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Part I (20%): Conceptual Problems: answer the following questions briefl

1. (4%) For a given problem discretized with equally-spacing Q6 elements shown below, when we

double the total number of elements, the error of L, norm of the displacement decreases by a

factor of __ and the error of energy norm decreases by a factor of .
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2. (4%) The thickness variation of a sixteen-node (16) Lagrange rectangular element is given by:

Em=2, &mn
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where J; is the bi-linear shape function, and #; is the thickness value at the corner node i. How
many Gauss points are required to evaluate exactly the stiffness matrix?

3. (4%) Explain why in general, the element stiffness matrix of an isoparametric element cannot be
computed exactly with the Gauss integration.

4. (4%) Consider a ten-node triangle (T10) shown in the figure below. Define the triangular
coordinates and determine the shape functions N, using the triangular coordinates.



5.

(4%) What is the essential difficulty of geometrically nonlinear analysis?

Part II (80%): Derivation Problems: give detailed derivations of the following questions

6. (24%) Consider a four-node rectangular element shown in Figure 6 on the left subjected to
deformation. Nodal displacement components in the x and y direction create the displaced shape
indicated by the dashed line. The corresponding nodal displacement vector is df =
[-c 0 ¢ 0 —c 0 c¢ 0].Figure6 ontherightshows the standard ¢ and n coodinates.
(a) (4%) Compute the displacement field w, and u, forthe element. Express the displacement

field in terms of ¢ and 7.
(b) (14%) Compute the strain field ¢,, &, and y,, for the element.
(c) (6%) Evaluate the strains at the locationsof the { =n =0 and ¢ =n = %
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Figure 6
7. (20%) (a) (6%) Develop the shape functions N .(&,7) for a six-node quadrilateral which

exhibits quadratic behavior along two edges and linear behavior along the other two (see Figure
7(a) below). Use the hierarchical method covered in the lecture to develop your shape functions.

6
(b) (4%) Show that the shape functions satisfy the partitions of unity where £t N.(1,")=1.

i=1



(c) (6%) Consider a six-node quadrilateral element with thickness of 1 cm in the Cartesian
coordinates shown in Figure 7(b). Use the Q4 element to construct the mapping between
ON, N,

Cartesian and natural coordinates (i.e., subparametric formulation) and compute ' 3
X v

ON,
Oox

and

interms of & and 7.

(d) (4%) Given a point 5:% and 77=% in the natural coordinates, find its corresponding

position in the Cartesian coordinates, again using the Q4 subparametric formulation in (c).
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Figure 7(b) (unit: cm)

8. (12%) An elastic bar shown below in Figure 8 is of length L when unstressed, where [? = 4% +¢*.

Let a>c. When load P is zero, so is displacement D. The bar has axial stiffness ETA rolls

without friction at B. Assume that the roller is constrained to remain in contact with the wall and
in the plane of the figure. The potential energy is given as:



1 =§—f(02 —2¢D)* = PD
a

(a) (6%) Derive the equilibrium condition.
(b) (6%) Derive the tangent stiffness for nonlinear analysis.

9. (24%) Consider a collapsed and distorted isoparametric 8-noded quadrilateral element as shown

in Figure 9.
(a) (8%) Find the coordinates (x,y) and the distance r to the crack tip in terms of (&,7) and

o using the Q8 shape functions.

(b) (8%) For the special case where —, find the Jacobian matrix and the inverse of Jacobian
matrix.
(c) (8%) For the special case where , the displacement derivatives with respect to the

natural coordinates can be written as follows:

Show that the strains , and exhibit the required singularity. You should

express your answers in terms of » and the constants listed above (hints: nodes 1, 4, 8 possess
identical displacements).



Figure 9



