











N
1l






Finite Element Method
04/17/2019

Remark:

Two forms of the shear strain appear commonly in finite element software: the engineering

Y, 4o
shear strain y, ~ given above and the tensor shear strain ¢, = > Vi
A

_—
—

In finite element methods, the strains are usually arranged in a column matrix:

xx

(3.10) &=|¢

Yy

yxy

And strain-displacement equations can be expressed by:

(3.11) &=Vau=|0

where 1s a symmetric gradient matrix operator.
y\/-\ g i op ’r kY wmell e
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Internal Force, Stress Vector and Stress

The external load causes internal forces. In 1D, the internal forces can be visualized by an

imaginary cut of the bar. Stresses are constant over the cross section

| A

Let us now extend the idea to 2D and 3D. For this purpose let us consider a body which is

loaded arbitrarily, e.g. by point forces F and distributed forces ; as shown in the Fig (a)
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O-X)C
3.15) (oF|o,
(o}

xy

—

Occasionally, it is convenient to arrange stress components in a 2x2 symmetric matrix T

as
o. O
3.16 = &
(3.16) (Y ny 0}
Returning to (3.12) and multiplying i and ] in (3.13) and (3.14) yields:

t,=o.n +o,n =0 n

X X

(3.17)

ty = o;ynx + O'yyl’ly =0,

S|

Or in matrix form

A

Equation (3.18) is the famous Cauchy’s formula: the formal relationship between stress, normal

and stress vector derived by Augustin Cauchy. The Cauchy’s formula said:

Knowing the components o, o,, o, , we can write down at once the stress vector
A e

¢t acting on any surface with unit outer normal vector 7.

Remark: Cauchy in @realized that there is no inherent difference between external forces
acting on the physical surfaces of a body and internal forces acting across virtual surfaces
within the body. This realization may appear to be a very simple, almost trivial, observation.
However, it cleared up the confusion resulting from nearly 100 years of failed and partly failed

attempts to understand internal forces that preceded Cauchy and paved the way for the
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(b) Plane strain problem

Loading is a function of only x and y.

[>>1 =1

x y
-_

w=u,=0=>¢ ¢, ,=¢,=0
L

=o0,=v(o,+0,)#0 in general

p-— = v 1oy o
1+v)Q-2v) T
o o —
L 2
- E l-v v 0 g,
c,|l=————| v Il-v 0 &,
T A+v)A-2v)
o, 0 0 1-2v || 7,
L 2

Remark: The matrix@n plane stress and plane strain problems can be obtained from the
generalized Hooke’s law for 3D isotropic materials.

6 =D¢
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[1-v v v 0 |
1% 1-v 0
1% 1-v 0
_ E o o o =2 0
(1+v)(1-2v) 2
O 0 0 o 1=
2
0o 0 0 0 0o =2V
L 2
—GXX—‘ - XX ]
O_yy 8yy
where ¢ = = € “ | and notice that the shear modulus that relates shear stress and
O Vi
Gyz 7/yz
O-zx J }/zx _

shear strainis G =

2Wr) Consult Timoshenko, S. and Goodier, J. Theory of Elasticity, 3™
+v

Edition, 1970 or DL Logan, 4 First Course in Finite Element Method, 4" Edition, 2011
(Appendix C, available from the course website) for further elaboration.

3.3 Linear Elasticity: Strong Form

Recall (3.19), the differential equations of equilibrium for a 2D problem are:

0
00, M +b =0
ox oy
90y +—66W +b,=0
ox o 7

The Governing differential equations can be expressed in vector form by recalling the stress
vectors o, = GH; +0 )@] and 6, =0 xyz?+awj' (from (3.13) and (3.14)) and the definition

of divergence (3.6):
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Q: We can furthermore expand the Green’s theorem in 2D into two equations, one for the x-

direction and the other for the y-direction. What are them? (hint: V = (i 82 +J 2))
X

oy
A:
(3.26a)

(3.26b)

We can use (3.26a) and (3.26b) to develop the divergence theorem which relates an area
(volume) integral of the divergence of a vector field to the contour (surface) integral of a
vector field:

(3.27) jvadgzja.ﬁdr
Q r

By replacing the scalar function ¢(x,y) in(3.26a) with u_ and (3.26b) with u:

%
[ Qe Moy ey = [ @ntun,)dr
v Ox Oy a

which is the divergence theorem given in (3.27).
Remark: Divergence theorem is an important result for the mathematics of engineering, in
particular in electrostatics and fluid dynamics. Consult wiki for further elaboration:

http://en.wikipedia.org/wiki/Divergence theorem.

Finally we are now ready to show the 2D and 3D counterpart of integration by parts:

We shall first recall the identify similar to the chain rule for taking the derivative of a product

—

in 1D di(wf) = w;ll+fi,—w. The power of the gradient operator V is shown by the
x x x
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following product rule in 2D and 3D:

(3.29)  V-(wii)=Vw-ii+wV-ii

(Derivation Exercise) Verify the identify (3.29) in 2D (hint: you will need to expand it)

Answer:

Integrating (3.29) over the domain Q yields:

(3.30) jV(wﬁ) dQ:jWﬁ dQ+jwViz dQ
Q Q Q

Q: What happens if we apply the divergence theorem to the term on the LHS in (3.30)?
A:
(3.31)

Substituting (3.31) into (3.30), we then have:
[wii - iidT=[wV-ii dQ+[Vw - i dO
r Q Q

which yield the Green’s formula (3.28), the counterpart of integration by parts in 2D and 3D.

Weak Form for Linear Elasticity

We are now ready to derive the weak form for linear elasticity problems following the three-

step procedure presented in 1D.

