National Taiwan University Finite Element Method
Department of Civil Engineering Instructors: C.-S. CHEN

Lab Assignment 10, 06/06/2019, 1800 -- 2000
Due 2000
Lab Grading Policy: Attendance 20%o, Score 80%, Bonus 40%
In case you have difficulty in finishing the exercises on time, you should upload them before 2100
on Saturday and a penalty of 20% discount will be applied on your score. No late submission after
2100 on Saturday is permitted. We will in general post the reference solutions by Sunday.

1. (40%) Reconsider the example in Lab 9. The finite element mesh and element and nodal
numbering are shown in the following figure. Use the properties given in Lab 9.
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Extend your Q8 2x2 reduced integration implementation with a stressRecovery function for
stress recovery. You should compute stresses at four Gauss points and extrapolate them to
compute the nodal stresses. Finally, averaging these element nodal stresses in all elements at a
common node to represent the stress at the node. Plot the element-wise discontinuous stress
contour and smooth stress contour from average nodal stresses.

Below are sample outputs and contour plots:
(please plot two figures, discontinuous contour and smooth stress contour)
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-4.6415e+02 5
2.1756e+02 -1
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.0017e+02
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.0806e+02
.9294e+01
.0528e+02
.2115e+01
.2224e+02
.0570e+02
.4948e+01
.3243e+02
.8829%e+02
.1546e+02
.7920e+02



1.5

0.5

-15

1.5

0.5

-15

smooth Oy (continuous)

0.5

T (discontinuous)

3.5

0.5

3.5

x104

-1.5

100

50

-100



Sol.

% clear memory
clear all; close all; clc;

o

% initialize
materials
= 30000; poisson = 0.30; thickness = 1;

oe

Eal

% matrix D
=E/ (1-poisson”2)*[1 poisson 0O;poisson 1 0;0 O (l-poisson)/2];

)

numberNodes = 28;
numberElements = 5;
switch m

case 1
nodeCoordinates (0,0, 0.5,0; 1,0;1.5,0

= ;2,0;,2.5,0;3,0;3.5,0;4,0;4.5,0;5,0;
0,0.25;1,0.25;2,0.25;3,0.25 0.2

0
;4,0.25;5,0.25;

0,0.5;0.5,0.5;1,0.5;1.5,0.5;2,0.5;2.5,0.5;3,0.5;3.5,0.5;4,0.5;4.5,0.5;5,0.5];
case 2
nodeCoordinates = [0,0; 0.25,0;
0.5,0;1.25,0 ;2,0;2.75,0;3.5,0;4,0;4.5,0;4.75,0;5,0;
0,0.25;1,0.25;2,0.25;3,0.25;4,0.25;5,0.25;

0,0.5;0.75,0.5;1.5,0.5;1.75,0.5;2,0.5;2.25,0.5;2.5,0.5;3,0.5;3.5,0.5;4.25,0.5;5,
0.51;

end

elementNodesB = [1,3,20,18,2,13,19,12];
elementNodes=elementNodesB;

for i=1:4

elementNodes=[elementNodes; elementNodesB+2*i];

end

elementNodes (:, [6,8])=[13 12;14 13;15 14;16 15;17 16];
% GDof: global number of degrees of freedom
GDof=2*numberNodes;

o)

% boundary conditions
prescribedDof = [1,23,24,35];
% force vector

force=zeros (GDof, 1) ;

force (21) = -1200;

force (55) = 1200;

% calculation of the system stiffness matrix
stiffness=formStiffness2DQ8 (GDof, numberElements, ...
elementNodes, numberNodes, nodeCoordinates, D, thickness) ;

% solution
displacements=solution (GDof,prescribedDof,stiffness, force);

stressRecovery (nodeCoordinates, numberElements, elementNodes,D,displacements)
end



function

stressRecovery (nodeCoordinates, numberElements, elementNodes,D,displacements)

[a,~]=size (nodeCoordinates);
disContinousStress=zeros (numberElements, 3) ;
avgStress=zeros(a,3);

avgCount=zeros(a,l);

[gaussWeights, gaussLocations]=gauss2d('2x2");

