Uijki

O J
Symmetry properties of the Coulomb interaction tensor

and their implications in correlated electron systems
NCTS-iITHEMS Joint Workshop on Matters to Spacetime:

&
Symmetries and Geometry o
A ; August 26, 2024 et
= RIKEN ' : .
p.R""-N w Quantum Steffen Backes ITHEMS CEMS

Collaborators:

Amanda Konieczna
Roser Valenti

GOETHE @

UNIVERSITAT

AAAAAAAAAAAAAAA

Antoine Georges Min-Jae Kim Ryotaro Arita

RPN

(:__ ’ THE UNIVERSITYOF Tokyo CEMS




wikipedia.org/wiki/
Horseshoe_magnet

Problem of interest Material properties: Magnetiom
Considered to be governed J

Original image: P. Kim, Columbia Univ. ) )
by electronic properties!

Superconductivity

wikipedia.org/wiki/Meissner_effect

* Problem: Solid state materials are interacting many-electron systems
* Any study requires drastic but sensible approximations

ﬁ> Use simpler model systems and apply sophisticated solution techniques
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* Project onto a low-energy space with a localized (Wannier) basis |7)

1

Heffective — Z<i‘HO|j>C;LngG + 5 Z <ij|VCoul‘kl>clfgc;r'glcla’cka

13,0 1jkl,o0’

* All matrix elements can in principle be obtained
(approximately) using ab-initio methods specific
for each model, defined by the basis |7)

 Solution not possible in general
— Use approximations What about the
— (Dynamical) mean-field theory, etc. Interaction?



Interaction term U, ;

1

Coulomb interaction ~ —
r

Screening effects outside of the low-energy space reduce
effective interaction further

Often reasonable approximation: local Uijkl !
N&?&QN ( 27kl on same atomic site)
@ o © ®
+U  +U

Starting point for many methods:
Local density approximation+U, dynamical mean-field theory
(DMFT), random-phase approximation (RPA), ...




Multi-orbital Hubbard model

H _ "‘ « Hubbard,, Proc. R. Soc. London, Ser. A 276, 1365 (1963)
— t 1 C Crr electron Kanamori, Progress of Theoretical Physics 30(3), 275, (1963)
rr'CragCbr’o hopping”

rr’,o Model for correlated electron systems

1 (cuprates, perovskites, nickelates, ...)
—|_§ E <7’.7 |VC’oul ‘kl> C, s ]g/ Clo'Cko
1jkl, oo’ ~ _ =N
On-site orbital ’ _ Particle Z I srange
indices ¢, J, k, [ Electron-Electron Interaction: @ k 1 i o \ %
cE IR 5 “, o
@ L g8 % cei
Convention: [ =8 super- '
1jkl 5 B conductivity
Uz] kl — 7/.7 ‘VCOul ‘kl> _ | doping
® 2 ] Qin et al., Annual Review of Condensed
Particle Matter Physics, 13, 275-302 (2022)
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Common definition:
Uii — U’L’LZ’L (intra)
U’ = U, (inter)
JZ] = U j; (Hund)

Standard Interaction Terms

1
Hipt = E Uii”z‘T“ﬂ + 5 E U / Moo Density-Density type (Hartree)
1

1#£],0
Intra-orbital Inter-orbital / Questions: \

* Which of the N,

f Jf terms vanish due to
E Jij(=NioNjo + CisCjsCiaCio) ¢
?,75 o 4 ~ symmetry? (3d: 5% = 625)
ol | spin— flip .
, High-spin Hund’s rule *  What about real materials?
Hund'’s type <
(Fock) *  What is the effect of U,
3 — E Jij Czcr wcjgcjg —|—7 \on electronic propertiesy
\ 1753 o pair—hopping Ribic, Assmann, Téth, Held, PR 90, 165105 (2014)

See also: Zhang et al., PRL 116, 106402 (2016)
Hausoel, et al., Nat. Comm. 8, 16062 (2017)



