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Chapter 3: Linear Elasticity and 2D Triangular and Rectangular

Finite Element Formulation

3.1 Introduction

S f » Wea f
A ebace a
(A e
/ PDE a ae )
A a f ¢
A
n= -1 Q =[0/] n=1x
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e f b e ea f

Oea ec a e e ee ¢ d e similarity e e-
d e af a
Remark1: T ee e f e ad ea f d e ae de ca

ef eed e .1 e ee ac ce da, aa e aed e ee
d e , e ac a ef eed e a be
Nee ee , ee ¢ ff eee e f a f eed e

a a.

Remark 2: | 2Da d3D be a the power of the FEM becomes clearly apparent.

T e a -d e dffee f a ed e a be ,a e
e ac f e a adffee ac a -d e fea bef be
ed a eb da ¢ d . T, numerical solution of the

partial differential equations is generally the ONLY possibility for practical problems. O
e ¢ ad ¢ca ac ff eece e ¢ d remains the same: a ae ¢
e f c ad a b finite element shape functions a as the number

of elements is increased, the quality of the solution is improved.

I e a h—>0 (hbe eee ¢ e) a e a de ceaed, e
f eece e d converge to the exact solution f ¢ a a ae
ffce adc ee.

/ o /

N

Ma e ac Pe a
Oec ca e ed e e d d e e notation. |
d e , aabe ¢ ad ace e aevectors. We de e ec b e ed

.F ea ead ace e ec u ca bee e eda:
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c iadjae e ec exadyd ec adwu adu ae ex
adyc e f ed ace e e ,e e e .
We ¢ ¢ ede a ff eee e e a , bec ec e e € matrix
notation. A c a ca be ed dec bea ec ub ec e f
e ec e de a be
52) H
) u=

Uy
A a ea ec e d e caa dec ( e dc).Te caa
dec f ec Caecac dae e f e dc f ec e
f e e ; ecaa dc fa ec u a ec 7 e b:
(3.3) u-r=ur+ur
uX
Q: H e ¢ e caa d c (3.3) e f a f ee u:{u}ad
y

r= ?

ry
A:
(3.9
A e a ea ec e d e gradient. T ¢ ade de a

measure of the slope of a field, so it is the 2D counterpart of a derivativein 1D.T ¢ ade
ec ea def edb

(3.5) ?:(?ﬁﬁﬁ)

ox = Oy
Te caa d ¢ f e gradient operator a vector field e e divergence f ¢
ec fed Tee d e ece aed f d eca c, ee efe ef
ea a
Q:W a ed e ece fa ec u?
A: (3.6)
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T ematrix form f ade ea
9
Ox
3.7 V_ﬁ
oy
N e a V b dada ed f a f
Q:Te a f f ed e e ce e b e ac ed e caa dcb a
uX
a e ea .S eedeecefu:{u} a f ?
y
A:
(3.8)
3.2 Linear Elasticity
L eaea c ed f d a e aa e€,a dc de ea
c d ae e eced de ae a e ¢ ¢ ea ¢.We ee
eba ca ad e e a ( f Hf ea ca c be
Te e f eaea ¢ ee ef f a
1. def a ae e a ;
2. ebe a f e ae a ea ;
3. d a ceffec ae e eced;
4, a ea <c¢ d edef a f e d.
Teea eed Dbe fed F ea e, e ec def a fab d e
de ¢ ce ad ae a.,b e ec edef a f d a aae
ae a.
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Tee e ¢ fa ea e aa aec e ecaed ca .Te
e e e ae:
1. ebd be e b ;€ b e € a e f ef ce aa
f e d a

. a f e e a a ad e ¢ de c ae a .
3. edef a be e a ad
I add , de ea e a a, eceda ea e f e a ae e e
e a e f edef a c caed e a d ace e e a
( e ac).
Ba ed eee ee , e a dc a -d ace e e a ( e ac),
ac ad e (Cac f af a ea be ee e , aad ac ),
e b e a adc ee a f ea ca ¢
Keac(Sa-D ae e E a )
T e displacement vector d e a ec c e .We ea
Caeac dae e , ec e f ed ace e ae ex-c e ad
e y-c e .I ca be e a ade f a:

u, -
(3.1a d3.2) u= ! (a f ) u=ui+u,j (e f )

y
Ude ¢ea f small displacement gradients, e ca e ee de e de
a abe dec be edef a fac e 2D. T ee a abe ¢ e d
estrains. F ebe de ¢ edef a fac e Ax x Ay exad
yd ec
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Te a a (e e a a )é&,ade ae eca e e d dedb
e a ¢ ; ee ee ea a y, ea fca e a a e.
Le Ax ad Ay a ac e , € ae:
ou 0 ou
39 g =, % Y=o
ox oy oy Ox
. u(x+Ax)—u(x) du
: Reca ID, e aca a e g(x)=lm =— (E . (1.2)).
Q ()= lim =52 ~(EL012)
W d e ed a ade a e 2D?
A:
Ea e
A d e a d def eda F ebe .Ude ee ¢ f a
def a e ,dee e e aad ea a .Te d e e eec e
def ed aec.
Answer
y A
0.012
R
,,,,, I
,,,,, I
r~ I

