
Homework 8 Prob1 Solution 

1. (30%) The T3 element shown below is subjected to the linearly varying pressure as shown below. 

Determine the equivalent nodal forces. 

 

 

Solution 1: Use T3 element in x-y coordinate 

 T3 Shape function in x-y coordinate 

 𝑁1(𝑥, 𝑦) =
𝐴1

𝐴𝑒
= 1 + 0.4𝑥 − 1.2𝑦 

 𝑁2(𝑥, 𝑦) =
𝐴2

𝐴𝑒
= 1.6𝑥 + 0.2𝑦 

 𝑁3(𝑥, 𝑦) =
𝐴3

𝐴𝑒
= −2𝑥 + 𝑦 

 

 Linearly Interpolated Traction 

𝒕̅ = 𝑵𝒆𝒕 = 𝑵𝒆

[
 
 
 
 
 
𝑡𝑥1

𝑡𝑦1

𝑡𝑥2

𝑡𝑦2

𝑡𝑥3

𝑡𝑦3]
 
 
 
 
 

= [
𝑁1 0 𝑁2

0 𝑁1 0
     

0 𝑁3 0
𝑁2 0 𝑁3

]

[
 
 
 
 
 
 
 
 𝑝0 ∗

8

√65

𝑝0 ∗
1

√65
0
0
0
0 ]

 
 
 
 
 
 
 
 

 

 General Form of Equivalent Nodal Force from Traction 

𝒇Γ
𝑒 = 𝑡 ∮𝑵𝑒𝑇 𝒕̅𝑑Γ = 0 + 0 + 𝑡 ∫ 𝑵𝑒𝑇𝑵𝒆𝒕𝑑Γ

 

Γ3
 

  =
𝑡

√65

[
 
 
 
 
 
 
 
 ∫ 𝑁1

2 ⋅ 8 ⋅ 𝑝0𝑑Γ
 

Γ3

∫ 𝑁1
2 ⋅ 1 ⋅ 𝑝0𝑑Γ

 

Γ3

0
0

∫ 𝑁1𝑁3 ⋅ 8 ⋅ 𝑝0𝑑Γ
 

Γ3

∫ 𝑁1𝑁3 ⋅ 1 ⋅ 𝑝0𝑑Γ
 

Γ3 ]
 
 
 
 
 
 
 
 

  

There are no traction on  Γ1 & Γ2, so equivalent nodal force from  Γ1 & Γ2 are zero. 

  



 Integrate along x direction 

 𝑦 = −8𝑥,  {
𝑁1(𝑥) = 1 + 10𝑥

𝑁3(𝑥) = −10𝑥     
 

 Γ2 = 𝑥2 + 𝑦2 = 65𝑥2 ⟶ Γ = √65𝑥 ⟶
𝑑Γ

d𝑥
= √65 (𝐽𝑎𝑐𝑜𝑏𝑖𝑎𝑛) 

 𝒇Γ
𝑒 =

𝑡

√65

[
 
 
 
 
 
 
 
 ∫ 𝑁1

2 ⋅ 8 ⋅ 𝑝0𝑑Γ
 

Γ3

∫ 𝑁1
2 ⋅ 1 ⋅ 𝑝0𝑑Γ

 

Γ3

0
0

∫ 𝑁1𝑁3 ⋅ 8 ⋅ 𝑝0𝑑Γ
 

Γ3

∫ 𝑁1𝑁3 ⋅ 1 ⋅ 𝑝0𝑑Γ
 

Γ3 ]
 
 
 
 
 
 
 
 

=
𝑡

√65

[
 
 
 
 
 
 
 ∫ 𝑁1

2(𝑥)
𝟎

−𝟎.𝟏
⋅ 8 ⋅ 𝑝0 ⋅ √65𝑑𝑥

∫ 𝑁1
2(𝑥)

