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Chapter 4: Isoparametric Formulation

4.1 Introduction

In this chapter, we introduce the isoparametric formulation, a systematic way to develop finite
element libraries for 2D and 3D problems. The formulation of isoparametric element is one of
the most important development in finite elements. The isoparametric concept allows one to
write a computer program systematically and enables one to construct elements with

curved sides, which are very powerful in modeling many complex engineering structures.
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4.1 Four-Node Quadrilateral Element (Q4)

Though the rectangular element can be very useful, and is usually more accurate than the
triangular element, it is difficult to use it for problems with any geometry rather than rectangles.
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Hence, its practical application is very limited. A much more practical and useful element
would be the so-called quadrilateral element, that can have four unparalleled edges.

Typical FE discretization using quadrilateral elements

F— AN
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However, there can be a problem for the integration of the stiffness matrix for a quadrilateral
element, because of the irregular shape of the integration domain. The Gauss integration
scheme cannot be implemented directly with quadrilateral elements. Therefore, what is
required first is to map the quadrilateral element into the parent coordinates system to become
a square element, so that the shape functions and the integration method used for the
rectangular element can be utilized. Hence, key in the development of a quadrilateral element
i the coordinate mapping. Once the mapping is established, the rest of the procedure is
exactly the same as that used for formulating the rectangular element in the previous section.

We now follow again the three-step procedure for developing element matrices:

1. Construction of shape functions matrix N°.

2. Formulation of the strain-displacement matrix B°.

3. Calculation of K= [B'DBAQ and f°=f5+fi=[NTbdQ+ [NTedl using
° o° Iy

N¢ and B°.
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4.1.1 Displacement Field Interpolation using N¢*

@ay 405 3) R (b)
4 3%, %)

n
4(_%3“ +1)

s‘ I
y
‘ e A
C—"7Y y 200, (20 2) .
L (s 1) ) [(-1-1)  2(1-1)
>
Physical coordinates Natural coordinates

To develop a quadrilateral element, we again consider the parent element be a square as shown
in the figure above. As there are two DOFs at a node, a linear quadrilateral element has a total
of eight DOFs, like the rectangular element.

The displacement field is approximated by:

(4.1)  u'(&n) =N n)d’

Or in matrix form:

[uiHN.Q“@,n) 0 N 0 NEEm 0 NFEm 0

u 0 NPH(Em) 0 N7H(Em) 0 NH(Em) 0 NZH(Em)

where the shape functions are the same as we have used in developing the rectangular element:
1
NEY(&m) = Z(l—f)(l—n)
1
NPY (&) = Z(l+ &)1 =)
(3.71) |
NY (&m) = Z(l +&)(1+1)

N2 (&) = i(l _o)1+)

|
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or in a compact form
1
(372) NZ'(Em=g (1+EHA+m)

4.1.2 Strain-displacement matrix B°

We now want to formulate the strain-displacement matrix B®. The major difficulty is that
strains are defined in terms of the derivatives of the displacements with respect to the x and y

coordinate. However, the displacements in Eq. (4.1) u‘(&,n7) = N“(&,17)d* are now functions

of the &, n.

Recall the simple coordinate mapping we have for the rectangular element:
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For the quadrilateral elements, the transformation and differential relationship between the x
and y coordinates and the parent coordinates is no longer as straightforward as in the case for
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rectangular elements. It is not possible to express &, n as functions of x, y directly and we

need to apply chain rule of differentiation.

Let us consider a function f and the chain rule yields:

¥ _Fox A
o0& ox o0& Oy oé
o oy oAy
on oOxon Oyon

(4.2)

Or in matrix form:

o] Tax oy]fer
o | |o&  o& || ox
of ox oy || of

on on on |l oy

(4.3)
of
| OX
=J ﬂ
oy
where

! IR
o0& 0
4.4 J= 8§ 8§ is the Jacobian matrix.

on on
Remark: we will give more elaboration on computing the Jacobian matrix in the sequel.

