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1.3 Difficulties associated with application of “classical” weak form 
 
Although the weak form with “classical” approximation functions introduced herein have been 
used with success in many areas of physics and engineering, there are certain difficulties which 
prevent them being more widely used for the solution of practical problems. 
 
One obvious problem is the “global” nature of approximation function to represent a 
complicated function.  
 

(1.10)   

 
Finite element method differs from the classical methods in the manner in which 
approximation functions are constructed. In finite element method, a given domain is viewed 
as a collection of subdomains (elements). Over each subdomain (element), the governing 
equations are approximated by the classical methods (often the Galerkin method). The main 
reason behind seeking approximate solution on a collection of subdomains (elements) is the 
fact that it is easier to represent a complicated function as a collection of simple polynomials 
as illustrated below. 
 

 
 
The other problem is that the trial solutions  must satisfy essential boundary conditions. It 
is clear that for an irregular-shaped boundary, such as in the figure below, it would in general 

be impossible to find suitable values of coefficients  in  which satisfies every 

essential boundary condition. Thus, immediately, the class of problems amenable to solution 
by the “classical” approximation functions is restricted to those problems with a simple 
geometry. 
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How would you find suitable values of coefficients to satisfy the essential boundary condition? 
As will be seen in Chapter 2, the finite element method overcomes this difficulty and allows 
us to systematically construct the admissible solutions in terms of nodal unknowns. 
 
1.4 Chapter Summary 
 
1. The method of weighted residual (MWR) and the Galerkin method: a three-step procedure 

for developing the weak form of differential equations was presented and methods for 
obtaining algebraic equations in terms of unknown parameters in the approximate 
solution were developed.  

 
2. The weak form need not be as smooth as solutions of the strong form, i.e. they have 

weaker continuity requirements for the solution . 
 
3. Another classical way to construct the weak form is through energy functional and 

variational method. We will cover the topic later. Although variational principles can only 
be used for self-adjoint systems, it relates the weak form to a well-known physical concept 
(e.g., potential energy) that has been well developed for many physical phenomena. 

 
4. There are indeed many ways to find the weak form; see the figure below. Consult Chapters 

3 and 4 of Zienkiewicz, Taylor and Zhu (7th, 2013) from the course website for details. 
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We have covered the weighted integral of partial differential equations and might cover 
variational principle and virtual work later. Generally speaking, the weighted integral method 
is considered to be advantageous as it is applicable to self-adjoint (symmetric) and non-self-
adjoint (non-symmetric) systems. Variational principles can only be developed for systems that 
are self-adjoint, but an attractive feature of variational principles is that it is associated with 
meaningful (and sometimes well-developed) physical principles. For example, variational 
principles hold for any elastic system (linear and nonlinear elastic systems). Thus, we can 
quickly derive finite element equations for an elastic system. Variational principles have also 
been developed for many well-known physical phenomena.  
 
5. The difficulties of finding: (1) a good global approximation function to represent a 

complicated function and (2) admissible trial solutions in 2D and 3D is one of the biggest 
drawbacks of the classical methods (e.g., Galerkin method, Rayleigh–Ritz method).  
 

6. The finite element method overcomes these two difficulties and allows us to 
systematically construct the admissible solutions in terms of nodal unknowns. This will 
be clearer in the sequel. 


