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Chapter 6: Beam 
 
A very useful group of finite elements are beam, plate and shell elements. These elements 
are used to model structures and components that are thin relative to their major dimensions.  
 
The salient feature of entities that can be modeled by beam, plate or shell elements is that 
they are thin compared to their other dimensions so that the distribution of strain through 
the thickness takes a very simple form. Beam, plate and shell elements can be further 
classified by: 
 
1. Beams, in which the motion is described as the function of a single independent variable, 

1D element; 
2. Shells, in which the motion is described as a function of two independent variables, 2D 

element; 
3. Plates, which are flat shells. 
 
In commercial FEM programs like ABAQUS, plates are usually modeled by shell elements 
since they are just flat shells. 
 
We will go through the governing equations, weak form and finite element discretization for 
beams in details. Although you should already know the element stiffness matrix if you have 
taken Advanced Structural Analysis, it is quite instructive to go through these derivations 
from the finite element aspect.  
 
 
 
 
 
 
 
 
 
6.1 EULER-BERNOULLI BEAM 
 
6.1.1 Kinematics of Beam 
 
The major simplification in beam theory is to assume how a beam deforms. There are two 

Strong form Weak form 

Discrete equations 
(Allow us to solve 
PDE approximately) 

Approximations of functions 
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major theories for describing the behavior of beams: Euler–Bernoulli beam theory, often 
called engineering beam theory, and Timoshenko beam theory. We will consider the 
Euler–Bernoulli beam theory in details and remark a few things on Timoshenko beam theory. 
 
A prismatic beam to be considered is shown in the following figure. The x-axis is placed 
coincident with the centroid of the cross section A; it will be called the midline here (it is also 
called the neutral axis). The ONLY independent variable is x and everything in the beam 
theory is a function of x.  
 

 
 
The key assumption in the Euler–Bernoulli beam theory is that normals to the midline of a 
beam remain straight and normal as shown in the following figure (the deformation of the 
beam is magnified; in the linear elasticity theory considered here, deformations should be 
very small and invisible). 

 

 
In examining the above figure, we can see that the normality assumption determines the 
x-component of the displacement through the depth of the beam. 
 

Q: What is the x-component of the displacement  through the depth of the beam? xu

 q
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A:  

(6.1)     

 
where  is the rotation of midline (positive counterclockwise) at x. The y is the distance 
from of a material point B to the midline (material point A). 
 
If  is small, we then have  and the angle of rotation corresponds to the slope of 
midline:  
 

(6.2)     

 

And the axial strain  is: 

 

(6.3)    

 
Remarks: 

1. Eq. (6.3) shows one of the key features of Euler–Bernoulli beam theory:  the strain 

along the axis of the beam varies linearly through the thickness of the beam. (Recall 
the distribution of strain through the thickness takes a very simple form for beams, plates 
and shells). For elastic materials, since as the stress is proportional to the strain, the stress 
also varies linearly through the depth of the beam.  

2. In Euler-Bernoulli beam theory, the planes normal to the midline are assumed to remain 
plane and normal; this is also called engineering beam theory while the corresponding 
plate/shell theory is called the Kirchhoff-Love plate/shell theory. 

3. In Timoshenko beam theory, the planes normal to the midline are assumed to remain 
plane (but not necessary normal; see the figure below); the corresponding plate/shell 
theory is called the Mindlin-Reissner plate/shell theory. 
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Now back to our derivations for the Euler-Bernoulli beam. We can add other contributions of 
the displacements into the beam formulation. If we consider the case where the midline is 
also elongated, say due to an axial load, the displacement through the depth is given by: 
 

(6.4)    

 

where  is the displacement of the midline. The strains are now: 
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Remarks: the strains reveal several other characteristics of beam deformations 
 
1. The axial strain is the sum of the midline extensional strain and the strain due to bending, 

the second term in (6.4); the strain due to bending is called the bending or flexural 
strain. 

2. The through-the-thickness  strain vanishes. 

3. The transverse shear strain  vanishes. 

4. In the classical formulation, (6.2) and (6.3) refer to the beam formulation and (6.4) and 
(6.5) refer to beam-column formulation. 

 
For the linear theory, we can always add other contributions of the displacements into the 
beam formulation. To simplify our life for now, let us only consider the flexural 
contributions. 
 
