
Finite Element Method 
04/17/2019 

 1 

Chapter 3: Linear Elasticity and 2D Triangular and Rectangular 

Finite Element Formulation 
 
3.1  Introduction 
 
 
 
 
 
 
 
 
 
 

 

Dimension Domain  Boundary  
1D Line Two end points 
2D Area Closed line 
3D Volume Closed surface 

 
In this Chapter, we will retrace the same path we did for Chapter 2 and extend 1D for multi-
dimensional problems. We will again follow the roadmap shown above, starting with the 
development of the strong form and weak form for linear elasticity problems.  
 
As can be seen from the roadmap, the first step in developing a finite element method is to 
derive the governing equations and boundary conditions, which are the strong form. We will 
see that in two dimensions, just as before, we will have essential and natural boundary 
conditions. Using a formula similar to integration by parts, we will then develop a weak form. 
Finally, we will use finite element approximations for trial solutions to obtain approximate 
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solutions to the strong form by solving the weak form. 
 
One aspect that we will stress in the extension to two dimensions is its similarity to the one-
dimensional formulation.  
 
Remark 1: The expressions for the strong and weak forms in two dimensions are identical to 
those for three dimensions. In engineering practice today, most analyses are done in three 
dimensions, so it is worthwhile to acquaint yourself with three dimensional problems. 
Nevertheless, the extension of finite element formulation from two to three dimensions is 
almost trivial. 
 
Remark 2: It is in 2D and 3D problems that the power of the FEM becomes clearly apparent. 
The situation in multi-dimensions is different from that in one dimensional problems, as the 
exact solution of the partial differential equations in multi-dimensions is feasible for problems 
only on simple domains with simple boundary conditions. Thus, numerical solution of the 
partial differential equations is generally the ONLY possibility for practical problems. On 
the other hand, the approach of finite element methods remains the same: approximate the 
weight functions and trial solutions by finite element shape functions so that as the number 
of elements is increased, the quality of the solution is improved.  
 
In the limit as  (h being the element size) or as the polynomial order is increased, the 
finite element solution should converge to the exact solution if the approximations are 
sufficiently smooth and complete.  
 

 
 
Mathematics Preliminary 
 
One complication in extending the methods to two dimensions lies in notation. In two 
dimensions, variables such as displacements are vectors. We will denote vectors by superposed 
arrow. For example, a displacement vector  can be expressed as: 
 

(3.1)   
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in which  and  are the unit vectors in the x and y directions and  and  are the x 

and y components of the displacement vector, respectively.  
 
When we get to the derivation of finite element equations, it becomes convenient to use matrix 
notation. A column matrix can be used to describe a vector  by listing the components of 
the vector in the order as shown below: 

(3.2)   

An important operation in vector methods is the scalar product (inner product). The scalar 
product of two vectors in Cartesian coordinates is the sum of the products of the components 
of the vectors; the scalar product of a vector  with a vector  is given by: 
 

(3.3)   

Q: How to express the scalar product (3.3) in terms of matrix form where  and 

? 

A: 
(3.4)   
 
Another important operation in vector methods is the gradient. The gradient provides a 
measure of the slope of a field, so it is the 2D counterpart of a derivative in 1D. The gradient 
vector operator is defined by 
 

(3.5)   

The scalar product of the gradient operator with a vector field gives the divergence of the 
vector field. The term divergence originated in fluid mechanics, where it refers to the flow 
leaving a point.  
 
Q: What is the divergence of a vector ? 
A: (3.6)   
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The matrix form of gradient operator is: 
 

(3.7)   

Note that  is in bold and arrow is omitted for its matrix form. 
 
Q: The matrix form of the divergence is written by replacing the dot in the scalar product by a 

transpose operation. So how to write the divergence of  in matrix form? 

A:  
(3.8)   
 
3.2  Linear Elasticity 
 
Linear elasticity is used for most industrial stress analyses, as most products under operating 
conditions are not expected to undergo material or geometric nonlinearities. We will present 
the basic assumptions and governing equations (strong form) for linear elasticity below. 
 
The theory of linear elasticity relies on the following four assumptions: 
 
1. deformations are very small; 
2. the behavior of the material is linear; 
3. dynamic effects are neglected; 
4. no gaps or overlaps occur during the deformation of the solid. 
 
