Lase <ime -

* Defintion of Sets: A collection of objects o numbers.

O?emt{w\ on sets'-A(\B N A UB . A\B . AxB

> Eqivlence Pelation =~ on o set
?eflexiuit} 0~Q

Symmetry a~b =) bvo

Tmﬁtiﬁty acb, bve = a~(

' Mtivn(xl numbers '(:mc,’ciohs Ur  yotio5 Df two 'mtegers

Q. ‘
b or Q&b
‘ Q c Qd+be
Mtlltion > t5 = 37
/ﬂultiplicmon -g.% - ga

Toéay . We are  guing to (ntroduce
(1) Consorution of real wambers ( R ) From vational numbers (®)

) Well-defined pyighmetic operdtions gud orders on [R .

\3) Lenge wprer  bound Pro?eyty( the ompleteress of the veal numbers)



Whot s o namber <

o Gregks [here is o comespondance between lengths a4 pimbeys.

N—
eometrial quantity  olgebiic. objects

2 0 3
%/ \¢ or —_——
= A gumber i 0 poilt_on tho lipe .
Voints in interest : Con  be Copstructed Ly straightedge and Compass .
2
« Constymt 3
S Pamue( lines

/

~

Rutiond) numbers o ke anstracted from similoy triangles.

* Copgeruct #r;;: N\

EBrercise ©  There s o rotioral soltion OF the pquation  X>= 2 , o J> (s nut rational .

Does (> veolly exists 7

As 4} lenﬂt-/h, It s (onstrutable.

AS o namber , it should be Compatible with the Qrthwetic operations .= X = <o+
BU'(’, hOW we Con We dE'Fr'he "(’)Iest DPQHLﬂDhQ ? WQ Ohly know how o do Tithe oomru’mt'mhs \n rot“o)\a‘ humbey's

W /)
T}\C prblem wog Sol\/ei in [4-th Centuky \77 3ivih5 bhe ‘Fownal defihiflohs Of vea numbe,rs_

These numbers 15 FCundamenta]  in el (J\nﬂlySis (the Seudy of res| nombers and

‘vhﬁ 'E\lhc‘tims deffheé on it ) ,O‘h‘l also P\/D\i\d@ Yi9olr0(£$ ~fouuné&#cior\ b(: colwlmj



\/\”\y we need Yepl namber(

* Foundation of real andysis and calcalus  and also ol the sience huile on e -
« D mathemorcal  model for Continuous physical quantities , Such as the PpuSition in the space , time , etc.

C‘WoJ mb\themmml pwerﬁes thae con used de,fine Tunctions and Solutions of equut‘!ms X2: 2

Things veed to be nown before we explicitly construce vea| numbers.

* The veo| wumbers are pire ond abstrout, MAthematical ObJectsl ond  vhe ConstraCtion Seems Oytificir] -

But some  propevties thot was wsed in vhe Constraction | Such 0 vhe least upmer buwd property , are also
usefu|  aftevwards.

' There are other way S CohSeructing the red| numbers, and it con be shown that f}ley are al equivalent .

Cuud/\y sequenteS  of rotional humbers .

Co?\S{;mL’c(ov\ Df )'ea' number s IQ

Tdea: EVery rea| number is  associnted with o cut

Dedebind © A owt x s & subset of @ sx.
O & *¢.Q

® If pes, 5@ and BCP , then 36 o ((chid  downward ) DA |ower ratim nym beys
R m Hl, cet &

® If pe A then there ic 4 FEA se.  pC® ((no largest humLeY)
\—\-\F;,w ¢V¢7 vq-h'ms)

Equyie= N d= {xea: “fcxcl} is not a cat (@ Failg) number, there 4/W7J
@) B: (xeQ: XS-'\} s net o cut ® fqus) a Icﬂ"jq_r ratmal  rumber
W He et/

= For Qny Pe@ , ‘,*: {)(C—@\: X(k} 15 0 Cat-

=
.
Proposition ©  The set  {xe®:x¢o} U {xeq: xkad s o cat.

This mgpe be the comstruction of 2



Theow e : O R s Gp  ordered field
(Ru&‘m l.lﬁ) @ R contgins Q a5 o sodfield .

you Con +he -&,“Dw;'j opz:qfiwy

Rov\gh\y Speo\c‘n\g 0 field 15 a mathematical Stracture thot * addition , Subtiaction, mulgiplication , division

Forma) definition :
A field ¥ a et F with two operation i . X, So«tisﬁ(inj the fo“owing axjoms .

addition  maltiplication

AN (A1) x49€F foroll X9 EF (F & closed 1o addifion)
k/b’l) xtY= 0tx  for al] x,9 EF ( Coam change He order o addition )
(53) (keQtz= x4(818)  for al €92 GF (Can combine in addition)
(%) F contains on element O sich that  otx=xto=x foy ol x EF (zen!)
( As)  For ewry xeF , there 1S on element (-X) &F such ghot %+ (X)=0
( Then the ‘Subthaction X9 can be defied 05 X+ () ) (negatien)
-x i coled the (Odditive Inverse (of x ).
© Maltiplioation : M) XH4€EF ool x9eF (F & closed 1o mlﬁrliaﬁm)
(”\1) X9=9%  for al) x,3 EF (Ca'\ chqugz the order of mul'\-'lp\:cn‘h‘av\)
(N\?’) k9)2= () for oll 9,2 &F (Can combire in v lHiphicatic
(M) F contains an element | sich thot 1x =x1 =x for all x & Flone [
(W) For ewery XEF  ohere i 0n element 1/x CF such ghot X (1/x) = |
( Then the (division X(9 Can be defired & x-(l/b)) (inverse
1/% ¢ colled the ‘muleiplicotive twvere (of 9)
distributive  aw
(D) x(s2) =xytug for ol xu2 €F (Zrderaction betwesn