Symmetry of the Coulomb Tensor

* Coulomb tensor must obey the symmetry of the atoms’ environment

cubic Tg¢i (?“) _ Z F@gj %- (7“) Tg Point-group operation g
v d

J 9 Matrix-representation of
O tJ irreducible representation

g :
@ @ Uijkl — E Tfalﬂ?bUabchichd h Invariant under symmetry

transformation!
abcd

* Symmetry properties restrict the form of Uz'jkl

E.g. t,g manifold (cubic) Coulomb matrix elements in multi-orbital Hubbard models,
o J. Biinemann, F. Gebhard
Umm — Ujj44 V’L, ] J. Phys.: Condens. Matter 29, 165601 (2017)



I Symmetry of the Coulomb Tensor

Rewrite as:

o = (i  k[) | combined index
Ua — ZQZﬁUB where * a (ZJ ) ]
5 O, =TY ®T9% aTY Ty

- U is an Eigenvector with Eigenvalue A = 1 of (29

* Physical operators (such as U)Ilveln . ﬂElgA 1[@9]
» Idea: Construct basis of M !

Due to symmetry: [dim[M | < dim[Q9 ]] m) U can be parametrized
by dim[M] parameters!




I Symmetry of the Coulomb interaction

* We construct basis of M = m Eig,_,[QY]
g
veV, dim|V]|=n<d eg d=625forsoritals

* And basis of complement space
we W (wlvy =0, dimW|]=d—n
* Then

U; = <”U@"U>, 71 independent Coulomb
parameters



Symmetry of the Coulomb interaction
(Ul\ «  Full U reconstructed from

minimal set u;

« Uj in general arbitrary linear

o o 02 o o o u
. combinations of Uk

MU = 0

, ) : * Physical intuitive parameters
' Uiiii, Uiji; etc., canbe
\ 0 ) chosen as n indep. parameters

Mirank = M lu=U by partial transform & back-
transform

-
]

- Uijki = Uxjii etc. can be
implemented in the same way



I Symmetry of the Coulomb interaction

* Symmetries independent of crystal structure?

Uijkt = (17| Veoul |kl 1

71 — 72

VCoul (741, 7“2) ~
_ / U5 (1) (2) Vot (1, ro)n (1 o (ra)dry e

= (Ji|Veoul|lk) = Ujik
— <kl‘VCoul|ij>* — Ul;klij

Uijkl = Ukjil can be exploited by U(ka-l) = QgU(ijkl)



* Spherical symmetry (free atom): 3

Minimal set of parameters for d sheli

(#129/625 nonzero) )

when using
Slater form with

/ F?/F* =8/5
—’Only Uavga Javg

*  Cubic O, (SrV0Os, NiO): 10 (#129/625 nonzero) Same form of
Coulomb tensor
* Tetragonal D4, (Sr.RuQy) : 23 (#129/625 nonzero) (except lifting of

* Tetragonal D4 (FeSe, BaFezAs;) : 23 (#129/625 nonzero) )

degeneracies)

* Tetragonal (o, (La;CuOy) : 66 (#313/625 nonzero)

Density U, U’

Hund J

Nonzero Elements (except Can):

111, )17,

1JJts 113,

T T

)’j( 2-index

~ (cjcr + ¢ ci)n; «—3-index17k], 17kk s-index} only between eq-tzg

“correlated” inter-orbital hopping



(Using constrained RPA: Aryasetiawan et al., PRB 70, 195104 (2004) )

Interaction term for real materials (3d)
NiO (cubic) SrVO, (cubic)

Usj ~ 4 — 6eV Uij ~ 2.5 —3.5eV

Jij ~ 0.5 —0.8eV Jij ~ 0.4eV Jij ~ 0.4 —0.6eV
Uikir ~ 0.3eV Uikjr ~ 0.2eV Uikjr ~ 0.2eV
Uijkr ~ 0.2eV Uijkr ~ 0.1eV Uz’jkk ~ 0.1eV

Uijkzl ~ 0.2 —0.3eV Uijkl ~ 0.1 —0.2eV U’ijkl ~ 0.1 —0.2eV



Some actual examples

* Photoemission spectroscopy (PES)

