
EQUATIONS FROM

ELASTICITYTHEORYd

Introduction

In this appendix, we will develop the basic equations of the theory of elasticity. These
equations should be referred to frequently throughout the structural mechanics por-
tions of this text.

There are three basic sets of equations included in theory of elasticity. These equa-
tions must be satis“ed if an exact solution to a structural mechanics problem is to be
obtained. These sets of equations are (1) the differential equations of equilibrium formu-
lated here in terms of the stresses acting on a body, (2) the strain/displacement and com-
patibility differential equations, and (3) the stress/strain or material constitutive laws.

d C.1 Differential Equations of Equilibrium d
For simplicity, we initially consider the equilibrium of a plane element subjected to
normal stressessx and sy, in-plane shear stresst xy (in units of force per unit area),
and body forcesXb and Yb (in units of force per unit volume), as shown in Figure C…1.
The stresses are assumed to be constant as they act on the width of each face. How-
ever, the stresses are assumed to vary from one face to the opposite. For example,
we havesx acting on the left vertical face, whereassx þ ðqsx=qxÞdx acts on the
right vertical face. The element is assumed to have unit thickness.

Summing forces in thex direction, we have

X
Fx ¼ 0 ¼ sx þ

qsx

qx
dx

� �
dyð1Þ � sx dyð1Þ þ Xb dx dyð1Þ

þ t yx þ
qtyx

qy
dy

� �
dxð1Þ � t yx dxð1Þ ¼0 ðC:1:1Þ

After simplifying and canceling terms in Eq. (C.1.1), we obtain
qsx

qx
þ

qtyx

qy
þ Xb ¼ 0 ðC:1:2Þ
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Similarly, summing forces in they direction, we obtain

qsy

qy
þ

qtxy

qx
þ Yb ¼ 0 ðC:1:3Þ

Because we are considering only the planar element, three equilibrium equations
must be satis“ed. The third equation is equilibrium of moments about an axis normal
to the x-y plane; that is, taking moments about pointC in Figure C…1, we have

X
M z ¼ 0 ¼ t xy dyð1Þ

dx
2

þ t xy þ
qtxy

qx
dx

� �
dx
2

� t yx dxð1Þ
dy
2

� t yx þ
qtyx

qy
dy

� �
dy
2

¼ 0 ðC:1:4Þ

Simplifying Eq. (C.1.4) and neglecting higher-order terms yields

t xy ¼ t yx ðC:1:5Þ

We now consider the three-dimensional state of stress shown in Figure C…2,
which shows the additional stressessz; t xz, and t yz. For clarity, we show only the
stresses on three mutually perpendicular planes. With a straightforward procedure,
we can extend the two-dimensional equations (C.1.2), (C.1.3), and (C.1.5) to three
dimensions. The resulting total set of equilibrium equations is

qsx

qx
þ

qtxy

qy
þ

qtxz

qz
þ Xb ¼ 0

qtxy

qx
þ

qsy

qy
þ

qtyz

qz
þ Yb ¼ 0 ðC:1:6Þ

qtxz

qx
þ

qtyz

qy
þ

qsz

qz
þ Zb ¼ 0

t xy ¼ t yx t xz ¼ t zx t yz ¼ t zy ðC:1:7Þand

Figure C–1 Plane differential element subjected to stresses
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d C.2 Strain=Displacement and Compatibility
Equations

d

We “rst obtain the strain/displacement or kinematic differential relationships for
the two-dimensional case. We begin by considering the differential element shown in
Figure C…3, where the undeformed state is represented by the dashed lines and the
deformed shape (after straining takes place) is represented by the solid lines.

Considering line elementAB in the x direction, we can see that it becomesA 0B0

after deformation, whereu and v represent the displacements in thex and y directions.
By the de“nition of engineering normal strain (that is, the change in length divided by

Figure C–3 Differential element before and after deformation

Figure C–2 Three-dimensional stress element
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the original length of a line), we have

ex ¼
A 0B0� AB

AB
ðC:2:1Þ

AB ¼ dx ðC:2:2ÞNow

ðA 0B0Þ2 ¼ dx þ
qu
qx

dx
� � 2

þ
qv
qx

dx
� � 2

ðC:2:3Þand

Therefore, evaluatingA 0B0 using the binomial theorem and neglecting the higher-
order termsðqu=qxÞ2 and ðqv=qxÞ2 (an approach consistent with the assumption of
small strains), we have

A 0B0 ¼ dx þ
qu
qx

dx ðC:2:4Þ

Using Eqs. (C.2.2) and (C.2.4) in Eq. (C.2.1), we obtain

ex ¼
qu
qx

ðC:2:5Þ

Similarly, considering line elementAD in the y direction, we have

ey ¼
qv
qy

ðC:2:6Þ

The shear straingxy is de“ned to be the change in the angle between two lines,
such asAB and AD, that originally formed a right angle. Hence, from Figure C…3,
we can see thatgxy is the sum of two angles and is given by

gxy ¼
qu
qy

þ
qv
qx

ðC:2:7Þ

Equations (C.2.5) through (C.2.7) represent the strain/displacement relationships for
in-plane behavior.

