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|. Introduction to quantum geometry

1. Concept of guantum geometry
(Classical) geometry studies the properties of objects in real space

o

-

1

e.g., distance, area @

and curvature etc. A A
5 2‘2',’ )!/
Figure from [Bruno, \Z__Z'__,‘/;
cond-mat/0506270 (2005)]

Quantum geometry

In quantum physics, eigenvalues and eigenstates of the Schrédinger equation fully
describe the physical behavior of a system. Let us assume Hamiltonian has a
parametric dependence and the Schrddinger equation is

H (), (1) = £,/ (1)
where k iIs the d-dimensional real parameter.
Quantum geometry studies the geometric structure of the eigenstate space.




Quantum distance, metric tensor and gauge invariance

Upon a small variation of parameter dk , the distance between two neighboring

quantum states [Provost & Vallee, Commun Math Phys 76 (1980) 289]

2
d32 = ‘ Wn(HdK) — Vol = <5an | 51//nK> [Ma et al., PRB 81 (2010) 245129]
_ a b __/..n - a b [Resta, Eur Phys J B 79 (2011) 121]
- <aaW”K | aawn“ > di"dx = (7ab (K) 10, (K))d Kol [Cheng, arXiv:1012.1337 (2013)]

Since (0,0, | 0.0, ) is Hermitian, 5, =, o =—0r,, ondxdx® =0.
s b ] i _ _ [Note: 6, =0_ ]
Thus, ds® =y, dx"dx” and y looks like the metric tensor. :

However, y,, is not gauge invariant. Instead, one can define the gauge invariant metric

02 () = 72 (k) — Al (k) A ()
where A] (k) =i(y,, (x)|0,w,. (x)) is the Berry connection.

Thus, g,, (k) measures the distance between two quantum states
In Projected Hilbert space PH = H/U(1) while measures the ‘
distance of “bare states” in Hilbert space H.

The "geodesic quantum distance” between two quantum states k, and x,, Is given by

V) =15 [ 930K dx"

(Vo



Berry curvature and guantum geometric tensor (Hermitian metric)
One can define the gauge invariant "quantum geometric tensor" (QGT) as

Q2 () = (O | 0o ) = (Ot e [ W) (Wi | 0ot ) = Gy () + i, ()
with g, (k) = Re Qg (k) and o, (k) = Im Qg (k).
Since <aaWnK |an><§”nx |abl)”m<> Is real, [Xiao, Chang & Niu, RMP 82 (2010) 1959]

ng (K) — Im ng (K) — Im <aal//nk | 8anK> — _L[<aaWnK | aanK > o <8bl//nx | aal//mc >:|

z

=—%[@A?(x)—abA:(K)] 0L ). Berry phase_I"_,

Thus, Qg (k) = g5, (k) - _an(K)

where Q, (k) is the Berry Curvature.
QGT can be rewritten as  [Resta, Eur Phys J B 79 (2011) 121]

oy W | 0H 0 W) (W [0,H 09 1) =g Ad
(?ab(K)_n;1 [8 (K) c (K)] ZJSQ°dS
Ve | 8,H 0 1) e |8, H ) 1) | B
W
Th n — 2| nK a MK MK L [Carollo et al., PhysRep
us, Q. (k) =-21Im n;] P (K)] 838 (2020) 1]




2. Electronic band theory of solids Band geometry

Band theory of electrons in solids £ (structure of eigenvalues)
developed by Bloch in 1928, is one of Energy bands E,

most successful theories in condensed
matter physics.

It provides a simple way to classify ouf
- - - | H .
solids into insulators, metals, S e oL - Diptancs: ...

semiconductors and semimetals.

Curvature: Mass

It allows us to evaluate the dynamical
properties of electrons in a solid needed

In the semiclassical transport theory, e.g., K > ,
momentum, group velocity and mass. k
L Group velocity v(k) = 1V,(E(k)
Before 1980’s, studies in condensed h 1 PE(K)
matter physics focused almost Effective mass [M*(k)],, =+ PR
a’ b

exclusively on the geometry of
eigenvalues (Bloch energy bands) of the
Schrodinger equation.



3. Quantum geometry in solid state physics

Quantum geometry studies the geometric structure of Bloch functions in a band. It
focus on the (Q)ands which may have nontrivial geometric quantities.