6.1.2 Generalized Stress-Strain Law 
 

 

We assume that the beam is in a state of plane stress (as it is thin in the y-direction), so the 
only nonzero stress is given by Hooke’s law: 
 

(6.5)   

The stresses on the cross section of the beam can be related to the moment on the cross 
section: 
 

(6.6)   
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Substituting (6.5) into (6.6) gives: 
 

(6.7)   

where I is the moment of inertia  and  is the curvature . 

Remark: 
 
1. Eq. (6.7)  can be viewed as a generalized stress–strain law: it relates an integral 

of the stress (moment) to a measure of the deformation, the curvature . 
 
6.1.3 Equilibrium and Governing Equations 

 

The equilibrium equations for the beam relate the moment, the shear and the vertical 
distributing load.  
 
Q: How to establish the force equilibrium conditions in the vertical direction (y) as illustrated 
in the figure above?  
A: 

(6.8)   or  
 
Q: How to establish the moment equilibrium conditions about the origin (x=y=0)? 
A: 

(6.9)   or  
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Combining (6.8) and (6.9), we have 
 

(6.10)     

 
Eqs. (6.7) and (6.10) are strong form of the beam equations (governing equations). These two 
equations can be combined into a single equation: 
 

(6.11)     

 
Remark:  
 
1. Eq. (6.11) is the governing differential equation for the Euler-Bernoulli beam. It is a 

fourth-order ordinary differential equation in the vertical displacement of the midline of 

the beam, . This differential equation is of higher order than the differential equations 

we have considered previously, which results in some important changes in the 
boundary conditions and the development of the weak form. 

 
6.1.4 Boundary Conditions 
 
The boundary conditions on a beam can be written as follows: 
 
Essential Boundary Conditions 

(6.12a)    

(6.12b)    

 
Natural Boundary Conditions 

(6.13a)    

(6.13b)    
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1. In (6.13a) and (6.13b), we have inserted normal n to the natural boundary conditions. This 
is necessary for consistency between the positive definition of internal moments (6.9) and 
shear forces (6.8) and the finite element definitions of  and , which are positive 
when acting counterclockwise and in the positive y direction, respectively. 

2. These boundary conditions are combined in various ways to model different types of 
physical end conditions for beams. 

Q: What are the boundary conditions for a simple support (hinge)? 
A: 

 and  

Q: What are the boundary conditions for a free end with applied shear and moment? 
A: 

 and  

Q: What are the boundary conditions for a fixed end? 
A: 

 and  

 
3. Two boundary conditions are required at each end of the beam because the equilibrium 

equation is a fourth-order ordinary differential equation. 
4. Variables that are conjugate in the sense of work cannot both be prescribed on any point 

of the boundary, but one of these must be prescribed on the boundary. As  and 
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(6.14b)    

(6.14c)    

 

Remark: The concept of work conjugancy helps to think of (6.14c) since  and  

correspond to increments in work. Thus, (1) the weight function will be used for the natural 
boundary condition for shear and (2) the derivative of weight function will be used for the 
natural boundary condition for moment. 
 
Since we have TWO natural boundary conditions, you can guess that we need to perform 
integration by parts TWICE on the governing equations (6.14a) to get the weak form.  
 
Integration by parts first time for the first term in (6.14a) yields: 
 

(6.15)  

 
Integration by parts second time for the second term in RHS of (6.15) yields: 
 

(6.16)  

 
Substituting the results from (6.15) and (6.16) into (6.14a) yields the weak form: 
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(6.17)  

 
If we substitute the generalized stress-strain relationship (6.7), the weak form becomes: 
 

(6.18)  

 
Remarks: 
1. The degree of smoothness that is required in the weight and trial functions is . 

2. The LHS is symmetric in w and , so we can expect symmetry in the stiffness matrix. 

 
The need for  functions can also be established physically from the implications of the 
assumption that the planes normal to the midline are assumed to remain plane and 
normal.  
 
The following figure shows the  deformation of a beam at a kink in the displacement of 

the midline, . As can be seen, as the normal remains normal on each side of the kink, the 

material overlaps on one side and a gap develops on the other side. Therefore, compatibility 
is not satisfied with a  displacement field in a beam.  
 