ﬁﬂ[v{)ﬁoh & hu’ﬁrl; cahion )

Examples: U) Rotional numbers ( log letre) ()

(O\ll{’lx)
f—c—ashc ¢ ac
bfd ° d b d T bd

)

) Roo) nunbers  (thig lectwre ) (R
(3) Complex: numbers ( next lecture ) C

N “Cu‘f‘"

© vestion We deﬁ‘ne& ot every rea| number is 0 sabset of Q .
What ¢ the oddition Oond muléphiotion on it ¢



I_[: o, (3 are two cutx,
A&Ait‘,w otp = {Yfg : réo\,sepS
Check thor O ot i & cut [ closed dowmward, o largest element ) (Sez nex+ Pﬂje)

@ The oxioms Al -As is satisfied

Qdditige ;clehf;r('y : o%= )( xe & x(n}
additive inverse of ol : g- {PeQ: 3 ¥>o s1. ‘P-VK‘-"‘}
there Ko

Check that ®¢8= o

Mu\t‘nphmﬁov\: ) If o f 70" ={xex<o}( We will define the order on R)

XB:= fp:pcrs for some réo, SEBS
(2) Ex'oay\é the definition to d.8 € Q )’y

)8 = -op
ol -y —aB
(= of
g-dto\-atl‘ O*

Chegk that <@ dp s a cat
® The oxioms M( -ms, D are satisfied .

[he details O}’lE(,Cfn\ﬁ‘) these axiom$ Can be found in Rudin = Chopter | Appondix -

Definition’  An oder on set is o relation < saticfies that

O trichotony ©  If x.9€S$  then exactly one of these ave true.
ALY, k=9, X279

@Tms'.t‘.v'\t7: If x<Y ol wcz, then X<

Example: (1) In & we 9y % is posite if MN 20

n
Th?m define 'f7'fl0t —%(% T %,—j' is vaitiVe.

@) GQien o set S, we Can define 0n wrder on gll the subsets as Collows :
A<B if ond onlyif ALB

Defintion The order on R is defined as Follows :
oL <@ if ond enly if dSP



D+ *p Q sne 2%Q, Q.
PP 4% Q > I ago, acQ,
BxQ = I b&f beQ®

@Fer re SEX, rfw all 4&_< ¢S }e@ > %_éo(-f@
(yf') ‘i.-S‘<l’ D 1.~S EA Gma ol s a (o)

=>%=@-ms)+s(\\ =)%C-J+@#
« P



e O 3¢ 0 ondered Sbfield of K 1 the sene that

Under the Imop QR —> R - the  0ddition multiplication , order in QA are presered .
o m
A —s x+

Proyos‘:tion'- () If O\Sb , then @tc < bec
(2) If r70 and ach ,thep ra<rb . for all abcy €R.

Remayk: This kind of fiell is clled ordered fiell .



loast  wpper bound

Def: lee E TS S is pdered.
LF there exists o BES st
for ol x €C we hove XSB,
then B is colled on upper bound fo .

et Let ECS, if 23 LES su
() & is on apper bound of &
ond @) i r<a = ¥ s not pn wpper buuné of B
(@) i equivalent to that ¥ i an wper bound of £ = F’Zok)
Then & s called the leost upper bound (lab) of B Or Supremumn _ of 5
In this Case , we write o= Sup &

Emmp)e v Let 5=Q
{ :
VoE i & set with Tinite elements , Sup E = lorgest element in & .
@ E = {14 héN} , sup E= |

3 E- { rel X’dajl, Sup E does not exist .

Leust Upper bol/mz_l Pwperty

Thm © R hag the lenst upper_bound proporty -
That is,%or every non-empty subset A of IR
if A hag an upper bownd , then it alw hos O lwb. in .

Sketeh of Pmo'[:'- A is o collection of cuts , With upper bowd £ .
let Y- U{d-oleA] ( Notie that o is @ cwt, So itis a Subset of Q).
Check tht © ¥ 6 an cat
@ r = sup A .

Example'- E = {XéQ: x’~’<g-j/ Sup B @xists in R .
Ererise © let X=swpb dhen A >2 . Tn chis sense =3 .

S‘"‘“IO‘Y\X the lower bound Ohd greatest Jower bound (inf}mum) of o Set (an be defined.

Def: let ECS | S is prdered.
LT there exists o K €S s
for ol x €C we hove XZ),
then ¥ is colled  lower bound fy E.



Vet Let ECS, if 3 dES sx,
W) ol is o lowerbound of E.
and @) W Y72 = r is not & lower bounJ of &
((7.) i$ equivalev\t to  that r is a lower bound of £ = rid)
Then & is called the orestest lower bound of E or infimam °f & .
I ths Case, we write o= infE&.

If o set ECR has o lower bounél then  inf € (k\wayﬁ exist due o the
following  fact and the lenst wpper  bound proper ty

Proposition © inf E = - sup(-E) |

Usetol  foce:
nf {—yl\‘, V\GN} = 0O
&) ¥ 4270, there is a nEN st Yoy
ﬂ\(s 5 QO ODVU“QY\/ of %Q ]Dollowinﬂ Propeyty
Pyvposfﬁoy\ (Avd\]medeo\h Fm{?@Yty)
VX, 4950, I nEMN Such that nx> Y
there is &
USS{M) tact (& is dense in \K)

VX,Y)GIR, X<y = IEER st x<3 Y.

Next time:  Complex numberg
the Fﬁy\(,'\P\e, ot 'mdU\Q’cior\.