Step 1
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The first step is to multiply the differential equations (3.24) by the corresponding weigh

functions and integrate over the domain.

(3.322) [w, V-6, dQ+[wb, dQ=0 Vw,el,
Q Q

(3.320) [w, V-G, dQ+[wpb, dQ=0 Vw, eU,
Q Q

where U, is the set of smooth functions that vanish on the essential boundaries (displacement

boundaries) U, = {wl. (x, y)|wl. =0on Fu} and

w .
W= { x} (matrix form) Ww=w,i +w,j (vector form)
w
)

Step 2

In the second step, we distribute the differentiation among U and W equally. To achieve this,
we do the Green’s formula (3.28), the counterpart of integration by parts in 2D and 3D.

Q: What happens if we apply Green’s formula (3.28) to the first terms in (3.32a) and (3.32b)?
A:
(3.33a)

(3.33b)

Step 3

Impose essential boundary conditions: adding (3.33a) and (3.33b) and recalling the weight

functions vanish on I' yields:

(3.34a)  [(Vw, -6,4Vw, -6,)dQ= [ (wG, 7i+wG, i) dT+[(wbwb,) dQ
Q

Q I

t
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Or writing the RHS in the vector form gives:

(3.34b)  [(Vw, -6,4Vw, -6,)dQ=[#-T dT+[iib dQ
Q T, Q

Q: Whatis Vw, -G, and @w}, -0, if we carry out the scalar product?

A:

Thus, the integrand on the LHS of (3.34b) can be written in matrix form

o

_ ~ ow, 0 .

Tw G Avw G | D D 0w O |
’ ox oy 0Oy Ox

(3.35) =(V,w)'o
=(V,w)' DV u

in which Vg is the symmetric gradient matrix operator defined in (3.11) when we related

2
Ox
strain with displacement in 2D and V,=| 0 82 .
Y
e 9
0y Ox

Thus, the weak form in 2D can be written as (in matrix form):
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(3.36)
Find uweU such that
(VoW DVudQ=[w'tdT+[w'b dO vweU,
Q T Q

t

where U:{u|u:ﬁ onl“u} and Uoz{w|w:00nru}.

Expressing the weak form (3.36) from an integral over the entire domain Q to a sum of

integrals over element domains, we have the elementwise weak form:

(3.37) Z{j (Vow*) D (Vout)dQ— [ w'b dQ -

e=1 | e

I w't dr} =0

T

t

Remark:
Recall the weak form in 1D (Eq. (1.11))

Find u(x) among the smooth functions that satisfy u=u onI’, such that

T
j [d—WJ AE S g — j w'b dx—(w'AT) =0 w=0onT,
o\ dx dx 5o I

And elementwise weak form in 1D:

J

0°

(2.31) Z{

e=1

T
WY gepe| dy— [ Wb dx—(wAT),, t =0
dx dx o I

You can immediately observe the similarity between one-dimensional and multi-dimensional
cases. Thus, it is not surprised that the FE formulations (and implementations) will share a lot
of similarities.

3.5 Linear Elasticity: Finite Element Formulation from Weak Form

Element Matrices

We will derive finite element equations from the weak form in general for 2D stress analysis.
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Consider a domain € with a boundary I' discretized with 2D elements (triangles or

quadrilaterals) shown below:

There are two degrees-of-freedom per node corresponding to the two components of the

global displacements, so the global nodal displacement matrix is:

(3.38) d:[u T uynn,,]T

x1 yl

where n,, 1s the number of nodes in the finite element mesh.

In addition, the finite element approximation of the trial solution and weight function on each

element can be expressed as:

(3.39) ue(Tx, y)= Ni(>T<, y)d* T
wo (X y) =wIN(x,y)

where the element shape function matrix N°¢ in (3.39) is given as:

NSO N 0 - N.OO
0 N 0 N - 0 N

nE)I

(3.40) N°=

where 7, is number of nodes for an element.

The element nodal displacement matrix d° in (3.39) is:
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(3.41) dez[ue u, u, u, - u uenEJT

x1 yl y2 Xn,, i

For example, in a linear triangular element, n,, =3 and the column matrix d° consists of

six terms:

de: x2

Similarly, the matrix for the element nodal values of weight functions w* in (3.39) is:
~ e ~ e ~ e ~ e ~e ~e ~e r
(342) w'= [le Wy Wo W, 0 W w n:l

y2 xn, BY

Q: How to find element stiffness matrix and element external force matrix?
A:

Applying the symmetric gradient operator to N° gives B‘:

(343) &=V =V Nd =Bd°

The strain-displacement matrix B¢ is:
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(3.44)

Similarly, the derivatives of weight functions are:

(3.45)

Substituting (3.44) and (3.45) into the elementwise weak form (3.37) and recalling
and yields:

(3.46)

is the portion of corresponding to nodes that are NOT
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because of the higher dimension. The procedure for developing element matrices is, however,
very similar to that for the 1D elements. These steps can be summarized in the following three-

step procedure for developing element matrices:

Construction of shape functions matrix N°.
2. Formulation of the strain-displacement matrix B°.

3. Calculation of K°= IBETDeBedQ and f°=f5+f= j N“b dQ+ INETT dl' using

° Q° I

t

N°¢ and B°.

Assembly and Solving Linear Algebra Equations

The weak form Eq. (3.46) can then be written as:

e=1

(3.49) wf{(il_”wud}—(il_”ﬂ} =0 VW,
e=1

Or

(3500 W' (Kd f)=0 W,

We exactly reproduce Eq. (2.34) in 1D!!! The rest of finite element formulation and arguments

follow exactly the same as we have in 1D (see Section 2.3).
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