% Couwmb[e omc\ wnCounthble  Sets

Quest jon : How 40 we co(,mt?

We con count from [ ton, where n is o Aatival nuimber

Bz ’oheve ave nv\m\be\rs \/\/}H’c)’\ re  Too man
to  list  all of them one by one, such’as 2z, Q .

© S .
Observoions : Counting is to associate 0. Set S with & nothral number (S|,

For thote set that is impossible. o do this , We can sy this set isinfinite

@

We can compare the Size uf twg Sets AB by Gomparing the nambers (A _[B)

QQ%UW‘: 0 Is there any  CPNcepe beyond inﬁ'r\it\/ 7

® How can  we compore pumbers Bhat o intimicely lorge 7
Are their different Contepts of infinity 7

Countih@ 1§ to (ssign G index  to e ch OLJect.

S=ya,d 3

,c, 3,8
I 23 ¢S
. In mavhe\matug )\ Fuhot.‘ah trom o set X ‘o a %t Y

Qssigns each element of to on elemewt of .

Tevwminology : +: X— Y

'(:1 'F(Ah(‘(’ioy\ /maPY‘mg
X:  domain
i codomain
FA) = {fo0.xehl CY : mge of A (for omy ACXK)
t'@):= { x flncp) - ‘peimge of & (for ony BEY)
( The pramage can be defingd even when T does mot have o inverse Tunction )
Remayk : Some people d(stingu'«sk between & “Punction  ond o\‘\maP(m\FP},\ﬁ){'

The wse he word “fupction” it XY are sbsets of C.R ond wse the word ‘\MQPI' if Xand Y are
genevo Sets sometimes with A Sunction with additional sevactures or specific properties .



° Count‘mﬁ can not be done using arbitiary Functione to {1,--n\

We mast use o bisecein’

Defimvions @ If £: A—>B is o function .

* We soy £ is Giedtivelontay , it f(A)=B

o We 607 f i$ ]h\)&ﬁl]@, (Ohe-to—cme,l—\) , ',f 'F[y):f((ﬁ) ;MP’iCS ’X-‘—}j (_’_3

« We say t i§ b\]q;;(,'\ue Lf 5 0 L‘:Jectiuh) ( if '(: i tl ond onto

. . L_%
jwrite A ~B oo AR
A B

Q ]

b é B bijection gives a pairing of elementy of two sets

C “ ¢

d E‘f— L mathematics , Wwe &lSU coll 1t O = tvrrespohdehce/

e S

o

Exictence of a bijection s On quwalene relition on gets.

(Chece: " pop ' Ang = Bap ¥ a~B Brt = AV )

Pefim;iohg . Ca” a set A lcinite if A“{l,";“] Tor Some n eN.

o A s ‘the empty set (A=¢)
(s snfinite

Otherwise | A

A
Definitiond ©  Ap  infinite .Set is Cotintable £ A~N.

Otherwise , A is unCountable. .

Well-definedness * Show that. N s infinite .

Tden of proot > Show (7110\1, 7,32\ bijeLtion (n) G N by ipducion on n.

(5',,4 nexT ijx_)
Question :

We know that o Colintoble et exists (N is  Cowntable )

TSR
Is there ony (uncountabled set 7 and thus, there are different conepts regurding the infinity -
We will omgwer it [ater.



vs
CQ'W\ QV\ ('4.(1\ ‘l’lM-F {!,’-',hjc_—.).)N wl\j,-e
T’: s a L'Je—b‘hm‘

(pt) We prove l:y mduehon on N
@ Base case (n:l) :
Assume | —s F() € AV,
fhan  FO)+1% fi) for some xe{t}
® Induchve step:
Assune {lhj L*"") //\/' ( proct \ay contrudichon)
guppos&\a Fosucl that §1, 0, w0y < F o5 N

Then, ¥ {a,..., uﬂ)\ {HIS — s N\ {f{h—ﬂ)}
o ¢ dbxz x| x <Flnt)
=) IN§\ g,ﬂh-fl)\ < ——» //\J Ly {%bﬂ) 2x=], x > Huh)
Thus 3eF s a hijection from {6, 0y —
Costrdichon (S¢)
@ Hence, l:y Thduchon b h,

;éh such st {: 2, h}C-———»IN
so IN & fwfiue.
¥



Defincion: A equente s o Collection of objects that allaws repetition and with an order.
Y
(O‘V\)n—,, = 0, 0,0, Ty e = 55¢

Eq“ivoleht]y/ it is & Tunction with domain N

0)
Note s Any catntoble cet com be listed in 0 sequence .
@ 1¢ Om =0n mplies m=h  then vhe Sequence (0\'\):3, s CoUntable
Move comntable sets

Theorem ° © 7 s comntable

® The nion of  cowntably: many countable set is  countable

® An nfinite subset of & cotntable Subset is Comtable .

@ IF A s Counmhle , then the St /“sn:{("'/""’“)" 0, eA Bor all |5{§h}
S Contpble

Poof: ©: If A p, o Ore contble cets

A 02/0\/7
A,—> @

Ay = a3 7 M (g
@ let, n, = ihf{L-‘XL‘E:Ej]

M= P L0 e ond izh )
Then E= {2y %, -+ Y is a Sequence,  or E=ff(k)=9(nk'-l<e fN}
Gonllary™ Q is countable , gine ® 257 and @ is infinite
Definition * A sev s ‘ot most comntable  f ¢

Constiatt a pew seputne in bhis ordey.

