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One Regressor and One Instrument

ae General IV Regression Model

Checking Instrument Validity

Application to the Demand for Cigarettes

Where Do Valid Instruments Come From?
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aree important threats to internal validity are:

● omitted variable bias from a variable that is correlated with
X but is unobserved, so cannot be included in the regression;

● simultaneous causality bias (X causes Y , Y causes X);

● errors-in-variables bias (X ismeasured with error).

Instrumental variables regression can eliminate bias when
E(u∣X) ≠ 0— using an instrumental variable, Z.
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● Instrumental variable (IV) regression is a general way to
obtain a consistent estimator of the unknown coeõcients of
the population regression function when the regressor, X, is
correlated with the error term, u.

● ae variation in X has two parts: one part that is correlated
with u (the part that causes the problems), and a second part
that is uncorrelated with u.

● If you had information that allowed you to isolate the second
part, then you could focus on those variations in X that are
uncorrelated with u.
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● ae information about themovements in X that are
uncorrelated with u is gleaned from one ormore additional
variables, called instrumental variables or simply
instruments.

● Instrumental variables regression uses these additional
variables as tools or “instruments" to isolate themovements
in X that are uncorrelated with u, which in turn permit
consistent estimation of the regression coeõcients.
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ae IV Estimator with a Single Regressor
and a Single Instrument

ae IVModel and Assumptions

Yi = β0 + β1Xi + ui
● If Xi and ui are correlated, the OLS estimator is inconsistent.

● Instrumental variables estimation uses an additional ,
“instrumental" variable Z to isolate that part of Xi that is
uncorrelated with ui .
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Terminology: endogeneity and exogeneity
An endogenous variable is one that is correlated with u.
An exogenous variable is one that is uncorrelated with u.

Historical note:

● “Endogenous" literallymeans “determined within the
system," that is, a variable that is jointly determined with Y ,
or, a variable subject to simultaneous causality.

● However, this deûnition is narrow and IV regression can be
used to address omitted variable bias and errors-in-variable
bias, not just to simultaneous causality bias.
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Two conditions for a valid instrument

Yi = β0 + β1Xi + ui
For an instrumental variable (an “instrument") Z to be valid, it
must satisfy two conditions:

1. Instrument relevance: Cov(Zi , Xi) ≠ 0

2. Instrument exogeneity: Cov(Zi , ui) = 0

Suppose for now that you have such a Zi (we’ll discuss how to
ûnd instrumental variables later),How can you use Zi to
estimate β1?
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ae Two Stage Least Squares (TSLS) Estimator
As it sounds, TSLS has two stages— two regressions:
(1) First isolates the part of X that is uncorrelated with u: regress
X on Z using OLS.

Xi = π0 + π1Zi + vi (1)

● Because Zi is uncorrelated with ui , π0 + π1Zi is uncorrelated
with ui . We don’t know π0 or π1 but we have estimated them.

● Compute the predicted values of Xi , X̂i , where
X̂i = π̂0 + π̂1Zi , i = 1,⋯, n.
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(2) Replace Xi by X̂i in the regression of interest:
regress Y on X̂i using OLS:

Yi = β0 + β1X̂i + ui (2)

● Because X̂i is uncorrelated with ui in large samples, so the
ûrst least squares assumption holds.

● aus β1 can be estimated by OLS using regression (2).

● ais argument relies on large samples (so π0 and π1 are well
estimated using regression (1)).

● ais resulting estimator is called the Two Stage Least Squares
(TSLS) estimator, β̂TSLS1 .
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Summary:
Suppose you have a valid instrument, Zi .

● Stage 1:

Regress Xi on Zi , obtain the predicted values X̂i .

● Stage 2:

Regress Yi on X̂i , the coeõcient on X̂i is the TSLS estimator,
β̂TSLS1 .

aen β̂TSLS1 is a consistent estimator of β1.
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Another approach:

Yi = β0 + β1Xi + ui
aus,

Cov(Yi , Zi)
= Cov(β0 + β1Xi + ui , Zi)
= Cov(β0, Zi) +Cov(β1Xi , Zi) +Cov(ui , Zi)
= β1Cov(Xi , Zi)

where Cov(ui , Zi) = 0 (instrument exogeneity).
aus.

β1 =
Cov(Yi , Zi)
Cov(Xi , Zi)
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β1 =
Cov(Yi , Zi)
Cov(Xi , Zi)

ae IV estimator replaces these population covariances with
sample covariances.

β̂TSLS1 = sYZ
sXZ

sYZ and sXZ are the sample covariances.
ais is the TSLS estimator - just a diòerent derivation.
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Why β̂TSLS1 = sYZ
sXZ

?

β̂TSLS1 =
sX̂Y
s2X̂

( from 2nd stage)

= π̂1sZY
π̂21 s2Z

(X̂i = π̂0 + π̂1Zi)

= sZY
π̂1s2Z

(π̂1 =
sZX
s2Z
)

= sYZ
sXZ
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aird explanation: Derivation from the “reduced form"
ae “reduced form" relates Y to Z and X to Z:

Xi = π0 + π1Zi + vi
Yi = γ0 + γ1Zi +wi

where wi is an error term. Because Z is exogenous, Z is
uncorrelated with both vi and wi .