* Accessible via Green's function: ) i
photon
E QS 2 source
)=y Exa|d GO
w + ZO+ — EN Egs)
* Typical spectrum: )
4 | | | | !
35 PES —
i i
= 25 N
s 20 i
c 1.51 : M : sample
05— “ 7
0 ' '
-8 6 4 2 0 2 4

https://en.wikipedia.org/wiki/Photoemission_spectroscopy
Energy [eV]



3d shell, N¢=5, isolated atom toy model

* Dens.-dens. ground state:

Single electron addition/removal spectrum high spin|T|t|T|1T|1
i n=05 -~ N=5 I_ dlen_Sli’[y — | ¢ Full 4-index ground state:
+spinf./pairh. - - high/low spin degenerate
i ” f“”ﬂuijkl"' IR

47 Hund's coupll
i 3 | +4J Hund's couplmg}AE 0
—4J spin-flip

-
o
=
O
-
>
(S
©
-
fd
O
O
Qo
p)

i ; | © Uijri: restores symmetry
| J L o J L | e.g. (SiS;) = (s7sy)
-7 6-54-3-2-1 012 3 4 5 6 7 GSdegeneracyenhanced,

See also: but spectrum identical
U, avg — 47 Javg = 0.8eV Q) [eV] Haule, Kotliar, NJP, 11, 025021 (2009) P

O = N W H~ O01 OO N
|




3d shell, N¢=3, isolated atom toy model

Density-Density interaction * Dens.-dens. ground state

Single electron addition/removal spectrum breaks spin-rotational

nz=00 " ' ' N3 ' = ' 2 invariance & orbital sym.

ne. 2=0.25 )4252

22 2 —yPay xz yz

B 3.5 3.504.004.0 -
35 4.2 3.7 3.7]z° -
35 42 49 3.7 3.7y
40 3.7 3.7 3.7[%*
4.0 3.7 3.7 3.7 4.9V

Uij =

* pairhop/spinflip + 3-index
terms still break orbital
symmetry
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* Full U;jr; restores sym.
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Uavg -

3d shell, N¢=3, isolated atom toy model

Density-Density + pairhop/spinflip
Single electron addition/removal spectrum

né_OOI | IN=I3 | | | 22
_n2 2_025 2 T2 -

5 -4 -3 -2-1 01 2 3 4 5 6 7

* Dens.-dens. ground state
breaks spin-rotational
invariance & orbital sym.

22 2 —yPay xz yz

49 35 35 4.0 4.0’
35 49 42 3.7 3.7 -y
35 42 49 3.7 3.7y
4.0 3.7] 3.79&8 3.7|~:
4.0 3.7 3.7 3.7 4.9Y*

Uij =

* pairhop/spinflip + 3-index
terms still break orbital
symmetry

* Full U;jr; restores sym.



All 3-index terms
Single electron addition/removal spectrum
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SO == N W B~ O O

4 -3 -2
Usvg = 4, Japg = 0.8V

n,2=0.18 - N=3
i nxz_y2=0.18
=037
Xz — 1
ny, = 0.37

Uij =

0 1
® [eV]

3d shell, N¢=3, isolated atom toy model

Dens.-dens. ground state
breaks spin-rotational
invariance & orbital sym.

22 2 —yPay xz yz

B 3.5 3.504.004.0 -
358 4.2 3.7 3.7]2° -y
35 42 49 3.7 3.7y
40 3.7] 3.7 3.7*?
4.0 3.7 3.7 3.7 4.9Y¢

pairhop/spinflip + 3-index
terms still break orbital
symmetry

Full U;;r; restores sym.
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3d shell, N¢=3, isolated atom toy model

Full 4-index Uijkl

Single electron addition/removal spectrum

n2=0.0" | " N=3 ' ' 22

- n.,2.2=0.5 ? 2 T2

X y X _y —

n.., = 0.5

N = 0.5 Xy =-=-°
nXZ - - X7 ——
n..=0.5

| \ :

: /| M

* Dens.-dens. ground state
breaks spin-rotational
invariance & orbital sym.

