CHAPTER

Weak Forms and Finite
Element Approximation: 1-D
Problems

3.1 Weak forms

In the preceding chapter we stated the governing equations for elasticity and field
problems in terms of partial differential equations along with their boundary and,
where appropriate, initial conditions. These describe the continuous problem. General
solutions to problems formulated in this manner are seldom possible for situations
of interest in science and engineering. Thus, one seeks to find other approaches that
may be used. One approach is to recast the problem in an alternate form from which
accurate approximate solutions may be achieved. In this chapter we consider one
such approach called a weak form of the differential equations. In the following
chapter we consider a related but alternate approach based on a variational approach.
Later we show that the two approaches are closely related and often may be used
interchangeably.

A weak form to a set of differential equations is obtained using the following
steps:

Multiply each equation by an appropriate arbitrary function.

Integrate this product over the space domain of the problem.

Use integration by parts to reduce the order of derivatives to a minimum.
Introduce boundary conditions if possible.

(3.1

In this volume we only integrate over the space domain and, thus, it will be neces-
sary to express time dependency and initial conditions explicitly. It is also possible to
consider integrations over the time domain [1-3]; however, this is outside the scope
of the present volume. The above steps to construct a weak form are direct and may be
used to reduce any set of differential equations to a weak form. An arbitrary function
is one that can take any value we can imagine. It can be a polynomial, a trigonometric
function, a Heaviside function, a Dirac delta function, or any other function. A special
case of an arbitrary function is a virtual displacement which may already be known
to the reader.

To illustrate the above process we first consider a weak form for the one-
dimensional equilibrium equation of elasticity.
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3.2 One-dimensional form of elasticity

We first consider a one-dimensional problem in a Cartesian coordinate system with
a single component x. The equation for linear elasticity may be deduced by writing
the u-displacement as a function of the x-coordinate and time. We assume that our
problem is defined in a domain €2, which is some interval a < x < b, and time
t > 0. Accordingly, we write u (x, t) for the displacement and observe that all strain
components defined in the previous chapter are zero except

_8u

= o (3.2)

Ex
For simplicity, to describe the stress-strain behavior we assume a Poisson ratio of
zero. For this value all components of stress are zero except oy ; thus, the equilibrium
equations reduce to the single equation
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(3.3)

and the constitutive equation to
o, = E¢, (3.4

where E is Young’s modulus of elasticity. The problem is completed by introducing
boundary conditions as

U=1U Or ty =1, =hn,0r ONXx=a,b (3.5)
and initial conditions
u(x,0) =d(x) and i(x, 0) = v(x) in 3.6)

In Eq. (3.5) ny is the unit outward normal that is positive unity at b and negative unity
ata.

The above equations may be combined by substituting the constitutive equation
and strain-displacement equation into the equilibrium equation. This gives the equi-
librium equation expressed in terms of displacement as

9 Eau b 9%u 37
dx dx T a2 ’

where dependence on x of E is permitted. We note this again is an irreducible form
of the differential equation since only a single dependent variable exists.

The set of Egs. (3.2)—(3.6) is called the strong form of the one-dimensional elas-
ticity problem. It can be used to write a set of discrete equations using finite difference
methods [4—7]. However, a more powerful approach is to introduce an integral weak
form of the equations using the steps described in (3.1) from which an alternate
approximate method may be introduced.



3.2 One-dimensional form of elasticity

3.2.1 Weak form of equilibrium equation

We start by introducing an arbitrary function w(x) that is defined in the domain 2
described by the interval a < x < b. Multiplying the equilibrium equation (3.3) by
this function we may write

9%u 00y

gw, u, o) = w(x) <pﬁ — by — P ) =0 (3.8)
It is convenient, though not necessary, that we write a form that is equal to zero. In
this way we observe that if w(x) is zero everywhere except at x = x, then for (3.8) to
be zero the differential equation must be satisfied at x = x.. Repeating for all points
the expression says the differential equation is satisfied at all points in the domain
provided w(x) is arbitrary everywhere. When, in the second step of (3.1), we integrate
over the domain we obtain an integral form that is also zero and is expressed by

2

0“u do
G(w, u, oy) = /Qw(x) <pa7 — b, — 8x"> dx =0 (3.9)

This form is a function of functions called a functional. Repeating the argument on
w(x) being nonzero only at individual points again provides the necessary argument
that the differential equation must be zero at all points in the domain. We call this the
Sfundamental lemma for an integral form. As a third step, we can integrate the stress
term by parts as

ad ad
—f w(x) I dx = / —woxdx—w(x)nxax
Q 0x Q 0x r

where I is the boundary of €2 and n, is the outward pointing normal to the boundary.
The boundary term may be expressed in terms of the traction as

w(x) ny oxlp = w(b) ox(b) — w(a) ox(a)
= w(b) tc(b) + w(a) ty(a)

where we have noted n,(b) = 1 and ny(a) = —1. We also again introduce the
notation that I';, is a boundary where u = u, I'; is a boundary where 1, = I, and the
total boundary is ' = I';, U I';. With this notation we can write the weak form for
equilibrium as

2
G(w, u, oy) =/ w(x) (pa “ —bx> dx
Q

ar?
ow -
+/ —ocdx —wie|r, —wi|, =0 (3.10)
Q 0x !

Note that the time derivative is not reduced as we have not integrated over time. If
we wish to show what equations are satisfied by the weak form, we merely remove
all derivatives from the weight function w using integrations by parts and recover
the governing differential equation along with some boundary terms. The recovered

I
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differential equation is called the Euler equation of the weak form and the recovered
boundary conditions are called natural boundary conditions. Boundary conditions
that are not natural are called essential. The reader can verify that (3.10) yields the
result

%u o _
G(w, u, ox) = /Qw(x) (’Oﬁ - 8_xx —bx) dx — w (% _IX)|I) =0 @G.1D

From this we conclude that a weak form may be written as a sum of all the govern-
ing equations in which appropriate weight functions are introduced. This obviously
includes equations both in the domain, €2, and those on the boundary, I"

We can introduce the constitutive equation and strain displacement equation to
obtain a purely displacement or “irreducible” form of the equations. Accordingly,
we obtain

G(w, u)sz(x)< 32 _ )dx—l—/—E—dx wi, =0 (3.12)
Q ot Q !

For simplicity, where displacements are specified we set w = 0 to eliminate the need
to consider 7. This form is known as a displacement model or an irreducible form.'
A static problem is one for which the inertia term is omitted. Integrating (3.12) by
parts to recover the Euler differential equations gives

Pu AN _
G(w, u) —/Qw(x) [pm vy <E£> — x] X —w (tx —tx)}rt =0
(3.13)
Thus, we can observe that the traction boundary conditions are natural ones and the
displacement ones are essential.

Comparing Eq. (3.12) with Eq. (3.7) or (3.13) we note that the weak form only
requires a specification of first derivatives for # and w with respect to the spatial
coordinate x, whereas the strong form needs second derivatives. The weak form also
provides a basis to construct approximate solutions.

