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2.4 Programming Finite Element in 1D 
 
We now ready to put our understanding of finite element formulation and MATLAB in use. 
Recall the basic steps involved in the finite element analysis of a typical problem are:  
 
Step1: Discretization of the given domain into a collection of preselected finite elements. We 

thus construct the finite element mesh of preselected elements. 
Step 2: Derivation of element equations for all typical elements in the mesh. For each element, 

compute stiffness matrix , and force vector . 
Step 3: Assembly of element equations to obtain equations of the whole problem . 
Step 4: Imposition of essential boundary conditions of the problem. 

Step 5: Solution of the assembled equations and obtain the global displacements . 

Step 6: Postprocessing of the results. For each element, evaluate the strains and stresses and 
others (post-processing). 

 
We will consider a very simple finite programming for 1D elastic bar problems and use element 
stiffness matrix  and  derived from the elementwise weak form with the linear shape 
function.  
 
Consider a clamped bar subjected to a point load: 
 

 
Step1: Discretization of the given domain into a collection of preselected finite elements. We 

thus construct the finite element mesh of preselected elements. 
 
The first step is preprocessing: the main goal is to define nodal coordinates and define a set of 
elements connected at nodes (and other properties as well). 
 

% clear memory 
clear all 
  
% E: modulus of elasticity 
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% A: area of cross section 
% L: length of bar 
E=30e6; A=1; L=[30 30 30];  
  
% numberElements: number of elements 
numberElements=3;   
% numberNodes: number of nodes 
numberNodes=4; 
% generation of coordinates and connectivities 
elementNodes=[1 2;2 3;3 4]; 
nodeCoordinates=[0 30 60 90]; 

 
We remark that the workspace is deleted by 
 

clear all 

 
In matrix elementNodes we define the connections (left and right nodes) at each element, 
 

elementNodes=[1 2;2 3;3 4]; 

 
And that’s it for preprocessing for this simple problem. 
 
Step 2: Derivation of element equations for all typical elements in the mesh. For each element, 

compute stiffness matrix , and force vector . 
Step 3: Assembly of element equations to obtain equations of the whole problem. 
 

For this simple problem, the element stiffness matrix is . In MATLAB, we 

can greatly simplify the assembly process as explained below:  
 

% for structure: 
   % displacements: displacement vector 
   % force : force vector 
   % stiffness: stiffness matrix 
force=zeros(numberNodes,1); 
stiffness=zeros(numberNodes,numberNodes);  
% applied load at node 2 
force(2)=3000.0; 
  
% computation of the system stiffness matrix 
for e=1:numberElements;  
  % elementDof: element degrees of freedom (Dof) 
  elementDof=elementNodes(e,:) ; 
  k(e)=E*A/L(e) ; 
  stiffness(elementDof,elementDof)=... 
       stiffness(elementDof,elementDof)+k(e)*[1 -1;-1 1]; 
end  
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We remark that in this simple problem, the number of nodes is the same as the number of 
degrees of freedom (which is not the case in many other examples).  
 
Because the stiffness matrix is the result of an assembly process, involving summing of 
contributions, it is important to initialize it. Also, it is a good programming practice to do so in 
MATLAB, in order to increase the speed of for loops. Using MATLAB function zeros we 
initialize the global force vector force and the global stiffness matrix, respectively. 
 

force=zeros(numberNodes,1); 
stiffness=zeros(numberNodes,numberNodes);  

 
We then place the applied force at the corresponding degree of freedom: 
 

force(2)=3000.0; 

 

stiffness=zeros(numberNodes,num2)=3000.0;
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Element 1 
stiffness([1 2],[1 2])= stiffness([1 2],[1 2])+ k(e)*[1 -1;-1 1]; 

 
Element 2 

stiffness([2 3],[2 3])= stiffness([2 3],[2 3])+ k(e)*[1 -1;-1 1]; 

 
Q: How about Element 3? 
A: 
 
 
This is very cool! This sort of coding allows a quick and compact assembly in MATLAB. 
 