For three-dimensional situations, we have a displacementw in the z direction. It
then becomes straightforward to extend the two-dimensional derivations to the three-
dimensional case to obtain the additional strain/displacement equations as

ez ¼
qw
qz

ðC:2:8Þ

gxz ¼
qu
qz

þ
qw
qx

ðC:2:9Þ

gyz ¼
qv
qz

þ
qw
qy

ðC:2:10Þ

Along with the strain/displacement equations, we need compatibility equations
to ensure that the displacement componentsu; v, and w are single-valued continuous
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functions so that tearing or overlap of elements does not occur. For the planar-elastic
case, we obtain the compatibility equation by differentiatinggxy with respect to bothx
and y and then using the de“nitions forex and ey given by Eqs. (C.2.5) and (C.2.6).
Hence,

q2gxy

qxqy
¼

q2

qxqy
qu
qy

þ
q2

qxqy
qv
qx

¼
q2ex

qy2 þ
q2ey

qx2 ðC:2:11Þ

where the second equation in terms of the strains on the right side is obtained by not-
ing that single-valued continuity of displacements requires that the partial differentia-
tions with respect to x and y be interchangeable in order. Therefore, we have
q2=qxqy ¼ q2=qyqx. Equation (C.2.11) is called thecondition of compatibility, and it
must be satis“ed by the strain components in order for us to obtain unique expressions
for u and v. Equations (C.2.5), (C.2.6), (C.2.7), and (C.2.11) together are then suf“-
cient to obtain unique single-valued functions foru and v.

In three dimensions, we obtain “ve additional compatibility equations by differ-
entiating gxz and gyz in a manner similar to that described above forgxy. We need not
list these equations here; details of their derivation can be found in Reference [1].

In addition to the compatibility conditions that ensure single-valued continuous
functions within the body, we must also satisfy displacement or kinematic boundary
conditions. This simply means that the displacement functions must also satisfy pre-
scribed or given displacements on the surface of the body. These conditions often
occur as support conditions from rollers and/or pins. In general, we might have

u ¼ u0 v ¼ v0 w ¼ w0 ðC:2:12Þ

at speci“ed surface locations on the body. We may also have conditions other than
displacements prescribed (for example, prescribed rotations).

d C.3 Stress-Strain Relationships d
We will now develop the three-dimensional stress-strain relationships for an iso-
tropic body only. This is done by considering the response of a body to imposed
stresses. We subject the body to the stressessx; sy, and sz independently as shown
in Figure C…4.

We “rst consider the change in length of the element in thex direction due to the
independent stressessx; sy, and sz. We assume the principle of superposition to hold;
that is, we assume that the resultant strain in a system due to several forces is the
algebraic sum of their individual effects.

Considering Figure C…4(b), the stress in thex direction produces a pos-
itive strain

e0
x ¼

sx

E
ðC:3:1Þ

where Hooke•s law,s ¼ Ee, has been used in writing Eq. (C.3.1), andE is de“ned as
the modulus of elasticity. Considering Figure C…4(c), the positive stress in the
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y direction produces a negative strain in thex direction as a result of Poisson•s effect
given by

e00
x ¼ �

nsy

E
ðC:3:2Þ

wheren is Poisson•s ratio. Similarly, considering Figure C…4(d), the stress in thez
direction produces a negative strain in thex direction given by

e000
x ¼ �

nsz

E
ðC:3:3Þ

Using superposition of Eqs. (C.3.1) through (C.3.3), we obtain

ex ¼
sx

E
� n

sy

E
� n

sz

E
ðC:3:4Þ

The strains in they and z directions can be determined in a manner similar to that
used to obtain Eq. (C.3.4) for thex direction. They are

ey ¼ � n
sx

E
þ

sy

E
� n

sz

E
ðC:3:5Þ

ez ¼ � n
sx

E
� n

sy

E
þ

sz

E

FigureC–4 Elementsubjectedtonormalstressactinginthreemutuallyperpendiculardirections
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Solving Eqs. (C.3.4) and (C.3.5) for the normal stresses, we obtain

sx ¼
E

ð1 þ nÞð1 � 2nÞ
½exð1 � nÞ þ ney þ nez�

sy ¼
E

ð1 þ nÞð1 � 2nÞ
½nex þ ð1 � nÞey þ nez� ðC:3:6Þ

sz ¼
E

ð1 þ nÞð1 � 2nÞ
½nex þ ney þ ð1 � nÞez�

The Hooke•s law relationship,s ¼ Ee, used for normal stress also applies for
shear stress and strain; that is,

t ¼ Gg ðC:3:7Þ

whereG is the shear modulus. Hence, the expressions for the three different sets of
shear strains are

gxy ¼
t xy

G
gyz ¼

t yz

G
gzx ¼

t zx

G
ðC:3:8Þ

Solving Eqs. (C.3.8) for the stresses, we have

t xy ¼ Ggxy t yz ¼ Ggyz t zx ¼ Ggzx ðC:3:9Þ

In matrix form, we can express the stresses in Eqs. (C.3.6) and (C.3.9) as

sx

sy

sz

t xy

t yz

t zx

8
>>>>>>><

>>>>>>>:

9
>>>>>>>=

>>>>>>>;

¼
E

ð1 þ nÞð1 � 2nÞ

�

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 � n n n 0 0 0

1 � n n 0 0 0

1 � n 0 0 0

1 � 2n
2

0 0

1 � 2n
2

0

1 � 2n
2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

8
>>>>>>>><

>>>>>>>>:

ex

ey

ez

gxy

gyz

gzx

9
>>>>>>>>=

>>>>>>>>;

ðC:3:10Þ

Symmetry

where we note that the relationship

G ¼
E

2ð1 þ nÞ
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has been used in Eq. (C.3.10). The square matrix on the right side of Eq. (C.3.10) is
called thestress-strainor constitutive matrixand is de“ned by½D�, where½D� is

½D� ¼
E

ð1 þ nÞð1 � 2nÞ

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 � n n n 0 0 0

1 � n n 0 0 0

1 � n 0 0 0

1 � 2n
2

0 0

1 � 2n
2

0

1 � 2n
2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

ðC:3:11Þ

Symmetry
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