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Use the Lagrange interpolation to obtain an expression for fluid velocity as a function of depth 
(𝑑) and obtain the velocity when 𝑑 = 6.  

  

v(d) = 3.75 ×
(𝑑 − 1.5)(𝑑 − 3)

(−1.5) × (−3) + 4 ×
𝑑(𝑑 − 3)

1.5 × (−1.5) + 7.5 ×
𝑑(𝑑 − 1.5)

3 × 1.5  (8%) 

v(6) = 24.25 (3%) m/s (1%)  
 
3. (10%) Evaluate the integral  
 

𝐼 = ∫
𝑥2 − 1

(𝑥 + 3)2 𝑑𝑥
3

−2
 

 
using Gaussian integration with two Gauss points. 

ξ1 = −
1

√3
   ,   ξ2 =

1
√3

   

  w1 = 1  , w2 = 1 

J =
1
2

(3 − (−2)) =
5
2

(2%) , 𝑥 =
1
2 +

5
2 𝜉(2%) 

I =
5
2 (1 ×

[1
2

+ 5
2

(− 1
√3

)]
2

− 1

[(1
2

+ 5
2

(− 1
√3

)) + 3]
2 + 1 ×

[1
2

+ 5
2

( 1
√3

)]
2

− 1

[(1
2

+ 5
2

( 1
√3

)) + 3]
2) = 0.2190 (5%)  

 
4. (16%) Consider a quadratic element in Figure 2. (a) Compute the Jacobian using the 

isoparametric formulation (note: 𝜉 is now ranging from −1 to 1) and (b) derive the element 
strain 𝜀𝑥. 
 

 
 

Figure 2 
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J =
dx
dξ =

𝑑𝑁(𝜉)
𝑑𝜉

[
0

𝛼𝐿
𝐿

] , 𝑁(𝜉) = [
1
2

(𝜉2 − 𝜉)  1 − 𝜉2  
1
2

(𝜉2 + 𝜉)] 

(a) 

J = [𝜉 −
1
2 − 2𝜉  𝜉 +

1
2] [

0
𝛼𝐿
𝐿

] (4%) = −2𝛼𝜉𝐿 + 𝜉𝐿 +
1
2 𝐿(4%) 

(b) 

ε =
dN
dx

[
𝑢1
𝑢2
𝑢3

] =
𝑑𝑁
𝑑𝜉 ×

𝑑𝜉
𝑑𝑥

[
𝑢1
𝑢2
𝑢3

] (4%) 

= [𝜉 −
1
2 − 2𝜉  𝜉 +

1
2] ×

1
−2𝛼𝜉𝐿 + 𝜉𝐿 + 1

2
𝐿

[
𝑢1
𝑢2
𝑢3

] (4%) 

5. (24%) Consider problem of finding axial displacement of a truncated solid cone made of 
concrete, hanging under its own weight and subjected to a downward load 100 kNF   at the 
tip, as illustrated in Figure 3 below. Let the length 5 mL  , the diameter at the top is 

0 1 md   and changes linearly to 1  m
4Ld   at the bottom. The concrete weighs 324 kN/m  

and its modulus is 7 22 10  kN/mE  u .  
(a) (5%) State the strong form (governing equation and boundary conditions). 
(b) (10%) Construct the element stiffness matrix and element external force matrix using two 

linear elements equally distributed as shown below. The linear element needs to take the 
linear cross section into consideration. Assemble these two elements to obtain the global 
stiffness matrix and global external force matrix. 

(c) (5%) Find the nodal displacements. 
(d) (4%) Find the element nodal forces and draw the free body diagram at node 2. Is the 
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Figure 3 

 
(a) 
d

dx (𝐸𝐴
𝑑𝑢
𝑑𝑥) + 𝑏(𝑥) = 0  (1%) 

d
dx

[𝐸 (−
3

40 𝑥 +
1
2)

2

𝜋
𝑑𝑢
𝑑𝑥

] + 24 (−
3

40 𝑥 +
1
2)

2

𝜋 = 0  (1%) 

0 < x < 5  (1%)   

𝜎(5) =
100

(1
8
)

2
𝜋

= 2037.18 
𝑘𝑁
𝑚2  (1%)    

𝑢(0) = 0 𝑚  (1%) 
(b)  
𝐊 = ∫ EA𝐁T𝐁 
Element 1 

𝐍𝟏(𝐱) =
2
5

[2.5 − 𝑥   𝑥]   ,   𝐁𝟏(𝐱) =
2
5

[−1   1] 

𝐊𝟏 = ∫ 2 × 107
2.5

0
(−

3
40 𝑥 +

1
2)

