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Introduction

� Thermalization (Relaxation to thermal equilibrium): 
 Transition from atypical states  to typical states

߰ ࣩȁ߰ۧ ൌ ��ሺ�ࣩߩ�୲୦ୣ୰୫ୟ୪�ሻ ߰ ࣩ ߰ ് ��ሺ�ࣩߩ�୲୦ୣ୰୫ୟ୪�ሻ 

Universal property in (quantum/classical) many-body systems

However, it is quite nontrivial:

� what kind of systems and which initial states relax to equilibrium,

� what statistical ensembles are realized, if the system thermalizes.

Thermalization process highly depends on datailed data in general.
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Introduction

Nontrivial thermalization process in quantum field theories

� How does higher-form symmetry affect thermalization?
 Consequence for real-time evolution

� What kind of observables distinguish nontrivial thermal equilibriums in 
the presence of non-local conserved quantities?

 It is well-known that local conserved quatities leads to nontrivial 
thermal ensembles.

Motivation in this talk
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Introduction

Thermalization in isloated quantum systems:

Quantum systems without diffusion exhibit unitary time evolutions.
     Non-thermal states remain non-thermal after time evolution?ฺ

� A way to understand this point: consider expectation values of operators

���
௧՜ஶ

߰ሺݐሻ ࣩȁ߰ሺݐሻۧ ൌ ��ሺ�ࣩߩ�୲୦ୣ୰୫ୟ୪�ሻ 

Time average Statistical average 
at thermal equilibrium

Sufficient condition:
      (strong) Eigenstate Thermalization Hypothesis (ETH)

 All eigenstates are thermal.

?

[Deutsch, Phys. Rev. A 43(1991); Srednicki��3K\V��5HY��(���������«@
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Introduction

� If a ሺ݀  ͳሻ-dimensional QFT with a p-form symmetry satisfies 
some reasonable conditions(*), we showed (rather than expect):

 (d-p)-dimensional observables detect the ETH-violation.

Our work

The system does not necessarily relax to the standard 
canonical ensemble.

Note: The (2+1)-dimensional Ժଶ gauge theory enjoys the electric Ժଶ 1-form 
symmetry, and satisfies the conditions(*).

� We numerically demonstrated the argument above in the case of the 
(2+1)-dimensional Ժଶ lattice gauge theory

In particular, the resulting thermal equilibrium is described 
by a Generalized Gibbs ensemble(GGE) taking account of
the Ժଶ 1-form symmetry.
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Eigenstate thermalization hypothesis

ᶅ ֚ off-diagonal ETH 
ᶆ ֚ diagonal ETH

In general, the followings depend on the detail of the system and initial states:
ᶅDoes every initial state relax to some stationary state?

ᶆIf so, is the long-time average described by a thermal ensemble?
ଶࣩߜ ؔ ࣩ ଶ െ ࣩ

ଶ
՜ Ͳ  as  ݐ ՜ λ

ࣩ  ࣩ ୣ୯

Once you assume the ETH, thermalization occurs regardless of the initial 
FRQGLWLRQV«

ሻۧݐሺࣩۦ

t

:H�XVH�WKH�WHUPLQRORJ\�³(7+´�
referring to diagonal ETH in this talk.

*
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Eigenstate thermalization hypothesis

(Diagonal) ETH

Let ߰ Ͳ ൌ σఈ ܿఈ ȁܧఈۧ  (ܪ ఈܧ ൌ ,(ఈۧ: energy eigenstatesܧఈȁܧ
(No degeneracy for the Hamiltonian is assumed.)

ࣩ ൌ σఈ ܿఈ ଶ ఈܧ ࣩ ఈܧ

ఈܧ ࣩ ఈܧ ఈܧ  �� ఈሻܧ୫୧ୡ୰୭�ୡୟ୬୭୬୧ୡୟ୪ሺߩ�ࣩ�

[Deutsch, 1805.01616]

e.g.) Hard core boson:
blue: integrable               ETH

red: non-integrable         ETH
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Higher-form symmetry

� p-form symmetry is characterized by 
    a codimension-ሺ  ͳሻ (unitary) symmetry operator.