𝟎

−𝟎.𝟏
⋅ 1 ⋅ 𝑝0 ⋅ √65𝑑𝑥

0
0

∫ 𝑁1(𝑥)𝑁3(𝑥)
𝟎

−𝟎.𝟏
⋅ 8 ⋅ 𝑝0 ⋅ √65𝑑𝑥

∫ 𝑁1(𝑥)𝑁3(𝑥)
𝟎

−𝟎.𝟏
⋅ 1 ⋅ 𝑝0 ⋅ √65𝑑𝑥]

 
 
 
 
 
 
 

= 𝑝0𝑡

[
 
 
 
 
 
 
 

4

15
1

30

0
0
2

15
1

60]
 
 
 
 
 
 
 

≈ 𝑝0𝑡

[
 
 
 
 
 
0.2667
0.0333

0
0

0.1333
0.0167]

 
 
 
 
 

  

 

 Integrate along y direction 

 𝑥 = −
1

8
𝑦,  {

𝑁1(𝑦) = 1 −
5

4
𝑦

𝑁3(𝑦) =
5

4
𝑦        

 

 Γ2 = 𝑥2 + 𝑦2 =
65

64
𝑦2 ⟶ Γ = √

65

64
𝑦 ⟶

𝑑Γ

d𝑦
= −

√65

8
 (𝐽𝑎𝑐𝑜𝑏𝑖𝑎𝑛) 

 𝒇Γ
𝑒 =

𝑡

√65

[
 
 
 
 
 
 
 
 ∫ 𝑁1

2 ⋅ 8 ⋅ 𝑝0𝑑Γ
 

Γ3

∫ 𝑁1
2 ⋅ 1 ⋅ 𝑝0𝑑Γ

 

Γ3

0
0

∫ 𝑁1𝑁3 ⋅ 8 ⋅ 𝑝0𝑑Γ
 

Γ3

∫ 𝑁1𝑁3 ⋅ 1 ⋅ 𝑝0𝑑Γ
 

Γ3 ]
 
 
 
 
 
 
 
 

=
𝑡

√65

[
 
 
 
 
 
 
 
 ∫ 𝑁1

2(𝑦)
𝟎

𝟎.𝟖
⋅ 8 ⋅ 𝑝0 ⋅ −

√65

8
𝑑𝑦

∫ 𝑁1
2(𝑦)

𝟎

𝟎.𝟖
⋅ 1 ⋅ 𝑝0 ⋅ −

√65

8
𝑑𝑦

0
0

∫ 𝑁1(𝑦)𝑁3(𝑦)
𝟎

𝟎.𝟖
⋅ 8 ⋅ 𝑝0 ⋅ −

√65

8
𝑑𝑦

∫ 𝑁1(𝑦)𝑁3(𝑦)
𝟎

𝟎.𝟖
⋅ 1 ⋅ 𝑝0 ⋅ −

√65

8
𝑑𝑦]

 
 
 
 
 
 
 
 

= 𝑝0𝑡

[
 
 
 
 
 
 
 

4

15
1

30

0
0
2

15
1

60]
 
 
 
 
 
 
 

≈ 𝑝0𝑡

[
 
 
 
 
 
0.2667
0.0333

0
0

0.1333
0.0167]

 
 
 
 
 

 

 

Solution 2: Use T3 element in x’-y’ coordinate (Transformation) 

 Transforming Relation 

[
𝑥′
𝑦′

] = [
𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃
−𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

] [
𝑥
𝑦] = 𝑻 [

𝑥
𝑦] 

 

