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6.1 EULER-BERNOULLI BEAM

6.1.1 Kinematics of Beam
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A:
(6.1) u =-ysind
0 (
B ( A).
o , sind ~ 0
midline:
d
62) u=—yh=—yr
dx
A g,
du d’u
6.3 e =—X=— .
(6.3) o dx Y dx’
Remarks:
1. E .(6.3) E B
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the slope of

: &__ the strain

XX

along the axis of the beam varies linearly through the thickness of the beam. (
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/ .
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Remarks: the strains

1.
(6.4);
strain.
2. - - &,
3 Ve
4. , (6.2) (6.3)
(6.5) -

6.1.2 Generalized Stress-Strain Law

m=-Jc, ydA
10
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bending or flexural

(6.4)

) flexural

( thin - )a
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(6.5) (6.6)
d’u d’u d’u
6.7 =—|yE| - Y \dA=|Ey’—3dA=E—>|y’dA=Elx
©.7) m !y(ydsz !yde dx2~£y
d’u
I I=1|y%dA K K=—2=.
'Ey dx’
Remark:
1. E .(6.7) m=Elx :
( ) ; K.
6.1.3 Equilibrium and Governing Equations
tee14441e44s
s(o)T Y s(x + Ax)
X
m(x) > T ) m(x + Ax)
\j
Z
Ax
|«
- -
Q »)
?
A:
Ax ds
s(x+ Ax) —s(x) +p x+7 Ax=0 ~4p=0.
(6.8) dx
Q: (x=y=0)?
A:
m(x + Ax) — m(x) + Axs(x + Ax) + lezp (x + E) =0 dm +s=0.
(6.9) 2 2 dx
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C (6.8) (6.9),
d*m
(6.10) e -p=0
E .(6.7) (6.10) ( ).
‘u

611 El—=r=-p=0

Remark:

1. E . (6.11) E -B
fourth-order

, Uy,

some important changes in the

b

boundary conditions and the development of the weak form.

6.1.4 Boundary Conditions

2

du
(6.13) mn:EId “n=m on I

2
X

3

d’u B
(6.13 ) sn=-El—n=5 on T
dx

Remarks:
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. (613)  (6.13), n :
(6.9)
(6.8) :
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3
6.14) sn= dx3y n=s on I, = w(sn — §)|r\. =
? dw
(6.14) “n=m on T = —(@mn-m), =0
dx r
Remark: (6.14 ) sou, moo
: , (1)
(2)
integration by parts CE (6.14 )
first time (6.14 )

2
jwd de:'[i(wd—m)dx J.d—Wd—mdx
5 dx ndx  dx dx dx

- ()

P Id—Wd—mdx
x

- odx dx

dw d.
:(—wsn)|r Id_wd_’:d

(6.15)

- j d_Wd_’"d (- (6.14b))

second time (6.15)

dw dm d ,dw d?*w
— — #
P R $

mdx

mdx

(6.16) = (—mn)

6.15)  (6.16)  (6.14)
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d’w dw _ _
(6.17) Idx2 mdx:J.wpdx+(Em) +(ws)|rs for VweU,
Q Q T,
- (6.7),
d*w . d’u dw
6.18 El—=dx = | wpdx+(—m)| +(ws for YweU
(6.18) idxz — ip ™|+ | ’
Remarks:
I. C'.
2. w u,,
Cl
the planes normal to the midline are assumed to remain plane and
normal.

6.1.6 Finite Element Discretization

10
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=
\1—/
C' , displacements
the displacement
u,
0
(6.19) d°=
U,
02
u,
() =N@d° =[N,(x) N,(x) Ny(x) Ny(x)] ‘
u, (x)=N(x)d* = X X X X
6.20) ‘ ? ’ T,
6,
=N, (Du,, + N, ()0, + Ny (x)u , + N, (x)0,
A
I
fe: ml
fyZ
m,
N(x)
. _ 2 3
A ou(x)=a+bx+ex” +dx