These assumptions need to be justified. For example, you will expect deformations of a bridge 
under service loading are small, but will not expect the deformations of skin during a massage 
are small.  
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The requirements of a linear stress analysis solution are closely related to the assumptions. The 
requirements are: 
 
1. the body must be in equilibrium; equilibrium requires that the sum of the forces at any point 

of the solid must vanish. 
2. it must satisfy the stress–strain law and we will only consider isotropic materials. 
3. the deformation must be very small and smooth. 
 
In addition, in order to write a stress–strain law, we need a measure of the strain that expresses 
the strain in terms of the deformation, which is called the strain–displacement equations 
(kinematics).  
 
Based on these requirements, we shall discuss strain-displacement equations (kinematics), 
traction and stress (Cauchy’s formula: formal relationship between stress, normal and traction), 
equilibrium equations and constitutive equations for linear elasticity. 
 
Kinematics (Strain-Displacement Equations) 
 
The displacement vector in two dimensions is a vector with two components. We will use a 
Cartesian coordinate system, so the components of the displacement are the x-component and 
the y-component. It can be written in matrix and vector forms as: 
 

(3.1 and 3.2)   (matrix form)      (vector form) 

Under the assumption of small displacement gradients, we can use three independent 
variables to describe the deformation of a control volume in 2D. These variables correspond to 
the strains. Figure below depicts the deformation of a control volume  in the x and 
y directions.  
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x

y

The normal strains (extensional strains)  and  are the changes in lengths divided by 

the original length; the engineering shear strain  is the amount of change in a right angle. 

Let  and  approach zero, we have: 
 

(3.9)           

 

Q: Recall in 1D, we have a similar expression  (Eq. (1.2)). 

Why do we need partial derivatives in 2D? 
A:  
 
 
Example: 
A two-dimensional solid is deformed as shown in Figure below. Under the restriction of small 
deformation theory, determine the normal and shear strains. The solid lines represent the 
undeformed state.  
 
Answer 
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Remark:  
Two forms of the shear strain appear commonly in finite element software: the engineering 

shear strain  given above and the tensor shear strain . 

 
In finite element methods, the strains are usually arranged in a column matrix: 
 

(3.10)  

 
And strain-displacement equations can be expressed by: 
 

(3.11)  

 

where  is a symmetric gradient matrix operator. 

 
Internal Force, Stress Vector and Stress 
 
The external load causes internal forces. In 1D, the internal forces can be visualized by an 
imaginary cut of the bar. Stresses are constant over the cross section 

 
 
Let us now extend the idea to 2D and 3D. For this purpose let us consider a body which is 

loaded arbitrarily, e.g. by point forces  and distributed forces  as shown in the Fig (a) 

xyg 1
2xy xye g=

xx

yy

xy

e
e
g

é ù
ê ú= ê ú
ê úë û

ε

0

0 x
S

y

x
u
uy

y x

ε u

é ù¶
ê ú
¶ê ú

é ùê ú¶
= Ñ = ê úê ú¶ ë ûê ú

ê ú¶ ¶
ê ú¶ ¶ë û

SÑ

iF
!!"

p
!"



Finite Element Method 
04/17/2019 

 8 

below.  

 
 
The external load generates internal forces. In an imaginary section s-s through the body, the 
internal area forces (stresses) are distributed over the entire area A. In contrast to the bar where 
these stresses are constant over the cross section, stresses now generally vary throughout the 
cross section. 
 

 
 
Since the stress is no longer the same everywhere in the cross section, it must be defined at 
an arbitrary point P of the cross section (see Fig (b) above). The area element  
containing P is subjected to the resultant internal force . The average stress in the area 

element is defined as the ratio  (force per area). We assume that the ratio  in the 

limit  tends to a finite value: 
 

 

 
This limit value  is called stress vector. Stress vector represents the force per unit area 
acting on a specific surface. At a fixed point P for each given unit vector , there is a stress 
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vector  acting on the plane normal to . Note that  is, in general, not in the direction of 
.  