[Torma, PRL ag, o |o (a) Atoms in a solid form a lattice with each
;iéégf]z‘g) Sl unit cell having 2 orbitals & and . The |@)and
1 | B) states are orthogonal and the geometry of
@ o |o the eigenstate space is the same as that of
ib) Tl quantum _ Nontivalcanum Bloch sphere (b), which illustrates how two
P 2 — sets of identical band dispersions can have very
} e Ngwo | K different quantum metric, i.e., g = 0 (left) and

e U S Pa g = 0 (right).

_____

o)
In recent years, it has been predicted that quantum geometry governs a variety of

phenomena in solids. Studies of quantum geometry help to better understand nature,
solve outstanding puzzels and also lead to new discoveries (e.g., see PRL 131 (2023)
240001 and also some talks in this workshop).

In the rest of this talk, I will present several examples of my own interest to illustrate
how the guantum geometry may dominate the responses of a solid to both static and

optical electromagnetic fields.



I1. Responses of solids to static electromagnetic fields

1. Linear Hall effects due to Berry curvature
Electron dynamics in electromagnetic fields

Classic version [e.g., Book by Aschroft & Mermin, 1976]
potoa(k) o _Cp_fip-®
h ok h h h or h

B h . [Chang & Niu, PRL 75, 1348 (1995);
erry pnase Correction ;.o chang & Niu, RMP 82, 1959 (2010)]

~1og,(k eoV(r) e,
) @Ii ) +kxQ 2 (K), k== 7 8I(‘ )—%pr, [Xiao, Yao&Niu,vPRL99, 236809 (2007)]
ou ou,,. Y
Qn(k):—lm< al:k | x| oK > (Berry curvature) ) X X AV
Symmetry of Berry curvature I N e
’ g Y D G
Under T-symmetry: Q (-k)=-Q_(k) w I o T o8
Under P-symmetry: €,(-K)=Q, (k) AN SR SN S
Both T & P-symmetry: Q_(kK) =0 (b) k. (z/2)

(a) Energy bands and (b) Berry curvature of
a graphene sheet with broken P-Symmetry.



Anomalous Hall effect
Semiclassical transport theory

j=[d’k(-er)g(r.k), g(r.k)="f(K)+5(r k) O

%K)  kx=25K _er o
hok nok  h

2
j=——Ex[d’Kkf ()@~ [d°k5f (k,T)
(Anomalous Hall conductancé} (ordinary conductance) Anomalous Hall effect

L. A
Anomalous Hall conductivity [Yao, etal., PRL 92(2004) 037204] M

o, =J,/E, :—§Id3k2 f (&, (K)Q (K)

Z 2Im(nk|v, |mk){mk |v, | nk) : /I A
Qn(k):_;‘ < (a)k _wf )2 ??v/ K

8z, (K)

Ab initio calculations

Oy, (S/cm) | theory Exp.

bcec Fe 7502 1030 a[Yao, et al., PRL 92 (2004) 037204]
hcp Co 4770 480 b[Wang, et al., PRB 76 (2007) 195109 ]
fcc Ni 1066 | -1100 | C[Fuh, Guo, PRB 84 (2011) 144427 ]




Integer quantum Hall effect

Hall conductance for a 2DEG in a magnetic field B

_& ==, K

For a 2D electronic system, the BZ is a torus.

Thus, Gauss-Bonnet theorem indicates
-[BZ dede [Q(kx’ ky)]z (k) = -[S Q(k) . dS = 27Z'C,

where C is an integer (TKNN or Chern number).

This would give rise to the quantized conductance O‘XHy

observed in integer quantum Hall effect

[Thouless et al., PRL49, 405 (1982)]

2D Brillouin zone




Spin Hall and orbital Hall effects [Guo, Yao, Niu, PRL 94, 226601 (2005)]

Similarly, spin (orbital) Hall conductivity can be ~ [Guoetal, PRL100, 096401 (2008)]

calculated from spin (orbital) Berry curvature,
2

/ H / /
SO J;O/ ) .[ 3Zf(nk)QZSO(k)
(27)
Spin Berry y Im<nk|{o- V3 nkn)(n'k v, [nk)
Q7 (k)= Z— (SHE)
Curvature n¢n 2(‘C"nk _gn'k)z
p 2 Im(nk [{l,,v,}|n'kn)(n'K|v, |nk)
OAM Berry . k)=~ < 2< y (OHE)
curvature e (Eak = Eni)
4Predlcted Iarge SHC in Pt metal ) £ a0p
Prediction 5 | | e [E | LA POl
oy = 2100 (h/e)(S/cm) 2 = F2 2"
1 = = 1 o of —1 — ' l ]
Experiments: ° 3 1° O
- == - 3000 F
oy = 1700 (h/e)(S/ecm) % -2& = H42 ki
Z 3 = q43 - F !