● ae idea: A unit change in Zi results in a change in Xi of π1
and a change in Yi of γ1. Because that change in Xi arises
from the exogenous change in Zi , that change in Xi is
exogenous. aus an exogenous change in Xi of π1 units is
associated with a change in Yi of γ1 units— so the eòect on Y
of an exogenous change in X is β1 = γ1

π1 units.
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aemath: Xi = π0 + π1Zi + vi
Yi = γ0 + γ1Zi +wi

Solve the X equation for Z:

Zi = −
π0
π1
+ 1
π1
Xi −

1
π1
vi

Substitute this into the Y equation and collect terms:

Yi = γ0 + γ1Zi +wi

= γ0 + γ1 (−
π0
π1
+ 1
π1
Xi −

1
π1
vi) +wi

= (γ0 −
π0γ1
π1
) + γ1

π1
Xi + (wi −

γ1
π1
vi)

≡ β0 + β1Xi + ui

where β1 = γ1
π1 ≡

Cov(Y ,Z)
Var(Z)

Cov(X ,Z)
Var(Z)

= Cov(Y ,Z)
Cov(X ,Z) .

16 / 103



Outline 1 Regressor & 1 Instrument General IV Model Checking IV Validity Demand for Cigarettes Finding Valid Instruments

Consistency of the TSLS estimator

β̂TSLS1 = sYZ
sXZ

ae sample covariances are consistent: sYZ
p→ Cov(Y , Z) and

sXZ
p→ Cov(X , Z). aus,

β̂TSLS1 = sYZ
sXZ

p→ Cov(Y , Z)
Cov(X , Z) = β1

● ae instrument relevance condition, Cov(X , Z) ≠ 0, ensures
that you don’t divide by zero.
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Example #1: Supply and demand for butter
IV regression was originally developed to estimate demand
elasticities for agricultural goods, for example butter:

ln(Qbutter
i ) = β0 + β1 ln(Pbutter

i ) + ui
● β1 = price elasticity of butter = percent change in quantity for

a 1% change in price.

● Data: observations on price and quantity of butter for
diòerent years.

● ae OLS regression of ln(Qbutter
i ) on ln(Pbutter

i ) suòers
from simultaneous causality bias (why?)
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● Simultaneous causality bias in the OLS regression of
ln(Qbutter

i ) on ln(Pbutter
i ) arises because price and quantity

are determined by the interaction of demand and supply.
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ais interaction of demand and supply produces

Would a regression using these data produce the demand curve?
No!
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What would you get if only supply shi�ed?

● TSLS estimates the demand curve by isolating shi�s in price
and quantity that arise from shi�s in supply.

● Z is a variable that shi�s supply but not demand.
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TSLS in the supply-demand example:

ln(Qbutter
i ) = β0 + β1 ln(Pbutter

i ) + ui
Let Z = rainfall in dairy-producing regions. Is Z a valid
instrument?

(1) Exogenous? Cov(raini , ui) = 0?
Plausibly: whether it rains in dairy-producing regions
shouldn’t aòect demand.

(2) Relevant? Cov(raini , ln(Pbutter
i )) ≠ 0?

Plausibly: insuõcient rainfall means less grazing means less
butter.
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ln(Qbutter
i ) = β0 + β1 ln(Pbutter

i ) + ui
Zi = raini = rainfall in dairy-producing regions.

● Stage 1: regress ln(Pbutter
i ) on raini , get

̂ln(Pbutter
i ).

̂ln(Pbutter
i ) isolates changes in log price that arise from

supply (part of supply, at least).

● Stage 2: regress ln(Qbutter
i ) on ̂ln(Pbutter

i ).
ae regression counterpart of using shi�s in the supply
curve to trace out the demand curve.
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Example #2: Test scores and class size

● ae California regressions still could have omitted variable
bias (e.g. parental involvement).

● ais bias could be eliminated by using IV regression (TSLS).

● IV regression requires a valid instrument, that is, an
instrument that is:

(1) relevant: Cov(Zi , STRi) ≠ 0.
(2) exogenous: Cov(Zi , ui) = 0.
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Here is a (hypothetical) instrument:

● some districts, randomly hit by an earthquake, “double up"
classrooms:

Zi = Quakei = 1 if hit by quake, = 0 otherwise.
● Do the two conditions for a valid instrument hold?
● ae earthquakemakes it as if the districts were in a random

assignment experiment. aus the variation in STR arising
from the earthquake is exogenous.

● ae ûrst stage of TSLS regresses STR against Quake,
thereby isolating the part of STR that is exogenous (the part
that is “as if " randomly assigned).
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Inference using TSLS

● In large samples, the sampling distribution of the TSLS
estimator is normal.

● Inference (hypothesis tests, conûdence intervals) proceeds in
the usual way, e.g. ±1.96SE.

● ae idea behind the large-sample normal distribution of the
TSLS estimator is that - like all the other estimators we have
considered— it involves an average ofmean zero i .i .d.
random variables, to which we can apply the CLT.