 
 
6.1.6 Finite Element Discretization 
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The degree of smoothness that is required in the weight and trial functions is . In order to 
maintain  continuity between elements, both the displacements and the derivatives of 
the displacement at the nodes must be degrees of freedom. The derivatives of the 
displacement field can be viewed as a rotation of the midline displacement. The nodal 
degrees of freedom for a beam element are: 
 

(6.19)  

(6.20)  

 
And the nodal force and moments: 
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Boundary conditions:  

         or   

   

 

 

 

 
 

Recall (6.20),  

 
It thus leads to: 
 

(6.21)  

 
These cubic functions are called Hermite cubic interpolation functions. These shape 
functions have the following Kronecker delta properties: 
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Q: Can you roughly plot the four shape functions for beam?  
A: 

 
 
The weight functions and trial solutions are interpolated with the same shape functions, so 
 

 and  

 
Remark: sometimes it is more convenient to express the shape functions in a parametric 

space  (  and ). In such case, the shape functions are: 
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Example: derive the element external force matrix for an Euler–Bernoulli beam subjected to 
a uniform loading p. 
(Answer) 
 

 

 
And this is what you have learned (or will learn) from the Advanced Structural Analysis. 
 
These element matrices are assembled into a global matrix exactly as what we have done 
before. 
 
6.1.7 Lagrange and Hermite Interpolation Functions 
 

Note that the cubic interpolation functions in (6.22) are derived by interpolating  as well 

as  (or , the derivative) at the nodes. Such polynomials are known as the Hermite 

family of interpolation function.  
 
Recall the Lagrange cubic interpolation functions are derived to interpolate a function, but 
NOT its derivatives, at the nodes. Hence, a Lagrange cubic element will have four nodes, 
with the dependent variable, not its derivative, at the nodal degree of freedom. Since The 
degree of smoothness that is required in the weight and trial functions of Euler-Bernoulli 

beam theory is , the Lagrange cubic interpolation of  is NOT ADMISSIBLE in the 

finite element approximation. 
 
6.1.8 Numerical Example (Euler-Bernoulli Beam) 
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Consider a beam problem shown in above. The beam ABC is clamped at the left side and is 
free at the right side. Spatial dimensions are in meters, force in N and distributed loading p is 

. The beam bending stiffness is . The natural boundary conditions at 

 are  and . 
 

 
 
The beam is subdivided into two finite elements as shown above. 
 

The global displacement matrix is defined as . 

 
Element stiffness matrices: 
 
Based on (6.23) from above, for element 1 ( , ) 
 

 

and similar for element 2 ( , ) 

N
m

4 210  EI Nm=

12 x m= 20 s N= - 20 m Nm=

1 1 2 2 3 3[ , , , , , ]T
y y yu u uq q q=d

4 210  EI Nm= 8 L m=

2 2

3
2 2

0.23 0.94 0.23 0.9412 6 12 6
[1]

0.94 5.00 0.94 2.506 4 6 2
10

0.23 0.94 0.23 0.9412 6 12 6
[2]

0.94 2.50 0.94 5.06 2 6 4
[1] [2]

e

L L L L
L LEI

L L L L L
L L

-é ù- é ù
ê ú ê ú--ê ú ê ú= =
ê ú ê ú- - -- - -
ê ú ê ú-- ë ûë û

K

4 210  EI Nm= 4 L m=



Finite Element Method 
05/27/2015 

 17 

 

Global stiffness matrix: 
 
The global stiffness matrix is computed using direct assembly: 

 

 
Boundary force matrix: 

 

For element 1,  as it has no boundary on  or . 

For element 2,  

 
The global boundary force matrix is obtained by direct assembly: 
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Body force matrix: 
 

 

 

Recall for 1D problem, in the case of a point force acting at a coordinate , the 

resulting body force matrix is given by  
 

 

For element 1: The body force matrix for element 1 is obtained by superposing the 

contributions from the distributed loading  and a point force  acting at 

, which yields 
 

 

 

For element 2: The point force in element 2, , acts at its first node where , 

which yields 

 

 
The direct assembly of the body force matrices yields 
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Boundary conditions and solution: 
 
The assembled and partitioned system is given below 
 

 
 

Note that we have added reaction forces and  corresponding to the unknown force and 

moment reactions at node 1, respectively. Solution of the above system of equations gives the 
following global displacement vector: 
 

 

 
Back-substituting global displacement matrix into the global system equations yields: 
 

 

 
Postprocessing: 
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, 

 

 

 

 
Figure below compares finite element solution of displacements, moments and shear forces 
with an analytical solution. It can be seen from this Figure that the displacements obtained 
with the finite element mesh of just two elements are very accurate. The piecewise linear 
variation of moments predicted by finite elements represents a reasonable approximation 
from an engineering point of views can be seen; a discontinuity in moments at the element 
boundary is evident.  
 