2

𝜋 ×
4

25
[ 1
−1 −1

1 ] 𝑑𝑥 = [ 0.422
−0.422 −0.422

0.422 ] × 107 

Element 2 

𝐍𝟐(𝐱) =
2
5

[5 − 𝑥  − 2.5 + 𝑥]   ,   𝐁𝟐(𝐱) =
2
5

[−1   1] 

𝐊𝟐 = ∫ 2 × 107
5

2.5
(−

3
40 𝑥 +

1
2)

2

𝜋 ×
4

25
[ 1
−1 −1

1 ] 𝑑𝑥 = [ 0.1276
−0.1276 −0.1276

0.1276 ] × 107 

𝐊 = [
0.422

−0.422
0

 
−0.422
0.5496

−0.1276
 

0
−0.1276
0.1276

] × 107  
𝑘𝑁
𝑚  (5%) 

�Þ
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𝒇 = ∫ NT𝑏(𝑥)𝑑𝑥 
Element 1 

𝑓1 = ∫
2
5

[2.5 − 𝑥
𝑥 ] × 24 × (−

3
40 𝑥 +

1
2)

2

𝜋 𝑑𝑥
2.5

0
= [18.22

13.44]  𝑘𝑁  

Element 2 

𝑓2 = ∫
2
5

[ 5 − 𝑥
−2.5 + 𝑥] × 24 × (−

3
40 𝑥 +

1
2)

2

𝜋 𝑑𝑥
5

2.5
= [6.07

3.50]  𝑘𝑁  

 

𝑓 = [
18.22
13.44

0
] + [

0
6.07
3.50

] + [
0
0

100
] = [

18.22
19.51

103.50
]  𝑘𝑁  (𝟓%)   

(c) 
𝐃 = 𝐊−𝟏𝐅 

[
0.422

−0.422
0

 
−0.422
0.5496

−0.1276
 

0
−0.1276
0.1276

] × 107 × [
0

𝑢2
𝑢3

] = [
18.22 + 𝑟1

19.51
103.50

] 

[
𝑢2
𝑢3

] = [𝐾22
𝐾32

 𝐾23
𝐾33

]
−1

[ 19.512
103.500] = [2.914 × 10−5

1.102 × 10−4] 𝑚  (3%) 

[
𝑢1
𝑢2
𝑢3

] = [
0

2.914 × 10−5

1.102 × 10−4
]  (2%) 

r1 = −141.24 kN 
(d) 
Element force 1  

[ 4221515.13
−4221515.13 −4221515.13

4221515.13 ] [ 0
2.914 × 10−5] = [−123.01

123.01 ]  𝑘𝑁  (1%) 

Element force 2 

[ 1276272.02
−1276272.02 −1276272.02

1276272.02 ] [2.914 × 10−5

1.102 × 10−5] = [−103.50
103.50 ]  𝑘𝑁  (1%) 

 (2%) 
 
6. (16%) A uniform bar is subjected to uniform axial load 𝑞 along its length. The bar is fixed at 

the left end but there is a gap of g between the support and the right end before the load is 
applied as shown in Figure 4. Assuming that the applied load is large enough to close the gap. 
(a) (3%) Write down the admissible solution ( )u x  in terms of a quadratic polynomial. 

_

_

_

cogo
⼆二
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(b) (3%) Write down the admissible weight function ( )w x  in terms of a quadratic polynomial. 
(c) (10%) Use trial solution and weight function of a quadratic polynomial and obtain the 
approximate solution using the Galerkin method. 

 
Figure 4 

 
(a) 
u(0) = 0   , u(L) = g 
u(x) = α1𝑥2 + 𝛼2𝑥 

u(L) = α1𝐿2 + 𝛼2𝐿 = 𝑔  , α2 =
𝑔 − 𝛼1𝐿2

𝐿  

u(x) = α1𝑥2 + (
𝑔
𝐿 − 𝛼1𝐿) 𝑥  (3%) 

(b) 
𝑤(0) = 0   ,   𝑤(𝐿) = 0 
𝑤(𝑥) = 𝛽1𝑥2 + 𝛽2𝑥 
𝑤(𝐿) = 𝛽1𝐿2 + 𝛽2𝐿 = 0  , 𝛽2 = −𝛽1𝐿 
𝑤(𝑥) = 𝛽1𝑥2 − 𝛽1𝐿𝑥  (3%) 
(c) 
strong form 
d