● See SW App. 12.3 for the details.
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Sampling Distribution of the TSLS Estimator

β̂TSLS1 = sYZ
sXZ
=

1
n−1 ∑

n
i=1(Yi − Ȳ)(Zi − Z̄)

1
n−1 ∑

n
i=1(Xi − X̄)(Zi − Z̄)

Substitute in
Yi − Ȳ = β1(Xi − X̄) + (ui − ū)

and simplify, 1
n − 1

n
∑
i=1
(Yi − Ȳ)(Zi − Z̄)

= 1
n − 1

n
∑
i=1
(β1(Xi − X̄) + (ui − ū)) (Zi − Z̄)

= β1
1

n − 1
n
∑
i=1
(Xi − X̄)(Zi − Z̄)

+ 1
n − 1

n
∑
i=1
(ui − ū)(Zi − Z̄)
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aus
β̂TSLS1 =

1
n−1 ∑

n
i=1(Yi − Ȳ)(Zi − Z̄)

1
n−1 ∑

n
i=1(Xi − X̄)(Zi − Z̄)

= β1 +
1

n−1 ∑
n
i=1(ui − ū)(Zi − Z̄)

1
n−1 ∑

n
i=1(Xi − X̄)(Zi − Z̄)

Subtract β1 from each side and we get,

β̂TSLS1 − β1 =
1

n−1 ∑
n
i=1(ui − ū)(Zi − Z̄)

1
n−1 ∑

n
i=1(Xi − X̄)(Zi − Z̄)

Multiplying through by
√
n − 1 andmaking the approximation

that
√
n − 1 ≃

√
n yields:

√
n(β̂TSLS1 − β1) ≃

1
√

n ∑
n
i=1(ui − ū)(Zi − Z̄)

1
n ∑

n
i=1(Xi − X̄)(Zi − Z̄)
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● First consider the numerator, in large samples,

1√
n

n
∑
i=1
(ui − ū)(Zi − Z̄)

d→ N (0,Var [(Z − µz)u])

● Next consider the denominator:

1
n

n
∑
i=1
(Xi − X̄)(Zi − Z̄)

p→ Cov(X , Z) by the LLN

where Cov(X , Z) ≠ 0 because the instrument is relevant by
assumption.
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Put these together:
√
n(β̂TSLS1 − β1) ≃

1
√

n ∑
n
i=1(ui − ū)(Zi − Z̄)

1
n ∑

n
i=1(Xi − X̄)(Zi − Z̄)

1√
n

n
∑
i=1
(ui − ū)(Zi − Z̄)

d→ N (0,Var [(Z − µz)u])

1
n

n
∑
i=1
(Xi − X̄)(Zi − Z̄)

p→ Cov(X , Z)

β̂TSLS1
d→ N(β1, σ2β̂TSLS1

)

σ2β̂TSLS1
= 1

n
Var [(Z − µz)u]
[Cov(X , Z)]2
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β̂TSLS1
d→ N(β1, σ2β̂TSLS1

)

● Statistical inference proceeds in the usual way.

● ae justiûcation is (as usual) based on large samples.

● ais all assumes that the instruments are valid - we’ll discuss
what happens if they aren’t valid later.

● Important note on standard errors:
● ae OLS standard errors from the second stage

regression are not correct— they don’t take into account
the estimation in the ûrst stage (X̂i is estimated).

● Instead, use a single specialized command that
computes the TSLS estimator and the correct SEs.

● As usual, use heteroskedasticity-robust SEs.
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A complete digression:
ae early history of IV regression

● Howmuch money would be raised by an import tariò on
animal and vegetable oils (butter, �axseed oil, soy oil, etc.)?

● To do this calculation you need to know the elasticities of
supply and demand, both domestic and foreign.

● ais problem was ûrst solved in Appendix B ofWright
(1928), “ae Tariò on Animal and Vegetable Oils."
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Who wrote Appendix B of PhilipWright (1928)?
⋯ this appendix is thought to have been written with or by his
son, SewallWright, an important statistician. (SW, p. 425)
Who were these guys and what’s their story?

34 / 103



Outline 1 Regressor & 1 Instrument General IV Model Checking IV Validity Demand for Cigarettes Finding Valid Instruments

35 / 103



Outline 1 Regressor & 1 Instrument General IV Model Checking IV Validity Demand for Cigarettes Finding Valid Instruments

36 / 103



Outline 1 Regressor & 1 Instrument General IV Model Checking IV Validity Demand for Cigarettes Finding Valid Instruments

Application to the Demand for Cigarettes

● Howmuch will a hypothetical cigarette tax reduce cigarette
consumption?

● To answer this, we need the elasticity of demand for
cigarettes, that is, β1 in the regression,

ln(Qcigarettes
i ) = β0 + β1 ln(Pcigarettes

i ) + ui

● Will the OLS estimator plausibly be unbiased? Why or why
not?
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ln(Qcigarettes
i ) = β0 + β1 ln(Pcigarettes

i ) + ui
Panel data:

● Annual cigarette consumption and average prices paid
(including tax).

● 48 continental US states, 1985-1995.

Proposed instrumental variable:

● Zi = general sales tax per pack in the state = SalesTaxi .

● Is this a valid instrument?

(1) Relevant? corr(SalesTaxi , ln(Pcigarettes
i )) ≠ 0 ?

(2) Exogenous? corr(SalesTaxi , ui) = 0 ?
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For now, use data for 1995 only.

● First stage OLS regression:
̂ln(Pcigarettes
i ) = 4.63 + .031 SalesTaxi , n = 48

● Second stage OLS regression with correct,
heteroskedasticity-robust standard errors.

