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Chapter 5: Nonlinear Finite Element for Solids 
 
5.1  Introduction 
 
The course materials covered in the preceding chapters are sufficient to provide an essential 
background for the development of finite element models and the associated computer 
programs for most linear problems in one and two dimensions. Extension of the isoparametric 
formulation from 2D to 3D is straightforward. Meanwhile, the background should also help 
you to intelligently use commercially available finite element software. However, there are 
many advanced topics that deserve much attention. In this chapter, we will give an introduction 
on nonlinear finite elements for solid mechanics. The discussions presented here are brief and 
they are only meant to give some ideas of the applicability of the finite element method to this 
advanced topic.  
 
Many applications can only be successfully simulated by nonlinear methods. Among these 
simulations are the computation of rubber bearings/tires or metal forming processes. All of 
them include finite deformation analysis and nonlinear constitutive equations. Finally, the 
numerical simulation of car crash problems can be mentioned as a complex nonlinear problem 
which is applied widely in the automotive industry. 

Metal forming of a US penny 
 

 
Visualization of how a car deforms in an asymmetrical crash using finite element analysis. 

1 Motivations and Scope

1.1 Introduction

Natural and manufactured materials generally exhibit an irreversible defor-
mation behavior such that when an applied load is removed only a fraction
of deformation is recovered. The extent of reversible deformation is called
the elastic range, whereas the extent of irreversible or inelastic deformation,
or yield, is the plastic range. The elastic range depends on the properties
of a given material: rubber, for example, can experience very large deforma-
tion and still stay within the elastic range, whereas steel yields at a much
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In steel structural design, elastoplastic analysis is necessary to compute the limit loads of truss, 
frame or shell structures. In case of cable structures, geometrically nonlinear effects have to be 
included to describe the large displacements. In concrete structures or soil mechanics, 
complicated nonlinear material laws have to be considered for a realistic description of the 
engineering problem.  
 

 
Plastic hinge formation in a steel structure. 
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5.2  Nonlinear Phenomena 
 
Major nonlinear phenomena related to solid mechanics are: 
 
l Geometrical nonlinearity occurs in problems where large displacements and rotations 

have to be considered like in structural elements as cables, frames membranes or shells 
but the strains are still small. Geometrical nonlinearity is sufficient in many cases to 
predict singular points in stability analysis. 

l Finite deformations can occur in problems like metal forming or rubber mechanics. Here 
not only the displacements are large but also the strains. Contrary to geometrically 
nonlinear applications, in which only small strains occur, problem with finite 
deformations include arbitrarily large strains. 

l Material nonlinearity: Many materials depict nonlinear behaviour. Among these are 
visco-elastic polymers or steel, concrete and soil which show elasto-plastic responses. The 
material behaviour is characterized by a nonlinear response function between stresses and 
strains or by a set of evolution equations. 

l Stability problems can be subdivided into structural mechanics into two classes: 
geometrical and material instability. Geometrical instability includes bifurcations like 
buckling of frames or shells but can also be connected to limit points which indicate snap-
through behaviour of a structure. Material instabilities come along with necking or shear 
bands in metals but also geo-materials. The origin of these instabilities lies either in an 
instability of the equilibrium equations or in the loss of positive definiteness related to the 
incremental constitutive tensor of the material. Both instabilities react in a very sensitive 
way to imperfections.  

l Contact problems are characterized by nonlinearities stemming from the boundary are 
associated with contact between two bodies or deformation dependent loading.  

l Coupled problems occur when different interacting fields which describe e.g. solids, heat 
conduction in solids or fluids are needed to formulate a complex physical problem. 
Examples are thermomechanical coupling, fluid-structure-interaction or problems in 
which chemical reactions, heat generation and conduction and mechanical stresses have 
to be coupled to model an engineering process, like the design of a new material. In all 
cases, nonlinearities in each of the different field equations have to be considered.  

 
Figure below illustrates the major occurrence of these nonlinearities in their relations among 
applied loads, stresses, strains, displacements, and boundary conditions. 
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Problems in these categories are nonlinear because stiffness, and perhaps loads as well, become 
functions of displacement or deformation.  
 