Remark: This cool trick is possible because MATLAB allows (and indeed encourages) one to 
use the concept of subarrays on accessing or updating parts of an array. For example, we can 
access parts of an array by: 
 

>> A=[2 3 5; 7 11 13; 17 19 23] 
A = 
     2     3     5 
     7    11    13 
    17    19    23 
>> A([1 3], [1 3]) 
ans = 
     2     5 
    17    23 

 
We can update some of the values in an array by: 
 

>> A=[2 3 5; 7 11 13; 17 19 23] 
A = 
     2     3     5 
     7    11    13 
    17    19    23 
>> A([1 3], [1 3]) = [0 1; 2 3] 
A = 
     0     3     1 
     7    11    13 
     2    19     3 

 
Step 4: Imposition of essential boundary conditions of the problem. 

Step 5: Solution of the assembled equations and obtain the global displacements . 

 
% boundary conditions and solution 
% prescribed dofs 
prescribedDof=[1;4]; 
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% solution 
GDof=numberNodes; 
displacements=solution(GDof,prescribedDof,stiffness,force); 

 
We first define a vector prescribedDof, corresponding to the prescribed degrees of freedom. 
We then call a home-made function (solution.m) that is meant to be used to compute the 
displacements of any finite element system in the forthcoming problems. 
 

function displacements=solution(GDof,prescribedDof,stiffness, 
force) 
% function to find solution in terms of global displacements 
activeDof=setdiff([1:GDof]’,[prescribedDof]); 
U=stiffness(activeDof,activeDof)\force(activeDof); 
displacements=zeros(GDof,1); 
displacements(activeDof)=U; 

 
We first define a vector containing all activeDof degrees of freedom, by setting up the 
difference between all degrees of freedom and the prescribed ones. The MATLAB function 
setdiff allows this operation. 
 
Q: What is the [1:GDof]’, prescribedDof, activeDof in this case? 
A: 
 
 
 
 
 
Note that the solution is performed with the active lines and columns only, by again using a 
subarray. Because we are in fact calculating the solution for the active degrees of freedom 
only, we can place this solution in a vector displacements that contains also the prescribed 
values (in this case, zero). 
 
Step 6: Postprocessing of the results. For each element, evaluate the strains and stresses and 

others (post-processing). 
 

% output displacements/reactions 
outputDisplacementsReactions(displacements,stiffness, ... 
    numberNodes,prescribedDof,force) 

 
Again we have a home-made function outputDisplacementsReactions to ease our life 
in tabulating displacements and reactions. We can print the tabulated results nicely in MATLAB 
using format printing (fprintf). 
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function outputDisplacementsReactions... 
    (displacements,stiffness,GDof,prescribedDof,force) 
 
% output of displacements and reactions in 
% tabular form 
 
% GDof: total number of degrees of freedom of  
% the problem 
 
disp('Displacements') 
fprintf('node     displacements\n') 
% displacements 
for jj=1:GDof 
    fprintf('%2.0f:        %10.4e\n', jj, displacements(jj)) 
end 
 
% reactions 
F=stiffness*displacements; 
reactions=F(prescribedDof)-force(prescribedDof); 
disp('Reactions') 
fprintf('node     reactions\n') 
for jj=1:size(prescribedDof,1) 
    fprintf('%2.0f:        %10.4e\n', prescribedDof(jj), 
reactions(jj)) 
end 

 
Results 
 
We are now ready to run the MATLAB codes (a problem1dSimple.zip containing a 
problem1dSimple.m file with two functions, solution.m and 
outputDisplacementsReactions.m). They are available from the course website. When 
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2.5 Direct Construction of Shape Functions in 1D (Lagrange Interpolation) 
 
The shape functions in one dimension that we have developed are called Lagrange interpolants 
(or Lagrange interpolation functions). Recall that interpolants are functions that pass exactly 
through the data. If you think of nodal values as data, then shape functions are interpolants of 
the nodal data. 
 
