
& Countable and uncountable sets

Question : How do we count ?

We can count fromI to n
,
where is a natural number

But there are numbers which are too many
to list all of them one by one

,
such asX

.
Q·

D

Observations : Counting is to associate a set s with a natural number ISI .
I

For those set that is impossible to do this
,

we can say this set is infinite
I

-

②
We can compare the size of two sets A

,
B by comparing the numbers (A)

.

IBI

Question :& Is there any concept beyond infinity ?

② How can we compare numbers that are infinitely large ?

Are their different concepts of infinity ?

·

Counting is to assign an index to each object.

S = 39 ,
b

,
c

,
d

, e]
12345

· In mathematics
,

a function from a set X to a set Y

assigns each element of X to an element of
Y

.
Terminology : f : X -> Y

f : function/mapping
X : domain

Y : codomain

f(A) : = [f(x) : xtA][Y : image of A (for any A[X)

f (B) : = [x : f(x)BY : preimage of B /for any BEY)

(The preimage can be defined even when t does not have a inverse function

Remark : Some people distinguish between a "function" and a "map (mapping"
The use the word "function" if X . Y are subsets of K

,
IR

,
and use the word "map" if X and Y are

general sets
,

sometimes with a function with additional structures or specific properties s.



·Counting can not be done using arbitrary functions to <1
, .... n],

we must use a "bijection" .

Definitions : If f : A- B is a function.

· We say of is surjective /onto) ,
if flA) =B 5)

· We say- is injective (one-to-one
,

1-11
,
if f(x) = f(y) implies x = y -

· We say+ is bjective If is a bijection) ,
iff is # and

· 4)
f

write A~B or A vB.

A B

3 * bijection gives a pairing of elements of two sets
.h In mathematics

,
we also call it an "1-1 correspondence".

· Existence of a bijection is an equivalence relation on sets.

(Check : "AwA *
A-B =>BrA' A-B

,
BrCEArc)

Definitions : Call a set A inte if A-(1 ..., n) for some neIN.

or if A is the empty set.

Otherwise
,
A is infinite

#definitions : An infinite set is countable if AwN .

Otherwise
,
A is uncountable.

Well-definedness : Show that IN is infinite.

Idea of proof : Show that bijection [n] <I by induction on n.

Question :

We know that a countable set exists (I is countable)
Is there any uncountable set ? ) and thus

,

there are different concepts regarding the infinity?
We will answer it later.

-

(A= q)

A

1

(see next page



Claim : An such that &1 , ..., n3> N where

f is a bijection.

(pt) We prove by induction on n

& Base case (n = 1) :

Assume 1 -> f(1) [IN
,

then f(1) + 1 f(x) for some x(1)

& Inductive Step :

Assume [1 ...., n) LIN
,

(proof by contradiction)

Suppose If such that 31 , ..., n + 1) S /N

Then
,

F : (1 , ..., n +))5n+ 1) <N2GfIn+1)
=> NIStin][sIN by (8(= x

,
x(5(n + 1

g(x) = X- - 1
, x)((n+1)

Thus
,

807 is a dijection from 21... n) -> IN
Contraliction (7)

& Hence
, by induction on n

,

#n such that (1 ,
2

, ... 2) [INS

so IN is infinite.



Definition : A sequence is a collection of objects that allows repetition and with an order .

(an /n = a
, 92

, ..., an,....

Equivalently
,

it is a function with domain IN.

D
Note : Any countable set can be listed in a sequence.

② If Am =An implies men
,

then the sequence (Anin ,
is countable

More countable sets :

Theorem : & is countable

② The union of countably many mountable set is countable.

& An infinite subset of a countable subset is countable
. &

& If A is countable
,
then the set A" = &(a , ..., and : aifA for all paisn]-

is countable

Proof : 2 : If/F
,
A . ... are countable sets

.

Al- Construct a new sequence in this order.

A2-!
A37

③ Let n. = inf (i : XiE]
i

Mi = int Si : XitE and iInk-1
Then E = &Xn

, Xnn
,

---] is a sequence
,

or E = Cf(k) : Xn : kEN]
Corollary : Q is countable.

1
Since Q *** and Q is infinite

.

Definition : A set is "at most countable if it is

if it is either finite or countable

Note : The terms "countable" and "at most countable is not universally used.
An alternative style uses countably infinite to mean countable

and countable to mean at most countable.

Here we use the former.