̂ln(Qcigarettes
i ) = 9.72 − 1.08 ̂ln(Pcigarettes

i )
(1.53) (0.32)
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Estimated cigarette demand equation:

̂ln(Qcigarettes
i ) = 9.72 − 1.08 ̂ln(Pcigarettes

i )
(1.53) (0.31)
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Summary of IV Regression with a Single X and Z

● A valid instrument Zmust satisfy two conditions:

(1) relevance: corr(Zi , Xi) ≠ 0
(2) exogeneity: corr(Zi , ui) = 0

● TSLS proceeds by ûrst regressing X on Z to get X̂ , then
regressing Y on X̂.

● ae key idea is that the ûrst stage isolates part of the
variation in X that is uncorrelated with u.

● If the instrument is valid, then the large-sample sampling
distribution of the TSLS estimator is normal, so inference
proceeds as usual.
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ae General IV Regression Model

● So far we have considered IV regression with a single
endogenous regressor (X) and a single instrument (Z).

● We need to extend this to:

● multiple endogenous regressors (X1,⋯, Xk).
● multiple included exogenous variables (W1,⋯,Wr).

aese need to be included for the usual omitted
variables reason.

● multiple instrumental variables (Z1,⋯, Zm). More
(relevant) instruments can produce a smaller variance
of TSLS: the R2 of the ûrst stage increases, so you have
more variation in X̂.
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Example: Demand for Cigarettes

● Another determinant of cigarette demand is income;
omitting income could result in omitted variable bias.

● Cigarette demand with one X, oneW , and 2 instruments (2
Z’s):

ln(Qciga
i ) = β0 + β1 ln(Pciga

i ) + β2 ln(Incomei) + ui

Z1i = general sales tax component only

Z2i = cigarette-speciûc tax component only

● OtherW ’smight be state eòects and/or year eòects (in panel
data).
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ae general IV regression model:

Yi = β0 + β1X1i +⋯ + βkXki + βk+1W1i +⋯ + βk+rWr i + ui

● Yi is the dependent variable.
● X1i ,⋯, Xki are the endogenous regressors (potentially

correlated with ui).
● W1i ,⋯,Wr i are the included exogenous variables or included

exogenous regressors (uncorrelated with ui).
● β0, β1,⋯, βk+r are the unknown regression coeõcients.
● Z1i ,⋯, Zmi are the m instrumental variables (the excluded

exogenous variables).
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Identiûcation:

● In general, a parameter is said to be identiûed if diòerent
values of the parameter would produce diòerent
distributions of the data.

● In IV regression, whether the coeõcients are identiûed
depends on the relation between the number of instruments
(m) and the number of endogenous regressors (k).

● Intuitively, if there are fewer instruments than endogenous
regressors, we can’t estimate β1,⋯, βk .

● For example, suppose k = 1 but m = 0 (no instruments)!
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ae coeõcients β1,⋯, βk are said to be:

● exactly identiûed if m = k.
aere are just enough instruments to estimate β1,⋯, βk .

● overidentiûed if m > k.
aere aremore than enough instruments to estimate
β1,⋯, βk . If so, you can test whether the instruments are
valid (a test of the “overidentifying restrictions") - we’ll
return to this later.

● underidentiûed if m < k.
aere are too few enough instruments to estimate β1,⋯, βk
If so, you need to getmore instruments!
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General IV regression: TSLS, 1 endogenous regressor
Yi = β0 + β1X1i + β2W1i +⋯ + β1+rWr i + ui

● Instruments: Z1i ,⋯, Zmi .

● First stage:

● Regress X1 on all the exogenous regressors: regress X1

onW1,⋯, Wr , Z1,⋯, Zm by OLS.
● Compute predicted values X̂1i , i = 1,⋯, n.

● Second stage:

● Regress Y on X̂1,W1,⋯,Wr by OLS.
● ae coeõcients from this second stage regression are

the TSLS estimators, but SEs are wrong.

● To get correct SEs, do this in a single step.
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Example: Demand for cigarettes

ln(Qcigarettes
i ) = β0 + β1 ln(Pcigarettes

i ) + β2 ln(Incomei) + ui

Z1i = general sales taxi

Z2i = cigarette specific taxi

● Endogenous variable: ln(Pcigarettes
i ) (“one X").

● Included exogenous variable: ln(Incomei) (“oneW").
● Instruments (excluded endogenous variables): general sales

tax, cigarette speciûc tax (“two Zs").
● Is the demand elasticity β1 overidentiûed, exactly identiûed,

or underidentiûed?

50 / 103



Outline 1 Regressor & 1 Instrument General IV Model Checking IV Validity Demand for Cigarettes Finding Valid Instruments

51 / 103



Outline 1 Regressor & 1 Instrument General IV Model Checking IV Validity Demand for Cigarettes Finding Valid Instruments

52 / 103



Outline 1 Regressor & 1 Instrument General IV Model Checking IV Validity Demand for Cigarettes Finding Valid Instruments

TSLS estimates, Z = sales tax (m = 1)

̂ln(Qciga
i ) = 9.43 − 1.14 ̂ln(Pciga

i ) + 0.21 ln(Incomei)
(1.26) (0.37) (0.31)

TSLS estimates, Z = sales tax, cig-only tax (m = 2)

̂ln(Qciga
i ) = 9.89 − 1.28 ̂ln(Pciga

i ) + 0.28 ln(Incomei)
(0.96) (0.25) (0.25)

● Smaller SEs for m = 2. Using 2 instruments givesmore
information,more variation.