The B consists of derivatives of the physical coordinates. The required derivatives can be
obtained by inverting (4.3):

9 8
ox e\ o0&
(4.5) o =(J9) o
o on
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We can now use typical B° =V N°* to compute the strain-displacement matrix B¢. Write

B° =V N in a matrix form, we have:

5], =

(4.6)

(Derivation Exercise) Let (J e)_l :[

noded quadrilateral element from the above.

(Answer)

2
Oox
0 & N 0 N2 0 N 0 N 0
l 0 N 0 N 0 N 0 N
9 9
oy Ox |
NPTy AN ONT N
Oox ox Ox O
0 ON?* 0 ON?Z* 0 ONZ? . N g
oy dy oy oy
ONZ*  ONZ* oN?* ONZ' oNY' ONZ' oNZ' ONY
oy Ox oy ox oy Ox oy ox |
Jinv inv ) -
. 12} Derive B°(1,1) from B® matrix for the 4-
J21 22
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4.1.3 Jacobian matrix J°
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We can further explore the Jacobian matrix J- = 5 5 through coordinate interpolation.
an on

Recall the most important aspect behind the isoparametric formulation to use the same shape
functions to interpolate both the displacement field and element geometry. In other words,
we let coordinates x and y be interpolated from the nodal coordinates using the shape functions
which are expressed as functions of the parent coordinates (natural coordinates):

x;

x(&m=[N2"(&m) N2Y(&nm) N2YEm) NP(Em]

(4.7a) :
Xy

:iNiQ4xie

N

y(&m [NE(Em) NPY(&Enm) NPY(Em) NPY(En) yf,

(4.78.) y:;
Va4

4

ZNiQ4yie

il
Q: Whatis £ =1 associated with in the parent coordinate and in the physical coordinate?
A:
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Derivation Exercise: Substitute £ =1 into (4.7a) and (4.7b) and show that it corresponds to
edge 2-3 in the physical coordinate.

Answer:
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Remarks:

1.

Edge 2-3 in the physical coordinate system is mapped onto edge 2-3 in the natural
coordinate system and vice versus. The same can be observed for the other three edges.
Hence, we can see that the four straight edges of the quadrilateral in the physical coordinate
system correspond to the four straight edges of the square in the natural coordinate system.
Therefore, the full domain of the quadrilateral element is mapped onto a square one.

Note that not every straight line in the parent plane maps into a straight line in the physical
plane. If we take the diagonal of the element in the parent plane, where & =7, the bilinear
term then becomes quadratic in &. So when the physical element is not a rectangle, the
parent element diagonal is a curved line in the physical element. So in general, not all
straight lines in the parent plane map into straight lines in the physical plane, but the edges
always do.

The shape functions used to interpolate the coordinates in Eqs. (4.7a) and (4.7b) are
the same as those used for interpolation of the displacements (Eq. (4.1)). Such an
element is called an isoparametric element. If we use lower order interpolants for the
coordinates, we call such element a “subparametric” element (e.g., beam element). If we
use higher order interpolants for the coordinates, we call such element a “superparametric”
element.

The development of isoparametric element is one of the most important development in
finite elements. The isoparametric concept enables one to construct elements with
curved sides, which are very powerful in modeling many complex engineering
structures. We will consider higher order elements later, which can model curved

boundaries.
9 9
. . . o0& o0& .
Now back to the calculation of the Jacobian matrix J° = L Using Egs. (4.7a) and
on on

(4.7b), we have:
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oN%* oNZ* 6N3Q4 N2 |l x¢ ye
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ONP*  ONZ* ONZ* ONZ* || X s
on on on  on Jlxi ¥

(4.8)
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Putting things all together, we can obtain the components in the strain-displacement matrix (i.e.,
Eq. (4.6)):