[Liu et al, PRL 106, o 4 = 54 E 20— | |
036601 (2011)] & Op 3 EDGE sl T i e S
- ! = ER=SrI
[Hoffmann, IEEE Trans. :g 3 :; SN

Mag. 49 (2013) 5172] 9 3 Ep of
-10 ; ) =-10 500
11 ] —|||||||||||||—_11
W L r X W r 20 0 20



2. Nonlinear anomalous Hall effect due to Berry curvature dipole
2
Anomalous Hall conductivity (AHC) o, =J, /E, = _% [EESRICH)eH(S)
For a T-even noncentrosymmetic solid, Q_ (k) =-Q_(k) and fn(gn (-k)) = f(g,(K)).
Thus, AHC is zero.

However, breaking the occupation symmetry at k and —k, can be provided by the
nonequilibrium distribution g(k) due to an applied electric field E.

In the constant relaxation time approximation, g(k) = f(gk)—%TE RECH)
e’

This leads to the Hall current given by j®H — Z}(abcE E_where y, =&, — " D,.,
d°k d d
with Berry curvature dipole Dy, =—| 20y ;ab flen) = | (2 ) 0,00,
a Anomalous Hall effect € Nonlinear Hall effect
This is the famous NLHE in T-even ] =i
noncentrosymmetric solid by Sodermann and Fu. 14 C T P
[Soldemann & Fu, PRL 115, 216806 (2015)] ( M

| L
4
Berry curvature x

- - -+ d 4
[Ma et al., Nature K,
565, 337 (2019)] Lk



[11. Nonlinear optical responses of solids

1. Nonlinear optical (NLO) responses of solids
[Nonlinear optics by Boyd (2003) ]  [Principles of NLO by Shen (2003)]

Linear and nonlinear photocurrents
@, , W
‘s = o ) o+a,+-+o,

J(a)z) =a" El (a)l) +o'? E1 (a)l)Ez (602) +o® El (wl)Ez (a)z)Es (0)3) +---

(1) Under P-symmetry operation, (2) In a nonmagnetic P-symmetric
Jr) = —J(-r); E(r) = —E(-r). material, the lowest NLO response of

I rd_
Thus, even-order NLO responses can occur 'S the 3%-order NLO effect

only in noncentrosymmetric materials.



2. Bulk photovoltaic effect (BPVE) [aka photogalvanic effect (PGE)]

Photovoltaic effects

Conventional photovoltaic effect (linear response)

g _ [ Jalaja + Dutta, review,
- = Metallic

“©)=  soer radition Conductng strips  AdV. Mater. Lett. 6 (2015) 568]

7 A Photon-light
| / \‘ - Conduction Band
Electron Flow

. Approx.
Glass G‘DD.SBVDC ..............

Pho@on

b

p type

— ———— . — —————
+

|—
i
3
m
il
=
m
o =
[ |
3
-3
gm
m[ﬂT
= =
0
s}
3
=
—
<
<
@
+ +
[ U

-ve Electrons /

B
/ P-type Silicon / Valence Band
Substrate Base
+wve Holes

PV Cell Symbol Space Charge Region

Conventional p-n junction semiconductor privtovonaic sular cens

+



Bulk photovoltaic effect (or BPVE) (Second-order NLO response)
dc photocurrent generation due to the (2"-order) NLO response of P-assymmetric solids

Joe =302 (0;0,~0)E, (0)E, (o) = 3 0 (0; 0, ~0)E, () E, ()"

Four types of BPVE photocurrents [Ahn, Guo & Nagaosa, PRX 10 (2020) 041041]
Light polarization

Joe =Re[opcEE,]