● Low income elasticity (not a luxury good); income elasticity
not statistically signiûcantly diòerent from 0.

● Surprisingly high price elasticity.
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Implications: Sampling distribution of TSLS

● If the IV regression assumptions hold, then the TSLS
estimator is normally distributed in large samples.

● Inference (hypothesis testing, conûdence intervals) proceeds
as usual.

● Two notes about standard errors.

● ae second stage SEs are incorrect because they don’t
take into account estimation in the ûrst stage; to get
correct SEs, run TSLS in a single command.

● Use heteroskedasticity-robust SEs, for the usual reason.

● All this hinges on having valid instruments.
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Checking Instrument Validity

Recall the two requirements for valid instruments:

1. Relevance: At least one of the instruments is correlated with
X.

2. Exogeneity: All the instrumentsmust be uncorrelated with
the error term:
Cov(Z1i , ui) = 0,⋯,Cov(Zmi , ui) = 0.

What happens if one of these requirements isn’t satisûed? How can
we check? And what do we do?
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Checking Assumption #1: Instrument Relevance
We will focus on a single included endogenous regressor.

Yi = β0 + β1X1i + β2W1i +⋯ + β1+rWr i + ui

First stage regression:

Xi = π0 + π1Z1i +⋯ + πmZmi + πm+1W1i +⋯ + πm+kWki + ui

● ae instruments are relevant if at least one of π1,⋯, πm are
nonzero.

● ae instruments are said to be weak if all the π1,⋯, πm are
either zero or nearly zero.

● Weak instruments explain very little of the variation in X,
beyond that explained by theW ’s.
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What are the consequences of weak instruments?
Consider the simplest case:

Yi = β0 + β1Xi + ui
Xi = π0 + π1Zi + vi

● ae IV estimator is β̂TSLS1 = sYZ
sXZ

.

● If Cov(X , Z) is zero or small, then sXZ will be small. With
weak instruments, the denominator is nearly zero.

● If so, the sampling distribution of β̂TSLS1 (and its t-statistic) is
not well approximated by its large-n normal approximation.
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Why does normal approximation fail?

β̂TSLS1 = sYZ
sXZ

● If Cov(X , Z) is small, small changes in sXZ can induce big
changes in β̂TSLS1 .

● Suppose in one sample you calculate sXZ = .00001!
● aus the large-n normal approximation is a poor

approximation to the sampling distribution of β̂TSLS1 .
● A better approximation is that β̂TSLS1 is distributed as the

ratio of two correlated normal random variables (see SW
App. 12.4).

● If instruments are weak, the usual methods of inference are
unreliable - potentially very unreliable.
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β̂TSLS1 = β1 +
1
n ∑

n
i=1(Zi − Z̄)ui

1
n ∑

n
i=1(Zi − Z̄)(Xi − X̄)

When the instrument is irrelavant, Cov(Zi , Xi) = 0, the
denomenator is approximately

1
n

n
∑
i=1
(Zi − Z̄)(Xi − X̄) ≃

1
n

n
∑
i=1
(Zi − µZ)(Xi − µX)

≡ 1
n

n
∑
i=1

ri = r̄

Let σ2r = Var [(Zi − µZ)(Xi − µX)], σ2r̄ =
σ 2r
n .
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Let qi = (Zi − µZ)ui , q̄ = 1
n ∑

n
i=1 qi , σ2q = Var [(Zi − µZ)ui],

σ2q̄ =
σ 2q
n , then in large samples,

β̂TSLS1 ≅ β1 +
q̄
r̄
= β1 + (

σq̄
σr̄
)
⎛
⎜
⎝

q̄
σq̄
r̄
σr̄

⎞
⎟
⎠

= β1 + (
σq
σr
)
⎛
⎜
⎝

q̄
σq̄
r̄
σr̄

⎞
⎟
⎠

● If the instrument is irrelevant, E(ri) = Cov(Z i , Xi) = 0, then
r̄ is the sample average of the random variable ri , i = 1,⋯, n,
which are i.i.d, have variance σ2r , and have amean of zero.

● It follows that the central limit theorem applies to r̄. r̄
σr̄ is

approximately distributed N(0, 1).
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● aerefore, in large samples, the distribution of β̂TSLS1 − β1 is
the distribution of aS, where a = σq

σr and S is the ratio of two
random variables, each of which has a standard normal
distribution. And because Xi and ui are correlated, these
two normal random variables are correlated.

● ae large-sample distribution of the TSLS estimator when
the instrument is irrelevant is complicated. In fact, it is
centered on the probability limit of the OLS estimator.

● aus, when the instrument is irrelevant, TSLS does not
eliminate the bias in OLS, and has a non-normal distribution
even in large samples.
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Measuring the strength of instruments in practice:
ae ûrst-stage F-statistic

● ae ûrst stage regression (one X):
Regress X on Z1,⋯, Zm ,W1,⋯,Wk .

● Totally irrelevant instruments⇔ all the coeõcients on
Z1,⋯, Zm are zero.

● ae ûrst-stage F-statistic tests the hypothesis that Z1,⋯, Zm
do not enter the ûrst stage regression.