On the contrary, a piecewise constant approximation of shear forces is clearly inadequate to 
capture a significant variation in shear forces. Note the discontinuity in the analytical solution 
of shear forces at the location where point forces are applied. Therefore, it is a good practice 
to place a node at the point where point forces are acting. 
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6.1.9 MATLAB Implementation of Euler-Bernoulli Beam 
 
Let us consider the beam analyzed in the previous section: 
 

% Simple MATLAB codes for Euler Bernoulli Beam 
 
% clear memory 
clear all 
 
% EI; bending stiffness 
% L: length of beam 
EI=1E4; 
L = [8 4]; 
 
% nodal coordinates and element connectivities 
numberElements=2; 
numberNodes=3; 
nodeCoordinates=[0 8 12]; 
elementNodes=[1 2; 2 3]; 
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% for structure: 
    % displacements: displacement vector 
    % force : force vector 
    % stiffness: stiffness matrix 
    % GDof: global number of degrees of freedom 
GDof=2*numberNodes;  
U=zeros(GDof,1); 
force=zeros(GDof,1); 
 
% stiffess matrix and force vector 
stiffness=... 
    formStiffnessEulerBernoulliBeam(GDof,numberElements,... 
    elementNodes,EI,L); 
force = [0 0 0 0 -20 20]' + [-9 -15.3 -4 15.3 0 0]'; 
 
% boundary conditions 
% clamped at x=0 
prescribedDof=[1;2]; 
 
% solution 
displacements=solution(GDof,prescribedDof,stiffness,force); 
 
% output displacements/reactions 
outputDisplacementsReactions(displacements,stiffness,... 
    GDof,prescribedDof,force); 

 
The element and global stiffness matrices are constructed and assembled in 
formStiffnessEulerBernoulliBeam.m 
 

function  stiffness =... 
    formStiffnessEulerBernoulliBeam(GDof,numberElements,... 
    elementNodes,EI,L); 
 
stiffness=zeros(GDof);  
% calculation of the system stiffness matrix 
for e=1:numberElements;  
  % elementDof: element degrees of freedom (Dof) 
  indice=elementNodes(e,:);        
  elementDof=[ 2*(indice(1)-1)+1 2*(indice(2)-1)... 
      2*(indice(2)-1)+1 2*(indice(2)-1)+2];  
  % length of element 
  LElem=L(e) ; 
  ke=EI/(LElem)^3*[12   6*LElem -12 6*LElem; 
     6*LElem 4*LElem^2 -6*LElem 2*LElem^2; 
     -12 -6*LElem 12 -6*LElem ; 
     6*LElem 2*LElem^2 -6*LElem 4*LElem^2]; 
  % stiffness matrix 
  stiffness(elementDof,elementDof)=... 
      stiffness(elementDof,elementDof)+ke; 
end 

 
The solution.m follows what we had before. The outputDisplacementsReactions.m 
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outputs the displacements and reactions in a nice format. 
 

function outputDisplacementsReactions... 
    (displacements,stiffness,GDof,prescribedDof,force) 
 
% output of displacements and reactions in 
% tabular form 
 
% GDof: total number of degrees of freedom of  
% the problem 
 
% displacements 
disp('Displacements') 
%displacements=displacements1;  
jj=1:GDof; format 
[jj' displacements] 
 
% reactions 
F=stiffness*displacements; 
reactions=F(prescribedDof)-force(prescribedDof); 
disp('reactions') 
[prescribedDof reactions] 

 
When we run the program, we get: 
 

Displacements 
 
ans = 
 
    1.0000         0 
    2.0000         0 
    3.0000   -0.5526 
    4.0000   -0.1126 
    5.0000   -1.0295 
    6.0000   -0.1206 
 
reactions 
 
ans = 
 
    1.0000   33.0000 
    2.0000  252.0000 

 
Bingo! 
 
6.2 TIMOSHENKO BEAM 
 
Timoshenko beam theory accounts for the effect of transverse shear deformation. 

Timoshenko beam elements are therefore applicable for “thick” or “deep” beams ( ) 10L
h
<
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where transverse shear deformation has an influence in the solution. 
 
In addition to “thick” beam, Timoshenko beam elements have the advantages for the analysis 
of composite laminated beams, as the effect of transverse shear deformation is relevant in 
these cases (see Onate, Volume 2, Beams, Plates and Shells, Chapters 3 and 4). 
 