3.2.1.1 Adjoint forms

If one considers the static problem without load and boundary terms and continues to
integrate the weak form by parts to remove all derivatives on u, a differential equation
acting on the arbitrary weight function is created. This differential equation is called
the adjoint to the original equation. For the static problem expressed in (3.12) the
adjoint equation is given by

d ow
Gsat(w, 1) = — u—\(E— ) dx
Q Oox 0x

and since it is exactly the same as the original static differential equation on u [viz.
(3.13)], the equation is called self-adjoint.

"'When more variables are included in the weak form we shall call the method mixed.



3.3 Approximation to integral and weak forms

Indeed, any linear differential equation £(u) with weak form written as

Ggtat(w, u) Z/

wc(u)dxzfuﬁ(w)dx with £=171
Q

Q

is called self-adjoint. Self-adjoint differential equations have useful properties that
we will describe later.

3.3 Approximation to integral and weak forms:
The weighted residual (Galerkin) method

To construct an approximate solution we express the displacement u(x, t) in terms
of a set of specified functions multiplied by unknown parameters. In a similar way,
we write the arbitrary function in terms of an equal number of specified functions and
arbitrary parameters. These may be expressed as

N
u(x, ) A, 1) =Y u(x) an(t) + up(x, 1)
n=l (3.14)

N
wx, )R DE) =Y Y (x) Wy

m=1

In the above form we assume that both ¢, (x) and v, (x) are zero at all locations
where the boundary displacement is specified. The function uj(x, 1) is then specified
as any function that satisfies the displacement boundary condition. For example, if the
displacement must satisfy u(L, t) = d(t) on the domain 0 < x < L, this function
may be taken as

X - -
up(x, t) = Zd(t) = ¢p(x) d(t)
There are many ways that approximations may be assumed. These include:

1. Point collocation [8]. ¥, = 6(xp) in (3.12), where §(x,,) is such that for x #
Xm» Ym = 0but [, ¥,dx = 1. This procedure is equivalent to simply making the
weak form zero at N points within the domain and integration is “nominal”. Finite
difference methods are particular cases of this weighting. For point approximation
of w(x) the approximation for u(x, t) must have continuous derivatives for all
terms in the integral form. For (3.13) this requires that second derivatives be
continuous at every X,.

2. Subdomain collocation [9]. ¥, = 1 in subdomains x,, < x < x;;+1 and zero
elsewhere. This essentially makes the integral of the error zero over the specified
subdomains. When used with (3.9) this is one of the many finite volume methods
[10]. The requirements for approximations of u(x, t) permit use of functions
whose highest derivatives in the integral form are piecewise continuous. For (3.13)
this implies that the ¢, (x) have continuous second derivatives.

51



52

CHAPTER 3 Weak Forms and Finite Element Approximation

3. The Galerkin method (Bubnov-Galerkin) [9,11]. ¥, = ¢,. This form allows use
of approximating functions with piecewise continuous highest derivatives in the
weak form. For (3.12) we only need the ¢, to be continuous. This method, as we
shall see, frequently (but by no means always) leads to symmetric matrices and
for this and other reasons will be adopted in this volume almost exclusively.

The name “weighted residuals” is clearly much older than that of the “finite ele-
ment method.” The latter uses mainly locally based (element) functions in the expan-
sion of Eq. (3.14) but the general procedures are identical. As the process always
leads to equations which, being of integral form, can be obtained by summation of
contributions from various subdomains, we choose to embrace all weighted resid-
ual approximations under the name generalized finite element method. On occasion,
simultaneous use of both local and “global” trial functions may be found to be useful.

In the literature the names Petrov and Galerkin [11] are often associated with the
use of weighting functions such that v,, # ¢,. It is important to remark that the well-
known finite difference method of approximation is a particular case of collocation
with locally defined basis functions and is thus a case of a Petrov-Galerkin scheme.

3.3.1 Galerkin solution of elasticity equation

An approximate Galerkin solution for the elasticity problem may be obtained by
inserting (3.14) into (3.12) to obtain

N N 2 273
A da, d2d
GG, u)=2wm2/9wmp[¢n%+¢g@} dx
m=1 n=1
N N
dy |, [, dg;
+mZ::1 wm;fg - E [dx an(t) + " d(t)} dx (3.15)
N N
—Zwm/ Y by dx = " wp Y () B[, =0
m=1 m=1

Since the functions ¢, ¥, and ¢; are all known functions, the integrals may be
evaluated as

Myn :/ Ym o ¢p dx
Q

d d
Kmn=fﬂE Pn gy
o dx dx

. d’d
fm(t)=/;21//mbxdx+ l/fmtx‘r,_/glffm[)%dx@

_/ W g 9% 4 do) (3.16)
o dx dx



3.3 Approximation to integral and weak forms

The array M,,, is called the mass matrix, the array K,,, is the stiffness matrix, and
[fm 1s the specified load matrix. Since the parameters w,, are arbitrary, the expression
multiplying each one must be zero. This leads to the set of equations

N 2

Z[an%—i—l(mnan(t)} = fu®), m=12....N (3.17)
n=1

The original problem of partial differential equations has been reduced to a set of ordi-
nary differential equations in time. For the present we will consider problems in which
inertial effects are not important; transient problems are considered in Section 3.8.
Problems without inertia effects are called static. The equations are now purely alge-
braic and given by

N
> Kmnan=fu. m=12,....N (3.18)
n=1

where the load matrix reduces to

fm=f Y by dx + ¥ (x) I |- —f %E%dxj (3.19)
Q ! o dx dx

Expressing the problem in matrix form

Ka=f (3.20)
where
Kin Kipp -+ Kin h
Ky K»n - Koy 12
K= . . and f = .
Ky1 Kn2 -+ Knn SN
The formal solution to the problem is now given by
a=K'f (3.21)

However, in practical situations the inverse of K is never determined. Instead the
solution is obtained using either a direct solution of (3.20) or by an iterative method
(see Appendix D).

Once the parameters a, are known, the approximation for displacement may be
computed from (3.14) and that for stresses from

N
depp
=F
o(x) };:] dx (27

Example 3.1.  Static solution

As an example we consider a static problem with length 10 units and £ = 1000.
Figure 3.1 shows the problem to solve. The loading is given by

b — 10 forO<x <5
*7 1] 0 forS5<x <10
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10 |

FIGURE 3.1
One-dimensional elasticity example.

and the boundary conditions by
1 (10) =25 and u(0) =0

For this problem the weak form is given by

10 5

0 Gl

/ —wIOOO—udx—/ w(x)10dx —w(10)25 =0
0 ax ax 0

We consider an approximate solution given by

10 =3 (5) ar a0 =3 (2w

Note that u; = 0 for this problem. The solution to the weak form is obtained from

N 10 x \m=1 , x \n—1 S x\m
;[/0 omn (1) ()" ax] = [ (55)" 10ax+25

where m = 1, 2, ..., N. The stiffness matrix and load vector are given by
10 m-+n—2 100
Ky, = / 10mn (i> dx = _omn
0 10 m+n—1
and (3.22)
f /5<x>m10d Las— 100 (N o
= J— X —_— —
" Jo \10 m+1\2
The solution for the parameters using one to five terms in the solution is shown in
Table 3.1.

