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Our topology 
is identical!
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Band theory (topology)

Gauss-Bonnet Theorem: TKNN theorem: Topological 
invariant number

Math => real space Phys => momentum space

Bloch wavefungenusGauss 
curvature

�
𝑆𝑆
𝐾𝐾𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝑑𝑑𝑑𝑑 = 4𝜋𝜋 1 − 𝑔𝑔 1

2𝜋𝜋
�

𝑚𝑚=𝑜𝑜𝑜𝑜𝑜𝑜

�
𝐵𝐵𝑍𝑍
𝑑𝑑2𝑘𝑘 𝛻𝛻 × 𝑖𝑖 𝑢𝑢𝑚𝑚 𝛻𝛻 𝑢𝑢𝑚𝑚 = 𝑛𝑛

𝐻𝐻 = �
𝑖𝑖

(−1)𝜏𝜏𝑖𝑖𝑀𝑀𝑐𝑐𝑖𝑖
†𝑐𝑐𝑖𝑖 + 𝑡𝑡1�

𝑖𝑖𝑖𝑖

𝑐𝑐𝑖𝑖
†𝑐𝑐𝑗𝑗 + ℎ. 𝑐𝑐. + 𝑡𝑡2 �

𝑖𝑖𝑖𝑖

𝑒𝑒𝑖𝑖𝜙𝜙𝑖𝑖𝑖𝑖𝑐𝑐𝑖𝑖
†𝑐𝑐𝑗𝑗 + ℎ. 𝑐𝑐.

Haldane model (2D honeycomb lattice)

𝑀𝑀 = 0.7, 𝑡𝑡1 = −1, 𝒕𝒕𝟐𝟐 = 𝟎𝟎 𝑀𝑀 = 0.7, 𝑡𝑡1 = −1, 𝒕𝒕𝟐𝟐 = −𝟎𝟎.𝟐𝟐𝟐𝟐
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𝐶𝐶 = 0 𝐶𝐶 = 1 Berry 
curvature

Ref: PRL61, 2015 (1988)

Berry curvature
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Band theory (topology)
Bulk-boundary correspondence

The gapless boundary state is the hallmark of topological phase

Surface/Interface

Z2=0 Z2=1

p

s p
s

Ref: Rev. Mod. Phys. 82, 3045 (2010)
Ref: Rev. Mod. Phys. 83, 1057 (2011)

gap gapgapless
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Topological non-trivial state

Gapless topological 
boundary state

Topological 
invariant number

Bulk-boundary 
correspondence

Bulk property Edge property
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k-vector

Valence 
band (VB)

Conduction 
band (CB)

k-vector
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2D ℤ2 topological insulator 
(Quantum spin Hall insulator)  

Topological invariant 
number: ℤ2 index (ℤ2 = 1) Gapless edge band

Bulk VB

Bulk CB

Chern number, ℤ2 index, ℤ4
index, winding number…etc

Spin-up 
edge band

Spin-down 
edge band
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Topological non-trivial state

Symmetry breaking 
perturbation gap

Protected 
by time
reversalEn

er
gy

k-vector
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k-vector

If we consider ….

Is this system topologically trivial?

 Band structure (symmetry): trivial

 Feature Spectrum Topology: non-trivial

2D ℤ𝟐𝟐 topological insulator
(Quantum spin Hall insulator)

Bulk VB

Bulk CB

Bulk VB

Bulk CB
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Outline

 Feature Spectrum Topology

 Material realization

 Topological nontrivial state (with) symmetry protection
2D ℤ2 topological insulator (Quantum spin Hall insulator) 

Kane-Mele model
Feature-energy duality

Multilayer Bi4Br4

The central question of this talk: If the boundary state no
longer connects the valence band and the conduction band,
is this system topologically trivial?
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𝐻𝐻0 = 𝑡𝑡�
𝑖𝑖,𝑗𝑗 𝛼𝛼

𝑐𝑐𝑖𝑖𝑖𝑖
† 𝑐𝑐𝑗𝑗𝑗𝑗 +

𝑖𝑖𝜆𝜆𝐼𝐼
3 3

�
𝑖𝑖,𝑗𝑗 𝛼𝛼𝛼𝛼

𝜈𝜈𝑖𝑖𝑖𝑖𝑐𝑐𝑖𝑖𝑖𝑖
† 𝑠𝑠𝑧𝑧 𝛼𝛼𝛼𝛼𝑐𝑐𝑗𝑗𝑗𝑗

Kane-Mele model (2D honeycomb lattice)