𝑑𝑥 (𝐸𝐴
𝑑𝑢
𝑑𝑥) + 𝑞 = 0  ,   0 < x < L  , σ(L) =

Eg
L  

weak form 

𝑤𝐴
𝐸𝑔
𝐿 |

𝑥=𝐿
− ∫

𝑑𝑤
𝑑𝑥 𝐴𝐸

𝐿

0

𝑑𝑢
𝑑𝑥 𝑑𝑥 + ∫ 𝑤𝑞

𝐿

0
𝑑𝑥 = 0 

(Β1L2 − β1L2)𝐴
𝐸𝑔
𝐿 − ∫ (2𝛽1𝑥 − 𝛽1𝐿)𝐴𝐸 (2𝛼1𝑥 + (

𝑔
𝐿 − 𝛼1𝐿)) 𝑑𝑥

𝐿

0
+ ∫ (𝛽1𝑥2 − 𝛽1𝐿𝑥)𝑞𝑑𝑥 = 0

𝐿

0
 

α1 = −
𝑞

2𝐴𝐸 

𝑢(𝑥) = −
𝑞

2𝐴𝐸 𝑥2 + (
𝑔
𝐿 +

𝑞𝐿
2𝐴𝐸) 𝑥  (10%) 

 
7.  (14%) Consider a general structural member subjected to a torsion T acting about the x axis 

shown in Figure 5a. An arbitrary point located on a cross section at position x is shown in 

_ _

_ _

_
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Figure 5b. If the cross section twists through angle 𝜃, the point moves through arc ds and the 
displacement components in the y and z directions are: 
 

𝑣 = −𝑧𝜃, 𝑤 = 𝑦𝜃 
 
Owing to the noncircular cross section, plane sections do not remain plane; instead, there is 
warping, hence displacement, in the x direction described by: 
 

𝑢 = 𝑢(𝑦, 𝑧) 
 
If we further introduce the angle of twist per unit length𝜙 such that the rotation of any cross 
section can be expressed as 𝜃 = 𝜙𝑥. The displacement components are then expressed as:  
 
(1) 𝑢 = 𝑢(𝑦, 𝑧), 𝑣 = −𝑧𝜙𝑥, 𝑤 = 𝑦𝜙𝑥 
 
(a) (8%) Compute the strain components based on Eq. (1). 
(b) (6%) Assume there exists a scalar function 𝜓 such that 
 

𝜏𝑥𝑦 =
𝜕𝜓
𝜕𝑧 and𝜏𝑥𝑧 = −

𝜕𝜓
𝜕𝑦  

 
Derive the governing equation in terms of 𝜓, 𝐺 and 𝜙. 
 
 

 
Figure 5a: a general structural member with a non-circular section in torsion 

 

ennnonn

ue -_-
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Figure 5b: motion of a point from P to P’ as a result of cross section rotation 

 
 
(a)  (8%) 
𝑢 = 𝑢(𝑦, 𝑧), 𝑣 = −𝑧𝜙𝑥, 𝑤 = 𝑦𝜙𝑥 

εxx =
𝜕𝑢
𝜕𝑥 = 0  , εyy =

𝜕𝑣
𝜕𝑦 = 0  , εzz =

𝜕𝑤
𝜕𝑧 = 0 

𝜀xy =
1
2 (

𝜕𝑢
𝜕𝑦 +

𝜕𝑣
𝜕𝑥) =

1
2 (

𝜕𝑢
𝜕𝑦 − 𝑧𝜙) 

εyz =
1
2 (

𝜕𝑣
𝜕𝑧 +

𝜕𝑤
𝜕𝑦 ) =

1
2

(−𝜙𝑥 + 𝜙𝑥) = 0 

εxz =
1
2 (

𝜕𝑢
𝜕𝑧 +

𝜕𝑤
𝜕𝑥 ) =

1
2 (

𝜕𝑢
𝜕𝑧 + 𝑦𝜙) 

 
(b)  
τxy = 𝐺𝛾𝑥𝑦 = 2𝐺𝜀𝑥𝑦
τxz = 𝐺𝛾𝑥𝑧 = 2𝐺𝜀𝑥𝑧

  

 

𝜕𝜓
𝜕𝑧 = 2𝐺 [

1
2 (

𝜕𝑢
𝜕𝑦 − 𝑧𝜙)]

−
𝜕𝜓
𝜕𝑦 = 2𝐺 [

1
2 (

𝜕𝑢
𝜕𝑧 + 𝑦𝜙)]

  

(4%) 
 

𝜕2𝜓
𝜕𝑧2 = 𝐺 (

𝜕2𝑢
𝜕𝑦𝜕𝑧 − 𝜙)

−
𝜕2𝜓
𝜕𝑦2 = 𝐺 (

𝜕2𝑢
𝜕𝑦𝜕𝑧 + 𝜙)

 

 

∴  
∂2𝜓
𝜕𝑦2 +

𝜕2𝜓
𝜕𝑧2 = −2𝐺𝜙  (2%) 