 
 
 
 
 
 
 
 
Thus, in the algebraic equations (see for example Eqs. (2.34) and (2.38)): 

(2.34)   

(2.38)   

 
The system matrix (or the stiffness matrix for solids) K and perhaps load vector f become 
functions of d. We cannot immediately solve for d because information needed to construct K 
and f is not known in advance. An iterative process is required to obtain d and its associated K 

and f such that the product  is in equilibrium with . We call these algebraic 

equations nonlinear algebraic equations. 
 
In the following, selected nonlinear problems are described and given a finite element 
formulation. Solution procedures for nonlinear algebraic equations are discussed first. In 
discussion of material nonlinearity, emphasis is given to elastic-plastic problems. In discussion 
of geometric nonlinearity, emphasis is given to large-deflection elastic problems.  
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5.3  Solution Methods for Nonlinear Algebraic Equations 
 
In this section we summarize commonly-used methods of solving time-independent (quasi-

static) nonlinear algebraic equations  (assume  for simplicity) for  

when  is a function of . The source of nonlinearity is not important in the present 
discussion.  
 
In order to depict procedures as two-dimensional plots of load versus response, we apply 
solution methods to a special case, namely a single nonlinear equation:  
 
(5.1)   for  
 
where u is the only dependent variable. A physical problem that leads to this equation is that of 
a single force applied to a nonlinear spring.  
 

 
 
The relation between load P and displacement u is 
 
(5.2)   or  where  
 
In order that this single-d.o.f. problem correspond to a realistic multiple-d.o.f. problem 

, we imagine that k, and hence spring force ku, can be calculated for any given value 
of u, but that it is not possible to explicitly solve for u when P is prescribed. Instead u is obtained 
by taking a series of linear steps, each of which corresponds to a change in load.  
 
Calculation procedures may use the tangent stiffness, which is defined as: 
 

(5.3)   
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to represents the slope of the P versus u plot. 
 
Remarks:  
1. Notice that the tangent stiffness  in general is NOT equal to nonlinear stiffness k (or 

in multidimensional problem, the tangent stiffness matrix  in general is not equal to 
the stiffness matrix ) 

2. In the one-dimensional nonlinear spring analogy, stiffness is a function of u, but a 
prescribed load is simply a value of P, independent of u. In a multidimensional problem, 
both  and  may be functions of . Examples include a geometrically nonlinear 
problem in which a prescribed pressure creates nodal loads that change direction as the 
structure deforms (e.g., inflation of balloon: a controlled inflation could benefit clinical 
applications, cardiovascular research, and the medical device industry). 
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5.3.1 Newton-Raphson Method for Single DOF 

 

 
In calculus textbooks, this method may be known as Newton's method, and may be explained 
as a way of extracting a root of a polynomial. Here we describe it as a way of generating the P 
versus u curve, whose shape is not known at the outset. 
 
In Eq. (5.2), imagine that initially . Then a load  is applied and we seek the 
corresponding displacement .  
 
The initial tangent stiffness is called  as shown in the figure above, and the initial load 
increment is the load itself;  because we have chosen to start from zero load. We 
calculate the current displacement increment and update the solution: 
 

(5.4)        

 
Here  is the current estimate of the desired result . This estimate is not exact because 
the deformed spring does not yet exert a force that equilibrates load .  
 
Q: What is the current force error (or load imbalance) ?  
A:  
(5.5)  
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Remark: we observe a very important fact – the resisting force  is provided by the 
structure in its current deformation state, unknown before we update the solution. 
 
We now commence “equilibrium iterations” intended to eventually reduce the imbalance 
force to zero (or to a small number that we are satisfied with). While keeping  constant we 
take another step, starting at point a in the figure and moving along a tangent to the curve at 
point a. Thus we obtain a more accurate, displacement : 
 

(5.6)        

 
The spring force still does not equilibrate applied load .  
 
