
Introduction to Quantitative Methods, Quiz 3

1. (20 points) If z is a complex number, prove that there exist an real number r ≥ 0 and a complex
number |w| = 1, such that z = rw. Are r, w always uniquely determined by z ?.

2. (20 points) The distributive law says that for all real numbers c, a1 and a2, we have c(a1 + a2) =
ca1 + ca2. Use this law and mathematical induction to prove that, for all natural numbers n > 2,
if c, a1, a2, ..., an are real numbers, then

c(a1 + · · ·+ an) = ca1 + · · ·+ can

3. (15 points) A field (F,+,×) is an ordered field together with a order < if the order satisfies the
following properties for all a, b, c ∈ F .

• if a ≤ b then a+ c ≤ b+ c

• if 0 ≤ a and 0 ≤ b, then 0 ≤ ab

Prove that there is no order < such that C together with < is not a ordered field. (Hint: x2 ≤ 0
for all x in an ordered field)

4. (20 points) Let z1 · · · zn be complex numbers. Prove that |z1 · · · zn| = |z1 · · · zn|. ( Hint: You can
prove the case that n = 2 first, then extend it to any natural number n.)

5. Let x, y ∈ Ck = {(z1, · · · , zn)} be two vectors in the complex space.

a. (20 points) The Cauchy-Schwarz inequality state that the following inequality holds:

|〈x, y〉| ≤ |x| |y|

, where 〈x, y〉 =
k∑

i=1

xiȳi and ȳi is the complex conjugate of yi. Prove this inequality.

b. (20 points) State and prove the the triangle inequality:
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Proof :11) If z = 0
,

then r = 0
,

W = / satisfy Z = rw and 120
,

11 = 1.

The number w is not unique.

12) If z to
,

let V = /z1 and w=,
-

then z = rw
.

r>o and Iw= = = 1
,

Ir ,
w) is a solution.

If z = ww
,

then z=w = ri,

Iz F= z · E = rw.w = Iwi = 2

Therefore
,

v =(z) and w = is the unique solution .



Proof : We prove it by inductions on n22

· For the base case n = 2
,

it is implied by the distributive law.

· For the inductive step , we assume that for any real numbers a , , ..., an

and real number C
,
cla ,+ --- + an) = ca , +. - + can

Consider any real numbers a - and
,

we have

C (a ,
+ .. - + Anti) = < ((a , + . . . + an) + an+ 1)

= cla ,
+.. + an) + Cant ,

I distributive law)
= ca , + ... + Can + Can +1 (induction hypothesis)

Therefore Cla ,+---tan) = ca
, + ·. - + can for all n? 2 .



Proof : I (F , +, X) together with a field is an ordered field
,

we claim that X
=

Is holds for all XEF

For any ab EF , if Osa odb
,
then Opab .... (A)

Since < is an order
,

one of the inequalities O(X
,

0 = x
,

03 X holds .

111 If 0 = X
,

then xi = 0

12) If 04X
,

then 0.x
2

by choosing a= b = x in 1A1

131 If OIX
,

then 02X by choosing a= b = - x in (*)

If there exist an order > such that Dtogether with > is an ordered

field. We have -1 = :30
,
contradict with 1 = 130.

So there does not exist such order.



Proof : we prove (E . --In) = 1 , 1 . . . . (n) for all 22 by strong induction on n.

· For base case n = 2
,
let Z1 : atbi , Ze = Itdi with a

,
b

, < d ERR ,
then Z

,
z2 = (ac-bd) + (adtbc) i

We have

(2, 22 = (ac-bd)+(ad + b()
= a c+ 5d" + 2abcd + ad+ bac = zabcd

= (a+b4)(c+d
= 12,/za?

Since 12, E21
,

12 ,
1

, 122/ z0
,

we have lizz) = 12 , 11221
.

·

For inductive step , We assume that Iz ... zx) = 1 , 1 ... /71) holds for all kin

For any complex numbers E1
,

:

- Ent
,

we have

1z, . . . · En+, 1 = 1 (z: · En) En+ il

= (z ,
-

- -zn)/En+ ) (induction hypothesis for K = 2)

& 12 , l .... (n/ /En+ 1) (induction hypothesis for k =n)

Therefore IE1 . - El holds for any complex numbers 21 .. -En and n22.



Proof : 19. .

For all +El
,

we have
2

u = ((x - ty

= <X-ty
,

X -ty]

= <X
,X) - t (y,X) - E(X,y) + 1 P>Y

, y3

Choose= then the inequality become
2

((3)
0S(X ,X) -

<Y, 33

=> 0 < (x11y - kx , y> /
=> ((X,3))) (x119)

16 .) The triangle inequality is (x+y) > (x1 + 191.

Proof : Let (X
, y) = X . 5 = Xij;

We have

| x + y |
2

= (x + y) . (x +y)

= X . x + xj + y. y + g . j

= (xp+ 14 +
= Re(<x, y>)

↓ (xP + y" + 2)(X , y)) (Re(z) : 121 for all z)
↓ (xP+ (yi + 2(x1 . 13) 1 Cauchy inequality in 5

.(a)
= ((x| +1y))

Since K+Y1
, ( , 13120

,
we have (x+ y) = IX1 + 191 for all complex numbers X

,
Y .