N ONZ Nyt Ny
ox ox ox ox

[ Be] _ ON?* ONZ* 0 ONZ* 0 ONZ*
38 y y oy y

ONP* ONP* ONZ* ONZ* ONZ* ONZ' ONZY ONY!
oy ox oy ox oy ox oy ox

by computing the derivative of shape functions with respect to the physical coordinates from
inverse of Jacobian and the derivative of shape functions with respect to the natural coordinates

e _ e 04
(4.9) XYDerv'=(J°) V., N

Or in matrix form:

(4.10)
ON?*  ON2* ONZ* ONZ? 0

ox ox ox ox a| o0&
=(J N2, N2, N2Y(&, N2,
6N1Q4 6N2Q4 5N3Q4 8N4Q4 ( e) o [N (E.m) > (E.m) y (&.1m) . (&.n)]

y y oy oy on

10
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Recall the associative of matrix multiplication, that is,
[A][B][C]=([4][BDIC]=[4]([BI[C]
Eq. (4.10) reduces to:
(4.11)
ONZ*  oN2* oNZ* oNg [oNZ* N2t aN2t N
ox Ox Ox Ox —( )71 o0& o0& o0& o0&
ONP*  ONZ* oNZ* oNZ? 0 |oNg* oNZ2* ONZ2* oNZ*
oy oy oy Oy . on  on  On  Op
! 1 1 1
——(=-n —U-n —U+n) -—1+n)
vt 4 4 4 4
=) 1 1 1 1
——(1-&) —=(1+¢&) —(1+ —(1-
I 4( <) 4( <) 4( <) 4( <)

4.1.4 Element Stiffness Matrix

Once the strain-displacement matrix B° is obtained, we can proceed to evaluate the element
stiffness matrix:

Ngp Ngp

(412) K°=([B DBUQ=1 jll jll det(J)BDBdEdn =13 S W, det(J)BDB?
J

i=1 j=1

o3

in which ¢ is the thickness of the “plane-stress” or “plane-strain” plate.

Remarks:

1. Equation (4.12) can be evaluated using the Gauss integration scheme. Notice how the
coordinate mapping enables us to use the Gauss integration scheme over a simple squared
area.

2. (a) The shape function is a bilinear function of £ and n. The elements in the strain-
displacement matrix B are obtained by differentiating these bilinear functions with
respect to & and n, and by multiplying (Je)f1 (see Egs. (4.6) and (4.11) and the one
element example later).

(b) This multiplication by (Je)f1 is similar to the action by dividing by the Jacobian matrix

11



Finite Element Method
05/04/2019

whose elements are also bilinear functions. Therefore, the elements of det(J°)B*’D°B°

are fraction functions, which cannot usually be expressed by polynomials. This means that
the element stiffness matrix may not be able to be evaluated exactly using the Gauss
integration scheme, unlike the case for a simple rectangular element.

(c) In practice, we however use the guidance from the rectangular elements to apply the
required Gauss integration points.

4.1.4 Element External Force Matrix

The element external force matrix of a quadrilateral element with a thickness ¢ consists of two
terms: one from the body forces and the other from the tractions.

- f° due to body forces (f;)
(413) £5=[NTb do=["["(N%) bdet(d*) dédn = }iiwfw (N%)" bdet)
Q° =1 =1

We can carry out this by Gauss integration.

- f° due to tractions (f;)

(4.14) f<= j Nt ¢ dT

r

The computation of element external force matrix due to tractions requires special attention
and we shall revisit the topic later.

4.2 Q4 MATLAB Isoparametric Implementation

Example 1: a trapezoidal plate: one Q4 element

Consider a linear elasticity problem on the trapezoidal panel domain as shown in the following
figure.

=-20

S by

2m

12
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The vertical left edge is fixed. The bottom and the right vertical edges are traction free. Traction

t,=-20 Nm ' is applied on the top horizontal edge. Material properties are Young’s modulus

E =3x10" Pa, Poisson’s ratio v=0.3 and thickness = 1 m. Plane stress conditions are
considered.