In terms of finite element formulation, Timoshenko beam elements only require  
continuity for the deflection and rotation fields and, therefore, are simpler than 
Euler-Bernoulli beam elements. Unfortunately, they suffer generally from the so-called shear 
locking defect which yields unrealistically stiffer solutions for slender beams.  
 
In the following sections, Timoshenko plane beam theory is described. Next, the formulation 
of 2-node Timoshenko beam elements is presented. Shear locking is explained and the 
technique to overcome it via selective reduced integration is described.  
 
6.2.1 Kinematics  
 
The key assumption in the Timoshenko beam theory is that normals to the midline of a 
beam remain straight but NOT normal as illustrated in the following figure. The shear 
deformation due to the shear force is now included. We assume that the cross section remains 
plane but no longer perpendicular to the midline (  axis) due to the inclusion of the shear 
force resulting in a rotation term indicated by . The total rotation of the cross section is: 

0C

x
f



Finite Element Method 
05/27/2015 

 25 

 

 

 

 

(6.25)   

 

Q: What is the x-component of the displacement  through the depth of the beam (for 

small rotation )? 
A:  
 

(6.26)     

 
where  is the total rotation of the cross section (positive counterclockwise) at x. The y is 
the distance from of a material point B to the midline (material point A).  

ydu
dx

q f= +

xu

sinq q»

xu yq= -

q
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Q: What are the strains , , ?  

A: The strains are now: 
 

(6.27)    

 
6.2.2 Stress-Strain Relationship  
 
Since we have introduced shear strain component into the kinematics for the Timoshenko 
beam, we now have the shear stress contribution. The stresses for the Timoshenko beam are: 
 

(6.28)   

 

where  is the shear modulus:  and v is the Poisson ratio. k is a shear 

correction factor introduced to account for nonuniform shear stress distribution. 
 
Below show some typical shear correction factors for different cross sections. Notice that 
these two figures are taken directly from Onate (2013) and the z-axis shown in the figures are 
the y-axis defined herein. 
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Generalized Stress-Strain Relationship 
 
Similar to the Euler-Bernoulli beam, the moment results from the axial stress on the cross 
section of the beam: 
 

(6.29)   

 

where I is the moment of inertia . For the Timoshenko beam, the shear force 

results directly from the shear stress: 
 

(6.30)   

 
6.2.3 Equilibrium and Governing Equations 
 

 

The equilibrium equations for the Timoshenko beam that relates the moment, the shear and 
the vertical distributing load are the same as what we have learned in the Euler-Bernoulli 
beam:  
 

 

 
It leads to the following two governing differential equations: 
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(6.31)     

 
6.2.4 Weak Form  
 
The weak form for the Timoshenko beam can be developed by following standard three-step 
weak-form derivation procedures. The only difference is now that we have two coupled 

second-order differential equations, one on  and the other on ; see Eq. (6.31). This 

requires two weight functions  and . 
 
Step 1: Move all the terms of the differential equations to one side (so it reads … = 0), 
multiple the entire equations with weight functions  and , and integrate over the 
domain. 

Step 2: Do integration by parts to reduce (i.e., weaken) continuity of  and .  

Step 3: Impose the actual boundary conditions under consideration and require the weight 
functions  and  to vanish at the essential boundary conditions. 
 
Steps 1 and 2 
 
Multiply the first differential equation with the weight function  and the second 
differential equation with the weight function : 
 
Step 1a: 

(6.32)     

Step 2a: carry out the integration by part  

(hint: ) 
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(6.33)     

Step 1b: 

 

Step 2b: carry out the integration by part  
A: 

 

(6.34)     

Step 3: 
Rearranging terms and imposing the boundary conditions, we have the coupled weak forms 
for the Timoshenko beam: 
 
(6.35) 

Find   and  among the smooth functions that satisfy  and 

 such that: 
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6.2.5 Finite Element Discretization  
 

 

 
Shape Functions 
 
Consider a simple two-node element shown above and assume that  and  are 
constant over an element. Using linear interpolation for both displacement and rotation, the 
assumed solution over an element is as follows: 
 

(6.36)  

(6.37)  

where  and . Writing (6.36) and (6.37) together in a matrix form, 

we have:  
 

(6.38)  
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As usual, we use the same interpolation for the weight functions: 
 

(6.39)  

 
Element Matrices 
 
We can substitute (6.38) and (6.39) and their derivatives into the weak form (6.35). With 
some non-trivial but tedious matrix multiplication and integration, it leads to the following 
element equations with a beam subjected to a uniform distributed load p: 
 