%% gp stress
fprintf ('Stresses at Gauss points\n');

fprintf ('"Element gp Sxx Syy
for e=l:numberElements
numNodePerElement = length (elementNodes (e, :))

numEDOF = 2*numNodePerElement;
elementDof=zeros (1, numEDOF) ;
for 1 = 1l:numNodePerElement
elementDof (2*i-1)=2*elementNodes (e, i) -1;
elementDof (2*1)=2*elementNodes (e, 1) ;
end
elementStr=zeros (4, 3);
% cycle for Gauss point
for g=l:size(gaussWeights,1)
GaussPoint=gaussLocations (g, :);
xi=GaussPoint (1) ;
eta=GaussPoint (2);

% shape functions and derivatives

Sxy\n');

[shapeFunction,naturalDerivatives]=shapeFunctionQ8 (xi,eta);

o°

Jacobian matrix, inverse of Jacobian,
derivatives w.r.t. X,y
[Jacob, invJacobian, XYderivatives]=...

oe

Jacobian (nodeCoordinates (elementNodes (e, :), :),naturalDerivatives) ;

oe

B matrix
B=zeros (3, numkEDOF) ;

B(1l,1:2:numEDOF) = XYderivatives (1, :);
B(2,2:2:numkEDOF) = XYderivatives (2, :);
B(3,1:2:numkEDOF) = XYderivatives (2, :);
B(3,2:2:numkEDOF) = XYderivatives(1l,:);

oe

stiffness matrix
stress=D*B*displacements (elementDof) ;
elementStr (g, :)=stress;

fprintf (' 32d 32d 311l.4e 311l.4e

%11.4e\n',e,q,stress(l),stress(2),stress(3));
end
end

%% Nodal stress
fprintf ('Element nodal Stresses\n');

fprintf ('Element node Sxx Syy
for e=l:numberElements
numNodePerElement = length(elementNodes (e, :));

numkEDOF = 2*numNodePerElement;
elementDof=zeros (1, numEDOF) ;
for i = l:numNodePerElement
elementDof (2*i-1)=2*elementNodes (e, i) -1;
elementDof (2*1)=2*elementNodes (e, 1) ;

Sxy\n') ;



end

elementStr=zeros (4, 3);

Nstress=zeros (8,3);

% cycle for Gauss point

for g=l:size(gaussWeights, 1)
GaussPoint=gaussLocations (g, :);
xi=GaussPoint (1) ;
eta=GaussPoint (2);

% shape functions and derivatives
[shapeFunction, naturalDerivatives]=shapeFunctionQ8 (xi,eta);

oe

Jacobian matrix, inverse of Jacobian,
derivatives w.r.t. x,y
[Jacob, invJacobian, XYderivatives]=...
Jacobian (nodeCoordinates (elementNodes (e, :), :),naturalDerivatives) ;

oe

o

B matrix
B=zeros (3, numEDOF) ;

B(1l,1:2:numEDOF) = XYderivatives (1, :);
B(2,2:2:numEDOF) = XYderivatives (2, :);
3,1:2:numkEDOF) = XYderivatives (2, :);
)

B(
B(3,2:2:numEDOF = XYderivatives (1, :);
% stiffness matrix

stress=D*B*displacements (elementDof) ;

elementStr (g, :)=stress;
end
nd coor=[-1,-1;1,-1;1,1;-1,1;0,-1;1,0;0,1;-1,0]*sqgrt(3);
for j=l:length(nd coor)

xi=nd coor(j,1);

eta=nd_coor (j,2);

[shapeFunction, ~]=shapeFunctionQ4 (xi,eta);

NodeS=shapeFunction*elementStr;

Nstress (j, :)=NodeS;

fprintf (' %2d %2d %11.4e $11.4e
.4e\n',e,j,NodeS (1) ,NodeS (2),NodeS (3));

oe

avgStress (elementNodes (e, j), :)=avgStress (elementNodes (e, ), :) +NodeS;
avgCount (elementNodes (e, j) ) =avgCount (elementNodes (e, j) ) +1;
end

