Chapter 5

Eigenvalues, Eigenvectors, and
Diagonozation
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Eigenvalues and

eigenvectors
(Chapter 5.1)



Eigenvalues and Eigenvectors

* If Av = Av (v is a vector, A is a scalar)

* v is an eigenvector of A excluding zero vector

A0 =10

* A is an eigenvalue of A that corresponds to v

A must be square
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Eigenvalues and Eigenvectors

e If Av = Av (v is a vector, A is a scalar)
* v is an eigenvector of A excluding zero vector
e 1is an eigenvalue of A that corresponds to v

* Tis a linear operator. If T(v) = Av (v is a vector, 4
is a scalar)

e v is an eigenvector of T excluding zero vector
* A is an eigenvalue of T that corresponds to v




Eigenvalues and Eigenvectors

* Example: Shear Transform 'x’] =T ([x])
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Eigenvalues and Eigenvectors

* Example: Reflection

reflection operator T about the line y = (1/2)x

b, y =(1/2)x b, is an eigenvector of T

b
; b.) = b Its eigenvalue is 1.
T(by) = b,

b, is an eigenvector of T

T(b,) = —b, Its eigenvalue is -1.



Eigenvalues and Eigenvectors
i = W\

* Example:

. 2 0
Expansion and [0 2]
Compression

Eigenvalue is 0.5




Eigenvalues and Eigenvectors

Source of image: (=
https://twitter.com/circleponiponi s, i

* Example: Rotation /status/1056026158083403776

Do any n x n matrix or linear operator have
eigenvalues?




How to find eigenvectors

(given eigenvalues)
(Chapter 5.1)



Eigenvalues and Eigenvectors

* An eigenvector of A corresponds to a unique
eigenvalue.

* An eigenvalue of A has infinitely many eigenvectors.

Example: -1 0 0 1 0
A= 0 1 2 v=|0 u=_|\1
0 2 1 0 —1

SO

Eigenvalue= -1 Eigenvalue= -1



Do the eigenvectors correspond to the same
eigenvalue form a subspace?

Av = v A(cv) = A(cv)
Au = Au Alu+v)=A(u+v)



Eigenspace

* Assume we know A is the eigenvalue of matrix A
* Eigenvectors corresponding to A

Eigenvectors corresponding to A

AV = AV are nonzero solution of
(A=Al )v=0
Av—Aiv=0 . |
Eigenvectors corresponding to A
Av—Alv=0 = Null(A-M\.) — {0}
(A B kln)v -0 e|genspace

Eigenspace of A:
Eigenvectors correspondingto A + {0}

matrix



Check whether a scalar is

an eigenvalue
(Chapter 5.1)



Null(A —-Al):
eigenspace of A

Check Eigenvalues

 How to know whether a scalar A is the eigenvalue
of A?

Check the dimension of eigenspace of A

If the dimension is O

:> Eigenspace only contains {0}

:> No eigenvector

:> A is not eigenvalue



Null(A —-Al):
eigenspace of A

Check Eigenvalues

* Example: to check 3 and —2 are eigenvalues of the
linear operator T

T([Z]>:[—3;12::—2x2] A= —03 _12]
Null(A — 31 )=? Null(A + 21 )=?
N =5 H 2 7]
[—2] 2

[3] P




Null(A —-Al):
eigenspace of A

Check Eigenvalues

* Example: check that 3 is an eigenvalue of B and find
a basis for the corresponding eigenspace

3 0 0
B=|0 1 2] findthe solution set of (B—3/5)x=0
0 2 1
I Il ] I £ ]
find the RREF of ro | = | x3
B _ 3/3 i I3 il ] I3 i
001 -1 1 0
=10 0 0 —z1| 0 | +23| 1
00 0 0 1




Looking for eigenvalues
(Chapter 5.2)



Looking for Eigenvalues

A scalar t is an eigenvalue ofA‘

“ Existing v # 0 such that Av = tv

“ Existing v # 0 such that Av —tv =0
€@m) Existing v # 0 such that (4 — tI,)v =0
“ (A — tI,)v = 0 has multiple solution

@) The columns of (A4 — tI,,) are
“ (A — tI,)) is not invertible

@) |det(4 —tl,) = 0|




Looking for Eigenvalues

—4 -3

* Example 1: Find the eigenvalues of A = [ 36

‘ A scalar t is an eigenvalue of A € det(4 — tI,) = 0

At — [ —4—t =3 ]

36—t
det(A — tI) =0

~t=-3or5

The eigenvalues of A are -3 or 5.



Looking for Eigenvalues

 Example 1: Find the eigenvalues of A = [ _34 _63 }

The eigenvalues of A are -3 or 5.

