%°P 3 9 [P oP

— = | —235| =3P -2P+P)+—(=| —-=| ). 6
8 ox?|,_, ox?|, 8 ox?|., hz( ! * +1)—i_Sh <ax i Ox i+1> (36)

The above center-type CCD scheme developed in a stencil of three grid points i — 1, i and i+ 1 for

%—i has the sixth-order accuracy.

4.4 Three-point sixth-order scheme for the Helmholtz equation

The compact difference scheme developed in [18, 19] for solving the Helmholtz equation is
applied. This three-point implicit scheme uses only two adjacent nodes to relate f to the partial

derivative terms f, and fy... The Helmholtz equation (14) is approximated by

1 1
Py — <2+ s +h4+h6> Pi+Piy

12 360
1 9’ f; 1 o’ fi  9'f;
=fi+ =h fit 55 |+ =00 it 55 : 37
fit 13 <f+8x2>+360 <f+ax2+8x4>’ G7)
where f; = —(u? + %(ux)l2 + Kuj + %(p?)) The proposed three-point compact difference scheme

for equation (14) has been shown to be sixth-order accurate in space because the corresponding

. . . 2 6 8 8 10
modified equation has been derived as 3712) —-P=f+ 20}‘160 375 + 181}2400 3}(—15 +---+H.0.T.. The

spatial derivatives aaié’ and aaif:’ in Eq. (37) are discretized by

Pfi o =3 fi+t5(fici i) — 5 (fia+ S
asz":fi: 3fit+3(fic1 f;) 5 (fiz f+2), (38)
and
i _ =2 +fii+ i (39)

ot h?

which have the spatial accuracy of order fourth and second, respectively.



4.5 Discretization of (up), and symplectic time discretization scheme
for Eq. (15)

We are aimed to conserve the flux term up across a cell of length 4. This objective is achieved

by the approximation given by w = g—i
4

§~ —7gi77
= % The flux values of g at two half nodal

i
points i + % are approximated as

8iv12="18i-1 T V& — [(C1gi—1/2 +0agii3/2) + h(Blg;—l/z ‘|‘Bzg;+1/z +B3g;+3/z)], (40)

and

gic12="8i—2+V8i-1— [(C1gi—3/2 +0agit1/2) + h(Blg;_yz +Ezg;_1/2 +B3g;+1/2)] (41)

The unknown coefficients shown in Eqs. (40) and (41) are then derived by comparing the co-
efficients derived in Eq. (22) for g—i| i- After a term-by-term comparison of equations, all the
coefficients in Eq. (40) and Eq. (41) can be derived as a; = 0.8873686, da, = 0.0491178,
B, =0.1495320, B, = —0.2507682, B3 = —0.0123598, 3, = —0.0163964, ¥, = 1.9528828.

The sixth-order symplectic Runge-Kutta scheme is applied to compute solution of p"*!. Hav-

ing calculated the solution p” and u” at the time ¢ = nAt, the solution p™*!

at the next time step

is obtained from the following iterative method. We start the calculation of solutions by guessing
R , 5 [*],(/)

a set of values p[*]’(f) for p", where j=1 to 3, then calculate G(f)(z —a("gii“)).The computed

values of G\/) (j = 1to 3) are then substituted into the three implicit equations given below to

compute the updated values of pi/) (j=1 to 3)

5 2 2c 5 ¢
M5y Ar | D 2.5 6@ I e €) 42
p p+ t[%G +<9+3>G +<36+3>G }7 (42)
5 5¢ 2 5 5¢
2 1A Rl et il e ) I il e ©)) 4
P —pr IK% 12)0 ey +<36+12>c ] @3)
5 ¢ 2 2 5
() =" A =~ _ 2 e SV 6B 44
p p+ t[(% 3>G +<9 3>G +36G } (44)

If the convergence criterion Maxi:17N|pEj ) pl[*]’(j )| < 1077 (j = 1 to 3) is satisfied, p"*! is

computed by
A
p"'H =p"+ At éG(l) _|_4G(2) + éG(3) ) (45)
9 (2 2
Otherwise, we set p,(j ) = pt[*]’(j ) (j = 1to 3) and calculation is repeated until the convergence

criterion is satisfied.



4.6 Steps of the proposed algorithm

"1 from u” is summarized

For the sake of clarity, the procedure of calculating the solution u
below:

Step 1: Calculation of the solution is started from the initial guess for p[*]’(j) =p"forj=1,2,3.

50 50)
. . npll() OIS S . .
Step 2: Discretize W = ang ~ % in Eq. (15), where & is the grid size. The flux

values of g at two half nodal points g; 1 and g, 1 can be approximated by Eqs. (40) and (41),

respectively.
50

S()
87 -8 , .
Step 3: Set _ g iy 7 . GU) and substitute G(J), for j=1, 2, 3, into Eqs. (42)-(44) to calculate

pl),
Step 4: Check for the convergence criterion: Max;— x| pl(j ) pl{*]’(j )| <107?, where N denotes the

- p,[*]"(j ) and repeat the calculation

number of grid points. If yes, go to step 5. Otherwise, set pl(j
from Step 2 to Step 4. Note that we drop the subscript of i in the subsequent steps for the sake of
simplicity.