11
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B
=, 10 0 0]/ a u,
"(0)=46, 01 0 0] |b 6, .
= 5 3 = Aa=d
()=, 1 L L~ L c u,
"()=6, 0 1 2L 3| |d 0,
—a=A"d"
a=u,
b=26,
3 . w1
C:E “)71+”y2) Z(4ll+2!2)
2 1
d =F(uy1 —uy2)+E(91 +02)
(6.20), u (x)=u, N (x)+ON,(x)+u,N,(x)+6,N,(x)
X X
N, (x)=2(>) -3(2)* +1
1 (%) (L) (L)
x3 X2
Nz(x):?—2f+x
X X
N, (x)=-2(=)’ +3(%)?
5(%) (L) (L)
x3 x2
N =25 -5
(6.21) L L

Hermite

x=0, N,(x)=1 N,(x)=N,(x)=N,(x)=0
x=L, Ny(x)=1 N,(x)=N,(x)=N,(x)=0
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20 dN,(x) _ dN,(x) _ dN,(x) _ dN ,(x) 0
’ dx T dx dx dx
oy AN | AN AN, _dN)
’ dx T dx dx dx
Q:C ?
A:
NHI
o o Iilope:O . /:f_\ . 2??:?
- — L 1 —
&=1 &=-1 &=1 E=-1
Nﬁl
£=1 /'l | | Slope=0
=1 . ope =
EA TS —%
¥/ 2 é::_l
u, = Ned® w=N°w’
Remark:
£(-l<g<t  g=Zo) ,
L
1
N1(§)=Z(1—§)2(2+§)
L 2
Nz(§)=§(l—§) (1+$)
1

N3(§)=2(1+§)2(2—§)

NA@=§U+@%54)

13
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Example: E B
p-
(Answer)
B
L
.| r pL| 6
fo =[N No() No(x) No)] pae=22| 7
0
L
L 6]
A ( ) Advanced Structural Analysis.
6.1.7 Lagrange and Hermite Interpolation Functions
(6.22) u,
du .
6 ( —, ) : Hermite
dx
family of interpolation function.
NOT , . , )
E -B
C', u, NOT ADMISSIBLE

6.1.8 Numerical Example (Euler-Bernoulli Beam)
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Y
% Pi=10
P =1 Py=5 =20 | =20
"*HWHW+H'++*+$*$$+ : X
e
B C
N D SN
N o ]
C ABC
, N
E. EI=10* Nm*.
m
x=12m s=-20N m=20 Nm.

_[uyla yza y3’0]
Element stiffness matrices:
B (6.23) , 1 (EI =10* Nm*>,L =8 m)
12/ 6/L -12/* 6/L 0.23 094 -023 0.94 "
. _EI|l 6L 4 —6/L 2 |_ | 094 500 -094 250
L|-12/ -6/L 12/I} -6/L|  |-023 -094 023 -0.94 2
6/L 2 —6/L 4 094 250 -0.94 5.0

[1] [2]

2 (EI=10* Nm*,L=4m)

16
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12/ 6/L -12/* 6/L 1.88 375 -1.88 3.75 2]
. _EI|l 6/L 4 -6/L 2 |_ 375 1000 -375 500
L|-12/ -6/L 12/} —6/L -1.88 -3.75 1.88 -3.75 3
6/L 2 —6/L 4 3.75 5.00 -3.75 10.00

[2] [3]

Global stiffness matrix:

023 094 023 094 0 0 _[1]
094 5.00 -094 250 0 0
,[—0.23 -094 211 281 -1.88 3.75
K=10 [2]
094 250 281 15.00 -3.75 5.00
0 0 -1.88 -3.75 1.88 -3.75 (3]
| 0 0 375 5.00 -3.75 10.00 |
[1] [2] [3]
Boundary force matrix:
dNeT
e _ el — —
fe=(N s)‘rx+( - m)F
1, f2=[0 0 0 0] T, r, .
0
[2]
(2) T — T— 0
2, £7=[0 0 0 1'@+[0 0 1 0F5=
3
20 [3]

[1]

[2]

[3]

17
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Body force matrix:

f, = .[x N pdx

X

1D , —1< &, <1,

o =N"(£,)P,
For element 1: 1

px)=-1 £ =-10

¢=0,

pdx+ P

D'-H
I
2
z=zz=
z2zzxz
|

For element 2: 2, P =5, E=-1,

18
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[1]
f, = (2]

