Keall: (M, d) ¢ o wmetvic cpace” if
© dxn =o
® d(xYh) 70 f a£y  (Pesiciuiey)
® dx¥)= 44 (Syatery)

@ of(“,ﬂ)+cl(i’l,%) z d(%z) (Trimnj)e nequg ,ft\/)

Vefinition

() A open )Qm)] (w'n:% centey at, X and  rpdivs V)
6 the set

N (%) = { 9Em: dmy) ¢ Y

A open ball Nl is also colled o Heighbovhiond (abbr. Wbhd) of X

2) A closed bl (with centey it X and rodivs V)
& the set

— -

N (9 = { Yem: dimy) ¢ Y




O
Exqmplei DZ \Nith Euclidenn meti

MY\'X) = ({X—YI(XJFV)
Nr (k) = Lo%r, )

@ B with

(1) Eullideon metric

o) - @
\%

(2) - mMmetr\C

R
QB) T metric | ry”

1 X
I

The definition of open/clsed balls depend on e metric

Now we Tix 0 metric smee (M,d), and ntrodoce
more CUV\Cepts related o open/c|v§e4 sets .

Pebinition: lee T Le o subet of B M

) A point 9 EM ¢ colled o dimtopart of £
it e\}er)/ nbhd of P (onthnS O pont @ P

such thot & EE . (Vrvo, 3%E Ne(p) s1.%%p }
gck

EK@mPIe - B {%: neNy < R , 015 o lmit ponc
( Use Archimedeon property to Show it)




Pa—

Therefore o POt ¢ i (ot o linig peint o B
. mE
\f ;} V)bhc\ I\} O‘F P Stt. l\] AOQQ hot Conta]r\ Qny FMV 'Ghah P‘

@) A pont PEM is called on Golized pore of E
T PEE ond p s not o limit port of E -

nbhdJ"fP

P |
-~ ) E\ff}

()
Examyl(% : Ahy point w E it E is fiite 3 iﬁvzﬂecl
Q) Ah7 Pv.m‘('. M E - {'lﬁ V)émk < ]R 4 '5010(('/6(1

(2) A Pont PE/V\ 1S CM“ed O InteyioY pont ol E

T 2 nbhd N of p st NCE.
(3 v70 st Ny(p) cE )
EXamy\ec E= U 2)= xer: 1xua)
) oy 1<p<o (s an interlor pont
@) P= 1 i5 not an interior point |

Thm: If P s o limit point, oF € , then every nbhd ol P conthins
nfinitely goints of €
oh)y
: N7
Prootf Su\ppoge pst, 3 nbhy N of p conteing 40, - 0.JCF
Let = (2&2\&(1’,%) ; then NX(P) (ont®ing po_pont in £,

2

S0 p is  pot O limit point .

RQmGY)é(Opt;onal)iThere 19 OJ’)O“U)’IGI/ Aef.‘nit\‘on U\sinﬁ the notion DF '(;heulimit” uf 0 Sequence, -

Vet 2 A pont PEMN 15 o dimt point of E if thee i3 o Sequence fql,"'an’} In E\{?}
Such that ¥ €50 , INGEN se. d(pan) <€ Tor all 4 5N . (Notation lin b >p)

Exevcise Check this pew definition 15 @quivblent to the previons one We used )



De{:imtion( open sets  (ind closed set)

) A et E s open. it every pint of E s QO

interior pviht

@) A set E 9 C)DSecl 'alc E Conthins Q“ the limit
points of E .

PYOP"ﬁ)UW\s © Let E ke one of the sets (k] Ta,b) Lab) (a)).

W The set of all limic ponts of £ ;¢ Lab]
2) The set of all interior pnt ¢ of £ is (Q, )

CWOHM\/ ‘ N 4
() Lntevva) (&,p) i open in R (SO (Mb) s on' open ';hterva))

‘Q) Iht?,)/VOl] [le] !‘5 ClOSGJ ‘|Y\ lK ( go [O,b__\ |§ Q \\C)Uf,e(l :ht€"UQ)>
) Inceyvals (0b) ond T0,b) ore neicher closed  por open .

ngo“wiq W . ) are special s o the Fo)lowing thevrem

ﬂ\ewem‘- (1) The OWY\ 1701” ‘\]V 90 where V?o) 'S Oh OPGV) set
@) The cJosed bol]  Nrlo) 9<) ¢ O closed set