(Finite element discretization) The problem is discretized using ONLY one quadrilateral

element (Q4). The finite element mesh and nodal coordinates in meters are shown in the
following figure.

1(0,1) 4(2,1)

(1)

(2,0.5)

(Rule of Thumb £XE&%HI)

1. You will never get it right at the first time when you codify finite elements.

2. Detailed and independent “checkpoint numbers” greatly accelerate your rate of success.
3. Be motivated and inspired.

Detailed and Independent Derivations (Before MATLAB)

We first try to find the Jacobian matrix from the derivative of shape functions and the
coordinate matrix. Recall (4.8):

13
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The determinant and the inverse of the Jacobian matrix are:

|J¢| = —0.1251 + 0.375,

1+¢
33—
8

— 0
n—3

1
)" =

The strain-displacement matrix is

é#NIQ“ 0 #NZ 0 #NZ* #N 0 %
§ #x Hx #x #x B
B =§ o ANT eyt oAy #Nf“gjg
$ #y #y #y #y oy
%#NIQ“ HNO'ENS' ENS' AN AN aNg aNgt
$§ # #x #y #x #y #x #y #x %
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The element stiffness matrix will be integrated using 2x2 Gauss quadrature with the

following coordinates in the parent element and weights:

Wi =W, =1.

Sl-5l-

The element stiffness matrix is:

14
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+ + 2 2

K= [B'DBdQ=1[ [ det(I)B'DBdLdn =1 Y W, det(J*)B DB’
0° =1 j=1

J=

1

We then need to perform calculations at each Gauss point.

. . . 1 1 .
Let us first consider the Gauss point at (51,771):(—@,—3). We first compute B°(/,""

101

numerically then K°(&,,7,) numerically.

Q: Compute B°(/,,") matrix.

"1 1

Answer:

15
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The element stiffness contribution coming from this Gauss point (&,,7,) = (- —) s

5
(t=1):

Ke(&,m) = WiWiBT (&, m )DB (&) [ I (&x.m )

We can repeat the same process for the remaining Gauss points. Summing up the stiffness
contribution together from all the Gauss points yields:

2 2
2
r1.49 —-0.74 —-0.66 0.16 —098 0.65 0.15 —0.087
2.75 024 —-246 066 —1.68 —-0.16 1.39

1.08 0.33 0.15 -0.16 —-0.56 —-041

26 =008 139 -041 -—1.53

K* (51 Uj)
1

=10’
2 —0.82 —1.18 025
SYM 382 0.33 —3.53
1.59  0.25
3.67 |

We now turn to calculating the element force matrix. As there is no body force, the body force
matrix vanishes. The only nonzero contribution to the boundary matrix comes from the traction
applied along the edge 1-4 of the panel.

Q: We can find the boundary matrix for this particular problem by inspection or utilize 1D
shape function interpolation and spread its contribution to all the degrees of freedom or directly

apply Eq. (4.14). Let us do it by directly applying Eq. (4.14).

Answer:

16



Assembling the boundary matrix and accounting for the reactions yields

fi. +1° =

Iyl
ry — 20
I'y2
2
0
0
0
—20

Finite Element Method

The global system of equations is:

[ 1.49

107

—0.74
2.75

SYM

—0.66
0.24
1.08

The reduced system of equations is:

2
107
SYM

—0.82
3.82

—1.18

We can then solve the equations

U3 —1.17
w3 | 6| —9.67
Uy | = 2.67

Uy4 —-9.94

or

d =
U3
“{\'3
Uya
_Lt"v4_
0.16 —-0.98 0.65
—-246 0.66 —1.68
0.33 0.15 -0.16
2.6 —0.08 1.39
2 —0.82
3.82
0.25 U3
—3.53 13
0.25 Ua
3.67 Uyy
)
0
0
e —6 0
¢=1071
—-9.67
2.67
| —9.94

