
Last time :

· Definition ofSets : A collection of objects or numbers
.

Operation on Sets : AlB . AUB
,
ALB

,
AXB

· Equivalence Relation =, ~
... on a set

Reflexivity ama

Symmetry arb =) bra

Transitivity arb , bu = auL

· rational numbers : fractions or ratios of two integers

A
5 or

a : b

Addition

Multiplication=

Today ,

we are going to introduce

11) Construction of real numbers (IR) from rational numbers (Q)

12) Well-defined arithmetic operations and orders on IR.

131 Least upper bound property) the completeness of the real numbers)



What is a number ?

numbers.· Greeks
: There is a correspondance betweenLengtais

-

quantity algebraic objects

~
3

Y

① or

=> A number is a point on the line.

· Points in interest : Can be constructed by straightedge and compass.

2
-

·

Construct parallel lines

I
-

· Rational numbers can be constructed from similar triangles.

· Construct 12 : 1
Exercise : There is no rational solution of the equation X= 2

, so Ji is not rational.

Doesde really exists ?

· As a length ,
it is constructable.

· As a number
,

it should be compatible with the arithmetic operations + -

,
X

,

:
.....

But how we can we define these operations ? We only know how to do these computations in rational numbers.

The problem was solved in 19-th century , by giving the formal definitions of "real numbers".

These numbers is fundamental in real analysis (the study of real numbers and

the functions defined on it)
,

and also provide vigorous foundation of calculus



Why we need real numbers ?

· Foundation of real analysis and calculus
,

and also all the science built on them.

· A mathematical model for continuous physical quantities ,
such as the position in the space , time

,
etc.

· Good mathematical properties that can used to define functions and solutions of equations. X= 2

Things need to be known before we explicitly construct real numbers.

· The real numbers are pure and abstract mathematical objects , and the construction seems artificial -
But some properties that was used in the construction

,
such as the least upper bound property ,

are also

useful afterwards.

· There are other ways constructing the real numbers
,

and it can be shown that they are all equivalent .

· Cauchy sequences of rational numbers
.

Construction of real numbers IR

· Idea : Every real number is associated with a cut

· Dedekind : A cuta is a subset of Q S
.
t

.

D2 + 0 ,
Q

② If PEX
,
GEQ and 81p

,
then 8EX(closed downward

③ If PE d
,

then there is a gtd s.
t

. PC8 (no largest number

Example :

11/
2 = (XEQ : -1(X(1] is not a cut ( fails)

(2) B = EXEQ : X1-1] is not a cut 18 fails)

(3) For any rEQ ,
r
*

= (XEQ : Xr] is a cut .

000s o I
j

Proposition : The set (xEQ : Xc03U(xEQ : X* 23 is a cut.

This might be the construction of J2

=> All lower ration numbers
are in the set &

* For every rational

number
,

there is always
a larger rational number

in the set !



Theorem : DIR is an ordered field

(Rudin 1 . 19) & IR contains & as a subfield.

· Roughly speaking ,
aField is a mathematical structure that addition

,
subtraction

, multiplication ,
division.

· Formal definition :

A field is a set F with two operation actiplicatisfying the followingaxioms.

· Addition : (A1) X +YEF for all X
. Y EF

(A2) x +y = y+x for all X , DEF

(A3)(x+ y)+ z = x+ (y+z) for all x
, y ,

z EF

(A4) F contains an element O such that 0+ X = X+ o =X for all XEF

1 As) For every XEF
,

there is an element (-X) EF such that X + 1 - x) = 0

( Then the subtraction X-y can be defined as X + ( -4) (
-X is called the additive inverse (of X) .

· Multiplication : (M1) XYEF for all X
. Y EF

(m2) Xy = yX for all X , EF

(M3) (x Y(z = x(yz) for all x
, y ,

z EF

(M4) F contains an element I such that Ix = X1 =X for all XEF

(M5) For every XEF
,

there is an element 1/ EF such that X . 11/X) = 1

(Then the division X/y can be defined as X . (1(y)
I/Y is called the multiplicative inverse (of Y)

· distributive law

(D) x (y+z) = Xy + yz for all X
.

4
.
2 EF

.

Examples : (1) Rational numbers (last lecture

(Q
, +, X)

&
(2) Real numbers (this lecture)
(3) Complex numbers (next lecture

Question : We defined that every real number is a subset of Q.
What is the addition and multiplication on it ?

~an the following operations:

& F is closed to addition)
I cam change the order of addition

( Can combine in addition)
(zero !

