Eeview g

Owr ways cohstracted rational numbers ad real monbers shore o similor procesg

Step I. There is @ smalley set A ond operatins on it . We wont to extend the operations
to o bigger set.

Step 2. (opstyuct @ set B ond opertibhg on [T

Step3. Show that thoe ¢ o subset A of B, swh that openitions on B restricted o A/ s

equivalent to the operatin on B.

Eample = () Constract, rationol numbers from  integers

A< {mmezy @@= {2 mner o nto) , A {2 mez)
%:% i® and oy it ad=ch

(2)  Comstruct yen| numbers €rom votiom| numbers.

A: R BT ol ¢he cuts, A= 1968 B<r fora reRY

]Z(’,mQY\{‘. There M(g}\t be step U as {:OHO\NS‘

Step & Ectablish some kinds of uniqueness thar B have. For nstahce , show Hat there is 0 property shared by
Oty lohstructions of B.

Ln exonple >, We Construct Feol Wumbey by Cats  Even thoilgh there mighe be ditferent Ways (onstrocting
the real numbers , the resltng Sets share the same properties: IR is an ordered field ond have the

lease uppes bounl propaty . Thenfore we Con Torget that real nurbers ave cats , but an extension of vational nunbers

characterized by these properties.

Toéo\y :
Complex humbers @ principle of induction

* Comlex nunbers (dented by €)
o 0 hamber system that extends yen| numbers with 0 specfic element ¢ , satisfying the equation {

3 o]

E\/elry Ooynplex pamber can be ex?yessd in the form a+t bi
Addition :  (&tbi )+ (ctdi) = (Orc)+ (btd) i
Multipliotion (xtbi)X(ctdi) = (ac-pd)+(adthc)c

We qgsert that i exists imglicitly n the definition , does such ¢ really exist 4
L¢ requiteg & rigorous definition .



The Complex numbers con be’ defing in o new way .

R—> C
0 — (a0)
’ .(_.LD (o) = (,0)
dente 1t by €.

Su?FuSe thot 2 =athi

adtbc)

(

(a

0 Complek namber 35 0 Vectoy (Q,%) in R2=lﬁxlﬂ ]
Addicion = (.b) 1 (c.d) =((arc)(bta))
Muleiplieation: (o,b)%(c,8) = (ac-bd ,

(cwnpare to (aﬂ”) Hd) (WC)\L(MN )

(ath¢)x(ctdi)=  (ac-bd)+(adthc)¢

Exe)'cije’ Check that 022 with these 4 X {5 @ fiell = & set with shchvwe we cgn define +, X,
. R R is o subfiell of €

1 v (2,0 su+73fy;'v:7 a¥iom A\~ A4S, Ml~ms, D
o = (b,v)

0,0)+(b,0) = (b, 0)
) k(b,u) S (D.b, D)

« real part: Pe(e)=0 Cimagimovy port: I,(2)=b

Compley orjugate : 2 = Q-)

v Check thae for ony two whplex numbeys 2,W
Ztw = Z+w RERVE

‘Z Ze ontprzo it

2= o‘ﬂn

ow] = 2l (@) el s

ZW

2-2 {5 a hon-negotve ren| wumdey

(c-ba) +@debcf = (o%F)(rdh) = [orsl®|etdi]* )

E‘*Cliéeon spce

€(Kf,"',xk): X ER for all )g{sk}/ (x,--, X.) is o veCtor

((J Aéé\'ﬁDhI (X(, '..; Xk ) +* (‘dl.-. ./

@) Scaloy Mu\ﬁplfmﬁ()h T e« 0c8
(3) " Zoner product ?-5 5
(or (X,‘g))

> = -t

() Norm : [X|= J¥X = (XX)*

S lehgv.h of o vector

Hk) = (X.‘f‘w\’ -, kaﬂk)
Xe) = (ex, -, cxy) for ¢ €R
k > [N
'lgl Xuﬂ: (f Xz [X|,"'Xk) , 3 < (ﬂll“l yk)
> > S
, IXI20 foroll X (XI=0 if and onlyif X=0

Ak {("l,“'/‘k)" xi e € foral ls'\gk}

W @) Addicion . Multipli cotion

) (ol _lg"lx;n“,- of
(o (X,‘(p)

The

;: (x”...xk)

same a5 RF
, ?: ( 51["' yk)

where E i the Comex conjagate of Ui

W (Xl J3x - G= %]

7/0 ‘le’

S < >
all X, Ixl=0 if ond only if x =

Check fhat ?; 5 o veal namber.