xi=0; eta=0;
[shapeFunction, ~]=shapeFunctionQ4 (xi, eta);
NodeS=shapeFunction*elementStr;
disContinousStress (e, :)=NodeS;
end
fprintf ('Average nodal Stresses\n');
fprintf (' node Sxx Syy Sxy\n') ;
for k=1l:length(nodeCoordinates)
avgStress (k, :) =avgStress (k, :) /avgCount (k) ;
fprintf (' %2d %11.4e %11.4e %$11.4e\n', k,avgStress(k, :))
end
picElementN=[1 2 3 13 20 19 18 12;3 4 5 14 22 21 20 13;5 6 7 15 24 23 22 14;
7 8 9 16 26 25 24 15;9 10 11 17 28 27 26 1l6];
figure () ;
patch ('Faces',picElementN, 'Vertices',nodeCoordinates, 'FaceVertexCData',disContin
ousStress(:,1), 'FaceColor','flat");
colorbar;
colormap (jet)
axis equal;
xlabel('x");
ylabel ('y');
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title('\sigma x x (discontinuous)');

figure();

patch('Faces',picElementN, 'Vertices',nodeCoordinates, 'FaceVertexCData',avgStress
(:,1), '"FaceColor', "interp');

colorbar;

colormap (jet)

axis equal;

xlabel ("x");

ylabel ('y");

title('smooth \sigma x x (continuous)');

end
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2. (40%) Consider a thin plate subjected to a bending moment. Discretize the model with 2 T6
elements shown below. Use the isoparametric formulation and three-point integration. Calculate
the external force matrix by hands and specify their values at the corresponding nodes directly.
Report the displacements and plot the undeformed and deformed configurations.

1000 psi

1 X 4 7

Below are the sample output and the sample plot:
Displacements
Node UX [0)'4

1 0.0000e+00 0.0000e+00

2 0.0000e+00 0.0000e+00

3 0.0000e+00 0.0000e+00

4 -3.2109e-04 -3.3718e-04

5 -2.3449e-06 -3.1243e-04

6 3.2553e-04 -3.3665e-04

7  -6.4951e-04 -1.3105e-03

8 -3.9366e-07 -1.2878e-03

9 6.5157e-04 -1.3135e-03
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Sol.
A Thin Plate Subjected to Uniform Traction
T6 Implementation
2 elements
clear memory
clear all;
cle;
close all;

o° 0P oe

o\°

% materials
E = 30e6; poisson = 0.30; thickness = 1;

% matrix D
D=E/ (1-poisson”2)*[1 poisson 0;poisson 1 0;0 0 (l-poisson)/2];

% trivial preprocessing
% numberElements: number of elements-——-———-—---""-"="="-"—"—"—"—"—"—"—"—"—"—~——~—~—~——~——~——~——~————
numberElements = 2;

% numberNodes: number of nodes-------—---—---—---—---———-"———"———"—"——"——\————————————
numberNodes = 9;

o)

% coordinates and connectivities----——---""-"""-""""""""""----o-:6o6on
elementNodes=[1 7 3 4 5 2; 37 9 5 8 6];

nodeCoordinates=[[0 O 0]',[0O 5 10]"';[10 10 10]1',[O0 5 10]1';[20 20 20]',[0 5
101'1;

drawingMesh (nodeCoordinates,elementNodes, 'T6', 'k-0'"'); hold on

% GDof: global number of degrees of freedom
GDof = 2*numberNodes;
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% boundary conditions —-—-—=----""""--——————
prescrlbedDof = (1:06)"';

o)

$ force vector ——————— =

force = zeros (GDof,1);

syms xi vy

[shape , ~] = shapefunc(-1,1,3);

b = -1000 + 200*y; % b(y) in right edge as 1D body force
y2 = nodeCoordinates (end, 2) ;

yl = nodeCoordinates(end-2,2);

J = (y2-y1)/2;

Y = (yl+y2)/2 + J*xi;

b = subs(b,Y);

shape = subs (shape,xi);

F = double (int (transpose (shape) *b*J,xi,-1,1));
force ([13 15 17]) = F;

o)

% calculation of the system stiffness matrix
stiffness = formStiffness2DT6 (GDof, numberElements, ..
elementNodes, numberNodes, nodeCoordinates, D, thlckness)

% solution
displacements = solution (GDof,prescribedDof,stiffness, force);