(negation

(F is closed to multiplication)
(Cam change the order of multiplication]

& Can combine in multiplicatio
Cone

!

)

(inverse (

(Interaction between

addition & multiplication)

&

IR

C

a "cut
1/



Addition +B : = [rts : rEa
, ste)

Check that Da+B is a cut I closed downward
,

no largest element (

& The axioms Al-A5 is satisfied
.

additive identity :o
*

= [XEQ : x (0]
additive inverse of d : B = /PEQ :Ess .

-PreI
-

Check that X + B = o
*

·

Multiplication :11) If < . B > 0
*

= (xEQ: X (0) ( We will define the order on IR)

↓B : = Sp :

p< rs for some red
, StB]

(2) Extend the definition to <
. BEQ by

(- 2) . B =
- aB

I C . (-B) = - aB

( -x). (- B) = aB
*! 0 . % = x . o= of

Check that : Dd . B is a cut

& The axioms M1 - M5 , D are satisfied .

The details checking these axioms can be found in Rudin Chapter 1 Appendix.

Definition : An der on set is a relation < satisfies that

① trichotomy : If X
,YES

,

then exactly one of these are true
.

X(y ,
X = y

,
X7Y

& Transitivity : If X(Y and yCz
,

then XCZ

Example : (1) In Q
,

we sayI is positive if mn >

Then define that C if 8-t is positive.

12) Given a set S
,

we can define an order on all the subsets as follows :

A <B if and only if AGB

Definition : The order onR is defined as follows :

& B if and only if ↓ B

It d
, & are two cuts

,

(See next page)



&[+ B # P& since CFD
, BFQ

.

(pf)c + Q = Eadd ,
acD

.

BE D = 7bEP, bEQ)
.

& For used+ &,
for all g) r+ s

.
8 t * = ge+ B

(f) g-5 = q-sEdkined is a cut)

=>f = (8- 5) + Sn => g(d + B
*

A
a



Theorem : Q is a orderedfield of IR
,

in the sense that

under the map Q- > IR ,
the addition

, multiplication ,
order in Q are preserved.

↑ A

X +- x
*

Proposition :11) If asb ,
then at 2 = b+)

I

12) If r>0 and alb
,
then racub. for all a

.
b

.
c

. r EIR.

Remark : This kind of field is called ordered field.



least upper bound

Def : Let ECS
,

S is ordered.

If there exists a BES S.t
.

for all XEI we have XB,

then 8 is called an upper bound for E.

Def : Let ECS
,

if EXES S
. + .

11) & is an upper bound of E.

and12) if rx => W is not an upper bound of E

(12) is equivalent to that W is an upper bound of E => (12)
Thend is called the least upper bound (1

. u
. b

. ) of E or supremum of E.

In this case
,

we write X = supE.

Example : Let S = 0

1) E is a set with finite elements
, supE = largest element in E.

12) E = S1-h
,
nEN3

, supE = I

13) E = CXEQ : X
*(2)

, supE does not exist .

Least upper bound property

Ihm : R has the least upper bound property.

That is
,
for every non-empty subset A of IR

if A has an upper bound
,

then it also has a l
. u .

b
· in S.

Sketch of proof : A is a collection of cuts
,

with upper bound B.

Let U = USd : CEA) (Notice that & is a cut
, so it is a subset of Q).

Check that D W is an cut

② U = SupA .

Example : E = CXEQ : X
*(2)

, supE exists in IR.

Exercise : Leta = supe ,
then 2= 2

.
In this sense C =52.

Similarly
,
the lower bound and greatest lower bound (infimum) of a set can be defined.

· Def : Let ECS
,

S is ordered.

If there exists a LES St
.

for all XEI we have XI
,

then y is called a lowebound for E.



Def : Let ECS
,

if EXES S
. + .

11) & is a lowerbound of E.

and12) if r>** W is not a lower bound of E

(12) is equivalent to thatW is a lower bound of E= USL)
Thend is called the greatest lower bound of E or infimum of E.

-

I this case
,

we write X = infE.

If a set ECR has a lower bound
,
then infE always exist due to the

following fact and the least upper bound property

Proposition : inf E = -sup(-E)
.

Useful fact :

inf(
,
nEN3 = c

# Vy30
,
there is a new st .

Yi

This is a corollary of the following property

Proposition (Archimedean property)

YX
, Y>0

,
EnEN such that nx > Y

.

-

there is a

Useful fact (Q is dense in IR)

Vx
,
YERR

, X(y = EgEQ St
. X183].

Next time : complex numbers
the principle of induction .