The theory of Lagrange interpolation is very useful for constructing interpolants of various 
orders, particularly higher order functions, such as quadratic or cubic. Lagrange interpolants 
can be developed more directly from the Kronecker delta property of the shape functions:  
 

(2.40)    

where  the Kronecker delta and is given by 

 

 
Q: What is the consequence of the Kronecker delta property of the shape functions?  
A:  
 
 
To see how we use these properties to construct the shape functions, consider the quadratic 

shape functions for a three-node element. Let’s first consider : 

 
 

As the shape function  is quadratic in x, it consists of a product of two linear monomials 

in x. The most general form of such a quadratic product of monomials is: 
 

 where a, b and c are constants to be set to satisfy the Kronecker delta 

( )e e
I J IJN x d=

IJd

1     if   
0     if   IJ

I J
I J

d
=ì

= í ¹î

1 ( )eN x

1 ( )eN x

1
( )( )( )e x a x bN x

c
- -

=



Finite Element Method 
03/20/2019 

 8 

property.  

1. We want  to vanish at  and . This leads to: 

 

2. We want  equals to 1 at . This leads to: 

 

 

You can do similar things for  and . 

Q: So what is ? 

A: 
 
 
 
The same procedure can be used to construct the cubic shape functions. The element with cubic 
shape function will have four nodes, as there are four constants in an arbitrary cubic polynomial 

( ). The shape functions are: 

 

 

Q: How about  for the cubic shape function? 

A: 
 
 
 
These shape functions are plotted below: 
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In general, the Lagrange interpolants can be expressed as: 
 
(2.41)  

 

 
The symbol  indicates a product of terms. For writing the ith shape function, the product 
includes all terms except the ith. Thus there are  terms in the product and each interpolant 
is of degree , where  is the number of data points (in our cases, number of nodes in an 
element). 
 
Example: Write Lagrange interpolants through four points. Plot the resulting function if the 
nodal values and coordinates are as follows: 
 
Coordinate Data Value 
0 1/2 
1 1 
2 3 
5/2 -1/2 

 
(Answer) 
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We can write a simple MATLAB script to plot the points, their values and . The  

function clearly passes through all four data points. 
 

x=0:0.1:3.0; 
u=-27/10.*x.^3+177/20.*x.^2-113/20.*x+1/2; 
xdot=[0 1 2 5/2]; 
udot=[1/2 1 3 -1/2]; 
plot(x,u,'k-',xdot, udot, 'ro'); 

 

 
 
2.6  Gauss Quadrature 
 
The element stiffness matrix and external force matrix in general cannot be integrated in a 
closed form. Therefore, numerical integration is needed. Although there are many numerical 
integration techniques, Gauss quadrature (or the Gauss–Legendre method), which is one of 
the most efficient techniques for functions that are polynomials or nearly polynomials, is the 
natural choice for FEM. 
 
2.6.1 Integration over the interval   
 

 

 
To begin the explanation of Gauss quadrature, we consider a one-dimensional problem without 
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reference to the finite element method. Given a polynomial function of degree , 

we assume that we can evaluate exactly the following integral with the method of Gauss 
quadrature on the interval [−1, +1]: 
 

(2.42)  

 

in which  are the weights and  are the locations of the integration points (locations of 

the Gauss points or the abscissa (座標)). The  is the number of Gauss points. Based on 

our assumption, it follows (2.42) holds for any polynomial function of the form: 
 

(2.43)   

where the  are arbitrary constants.  

 
Hand-waving Proof  
 
The reason for this is that both the weights and the integration points are adjustable in (2.42); 

the -point Gauss integration scheme has  parameters that can be adjusted to find 

 unknown coefficients in a polynomial. Thus, if we do it carefully, an -point Gauss 

formula can integrate a -order polynomial exactly. 

 

To obtain the weights  and the abscissa (座標) , we substitute (2.43) into (2.42): 
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Notice that  
 

 and  

 

and for (2.44) to be valid for all arbitrary , we must have the following equalities: 

 

(2.45)  

 

(2.46)  

 
Q: What does the equality look like when ? 
A: 
 
 
Q: What does the equality look like when ? 
A: 
 
 
Finally we have, 
 

(2.47)  

 
We will need to solve the weights  and the abscissa !  
 
How to solve the weights  and the abscissa  
 
It turns out the abscissa  are the roots of Legendre polynomials of order , which are 
defined for  as 
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(2.48)  

 
and the weights  are obtained by solving simultaneously equations from (2.47) or 
alternatively as 

(2.49)  

 
Example: let us find weights and abscissa for order . 
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The location of Gauss points (the abscissa ) and corresponding weights are tabulated 
below. 
 