:%Re[a;%c](EbEﬁ Eb*Ec)% Im[o2)(E,E, ~E,'E,)

Non-helical Helicity-dependent
Re[c2*]: "Linear" BPVE. Im[c55 ] "Circular” BPVE.
Figure from Possible for any polarization: ~ Impossible for linear and
[J. Ahn] {ear/ci - unpolarized light
Linear/circular/unpolarized P 9

Carrier mean free time <
Shift current J, = Z—T oC —j e(R, — R lign:-

— —%

Figure from
[M. Nakamura]

*>— o »—

__— dJ
Injection current J, ; = Tt oC r.[ (Ve = V) Light - v,
[Sipe & Shkrebtii, PRB 61 (2000) 5337] k= .
C

[Young & Rappe, PRL 109 (2012) 116601] Momentum




Perturbation theory of nonlinear photocurrents
[Aversa & Sipe, PRB 52 (1995) 14636; Ahn, Guo & Nagaosa, PRX 10 (2020) 041041]

Consider a monochromatic electric field of the form
E(t) =E(w)e ™ + E(-w)e'"", with E(-w) = E*(w),
and light-matter interaction by the electric dipole Hamiltonian I—AIint =eE(t)-r .

Phenomenologically, the dc photocurrent density from the 2"d-order BPVE is
J¢ =052 (0;0,-0)E,(0)E, (-0); oga =04 +ous.

inj

Within the independent particle approximation the injection current conductivity is

r2me’
hz j(z)zfnm(v _V)nmmn ( )

a_ 1 L
Here group velocity V; =%5 ¢,(K). And the shift current conductivity is

i ize’
(O @, C()) _.-(272_)32 1:nm( mn mnc nmc mn)g( —Cl)).
Here interband position matrlx element = <ka [P |9 ) = (U 10,Upr ) = Ay,
its generalized moment derivative r ., == ab 2 (A A

Ao, =i(U, |,u,) (Berry connection), f,, = f, — f, and he,, =&, (K)—¢,(K).

c:ab c:ab

o =T Ow,—w)=-—
Mo ( )

inj




Complete quantum geometric meaning of BPVE Generalized Bloch sphere

Quantum geometry of two-band Dirac Hamitonian
= geometry of generalized Bloch sphereE

[Ahn, Guo & Nagaosa, PRX 10 (2020) 041041] 4
H (k) = f, +Z f (K)o, ,(i=Xx,Y,2);
folu)=xflu), f=0 )"

0 CD Parallel transport
= s A~ ;A
( L o Y Christoffel symbols
\_Z—\ X X
Wikipedi ‘ ' d “‘ “\ rl]l‘ = ei * ajel‘
ikipedia \ \ ~ A il A
e—\E Ly =n-¢;x0e

DIStanCE dS2 - gldfldf 1 A Figure: Nagaosa and ;donmolo./\dv Mater. (2017)
'ZJ: S Fu=2f228ukfk-

0 = — (5..—f.f.) ‘ r ——i(fkg..+flg )

bog2\ Symplectic form Uk f2 ! Ik

metric tensor 1
:E(ajg @ T0;9—0;9 jk)’

~ 1 I\Im
Lk :EFn(g 1)I ijk'

]



do

*'k

|nJ

cab(

hao, (k)

) (K
41‘“‘

f:BZ — §°

N

k-space <«
metric tensor
. = Re[r,
[l = k 0
Berry curvature
of, of,
Q. =-2Imlr, ’
)= 3 50 b

Christoffel sysmbol of 1st klnd

boa :_(a gba+8 Ooc — abgca)

symplectlc Christoffel sysmbol

1 “1yde
= Ede (g 1)d 1_‘eca

Hermitian connection

r

bca

metric tensor g;;

: measure distance
Rank-2 sym tensor

symplectic form F i

. measure area
Rank-2 antisym tensor

Christoffel sysmbol of 1st kind
1
ruk :E(ajgki +akgij _aigjk)

symplectic Christoffel sysmbol
1 1y
= E F (9 1)| ijk

ijk

Hermitian connection

Cbca Fou uo c 1_‘bca - il:Wbca Cijk = 1_‘ijk - il:‘ijk
Here 0 = occupied, u =unoccupied.
o B r27e’ ¢ d’k B
0 0, -w)=- 72 I(Z ) ( =V )Qbaé( —a)), Qba - gba_EQ
ize® o d’k
O , Ct)) 2 _[ (272_)3 (Cbca ach )5( )

ba*

[1)



Thus, the injection and shift current conductivities can be written in quantum geometric quantities.