● Weak instruments imply a small ûrst stage F-statistic.
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Checking for weak instruments with a single X

● Compute the ûrst-stage F-statistic.
Rule-of-thumb: If the ûrst stage F-statistic is less than 10,
then the set of instruments is weak.

● If so, the TSLS estimator will be biased, and statistical
inferences can bemisleading.

● Note that simply rejecting the null hypothesis of that the
coeõcients on the Z’s are zero is not enough— we actually
need substantial predictive content for the normal
approximation to be a good one. (see SW App. 12.5)
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● Let βOLS
1 denote the probability limit of the OLS estimator

β̂OLS , and let βOLS
1 − β1 denote the asympototic bias of the

OLS estimator.

● It is possible to show that the bias of the TSLS is
approximately

E(β̂TSLS1 ) − β1 ≈
βOLS
1 − β1

E(F) − 1

where E(F) is the expectation of the ûrst-stage F-statistic.

● If E(F) = 10, then the bias of TSLS, relative to the bias of
OLS, is approximately 1/9, or just over 10%, which is small
enough to be acceptable in many applications.

64 / 103



Outline 1 Regressor & 1 Instrument General IV Model Checking IV Validity Demand for Cigarettes Finding Valid Instruments

What to do if you have weak instruments?

● Get better instruments (!)

● If you havemany instruments, some are probably weaker
than others, then it’s a good idea to drop the weaker ones
(dropping an irrelevant instrument will increase the
ûrst-stage F).
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Checking Assumption #2: Instrument Exogeneity

● Instrument exogeneity: All the instruments are uncorrelated
with the error term:
Cov(Z1i , ui) = 0,⋯,Cov(Zmi , ui) = 0.

● If the instruments are not uncorrelated with the error term,
the ûrst stage of TSLS doesn’t successfully isolate a
component of X that is uncorrelated with the error term, so
X̂ is correlated with u and TSLS is inconsistent.

● If there aremore instruments than endogenous regressors, it
is possible to test - partially - for instrument exogeneity.
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Testing overidentifying restrictions
Consider the simplest case:

Yi = β0 + β1Xi + ui
● Suppose there are two valid instruments: Z1i , Z2i .

● aen you could compute two separate TSLS estimates.

● Intuitively, if these 2 TSLS estimates are very diòerent from
each other, then something must be wrong: one or the other
(or both) of the instrumentsmust be invalid.

● ae J-test of overidentifying restrictionsmakes this
comparison in a statistically precise way.

● ais can only be done if #Z’s > #X’s (overidentiûed).
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Suppose # instruments = m > #X′s = k (overidentiûed).
Yi = β0 + β1X1i +⋯ + βkXki + βk+1W1i +⋯ + βk+rWr i + ui

ae J-test of overidentifying restrictions

1. First estimate the equation of interest using TSLS and all m
instruments; compute the predicted values Ŷi , using the
actual X’s (not the X̂’s used to estimate the second stage)

2. Compute the residuals ûi = Yi − Ŷi .

3. Regress ûi against Z1i ,⋯, Zmi ,W1i ,⋯,Wr i .

4. Compute the F-statistic testing the hypothesis that the
coeõcients on Z1i ,⋯, Zmi are all zero.

5. ae J-statistic is J = mF
68 / 103



Outline 1 Regressor & 1 Instrument General IV Model Checking IV Validity Demand for Cigarettes Finding Valid Instruments

J = mF, where F = the F-statistic testing the coeõcients on
Z1i ,⋯, Zmi in a regression of the TSLS residuals against
Z1i ,⋯, Zmi ,W1i ,⋯,Wr i .

Distribution of the J-statistic

● Under the null hypothesis that all the instruments are
exogeneous, J has a chi-squared distribution with m − k
degrees of freedom.

● If some instruments are exogenous and others are
endogenous, the J statistic will be large, and the null
hypothesis that all instruments are exogenous will be
rejected.
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Checking Instrument Validity:
Summary
ae two requirements for valid instruments:

1. Relevance (special case of one X)

● At least one instrumentmust enter the population
counterpart of the ûrst stage regression.

● If instruments are weak, then the TSLS estimator is
biased and the and t-statistic has a non-normal
distribution

● To check for weak instruments with a single included
endogenous regressor, check the ûrst-stage F.
● If F > 10, instruments are not weak - use TSLS
● If F < 10, weak instruments - take some action
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2. Exogeneity

● All the instrumentsmust be uncorrelated with the error
term: corr(Z1i , ui) = 0,⋯, corr(Zmi , ui) = 0.

● We can partially test for exogeneity: if m > k, we can
test the hypothesis that all are exogenous, against the
alternative that asmany as m − 1 are endogenous
(correlated with u).

● ae test is the J-test, constructed using the TSLS
residuals.
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Application to the Demand for Cigarettes

Why are we interested in knowing the elasticity of demand for
cigarettes?

● aeory of optimal taxation: optimal tax is inverse to
elasticity: smaller deadweight loss if quantity is aòected less.

● Externalities of smoking - role for government intervention
to discourage smoking.

● second-hand smoke (non-monetary).
● monetary externalities.
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Panel data set

● Annual cigarette consumption, average prices paid by end
consumer (including tax), personal income.

