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From 2 Goods to N Goods...

e More applications of tools learned before...
e Questions we ask: What is needed to...
1. Obtain the compensated law of demand?

2. Have a concave minimized expenditure
function?

3. Recover consumer’'s demand?
4. “Use” a representative agent (in macro)?



Key Problems to Consider

e Revealed Preference: Only assumption needed:
e Compensated Law of Demand
e Concave Minimized Expenditure Function

e Indirect Utility Function: (The Maximized Utility)
e Roy’s Identity: Can recover demand function from it

e Homothetic Preferences: (Revealed Preference)
e Demand is proportional to income
o Utility function is homogeneous of degree 1
e Group demand as if one representative agent



Why do we care about this?

e Three separate questions:
1. How general can revealed preference be?

2. How do we back out demand from utility
maximization?

3. When can we aggregate group demand with a
representative agent (say in macroeconomics)?

e Are these convincing?



Proposition 2.3-1 $34-
Compensated Price Change

Consider the dual consumer problem
M(p,U*) = min {p- 2|U(z) > U*}

For z° be expenditure minimizing for prices p"
z! be expenditure minimizing at prices p?

r°, x! satify U(z) > U*

= compensated price change is Ap- Az <0



Proposition 2.3-1 $34-
Compensated Price Change

Proof:

p’-a’ <p’-xt, ploxt<p -w

0

Since 2" be expenditure minimizing for prices p’

r! be expenditure minimizing at prices p'
—p° - (z' —2%) <0, p'(z' -2 <0

= Ap- Az = (p' —p°) - (z' —z°) <0



Proposition 2.3-1
Compensated Price Change

e This Is true for any pair of price vectors
0 — — 0 — _
e For P :(plﬁ'“ &pj—lapjﬁpj+1ﬁ"' :pn,)

— — 1 — —
pl — (p:[? S ?pj—lﬂpj?pj—{—lﬁ S ?pn)
e We have the (compensated) law of demand:

e Note that we did not need differentiabllity to
get this, just “revealed preferences”!!

e But If differentiable, we have 3;,9;?
<0
8pj o 7




First and Second Derivatives | ssé:

of the Expenditure Function e

But what is gif !

Consider the dual problem as a maximization:
—M(p,U”) = max{—p-z|U(z) > U"}

Lagrangian is £ = —p-x 4+ A(U(x) — U™)

Envelope Theorem yields oM — o = —

dp;  Op;

9, (6‘M ) 3:5?
— —
Op; \ Op j opi



First and Second Derivatives | sss
of the Expenditure Function

Hence, compensated law of demand yields
ox;  9*M
op; ﬁpf

<0

= Expenditure function concave for each p;.

Is the entire Expenditure function concave?

Requires the matrix of second derivatives
0*M | Oxt

= to be negative semi-definite
| OpiOp; | Opi
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Proposition 2.3-2
Concave Expenditure Function

M (p,U*) is a concave function over p.

i.e. For any p°, p',
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Proposition 2.3-2 $34-
Concave Expenditure Function

Proof: For any z*, feasible,
M(pO,U*) :p() ) g:[] < p(] _ &CA:,
ML, U*) =p' 2! < p A

Since M (p,U™) minimizes expenditure.

Hence,

( )\) (pU,U*)Jr)\M(pljU*)
< [- A 2] + [ o]
=p" -2’ = M(ijU*)
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What Have We Learned?

e Method of Revealed Preferences
e Used it to obtalin:

1. Compensated Price Change

2. Compensated Law of Demand

3. Concave Expenditure Function
Special Case assuming differentiability

e Next: How can we get demand from utility?
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Indirect Utility Function

Let demand for consumer U (-) with income 1,
facing price vector p be z* = x(p, I).