0.036

3.00
0.010

A J
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Remark:
T f f e ea a a eac f eee e f ae: ee ee
1
ea a y, e ab ead ece ea a gxy:E?/xy-
I f eee e e d, e a ae a aa el ac a
(3.10) eg=|¢,
j/xy
Ad a-d ace e e a ca bee e edb:
2
Ox
6 u_)(
(3.11) e=Vau=| 0 —|: :|
oy ||u,
9 9
| Oy Ox |
ee Vg asymmetric gradient matrix operator.
Il e aF ce,Se Vec adSfS e
Tee e a adca e e afce.l 1D, e e af ce ca be a edb a
a a c¢c f eba.S e e aec a e ec ec
A
o |
F F
a
SRR, TR T
_.'.|O_|_.._\
Le e ed edea 2Dad3D.F e e c de abd c
adedab a ,e .b f ce fl add b edf ce ; a eF (a)
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be
Tee e a ad ecae e af ce.l a a a ec S-S ebd, e
e aaecaf ce ( e e)aed b ed e ee eaeaAl c a eba ee
ee e e aec a e ec ec ,_ e e eea a 5
c ec .
S ce e e e e aeece ee ec ec , it must be defined at

an_arbitrary point P of the cross section (ee F (b) ab ¢e). Teacaee e A4

c a P beced e e a e af cc AF.Teaeae e eaea
ee e def eda e a E(f ce ¢ aea). Wea e a e a AR e
AA AA

Ad—>0 e d af e a e

- .. AF dF
t=lm—=—
AM-0 A4 dA
T a et ca ed stress vector. S ¢ ec e ee ef ce ¢ aea
ac a ecfc face. A af ed Pf eac e ec ;z, ee a e
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ec t ac e ace a n.N e at , eea, ed ec f
n.
|
i
el : ep —!
 S——— i
t
n
Te e aea a P f e ec e ffce dee edb ¢.If ec e
dffee ec e P,dffe e e ec (;) ac e A e
a ae e a e ec af c¢ f e a ec a face.
Teef e, e eeca deed e ¢ a f e ec c caace edb
e a ec n.
I de e def e e e ae fa ae a P, e eed dec be e e
eC d ae e ead f ab a e ed ae.We
ced ebe
Wef ¢ dea f e a a e fa ae a Pa ddef e e stress vectors
5‘xad6'y ac e ae a exadyd ec
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Tef cee b f a abd ab ee e:
T - & dy —G,dx =0

S ce

dy=ndl' and dx=ndl

We e ae:

(3.12) t-on,-o,n,=0

N ¢ de a ae fa ae a P, e e 2Dc

(3.13) o,=0,i+0,Jj

(3.14)  &,=0,i+0,]j

04/17/2019

d e stress vectors

Stresses are thus mathematical description of internal forces. T e ¢ ae a -

d e abd dec bedb a eec o,ado,ad ea ee o,

adf .F e e b a ae, ca be a o,=0,.Tce
f edadae f a ed ( ca fd e f a a C

Meca c e b ).

Te e acaa P a2Dbd uniquely de e edb o, 0,, 0.

I £f eee e e d, e e eae a aa ed ac a a a
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(3.15) c=|0,
xy
Occa a , c e ¢ aa e e ¢ e a 2x2 e ¢ a T
a
O-X.‘C Xy
(3.16) ‘r:{ }
O-xy »
Re (3.12)a d i adj (313)adB.14) ed:
t,=o.n,+o.n =0 N1
(3.17) - .
ty:o;ynx+0'yyny= ML
O a f
tx O-.X.‘C O-X nx
(G.18)  t=m {H }{ }
ty ny O-yy ny
E a (3.18) efa Ca c f a. ef a eca be ee e , a
ad e e de edb A Cac .TeCac f a ad:
K ec e Oy> O,, O,, €ca ed a c¢ce e e e€c
{ ac a face e a ec n.
Remark: Ca ¢ 1822 ea ed a ece ee dffee cebe ec ¢ e af ce
ac e ca face fabd ad e af ce ac ac a face
ebd.T ea a a a ea bea e e, a a, be a
H ee, ceaed ec f e f ea 100 ea ffaedad a faed

ae de ad e a f ce a ecededCac ad aed e a f e
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c e f dadf d.