● 48 continental US states, 1985-1995.

Estimation strategy

● Having panel data allows us to control for unobserved
state-level characteristics that enter the demand for
cigarettes, as long as they don’t vary over time.

● But we still need to use IV estimation methods to handle the
simultaneous causality bias that arises from the interaction
of supply and demand.
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Fixed-eòectsmodel of cigarette demand

ln(Qcigarettes
it ) = αi + β1 ln(Pcigarettes

it ) + β2 ln(Incomeit) + uit

● i = 1,⋯, 48, t = 1985, 1986,⋯, 1995.

● αi re�ects unobserved omitted factors that vary across states
but not over time, e.g. attitude towards smoking.

● Still, corr(ln(Pcigarettes
it ), uit) is plausibly nonzero because

of supply/demand interactions.

● Estimation strategy:

● Use panel data regression methods to eliminate αi .
● Use TSLS to handle simultaneous causality bias.
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Panel data IV regression: Two approaches

(a) ae “n-1 binary indicators"method.

(b) ae “changes"method (when T=2).

(a)ae “n-1 binary indicators"method
Rewrite

ln(Qcigarettes
it ) = αi + β1 ln(Pcigarettes

it ) + β2 ln(Incomeit) + uit

as

ln(Qcigarettes
it ) = β0 + β1 ln(Pcigarettes

it ) + β2 ln(Incomeit)
+γ2D2it +⋯ + γ48D48it + uit

Instruments ∶ Z1it = general sales taxit

Z2it = cigarette − specific taxit
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ais now ûts in the general IV regression model:

ln(Qcigarettes
it ) = β0 + β1 ln(Pcigarettes

it ) + β2 ln(Incomeit)
+γ2D2it +⋯ + γ48D48it + uit

● X(endogenous regressor) = ln(Pcigarettes
it ).

● 48W ’s (included exogenous regressors) = ln(Incomeit),
D2it ,⋯,D48it .

● Two instruments = Z1it , Z2it .

● Now estimate this full model using TSLS!
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(b)ae “changes"method (when T=2)

● One way to model long-term eòects is to consider 10-year
changes, 1985-1995.

● Rewrite the regression in “changes" form:

ln(Qcigarettes
i1995 ) − ln(Qcigarettes

i1985 )

= β1 (ln(Pcigarettes
i1995 ) − ln(Pcigarettes

i1985 ))
+ β2 (ln(Incomei1995) − ln(Incomei1985))
+ (ui1995 − ui1985)

● Must create “10-year change" variables, for example: 10-year
change in log price = ln(Pi1995) − ln(Pi1985).

● aen estimate the demand elasticity by TSLS using 10-year
changes in the instrumental variables.
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SW Ch. 12 76/101

Use TSLS to estimate the demand elasticity by using the 
“10-year changes” specification 

        Y   W  X   Z 
. ivregress 2sls dlpackpc dlperinc (dlavgprs = drtaxso) , r; 
 
IV (2SLS) regression with robust standard errors       Number of obs =      48 
                                                       F(  2,    45) =   12.31 
                                                       Prob > F      =  0.0001 
                                                       R-squared     =  0.5499 
                                                       Root MSE      =  .09092 
 
------------------------------------------------------------------------------ 
             |               Robust 
    dlpackpc |      Coef.   Std. Err.      t    P>|t|     [95% Conf. Interval] 
-------------+---------------------------------------------------------------- 
    dlavgprs |  -.9380143   .2075022    -4.52   0.000    -1.355945   -.5200834 
    dlperinc |   .5259693   .3394942     1.55   0.128    -.1578071    1.209746 
       _cons |   .2085492   .1302294     1.60   0.116    -.0537463    .4708446 
------------------------------------------------------------------------------ 
Instrumented:  dlavgprs 
Instruments:   dlperinc drtaxso 
------------------------------------------------------------------------------ 
  NOTE: 
  - All the variables – Y, X, W, and Z’s – are in 10-year changes 
  - Estimated elasticity = –.94 (SE = .21) – surprisingly elastic! 
  - Income elasticity small, not statistically different from zero 
  - Must check whether the instrument is relevant… 
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SW Ch. 12 78/101

Cigarette demand, 10 year changes  – 2 IVs 
 
      Y   W  X    Z1  Z2 
. ivregress 2sls dlpackpc dlperinc (dlavgprs = drtaxso drtax) , vce(r); 
 
Instrumental variables (2SLS) regression               Number of obs =      48 
                                                       Wald chi2(2)  =   45.44 
                                                       Prob > chi2   =  0.0000 
                                                       R-squared     =  0.5466 
                                                       Root MSE      =  .08836 
 
------------------------------------------------------------------------------ 
             |               Robust 
    dlpackpc |      Coef.   Std. Err.      z    P>|z|     [95% Conf. Interval] 
-------------+---------------------------------------------------------------- 
    dlavgprs |  -1.202403   .1906896    -6.31   0.000    -1.576148   -.8286588 
    dlperinc |   .4620299   .2995177     1.54   0.123    -.1250139    1.049074 
       _cons |   .3665388   .1180414     3.11   0.002     .1351819    .5978957 
------------------------------------------------------------------------------ 
Instrumented:  dlavgprs 
Instruments:   dlperinc drtaxso drtax 
------------------------------------------------------------------------------ 
 
  drtaxso = general sales tax only 
  drtax = cigarette-specific tax only 
  Estimated elasticity is -1.2, even more elastic than using general 
  sales tax only! 
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Summary of these results:
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How should we interpret the J-test rejection?