In ݀  ͳ -dimensional QFTs, 

ఈܷۦ ܥ ܹ ሚܥ ǥ ۧ ൌ ݁ఈܹۦ ሚܥ ǥ ۧ

  

� Higher-form symmetry has a G group structure (G: abelian group)

ܷఈ ܥ ఉܷ ܥ ൌ ܷఈାఉሺܥሻ

Topological operator

Symmetry operator:
ሺ݀ െ ሻ-dimensional

Charged operator:
dimensional-

Correlation functions are invariant under the continuous deformation of ܥ.

= ݁ఈ �ൈ
ܥ ሚܥ ሚܥ
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Higher-form symmetry

� We consider actions of ܷఈ ܥ  and ܹ ሚܥ  on the Hilbert space
    (space-like symmetry [Gorantla-Lam-Seiberg-Shao, 2201.10589]):

Action on Hilbert space

ൌ ݁ఈ
ܷఈ

ܷఈ
றሺܥ௫ሻܹሺܥ௬ሻܷఈሺܥ௫ሻ ൌ ݁ఈܹሺܥ௬ሻ      ܥ௫ǡ ௬ܥ ؿ ࣧ: space manifold

ܹ ܹ
time

Topological nature of�ܷఈ ǡܷఈܪ ൌ Ͳ        
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ETH breaking by higher-form symmetry

The result implies that the operator ܷ ߛ /ܷሺ ҧߛሻ�may not relax to the 
standard canonical ensemble.

Main claim

We consider a ሺ݀  ͳሻ-dimensional QFT on a spacetime manifold ࣧൈԹ.
The Hamiltonian H is non-degenerate.
The system exhibits a p-form symmetry with the symmetry operator ܷఈ ܥ Ǥ

The operator ܷఈሺߛሻ or ܷఈሺ ҧߛሻ (or both) breaks the ETH if some 
reasonable assumptions(*) are satisfied.
ǡߛ ҧߛ: ሺ݀ െ ߛ  .ሻ-d manifold with boundary, s.t  ҧߛ ൌ ܥ ؿ ࣧ

Setup

e.g.) ࣧ ൌ ܶଶ

 ൌ ͳ  ൌ Ͳ
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ETH breaking by higher-form symmetry
Main claim

The operator ܷఈሺߛሻ or ܷఈሺ ҧߛሻ (or both) breaks the ETH if some 
reasonable assumptions(*) are satisfied.

Assumptions:
i) The operator ܷఈሺ ሚܥሻ can be decomposed as ܷఈሺ ሚܥሻ ൌ ܷఈሺߛሻܷఈሺ ҧߛሻ.

ii) There exist energy eigenstates ܧ ǡ ܧ , with ܧǡ ܧ א ሾܧǡ ܧ  ,ሿܧߜ
     s.t. ܧ ܷఈ ሚܥ ܧ ് ܧۦ ܷఈ ሚܥ .ۧܧ

iii) The microcanonical average ܷఈ ሚܥ ୫ୡ
ఋா ് Ͳ.

ߛ)  ҧߛ ൌ ሚܥ ؿ ࣧ)

Energy level

Symmetry sector
ݍ ൌ 0 1 2

ڭڭ ڭ

ڮ

ܧߜڮ
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ETH breaking by higher-form symmetry

Comments

� The result is especially nontrivial for   ͳǡ since the ETH-violation is 
QRW�GXH�WR�WKH�VPDOOQHVV�RI�³EDWK�´

� Generalization is possible:
ܣ       ݃ ܷఈሺߛሻ or ܣ ݃ றܷఈሺ ҧߛሻ violates the ETH.

ؿሺ݃ሻ: operator defined on a region ݃ሺܣ       ࣧ�ሻ with ݃ ת ҧߛ ൌ ߶

 ൌ ͳ  ൌ Ͳ

Many ETH-violating operators for a fixed ߛ.

12/20



ETH breaking in Ժ lattice gauge theory

Model (2+1)-dimensional Ժଶ lattice gauge theory

The space manifold ࣧ is 2-torus ܶଶ
With Ժଶ electric 1-form
symmetry

Hamiltonian

Ժమܪ ൌ െ 
א�୮୪ୟ୯୳ୣ୲୲ୣ

ܤ�ߣ െ 
א୪୧୬୩

௫ߪ�ߣ

ܤ ؔ ෑ
א୮୪ୟ୯୳ୣ୲୲ୣ�

௭ߪ

Physical Hilbert space
Gauss law constraint:

௫ߪ ൌ ͳ

Constraint on physical Hilbert space

[Fradkin-Susskind, Phys. Rev. D, 17(1978)]
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ETH breaking in Ժ lattice gauge theory

� Wilson line Charged object under the Ժଶ1-form symmetry

� 6\PPHWU\�RSHUDWRU��µW�+RRIW�RSHUDWRU�

ൌ � െͳ

ܷ
ܷற

ܹ ܥ ؔෑ
א

௭ߪ

ܷ כܥ ؔ ෑ
אככ

כߪ
௫

֜ ܹ ܥ ଶ ൌ ͳ

֜ ܷ �כܥ ଶ ൌ ͳ
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ETH breaking in Ժ lattice gauge theory
Symmetry operator can have endpoints

ܷ ഥߛ௫ ؔ ෑ
אכఊೣ

כߪ
௫ ഥߛ௫�: open curve

ܷ ߛ  (local operator) ܷ ҧߛ  (non-local operator)

The ETH for the 1-dimensional operator is broken.

௫ߛ  ഥߛ௫ ൌ ௫: x-cycleܥ

Numrtical calculation for ͷ ൈ ͵ lattice

monopolesx

x
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ETH breaking in Ժ lattice gauge theory
Other operators

ܷ ߛ  (local operator) ܷ ҧߛ  (non-local operator)

Plaquette operator ܤ Double Wilson lines ܹሺܥ௫ଵሻܹሺܥ௫ଶሻ
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Generalized Gibbs ensemble for 
higher-form symmetry
� What is Generalized Gibbs ensemble(GGE)?
    GGE is originally introduced for integrable spin chain.

ࣩ ୋୋ ൌ ǡߚሺߩ�ࣩ��� ߣ ሻ

ߩ ǡߚ ߣ ؔ ݁ିఉ�ு�ିσ ఒ�ொȀܼሺߚǡ ߣ ሻ,
 ܼ ǡߚ ߣ ؔ ���݁ିఉ�ு�ିσ ఒ�ொ

ܳ: (quasi-)local conserved quantity
�³�ߣFKHPLFDO�SRWHQWLDO´

[Pozsgay, 1304.5374; Ilievski HW�DO��������������«@

For integrable systems, GGE is realized as a thermal equilibrium.
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Generalized Gibbs ensemble for 
higher-form symmetry

� The GGE for Ժଶ gauge theory

ࣩ ୋୋ ൌ ߩ�ࣩ��� ǡߚ ߣ Ժమ

ߩ ǡߚ ߣ Ժమ ؔ ݁ିఉ�ுԺమ�ିఒభೣ ିఒమೣ ுԺమȀܼ ǡߚ ߣ Ժమ ,
 ܼ ǡߚ ߣ Ժమ ؔ ���݁ିఉ�ுԺమିఒభೣ ିఒమೣ ுԺమ

௫ܲ ൌ
ଵିሺೣሻ

ଶ
 :   projection to the sector ܷ ௫ܥ ൌ ͳ

To specify ௫ܲܪԺమ ௫ܲ ሺͳۦ , െ ௫ܲሻܪԺమሺͳ െ ௫ܲሻۧ, and ۦ ௫ܲۧ for a given state, 
three chemical potentials are needed.
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Generalized Gibbs ensemble for 
higher-form symmetry
� Numerical analysis of time-evolution

Initial state:  eigenstate of ܷ ௫ߛ �/ ܷ ഥߛ௫ �ൌ ͳ  ,with ܧ א ሾെͷǤͲǡ െ͵ǤͲሿ.

The thermal ensemble for Ժଶ gauge theory is given by  the GGE.
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Summary and outlook
We analytically showed

� Higher-form symmetry affects thermalization.

� p-form symmetry leads to ሺ݀ െ .ሻ-dimensional ETH-violating operators

In the case of Ժଶ lattice gauge theory

� The ETH for dipole-exciting operator ܷሺ ҧߛሻ is broken.