Intrinsic SOC

Kane-Mele model w/o Rashba SOC

𝐻𝐻0 =
𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄+ 0

0 𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄−

Matrix form
| ⟩↑ | ⟩↓

| ⟩↑
| ⟩↓

Basis

𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄 Haldane Hamiltonian
(2x2 matrix)

Band structure Spin-up (𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄+ ) Spin-down (𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄− )

𝑆̂𝑆𝑧𝑧-conserved

| ⟩↑ 𝑉𝑉𝑉𝑉 and | ⟩↓ 𝑉𝑉𝑉𝑉
separated

En
er

gy

k-vector k-vector k-vector

Ref: PRL95, 226801 (2005)、PRL95, 146802 (2005)

Band doubly 
degenerate Single Band Single Band
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Kane-Mele model w/o Rashba SOC

Spin-up 
Chern number 

𝐶𝐶𝑠𝑠↑ = 1

Spin-down 
Chern number 

𝐶𝐶𝑠𝑠↓ = −1

Spin-up (𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄+ ) Spin-down (𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄− )

𝐶𝐶𝑠𝑠 =
(𝐶𝐶𝑠𝑠↑ − 𝐶𝐶𝑠𝑠↓)

2
= 1

ℤ2 = 𝑚𝑚𝑚𝑚𝑚𝑚 𝐶𝐶𝑠𝑠, 2 = 1

Spin Chern number (𝐶𝐶𝑠𝑠)
Bulk-boundary 
correspondence 𝐶𝐶𝑠𝑠↑ = 1 𝐶𝐶𝑠𝑠↓ = 1

Gapless edge bands

En
er

gy
k-vector

Kane-Mele model is a quantum spin Hall insulator

𝐶𝐶 =
1
2𝜋𝜋

�
𝑚𝑚=𝑜𝑜𝑜𝑜𝑜𝑜

�𝑑𝑑𝑘𝑘2 𝛻𝛻 × 𝑖𝑖 𝑢𝑢𝑚𝑚 𝛻𝛻 𝑢𝑢𝑚𝑚Chern number: Bloch wavefun of VB
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Kane-Mele model (𝒯𝒯-broken)

𝐻𝐻𝑀𝑀 = 𝐻𝐻0 − 𝑖𝑖
2
3
𝜆𝜆𝑠𝑠𝑠𝑠 �

𝑖𝑖,𝑗𝑗 𝛼𝛼𝛼𝛼

𝜇𝜇𝑖𝑖𝑐𝑐𝑖𝑖𝑖𝑖
† 𝒔𝒔 × �𝒅𝒅𝒊𝒊𝒊𝒊 𝛼𝛼𝛼𝛼

𝑧𝑧
𝑐𝑐𝑗𝑗𝑗𝑗 + 𝑀𝑀�

𝑖𝑖𝑖𝑖
𝑐𝑐𝑖𝑖𝑖𝑖
† 𝑠𝑠𝑧𝑧𝑐𝑐𝑖𝑖𝑖𝑖 − 𝑙𝑙�

𝑖𝑖𝑖𝑖
𝜇𝜇𝑖𝑖𝑐𝑐𝑖𝑖𝑖𝑖

† 𝑐𝑐𝑖𝑖𝑖𝑖

Kane-Mele model (2D honeycomb lattice)

Rashba SOC: off-diagonal terms 
(break 𝑆̂𝑆𝑧𝑧 symmetry)

Zeeman exchange field 
(break 𝒯𝒯)

𝐻𝐻𝑀𝑀 =
𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄+ + 𝑀𝑀 −𝐻𝐻𝑅𝑅

𝐻𝐻𝑅𝑅 𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄− − 𝑀𝑀

| ⟩↑ | ⟩↓
| ⟩↑
| ⟩↓

Rashba SOC

Basis

Kane-Mele
(𝑆̂𝑆𝑧𝑧 conserved)

Matrix form

𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄 Haldane Hamiltonian

Zeeman

Band structure 

En
er

gy

k-vector
| ⟩↑ 𝑉𝑉𝑉𝑉 and | ⟩↓ 𝑉𝑉𝑉𝑉 mixed
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Kane-Mele model (𝒯𝒯-broken)

Band structure Spin-up (𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄+ ) Spin-down (𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄− )

En
er

gy

k-vector k-vector k-vector

decompose

𝐻𝐻𝑀𝑀 =
𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄+ + 𝑀𝑀 −𝐻𝐻𝑅𝑅

𝐻𝐻𝑅𝑅 𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄− − 𝑀𝑀

| ⟩↑ | ⟩↓
| ⟩↑
| ⟩↓

Rashba SOC

Basis
Matrix form

𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄 Haldane Hamiltonian

Zeeman

How to deal with topological phase in this model?