 

 

The stress state at a point P of the section is not yet sufficiently determined by . If we choose 
different sections through the point P, different stress vector ( ) will act on the point. Another 
way to state this result is that stress vector is a function of the normal vector to a surface. 
Therefore, the stresses also depend on the orientation of the section which is characterized by 
the normal vector .  
 
In order to uniquely define the stress state of a material point P, we need to describe stresses 
on the Coordinate system instead of on arbitrary oriented planes. We will go through this 
procedure below: 
 
We first consider an infinitesimal triangle of a material point P and define the stress vectors 

 and  acting on the planes normal to the x and y directions.  
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The force equilibrium of triangular body shown above requires: 

 

Since  

 

We then have: 

(3.12)  

 

 

Now consider a unit square of a material point P, stresses in 2D correspond to the stress vectors 

 and : 

 

(3.13)  

(3.14)  

 
Stresses are thus mathematical description of internal forces. The stress state in a two-

dimensional body is described by two normal stresses  and  and shear stresses  

and . From moment equilibrium in a unit square, it can be shown that . The 

proof is skipped and taken for granted (you can find the proof in virtually any Continuum 
Mechanics textbook).  
 

The stress state at any point P in a 2D body is thus uniquely determined by , , .  

 
In finite element methods, the stresses are usually arranged in a column matrix similar to strains: 

0x ytd dy dxs sG - - =
!! ! !

   and    x ydy n d dx n d= G = G

0x x y yt n ns s- - =
!! ! !

xs
!

ys
!

x xx xyi js s s= +
! !!

y yx yyi js s s= +
! !!

xxs yys xys

yxs xy yxs s=

xxs yys xys



Finite Element Method 
04/17/2019 

 11 

 

(3.15)  

 
Occasionally, it is convenient to arrange stress components in a  symmetric matrix  
as 
 

(3.16)  

 

Returning to (3.12) and multiplying  and  in (3.13) and (3.14) yields: 

 

(3.17)  

 
Or in matrix form 
 

(3.18)    

 
Equation (3.18) is the famous Cauchy’s formula: the formal relationship between stress, normal 
and stress vector derived by Augustin Cauchy. The Cauchy’s formula said:  
 

Knowing the components , , , we can write down at once the stress vector 

 acting on any surface with unit outer normal vector . 
 
Remark: Cauchy in 1822 realized that there is no inherent difference between external forces 
acting on the physical surfaces of a body and internal forces acting across virtual surfaces 
within the body. This realization may appear to be a very simple, almost trivial, observation. 
However, it cleared up the confusion resulting from nearly 100 years of failed and partly failed 
attempts to understand internal forces that preceded Cauchy and paved the way for the 
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continuum theory of solids and fluids. 
 
Example: Consider a pillbox-shaped body inside of a larger body B. Show the pillbox shrinks 
to a single material point P, the stress vectors on opposite sides of a surface are equal and 
opposite. That is, 
 

 

 
 
(Answer) 
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Equilibrium Equations  
 
Figure below shows stresses that act on a differential element of a unit thickness in 2D.  
 

 
 
Q: What is the static equilibrium of forces in the x direction? 
A: 
 
 
 
 
 
 
 
 
 
 
We can do the same things for the y-direction. Thus the differential equations of equilibrium 
for a 2D problem are 
 

(3.19)    
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Q: We can also express the equilibrium equations in matrix form. If we consider the transpose 
of the symmetric gradient operator given in (3.11) and column matrix form of the stress, what 
is the matrix form of equilibrium? 
A:  
(3.20)  

 

 

 

 

 
Constitutive Equations (Stress-Strain Equations) 
 

 

 
In two dimensions, the most general linear relation between the stress and strain matrices can 
be written as 
 
(3.21)   
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Hooke’s law. It is always a symmetric, positive-definite matrix. In two-dimensional problems, 
the matrix D depends on whether one assumes a plane stress or a plane strain condition. These 
assumptions determine how the model is simplified from a three-dimensional physical body to 
a two-dimensional model.  
 
(a) Plane stress problem 

 
 

The plate is very thin ( ) and subjected to loadings in the x-y plane (in plane 

loading). 

 (throughout the plate) 

  in general  
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(b) Plane strain problem 
 

 
 
Loading is a function of only x and y.  