22 22

iy x2z yz

49 3.5
3.5 4.9
3.5 4.2
i 3.7
4.0 3.7

Uij =

3.5
4.2
4.9
8.0
Bl

4.0
3.7
3.7
4.9
Bl

4.0|z*
3.7z — 92
3.7y
3_7 €Tz
4,99~

* pairhop/spinflip + 3-index

terms still break orbital

symmetry

Full U;;r; restores sym.



NiO: Ni 3d, N,=8, atom toy model

NiO d-d atomic model with crystal field splitting
No oxygen p included
Density-Density interaction

Half-filled e,, full s

* Dens.-dens. interaction

10 | | | | | | | I | |

- ‘ reproduces ey gap but
S 8 wrong spectral weights
O
E 6 * spin-flip/pair-hopping
— improves t,;, weight
©
43 4 (eg symmetry broken)
[,
c%— 2 * 4-index interaction terms

0 induce ~0.1-0.2eV shifts

'8 '7 '6 '5 '4 '3 '2 '1 O 1 2 3 4 5 For charge-transfer discussion, see:

(and refs therein)
_ _ Photoemission (PES) data: Zaanen, et al., PRL 55, 418 (1985)
Uavg — 5-37 Javg = 1.0eV ® [eV] G. Sawatzky, J. Allen, PRL 53, 24 (1984)  Schuler, et al., PRB 71, 115113 (2005)



NiO: Ni 3d, N,=8, atom toy model

NiO d-d atomic model with crystal field splitting
No oxygen p included
Density-Density + pairhop/spinflip

- Half-filled e, full s

* Dens.-dens. interaction
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NiO: Ni 3d, N,=8, atom toy model

NiO d-d atomic model with crystal field splitting
No oxygen p included
All 3-index terms

Half-filled e,, full s

* Dens.-dens. interaction

10 | | | | | ‘ | |

- ‘ reproduces ey gap but
o 8 wrong spectral weights
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(and refs therein)
L . Photoemission (PES) data: Zaanen, et al., PRL 55, 418 (1985)
U(wg o 5’37 Javg = 1.0eV Q) [eV] G. Sawatzky, J. Allen, PRL 53, 24 (1984)  Schuler, et al., PRB 71, 115113 (2005)



NiO: Ni 3d, N,=8, atom toy model

NiO d-d atomic model with crystal field splitting
No oxygen p included
Full 4-index Uz’jkl

Half-filled e,, full s

* Dens.-dens. interaction

10 T T T T T T

- reproduces ey gap but
o 8 wrong spectral weights
(3]
S 6 * spin-flip/pair-hopping
— improves t;, weight
©
43 4 (eg symmetry broken)
o)
c%— 2 * 4-index interaction terms

0 induce ~0.1-0.2eV shifts

'8 '7 '6 '5 '4 '3 '2 '1 O 1 2 3 4 5 For charge-transfer discussion, see:

(and refs therein)
L . Photoemission (PES) data: Zaanen, et al., PRL 55, 418 (1985)
U(wg o 5’37 Javg = 1.0eV Q) [eV] G. Sawatzky, J. Allen, PRL 53, 24 (1984)  Schuler, et al., PRB 71, 115113 (2005)



Further applications

* Projection provides efficient MU = u compression
compression of data onto minimal set [J — M_lu decompression
according to the symmetry of the system
(Storage)

* Applies to any local two-particle quantity in orbital representation:
— Only the independent parameters need to be calculated
(Susceptibility, Vertex functions, etc. )

* Explicit symmetrization matrices available for restoring symmetry
(Numerical errors, identify effect of symmetry breaking)



Conclusion -
19kl

« Symmetry of the crystal environment restricts  ©/ j
the form of the Coulomb interaction (sparse)

* Symmetry allows parametrization of full U;jx; with a minimal
parameter set

* Without full U Artificial breaking of symmetries, artificial
ordered states, wrong multiplet positions

* Strongly correlated materials: spin-flip/pair hopping considered,
but 3(4)-index terms hardly studied

Thank you very much for your attention!
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