Edge bands

gap

En
er

gy

k-vector
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Feature Spectrum Topology
Band structure: 

�𝐻𝐻| ⟩𝜓𝜓𝑛𝑛𝑛𝑛 = 𝐸𝐸𝑛𝑛𝑛𝑛| ⟩𝜓𝜓𝑛𝑛𝑛𝑛

Hamiltonian eigenstate

Band structure

Feature Spectrum Topology: 

�𝔽𝔽𝑂𝑂� ��𝜓𝜓𝑚𝑚𝑚𝑚 = 𝑂𝑂𝑚𝑚𝑚𝑚� ��𝜓𝜓𝑚𝑚𝑚𝑚

Feature operator
Feature eigenstate�𝔽𝔽𝑂𝑂 = 𝑃𝑃 �𝑂𝑂𝑃𝑃

Quantum 
operator

Projector (project to 
the occupied state)

� ��𝜓𝜓𝑚𝑚𝑚𝑚 = �
𝑖𝑖=𝑜𝑜𝑜𝑜𝑜𝑜

𝑎𝑎𝑖𝑖| ⟩𝜓𝜓𝑖𝑖 𝑉𝑉𝑉𝑉

eigenvalue

The nature of 
band topology 
mainly comes 
from valence 
electron

𝐶𝐶 =
1
2𝜋𝜋

�
𝑚𝑚=𝑜𝑜𝑜𝑜𝑜𝑜

�𝑑𝑑𝑘𝑘2Ω𝑚𝑚

Feature eigenvalue

𝑂𝑂 𝑚𝑚
𝑚𝑚

Feature spectrum 

𝐸𝐸𝑛𝑛𝑛𝑛 | ⟩𝜓𝜓𝑛𝑛𝑛𝑛

𝑂𝑂𝑚𝑚𝑘𝑘 � ��𝜓𝜓𝑚𝑚𝑚𝑚

Topological invariant number: Feature Chern number

Ref: E. Prodan PRB 80, 125327 (2009), H. Lin arXiv:2310.14832v1 (2023)

Sectors
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Feature Spectrum Topology

ℏ/
2

Band structure (w/o Rasba SOC) Feature spectrum

Band structure (w/ Rasba SOC, w/o 𝒯𝒯) Feature spectrum

� ��𝜓𝜓𝑚𝑚𝑚𝑚 = 𝑎𝑎| ⟩𝜓𝜓𝑘𝑘 𝑉𝑉𝑉𝑉1 + 𝑏𝑏| ⟩𝜓𝜓𝑘𝑘 𝑉𝑉𝑉𝑉2

Feature 
eigenstate

eigenstate 
of VB1

eigenstate 
of VB2ℏ/

2

�𝔽𝔽𝑠𝑠𝑧𝑧 = 𝑃𝑃𝑆̂𝑆𝑧𝑧𝑃𝑃 (2x2 matrix)
Feature operator

�𝐻𝐻 (4x4 matrix)
Kane-Mele model Projected 𝑆̂𝑆𝑧𝑧 onto the 

VB of the KM model

upper sector→ | ⟩↑ 𝑉𝑉𝑉𝑉

lower sector→ | ⟩↓ 𝑉𝑉𝑉𝑉
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Feature Spectrum Topology
ℏ/

2
�𝔽𝔽𝑠𝑠𝑧𝑧 = 𝑃𝑃𝑆̂𝑆𝑧𝑧𝑃𝑃

Feature operator

Feature spectrum

𝐶𝐶𝑠𝑠+ = 1

𝐶𝐶𝑠𝑠− = −1

Wilson loop

= 𝐶𝐶𝑠𝑠 =
(𝐶𝐶𝑠𝑠+ − 𝐶𝐶𝑠𝑠−)

2
= 1

Spin Chern number (𝐶𝐶𝑠𝑠)
from feature eigenstates
(feature Chern number)

Kane-Mele model (with Rasba SOC and break 𝒯𝒯) is still a QSHI

PRB109, 155143 (2024)
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Feature Spectrum Topology

Gapless topological 
boundary state

Topological 
invariant number

Bulk-boundary 
correspondence

Bulk property Edge property

𝐶𝐶𝑠𝑠 =
(𝐶𝐶𝑠𝑠+ − 𝐶𝐶𝑠𝑠−)