Step 5: Substitute the known values p” and G\/), for j =1, 2, 3, into Eq.(45) to get the updated
value of p"*!.

Step 6: Set the initial values ul() = u", for j =1, 2, 3.

Step 7: Substitute the known values of p"*! and ul*:U) into discretization formulation of the
Helmholtz equation (37) to obtain pl.G ), for j=1, 2, 3.

Step 8: Based on the known values of u/*>() and PF-() approximate u,[c*]’(j ) and Pi*]’(j ) by the
upwinding CCD and center CCD schemes described respectively in Section 4.2 and Section 4.3.
Step 9: Make use of u[*]’(j), u,[c*]’(i) and P)E*]’(i) to evaluate F*1() for j=1, 2,3, where F = —P, — uu,.
Step 10: Set FF(G=FU) and substitute F) into Egs. (18)-(20) to derive ul), fori=1,2,3.
Step 11: Check for the convergence criterion: Maxizl,N\qu ) _ ul[*]’(j )] < 1072, where N denotes
() [+,(J)

=u; and repeat the calculation

the number of grid points. If yes, go to next step. If not, set u; ;

from step 7 to step 11 until the convergence criterion is satisfied.

Step 12: Substitute the F/) which is calculated by step 10 and the known values »” into Eq. (21)

to get the updated value of !,

5 Fundamental analysis of the proposed scheme

The solution to the model equation u; 4 ¢ u, = 0 is assumed to be of the form
u = g (1)e'™, (46)

where iy, is the Fourier mode of the wave number a. Differentiation of the above equation leads

to
Jd o s
?Z - ioch%“e‘w‘. (47)

exact

10



The approximated derivative term 3“ can be similarly written as

Ju

i :ioch”; O (K, 4 iK;) 1 g (48)

h

numerical

Here, K, and K;, denoting the real and imaginary parts of io h (cf. Egq. (30)), account for the
dissipation and dispersion errors, respectively.

Fig. 1 shows the dispersion and dissipation characteristics of the proposed eighth-order com-
bined compact difference (CCD8) scheme [20], eighth-order optimized compact difference (OCD8)
scheme [21] and the upwinding fifth-order combined compact difference (UCCDS5) scheme chosen
in the present paper. It can be seen that the UCCDS5 scheme has better dispersion properties than
other schemes owing to the improved dispersive accuracy. Furthermore, in the high-frequency
range, the UCCDS5 scheme has larger dissipation in comparison with other schemes. which may

help to filter out high-frequency errors and to inhibit the numerical oscillations.

6 Numerical experiments

In this section, we justify the proposed numerical scheme by traveling wave solution, single
peakon solution, peakon-anitipeakon solution and breaking wave solution. Since all of them are
not analytic, we make an indirect verification of the predicted 2CH solution, both the Hamiltonians
and invariant functions defined in Eqs. (7), (9), (11) and (12) are computed and are plotted with
respect to time. We evaluate the discretised Hamiltonians and Casimir functions numerically as
follows H; ) = %Zﬁvzl (u?+ (ui)§+6p12), Hyj, = %Z{Ll (ul3 —i—ui(ui)%—i—(suip%) , Cip = hEN | pi,

Cop= %Zf’: 1 (i — (u;)xc), where h is the grid size and N denotes the number of grid points.

6.1 Traveling wave problem

Assuming a traveling wave solution of the 2CH equation to be of the form

u(x,t) = ¢(x—ct) (49)

with periodic boundary condition, we have the following second order differential equation

A? B?
¢xx:(¢_c)3_(¢_c)2+¢7 (50)
and p = -2-. Given initial conditions ¢(0) = 0.5 and ¢,(0) = 1 and provided that A = B = —2 and

c=2, the perlod of the resulting smooth traveling wave is approximately equal to 5.1475 [3].

The number of cells used in our simulation are N =32 and N = 128 (i.e. Ax = . 134&75 ~0.16
and Ax = 3372 ~0.04) in the domain of [0, 5.1475]. The time step is Ar = 0.05Ax. Fig. 2 and Fig.
3 display the computed profiles of u(x,?) and p(x,) at different times. Good agreement using

only N = 32 grids between the computed and exact solutions of u and p demonstrates that the

11



proposed high-order symplecticity-preserving combined compact difference scheme is applicable
to simulate 2CH equation. From the computed Hamiltonians H; and H; and Casimirs C; and Cy,

which are plotted in Fig. 4, it is obvious that they are all conserved very well.

