
Review :

Our ways constructed rational numbers and real numbers share a similar process

Step 1 . There is a smaller set # and operations on it. We want to extend the operations
to a bigger set.

Step 2
. Construct a set & and operations on it

Step 3
. Show that there is a subset A"of B ,

such that operations on B restricted to A is

equivalent to the operation on B.

I

Example : (1). Construct rational numbers from integers

A = < m : mez]
,
B = = &: mine and nto]

,

A= 34 : mee]
.

& = F if and only if ad = ob

12) Construct real numbers from rational numbers .

A = Q
,

B = all the cuts
,
A = SWER : gar for a reQ3

.

Remark : There might be step 4 as follows.

Step 4. Establish some kinds of uniqueness thatB have . For instance
,

show that there is a property shared by

any constructions of B.

In example 2
,

we construct real number by cuts. Even though there might be different ways constructing
the real numbers

,
the resulting sets share the same properties : IR is an ordered field and have the

least upper bound property. Therefore
,

we can forget that real numbers are cuts
,

but an extension of rational numbers

characterized by these properties.

Today :

&
complex numbers & principle of induction

· Complex numbers (denoted byK)
· a number system that extends real numbers with a specific element i, satisfying the equation i2 = 1 .

· Every complex number can be expressed in the form a + bi.

· Addition : (a+bi) + 1 c + di) = (a+c) + (b+d)i

Multiplication (a+ bi) x (C+di) = (ac-bd) + (ad+bc)i

We assert that i exists implicitly in the definition
,

does such i really exist ?
It requires a rigorous definition .



The complex numbers can be define in a new way.

· a complex number is a vector (a ,b) in IRE = IRXIR .

· Addition : (a. b) + (c
, d) = (a+ 2 )(b+ d)

(compare to (atbildillac +bi)Multiplication : (a
,
b)x(c, d) = lac-bd

,
ad + bc)

· Exercise : Check that IR with these +. X is a field

· R IR is a subfield of D. -> ( , 0)i 1

R -> I o - 10
, 0)

a m > (a, 0) (a, 0) + (b
, 0) = (a +b

, 0)

(9, %) x (b
, 0) = (9b , 0)

· 10, 1) 10 , 1) = /
,
01

denote it by i.

Suppose that Z = atbi

· real part : Relz) = a imaginary part : Im1z) = b
S

· complex conjugate : = a- bi

· Check that forany twocomplex number, we

Ew = z.

· Define 121 : =Abo if Zatbiz is a non-negative real number

· Iz . w) = 121 · (2) (Kla+bilk+ di)K = Lac-bds + 1ad + bc) = (a+ 32)(c+d) = latbi/c+dik)

Enclidean space

· IR" = <(x1 , "iXk) : X : -IR for all kick] (1,:. ; Xk) is a vector
I

1) Addition : (X ..
"

, X) + 14," ; Yp) = (X , + Y
,

-

,
Xk + YK)

12) Scalar Multiplication :((X, , ..;, xk) = (2X1 , -

, <XK) forcEIR
k

13) Inner product : - . 5 = IXi]; if X: (X , ,

. . Xp) ,
J = 19:: Y()

i = 1

(or(X
,
Y5)

(4) Norm
=E, 0 for all Y , = 0 if and onlyif

·
(K = ((X

,

:"

, Xk) : Xie D for all kick]
11

, (2) Addition, Multiplication : The same as IR".
-

13) : X. = EXiS; if X: /X , , X) ,
J = 19: Y()

i = 1

(or(X
,
Y5) S

where Ji is the complex conjugate of :

(4) 11: = EE
,

1120 for all Y
,

11 = 0 if and only if X = 0

Check that *.* is a real number.
-

· When k, Abilitati,thesameas the norm defined on the complex nursa

C .(

= a get with structure we can define +, X,

satisfying axiom Al-A5
,

M1wM5
,

D

=-
2

L



· The norms in the Euclidean spaces satisfying the "triangle inequality".

( +j1 < (x1 + y1 for all X
,
JERRYord"

.

X
T

+ T

E 7

· Corollary : The Euclidean spaces are instances of 'metric space' ,
a space equipped with distance function between

any two points in the space. ) The complete definition will be given in the next lecture).

· Proof : For any vectors
,

i
, we have

15+51 = (+5) .(+)
= - .X+ y .x+ y -j + y .j
= (xR + 15 + 2 Rel X./

= 112+ 151 + 215 ./

& 1 % P+ 1jp + 211(5.... (t)

= (1* 1 +1515

The 1x1 inequality is the following inequality .

· Cauchy-Schwarz inequality :

If E
,
Y & &"

,

Then 1 . 51 : 1 * 1 :/
.

The equality holds if = c· for a complex number c.
-

Equivalently
/

if XI :
"

,
Xk

,
Y,

. . . Y are complex numbers
,
then

k k

1
,
Xi5) < (X i) (3:5) = (i)(

,

(1)

The equality holds if there is a <in D such that X :
= 24 ; for all Pick

k
Proof : Let

,
JEC

For all +El
,

we have
2

o < 115-ty

= <X -ty
,

X -ty]

= <X
,X) - t (y,X) - E(X,y) + 1 P> Y

, y3

Choose= ,
then the inequality become

kX
,y> #
-0S(X, X) -

<Y, 33

=> 0 < Epig - Kx , y > 1

· Geometrical interpretation :

7
I=- /Pythagorean theorem)

* I < X, y > 2
-

x <Y
, Y>

(definition (
Laxiom D : distributive law)

/rector form/

[ ] <number form



s Induction

·

Principle of (mathematical) induction (POI)

Let S be a subset of IN
,

such that

DIES

& If KES
,

then k+ ES for all k.

Then S = IN

· Proofs by induction

Let P(n) be statement indexed by n EI

base case : Show that P(1) is true

inductive step : Show that if P(K) true
,

then PlK+ 1) is true.

Then Pln) holds for all nEI.

Proof : Let S : \nEI : P(n) is true]
,

and use POI.

· Writing proofs by induction.

- Indicate you're using induction and which variable you will induct on.

-

show that the base case is true
.

- Show the inductive step

- State your conclusion by using POI.

· Exercise : Prove that for any natural number n

1 + 3 + -- + 2n - 1 = n2

· Variants of mathematical induction

11) Strong mathematical induction

The inductive step needs truth of P(1 ... PlK) to prove P(K+1)
That is

,
if P(11

, ..., P(k) are true
,

then P(KH) is true.

Exercise : A me is a number p that for any integers min such that a
,
b ? 2

,
we have pab.

Prove that any integer n22
,

n is a produce of prime numbers.

We prove by induction on n

- Base case : n = 1 : 1 = 12.

I- Inductive Step: If It ... + (2ny) = n

#

+ (n- 1) + (2(n+ 1) - 1) = n2+ 2(n+ 1) +
=

-

= (n+ 1)
-> - By POI

,

It ... + (2n =1) = hh is true for all

n /N
.

-



(2) Base case other than 0
. 1

Base case can start from any natural numbers I,
such that Plk) is true

13) Induction on more than one indices
.

The statement we want to prove that Plm
,n) is true for all min.

D First
, use induction on m

Base case : P11 , 1) is true

Inductive Step
: P(m , 1) -> P(m +, 1)

By POI
, P(m , 1) is true for any m

& Then
, use induction on n.

Base case : Plm, 1) is true for any m

Inductive Step
: P(m , n) -> Plm

,

n +1) for
any m.

By POI
,

P(m
,
n) is true for any m,n

Exercise: litis = men (ment2)
2


