
1 . A subset K of RR"lorIR) is compact

it and only if K is closed and bounded.



(a) Proof 1 :

By Heine-Borel theorem
,

K is closed and bounded

and we want to show that A is led and bounded.

-

soundedness : Since K is bounded,
&> nelR

,
EK such that diy) <n FyEK

Then d(x , y) <d(Y , y) + d(x , yy(n + d(x ,])
d(x

,
) + n is an upper bound of A

E 8 is a lower bound of A *A is bounded
.

Posedness : Let I be a limit point of A.
we want to show that &E A.

For any new , there exist YnEK st . (dix , Yn) -1) <
(Yn] is a infinite subset of IRSYn3 is bounded since K is bounded.

By Bolzano-Weierstrass theorem [Yn] has a limit point Y in IR"
#laim: dix . y) = 1 (thus &EA)
-

E E

proof of claim : For any 30
,
Ensidlyng) < 2 and in

(d(x ,yn) -1) - d(yn
,
y) => G(x , y) -1 4 (d(x , ya) - 1) + d(Yn , y)

=> (d(x ,3) = # +=E

Hence dix
, y) = &

,

&EA. Therefore A is compact



19 Proof 2 : Let \Un] be an open cover of A

For each Us
,
let Wa = S YER" : diy

, k) [Un]
Check : Wa is open in IR"

Then SWa] is an open cover of 13.
Since K is compact ,

there exist a finite subcover

Wa
,

--- Wan of [Wa] :

Then Ua
,
.. Van is a finite subcover of 9Ua].

(b) Let d infA = inf( diy
,
x) : Yek]

d EA since A is closed

By definition of A
, =y

*EK S .t . d(y*x) = infA .

Therefore
,
diy*, x) = d(y ,X) for all JEK.



3. We prove by contradiction

Suppose U Xa is not connected,
↓ES

there exist non-empty separated sets A and B such that

U Xa = AUB and FlB = AMB = P
& ES

Let X be any element in &gXc ,
WLOG let X A.

For any ES
,

Xc = Xal(YesX) =(X(1A)V(X1B)
Since XC1A[A and XalB[B

,
they are separated

I

Note that Xx is connected and XEXc1A .

Therefore
,
XclB = 0 and Xa&A for all

Then B = B1 (Ues1) = Unes(Xc1B) = 0
,
a contradiction

Hence UesXa is connected.



The Cantor set is C= Kn
,

where In is union of

some disjoint closed intervals with the same length 3".

Let X , Y EC and X * Y
.
There exist nEN such that 3< (x-y)

Then X
, y are not in the same interval in Kn

Suppose X-E ] and y [ ]
We have X +18

.
Then the intervals 1-00+3)

and It + 23
,
00) are separated sets

when E t

Let A = 750, + 3) . &S and B =( +E
,
) &S

A
.
B are desired separated sets .



5. 19) If there exist (E(a ,
b) such that <KE .

Let A = ( -0, c) & S
,

B = / ,0 1S

we have AUB = S
.
A and B are non-empty

because a -A and bEB
, -

Since Al-8 , 2) , B_( ,8) , A and B are separated

Since S is connected
,
suchc does not exist

we have CES . for all as <b.

(b) Let a = infS and b = supS>, we claim that S= (9
, b)

We want to show that U X (a ,b) we have xES-

Since XCSupS ,
there exist YES such that XXY

Since * > infS
,
there exist zES Such that Xz

Then <Xcy and we have XES by 5
.

19).

Therefore (9
, b) [S ,

S is one of (9
,
b)
,
[a , b) , 19 , b) , [a , b).

S is open => S = (a
,b)


