
Definition I

For any XEX and EX0
,

there exist a

real number s such that for all ly-X18.

we have Ifiy)-fixs1

Definition 2

If (xn3 is a sequence in X and l Xn = 3
,

then Lin f(x) = f (y)

Definition 3

For all open sets UL Y
,

the set

f" (7) : \x-X : fixeUb is open .



We claim that S = 1R)9o]

i IR1503 ES :

X+ 1 and
=

are continuous on IRI So] :

so * is continuous on RR1 [03·

12) 0 & S :

Let Xn = n
,
we have I Xn = 0

We have f(x) = = n for all n.

The sequence [f(x)]
,
diverges ·

Hence fix) is not continuous
at X = 0

.



f(x) is a polynomial ,
f is continuous on IR

(a) For any continuous function
,
the preimage

of a open set is open .

Since 10 , 1) is open ,

we have X = f" /10 , 11) is open

(b) For any continuous function
,
the image

of a compact set is compact .

By Heine - Borel theorem
,

Io
,
1) is compact

Then Y = f(50 , 1]) is compact ,

and

therefore it is closed and bounded.



Tijective

Let Y be the image of f

We can define inverse function of f onY

since + is one to one.

For any XER andEso
,
we want to find

so St · for all 1-X18 ,
we have

f(x) -8 <f(z) < f(x) + S

let a = Sup Y1 [f(x)
- E

, f(x)+E]
b = inf & [fIN-E

,

fix +E]

Because f is strictly increasing , we have

zElfi(a)
,
fibs) if only if fix) - E < fEz) < f(x)+ E

IR
= (a) ↓ fib)

f J ↓ ↓
b

Y , I 11

fix) -E f(x) f(x)+ E

8 = min (1x-fias)
.

(x-fibs))
·

is desired -



Let f(x) = xk

& If kT0
, fix) is strictly increasing

& If k0 , fIX) is strictly decreasing

& If k = 0 , f(x) = 1 is a constant

function.

Hencef(x) is continuous for all KER
.



19) For any sequence [xn)

we have lim fix) exists if and only if
m=x

lim fi(xm) exist. If one of them are true,
n->a

then msofixm) = (film), -- -
, im fi(Xn)

Suppose [xm] converges to p = (p, - Pn)

Then lim f(Xm = fP) if and only if
un-

lim fi(xm) = filPil
m->0

Therefore
,
t is continuous if and only if fi is

continuous .

(b) Let A = & alan! and b = (b ,, - ibn)

Let Ai = (9il
,

---

,Aim) be the i-th row of A

We have filx) = Aix + bi = dikX +bi

Now we show that fi is continuous.



For any 230 ,
let 8 = metal

Then for any X
. Y Ex" such that -Yik S

we have

Ifi(x) - filys1 = 1A : (x-y))

= Iain (Y
< (maxdik)
E

Therefore fi is continuous.

By 5
. (a)

,

f is continuous.