Eigenspace of -3
Ax = —3x HE) (A+3Dx =0

find the solution

Eigenspace of 5
Ax=5x W) (A-5Dx=0

find the solution




Looking for Eigenvalues

* Example 2: find the eigenvalues of linear operator

T2y I o ] -1 0 0 |
T L9 = 25131 — X9 — I3 ' — A= 2 —1 -1
— s standard 0 0 -1
matrix

A scalar t is an eigenvalue of A “det(A —tl,)) =0

~1-t 0 0
A-tl, = 2 —-1-t -1
0 0 —1-t

) det(A—tl,) = (-1 —t)3



Looking for Eigenvalues

 Example 3: linear operator on R? that rotates a
vector by 90°

A scalar t is an eigenvalue of A “det(/l —tl,)) =0

standard matrix of the 90°-rotation: [ (1) -1 ]

(1))

No eigenvalues, no eigenvectors



Characteristic Polynomial

A scalar t is an eigenvalue of A 4mm det(A — tl,,) = 0

A is the standard matrix of linear operator T

det(A — tl,,): Characteristic polynomial of A
linear operator T

det(A — tI,,) = 0: Characteristic equation of A
linear operator T

Eigenvalues are the roots of characteristic
polynomial or solutions of characteristic equation.




Characteristic Polynomial

* In general, a matrix A and RREF of A have different
characteristic polynomials. m#) Different Eigenvalues

e Similar matrices have the same characteristic
polynomials mE) The same Eigenvalues

det(B —tl) = det(P~*AP — P~1(tI)P) B =P AP
= det(P~1(A —tD)P)
= det(P~Ydet(A — tl)det(P)

= (detl(P)) det(A — tl)det(P) = det(A —tI)



Characteristic Polynomial

* Question: What is the order of the characteristic polynomial
of an nxn matrix A?

* The characteristic polynomial of an nxn matrix is indeed
a polynomial with degree n

* Consider det(A —t/,)

* Question: What is the number of eigenvalues of an nxn
matrix A?

e Fact: An n x n matrix A have less than or equal to n
eigenvalues

* Consider complex roots and multiple roots



Characteristic Polynomial
vs. Elgenspace

e Characteristic polynomial of A is

det(a — t1,) [

= (t — A2)™(t — 1,)™2 ... (t — 1)™(......)

NN\

Eigenvalue: A Ay Ak

Eigenspace:  d, d, dj
(dimension) <my <m, < my



Characteristic Polynomial

* The eigenvalues of an upper triangular matrix are

its diagonal entries.

Characteristic Polynomial:

det

IOOQI
ST *

a—t
0

0

*
b—t
0

e S

X

c — .

=(a—t)(b—t)(c—1t)

The determinant of an upper triangular matrix
is the product of its diagonal entries.



Diagonalization
(Chapter 5.3)



Review

e If Av = Av (v is a vector, A is a scalar)
* v is an eigenvector of A excluding zero vector
* A is an eigenvalue of A that corresponds to v
* Eigenvectors corresponding to A are nonzero
solution of (A—Al )v=0

Eigenvectors Eigenspace of A:
corresponding to A

= Null(A—\.) - {0}
eigenspace
e A scalar t is an eigenvalue of A

Eigenvectors
correspondingto A + {0}

@) |det(A-tl,) =0




Review

e Characteristic polynomial of A is
L Algebraic

= (t— A"t — A,)™2 . (E— A)™k (... )

NN\

Eigenvalue: A, Ay Ak

Eigenspace:  d, d, dj
(dimension) <my <m, < my



Outline

* An nxn matrix A is called diagonalizable if A =
PDp~1

* D: nxn diagonal matrix
* P: nxn invertible matrix

* |Is a matrix A diagonalizable?
* If yes, find D and P



Diagonalizable A= [ ; 1]

» A2=0 (?)
If A=PDP ! for some invertible P and diagonal D

B A2-p0p'-0 HPp D=0 WP D=0

* Not all matrices are diagonalizable

D is diagonal
» A=0 x
:O ] =O
d, - 0] (d)?> = 0
D=|: ~ D*=] ¢ -~ :
0 - dn_ 0 (dn)z_




P=[p1 - Dn]
Diagonalizable d, - 0
D=|: =~
* If A is diagonalizable 0 e dp
A=ppp-t mp ap=pp @11 7 dnenl
) AP = [Apy - Apy]
m) pp = Pldie; - dye,
= [Pd,e; -+ Pd,ey]
= |d{Pe;y -+ d,Pey]
= [dip1  dnpnl ) Ap; = d;p;

p; is an eigenvector of A corresponding to eigenvalue d;



P = :pl pn]
Diagonalizable A e 0

D=1|: "~
* If Ais diagonalizable 0 dy |

p; is an eigenvector of A

A=PDpP?

corresponding to eigenvalue d;
There are n eigenvectors that form an invertible matrix

There are n independent eigenvectors

The eigenvectors of A can form a basis for R".