[

% output displacements
outputDisplacements (displacements, numberNodes, GDof);

m = 1000;
deform = vec2mat (displacements, 2) *m
drawingMesh (nodeCoordinates+deform,elementNodes, 'T6"', 'r-0'");

function [shape,naturalDerivatives]=shapeFunctionT6 (xi2,x1i3)

shape=[ (1-xi2-xi3)* (2* (1-xi2-xi3)-1),
xX12* (2*xi2-1),
xi3* (2*xi3-1),
4% (1-x12-x13) *xi2,
4*xi2*x13,
4*xi3* (1-x12-x13) 1],

naturalDerivatives=[4*xi2 + 4*xi3 - 3,
4*xi2 - 1,
0,
4 - 4*xi3 - 8*xiZ2,
4*xi3,
-4+*xi3;
4*xi2 + 4*xi3 - 3,
0, ...
4*xi3 - 1,
-4*xi2,
4*xi2,
4 - 8*xi3 - 4*xi2];

Q

end % end function shapeFunctionQ9
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3. Bonus (20%): Consider the same thin plate. Discretize the model with 8 elements shown below.
Use the isoparametric formulation and three-point integration. Calculate the external force matrix
by hands and specify their values at the corresponding nodes directly. Report the displacements
and plot the undeformed and deformed configurations.

Below are the sample output and the sample plot:

>
s

) 8
1

Displacements
Node UX Uy

1 0.0000e+00 0.0000e+00

2 0.0000e+00 0.0000e+00

3 0.0000e+00 0.0000e+00

4 0.0000e+00 0.0000e+00

5 0.0000e+00 0.0000e+00

6 -1.5986e-04 -9.6298e-05
7 -8.0065e-05 -7.8171e-05
8 -9.0874e-07 -7.2163e-05
9 7.8939%e-05 =7.7937e-05
10 1.6386e-04 -9.6280e-05
11  -3.2805e-04 -3.4093e-04
12 -1.6345e-04 -3.2233e-04
13 1.0228e-06 -3.1641e-04
14 1.6350e-04 -3.2341e-04
15 3.2665e-04 -3.4241e-04
16 -4.9396e-04 -7.5224e-04
17 -2.4672e-04 -7.3348e-04
18 4.2573e-07 -7.2713e-04
19 2.4707e-04 -7.3338e-04
20 4.9375e-04 -7.5216e-04
21 -6.6040e-04 -1.3294e-03
22 -3.3013e-04 -1.3107e-03
23 8.1776e-08 -1.3044e-03
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24  3.3039%e-04 -1.3105e-03

25 6.6067e-04 -1.3293e-03
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Sol.

oe

A Thin Plate Subjected to Uniform Traction
T6 Implementation

2 elements

clear memory

clear all;

clc;

close all;

o oe

oe

% materials
E = 30e6; poisson = 0.30; thickness = 1;

$ matrix D
D=E/ (1-poisson”2)*[1 poisson 0;poisson 1 0;0 0 (l-poisson)/2];

% trivial preprocessing
% numberElements: number of elements--—------——————————————————~—(—(—(—~—~—~—(——————

numberElements = 8§;
% numberNodes: number of nodes—-—-—-—-——--——————————"——"——"—"——"—~—"—~—~—"—~—~—~—~—~—~—(—(—~—~—~—~—~—(———
numberNodes = 25;

% coordinates and connectivities——————=—="=—"——"—"—"—"—"—"—"—"—"——"——{—~—~——~——(——(—
a=[111 3 6 7 2;3 11 13 7 12 8];

elementNodes=[a;a+10;a+2;a+2+10];

al = linspace(0,10,5)";

nodeCoordinates=[0*ones (5,1),al; 5*ones(5,1),al; 10*ones(5,1),al;

15*ones (5,1),al; 20*ones(5,1),al];

16



drawingMesh (nodeCoordinates, elementNodes, 'T6', 'k-0'); hold on

% GDof: global number of degrees of freedom
GDof = 2*numberNodes;

% boundary conditions —----—--—--—-—-—-—-—- - -
prescribedDof = (1:10)"';

o)

% force vector ————-——--——--——--——--——--——-—-— - ————————

force = zeros (GDof,1);
syms xi vy
[shape , ~] = shapefunc(-1,1,3);
for e = [4,8]
b = -1000 + 200*y; % b(y) in right edge as 1D body force

y2 = nodeCoordinates (elementNodes (e, 3),2);

yl = nodeCoordinates (elementNodes (e, 2),2);