17

—0.087
1.39
—0.41
—1.53
0.25
—3.53
0.25

3.67 |

o o O

Uy
Uy3

Uyq

Uyg |
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MATLAB Implementation

clear all;

% materials
= 3e7; poisson = 0.30; thickness = 1;

gal

$ matrix D

D=E/ (1-poisson”2)*[1 poisson 0;poisson 1 0;0 0 (l-poisson)/2];

% numberElements: number of elements

numberElements=1;

% numberNodes: number of nodes

numberNodes=4;

% coordinates and connectivities

elementNodes=[1 2 3 47];

nodeCoordinates=[0,1; 0, 0, 2, 0.5; 2, 11;

% GDof: global number of degrees of freedom

GDof=2*numberNodes;

% calculation of the system stiffness matrix

stiffness=formStiffness2D (GDof,numberElements, ..
elementNodes, numberNodes, nodeCoordinates,D, thlckness),

% boundary conditions

prescribedDof=[1 2 3 4]'

% force vector

force=[0 =20 0 0 0 O 0 =-207"

% solution
displacements=solution (GDof, prescribedDof,stiffness, force);
% output displacements

outputDisplacements (displacements, numberNodes, GDof);

The displacements are (bingo!):

Displacements

Node UX (904
1 0.0000e+000 0.0000e+000
2 0.0000e+000 0.0000e+000
3 -1.1778e-006 -9.6697e-006
4 2.6743e-006 -9.9353e-006

Most of the goodies are hidden in the function formstiffness2D and its related functions.
We will go through them below. Notice that those highlighted in black are functions and those
highlighted in blue are booking keeping heuristic of finite elements or MATLAB.

18
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formStiffness2D.m

function stiffness=formStiffness2D (GDof, numberElements, ...
elementNodes, numberNodes, nodeCoordinates, D, thickness)

% compute stiffness matrix
% for plane stress Q4 elements

stiffness=zeros (GDhof) ;

% 2 by 2 quadrature
[gaussWeights,gaussLocations]=gauss2d('2x2');

for e=1l:numberElements
numNodePerElement = length(elementNodes (e, :));
numEDOF = 2*numNodePerElement;
elementDof=zeros (1, numkEDOF) ;
for i = l:numNodePerElement
elementDof (2*i-1)=2*elementNodes (e,i)-1;
elementDof (2*i)=2*elementNodes (e, i) ;
end

% cycle for Gauss point

for g=l:size(gaussWeights,1)
GaussPoint=gaussLocations (q, :);
xi=GaussPoint (1) ;
eta=GaussPoint (2);

o°

shape functions and derivatives
[shapeFunction,naturalDerivatives]=shapeFunctionQ4 (xi,eta) ;

o°

Jacobian matrix, inverse of Jacobian,
derivatives w.r.t. x,y
[Jacob, invJacobian,XYderivatives]=. ..

o°

Jacobian (nodeCoordinates (elementNodes (e, :), :) ,naturalDerivatives)

14

¢}

% B matrix
B=zeros (3, numEDOF) ;

B(1,1:2:numEDOF) = XYderivatives (1, :);
B(2,2:2:numEDOF) = XYderivatives(2,:);
B(3,1:2:numkEDOF) = XYderivatives(2,:);
B(3,2:2:numEDOF) = XYderivatives(1l,:);

¢}

% stiffness matrix
stiffness (elementDof,elementDof)=...
stiffness (elementDof,elementDof) +. ..
B'*D*thickness*B*gaussWeights (q) *det (Jacob) ;
end
end

gauss2d.m

function [weights,locations]=gauss2d (option)

¢}

% Gauss quadrature in 2D

19
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o°

option '2x2'

option '1x1'

locations: Gauss point locations
weights: Gauss point weights

o o

o°

switch option
case '2x2'

locations=...