� Thermal equilibrium is given by the GGE taking account of Ժଶ 1-form 

symmtry rather than the canonical ensemble.
Outlook

� Effect on entanglement spectrum

� Implication to finite-temperature phase transition

� Demonstration for other QFTs

 Ժே  gauge theory, 8����JDXJH�WKHRU\��68�1��JDXJH�WKHRU\«

 VXSHUFRQGXFWHU��VXSHU�IOXLG«

EWF«

1-dimensional
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Backups
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Introduction

Higher-form symmetry
A generalized concept of conventional global symmetry:
In ݀  ͳ -dimensional QFTs, p-form symmetry is 
characterized by ሺ݀ െ .ሻ-dimensional topological operator

It has similar properties as conventional symmetry
e.g.)
� Selection rule

� SSB

� Anomaly

Nambu-*ROGVWRQH¶V�WKHRUHP
Identification of low-energy effective theories

Identification of phase structure

[Kapustin-Seiberg-Gaiotto-:LOOHWW�����������«@

22/20



Eigenstate thermalization hypothesis
Finite-size scaling analysis:

ȟஶ ࣩ ؔ ���
Ǣ�ாאሾாǡఋாሿ

ܧ ࣩ ܧ െ ࣩ ୫ୡ
ఋா ܧ �

ȟஶ ࣩ ՜ 0 as ܸ ՜ λ           The ETH for ࣩ is satisfied

To evaluate the validity of the ETH quantitatively, we consider

[Sugimoto-Hamazaki-Ueda, 2005.06379]

 ȟஶ ࣩ ൌ ݊ଵ݊ଶ ՜ Ͳ

[Deutsch, 1805.01616]

23/20



Eigenstate thermalization hypothesis
ETH and local/non-local conserved quantities

�  Local conserved quantity: sum of local operators

                                 ܳ ൌ σ௦ǣୱ୧୲ୣς ǁ௦ି௦ ஸ ࣩ ǁ௦            :k-local

                                    ሻݔ�ॊሺݔ݀

� Non-local conserved quantity: otherwise

                                  ܳ   ଶݔଵ݀ݔ݀ ǥ ॊሺݔଵǡ ଶǡݔ ǥ ሻ

Conserved quantity ܳ: ܪǡܳ ൌ Ͳǡ   (H: Hamiltonian)

in continuum

(k is independent of 
 the system size.)

In the system size ܸ ՜ λ limit, local conserved quanties typically behaves 
as extensive variable: ܳ ൌ ܱሺܸሻ.

Treatment of Non-local conserved quantities is quite subtle,
i.e., it requires going beyond conventional statistical mechanics.

Violation of the ETH
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Higher-form symmetry

� We consider actions of ܷఈ ܥ  and ܹ ሚܥ  on the Hilbert space
    (space-like symmetry [Goranta-Lam-Seiberg-Shao, 2201.10589]):

Action on Hilbert space

ൌ ݁ఈ
ܷఈ

ܷఈ
றሺܥ௫ሻܹሺܥ௬ሻܷఈሺܥ௫ሻ ൌ ݁ఈܹሺܥ௬ሻ      ܥ௫ǡ ௬ܥ ؿ ࣧ: space manifold

ܹ ܹ
time

Topological nature of�ܷఈ ǡܷఈܪ ൌ Ͳ        

Continuous symmetry
Discrete symmetry

Local conserved quantity
Non-local conserved quantity

These topological operators typically lead to the following:
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ETH breaking by higher-form symmetry

Sketch of the proof

Main claim
The operator ܷఈሺߛሻ or ܷఈሺ ҧߛሻ (or both) breaks the ETH if some 
reasonable assumptions(*) are satisfied.

� If the ETH for ܷఈ ߛ  is violated, the claim holds.

� We consider the case ܧ ܷఈ ߛ ܧ  ܧ ܷఈ ߛ ܧ  ܷఈ ߛ ୫ୡ
ఋா .

� By ii), there exist eigenstates ȁܧۧ and ȁܧۧ�of H, s.t., ܧǡ ܧ א ǡܧ ܧ  ܧߜ  and
ܷఈ ሚܥ ܧ ൌ ݁ఈ ܧ ǡ ܷఈ ሚܥ ܧ ൌ ݁ఈȁܧۧ

݁ఈ ് ݁ఈ

ߛ)  ҧߛ ൌ ሚܥ ؿ ࣧ)

ሻۧߛఈሺܷۦ

Energy

ܧ
ܧ
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ETH breaking by higher-form symmetry

Sketch of the proof

Main claim
The operator ܷఈሺߛሻ or ܷఈሺ ҧߛሻ (or both) breaks the ETH if some 
reasonable assumptions(*) are satisfied.