 

 

  in general  

 

  

   

 
Remark: The matrix D in plane stress and plane strain problems can be obtained from the 
generalized Hooke’s law for 3D isotropic materials. 
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where   and notice that the shear modulus that relates shear stress and 

shear strain is . Consult Timoshenko, S. and Goodier, J. Theory of Elasticity, 3rd 

Edition, 1970 or DL Logan, A First Course in Finite Element Method, 4th Edition, 2011 
(Appendix C, available from the course website) for further elaboration.  
 
3.3  Linear Elasticity: Strong Form 
 
Recall (3.19), the differential equations of equilibrium for a 2D problem are: 
 

 

 
The Governing differential equations can be expressed in vector form by recalling the stress 

vectors  and  (from (3.13) and (3.14)) and the definition 

of divergence (3.6): 
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As in one dimension, we consider two types of boundary conditions: The portion of the 

boundary where the traction is prescribed is denoted by , and the portion of the boundary 

where the displacement is prescribed is denoted by . The traction boundary condition is 

written as (see (3.18)): 
 

  
 
or in vector form (see (3.17)): 

(3.23)   

Thus, the strong form for linear elasticity problems is summarized below: 
 

(3.24)   

 

 

 
The similarity between 1D and 2D on the domain  and boundary  are again illustrated 
and tabulated below.  

 

Dimension Domain  Boundary  
1D Line Two end points 
2D Area Closed line 
3D Volume Closed surface 
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Summary 
 
The key ingredients of linear elasticity are stresses, strains, and displacements. Kinematics 
defines the compatibility (geometric relations between displacements and strains). Constitutive 
model defines the material constitutive behavior and relate stresses with strains. Finally, 
equilibrium establishes the Governing differential equations and we often solve unknown 
displacements in a boundary value problem (BVP). 
 

 
 
3.4  Linear Elasticity: Weak Form 
 
We will follow the basic three steps as for the 1D problem to obtain the weak form. Before 
we can proceed, we shall introduce the Green’s theorem: the 2D and 3D counterpart of the 
integration by parts in 1D. 
 
Mathematic Primer 
 
Green’s theorem: the 2D and 3D counterpart of the integration by parts in 1D. Consider ANY 

scalar function  (for example,  and  are scalar functions and  is a vector 

function). The essence of Green’s theorem is to relate an integral of a gradient of a scalar 
function over an area (volume) to a contour (surface) integral by: 
 

(3.25)  

 
The proof is skipped and taken for granted (you can find the proof in virtually any Engineering 
Mathematics textbook).  
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Q: We can furthermore expand the Green’s theorem in 2D into two equations, one for the x-

direction and the other for the y-direction. What are them? (hint: ) 

A:  
(3.26a)  
 
 
(3.26b)  
 
 
We can use (3.26a) and (3.26b) to develop the divergence theorem which relates an area 
(volume) integral of the divergence of a vector field to the contour (surface) integral of a 
vector field: 
 

(3.27)  

 

By replacing the scalar function  in (3.26a) with  and (3.26b) with : 

 

 
which is the divergence theorem given in (3.27).  
 
Remark: Divergence theorem is an important result for the mathematics of engineering, in 
particular in electrostatics and fluid dynamics. Consult wiki for further elaboration: 
http://en.wikipedia.org/wiki/Divergence_theorem. 
 
Finally we are now ready to show the 2D and 3D counterpart of integration by parts: 
 

(3.28)  
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following product rule in 2D and 3D: 

(3.29)   

 
(Derivation Exercise) Verify the identify (3.29) in 2D (hint: you will need to expand it) 
Answer: 
 
 
 
 
 
 
 
 
 
 
Integrating (3.29) over the domain  yields: 
 

(3.30)  

 
Q: What happens if we apply the divergence theorem to the term on the LHS in (3.30)? 
A: 
(3.31)  
 
 
Substituting (3.31) into (3.30), we then have: 

 

which yield the Green’s formula (3.28), the counterpart of integration by parts in 2D and 3D. 
 
Weak Form for Linear Elasticity 
 
We are now ready to derive the weak form for linear elasticity problems following the three-
step procedure presented in 1D. 
 
Step 1 
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The first step is to multiply the differential equations (3.24) by the corresponding weigh 
functions and integrate over the domain.  
 