Vip,I) = ma,x{U(:}:)\p-:;: <I,z >0}

= U(z"(p, 1))

is maximized U (x), aka indirect utility function

Why should we care about this function?
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Proposition 2.3-3
Roy’s ldentity
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Proposition 2.3-3 eels
Roy’s Identity 2
Proof:
Vip,I) =max{U(x)|lp-x < I,z >0}
Lagrangian is £(x,\) =U(x) + A({ —p - x)
_ ov. 0L, . .. s
Envelope zheOI‘eI;l yields 57 = 5(3:: JAT) = A
% £
And — = — (2", \") = —X"z5 (p, I
o apj( ) i (P, 1)
P07
= 2. 1) =
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Example: Unknown Utility...

Consider indirect utility function
n o T ; n
Vip,I) = ( E ) where a; =1
What’s the demand (and original utility) function?

an:lnI—Zafilnpi—l—Zailncyi
i=1 i=1

I v = _ - InV = ——
Tl TVar T o T Vop p
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Example: Unknown Utility...

(i

Vip,I) = H (a.[>‘1i where iafi =1
i=1

1=1 pi
What’s the demand (and original utility) function?

InV =Inl — Zaf% In p; —|—ZCZEIHO{1

= oI n =7 a7 = 7 IlV o >
?_V ol
By Roy’s Identity, x — ‘;?;j _

W pg; 17



Example: Cobb-Douglas Utility

e Plugging back in

Ulz) =V = ﬁ ("“
i=1 !

e What Is this utility function?
e Cobb-Douglas!

e Note: This is an example where demand is
proportion to income. In fact, we have...
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Definition: 43
Homothetic Preferences

Strictly monotonic preference >~ is homothetic if,

for any 6 > 0 and 2, ! such that z° =~ x!,
Oz > Oz
In fact, if 2° ~ 21,

Then, 62° ~ 01
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Why Do We Care About This?

e Proposition 2.3-4:
Demand proportional to income
e Proposition 2.3-5:

Homogeneous functions represent homothetic
preferences

e Proposition 2.3-6:

Homothetic preferences are represented by
functions that are homogeneous of degree 1

e Proposition 2.3-7: Representative Agent
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Proposition 2.3-4. 1+
Demand Proportional to Income

If preferences are homothetic,
and x* i1s optimal given income /.
Then 0x* is optimal given income 61.

Proof:
Let ™* be optimal given income 61,

Then x** =~ 0x* since Ox* is feasible with 61.

|

" (s feasible)

By revealed preferences, x™ =~ ;

~ g7
By homotheticity, fz™ =~ ™"

Thus, 0z™ ~ ™ (optimal for income 67)

21



Proposition 2.3-5: Homogeneous ces’
Functions = Homothetic Preferences

If preferences are represented by U(A\z) = AU (z),

Then preferences are homothetic.

Proof:
Suppose x = v,

Then U(x) > Ul(y).
Since U (x) is homogeneous,
UA\x) = \U(z) > NU(y) = U(\y)
Thus, Ax =~ Ay i.e. Preferences are homothetic.
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Proposition 2.3-6: Representation
of Homothetic Preferences

If preferences are homothetic,

They can be represented
by a function that is
homogeneous of degree 1. 450 line

L2 A

Proof: é = (1,---,1)
For z, exists uée ~ &
Utility function U(zx) = u
By homotheticity,
AT ~ (Au)eé
Hence, U(A\z) = \u = AU (z) ,




Proposition 2.3-7:
Representative Preferences

If a group of consumers have the same
homothetic preterences,

Then group demand is equal to demand of a
representative member holding all the income.

Proof:

Suppose Alex and Bev have the same homothetic
preferences, and same demand z" = x(p, I").

By Prop. 2.3-4, 24 = I%x(p, 1), 2P = IPz(p,1).
= o + 2P = (I + IP)z(p, 1)
= z(p, I* + I”) by homotheticity -



Summary of 2.3

e Revealed Preference:

e Compensated Law of Demand

e Concave Minimized Expenditure Function
e Indirect Utility Function:

e Roy’s Identity: Recovering demand function

e Homothetic Preferences:
e Demand is proportional to income
o Utility function is homogeneous of degree 1
e Group demand as if one representative agent
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Summary of 2.3

e Homework:
e Riley-2.3-1, 3,4
e JJR—-1.22,1.28, 1.32, 1.35, 1.64, 1.66
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