(I) (1) (F) dim Myxp = mn.
(2) (T) In fact, one can take the zero map T'(v) = 0.
(3) (T) This can be seen from the dimension formula v(T') 4+ rk(T) = dim V.
(4) (T) The condition ker(7") = {0} implies that 7" is 1-1.
(5) (F) (3,6) =3-(1,2) but (1,3,5) #3 - (2,4,6).
(6) (F) For example, take V' to be a non-zero vector space, T’ the zero map and S = {v}

where v € V' is a non-zero vector. In this case S is not a subspace of V but T'(S) = {0}
is a subspace of W.

(7) (1)
(8) (T)
(I1) (1) Take V = R? W) = z-axis, Wa = y-axis. Then W; U Wj is a union of two lines. We

have e; = (1,0) e Wi,eq = (0, 1) € Ws, but e1 +e3 = (1, 1) ¢ Wi U Ws.

(2) We show that if Wy 2 Wy, then Wy C Ws. (Or one can assume that Wy ¢ Wy, Wo ¢
W1, and derive a contradiction.)
Suppose that W7 5 Wa. Then there exists a vector v € Wy \ Wi. Let w € W;. We
want to show that w € Ws.

Since v,w € W1 U Wy and W7 U Wy is a subspace, we have v +w € W7 U Ws. Since
v ¢ Wi and w € Wy, the vector v + w cannot be in Wi. Thus v +w € Wj. The
condition v € Wy then implies that w € W5, which is what we need.

(ITI) Suppose that a - cosz + (- sinz = 0 for some «, f € R. Plugging in x = 0, we get a = 0;
plugging in = = /2, get 3 = 0. Thus cosx and sinz are linearly independent.
(IV) (1) Let
r=dimWiNWy, r+4+s=dimW;, r+t=dimWs.

We want to show that
dim(Wy + Wa) =r+ s+ t.

Let {u1,- - ,u,} be a basis of WiNWs. We extend it to a basis {u1,- -, up, v, ,vs}
of Wy, and to a basis {uy, - ,up,wi, - ,w;} of Wao. We now show that the set
S = {ulv Tty Up, ULyt Vs, W, e ,U}t}

forms a basis of W7 + Ws. For any a + b € Wy + Wy where a € W1,b € Wy, we can
write

a = oaqur+-+apuy + Bror + -+ Bsvs
b = mui -+ + YUy + 0wy + -+ Gy

for some «y, B, vk, 0 € F'. Thus a + b is in the span of S.
On the other hand, suppose we have

arur + - opuy + fror 4+ Bsvs +iwn + -0+ ppwe =0
for some «y, B,y € F'. Then the equation
ruy + -y + f1o1 + -+ Bsvs = — (1w + -+ pwy)

says that this vector lies in W3 N Wa, which has {u;} as a basis. Since {u;,v;} is
linearly independent, we must have 3; = 0 for all 1 < j <'s. Since {u;, wy} is linearly
independent, we then have a; = v, =0forall 1 <i<r, 1<k <t as well.



(2) Using the formula in (1), we have

dimV = dim W7 + dim Wy = dim(W1 + Wg) — dim(W1 N WQ).
Thus

V=W +Wy, «<— dimV = dim(W1 + Wg)
< dim(W1 N WQ) =0
— WinNnWy=0.

(V) First we have T(0y) = Oy € U. Thus 0y € T~1(U).

Secondly suppose that vy, vy € T~H(U), i.e., T(v1), T(v2) € U. (Remember the “function”
T—' does not exist in general.) Then T'(vy + ve) = T(v1) + T(v2) € U. Thus vy + vg €
T-YU).

Finally suppose that v € T=}(U) and let a € F. Then T(av) = aT(v) € U. Therefore
av € T7Y(U) as well.

(VD)

(VII)

(1)

(1)

(=) Let {v1, -+ ,un} be a linearly independent set of V' and suppose that
arT(vy) + -+ apT(vy) =0

for some «; € F. Then T(ajv1 + -+ + mvy) = 0, ie., ajv; + -+ + oy, €
ker(T'). Since T is 1-1, we have ajv; + - - - + vy, = 0. Since vy, - -+, vy, are linearly
independent, we much have oy = --- = ay, = 0.
(«<=) Suppose T'(v) = Oy for some v € V. Since Oy is not linearly independent in W,
v cannot be linearly independent in V' by assumption. Thus v =0 and T is 1-1.
Let S be a generating set of V' and let w be a vector in W.
(=) Since T is onto, there exists v € V such that T'(v) = w. Since S is a generating
set, we have

V=Q1v1 + Qv
for some o € F,v; € S. Thus T'(v) is a linear combination of {T'(v;) }1<i<, and hence
T(S) is a generating set of W.

(<) Here we want to find v € V' such that T'(v) = w. Since T'(S) is a generating set
of W by assumption, there exist a1, -+ ,a, € F and vy, ,v, € S such that

w=a1T(v1)+ -+ a,T(vy).

Let v = ajv1 + -+ - + auvy. Then T'(v) = w and we are done.

(=) Since T is 1-1 and onto, 7" sends a basis to a basis by (1) and (2).

(<) [This direction is not that trivial !] If a subset S of V is linearly independent,
we can extend it to a basis S’ (S C S’). By assumption 7'(S’) is a basis of W and in
particular 7'(S) is linearly independent. Thus T is 1-1 by (1).

On the other hand, if a subset S of V is a generating set, there exists a subset S’ of
S which forms a basis of V. Then T'(S’) is a basis of W and in particular 7'(S) is a
generating set. Therefore 7" is onto by (2).

Suppose v1 + W1 = vg+ Wj. Then vy —ve € Wi. Hence T'(v1) —T'(vy) = T'(v1 —wvy) €
W5 by assumption. Therefore T'(vq) + Wa = T'(v2) + Wa, which is what we want.



(2) We have T(0+ W1) = T(0) + Wa = 0 + Wa.
Now if v1 + Wi, ve + Wy € V3 /W7, then we have

T((m + W) + (v2 + Wl)) = T((vl +vg) + Wl)

T(v1 + v2) + Wo

(T(v1) + T(v2)) + W

= (T(v1) + Wa) + (T(v2) + Wa)
= T(vi +Wi)+ T (v + Wh).

Similarly if v + W7 € Vi/W; and « € F, then

T(a(v+ W) = T(av+ W)
T(awv) + W
aT'(v) + Wo
(T (v) + Wa)
= oT(v+W).

Thus T is linear.

(3) (=) Let v € TY(Wh), i.e., T(v) € W5. We want to show that v € W7,
We have T(v + Wy) = T(v) + Wy = Wa, ie., v + Wy € ker(T). Since T is 1-1, we
have v + W7 = W7 and hence v € Wi.

(<) Suppose that T'(v+W;) = 0 for some v+W7 € V4 /Wi. Then T'(v)+Wy = W3 and
hence T'(v) € Wa. This means v € T~1(Ws), which is a subset of W; by assumption.
Thus v + W; = Wj and T is 1-1.

(4) (=) Let w € Vu. Since T is onto, there exists v € V; such that

T(w)+Wo=Tw+Wp)=w+ Ws.

Thus w € T' (V1) + Wy, which is what we want.
(<) Take any w + Wy € Vo /Ws. Since Vo = T'(Vy) + Wa, we can write

w="T(w)+w" for somev € Vj,w' € Ws.
Then

Tw+Wy) = T(v)+ W
= (T(v)+w')+ Wy (since w' € Wo)
= w+ Wa.

Thus T is onto.