Ea eC dea b - aedbd de faa ebd B.S e b

a e ae a P, ¢ e ec e de fa faceaee a ad

(Answer)

12
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Xy +60)’y +b :0
¥
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E b E a
F ebe e a ac adffee ace e fa c e 2D.
oo
ny‘l‘ﬁdy
? oo,
_yo,+ dy
Y oo,
b o, +— dx
y ? Ox
o
- %» dy —»axx+aa—”‘dx
¢ b, ox
¥ dx
T
ny
Q:W a e ace b ff ce exd ec ?
A:
Weca d e a e f eyde .T edffee ae a fe b
f a2D Dbe ae
oo, N do,, +h =0
ox o
(3.19)
oo
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Q:Weca a e ¢ ec b e a in matrix form. If ec de e a e
f e e ¢ ade ea e (3.11)a dc a f f e e, a
e a f fe b ?
A:
(3.20)
C eE a (Se -Sa E a )
oA
Steel
Cast Iron
Aluminum ;
"
| d e , € eea e€ea ea be ee e e ad a a ce ca
be e a
(3.21) 1=D"
O-)CX XX
eeD a 3x3 a adc:ayy,s:gyy.T e € caed e eea ed
O Vi
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H e a.l a a a e c, e-def e a .1 -d e a be ,
e a Ddeed e e ea ea ae ¢ a ae a ¢ d .Tee
a de e e e de fedf a eed e a cabd
a -d e a de
(a) Plane stress problem
¥ ,
X
Te ae e (t=Il, <<l ~l)ad beced ad ex-y ae( ae
ad )
=o0,=0,0, =0, azy=0( e ae)
_O —_ |4
o, = :>82——E(0'x+(7y)¢0 eea
P 1 v 0
D= =|lv 1 0
1-v 1
R
L 2
o, E 1 v 0 |le,
o, =1, v 1 0 (e,
O-xy O O 1_V yxy
L 2

15



Finite Element Method

(b) Plane strain problem

L ad af ¢ f xady

Remark: Te a D ae e ad ae

eea edH e a f 3D c

04/17/2019

ca be ba edf e
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1-v v v 0 |
v 1l-v 0
v 1-v 0
_ E o o o =2 0
(1+v)(1-2v) 2
O 0 0 o 1=
2
O 0 0 0 0 1=
L 2
—GXX—‘ _.XX_
O_yy 8yy
o
ee o= " | e=| “|ad ce a e ea d a eae ea ¢e ad
O-xy 7xy
Gyz 7/yz
_O-zxj _}/zx
E - d
ea G= .C T e ,S.adG de,l. Theory of Elasticity, 3
2(1+v)

Ed ,1970 DLL a , A First Course in Finite Element Method, 4" Edition, 2011
(A ed C,aaabef ec e eb e)f f e eab a

3.3 Linear Elasticity: Strong Form

Reca (3.19), edffee ae a fe b f a2D be ae:

00, , 9%, , b =0

ox o

80‘xy+60yy+b7=0

ox o

TeG e dffee ae a ca bee e ed ec f b eca e €

X

ec¢c G,=0,i+0,jad & =0i+0,] (f (313)ad@.14)ad edef

fd e e ce(3.6):

V-G.+b =0

(322 .
V-ay+by:O
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A ed e , €°¢C de e fb da ¢ d T e f e
b da ee e ac ec bed de edb I,;ad e f eb da
ee ed ace e ec bed de edb I',.Te ac b da ¢ d
e a (ee(3.18)):
=t
ec f (ee(3.17)):

5=,
(3.23) L.~

y'n:ty
T , e f f ea ea be a edbe
(3.24) V-G,+b,=0 and V-G,+b =0 on Q

G,-i=t and &,-ii=t on T,

ii =i on T,
Te a be ee 1Da d2D ed a Q adb da I aecaa aed
adab aedbe

A

n= -1 Q=[0/] n=1lx

()\r/rjl

D e D a Q B da T

1D L e T ed

2D A eca C ed e

3D A% e C ed face
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S a
Te e ede f eaea ¢ ae e e, a ,add ae e .K e ac
def e ec ab (e e cea be ee d ace e ad a ).C e
de def ¢ e ae a c e be a ad eae ¢ ¢ a .F a |,
e b eab e eG ¢ dffee a e¢ a ad e fe e
d ace ¢ ab da a e be (BVP).
"""""""""" =-—Material
onstitutive Behavior
. Strain
Displacement Compatibil
I | ; patibility
Equilibrium 7 : :
(balance equations) u (geometric relations)
3.4 Linear Elasticity: Weak Form
We f e basic three stepsa f e lID Dbe ba e ea f .Bef e
e ca ceed, e a dce eGee e e : e2Dad3Dc e a f e

€ a b a 1D.