)
PYOU{-_’ \’f P E NYWQ , C\(V,%) ¥
Cloim © Ne(p) € NJX) ¢ &= r-d(p,%)

Prof of olmm ¥ % 6N£ ?) we hove
d(% X) € dws,@d(d Prx) CE+dipx) = ¥ 74(}Ql\fr )

@)y P& Nl , 40 oy
Cloim: Nd?) s dispoint Bom N lX) if €+ ¥ <d(px)

Poof of cliim:  YBENe(p) | 4B 410 -dEp)> dlox)-€ > v

3P 15 ot o limit pone of Nel®)
Co o\ the Limit points of Ne(x s in Nyl




Vebinition !

let E be o subcet of M (E does mt need
to be closed or Open.>7hen

) E , the “closure of - 5 EUE/,wbeke E/
5 the set ot oll limic Pofn-tg of E .

(Z) InT E/“bl’le nterior ot B s the et of all
intevioy pomts of E .

Theorem: Foy Ony S€t Ecm
() E  +the Closwe of E 2 chosed

Z) nt B | the juterioy of E, 1§ openr

e‘t(/)/\ Uf PVOO{-“

#v>°, 34€E

_ st TEP but d( p)<£
(1) ._L\C p S Q) imit pUInt Uf E 7 b

v
Clan > is olso 0 limit point of Gf’;ul L LCE D A3, P <L

— S, 2eN(p
( 5o Pé = 3P':.s A’IAHPO;#WFE-

Cawl: G4L 4G abnt peiat JIScE 5.+.ol(ll,5)<zr
2) Leg x €t E S Jrvo st NvlX) S E
Caim = Np(X) € int E
( Use the Tact that NrlX) s D?er\> -

Theorem:  Foy any Set B S M)
) wteC |k CE

) wtE =E if on ow\y T B open

G E = E 0 ond only i B¢ closed






Relozionship between open ond closed sets

Theovem = It Ecis on open set |
then E7< M\E (che Gamplen@it of €) | closed |

and vice versa. .

Pf: E i3 open
) Omy point % EE hay o hefg)\bo)/}lovfl Ny(p) & E
& ¢ pEE, I pbhd NAQ) dgjont Prom E°
&) ¥ pEE , P is mwt a [init pont of E-
& ol the limit ponts of ¢ e in E°
&) EC' s closed

\)mov\ O\YIA lV\'CCVSE’C“CiOY\S O-F. OP@V\ S@bﬁ,/doge(l §€?f§

Lemmvx kVe MOY@QW’S lmr\)s on SEt$ )

Let {Ed} be o colleCtion of sets |
-@he ‘[:ollowiv\ﬁ propercies hold

1) SIS - SR
@) (QEMQ = U By



Theoren

) /%Ybitmv\/ (Tinite or infint®) Wnivh D]b OP@y\ Sets 14 open
2) Finite  Cintersection of open set¢  i5 open

By lemmg and the previous theorem these Qin be Stated in term
ol open Sets

(2) AYbitVary ntersection DTD OPen sets 14 Open
&) Finte (umon ol closed sets s open

Pt D Let {543 be open  sets
v x €V , KE Su« for some &

= s Nebx NS (then NEY Sq)
ﬂ\erefwe) Ko{ S is open

2) Llet S). =S5. be opent sety

Yok & QS;( X &Sy for all |4
— 3 nbhd Ny (%) of X, NilK) € G for al] €180

Let v = TEr , NeW S NGO €S fy ol 1 = Ny (1S,

‘Z@W\O\Yki A more general yotion of the open sets ih metric Space IS

topology . A MIEBJL on o set X S g collection of subset

of X , lled open $etS  Qnd gmfisfying the {-‘onaw‘mg Qx1DMS
@ X, 9 o open sets

@l Aoy (Dibitiony dlioh of OPh Sets i open
(3) Ahy Finite inteycection of oPeh sets ¢ open .

The above theovem shows that €Very metric Space
can be Qiven & topoldy , i which the open set in

this topo)ogy ®e Open sets definey by %be metriC ond
‘ he 6}1 borh ooJ S



Defintion: A set E is dene in metric Space X
it Svery pant of X is a limt pvint ofT € orin B
& E =X
& Every omn et of X Centaing P € E

E\mm\vlei NESRE dense  in IR

N

Countable Uncantab|e