F v s eher finite o countable

Nfrce,: The terms \\cmwtalole” ond ‘\at most Colntoble 15 npt uhiverm({y use d .
An altermative Style Uges  Cowntably inbinite to mean countable
Ond  countable o mean Ot most cowntade
Here we use the former .

g hny seduente 13 ot malt Countable
@ Any cubset of an Ot mdt contoble set i 0t mest Countable .

Pw?os'mon i

Tbeovem ( The cortesporded version of 0t most colntble Sets )

Aftor replacing Cointable by '%ﬂz&m& ) the previous theorem i Still thrue .



Uncountalle set

Thetrem ( Contor 134): lP\ s ancountable (infinite  but ot cwnmbe)

sk <"'PP"Se ot R & countnble Hhen [o"J—C—IK s ar mest Lahl"f:éie.

PYW.F > We can IisH E°, '] by & Seqene 7‘|=0.@54---$C»\;m4r rx=°\;~'g¥"'

by K, = O L@" = seath d?ﬂi"' ditfers fron
ich xyz 0 3By Arh digit of =
Tlnen' x££ K V'KQEE!,)J => 'KQEo. J] < Y

R 5e3
T})?PVQ?“ (G""fmr 291) For ny <et A . we have A r\/2A

Uﬁe “qhe féeq in the Previols me (COhT,o)/IS dmgoha\ QYQ\AmCh(’,)

Reoq\\ chot, A~B 15 on eq\k“ua)ehce velation . on set.

Dofinition © We 2y A B hwe the Same _ordinality f A~b.

CO‘Ydtlr\Mfr,y con be repreented in two Ways .

WOA~B |, Viedions between A and B

@) The covdinal number 0ssigned o sets hav‘mﬁ the some cordinality os A .

Notations = (A . card (A 4 A

Emmples, U)‘Finiu et © n <
@ ff: N fo}] 2
G) e R fa}) : 2R



§ Metric SpuCes

Defin}tioy\: A metric Sgace (s O set M toget)\er With O\ A(gtan(e Tun ction
& MxM—R sat15fyimg the *Pv“»wm\n} Oxioms  tor a\] points %X,4,2 EM .

® A(X/X) =0

® (Pstiiy) dxy 70 i x*Y

® (éymmebv\/) é&fx,tﬁ) :&lefx)

® (Tvngle nequolity)  dix) & dix8) +d(4,2)

Main  Examgle - Euclidean  Space R with d(x,4y)= [%-2|

where [l 2\\' /XZ\QWL"'fzr\2 5 the Eadideon norm  in ]Rn

The distane d is alled the Eadidenn distance

When n=1  dxyd= [x-9] ¢ the absolate value of the differme (*-Y]

PWOF Hhat, UR':J) 15 almetric Space

- Check 0.0.6 directly
- The oxiom @ Tollows from the thiongle ‘mequalmy of the CEadideon norm .

JY)+ 43,2) = 1530 +15-21 2 | BB+ (3-2)) < I7-2) =d(x )

® Complex smze © with  dlxy) = [ %8|

where ”:'z\\flz‘iw-wzhin tnd - dente the complex conjugate .

Other examples of metrc Space
O ‘Eodidean space = R
QK. IRV‘ w-rt;;\ Q[_Clbmhoe'- A('X,‘ﬂ) = é ]9(;-'0;\

4 s [-2)
b R wWith 0% distapee « d(xy) = mMAx %=

($i¢d

( §uy- hoym fx|] = K”U:A | x|l 3



@  Function SpiRCe :

e X7 R o "
M = { Integralle function 1 X —eu{} ( usualy € is contimuous vwith finice integral jxﬁx) b & i3
( A the wtegroble functivns on X )

. M with - distance
d(f,9) = 1191 , where || Al W

b. M with L' - distance

d(€,9) < 19-3)) , where | A\l = J, hoo d
oM wich = distonce

§(5,9) = SUP | f-au0|

XeX

®  discrete space ( Optiona )
G. M= ", {(X,,.u')(n),)(ieS} ( Sthing of equo.l lengeh with characters i S)

al X,4) = # { 1€ign s X% ﬂ;j ( numbey of positions ot which the comresponding symbols are difterent )
( Hamming distance)

XX

b, M= {D m 0 mze
KIXIX \5

d(D. ,DZ) = The length of shortest path between D, and O, .

C. For amy  undiretted graph 6 | the set \ of vertices of §

M=V, 3(%9) = The length of shortest path between X omd 3 is 0 (disrete) mewric Spoace.

Exer(,ise\ Check  0.b. oOre wstones of C.



Remayk'- Th€5€ spaces are \\Aiﬁrete” n ﬁhe Sepse that there exist 0 res| number € 70 sach That
dx,Y)¥€  for ol x,Y. Obviously , every finite Set is digrete.
It e be chwh thot glory subset of o durere conce ¢ on open cot
(to be defined in the next |ecture) |
50 the 170[?""’3“35 on ‘these Spaces ke Completel ly chomctenzd ond con mot be farther Swéleé
We do not disewss discrete Space in this class.

Systematic methods to ‘Gonstrutt O Velfol SpaCe
() If Il 1] s nihokm on a veltor space |, then d(%Y) <)[x-Y1 is o ‘metric vh \/

(2) Lf ¢, 5 i oniimner product on o Vector Space \,

then vl = vy 15 o ‘orm .

Corallory®  Metric 6paces C novined paces < inner produst  spaces

Exomples - V) 3 '~ distance \ 0% distane 75 jnduced Trom L'~ nohn . {7 norm
() (L) () (e

(2) Eudidean Norm on Ha—h, &V].