Ma e acP e

G ee e e : e2Dad3Dc e a f e e a b a 1D. C de ANY

caa f ¢ #x,y) (f ea e u, adu ae caa f ¢ adu a ec

f ¢ )Tee ece fGee e ¢ ¢ a ¢ an integral of a gradient of a scalar

function over an area (volume) to a contour (surface) integral b :

(3.25) IW dQ = j¢ﬁ dr

Te f edadae f aed( <caf d e f a a E ee
Ma e ac e b )

19
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Q: Weca f e ee ad eGee e e 2D e a , ef e x-
d ec ad e ef eyde .Waae e ?( :ﬁz(z?g+]£))

ox oy

A:
(3.26a)
(3.26b)
We ca e (3.26a) a d (3.26b) de ¢ ed e ece e ¢ C ecac an area

(volume) integral of the divergence of a vector field to the contour (surface) integral of a
vector field:

(3.27) jvadgzja.ﬁdr
Q r

B e ac e caa f ¢ #(x,y)  (3.26a) u,_ a d(3.26b) u,:

y

0
I(%+&) dQ = I(uxnxﬂtyny) dr’
v Ox Oy a

c ed e ece e ¢ e (3.27).

Remark: D € ece e ¢ a a e f e aeac fe ee
a c a eec ac adf dd a c¢c. C f f e eab a
e . eda. / /D e ece e e
F a eae ead e2Da d3Dc e a f e a b a
(3.28) j V”szI *-‘* dr—j? .7 dQ
Q r
We a f ea ede f a ec a ef a e derivative of a product

—

1D di(wf )= w;il+ f cz;_w The power of the gradient operator ! is shown by the
X X X

20
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following product rule in 2D and 3D:

(3.29)  V-(wii)=Vw-ii+wV-ii

(Derivation Exercise) Ve f e de f (3.29) 2D(

Answer:

Il ea B2 e ed a Q ed:

(3.30) jV(wﬁ) dQ:jWﬁ dQ+jwVﬁ dQ
Q Q Q

Q:Wa a e f ea ed e ece e ¢ e
A:

(3.31)

Sb (3.31) (3.30), e e ace:

hwii ¢ dV=YwStad+y$w t i d™

c ed eGee f a(3.28), ec e a f

Wea F f L eaEa ¢

Weae ead de e e weakform f ea ea ¢

step ced e ee ed 1D.

Step 1

21

be

e LHS

b

eed

a

04/17/2019

e ad )

(3.30)?

2D a d3D.

e three-
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Tef e edffee a e a 324)b ec e d e
f c ad e ae e ed a .
(3.322) [w, V-6, dQ+[wb, dQ=0 Vw,el,
Q Q
(3.320) [w, V-G, dQ+[wpb, dQ=0 Vw, eU,
Q Q
ee U, ee f f c a a ee e ab dae(d ace e

b dae) Uoz{mzl.(x,y)|wl.:OonFu} ad

:

Step 2

w . .
x} (a f ) w=wi+wj (e f )
w,

I ee d e, ed b e edffee a a uandwe a .T ac e e ,
ed eGee f a(3.28), ec e a f ea b a 2Da d3D.

Q:Wa a e f ca Gee f a (3.28) ef e (3.32a) a d (3.32b)?

A:
(3.33a)

(3.33b)

I ee e ab da ¢ d add (3.33a) a d (3.33b) a d eca e ¢

(3.34a)  [(Vw, -6,4Vw, -6,)dQ= [ (wG, ii+wG, i) dT+[(wbwb,) dQ
Q r Q

t

22
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0] e RHS e ec f e:

(3.34b)  [(Vw, -6,4Vw, -6,)dQ=[#-T dT+[ii-b dQ
Q T, Q

Q:Wa vV .G ad@w}, -5'y f eca e caa dc?

A:

T , e e ad e LHS f(3.34b)ca be e a f

yy

o

_ _ ow, 0 .