[3]

[ 023 094 ;023 094
1094 500 1054 _250__ 0 __ _0_|
~023 0941 2,11 28]
0.94 250 | 281 1500
0 0 |, —188 —3.75
C0 0 Aus 500
1,
Uy, -0.55
6, | |-0.11
uy| | -1.03
6, | [-0.12

ol

Postprocessing:

_9+-"u1
—15.3 + 1oy
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0

b g diu® _ EI[dZN“l d’N, d’N, d°N,,

0
2 2 7 > > =-240.64+25.785x,
dx dx dx dx dx U,

2

| v o}
( "N A d° N, d’N J d°N, e
S(I)IEI _EI? di 1 dl d32%$‘&25785
uyZ
D =FEI du” =EI d’N, d°Ny d'N, d'Ny | 6 =-104.5+39.75x
dx’ dx’ dx’ dx’ dx’ Uy,
03
3 ( 3 3 3 3
e Wy 1\2 d N;’l d N3 d N;’Z =-39.75
d d d d d
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0
5 —05f
E
L]
[&]
5 1
=N -1k
8 — - -FE
Exact solution
_15 1 I 1
(a) 0 2 4 6 8 10 12
100 . . :
— - -FE
0 Exact solution
|5
£ —100
[=]
=
—200
-300 ! ! 1 1 1
(b) 0 2 4 6 8 10 12
X
35
[ — I I I — _ _EE_ 1
30 - T Exact solution .
® 25- |\l -
£
7]
20 -
15 L L L L
(c) 0 2 4 6 8 10 12
X

6.1.9 MATLAB Implementation of Euler-Bernoulli Beam

¢}

% Simple MATLAB codes for Euler Bernoulli Beam

¢}

% clear memory
clear all

o°

EI; bending stiffness
L: length of beam
=1E4;

(8 41;

o°

I

[l

¢}

% nodal coordinates and element connectivities
numberElements=2;

numberNodes=3;

nodeCoordinates=[0 8 12];

elementNodes=[1 2; 2 31;

21
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o°

for structure:

displacements: displacement vector

force : force vector

stiffness: stiffness matrix

GDof: global number of degrees of freedom
GDof=2*numberNodes;

U=zeros (GDof,1);

force=zeros (GDof,1);

o° o o°

o°

% stiffess matrix and force vector

stiffness=...
formStiffnessEulerBernoulliBeam (GDof, numberElements, ...
elementNodes,EI, L),

force = [0 0 0 0 -20 201" + [-9 -15.3 -4 15.3 0 01"';

% boundary conditions

% clamped at x=0

prescribedDof=[1;2];

% solution

displacements=solution (GDof, prescribedDof,stiffness, force);

% output displacements/reactions

outputDisplacementsReactions (displacements, stiffness, ...
GDof, prescribedDof, force) ;

formStiffnessEulerBernoulliBeam.m

function stiffness =...
formStiffnessEulerBernoulliBeam (GDof, numberElements, ...
elementNodes,EI, L) ;

stiffness=zeros (GDhof) ;
% calculation of the system stiffness matrix
for e=1l:numberElements;
% elementDof: element degrees of freedom (Dof)
indice=elementNodes (e, :);
elementDof=[ 2* (indice(1l)-1)+1 2* (indice(2)-1)...
2* (indice (2)-1)+1 2* (indice(2)-1)+21;
% length of element
LElem=L(e) ;
ke=EI/ (LElem) "3*[12 6*LElem -12 6*LElem;
6*LElem 4*LElem”2 -6*LElem 2*LElem”2;
-12 -6*LElem 12 -6*LElem ;
6*LElem 2*LElem”2 -6*LElem 4*LElem”2];
% stiffness matrix
stiffness (elementDof, elementDof)=...

stiffness(elementDof,elementDof) tke;

end

solution.m . outputDisplacementsReactions.m

22
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function outputDisplacementsReactions...
(displacements, stiffness, GDof,prescribedDof, force)

o°

output of displacements and reactions in
tabular form

o°

o°

GDof: total number of degrees of freedom of
the problem

o°

¢}

% displacements

disp('Displacements"')
%displacements=displacementsl;

jJj=1:GDof; format

[J]' displacements]

% reactions

F=stiffness*displacements;

reactions=F (prescribedDof) -force (prescribedDof) ;
disp('reactions')

[prescribedDof reactions]

Displacements

ans =
1.0000 0
2.0000 0
3.0000 -0.5526
4.0000 -0.1126
5.0000 -1.0295
6.0000 -0.1206

reactions

ans =

1.0000 33.0000
2.0000 252.0000

B !