(3.32a)  

(3.32b)  

 

where  is the set of smooth functions that vanish on the essential boundaries (displacement 

boundaries)  and  

 (matrix form)      (vector form) 

 
Step 2 
 
In the second step, we distribute the differentiation among  equally. To achieve this, 
we do the Green’s formula (3.28), the counterpart of integration by parts in 2D and 3D. 
 
Q: What happens if we apply Green’s formula (3.28) to the first terms in (3.32a) and (3.32b)? 
A: 
(3.33a)  
 
 
(3.33b)  
 
 
 
Step 3 
 
Impose essential boundary conditions: adding (3.33a) and (3.33b) and recalling the weight 

functions vanish on  yields: 
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Or writing the RHS in the vector form gives: 
 

(3.34b)  

 

Q: What is  and  if we carry out the scalar product? 

A:  
 
 
 
 
 
 
 
 
Thus, the integrand on the LHS of (3.34b) can be written in matrix form 
 

(3.35)  

 

in which  is the symmetric gradient matrix operator defined in (3.11) when we related 

strain with displacement in 2D and . 
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(3.36) 
Find  such that 

 

where  and . 

 
Expressing the weak form (3.36) from an integral over the entire domain  to a sum of 
integrals over element domains, we have the elementwise weak form: 
 

(3.37)  

 
Remark: 
Recall the weak form in 1D (Eq. (1.11)) 
 

Find  among the smooth functions that satisfy  such that 

 

 
And elementwise weak form in 1D: 
 

(2.31)   

 
You can immediately observe the similarity between one-dimensional and multi-dimensional 
cases. Thus, it is not surprised that the FE formulations (and implementations) will share a lot 
of similarities. 
 
3.5  Linear Elasticity: Finite Element Formulation from Weak Form 
 
Element Matrices 
 
We will derive finite element equations from the weak form in general for 2D stress analysis. 
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Consider a domain  with a boundary  discretized with 2D elements (triangles or 
quadrilaterals) shown below: 
 

 
 
There are two degrees-of-freedom per node corresponding to the two components of the 
global displacements, so the global nodal displacement matrix is: 
 

(3.38)  

 

where  is the number of nodes in the finite element mesh.  

 
In addition, the finite element approximation of the trial solution and weight function on each 
element can be expressed as: 
 

(3.39)  

 
where the element shape function matrix  in (3.39) is given as: 
 

(3.40)  

 

where  is number of nodes for an element. 

 
The element nodal displacement matrix  in (3.39) is: 
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(3.41)  

 

For example, in a linear triangular element,  and the column matrix  consists of 

six terms: 
 

 

 
Similarly, the matrix for the element nodal values of weight functions  in (3.39) is: 
 

(3.42)  

 
Q: How to find element stiffness matrix and element external force matrix?  
A:  
 
 
 
 
Applying the symmetric gradient operator to  gives : 
 

(3.43)  

 
The strain-displacement matrix  is: 
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(3.44)  

 
Similarly, the derivatives of weight functions are: 
 

(3.45)  

 
Substituting (3.44) and (3.45) into the elementwise weak form (3.37) and recalling  
and  yields: 
 

(3.46)  

 

 is the portion of  corresponding to nodes that are NOT an essential boundary.  

 
We can now define element matrices similar to 1D: 
 
(i) element stiffness matrix 

 

(3.47)    

 
(ii) element external force matrix 

 

(3.48)    

 
Summary: finite elements are very routine in practice!  
 
The equation system for a 2D element is more complex as compared with the 1D element 
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because of the higher dimension. The procedure for developing element matrices is, however, 
very similar to that for the 1D elements. These steps can be summarized in the following three-
step procedure for developing element matrices: 
 
1. Construction of shape functions matrix . 
2. Formulation of the strain-displacement matrix . 

3. Calculation of  and  using 

 and . 
 
Assembly and Solving Linear Algebra Equations 
 
The weak form Eq. (3.46) can then be written as: 
 

(3.49)  

Or 

(3.50)  

We exactly reproduce Eq. (2.34) in 1D!!! The rest of finite element formulation and arguments 
follow exactly the same as we have in 1D (see Section 2.3). 
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