Tw GV o= D D Ow O
’ ox oy 0Oy Ox

ny

(3.35) =(V,w)'o
=(V,w)' DV u

¢ V, the symmetric gradient matrix operator def ed (3.11) e e eaed

2
Ox
0
a d ace e 2Dad Vg | 0 —|.
Oy
9 9
| Oy Ox |
T , e ea f 2D ca be e a ( a f )

23
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(3.36)
F dueU ¢ a
(VoW DVudQ=[w'tdT+[w'b dO vweU,
Q T,
€e U:{u|u:ﬁ0n1“u} ad Uoz{w|w:00nru}.
E e e ea f (3.36) a ea e ee ed a Q a f
e a eeee d a , e ae eee ¢ e ea f
(3.37) {j(vsw)ne( Ju)dQ- jw‘”b dQ-[w't dl“} =0
e=l | Q¢ re
Remark:
Reca e eca f ID (E . (1.11))
F d u(x) a e f c a af wu=uonl, ¢ a
j(dw) AE g —[w'b dx—(w'AT)| =0 w=0onT,
dx dx 5o L
A dee ¢ e ea f 1D:
"1# haw &, %duc & $
(2.31) °dw AE T dy (W AT, * =0
=% - 0
Y ca edae be e ¢ a be ee e-d e aad -d e a
cae.T ed a eFEf a (ad e e a ) aeca
f a e

3.5 Linear Elasticity: Finite Element Formulation from Weak Form

Ee e Ma ce

We de ef eee e e a f e ea f eeaf 2D e aa
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C de ad a Q ab da I dce ed 2Dee e ( a e
ad aca ) be
X
T e e ae two degrees-of-freedom per node ¢ ¢ d e C e f e
bad ace e |, e global nodal displacement matrix
T
(3:38) d=[u, u, U U, U U]
ee n, e be f de ef eee e e
I add , ef ecee e a a f e a ad e f ¢ each

elementca bee € eda:

u’(x, y) = N°(x, y)d*

(3.39)
WeT(x, y) — VAVeTNe(x, y)T
ee eece € aef c a N° (3.39) e a:
N 0 N, O - N 0
(3.40) N°
o N O N, - 0 N
ee n be f def a ee e

en

Teee ¢ dad ace e a d  (3.39)

25
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e e e e e e e r
G4 d [u uwy ou u, o, o, |
F ea e a ea a aeec e ,n,=3ad ec a d’ c f
e

de: x2

S a , e a f eee e da a e f e f c w’  (3.39)

T
fe [re  me ome  me e
(42 we=[wn R, W, e W ]
Q:H f dee ¢ ff e a adeec e ec af ce a ?
A:
A e e ¢ ade ea N° e B

(343) &=V =V Nd =Bd°

Te a -d ace e a B¢

26
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i e e aNe ]
ON, 0 ON; 0 .. ", 0
ox ox ox
e e aNe
(344) B°=V,N'= 0 oN, 0 oN; 0 fer
oy Oy Oy
ON; @N; oN; oN;  ON, ON,
| Oy ox oy ox oy ox |
S a , ede a e f e f ¢ ae
e T en e T ~ eTypel
(345)  (Vew') =(BW) =w'B
Sb (3.44) a d (3.45) eee ¢ e ea f (3.37)ad eca d°=Ld

ad w'=L'w ed:

(3.46) W’ {ZL‘” { j B DBdQ Lid— [ Nt dT - j N“b dQH =0 VW,
L, o

e=1 0° Ft

W, e fwe e d de aaeNOTa e e ab da .

We ca def e element matrices a 1D:

() ee e ff e a

(347) K°= IBeTDeBedQ
S

() eee ee afce a

(348) f°=f5+f = [N"bdQ+ [N"t dl

Q° T

1

Summary:f eece e ae e e ac ce!

Tee a e f a2Dee e ec e a ¢ aed elDee e
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beca e f e ed e .T e ced ef dee
e a af elDee ¢ .Tee e ca be

step procedure for developing element matrices:

1. C c f aef ¢ a N°.
2. F a f e a -d ace e a Be.

3. Cac a f K'=[B'DBAQ ad f'=f;+f=

O

N¢ a d B°.

A e b adS L ea A ebaE a

Te eca f E .(346)ca ¢ be e a:

e=1

(3.49) W’ {(ZL"TKELedJ—(ZL”f"j} =0 VW,
e=1
0

(3.50) W' (Kd—f)=0 VW,

04/17/2019
ee e a ce |, ee,
a ed ef three-

j N“b dQ + j Nt dT

Q I

t

Weexactly e dceE .(234) ID!!!Tee ff eee e f a ada e

f e ac e aea ¢ ae 1D/ (seeSection 2.3).
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