The results from the above problem indicate some important aspects in construct-
ing approximate solutions. First it is noticed that the solutions using three and four
terms are identical. This implies that the weak form is able to discard terms that do
not contribute to the solution. A second conclusion, however, is that constructing
solutions in a global manner does not lead to convergent behavior in the individual
parameters. Thus, it is essential to use approximation procedures that have more stable
properties. We will observe that finite element methods do possess such good prop-
erties. The solution for displacement and stress obtained using one to three terms is



3.4 Finite element solution

Table 3.1 Parameters for Bar Example
N-terms a a as as as
1 0.37500
2 0.62500 —0.25000
3 0.78125 —0.71875 0.31250
4 0.78125 —0.71875 0.31250 0.00000
5 0.73437 —0.25000 —1.09275 1.64063 0.65625
0.4 .
—— N=1 . —N=1
0.35f- - -N=2 - —_:’:7;J - -N=2
‘‘‘‘‘ N=3 SN - - N=3
e 93 4 Exact i " N=5
g 025 at. ” —&— Exact
[0] r/‘ (%] N
(_“)’ 0-2 =’ 2 — S
% 0.15 @ g =
5 b e -
L oo1 7 20 RS
0.05f z 10 X
)'a 0
0 2 4 6 8 10 0 2 4 6 8 10
(a) x-coordinate (b) x-coordinate
FIGURE 3.2

Displacement and stress for bar using N-term solutions: (a) displacement and (b) stress.

shown in Fig. 3.2. From this figure we observe that the displacement at the free end is
the same no matter how many terms we use. This often happens in one-dimensional
static problems but, unfortunately, is seldom true in higher dimensional problems.
The solution for stress converges more slowly than that for the displacements; how-
ever, once again we observe that some points are more accurate than others. These
we shall call super-convergent points and these points play an important role in our
later discussion on error estimates and adaptive refinement of solutions.

3.4 Finite element solution

A more convenient method to construct the approximating functions v, and ¢, is
obtained by dividing the domain to be analyzed into small regular shaped regions.
For example, we can divide the one-dimensional region between a and b into a set of
“M” small finite segments by defining a set of N points x; such that

X1 =a, Xxj<uxjy] and xy =b>b
For a one-dimensional problem we can let each increment define a finite element
domain (or more simply, an element) and the set of points define the nodes.
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The division into elements and nodes is a fundamental part of the finite element
method and describes what we will refer to as the finite element mesh or simply the
mesh for the problem.

Using the above subdivision, a simple set of continuous polynomial approximating
functions may be defined by

0, X < Xi_1

X — Xi—1

—, X1 =x =X

i = Xi — Xi—1 (3.23)

Xi41 — X

— ., X <X < X4

Xi+l — Xi

0, X > Xit]

A plot for these functions and their first derivative is shown in Fig. 3.3. Such functions
are called Cy since only the function is continuous in x, whereas the first derivative is
only piecewise continuous with the discontinuities located at the nodes. Development
of appropriate Cy functions for higher spatial dimensions will be considered in subse-
quent chapters. Here we shall focus on how to describe general forms in one dimension.

From the figure we can note that, if required, the end functions can serve as the
spatial form for the ¢;(x) functions.

If we let Y; = ¢; then we observe that all the integrals defined in the weak form
functional can be integrated over the length. Indeed, we usually can evaluate the
integrals individually over each element by noting

/Q(-) dx = é/xi"“ (-) dx = 262/ () dx (3.24)

® dg,/dx
L
% do,/dx[]
L
05 d¢3/dx ]
L
Opos do,,_fdx
L]
N do,/dx ]
Xy Xy X3 XN-1 %N Xp % X5 Xn-1%N
(a) (b)
FIGURE 3.3

One-dimensional finite element approximation for ¢,: (a) functions and (b) derivatives.
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m do,/dx
o
' . dN, /dx
% L Jdx ANfdx ;
Xt X Xiwg X

d
do,,
w2 Xuz X2 X X X;

(a) (b)

-2 - +1 Xug  Xu3

FIGURE 3.4
One-dimensional finite element shape functions: (a) functions and (b) derivatives.

Table 3.2 Local to Global Node Numbering for Two-Node Elements
Local Node Element Number
1 2 3 ce M
1 1 2 3 N -1
2 2 3 4 N

Considering any interval [x;, x;41] shown in Fig. 3.4 we note that each interval is
defined by the same two local functions N1 and N,. We call these the shape functions
for the element. To simplify the notation we also define local nodal coordinates on
each element as x{ and x3. Then for each element we define the relationship of the
local nodes to the global node number as indicated in Table 3.2.
With this notation we can always write the displacements and arbitrary weight
function as
u = Ny(x")u§ + Na(x") it§

W = N1(x") w§ + Na(x") w5 (3-25)

If we define a local coordinate system in each element as x = x — x{ and the
element length as 7, = x5 — x{, the shape functions are given by

/ /

ME)=1-2 and M) == (3.262)
he he
and are the same for every element. The derivatives of the shape functions are given by
dN dN 1 dn, dn, 1
oS o g S22 (3.26b)
dx dx’ he dx dx’ he

Using the above we can write the approximation to the weak form as

G, &) =Gi(, ) + Go (, &) — Gy (, &) — D]y (3.27a)

where Gi denotes the inertial contribution, Gg denotes the internal stress contribution,
and G y denotes the contribution to the force from the body loading. Using (3.12) each
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term is defined by

~ M he N L‘ifi’
Gi(w, &)=Y [wf @] "o [N Na]dx o
0 N> us
e=1 2
y dN;
e | — ~e
A A e - ) dx’ dn, sz} I LS
Gy (W, n) = wé ws [ E d 3.27b
o ) ;[ 1 2] 0 % e|:dx/ dx! {ﬁ;} ( )
dx’
M he N
Grab, i) =) [ w;]/o N;}bxdx/
e=1
where 1 = du/dt.
Each element can be evaluated as
he _Me Me
M¢ :/ N1] pe [N Na]dx' = n Mp
o M M3, M5,
dN;
e = e e
Ke:/he dx’ E |:dN1 dv2 | Ky, Ky, (3.28)
0 dn, dx’  dx’ | K5, K5,
dx’
he N fle
fe = / }bx dx/ =
o M 1

For the shape functions given in Eq. (3.26a) and assuming E,, p.,and b, are constant
within each element the matrices are given by

1 E - 1
Mezgpeheﬁ H Kezh—e[_i 11} and fezibxhe{}} (3.29)
e

The summation indicated in (3.24) and subsequent expressions leads to a standard

linear problem with the final equations given by
MU+Ka=f (3.30)

For a static problem the inertia term may be ignored and the expanded form of the
matrices is given by

Ky Ky, 0 i f
1 1 2 2 -
Ky (Ky +Kiyp) K 0 ) f2
0 K3 (K3 +K3) K3, i3 3
0 KNY (kAT kM) KM [y f?fl
M M un N
0 K5 K5

(3.31)
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Up to this point we have not considered boundary conditions other than noting
the end functions can serve as the boundary approximation. With the above finite
element form it is very simple to impose the displacement boundary conditions since
the parameters are now all physical values. That is they obey the property

i(xy) = lig (3.32)

Thus, if we wish to impose a displacement condition u(0) = i, we set i1 = u and
rewrite (3.31) as

1 0 0 uj
0 (Kp+Kif) K3, 0 ii>
0 K3  (Kh+Kjp K7, ity

0 Ky~ Ky KD KY | | ava
L 0 Ky Ky 1| i
u
fr— Ky
3
= ' (333)
fn-1
In

This is equivalent to setting w; = 0. Similarly, imposing a traction condition atx = L
only requires the modification

v = fv+1(L) (3.34)

These physical properties point out the distinct advantage of using a finite element
form to approximate the variables.