● J-test rejects the null hypothesis that both the instruments
are exogenous.

● aismeans that either rtaxso is endogenous, or rtax is
endogenous, or both.

● ae J-test doesn’t tell us which!! Youmust think!

● Whymight rtax (cig-only tax) be endogenous?

● Political forces: history of smoking or lots of smokers⇒
political pressure for low cigarette taxes.

● If so, cig-only tax is endogenous.

● ais reasoning doesn’t apply to general sales tax,⇒ use just
one instrument, the general sales tax.
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ae Demand for Cigarettes: Summary of Empirical Results

● Use the estimated elasticity based on TSLS with the general
sales tax as the only instrument:

Elasticity = -.94, SE = .21.

● ais elasticity is surprisingly large (not inelastic) - a 1%
increase in prices reduces cigarette sales by nearly 1%. ais is
much more elastic than conventional wisdom in the health
economics literature.

● ais is a long-run (ten-year change) elasticity. What would
you expect a short-run (one-year change) elasticity to be -
more or less elastic?
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Remaining threats to internal validity?

● Omitted variable bias?

● Panel data estimator; probably OK.

● Functional formmis-speciûcation

● A related question is the interpretation of the elasticity:
using 10-year diòerences, the elasticity interpretation is
long-term. Diòerent estimates would be obtained using
shorter diòerences.
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Remaining threats to internal validity, ctd.

● Remaining simultaneous causality bias?
● Not if the general sales tax a valid instrument:

● relevance?
● exogeneity?

● Errors-in-variables bias? Interesting question: are we
accuratelymeasuring the price actually paid?

● Selection bias? (no, we have all the states)

Overall, this is a credible estimate of the long-term elasticity of
demand although some problemsmight remain.
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Where Do Valid Instruments Come From?

● Valid instruments are (1) relevant and (2) exogenous.

● One general way to ûnd instruments is to look for exogenous
variation - variation that is “as if " randomly assigned in a
randomized experiment - that aòects X.

● Rainfall shi�s the supply curve for butter but not the
demand curve, rainfall is “as if " randomly assigned.

● Sales tax shi�s the supply curve for cigarettes but not the
demand curve, sales taxes are “as if " randomly assigned.
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Example: Cardiac Catheterization
Does cardiac catheterization (心導管) improve longevity of
heart attack patients?
Yi= survival time (in days) of heart attack patient
Xi= 1 if patient receives cardiac catheterization,

= 0 otherwise.

● Clinical trials show that CardCath aòects Surv ivalDays.

● But is the treatment eòective “in the ûeld"?
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Surv ivalDaysi = β0 + β1CardCathi + ui
● Is OLS unbiased? ae decision to treat a patient by cardiac

catheterization is endogenous - it ismade in the ûeld by
EMT technician depends on ui (unobserved patient health
characteristics).

● If healthier patients are catheterized, then OLS has
simultaneous causality bias and OLS overstates
overestimates the CC eòect.

● Propose instrument: distance to the nearest CC hospital -
distance to the nearest “regular" hospital.
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● Z = diòerential distance to CC hospital.

● Relevant? If a CC hospital is far away, patient won’t bet
taken there and won’t get CC.

● Exogenous? If distance to CC hospital doesn’t aòect
survival, then Cov(d istance , ui) = 0. So exogenous.

● If patients location is random, then diòerential distance
is “as if " randomly assigned.

● ae 1st stage is a linear probabilitymodel: distance
aòects the probability of receiving treatment.

● Results (McClellan,McNeil, Newhous, JAMA, 1994):

● OLS estimates signiûcant and large eòect of CC.
● TSLS estimates a small, o�en insigniûcant eòect.
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Example: Peer Behavior Eòects in Elementary School
Figlio, David N. (2007), “Boys Named Sue: Disruptive Children
andaeir Peers," Education Finance and Policy 2:4, 376-94.

● What is the eòect on student performance of having
disruptive children in the classroom?

● Y =Math test score
X =measure of how disruptive your classmate’s are

● What is themotivation for using instrumental variables?

● Proposed instrument:
Z = fraction ofmale classmates with female names
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Example: Eòects of Empire
Feyrer, James, and Bruce Sacerdote (2009), “Colonialism and
Modern Income— Islands as Natural Experiments," Review of
Economics and Statistics, 91:2, 245-262..

● Does having been colonized historically aòectmodern
economic well being?

● Data: n = 80 island economies (Atlantic, Paciûc, Indian
Oceans)
Y = log GDP per capita or infantmortality
X = number of years under colonial rule
Z = 12-month average of east-west wind speed,
12-month std. deviation of east-west wind speed
W = geographic dummies, area, latitude
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Summary: IV Regression

● A valid instrument let us isolate a part of X that is
uncorrelated with u, and that part can be used to estimate
the eòect of a change in X on Y .

● IV regression hinges on having valid instruments:

(1) Relevance: check via ûrst-stage F.
(2) Exogeneity: Test overidentifying restrictions via the

J-statistic.

● A valid instrument isolates variation in X that is “as if "
randomly assigned.
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