3 2
ciab T27e" ¢ c c
inj,L — $2 (272.)3 (Vu _Vo)gbaé‘(a)uo _a))'
3 2 -
c:ab e’ ¢ dk , . . [
O-inj,C - 2 3 (Vu _Vo)Qbaé(a)uo —C()), Qba - gba __Qba'
n? J(2n) 2
3 3
c:ab we ¢ d k ~ ~
O = hz J (27[)3 (Fbca + 1—‘acb)é‘(a)uo - C()),
3 3
c:ab e ¢ d k
Oghec =~ hz } (272_)3 (Fbca _Facb)é(a)uo _ C())
Linear injection Circular injection Linear shift Circular shift
T-symmetric x v’ v’ x
PT-symmetric v’ x x v’
Broken T v’ v’ v’ v’
Geometric quantities | Quantum metric Berry curvature Symplectic Christoffel | Christoffel symbols of
symbols ,~ first kind
(9ap) (Qap) (. (I'acp)
Quantum metric tensor Quantum geometric connection B
Qap = Jap — 192y, /2 Cach =T ach ~1Tah
Divergence O(rwd-3) O(w?*)




Quantization of circular injection current in chiral Weyl semimetal

Note: (v ~V£)3(@, ~ ) =, 2. (6,0) - &, (k) (@, ~)
=(0,m,,)0(w,, —w) =0.0(w,, — ).

cab _ e’ o dk C \C
O-inj,C - hz Jez (272_)3 (Vu _Vo)Qbag(a)uo _a))
e’ ¢ d’k e’ d 2k
= [0 O(w, —o)]Q,. = ———("-6)Q, ..
hz Je7 (272_)3 L~c ( uo )] ba hz J.0)u0=0) (272_)3( ) ba

Here n is the surface normal vector, € is the unit vector of Q, ..
[de Juan et al., NC 8 (2017) 15995]

For a single Weyl cone,

2
1 d_kB(ﬁ.é)Qba _C.
271 Y 0=0 (27[)
C is the chiral charge of the Weyl node.

In a chiral Weyl semimetal, the energy levels
of the Weyl nodes may be different, and thus
quantized circular PVE may occur,

Jinj X TClhern X Ljight




LLarge BPVE conductivities due to the divergent behavior of the geometric
quantities near the topological points in topological semimetals

Let us consider ferromagnetic Electronic band structure

noncentrosymmetric PrGeAl 2 o .

[Tsuzuki et al., JPSJ 37 (1974) 1242] €& 1_—

Physical properties T N\ 1
> 0o X T AR~ O

DOS(E;) = 0.133 states/eV/f.u. 5 [0 7"\ P';rGe).\' ]
WoF Do L i

1+ Lo =
m"" = 1.89ug, ' /] .
Mo 238K O A
! I r
mJot = 1,91, s !

_ [Ahn, Guo & Nagaosa, PRX 10 (2020) 041041]
m"r = 1.89ug (exp.)



Energy (eV) Energy (eV)

Energy (eV)

Band dispersions near the Weyl nodes

V/ T = SN\

I
)

Energy (eV)
=

=
2

<
)

Energy (eV)
=

-0.2

0.2

Energy (eV)
=

! -0.2 -
02 0 0202 0 0202 o0 o2 02 0 0202 0 02-02 0 02
q,(2n/a) q,(2n/a) q,(2n/a) q,(2n/a) q,(2/a) q,(2n/a)
W, 0.4903  -0.0084 0.0269 5004 |
W, 0.0150 02550 02170  67.41 I [Ahn, Guo & Nagaosa,
PRX 10 (2020) 041041]
W,2 02570  -0.0160 02170 6212 I
W, 0.1600 02040  -0.0030 53.88 |
W2 0.1680 02690  -0.0042 7193 |