Example 3.2.  Static solution by finite element method

We again consider the solution of the example problem previously considered and
shown in Fig. 3.1. We divide the domain into four equal elements as shown in Fig. 3.5
with the solution shown in Fig. 3.6. The solution using eight elements is also shown
in the figure. Comparing the two solutions, we note that the stresses are converging
more slowly than the displacements (this was true for the first example also) but again
have super-convergent points.

3.4.1 Requirements for finite element approximations

The construction of finite element approximations for the basis functions, ¢; (x), is
quite easy to express. Indeed there are only three basic requirements:
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b, =10
l t, =25
O O O o)
1 |2 |3 |4 45
25—><— 2.5—><— 2.5—>{<— 25

FIGURE 3.5
Four-element mesh for one-dimensional elasticity example.
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(a) x—coordinate (b) x—coordinate
FIGURE 3.6

One-dimensional finite element solution to bar problem: (a) displacements and (b) stress.

1. Continuity: Each function must be continuous in the problem domain up to one
less than the highest derivative in the functional G (w, u).

2. Completeness: Adding terms to the solutions (i.e., increasing the number of ¢;
and ;) must be such that a suitable choice of the parameters be able to match any
bounded solution and its derivative more closely as terms are added. That is,

du du

- = omr™!
i dx|N< (he )

lu—i|ly| < OhY) and

as N is increased.
3. Linear independence: The functions must be linearly independent, that is, no
combination of some functions may give another of the functions.

It is clear that the simple functions defined in (3.23) satisfy all the above require-
ments for the one-dimensional elasticity problem. They are continuous and linearly
independent as seen in Figs. 3.3 and 3.4. It is also clear that short piecewise continuous
straight segments can match any bounded curve as closely as we want by reducing the
segment lengths. In particular, linear functions can satisfy the condition u = const,
which is arigid translation or rigid body mode of the solution. This condition is crucial
to all problems formulated in Cartesian coordinates since any constant displacement
causes no strain. If strains were present, we would not be able to match the above
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derivative condition. Indeed by using polynomials complete to degree p to define
the shape functions we can always satisfy the completeness condition for problems
requiring Cq continuity provided p is at least of degree 1.

3.5 Isoparametric form
The element displacement function for the two-node element was obtained as
¢ (x, 1) = N1(x) § (1) + No(x") 5 (1)

where x = x{ + x’ and the shape functions are expressed by

/ /

/ X / X
Nl(x)=1—ﬁ and No(x') =

he
If we let
x/
h—g:é where 0 <& <1
the shape functions may be rewritten as
Ni(§)=1-§& and M) =45, 0=<&=<1 (3.35a)

This permits the writing of the element coordinate, displacement, and arbitrary func-
tion in the parametric form
x¢ = Ni(§)x] + No(§)x3
u¢ = Ni(&)u§ + N2(&)i5 (3.35b)
W = Ni(§)w] + N2(§) w3
This is called an isoparametric form since all three expressions are identical. In this
form the coordinate & is a parameter called the parent coordinate.

The computation of x derivatives now requires use of the chain rule which for any
function f (&) may be written as

of _ 9198 (3.36)
ax d& ox
If we let f(£) = x then we obtain
o _,_9xdg
0x 0& 0x

The term dx/9d¢ is called the Jacobian and is easily computed from the shape func-
tions as
. 0x¢ . .
Je = oE =x; —x;=h,
and, thus, for the linear shape functions
& 1

ax  h,
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The derivative of the shape functions may now be computed as

N, 9N, 06 1 9N,
ax  9& Ox  h, 0

a=1,2

3.5.1 Higher order elements: Lagrange interpolation

Using the isoparametric concept the development of higher order approximations for
an element now can be easily constructed. In general we shall write the approxima-
tion as

w0 =" Ny(§)iia (3.37)



3.5 Isoparametric form

The completeness condition then requires that u contain any constant ¢ which
then yields

u@E) =Yy Na)c=c

or

PRAGES (3.42)

Thus, for any isoparametric shape functions that we may devise, it is only necessary
to check whether (3.42) is satisfied and that the functions are continuous across each
point on the element boundary.

3.5.1.1 Linear shape functions
Setting £ = —1 and & = 1, from (3.39) we obtain for p = 1 the two shape functions

1
S =—<1—s> and Na(E) = Ih(g) = -t =—< +e)

NiE) =1} (&) = 1

The Jacobian for this two-node linear element is given by

Je(§) = =

(xz _x1) =

S 2
The derivatives of the shape functions are given by

N, 2 9N,
=2 ¢ 4=1,2
ax  he 9

3.5.1.2 Quadratic shape functions
For quadratic shape functions we let the nodes be placed at

&1=—1, &=1, and & =0
and obtain the three shape functions as

¢-DE-0

_ 2 — —

MO =H6 = S S = s@ 1)
_ (s+ E-0) 1

Na®) =B = (=g, =56 €+ D (3.43)
~ _(s+1)<s—1>_ .

Na®) =B® = o=y, =1 ¢

Note we have placed the local node 3 in the interior of the element. It is sometimes
convenient to let node 1 and node 2 be the boundary nodes of the element with any
interior nodes numbered as node 3 and higher.
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If we let the coordinates for the element be given by x{, x5, x5, the parametric
form for the physical element is given by

x = Ni(§) x{ + No(§) x5 + N3(§) x5
The Jacobian is now given by
) 0x 1\ ., 1\ ., .
Je(€)=a—= -5 )at(f+37)n—28x
9% (3.44)
= Ehe +& (xf + x5 —2x5)

and we note that the Jacobian is not constant unless the coordinate for node 3 is
placed at the middle of the element. Furthermore, for a valid isoparametric mapping,
the Jacobian must be positive for all values of &. This restricts the location for the
center node to satisfy

1 3
x5 —x] = o (x5 —x7), Z<oz<4—1 (3.45)

A general form for the one-dimensional shape function derivative is given by the
rational expression

N, 1 0N,

= - , a=1,2,...,n
dx Je(§) 0§

3.5.2 Integrals on the parent element: Numerical integration

Since the shape functions are expressed in terms of the parent coordinate, it also is
convenient to express the integrals in terms of the parent coordinate. This is easily
obtained upon noting the differential is given in terms of the Jacobian by

0x .
dx = % d§ = j.(§)dé§ (3.46)
Thus, our integrals may be expressed as
he 1
A fx)dx = / 1 f ) je(§)dé (3.47)

where f(&) = f(x(£)).