6.2 A single peakon wave problem

A single peakon with ug = e Pl and po = 0.5 [3] is computed in the domain [0, 20], in which
the total numbers of uniformly distributed grid points are 128, 1024 and 16384, respectively.
In addition, the periodic boundary condition is employed. The wave profiles computed at t =
1,2,3,4,5 together with initial condition are plotted in Fig. 5. We can see clearly from Fig. 5
that the moving peakon is well calculated without generating any numerical oscillation using our
UCCDS scheme. Moreover, the evolution of the peakon solution has the same form as the one
predicted in [3] (see Fig. 6). Computed profiles of p(x,) are presented in Fig. 7 for three different
grids (i.e. 128, 1024 and 16384 grids) in order to ensure that the number of the employed grid
points is enough to capture the topological changes. Only a tiny difference is observed in Fig. 7.

Application of center compact difference scheme [15], which is also described in Section
4.3, may cause high frequency oscillation to occur in the smooth flow region since the central
compact difference schemes have no dissipation. In order to eliminate the oscillation, artificial
viscosity is often added. The upwinding compact difference scheme has an inherent artificial
viscosity and is more stable than the center compact difference scheme. To show the advantage of
the upwinding compact difference scheme, we present the numerical results using the center and
upwinding compact difference schemes to approximate the convective terms in Eq. (13). In Fig. 8,
we can see that the dynamics of a single peakon predicted at Ax = 0.09 exhibits excellently without
generating any numerical oscillations by using the upwinding compact difference scheme. On the
contrary, oscillations for u are produced when the center compact difference scheme described in
Section 4.3 is used to approximate the first derivative terms in Eq. (13)

The conserved Hamiltonians given in Eq. (7) and Eq. (9) and Casimirs in Eq. (11) and Eq.
(12) are numerically confirmed to be decreased only by a negligible amount at all times in Fig.
9. We define H{"" = W and HS"" = w for measuring the computed
errors. Fig. 10 displays relative errors of Hamiltonians with Euler box scheme for Ax = 0.1 [3]
and present numerical scheme for coarse grid spacing Ax = 0.15625. We can see the relative errors

of Hamiltonians are smaller by using present numerical scheme rather than box scheme.
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6.3 Peakon-antipeakon interaction problem

The peakon-antipeakon interaction case was studied previously by D. Cohen et al. [3]. In the

domain [0, 1], the initial condition of the 2CH equation is considered as follows at po = 1.5 and

1/sinh(1/4)sinh(x); ifx>0andx <1/4,
up =4 1/sinh(x—1/2)sinh(—1/2); ifx>1/4andx <3/4, (5D
1/sinh(1/4)sinh(x—1); ifx>3/4andx < 1.

Here the periodic boundary condition is employed. The predicted solutions of u and p are plotted
in Fig. 11 and Fig. 12 respectively for the single right-running peakon and the single left-running
antipeakon for Ax = 0.09. We can see that, same as the numerical experiment in [3], the dynamics
of the solution is numerically caught well. The computed Hamiltonians and Casimirs are plotted
against time as before for N = 1024. We can clearly see from Fig. 13(a) and Fig. 13(b) that the

calculated Hamiltonians and Casimir functions remain almost unchanged at all times.

6.4 Dam break problem

This dam break problem is solved subject to the initial condition given in [3, 13]
u(x,0) =0, p(x,0) = 1 +tanh(x+0.1) — tanh(x — 0.1). (52)

with a periodic boundary condition in a domain [—6,6]. Fig. 14 and Fig. 15 display the profiles
showing the evolution of u(x,7) and p(x,) solutions using 128 grids and 1024 grids (i.e. Ax =
0.09375 and Ax = 0.01171875) within the time interval [0, 24]. The H; and H, values plotted
in Fig. 16(a) and the C; and C; values plotted in Fig. 16(b) confirm again that the proposed

scheme is applicable to simulate the time evolving dam break wave. The relative errors in H{"""" =

|Hi(t)—H, (1=0 error __ |Ha(t)—Ha(1=0
iy and Hgr = RGO

scheme with Ax = 0.09375 and in Fig. 17 (b) by using the multi-symplectic numerical integrator
scheme with Ax = 0.09 [3].

are computed and plotted in Fig. 17 (a) by using our

7 Concluding remarks

In this paper, we have presented a three-step u — P — p algorithm to solve a two-component
Camassa-Holm equation subject to periodic boundary condition. To preserve the symplectic na-
ture existing in the equation for u, the sixth-order scheme for the time derivative terms and the
fifth-order upwinding combined compact scheme for the first-order spatial derivative term are ap-
plied. Sixth-order scheme is developed in a three-point grid stencil to solve the inhomogeneous
Helmholtz equation for P. To conserve the flux of the equation for p, a conservative compact
scheme with the accuracy order of fifth has been developed. The application of the developed

high-order symplecticity-preserving combined compact difference scheme to the traveling wave,

13



peakon, peakon-antipeakon solutions and the solution with a sharp initial profile has demonstrated
the effectiveness of the scheme, which can preserve both the Hamiltonians and Casimir functions

for a long-time.
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Figure 6: Three-dimensional plot of the peakon solution of u(x,#). (a) Present scheme;

(b) Multi-symplectic numerical integrator scheme [3].
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