[ -0.577350269189626 -0.577350269189626;
0.577350269189626 -0.577350269189626;
0.577350269189626 0.577350269189626;

-0.577350269189626 0.577350269189626];
weights=[ 1;1;1;1];

case '1x1'
locations=[0 0];

weights=[4];
end

o

end % end function gauss2d

shapeFunctionQ4.m

function [shape,naturalDerivatives]=shapeFunctionQ4 (xi,eta)

o°

shape function and derivatives for Q4 elements
shape : Shape functions

naturalDerivatives: derivatives w.r.t. xi and eta
xi, eta: natural coordinates (-1 ... +1)

o o

o°

shape=1/4*[ (l-xi)*(l-eta), (l+xi)*(l-eta),
(1+xi) * (1+eta), (l-xi)*(l+eta)]l;
naturalDerivatives=. ..
1/4*[-(l-eta), l-eta, l+eta, -(l+eta);
-(1-xi), -(1l+xi), 1+xi, 1-xi];

¢}

end % end function shapeFunctionQ4

Jacobian.m
function [JacobianMatrix,invJacobian,XYDerivatives]=...
Jacobian (nodeCoordinates,naturalDerivatives)

o°

JacobianMatrix : Jacobian matrix

invJacobian : inverse of Jacobian Matrix
XYDerivatives : derivatives w.r.t. x and y
naturalDerivatives : derivatives w.r.t. xi and eta
nodeCoordinates : nodal coordinates at element level
JacobianMatrix=naturalDerivatives*nodeCoordinates;
invJacobian=inv (JacobianMatrix) ;
XYDerivatives=invJacobian*naturalDerivatives;

o o o°

o°

¢}

end $ end function Jacobian

20
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Example 2: a trapezoidal plate: 4 Q4 elements
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We can extend our MATLAB codes to handle different finite element discretizations. Notice

that we have renumbered the node number in the following discretization.

0.9 g

0.8}~ -

07l /
05;////////////// |
05 3

0.41- -

0.3 -

0.2 i

0.1} i

% Clamped Taper Plate with Vertical Traction
% Q4 Isoparametric Formulation Implementation
% 4 elements

clear memory

clear all;

% materials
= 3e7; poisson = 0.30; thickness = 1;

gal

$ matrix D

% Brute force preprocessing

% numberElements: number of elements
numberElements=4;

% numberNodes: number of nodes

numberNodes=9;

% coordinates and connectivities

elementNodes=[1 2 5 4; 2 3 6 5; 458 7;5 6 9 8];

1,1; 2,1];

¢}

% GDof: global number of degrees of freedom
GDof=2*numberNodes;

% boundary conditions

prescribedDof=[1 2 7 8 13 14]';

% force vector

force=zeros (GDof,1) ;

force(14)=-10; force(l6) = -20; force(18)=-10;

21

D=E/ (1-poisson”2)*[1 poisson 0;poisson 1 0;0 0 (l-poisson)/2];

nodeCoordinates=[0,0; 1,0.25; 2,0.5; 0,0.5; 1,0.625; 2,0.75; 0,1;
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¢}

% calculation of the system stiffness matrix

stiffness=formStiffness2D(GDof, numberElements, ...
elementNodes, numberNodes, nodeCoordinates, D, thickness) ;

% solution

displacements=solution (GDof, prescribedDof,stiffness, force);

% output displacements

outputDisplacements (displacements, numberNodes, GDof);

The displacements are:

Displacements

Node UX Uy
1 0.0000e+000 0.0000e+000
2 -2.7321e-006 -6.7654e-006
3 -1.2329%e-006 -1.8611e-005
4 0.0000e+000 0.0000e+000
5 4.2819e-007 -6.6965e-006
6 1.9583e-006 -1.8676e-005
7 0.0000e+000 0.0000e+000
8 3.9956e-006 -7.1385e-006
9 5.096le-006 -1.8767e-005

You can do similar things for the following discretization but might NOT want to do it in a

brute force manner for preprocessing.
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