2
= 1

Spin Chern number
(feature Chern number)

gap

En
er

gy
k-vector

?
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Edge Feature Spectrum
Edge feature bands

Feature 
edge state

Feature 
bulk state

1D ribbon structure

ℏ/
2

PRB109, 155143 (2024)

Finite 
size

En
er

gy

k-vector

Edge bands (w/o 𝒯𝒯)

Bulk VB

Bulk CB

gap

𝐶𝐶𝑠𝑠 =
(𝐶𝐶𝑠𝑠+ − 𝐶𝐶𝑠𝑠−)

2
= 1

Spin Chern number
(feature Chern number)

Spin-up sector

Spin-down sector
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Edge Feature Spectrum
Edge feature bands (w/o 𝒯𝒯)

Edge feature bands (w/ 𝒯𝒯)

ℏ/
2

ℏ/
2

En
er

gy

k-vector

En
er

gy

k-vector

Edge bands (w/o 𝒯𝒯)

Edge bands (w/ 𝒯𝒯)

Feature 
edge state

Feature 
bulk state

Feature 
bulk state

gapless

PRB109, 155143 (2024)

Bulk VB

Bulk CB

Bulk VB

Bulk CB

gap
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Feature-energy duality

Feature-energy duality: Total number of gapless edge states on
the band structure, combined with the non-trivial edge states
in the feature spectrum, equals the spin Chern number of QSHI.

# of gapless 
edge states

0

1

+

En
er

gy

k-vector

En
er

gy

k-vector

1

0 𝐶𝐶𝑠𝑠 = 1

=

𝐶𝐶𝑠𝑠 = 1

Spin Chern
number

# of gapless 
edge states

FeatureBand

ℏ/
2

ℏ/
2

PRB109, 155143 (2024)

(w/o 𝒯𝒯) (w/o 𝒯𝒯)

(w/ 𝒯𝒯) (w/ 𝒯𝒯)or
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Multilayer Kane-Mele model

Bloch eigenstates:
ℤ2 index oscillates between 
1 and 0 for odd and even 
number of layers, 
respectively.

Feature eigenstates:
Spin Chern number 𝐶𝐶𝑠𝑠
exhibits linear increases 
with the number of layers.

Multilayer Kane-Mele model

PRB109, 155143 (2024)
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Material realization Bi4Br4

Quasi-1D structure Same as multilayer Kane-Mele model

PRB109, 155143 (2024)
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Material realization Bi4Br4

𝐶𝐶𝑠𝑠 = 3, ℤ2 = 1𝐶𝐶𝑠𝑠 = 2, ℤ2 = 0𝐶𝐶𝑠𝑠 = 1, ℤ2 = 1
Bilayer Bi4Br4 Trilayer Bi4Br4Monolayer Bi4Br4

Bands

Feature

ℏ/
2

# of gapless 
edge states

1

0

0

2

1

2ℏ/
2

ℏ/
2

gap

Topo
SS

Topo
SS

gaplessgap0

2

# of gapless 
edge states

# of gapless 
edge states

gapless

PRB109, 155143 (2024)



Conclusion
Kane-Mele model
(𝑆̂𝑆𝑧𝑧 conserved)

Spin-up Spin-down

𝐶𝐶𝑠𝑠 =
(𝐶𝐶𝑠𝑠↑ − 𝐶𝐶𝑠𝑠↓)

2
= 1

Spin Chern number 
(Bloch eigenstate)

Gapless boundary states 
in the band structure

Rashba SOC
w/o 𝒯𝒯 Kane-Mele model

(w/ Rashba SOC)
(w/o 𝒯𝒯)

�𝔽𝔽𝑠𝑠𝑧𝑧 = 𝑃𝑃𝑆̂𝑆𝑧𝑧𝑃𝑃 Feature 
operator

Sz is no longer a 
good quantum number

𝐶𝐶𝑠𝑠 =
(𝐶𝐶𝑠𝑠↑ − 𝐶𝐶𝑠𝑠↓)

2
= 1

Spin Chern number 
(Bloch eigenstate)

Gap boundary states in 
the band structure

gapless

gap

ℏ/
2

Feature spectrum

𝐶𝐶𝑠𝑠 =
(𝐶𝐶𝑠𝑠↑ − 𝐶𝐶𝑠𝑠↓)

2
= 1

Spin Chern number 
(feature eigenstate)

Gapless boundary states 
in the feature spectrum

ℏ/
2

Feature-energy duality
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Thank you ! To see a world in a grain of sand … －William Blake
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