W,2 0.175 0.2190 0.0125 -29.55 I



Calculated photoconductivities and geometric quantities

1 I T | T I I | —
i I "7 5 04 7
2 o5kl @ PrGeAl EC ]
= circular shift currenty & 0 -
~  0f ——— 2 E ]
E — xyz E w -04 ! ! —
L 05 — ZXY| —  F | ' .
E oo | T . c::-f 0 A.. : : 'A_-
- (b} linedr shift clrrént 4 ‘o Xy ]
E 0.5 4 = — Xz i
E 1 o : — ¥z B
ﬂ ] A L L L
‘-f 1 20F " T 7
b — XXz 1 9% - (f) " b .
'?.T_DS — FXX ] o _ H f H 3
€ H, 2zz| | 1 o 0F = .
| — I — T - B ‘II: . — Yz .
_ 4 injéct'tnn curreht 7 2 . b — ZX :
3 1 w20 P — XYy =
25 4 e
ﬂv mi :{ 10 | E E
0y 0 —— Re(xyz)[ g 0E : : *"h' ]
. — Imixxz) || 7] = - — XyZ ]
— o -10 :— N Zx}\' _:
L T T L

S [ — & [ = '
22 s 10 ! -
P S = ! .
g b 2 0 : :
2 1F o ]
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C - .

2 =" -10
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Ené?gy (eV)



2
circular shift current 2
1 o= Eyp, :
0 .
— XyZ .
-1 — Xy |
d
3k (b) linear shift current
.: u =E §
2 WP1 3
1 3
0 —
XXZ §
-1 — ZXX |3
_2 E Ll - | [ ;—:ZEI =
6 :—il‘IIjEI:I:tiE.'Irr'I current A ]
C(h/t = 10meV) .
0

T 7 11
PrGeAl
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i— E u:EWP] i | _E
F(9) 1 u=Eyy, |
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I = Xyz
- | — zxy| | L E
(h) | R={Egp, E
u iy ulk N
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- | — xxz .
i — zxx -
2

qz(Em’a)



3. Riemannian geometry of nonlinear optical responses

[Ahn, Guo, Nagaosa & Vishwanath, Nat. Phys. 18 (2022) 290]
m

H_ =-p-E(w) =¢E(w)-r.

int
(@)= 2 0™ ™ (@@, 0 )E*(0)E* ()
kK n,m A .
[ rmn = <l//mk ‘r‘ l//nk> = <umk ‘Iék‘unk>
L ¢ (k)—¢,(k) Band structure

Interaction between electron and light: electric dipole Hamiltonian T
| (WA fv,) = eET,,

n

Nonlinear optical conductivity: Function of

Interband position matrix element (r,,,) contains all information on quantum geometry.

In differential geometry, tangent basis 0, U(K)
vector associated with k; is written as 0, ‘

. . d, U(K)
Position operator f ~ io, D
IS a tangent vector on some manifold.

Observation: I, =tangent vector on manifold of /
cell-periodic Bloch states.



Manifold of the cell-periodic Bloch states (M)
Manifold of cell-periodic Bloch function M = U(N)/U(1)N

é‘mn = rmnl um><un|

a

CWCA

[Ahn, Guo, Nagaosa & Vishwanath,

o Xl Nat. Phys. 18 (2022) 290]

CHICA /

UN/(1)™

N2-dim space of NxN matrices

Transition between a pair m and n: 1-dim tangent subspace of M.

Constructing Riemannian geometry space by defining inner product and (Hermitian) metric

Natural inner product of matrices: Example
. - - b I I P

Hilbert-Schmidt inner product A= (f:': Z',;).B= (,;" ,Z")

< s 21 22
_ i .
(A’ B) — Tr(A , B) (A, B) = a}\ by, + a¥,by, + a}\by, + ajiby Euclidean inner product

- - 227-= in complex 4D

Hermitian metric =@&",e")=r,r..

(aka, quantum Anm

: e
geometric tensor) a

ro Uy (U, | and ()" =rs.



[Ahn, Guo, Nagaosa & Vishwanath, Nat. Phys. 18 (2022) 290] ém=r_luXu)

Constructing connection (parallel transport) éra
anm ZC "+ T2 EM +hla, i gm
Yo, |U1><Ll2| |
Covariant derivative < ,
V&= Zcb . /
2 VIO

Hermitian connectlon

(@7, VM) = b a Second-order connection

bca e badc (Anm Vdvcénm) nm mn cd
This construction clarifies the Hermitian curvature
geometric meaning of the (Complex Riemann CUfV&thE)
“generalized derivative”, K Sargc _ Dt?:c]jc . Dgarrgd
O, =[6, —iA,0],,. =(&" (VyV, =V VM.