Often the integrals involve rational polynomial forms that are difficult to integrate
in closed form. In this case it is expedient to use quadrature (numerical integration)
to approximate the integrals. While quadrature may not produce exact results for
the integrals, used correctly the integrals are sufficiently accurate for use in a finite
element calculation. An efficient formula for polynomial forms is Gauss-Legendre
quadrature that is defined on the interval —1 < & < 1 (this is the reason we chose
this interval above!). The integral is replaced by the form

1 n
I= /1 fEAE~Y " fED W, (3.48)

j=l1



3.5 Isoparametric form

Table 3.3 Gaussian Quadrature Points and Weights for f_ll f(&)dé =
Y1 fEw
n & w;
1 0 2.0
2 +1/4/3 1.0
3 +./0.6 5/9
0.0 8/9
4 +V3+ V48 i1
7 2 3,48
+/3— V48 LR
7 2 3/48

With appropriate choice of the points &; and weights w; the formula integrates a
polynomial in & of degree 2n — 1 exactly. Table 3.3 gives the locations of the points
and weights for the first four formulas. For f(£) that are rational polynomials use
of (3.48) results in an error for the integral; however, by using a sufficient number
of points the error will be smaller than the error in the approximation of u using
polynomial shape functions.

Example 3.3.  Stiffness for two-node element

The stiffness for the two-node element is computed from

N
=
ox IN;1 O0N, 1 E. 1 -1
K¢ = E,| — = | -h,de ="
/_1 Ny e|:8x ax]zeé h, | -1 1
ox

which is identical to that obtained previously.

Numerical integration is performed using the one-point quadrature formula since
the shape function derivatives are constant. The numerical integral is just

1
/ dé = w; =2
-1

which is obviously the correct answer. For this problem quadrature was not needed;
however, for higher order elements quadrature greatly simplifies the calculations.

Example 3.4. Stiffness for three-node element

The stiffness for the three-node element involves the integral of
Y
ax

1
R E e PO
-1 | ox ox dx  Ox

N3
0x
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where the shape functions are given by (3.43) and the Jacobian by (3.44). For the case
where the coordinate for node 3 is centered between nodes 1 and 2 the derivatives are
linear in £ and the Jacobian is constant. In this case the exact stiffness is recovered
using a two-point quadrature formula. The reader can verify that the final result is

7 1 -8

E
K€:3h‘” 1 7 -8
e | -8 —8 16

If node 3 is not centered the derivatives become rational functions and quadrature
yields an approximate answer for the integrals. Numerical experiment shows that two
points are still accurate enough to yield good solutions and for convergence to occur
as more elements are added.

Example 3.5. Mass matrix for three-node element

The element mass matrix for the three-node element is computed from

1 | M
M"’:/ No b ope [N Na N3] je() de
1 N3

Since each shape function is a quadratic polynomial and the Jacobian can be a linear
polynomial, the highest order polynomial is of order 5. Thus, a three-point quadrature
is needed to evaluate the matrix exactly. In solution of transient problems the mass
matrix must always be positive definite. Use of a lower order quadrature than three
points will make the mass matrix indefinite—that is, possess a zero determinant—and
should therefore never be used. For the case where node 3 is centered in the element
and the density is constant the mass matrix is given by

. 4 -1 2
M= opehe | =1 4 2
2 2 16

3.6 Hierarchical interpolation

The essence of the finite element method stated above is in approximating the unknown
(displacement) in each element by an expansion given in (3.37). We have explicitly
chosen to identify such variables with the values of the unknown function at element
nodes, thus making

g = u(xg) (3.49)

The shape functions so defined will be referred to as “standard” ones and are the
basis of most finite element programs. If polynomial expansions are used and the
element satisfies the completeness convergence condition (which specifies that rigid
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body displacements cause no strain), it is clear that a constant value of i1, specified
at all nodes must result in a constant value of #,

i = (Z Na> uo = uo (3.50)

a=1

when 11, = ug. It follows that

n
Z N, =1 (3.51)
a=1

at all points of the domain. This important property is known as a partition of

unity [12].

A drawback exists with “standard” functions; when element refinement occurs,
totally new shape functions have to be generated and hence all calculations repeated.
It is sometimes advantageous to avoid this difficulty by considering the expression
(3.37) as a series in which the shape function N, does not depend on the number of
nodes in the mesh n. This indeed is achieved with hierarchic shape functions.

The hierarchic concept is well illustrated by the one-dimensional (elastic bar)
problem of Fig. 3.7. Here for simplicity the elastic property is taken as constant (E)
and the body force b is assumed to vary in such a manner as to produce the exact
solution shown in the figure (with zero displacements at both ends).

Two meshes are shown and a linear interpolation between nodal points assumed.
For both standard and hierarchic forms the coarse mesh gives

Ki,u§ = fi (3.52)

For a finer mesh two additional nodes are added and with the standard shape
function the equations requiring solution are

F F
Ky Kip O i £
K3, K Ky [ Y2 =1/ (3.53)
o kb kh ]l /3

In this form the zero matrices have been automatically inserted due to element inter-
connection which is here obvious, and we note that as no coefficients are the same,
the new equations have to be resolved.

With the “hierarchic” form using the shape functions shown, a similar form of
equation arises and an identical approximation is achieved (being simply given by
a series of straight segments). The final solution is identical but the meaning of the
parameters i, is now different, as shown in Fig. 3.7.

Quite generally,

Kf = K{, (3.54)

as an identical shape function is used for the first variable. Further, in this particular
case the off-diagonal coefficients are zero and the final equations become, for the
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FIGURE 3.7
A one-dimensional problem of stretching of a uniform elastic bar by prescribed body
forces.
fine mesh,
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0 Kf 0 st =1 f (3.55)
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The “diagonality” feature is only true in the one-dimensional problem, but in
higher dimensions it will be found that the matrices obtained using hierarchic shape
functions are more nearly diagonal and hence usually imply better conditioning than
those with standard shape functions. Improved conditioning is advantageous when
iterative methods are used to solve the assembled stiffness equations.

Although the variables are now not subject to the obvious interpretation (as local
displacement values), they can be easily transformed to those if desired. Though it is
not usual to use hierarchic forms in linearly interpolated elements, their derivation in
polynomial form is simple and very advantageous.



3.7 Axisymmetric one-dimensional problem

The reader should note that with hierarchic forms it is convenient to consider the
finer mesh as still using the same, coarse, elements but now adding additional refining
functions.

Hierarchic forms provide a link with other approximate (orthogonal) series solu-
tions. Many problems solved in classical literature by trigonometric Fourier series
expansion are indeed particular examples of this approach.