J = (y2-yl)/2;

Y (yl+y2) /2 + J*xi;

b = subs(b,y,Y);

shape = subs (shape,xi);

F = double (int (transpose (shape) *b*J,xi,-1,1));

force (elementNodes (e, [2,5,3])*2-1) = force(elementNodes (e, [2,5,3])*2-1) + F;

o)

% calculation of the system stiffness matrix

stiffness = formStiffness2DT6 (GDof, numberElements, ...
elementNodes, numberNodes, nodeCoordinates, D, thickness) ;

% solution

displacements = solution (GDof,prescribedDof,stiffness, force);

% output displacements

outputDisplacements (displacements, numberNodes, GDof);

m = 1000;
deform = vecZmat (displacements, 2) *m;
drawingMesh (nodeCoordinates+deform,elementNodes, 'T6"', 'r-0'");

function stiffness=formStiffness2DT6 (GDof, numberElements, ...
elementNodes, numberNodes, nodeCoordinates, D, thickness)

% compute stiffness matrix

% for plane stress T6 elements

stiffness=zeros (GDof) ;

% 3 by 3 quadrature----—---—--—--—--—————————— - —————
[gaussWeights, gaussLocations]=gauss2dTri('3");

Y

for e=1:numberElements
numNodePerElement = length(elementNodes (e, :));
numkEDOF = 2*numNodePerElement;
elementDof=zeros (1, numEDOF) ;
for i = l:numNodePerElement
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elementDof (2*i-1)=2*elementNodes (e, i) -1;
elementDof (2*1)=2*elementNodes (e, 1) ;
end

o)

% cycle for Gauss point
for g=l:size(gaussWeights, 1)
GaussPoint=gaussLocations (g, :);

xil=GaussPoint (1) ;
xi1i2=GaussPoint (2);
x13=GaussPoint (3);

oe

shape functions and derivatives----------------—--—-—"—-—"—-~—"—~—"—~—"—~—~—~—~—~—~—~—~————
[shapeFunction, naturalDerivatives]=shapeFunctionT6 (xi2,xi3);

o

Jacobian matrix, inverse of Jacobian,
derivatives w.r.t. x,y
[Jacob, invJacobian, XYderivatives]=...
Jacobian (nodeCoordinates (elementNodes (e, :), :),naturalDerivatives) ;

o

o

B matrix
B=zeros (3, numEDOF) ;

B(1l,1:2:numkEDOF) = XYderivatives (1, :);
B(2,2:2:numkEDOF) = XYderivatives (2, :);
B(3,1:2:numkEDOF) = XYderivatives (2, :);
B(3,2:2:numkEDOF) = XYderivatives(1l,:);

o°

stiffness matrix
stiffness (elementDof,elementDof)=...
stiffness (elementDof,elementDof) +...
B'*D*thickness*B*gaussWeights (q) *det (Jacob) ;
end
end

function [weights,locations]=gauss2dTri (option)
Gauss quadrature in 2D in Triangle element

o\°

% option '1'
% option '3'
% option '4'
% option '6'

o\

locations: Gauss point locations
weights: Gauss point weights

oe

switch option
case '6'

alphal = 0.8168475730;
alpha2 = 0.1081030182;
betal = 0.0915762135;
beta2 = 0.4459484909;
gamma3 = 0.1099517437/2;
gammad4 = 0.2233815897/2;
locations = .

[ alphal betal betal;
betal alphal betal;
betal betal alphal;
alpha2 beta2 beta2;
beta?2 alpha2 beta2;
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beta2 beta2 alpha?l];

weights = [ gamma3; gamma3; gamma3l; gamma4; gammad; gammad;];
case '4'

gammal = -27/96;

gamma?2 = 25/96;
locations =

[ 1/3 1/3 1/3;
0.6 0.2 0.2;
0.2 0.6 0.2;
0.2 0.2 0.61;
weights = [gammal; gamma2; gamma?; gammaZ2];

case '3'
locations=...
[ 1/2 1/2 0;
0 1/2 1/2;
1/2 0 1/21;
weights=[ 1/6;1/6;1/6];

case '1'
locations=[1/3 1/3 1/31;
weights=[1/2];

end

end % end function gauss2dT6
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