o When k=1 [y = |ovtdi) = ,J_b

f

X=Qtdi the Swme &S the forin dePned on the Complex nombers

When X X, g are real vecters , %. 5 ond X ove the same as the ohes in Iﬁk



lhe Nnarmg (h 'Uhﬁ Euc}ide,ah SPOCeS Qatié‘{'}/ihs the k“(Zi’i()v\gle ineqw\[l'tyu

ESERER 52]#“[@[ Porall x.9 € RB5 .y '

X/ 9

3=
’ Cvro\lary’ The Buclidenn space$ Qre instlnces of “metric Spacel, o spce equpped with distance function between

Om/ two pownts in the space ( The aumplete definition will be gen n the next lectwye )
+ Proof:  For any vectss X4, we have

(R<B 1" = (%49)(x8) (definitio- )
FERC R W) 2 . . . .
: TRATX D00 (apowm D Aistibutve  |aw )

(X + (9 2 Re| XY

(X149 + 2 (.9
1?\°+|i|‘1+21;’|(§; e (4)
=((xX1+(31) .

A

VAN

The () 'mequality is £he (’ollaw‘mj 'mequal;ty,

Caud\y - Sthworg in??ua,it]'.
It %96 den (73] < IX13]

(vector Horm )
. The equality holds it X=c¢Y fora omplex number C.
Equivalehtly X Xk, 9, Y ore Coln plex mmbers then

x5l € (2 58) EaD - G )

(nwm\;-r '/"M)
The equaht)’ holds 1 there is a cin € such that x;= 9, for all Icick

> S k
Proof: Lot x,v€ C .

For all t€C , we have
o~
v I x-tyl

m

<x-ty , x-tY

XX - B0 Ty +fEles, y>
Ch $ s (%W . .
T 49> , then the lhe?ua"t}' become
0¢ (X el
& (RX2- Ty
=17 5
=2 0% (X[ (9] - [, 9)°
* Geometrical interpretation :

a > o
ESE l“':!mgﬂl czb'ov 3\ ‘iy'?;, ? ( Pyehagorean f)neorem)

4




§ Ih(lU\CTiUh

’ Vrinc}ple of (mothematical ) nduction (POI)

let S be o subset of IN, such that
®1les
® IP k€S then ktt €S forall k.
Then S = N

o PVW{:S by indaCtion

Lee Pln) be Statement indexed by n €N

base case *  Show that P(1) is true

inductive Step:  Show thae & Plk) trie then PliH) is erue.
Then P(n) holds forall n EN .

Proof © Llet S= 1 nEN: Pln) is tme} ,ond use POL

) intihﬁ Y)—Oofs Ly induttion .

= Indicate yow're using induction and yhich yariable you will induct on.

~ e prove \-7 Iy duehne o 1
= Show that the bose case is thue.

= Show the inductivg step = BAS& Corge h=| : | = lz,
- Sete Yyour Conclusioh by using pol. - Ir\"(A(‘HW S"eP.‘ I.F 1+ .___,{“,_,): Vl’”
4=« fn-t) F [lfn-fl} -)] = _h_"+ 2(nt1) +)
. F . —_— = L
Cxercice ©  Prove ¢t for ony ogural number T ht1)
(+3 tanent o S| = By POT, Heet(amsl) = nt i drue fov al
neN.

[

- Varianes of  mathematical induction
() gthmg mathematical induction

The inductive Step needs gruth of P - k) to prove Plkel)
That is | if PUJ,-=, P(k) are tue , then Plk#) s twue.

Exercise © A prime i a hanbey p that Forony iegers m.n swh that o,b22 , we hae pXab.

Proe that Qny inteder h 72, h iS5 g prduct of prime numbers_



(2)  Base case other than o, |

Base case can stort Trm any natars| numbers k
Sach vhat P(Ek) is true

B3)  Induction onh more than one indices .
The statement We want wo prove thay P(mpn) 3¢ true Tor all mn .

®  First, ug induction on m
Base cae © PLLI) i¢ true
Inductive step’ P(m)) —5P(mti, 1)
By POI , P(m,1) is bue Lo any M

ws indikCtioh Dh h

@  Then '

Base cae © Plml) i¢ true o L
Inductive step:  P(mW) —5p(m,ne) o fny m.
87 POII p[yr,]h) i$ thue  For Ory M p

m
. S v = roh (m#nt2)
EXQYC\ée 2 ;\ (1t)) —_— s

=1t