 

 
Remark: we see no approximation is taken when derive the weights  and the abscissa  
for an integral contains polynomial expression in its integrand (e.g., (2.42) and (2.43)). Thus 
we can draw a very important conclusion:  
 

For Gauss quadrature with  integration points, the polynomial of order p that can be 

exactly integrated is: 

(2.50)     

 
In other words, the number of integration points needed to integrate a polynomial of order p 
exactly is: 

(2.51)     

 
Q: How many integration points are needed to integrate a quadratic polynomial exactly? 
A: 
Q: How many integration points are needed to integrate a cubic polynomial exactly? 
A: 
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Example: let us evaluate the integral  using three Gauss points. 

(Answer) 
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2.6.2 Integration over the interval   
 
We are now ready to extend the method of Gauss quadrature to the interval . That is:   
 

(2.52)  

 

The Gauss quadrature formulas are always given over a parent domain . Therefore, we 
will map the one-dimensional domain from the parent domain  to the physical domain 

 using a linear mapping.  
 
Q: What is the mapping relationship between x and ?  
A:  
 
 
 
 
From (2.53), we have 
 

(2.54)    

in which J is the Jacobian given by . The integral we have in mind in Eq. (2.52) 

can now be rewritten as: 
 

(2.55)    

The integral  is ready to be evaluated by Gauss quadrature which approximates the integral 
with the weights  and the abscissa . 
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Example: let us evaluate the integral  using two Gauss points. 

(Answer) 

7

3

1
1.1

dx
x+ò



Finite Element Method 
03/20/2019 

 18 

Example: Tapered Elastic Bar Using the Gauss Quadrature 
 

 

 

Consider a problem of an axially loaded elastic bar as shown in the figure. Dimensions are in 
meters. Solve for the unknown displacement and stresses with a finite element mesh consisting 
of a single three-node quadratic element. 
 
(Answer) 
 
Recall the shape functions and B matrix for a three-node quadratic element: 
 

 

 

 

 
Stiffness matrix 
 
The (element) stiffness matrix is given by: 
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Q: what is the order of polynomial p in the matrix? 
A:  
 
Q: what are the number of Gauss points we need to integrate the stiffness matrix exactly? 
A:  
 
 
This leads to: 

 

 

Q: (Derivation Exercise)  

A: 
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External force matrix 
 
The (element) external force matrix consists of the contributions from the distributed loading 
b and the point force P: 
 

 

By recalling the Dirac delta property (see Appendix A.5 in F&B for mathematic details): 
 

 

 
This leads to: 
 

 

Q: (Derivation Exercise) find  

A: 
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We can go through all the terms using two-point Gauss quadrature: 

 

 
The resulting global system of equations is: 
 

 

 
Solving the unknown displacements: 
 

 

 
Postprocessing 
 
Once the nodal displacements have been calculated, the displacement and stress fields can be 
obtained: 
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Reviews, Highlights and Checkpoints 
 
1. We showed a simple 1D finite element MATLAB program. Despite its simplicity, the 

MATLAB codes highlight the key procedures to codify finite element analysis in MATLAB. 
2. We showed shape functions can be directly constructed through Lagrange interpolation 

functions.  
3. We introduced Gauss quadrature for numerical integration and showed the number of 

integration points needed to integrate a polynomial of order p exactly is .  

4. Interelement Compatibility: we note that the derivative  of finite element 

approximation  based on Lagrange interpolation is discontinuous, for any 

polynomial order, at the nodes connecting different elements. These types of finite 
elements are known as  elements, in which the superscript indicates that only 

derivative of zeroth order (i.e., ) is continuous at the nodes connecting different 

elements. 
 

Let us use the previous example to highlight the interelement compatibility: let us now 
solve the problems 1, 2, 4, 8 uniformly distributed linear and quadratic elements and 
compare the distribution of displacement and stress with exact solution.  
 

 

 

(1) In the case of linear elements,  is constant within each element and 

discontinuous between elements. 
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(a) Dispalcement (b) Stress 
 

(2) In the case of quadratic elements,  is linear within each element. Although 

 is now  continuous within each element, it WILL STILL BE discontinuous 

between elements. 

  

(a) Displacement (b) Stress 
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