Example 3.6.  Stiffness for three-node hierarchical element

For a three-node element with hierarchical shape functions
1
NiE) = 1) = 5 (1 -

1
M) =1 (§) = SA+8
N3(E) =136 =1-¢&7

the stiffness matrix for an element with node 3 placed at the center of the element is
given by

3 -3 0
E

Ke::3i? -3 3 0
el 0 0 16

Example 3.7. Mass for three-node hierarchical element

Using the shape functions in the previous example the mass matrix for the three-
node element with the mid-side node centered is given by

) 10 5 10
M= pehe | 510 10
10 10 16

Thus, while the hierarchical formulation helps in defining the stiffness matrix it does
not have the same advantage in describing the mass behavior.

3.7 Axisymmetric one-dimensional problem

The axisymmetric elasticity problem described in Chapter 2 also can be reduced to
a one-dimensional problem in terms of the radial direction. Here we shall assume an
infinitely long cylinder in which the displacement field is given by

u(r, z) =u@) and v, 2) =0 (3.56)
The nonzero strains for this case may be determined from (2.10) as
ou
_Jer | ) or
€= {89 } =1 4 (3.57)

r
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The equilibrium equation given in (2.23) simplifies to the single form

do, o, — 0y 9%u
by =p— 3.58
or + r tor=0 912 (3-58)

For an isotropic material the stress-strain relations, now including temperature effects,
are given by

ol__ E  jU=v v e —a AT
:UG}_ (1+\))(1—2l)) |: v (1—v)j|{80_aAT} (35921)

o, =v(or+0g) — Ea AT (3.59b)

where o AT is the thermal strain effect.

and

3.7.1 Weak form for axisymmetric problem

The construction of the weak form for the axisymmetric problem proceeds in an
identical manner as described in Section 3.1. We always use Eq. (3.1) to do the
construction. The first step in the construction gives

2
g(ws I/l, Ur, 09) == U)(r) (p
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We note that the factor 2 & appears in all terms and can be omitted if desired. The
boundary term may be split into the traction and displacement parts as

b -
wr)rtl, = wrtlp, + wrt, r,

and again for simplicity we will let w = 0 and u = u on I';, to write the final weak
form as

b 9%u
G(w, u, oy, 0p) =2m / w(r) (p 52 —br) rdr
a

b
0 _
—1—271/ (—w0r+zag>rdr—2nw(r)rt,|r =0
a or r t
(3.61)

3.7.2 A variational notation

By now the reader should have observed that the multiplier of each stress has an
identical form as that for the associated strain. Indeed, if we replace the arbitrary
function w by a variational term §u (read as “variation of u”’), the association is com-
plete. Readers familiar with “virtual work™ concepts will observe that the variational
notation for displacements is identical to “virtual displacement” and we will use the
terms interchangeably in this text. Inserting this variational form the axisymmetric
variational strains (or virtual strains) are given by

ow odu
— = — = §¢,
ar or

w Su

— = — =g

r r

71



72

CHAPTER 3 Weak Forms and Finite Element Approximation

3.7.3 Irreducible form for axisymmetric problem

If we substitute the constitutive equation (3.59a) into the weak form (3.62) we obtain

b 9%u
Gu,u) =2m / Su(r) <,0 — b,) rdr

a2
b
D1 Dyp & —oaAT
+2n/a [ 8¢, 389][1)21 Dzz”s(a—aAT}rdr (3.63)
—278u(r)riy|, =0

where all strains are expressed in terms of the displacement u or du and the D;;
are defined by (3.59a). This is obviously an irreducible or displacement form for the
axisymmetric problem.

3.7.4 Finite element solution

Again we divide the region of a cylinder defined by ¢ < r < b into a set of M
elements defined by nodes r; and express the integrals as

b Titl Mo
2 Jrdr=2 )rdr=2 ‘) rjed 3.64
n/a (-) rdr nZ/ (-) rdr né[l()rj 3 (3.64a)

The strain terms in the weak form (3.63) may be expressed in a matrix form as

ou IN; 0N,
&r ar or ar u; _

= = = - =By Byl 3.64b

€ {59} u NN {Mi+1} [Bi B2]l. ( )
r r r

where
JIN;
0 .
B, = z\; L i=1,2 (3.64c)

r

The moduli and shape functions are grouped as

_ [D“ DIZ] (3.64d)
[
[
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This permits the weak form to be expressed by

M
G(su, u) =27 » 807 (/
i=1 Ti

ri+1 Ti+1
+/ BTDBrere—/ BT DaAT rdr
ri i

Ti

+1 .
NT pNr dr @,

Tit1
—/ NT brrdr> —2mu(r) tr 7|, =0 (3.65)
;

i

where «T = [« «]. In matrix notation the discretized weak form may be written as

G@u, uy = sa! [Meﬁe +Kel— fe] —0 (3.66)

where
Tit+1
Me¢ =271/ NToNrdr
ri

Tit1
Ke:2nf BTDBrdr
i (3.67)

Ti+1 Tit+1
fe:27'[/ NTb,rdr+2n/ BTDaAT rdr
ri ri

+2n8u(r)t,r |Ff

The contribution of the last term of f¢ applies only to those elements at the boundary
of the solution domain. After summing over all elements we obtain the assembled
form as .

G(su,w = 60" (Mi+Ka—f) =0

Since the 80 is arbitrary, the final set of equations is again in the form of the
standard linear problem given in (3.30).

Example 3.8. Thick-walled cylinder subjected to internal pressure

As an example of static axisymmetric problem we consider a thick-walled cylin-
der subjected to an internal pressure and a traction-free external pressure. For the
axisymmetric one-dimensional problem there are no rigid body modes. Hence, no
essential displacement boundary conditions are needed. We ignore temperature and
intertia effects. The properties of the cylinder are given as

a=5,b=10, b, =0, t,(a) = =2, E =10,000 and v = 0.3

The weak form for the above static finite element problem is given by

M
G(du, u) = Zau}/
i=1

’
ri

i+

1
B'DBrdrl, — u(r)frr|, =0 (3.68)
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where we also drop the 2 factor. The stiffness matrix for each element may be
computed in the parent domain as

1
K¢ =/ BTDBr j.(r)dé
-1

and is approximated by two-point Gauss-Legendre quadrature. An eight-element
problem of linear, two-node elements is considered with element coordinates and
displacements given by

r®=Ni(€)r1+ N2(§)r2 and a®= Ny(§)u]+ N2(§) ity

The nodes for the problem are placed at r; = 5 and r9 = 10 with the other nodes
equally spaced in between. The nodal force from the internal boundary traction is
given by

f] :afr(a) :—25:—10

The results for the displacement and stresses are shown in Fig 3.8. The reader should
note the unusual behavior for o, but again also note that super-convergent points exist
for all stress components.

0.21 4
——FE=8 . o
0.2 S
0.19 R T
. ) DS § — Exact
2 0.18 S
£ .
%) T e
017 AN g T
8016 AN o
To1s 0
3 . -
L mee
0.14 e » =
0.13 \\ et
0.12 i
5 6 7 8 9 10 5 6 7 8 9 10
(a) r—coordinate (b) r—coordinate
FIGURE 3.8

One-dimensional finite element solution to axisymmetric problem: (a) displacements and
(b) stresses.



