Introduction to Quantitative Methods, Quiz 10

. (20 points) State the Intermediate Value Theorem.

—x, z€Q

. Find the set {x € R: f is discontinuous at z}.
T, reR

. (20 points) Let f(x) = {

. For each of the following functions, determine whether or not the function f is continuous at a
given value a. If it is not continuous, decide whether lim f(z) and lim f(z) exist.
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(a) (15 points) f(z) = {fl? v#0 , a=0.
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(b) (15 points) f(x) = {

. Let (X,d1) and (Y, d2) be two metric space. A function f: X — Y is called Lipschitz continuous
(on X) if there is a constant ¢ such that da(f(2), f(y)) < c-di(z,y) for all z,y € X and c is
independent of x and y.

(a) (10 points) Prove that f(x) = 22 is Lipschitz continuous on [0, 1].

(b) (10 points) Prove that if a function ¢ is Lipschitz-continuous on X, then it is uniformly
continuous on X.

(c) (10 points) By the results in 4.a and 4.b, we know that f(z) = 22 is uniformly continuous on
[0,1]. Is f uniformly continuous on the whole real line R ? Prove your answer (you can do
this problem without proving 4.a and 4.b).