6.2 TIMOSHENKO BEAM

23
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transverse shear deformation
composite laminated beams,
( , 2,B , ,C 3 4).
CO
E -B . , - shear
locking
2.

selective reduced integration
6.2.1 Kinematics

key assumption normals
straight but NOT normal

(x )

24
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\]
' A B "J Yeformed beam
“ B
M},
Deferrmed beam
-t

duy

(625) 0=—"+¢

sinf ~ 0)?

(6.26) u, =—y0

X

25
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Q: Eus Eps V!
A:

g =0

w = dx
(6.27) &, =0 (" u, is function of x; everything in the beam theory is a function of x)
ou, Ou, du du du
=—+ 2L ="e+—(>———Pp+——=—

Vs oy ox dx ( dx ¢ dx P

6.2.2 Stress-Strain Relationship
do
o.=F =E|-y—

Ry

(6.28) o0,=0
du,
T, =kG = kG(E -0)
G G= £ . k is a shear
2(1+v)
correction factor
B
(2013) -

26



Finite Element Method

Assumed distribution

2 2
)

T i
N )iZ:L_f_J L R X_Z_jTAA
z) z

t Q
2l
! -
sz ’ VX
}
A
2a
52
k,=0,5

kr=0.358

Exact distribution

~=

i

?
k,=0,416

2 2
12(3a"+b
i —12Ga+bT)

40a2+16b

sections. Asterisk denotes  Fig. 2.3 Shear correction parameter k. for some cross

values computed with the FEM [BD5.Bo.Cof6l
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E -B ,
do do
6.29) m=—|yo . dA=|Ey —dA=El—
(6.29) j Yo, j v -
A [ = jysz . 5
A
(630) s=|r,d4 A _g)
: s=|7r_dA= L —
i dx
6.2.3 Equilibrium and Governing Equations
TITILLATaIT
s(oT Y s(x + Ax)
X
m(x) > T ) m(x + Ax)
\j
Z
Ax
|
- -
E B
ds
—+p=0
dx P
dm +s5=0
dx

28
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d
i(kGA(ﬁ— 0)+p=0
(6.31) x
d do
— (EI —) kGA(— -0)=0
6.2.4 Weak Form
- ) u, 0; E . (6.31).
w p.
Step 1: ( = 0),
w(x) B(x),
Step 2: D (.. ) u,(x) O(x).
Step 3:
w(x) P(x)  vanish at the essential boundary conditions.
1 2

1:
(6.32) j.w i(kGA(%—é?))+p dx=0
o \dx dx
2

(hint: jw—dx of ), jf— dx=(wf),-, = (W), - jf—dx)

29
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L (d du
j w| — (kGA(——0))+ p | dx
0 dx dx
- jw(

L

9))] dx = j s (kGA(— —0))dx + wlkGA(— ~0)

0
L

L

6.33) - j —(kGA(——é’))dx+ j wpdx+kaA(——9)

0

1 :
& (d _do du
—(EI—)+kGA(—X-0) |dx =0
-([ﬂ[dx( dx) (dx )} *
2
A:

L

WA d
b (EI—) dx
o Y axt

05/27/2015

L g ! r|*
D *: d (EId—')dx+ o
o ax dx dx|,
L
(6.34) —j b (EI—)d + j ﬂkGA(——H)d + ﬂEzﬁ =0
o dx dx |,
3:
(6.35)
u,(x) 0(x) u,=u, on Fuy
6 =6 on r,
L
_[—(kGA(——H))dx j Wpdx+WkGA(——6?) w=0onT,
0 0
L
j ap (EI —)d j ,BkGA(— —O)dx ﬂEJﬁ B=00onT,
o dx dx |,