Q: What is the current force error (or load imbalance) ?  
A:  
 
(5.7)   
 
The next step moves along a tangent to the curve at point b and provides another displacement 
increment  and the updated displacement . Although this method is not 
guaranteed to converge for all nonlinear problems, continued iteration typically causes force 
errors to decrease, successive displacement increments  to approach zero, and the updated 
solution to approach the correct value . 
 
Another load increment  can now be added, and iteration begun again to seek 
displacement  which corresponds to the total applied load . Equations corresponding to 
Eqs. (5.4) and (5.5) are 
 

(5.8)        

(5.9)   where  is evaluated using displacement . 
 
Clearly, by applying a sequence of increasing load levels, and iterating to convergence for each, 
we can locate as many points 1, 2, 3, ... as are needed to construct an adequate representation 
of the P versus u curve. The likelihood of convergence to a correct solution at each load level 
is enhanced by taking small load steps.  
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Remark: each iteration in the Newton-Raphson method involves two distinct phases: the first 
is called prediction (e.g., Eq. (5.8)) where we use the tangent stiffness to predict the 
incremental displacement. The second phase is called correction (e.g., Eq. (5.9)) in which we 
check for load imbalance at this iteration.   
 
Example: let us now work through this nonlinear spring problem using the Newton-Raphson 
procedures with some numbers: , , and .  
 

 
(Solution) 
The stiffness for the nonlinear spring is: 

 
The applied load: 

 
 
Q: what is the tangent stiffness? 
A: 
 
 
 
Let us only use one increment so : 
 
Iteration 1 
Prediction (Eq. (5.4)): 

 

      

Correction (Eq. (5.5)): 
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Iteration 2 
Prediction (Eq. (5.6)): 

 

      

Correction (Eq. (5.7)): 
 
 

 
Q: What have you observed?  
A:  
 
 
 
We can write a simple MATLAB code to solve this single dof example: 
 

% 
% a single nonlinear spring (Newton-Raphson method) 
% 
u = 0; 
P = 100; 
e = P; 
conv = e ^ 2 / P ^ 2; 
tol = 1.0e-12; 
iter = 0; 
while conv > tol && iter < 20 
    iter = iter + 1; 
    uold = u; 
    kt = 50 - 10*uold; 
    delta_u = kt\e; 
    u = uold + delta_u; 
    k = 50 - 5*u; 
    e = P - k*u; 
    conv = e ^ 2 / P ^ 2; 
    fprintf('%3d %10.5f %7.5e \n',iter, e, conv); 
end 

 
The output is: 
 

  1   20.00000 4.00000e-02  
  2    2.22222 4.93827e-04  
  3    0.04535 2.05676e-07  
  4    0.00002 4.21494e-14 

It takes 4 iterations to converge to a force tolerance  smaller than 1 × 10$%&. 
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6.3.2 Modified Newton-Raphson Method for Single DOF 
 

 

 
The modified Newton-Raphson method is similar to the Newton-Raphson method except that 
rather than updating tangent stiffness  prior to each calculation of a displacement increment 

, the same tangent stiffness can be used in many iterative cycles. The procedure is depicted 
in the above figure, where initial tangent stiffness  is used until convergence at load level 

 then updated to  and maintained at  until convergence at load level .  
 
We can alter the MATLAB code to see the effects: 
 

% 
% a single nonlinear spring (modified Newton-Raphson method) 
% 
u = 0; 
P = 100; 
e = P; 
conv = e ^ 2 / P ^ 2; 
tol = 1.0e-12; 
iter = 0; 
while conv > tol && iter < 30 
    iter = iter + 1; 
    uold = u; 
    kt = 50; 
    delta_u = kt\e; 
    u = uold + delta_u; 
    k = 50 - 5*u; 
    e = P - k*u; 

tk
uD

0tk

1P 1tk 1tk 2P
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    conv = e ^ 2 / P ^ 2; 
    fprintf('%3d %10.5f %7.5e \n',iter, e, conv); 
end 