3.8 Transient problems

3.8 Transient problems

When loading is applied with time variation such that the inertial term is significant
the full weak form given in (3.30) must be considered. Two methods of solution to the
problem may be considered: discrete approximation in time and semi-discretization
in which an explicit form of the time behavior is assumed. Both methods reduce
the problem to one of algebraic form. Here we summarize the two approaches when
applied to the finite element equations.

3.8.1 Discrete time methods

In discrete time methods the transient solution for the time duration of interest is
described at a set of discrete time points f, and approximations to the solution are
determined at these points. Eq. (3.30) contains time derivatives up to second degree;
thus, we need three different discrete time values which we denote as

(G, G, ) ~ (@0, 7, 8) (3.69)

There are many different discrete forms; one which is frequently used is the
Newmark method [14]. The Newmark method is a one step procedure that describes
how a solution known at time ¢, is determined at time ¢, . Since there are three
discrete quantities given in (3.30) we need three independent time equations to obtain
a solution at each discrete time. Two of the equations are the Newmark formulas and
the third is the discrete equilibrium equation. These are written as

i i i 1 . i
Oy =0, + ALV, + (— - B Atzan+,3At2a,l+1
. . 2. - (3.70)
Tnp1 =T+ (1—y) Ard, +y Aty

Rn—',—l = fn+1 - Man—',—l - Kﬂn—H =0

where At = t,4+1 — t,. The quantity R, is called the residual of the equilibrium
equation. The result R,,.; = 0 describes the requirement that the discrete solu-
tion must be satisfied at each time #,;. In these equations the two parameters S
and y control the overall numerical response for stability and numerical dissipa-
tion. A stable solution is one in which the response after a load is removed does
not become large at later discrete times. Numerical dissipation in the above equa-
tions implies the solution approaches zero at later discrete times after the loading is
removed.

To solve (3.70) we may select any one of the discrete time quantities as the primary
dependent time variable and solve for the other two from the Newmark formulas. The
simplest form is to select 8,1 as the primary variable and directly substitute the two
Newmark formulas into the residual equation, R, 4. The result gives

[M+ B APK] @utt = st — KTy 3.71)

I
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where
— _ _ 1 ~
Upp1 =0, + A7, + (5 - ﬂ) At*3,

collects all the values at 1, together. The acceleration parameters are given formally as

-1
Bl = [M iy AﬂK] (furr — KTs1) (3.72)

and we note solving the transient problem involves a repeated solution of the type
indicated in (3.21) but with a modified stiffness matrix. Two types of methods exist:
(a) B > 0 which is called an implicit method and (b) 8 = 0 which is called an explicit
method. Explicit methods are always conditionally stable, meaning a limit on the size
of At exists beyond which the solution grows in an uncontrolled manner. If the mass
matrix M is diagonal (see Appendix H), explicit methods are very cheap for each
time step and are used extensibly in crash analysis of vehicles. Their main drawback
is the small time step which must be used to remain stable. Implicit methods for
linear problems can be unconditionally stable. Using 8 = 1/4 and y = 1/2 results
in an unconditionally stable solution without any numerical dissipation for our linear
problem [15,16]. The Newmark procedure with these parameters is often called a
trapezoidal rule or a constant acceleration method.

After the acceleration is determined from (3.72) the displacement and velocity at
ty+1 may be determined from the two Newmark formulas and, thus, all the values at
tn+1 are known and may be used to advance the solution to the next time. Repeating the
process provides a discrete solution to the problem for any specified loading history,
f.+1. We note that the solution for the time response is obtained from the solution of
a set of algebraic equations in the same manner as for static problems.

3.8.1.1 Stability and dissipation

It was noted that the parameters 8 and y control the stability and numerical dissipation
in the algorithm. To observe how this may be assessed we consider the case where
B =1/4 and y = 1/2. For this case we can write the two Newmark formulas as

L~jn-i-l - Gn = - At (Vn +\7n+1)

N = N =

\Tn—l—l _Vn = At (an + é-n—',—l)

Adding together the equilibrium equations evaluated at ¢, and #,1; and multiplying
by the transpose of (41 — U,)/2 gives

1
(Ot = Ta) " M (Epr +80) + 5 (Bt = )" K (T + )

N —

1
= E (an—i-l - l]n)T (fn+l + fn)
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Using the Newmark formulas on the mass term we obtain (after dropping the
common factor At)

1
(Ot = G) M (B + 80) =

> (\Tn—i—l + Vn)T M (Vn—i-l - Vn)

1
2
I _ | R
= Evn+len+1 — EvnMvn
= Kn-i—l =Ky
where KC,, is the kinetic energy at time #,,. Similarly, for the stiffness term we recover
1 _ T, /- _ 1 _ _ I .1, -
5 @t = 00) K (O +8y) = 2 0y Kppy = 50, KT,
= Un+1 — Uy

where U, is the elastic potential energy at time #,,. In the above we assume K and M
are symmetric. Denoting the incremental work of the applied loads as

1
5 (un—l—l - l]n)T (fn—H +fn) =AW

and collecting all the terms together gives the energy equation

IC,H_] —|—L{n+1 = Kn +Z/{n + AW or
Enit = Ep + AW

where &, is the total energy at time #,,. For times when no incremental work is added
or removed we observe that the energy is conserved. Indeed, the energy only changes
if forces are applied to the system and in these cases the amount of energy change is
a finite quantity. Solution methods with these properties are termed unconditionally
stable. Of course the solution may not be accurate if the time increments are too large;
thus, additional assessments are needed.

3.8.2 Semi-discretization of the problem

An alternative approach to discrete time stepping uses a specified form for the time
behavior. For linear ordinary differential equations with constant coefficients the exact
time behavior is given in terms of exponentials in time. For the second-order problem
we can substitute the form

U=0exp(iowr) and f=TF exp(iowt) wherei =+/—1 (3.73)
into (3.30) and divide by the exponential term. The governing equation becomes
(K-w?M)a=F (3.74)

In this form the amplitude of the solution U depends upon the frequency of the excita-
tion w; however, the solution procedure is again one with an algebraic equation that is
identical in form to that for a static problem. Considering all the frequencies we will
find that near certain frequencies the amplitude becomes very large. To understand
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this phenomenon we consider a simple one degree of freedom problem given by

(k — wzm) i=f
The solution to the problem is given by
a_
(k — w?m)

We can immediately observe that the frequency w = +/k/m will result in an infinite
value of u. Such frequencies are called the natural frequencies of the system. In real
physical systems an infinite solution does not occur due to either material dissipation
or large displacement effects. However, the determination of the natural frequencies of
an elastic body can provide useful information about the properties of linear systems.
It is also used as a solution procedure for linear problems. The natural frequencies are
independent of the loading and may be computed from the homogeneous equation

(K-ofM) g =0

The subscript is added to emphasize that a solution to the homogeneous equations is
possible only at a finite number of natural frequencies, w;. Thus, in general we will
need to solve the problem

KU=MUA (3.75)
where
w0 - 0
_ 0 ®3 0
U=[0; Gy -+ 0,] and A=
0 - 0 w?
The above problem is an eigenvalue problem (see Appendix A) that has the solution
pairs U;, “)12 fori =1, 2, ..., n. The U; is the eigenvector and w; is the associated
eigenvalue.