Proposition :
1
Any sequence is at most countable

② Any subset of an at most countable set is at most countable.

Theorem (The corresponded version of at most countable sets

After replacing countable byinmost countable
,
the previous theorem is still true.



↑

Uncountable set

Theorems Cantor 1814) : /R is uncountable (infinite but not countable)

Proof :

Theorem (Cantor 1891) For any set A ,
we have AN2A

Use the idea in the previous proof (Cantor's diagonal argument)

Recall that AwB is an equivalence relation
.

On set .

Definition : We say A
,
B have the same cardinality if AwB.

Cardinality can be represented in two ways.

11) AwB
, bijections between A and B

(2) The cardinal number assigned to sets having the same cardinality as A.

Notations : (A)
,

cardIA)
,
#A

Examples.
"

finite set : n

(2) St : N- So , 13] : 2

(3) [f : (R + So, 13] : zR

ipt) Suppose that IR is countable
,

then [0 , 1] &IR is at most countable.
146

= 0
, 134 . --- Construct X = 0 . 257---Bof > We can list Co,1] by a

sequency
o

-

# HN

X2 205---so ith digit differs from
Contradiction

Ther
,
XX: Ext =X 20 ,1 Eth digit of



⑤Metric
spaces

Definition : A metric space is a set M together with a distance function
d : MXM-1R satisfying the following axioms for all points X, Y

,
zEM.

D d(x
,x) = 0

② /Positivity) d(x , y1 > O if X # Y

③ (Symmetry) d(x , y) = diy
,X)

# (Triangle inequality) d(x
,
z) = d(x, y) + <(3

, z)

Main Example :

"

Euclidean space IR" with d(j) = 115-511

where I/E11 = /zp+...+ zn is the Enclidean norm in I
&

The distance d is called the Euclidean distance

When n = 1
,
d(x

,y)
= (x-y) is the absolute value of the difference (X-Y/

Proof that I/Rd) is a metric space

· Check D
.B

,
B directly

· The axiom & follows from the triangle inequality of the Euclidean norm.

--

d(x
, y) + diy ,z = 15-311 + 115 -E1 ? /(2 -5) + 15 -2/11 = 11 % -Ell = diX

,
E

-

& Complex space &" with d(x
,y) = 11- -51)

where I/E11 = /z , E + -- -+ zrEn and denote the complex conjugate

Other examples of metric space

D Euclidean space M = Rh

a IR"with e'-distance : d(x
, y)= 14: -Gil

b. with 18-distance : d)x , y) =
max 14: -Gil
ki = d

[Sup-norm 11 x11 = max Ixill)
kind



② Function space :

Let X = IR" or
"

EM = Integrable function f : X +RJ I usually + is continuous with finite integral
, Sxtidx < 5)

1 All the integrable functions on X)

a . M with L2-distance :

d(f
, g) = 11f-911

,
where Il hll=This dx

6. M with L'-distance :

d(f
, g) = llf-g11

,
where 11 hll = Syncydx

c
.

M with 18-distance :

d (f
, g) = Sup (f(x) -g(x)

XX

③ discrete space (Optional)

a M = S" = [(X... Xn)
,
XiES] /string of equal length with characters in S)

d(X
, 3) = #(1 < i > n : Xi #Y ; ] (number of positions at which the corresponding symbols are different (

1 Hamming distance)

1xX
b

.
M = &B in a maze

XXX 3
& (D

, D2) = The length of shortest path between D
,

and D2
.

2. For any undirected graph G
,
the set V of vertices of G

M = V
,

d(x, y) : The length of shortest path between X and y is a I disretel metric space.

Exercise : Check a
. b

. are instances of C.



Remark : These spaces are "disrete" in the sense that there exist a real number 30 such that

d(X
, y) < E for all X

, y . Obviously , every finite set is disrete.

It can be shown that every subset of a disrete space is an open set

I to be defined in the next lecture), h

so the topologies on these spaces are completely characterized and can not be further studied

We do not discuss discrete space in this class.

Systematic methods to construct a vector space

1) If 11 · 11 is a norm on a vector space V ,
then dix, y) = //X-Y1I is a metric on V

(2) If <, > is an inner product on a Vector Space V,

then 11vIl = JV) is a norm.

Corollary : metric spaces (normed spaces [ inner product spaces

Examples : 11 &'-distance
,
18-distance is induced from 1-norm . 18- norm

(2) (19) (2) 11%

(2) Euclidean norm on IRh
,
D"

v

&