 
The output is 
 

  1   20.00000 4.00000e-02  
  2    8.80000 7.74400e-03  
  3    4.37888 1.91746e-03  
  4    2.29435 5.26403e-04  
  5    1.23276 1.51970e-04  
  6    0.67106 4.50328e-05  
  7    0.36786 1.35317e-05  
  8    0.20241 4.09698e-06  
  9    0.11161 1.24558e-06  
 10    0.06161 3.79552e-07  
 11    0.03403 1.15801e-07  
 12    0.01880 3.53555e-08  
 13    0.01039 1.07986e-08  
 14    0.00574 3.29889e-09  
 15    0.00317 1.00791e-09  
 16    0.00175 3.07964e-10  
 17    0.00097 9.41013e-11  
 18    0.00054 2.87541e-11  
 19    0.00030 8.78635e-12  
 20    0.00016 2.68485e-12 
21    0.00009 8.20414e-13 

It now takes 21 iterations to converge to a force tolerance  smaller than 1 × 10$%&. 

Remark: Cost reduction is the motivation for adopting the modified Newton-Raphson method. 
Although the modified Newton-Raphson method requires more iterations than the Newton-
Raphson method, each iteration is accomplished more quickly without the need to re-compute 
tangent stiffness, and the cost savings can be appreciable, particularly for the multidimensional 
problems with a complex tangent stiffness matrix. 
 
5.3.3 Newton-Raphson Method for Multiple DOFs 
 
We can now extend the iterative solution method to problems with multiple degrees of freedom. 
To simplify our notations, let us consider solving a system of nonlinear algebraic equations 
where the stiffness matrix is a function of solution u: 
 
(5.10a)   

In comparison with Eq. (2.38), you can think of . 
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Suppose an approximate solution at the ith iteration is known and is designated by . The 
solution at the next iteration can be approximated using the first-order Taylor series as follows: 

(5.10b)   

where the tangent stiffness matrix at the ith iteration is defined as: 

(5.11)   

The goal is to calculate  and iteratively update the solution . Combining Eqs. (5.10a) 
and (5.10b), the system of linearized equations can be obtained as: 
 

(5.12)    

 
Remark: Equation (5.12) is similar to the matrix equation of linear systems, except that:  

(1) the tangent stiffness matrix, , is not constant, but a function of ;  

(2) the equation solves for the increment, , not the total solution, u; and  
(3) the right-hand side is not the applied force, but rather the difference between the applied 

force and internal force. This difference is often referred to as a residual. After solving for 
the displacement increment, , a new approximate solution is obtained as follows: 

 
(5.13)   
 
In general, this solution will not satisfy the system of nonlinear equations exactly and there will 
be some residual or force imbalance defined as follows:  
 
(5.14)   
 
If the residual is smaller than a given tolerance, the solution, , can be accepted as the 
accurate solution, and the process stops. Otherwise, the process is repeated until this residual 
becomes very small.  
 
Example: let us consider a system of nonlinear equations  and compute the tangent 
stiffness matrix: 
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The key is to compute the derivative of K with respect to u which can be achieved by taking 
derivative with respect to each DOF. For example, consider 2 nonlinear algebraic equations: 
 

 

Let 
 

 

 

Q: Evaluate the tangent stiffness matrix. (hint: ) 

A: 
 
 
 
 
 
 
 
  

11 12 1 1
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For a general set of n nonlinear algebraic equations, the terms of the tangent stiffness matrix 
are given by: 
 

 

 
Remarks: let us summarize some important considerations regarding the iterative solution 
method for nonlinear algebraic equations: 
 
1. An important point is the correction phase where we check for residual (or load imbalance) 

is crucial. Any errors in this “force recovery” calculation will result in an incorrect response. 
2. The correct evaluation of tangent stiffness matrix is also important. The use of proper 

tangent stiffness matrix may be necessary for fast convergence. However, because of the 
computational expense to evaluate a new tangent stiffness matrix, it can be more efficient 
to evaluate it only at certain stages. Specifically, in the modified Newton-Raphson method, 
a new tangent stiffness matrix is only evaluated at the beginning of each load increment.    
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