For each mode i of the problem we can compute a scalar mass and stiffness from
m; =0,M0; =1 and k = 0] KQ; = o}

where the unity condition on m; is enforced to scale the eigenvector. Next, considering
two separate pairs we can write

|<L_Jl':|\/|L_J,'C()-2

1

= a2
and Kuj_Mu]a)j

Premultiplying the first by U}, the second by U;, noting symmetry for K and M, and
taking the difference gives

l]jT.ML_J,- (a)lz — a)i) =0
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For situations where w; # W j we then obtain the result
J ! :

For cases in which w; = w; we will enforce (3.76) and, thus, the eigenvectors are
constructed to be mass orthonormal.
A solution to (3.30) may now be constructed by assuming

u@) =y Gyi(0) (3.77)

i=1

and obtaining
m

Z(Mﬂi yi + Kl y) =f
i=1

Premultiplying by the transpose of eigenvector U; gives m scalar equations

Vitwiyi=fi. j=12....m (3.78)

where

fi=uf
The reader can easily solve this equation for simple forms of loading. However, for
general time-varying loading a numerical approach is needed. We can, of course,

apply the Newmark method to numerically solve each equation and simply add the
solution together as indicated in (3.77).

3.8.2.1 Stability of modes

The stability of a discrete time method may also be established from the eigenmodes
of the semi-discrete problem. For example letting y; = u in (3.78) and substituting
into a scalar form of the Newmark formulas (3.70) we obtain

1
Unt1 = Uy + Atv, + (5 — ﬂ) AL fy — @ un] + BALP [ fug1 — @ tni1]

Vg1 = Vn + (1 = Y)AILfyy — @ up] + y Atl g1 — @ upy1]
(3.79)
Multiplying the second equation by At and collecting terms the above may be written
in matrix form as

[(1+,3s22) 0]{ Un }_ (1—(%—ﬁ>92) 1 { Un }
yQ? 1| ]| Atvper | (- 2 1 Aty
1 (3.80)
+ (E - ﬂ) &n + Bgn+1

(I —y)gn +vE&n+
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where Q = wAr and g, = At? Jn- Solving for the solution at #,,41 gives

Uni1 1 1 0 1— 1—/3 Q) 1| un
= 2 2 2

1
_f_; 1 0 (5 - ﬂ) gn + ,Bgn-i-l
1+8Q2 [ —vQ? (1+82%)

(I —y)gn + V8t
(3.81)

The stability of the solution is evaluated from the homogeneous equation by assuming
Upy1 = Au, and v,41 = Avy,. This yields the algebraic eigenproblem

- (3e)e 1 1]

(] A s = | L A 0} (582)
[—Q +<5V—ﬁ>9} [1+ (8 — Q> — 7]

where & = (1 + BQ%)A. A full analysis for all values of 8 and y may be found in
Refs. [15,17]. Here we consider only the special cases of y = 1/2 with 8 = 0 or

B =1/4.
Example 3.9. Implicit integration: 8 = 1/4

We first consider the implicit problem with y = 1/2 and 8 = 1/4. For this case
(3.82) simplifies to

(-5)-3 o wl [0
e [(-te) ] L ={0]

where A = (1 + L—{Qz) . The two values for the A are obtained from the characteristic

polynomial
1 _ 2
[(1 —ZQZ) —x} +Q?=0

(1-1)£iQ
(1+ 192

and yield the result

Aj =

forj=1,2

The solution is complex and has a modulus value p = max(|A1], [*2|) = 1 indepen-
dent of the value of 2 (and At). Thus, again we have shown that the use of these
parameters yields an unconditionally stable method for second-order, linear differen-
tial equations.
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Example 3.10.  Explicit integration: 8 = 0

We next consider the explicit problem with y = 1/2 and 8 = 0. For this case
(3.82) simplifies to

1 2
1—--Q°)—A 1
2 [ = (o]
1 1 Atv, | 0
—Q2 4 -t [(1 ——92) —){| "
4 2
The two values of A may be determined from
[ 1 ? > 1 g
1—-Q)—Al +Q°—-Q"=0
L 2 4
For this case two possibilities for roots exist depending on the value of €2:

1—59%[194—92} forQ > 2

b= 1 1
1—592ii[92—294] forQ <2

When 2 = 2 the roots are both unity and, thus, are at a limit of stability. For Q > 2
the value of p defined above will be greater than unity and the method is unstable.
Thus for stability we must always have

2
At < —
1)
where w is the largest eigenvalue from the problem being solved. This value may
be estimated by computing the maximum frequency of individual elements [18].
Alternatively, the critical time step can be estimated by a few iterations of a Rayleigh
quotient [19].

3.9 Weak form for one-dimensional quasi-harmonic
equation

In the previous sections we have considered a procedure to solve one-dimensional

elasticity problems using a weak form of the governing equations. Here we repeat

the process for a one-dimensional quasi-harmonic equation. We consider a problem
in Cartesian coordinates where

gx = qx(x) and gy =g, =0
With this assumption the quasi-harmonic equation is given by

0qx eloj
_ —c® 3.83
x T2y, (3.83)
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The one-dimensional form of the material law (2.83) is given by

9
= —k % (3.84)

and the boundary and initial conditions are taken as one-dimensional forms of (2.81a),

(2.81b), and (2.82).

3.9.1 Weak form

Following the rules given in (3.1) for constructing a weak form we may write the first
step as

3qx
2G> ¢, 8¢>—8¢(e—"’—g+ a(i)ZO

Integrating over the domain 0 < x < L we obtain the integral form

G(gx, ¢, 5¢)=/ 5¢<C8—¢—Q+ aaqx> dx =0

Upon integrating the last term by parts the expression becomes

0 08
G(gx, &, 3¢)=f [&b (c—¢—Q) f’ ]dx+3¢qxnx|r=0

Finally, considering the boundary conditions and letting ¢ = ¢ and 8¢ = 0 on Iy
and gyny = g, + H (¢ — ¢9) on I'; we obtain

a4
G(qx, ¢, 6¢) =/ [ ¢>(C—¢ - Q) - —¢qx}
+ 8¢ [Gn + H (- ¢o)]| (3.85)

An irreducible form is obtained by inserting the one-dimensional form (3.84) into
(3.85) to obtain

d a4 d
G(o, 5¢):f [&zﬁ( —¢—Q> a_j"f]

+ 8¢ [G0+ H ¢ — ¢0)]|r, =0 (3.86)

3.9.2 Finite element solution of quasi-harmonic problem

A finite element solution to the irreducible one-dimensional quasi-harmonic problem
may be constructed in an identical manner to that performed for the elasticity problem.
To this end we define a set of nodes x; on the domain and, similarly, a set of elements
using the nodes. Using the isoparametric concept we can define approximations on
ea