It is related to the Berry curvature F by

nm m n
Kbadc T nm mn(ch ch)'
(Riemann curvature tensor)



Optical manifestations of Riemannian geometry of quantum states
[Ahn, Guo, Nagaosa & Vishwanath, Nat. Phys. 18 (2022) 290]

Hermitian metric (Q®), quantum metric (g,,) and Berry curvature (F™)
In linear and second-order nonlinear optical processes

1
ba ba ba __ ba __
Qnm T nm mn gnm _E an’ gnm _ERe[rnmrmn + rnm mn] an __Im[ nm mn nm mn]'

Linear optical conductivity

oo a)62 a
b(a)) - 2V ZZ fnm nm mn _a)) — Zh—z\/czk:Z fanr?ma(a)mn _a))'

n,m

Second-order NLO injection current conductivity

b 727ze 2'27ze
|$1]a (Cl)) ZZ fnmACmn I‘-nm rmn mn —C()) - ZZ 1:nm ﬁm —C()),
AL =V =V
onic(@) = e ZZ f A, o — ) (Circular injection current) b
|nj C nm mn nm ) J

o° ab ((0) _ 2'272'9 ZZ fnm ngnaé(a) )’ (Linear injection Current)

|nJ L



Hermitian connection (C*®), Christoffel symbols (r*?, 1°%), contorsion
tensor (K>*) in second-order NLO processes

[Ahn, Guo, Nagaosa & Vishwanath, Nat. Phys. 18 (2022) 290]
Second-order NLO shift current conductlwty

c al |7Z'e ca achby\*
b(a)) - o C())( nm mn c nm c mn ZZ fnmé(a)mn —C())(C:m o (Cnmb) )

cknm

nm

[Hsu, You, Ahn & Guo PRB 107 (2023) 155434]

Here one can find Con = rd - =(Tpm —ilpm ) + K22, where K =Cm — (T —il o).
o5 (@) =- '”e (T =10 m) + Ko = (0 = i00) - KW (@, — @),

Therefore,
o (@) =— Zﬂe (IR T MK + K2 S(w, — ),  (Linear shift current)
Tgre (w)——lzjze ZZ foun (Com = Lo — RE[K = K6 (@, — @) (Circular shift current)

Comparison Wlth the results of two-band Dirac Hamiltonian indicates that the
contorsion tensor (K**) terms result from multiband correction.



Third-order photovoltaic Hall effect and Riemann curvature tensor (Kaa

a =
Joc = |:O-Hall + Opir (a))] Eg.

/ \ (00,0, -0) [ x-pol.

Ordinary Hall conductivity Third-order

photovoltaic Hall

/ conductivity =
GPVH (CO) 6 Z (TI(DjVeII-tI)C (01 O’ @, _a)) Eb (CO) EC (60) jxvﬂ__i} /y

a,b,c

‘Ail

’vv'
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Table 1| Properties of the third-order photoconductivity tensors
Response Jerk Injection Injection Shift Shift
linear linear circular linear  circular [Ahn, Guo, Nagaosa & Vishwanath,
Photovoltaic ~ No Yes Yes Yas Yes Nat. Phys. 18 (2022) 290]
Hall effect
Tor PT Yes Mo Yes Yes No

symmetry




Circular PVHE of 3D massive Dirac fermion
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V. Summary

1. Quantum geometry concerns the geometric structure quantum
state space, e.g., qguantum distance, metric and curvature. The
quantum geometry approach has led to better understanding of
electrical transports in solids, e.g., AHE, SHE, QHE, and also to
the discovery of exotic phenomena, e.g., SHE, NLHE.

2. Two-band Dirac Hamiltonian and ab initio calculations reveal giant
2nd-order nonlinear photocurrents in topological semimetals due to the
divergent behavior of geometric quantities near the Dirac and Weyl
nodes.

3. By identifying transition dipole moment matrix elements as
tangent vectors, one can construct a Riemannian geometry for
resonant optical processes, thus showing that optical responses of all
orders are manifestations of the geometry of quantum state space.
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