� Noting ܷఈିଵ ҧߛ ൌ ܷఈ ߛ ܷఈିଵ ሚܥ

ߛ)  ҧߛ ൌ ሚܥ ؿ ࣧ)

ሻۧߛఈሺܷۦ

Energy

ܧ
ܧ

ఈሺܷۦ ҧߛሻۧ

Energy

ܧ

ܧ

ൈ ݁ఈ
ൈ ݁ఈ

The ETH for ܷఈ ҧߛ  is broken.
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ETH breaking by higher-form symmetry

Comments

� For charged operators, the ETH always holds.

ܹ ଵܥ ൌ ݁ఈڄ୪୧୬୩ሺభǡమሻ ܷఈ
ற ଶܥ ܹ ଵܥ ܷఈ ଶܥ ൌ ݁ఈڄ୪୧୬୩ሺభǡమሻ ܹ ଵܥ

݁ఈڄ୪୧୬୩ሺభǡమሻ ് ͳ� ֜ � ܹۦ ଵܥ ۧ ൌ Ͳ

� Since the discrete symmetry typically leads to non-local conserved 
quantities, it means the ETH-violation caused by non-local conserved 
quantities.

Beyond the conventional statistical mechanics
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ETH breaking in Ժ lattice gauge theory
Finite-size scaling

ͷ ൈ ͵ lattice

Blue line: 
Deviation ȟஶ ܷ ഥߛ௫
for total symmetry sector

ȟஶ ࣩ ؔ 
���

Ǣ�ாאሾாǡఋாሿ
ܧ ࣩ ܧ െ ࣩ ୫ୡ

ఋா ܧ �

Ͷ ൈ ͵ lattice
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Generalized Gibbs ensemble for 
higher-form symmetry
� GGE for Ժଶ gauge theory

ࣩ ୋୋ ൌ ߩ�ࣩ��� ǡߚ ߣ Ժమ

ߩ ǡߚ ߣ Ժమ ؔ ݁ିఉ�ுԺమ�ିఒభೣ ିఒమೣ ுԺమȀܼ ǡߚ ߣ Ժమ ,
 ܼ ǡߚ ߣ Ժమ ؔ ���݁ିఉ�ுԺమିఒభೣ ିఒమೣ ுԺమ

Redefining the chemical potentials, 

ߩ ǡߚ ǡߣ �ߤ Ժమ ൌ ݁ିఉ�ுԺమ�ିఒሺೣሻିఓሺೣሻுԺమȀܼ ǡߚ ǡߣ ߤ Ժమ ,
 ܼ ǡߚ ǡߣ �ߤ Ժమ ൌ ���݁ିఉ�ுԺమିఒሺೣሻିఓሺೣሻுԺమ

௫ܲ ൌ
ଵିሺೣሻ

ଶ
 :   projection to the sector ܷ ௫ܥ ൌ ͳ

To specify ௫ܲܪԺమ ௫ܲ ሺͳۦ , െ ௫ܲሻܪԺమሺͳ െ ௫ܲሻۧ, and ۦ ௫ܲۧ for a given state, 
three chemical potentials are needed.
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Generalized Gibbs ensemble for 
higher-form symmetry
� Numerical analysis of time-evolution

Initial state:  eigenstate of ܷ ௫ߛ  / ܷ ഥߛ௫ ൌ ͳ  ,with ܧ א ሾെͷǤͲǡ െ͵ǤͲሿ.

The thermal ensemble for Ժଶ gauge theory is given by GGE.
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Generalized Gibbs ensemble for 
higher-form symmetry
� GGE for general discrete (abelian) group G

ࣩ ୋୋ ൌ ߩ�ࣩ��� ǡߚ ߣ ǡ ሼߤሽ

ߩ ǡߚ ߣ ǡ ߤ ؔ ݁ିఉ�ுିσసభ
ಿషభ ఒିσసభ

ಿషభ ఓுȀܼ ǡߚ ߣ ǡ ሼߤሽ ,
 ܼ ǡߚ ߣ ǡ ሼߤሽ ؔ ���݁ିఉ�ுିσసభ

ಿషభ ఒିσసభ
ಿషభ ఓு

ܲ: projection to each symmetry sector
ܰ: number of symmetry sector ȁܪௗି ࣧǡܩ ȁ

At least for the operator ܷఈ ߛ �or ܷఈ ҧߛ , the thermal ensemble is 
given by this GGE for the total symmetry sector.

Assume that the canonical ensemble is realized for each symmetry sector.
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