(6.40)   

 
These equations can be written in a more convenient form by introducing a non-dimensional 

relative stiffness parameter : 

 

(6.41)   

 
Example: Consider the solution of a cantilever beam subjected to a unit point load at the free 

end. Assume the cross section to be rectangular with thickness , depth , . 
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Assume that , , and . Obtain the solution using only one Euler-Bernoulli 

beam and one Timoshenko beam. 
Answer: 
 

From the data given, we have  and . Using one Timoshenko beam element, 

after imposing the essential boundary conditions, we have: 
 

 

 
Solving this system of equations, we get the following tip displacement: 
 

 

 
Using one Euler-Bernoulli beam element, after imposing the essential boundary conditions, 
we have: 
 

 

 
Solving this system of equations, we get the following tip displacement: 
 

 

 
The exact solution for a slender beam obtained from the elementary beam theory is 

. The solution is the same from the results using one Euler-Bernoulli beam 

element. 
 
Conceptually, the effect of transverse shear deformation is negligible for a slender beam (i.e., 
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for a small value of ). The figure below compares these two solutions. As the beam 

becomes thinner (more slender), the Timoshenko beam element results do not agree with 
those from the Euler-Bernoulli beam. As the beam slenderness increases the numerical 
solution from the Timoshenko beam element is progressively stiffer than the Euler-Bernoulli 
beam. This means that the 2-noded Timoshenko beam element is unable to reproduce the 
Euler-Bernoulli beam solution for slender beams. This phenomenon is known as shear 
locking. 
 

 

 
6.2.6 Shear Locking 
 
The reason for shear locking is that the shear term in the stiffness matrix numerically 
dominates the bending term. To see this effect more clearly, consider the bending and shear 
strains from the displacement and rotation fields of the two-node Timoshenko element: 
 

(6.42a)     

Q:
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Q: what is  in terms of nodal rotations? 

A: 

(6.43b)     

 
Consider now the application of this element to a cantilever beam with a unit moment applied 
at the free end in the right. The beam is now in the state of pure bending with no shear forces. 
The exact solution is constant bending strain and zero shear strain along the entire length.  
 
From (6.43b), the only way we can get zero shear strain for arbitrary x is: 
 

 

 

The condition leads to zero bending strain in (6.42b). Thus the shear strain term is 

preventing the element from giving reasonable results for the bending problem. This is 
exactly what is known as shear locking. 
 
6.2.7 Remedies for Shear Locking 
 
A common remedy for shear locking is to use a selective reduced integration when 
evaluating the stiffness contributed from the shear strain. In the following, we shall express 
the stiffness matrix for a two-node Timoshenko beam element in a parametric space  
( ) that is suitable for Gauss integration. 
 
Strain-displacement Matrix 
 
Recall the weak form for the Timoshenko beam: 
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To evaluate the weak form, we need to evaluate  (shear strain) and  (bending 

strain). Writing in a matrix notation: 
 

(6.44)    ,     

 
where 
 

(6.45)     

(6.46)     

 
Element Stiffness Matrix 
 
The element stiffness matrix is then: 

(6.47)     

in which: 

(6.48)     

(6.49)     

These integrals can now be evaluated using a 1D Gauss quadrature. 
 
Q: what is the minimum Gauss point to evaluate bending stiffness matrix (6.48) exactly? 
A:  

. We need one Gauss point. 

 
Q: what is the minimum Gauss point to evaluate shear stiffness matrix (6.49) exactly? 
A:  

. We need two Gauss points. 
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Selective Reduced Integration 
 
Many procedures to eliminate shear locking in Timoshenko beam elements have been 
proposed. A popular method is to reduce the influence of the transverse shear stiffness by 

under-integrating the terms in  using a quadrature of one order less than is needed for 

exact integration (the so-called reduced integration). The terms of  are still integrated 

exactly (thus selective). With some non-trivial but tedious matrix multiplication and 
integration, it leads to the following element equations with a beam subjected to a uniform 
distributed load p: 
 

(6.50)     

 
Notice that only a few shear-stiffness terms differ from what we had in (6.40).  
 
Example: Consider again a cantilever subjected to a unit point load. From the data given, we 

have  and . Using one Timoshenko beam element with a selective reduced 

integration, after imposing the essential boundary conditions, we have: 
 

 

 
Solving this system of equations, we get the following tip displacement: 
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As shown below, the element does not exhibit shear locking as h decreases. 
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