 T3 Shape function in x’-y’ coordinate 

𝐴𝑒 =
1

2
|

1 𝑥1′ 𝑦1′

1 𝑥2′ 𝑦2′

1 𝑥3′ 𝑦3′

| =
1

4
  𝐴1

′ =
1

2
|
1 𝑥′ 𝑦′

1 𝑥2 𝑦2

1 𝑥3 𝑦3

|  𝐴2
′ =

1

2
|
1 𝑥′ 𝑦′

1 𝑥3 𝑦3

1 𝑥1 𝑦1

| 𝐴3′ =
1

2
|
1 𝑥′ 𝑦′
1 𝑥1 𝑦1

1 𝑥2 𝑦2

| 

𝑁1(𝑥′, 𝑦′) =
𝐴1′

𝐴𝑒
 𝑁2(𝑥′, 𝑦′) =

𝐴2′

𝐴𝑒
 𝑁3(𝑥′, 𝑦′) =

𝐴3′

𝐴𝑒
 

  



 Nodal Force after Transforming 

 

 

 Linearly Interpolated Traction 

 

𝒕̅ = 𝑵𝒆𝒕 = [
𝑁1 0 𝑁2

0 𝑁1 0
     

0 𝑁3 0
𝑁2 0 𝑁3

]

[
 
 
 
 
 
𝑝0

0
0
0
0
0 ]

 
 
 
 
 

 

 

 

 General Form of Equivalent Nodal Force from Traction 

𝒇Γ
𝑒 = 𝑡 ∮𝑵𝑒𝑇 𝒕̅𝑑Γ = 0 + 0 + 𝑡 ∫ 𝑵𝑒𝑇𝑵𝒆𝒕𝑑Γ

 

Γ3
= 𝑡

[
 
 
 
 
 
 ∫ 𝑁1

2(𝑥′, 𝑦′)𝑝0𝑑𝑦′ 

𝛤3

0
0
0

∫ 𝑁1(𝑥
′, 𝑦′)𝑁3(𝑥

′, 𝑦′)𝑝0𝑑𝑦′ 

𝛤3

0 ]
 
 
 
 
 
 

=

[
 
 
 
 
 
 
(𝑓𝛤

𝑒)𝑥1
′

(𝑓𝛤
𝑒)𝑦1

′

(𝑓𝛤
𝑒)𝑥2

′

(𝑓𝛤
𝑒)𝑦2

′

(𝑓𝛤
𝑒)𝑥3

′

(𝑓𝛤
𝑒)𝑦3

′
]
 
 
 
 
 
 

  

 Transform back to original x-y coordinate 

∵ 𝑭′ = 𝑻𝑭  

⟹ 𝑭 = 𝑻−𝟏𝑭′ 

⟹ [
(𝑓𝛤

𝑒)𝑥1 (𝑓𝛤
𝑒)𝑥2 (𝑓𝛤

𝑒)𝑥3

(𝑓𝛤
𝑒)𝑦1 (𝑓𝛤

𝑒)𝑦2 (𝑓𝛤
𝑒)𝑦3

] = [
𝑐𝑜𝑠𝜃 −𝑠𝑖𝑛𝜃
𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

] [
(𝑓𝛤

𝑒)𝑥1
′ (𝑓𝛤

𝑒)𝑥2
′ (𝑓𝛤

𝑒)𝑥3
′

(𝑓𝛤
𝑒)𝑦1

′ (𝑓𝛤
𝑒)𝑦2

′ (𝑓𝛤
𝑒)𝑦3

′ ] 

⟹ [
(𝑓𝛤

𝑒)𝑥1 (𝑓𝛤
𝑒)𝑥2 (𝑓𝛤

𝑒)𝑥3

(𝑓𝛤
𝑒)𝑦1 (𝑓𝛤

𝑒)𝑦2 (𝑓𝛤
𝑒)𝑦3

] = 𝑡 𝑝0 [
0.2667 0 0.1333
0.0333 0 0.0167

] 

𝒇Γ
𝑒 = 𝑝0𝑡

[
 
 
 
 
 
0.2667
0.0333

0
0

0.1333
0.0167]

 
 
 
 
 

  



Solution 3: Use 1D 𝜉 coordinate 

 Shape function in 1D natural coordinate 

 𝑁1(𝜉

 