30
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6.2.5 Finite Element Discretization
y
A
Uy Uy
A .
6, L ) :
F e : .
- -/
| 2
C - EI kGA
uyl
(6.36) uy(x) = [Nl(x) 0 N,(x) 0] !
y2
02
uy,
6,
(6.37) O(x) = [0 Ni(x) O Nz(x)] y
y2
92
N (x)=1 —% N,(x)= % . (6.36) (6.37)

uyl

635) [uy(x)HNlm 0 N 0 } % | e
0(x) 0 N,(x) 0 N,(x) || u,,
02

31
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A ,
W
N, 0 N 0
(6.39) |:W(x):|:{ 1 (%) > (%) } i1 — N°(x)W*
B(x) 0 Nk 0  N(]w
B,
E
(6.38) (6.39) (6.35).
pi
[ kGA kGA kG4 kGA -
L 2 L 2 prL
kGA EI kGAL  kGA kGAL EI || 4 2 K
A - "7l e 0 M
(6.40) 2 L 3 2 6 L Ul + !
_ kG4 kG4 kGA kG4 u,| |pL| | F
L 2 L 2 0, 2 M,
kGA  kGAL EI  kGA EI _kGAL 0 |
2 6 L 2 L 3
12EI
a’=2—:
1*kGA
L]
12 6L -12 6L U, B E
6L I*(a+4) -6L -I*(a-2)| 6 0 M
641) 2L (a+4) (@=2)) 6| _| 01, M
al’|-12 —6L 12 —6L Uy, pL F,
6L -L'(a-2) —6L [*(a+4) | 6, 2 M,
— O -
Example: C

A t=1, h, k=§.
6

32



Finite Element Method
05/27/2015

, E=1, L=1. E B

Answer:

-

sh 5h

18 36 Uy | _ 1
5ho B 5h|6,] [0

36 12 54

) ~36(9h° +10)
2 Sh(18K* +5)

exact
L_PD_4
3Rl B
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). A

stiffer E -B

E -B . shear

6.2.6 Shear Locking

(6.42 )

34
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Q: & 9
A:
(6.43 ) £ = du, _g= x(0,-6) N —u, +u,— L6
todx L I
C
(6.43 ),

X(0,-6) | ~ty 1, =L

=0 Vx

L

L
—u , +u

=6 =0, and 91=—y1 2

L

6,=0, (6.42 ).

6.2.7 Remedies for Shear Locking

A

05/27/2015

selective reduced integration

(-1<E<+1)

(6.35) j—(kGA(——e))dx j Wpdx+WkGA(——0)

(6.35 ) j ‘Zj (EI—)a’ j ,BkGA(——G)d = BEI~-

L

0

do|

0

35

p=0onl,

b

w=0 onFuy



Finite Element Method

05/27/2015
du e
Yy
, —r-0 —
(dx ) ( ) (
).
d
644y _pa Y _g=B.a"
dx dx
(6.45) Bb{o -y %}: o 24N 2dN.(0)
dx dx L dé L dé&
(6.46) Bsz[ﬂ -N, dn, _Nz}: EM =N, (&) EM -N, (&)
dx dx L dé L dé
E
(647) K=K +K°
L +1 L
(6.48)  K;=[EIB]B,dx= | ElBgBbE d&
0 -1
L +1 L
(6.49)  K!=[kGAB!B,dx = [ kGAB]B, S dé
0 -1
1D
Q: (6.48) ?
A
an—H=l.
2 2
Q: (6.49) ?
A
p+1 241

36



. A
- K
( - reduced integration). K;
( selective). -
p:
[ kGA kGA _kGA kGA ] o
L 2 L 2 prL
kGA EI kGAL  kGA kGAL EI || Yn 2 B
> 7 - Tl 0| | M
(6.50) 2 L 4 2 4 L Ul e
kG4 kG4 kGA kG4 u, prL F,
L 2 L 2 6, 2 M,
kGA  kGAL EI  kGA EI kGAL | 0 ]
L 2 4 L 2 L 4 |
- (6.40).
Example: C
3
= _oh
12
sho_sh
18 36 2| 1
_Sh B Sh 0
36 12 72
_ 3(6h* +5)

"2 5K

Finite Element Method
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1500

1000 -

500 -

0.7
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