P = [P1 Pn|
Diagonalizable A e 0

D=]|: =~
* If Ais diagonalizable 0 dy |

p; is an eigenvector of A

A=PDp 1
corresponding to eigenvalue d;

How to diagonalize a matrix A?

Step 1. Find nindependent eigenvectors corresponding if
b= possible, and form an invertible P

Step 2: The eigenvalues corresponding to the
eigenvectors in P form the diagonal matrix D.



Diagonalizable

A set of eigenvectors that correspond to distinct

eigenvalues is linearly independent.

det(A — t1,) [

Eigenvalue: A Ay e A

Eigenspace: dy, Smy. ...
(dimension)

Independent



Diagonalizable

A set of eigenvectors that correspond to distinct

eigenvalues is linearly independent.

Eigenvalue: /A4 Ay e

Eigenvector: U1 Uy

Vi = C VTGV F - +C 1V

Av, = C,AV,+CAV,+ - +C, AV, 4
ANV = AN O AV

- AV = GANHCOAN e AV

0 = ¢y (A—Ay) v+ ( A=A+ -+, (A=A 4

Notc,=c,=--=¢,,=0 » Same eigenvalue » a contradiction



Diagonalizable A e 0

* If Alis diagonalizable
A=PDP !

det(A —tl,)
=(t—A)™M(t—2,)" ... (t — A )™ (... ... )

p; is an eigenvector of A

corresponding to eigenvalue d;

Eigenvalue: A Ay e
Eigenspace: @ ......
-{ Basis for A; Basis for A, Basis for A3 }-

Independent Eigenvectors

You can’t find more!



Diagonalizable - Example
-1 0 O]

* Diagonalize a given matrix A= 0 1 2
0 2 1

characteristic polynomial is —(t + 1)*(t — 3) IZ> eigenvalues: 3, —1

eigenvalue3 (o7 A =PDP, 01 0
B =4]1]¢ where P=|1 0 1

1 1 0 -1

eigenvalue-1 i B
(_1_ _O_\ 3 O O

g =100 1! D=0 10

o] |[-1] 0 0 -1




Test for a Diagonalizable Matrix

* An n x n matrix A is diagonalizable if and only if
both the following conditions are met.

The characteristic polynomial of A factors into

a product of linear factors.

det(A — t1,)
= (£ = A)™(t = )™ .. (t — Ag) el

For each eigenvalue A of A, the multiplicity of A

( ) equals the dimension of the
corresponding eigenspace (geometric multiplicity).




Independent Eigenvectors

An n x n matrix A is diagonalizable

The eigenvectors of A can form a basis for R".

det(A —tl,)

= (t — A= (t — )22 ... (t — L) e lemrrF
Eigenvalue: A Ay e Ak
Eigenspace: di=my dy,=m; ... d; = my
(dimension)




Geometric Meaning of
Diagonalization A = PDP~1

Rotation Scaling Rotation

p-t D P
~ W 1 . ™ r > S

. \
\
\ - - - -
\

Red and blue axes correspond to the directions of two eigenvectors



How to Cope with Non-
diagonalizable Matrices

Question: If A is not diagonizable (i.e., A #
PDP~1), canwe write A = UTU ™1, where T is
“near diagonal”?

Schur Decomposition: Any square matrix A can be
written as A = UTU ™1, where U is an “orthonormal
matrix” and T is “upper triangular” with eigenvalues
on the diagonal.

3 57
T=10 —1
0 0




Jordan Normal Form

Theorem: For every n x n matrix A, there exists an
invertible matrix Q such that Q140 = J whereJisin
Jordan Normal Form.

Jordan Normal Form

Eigenspace of 2

Jordan Block hasdim=1 —1
A1 0 - 0]
041 0 J=

Eigenspace of 3

00 -- 41 has dim =2

I

] o



Application of Diagonalization

* If Ais diagonalizable,
A=PDP"1 ) A™ =ppmp-1

* Example: Tc

------ 85 oy e — sty
727 ><15 85 15
03




From

Study IG 15
To Study [ .85 .{}3] -85 ‘@ 97

G | 15 97 | _ 4 03
------ B oy oy
727 15 .85 15
.03
...... e

727 80 .03 [.85 80 .03 1
273 Ao 97 .15 Ao 97 0

A=PDp~!l mmmyp gm — ppmp-1



Diagonalizable

. Dl n Il ) t ) A - .85 003
Iagonalize a given matrix = 15 97
det (A — t]g)
1 1 -1
A — 8215 - — [ ] jpl:[ J
" RREF 00 NG 1211
1 —.2 Lo
A—15 — [ ] =p, :{ (invertible)
’ RREF 00 5

82 0
Sl



—1 1 82 0
_ —1 _ _
A=PDP WhereP—[ | 5],D_[ 0 1]

|
.
3
-
3

A T

1 145(82)m 1—(82)™"
- 5+ (.82)™

6 5 _ 5(*82)m
Whenm — oo, The beginning
AM — [é/6 ;/6 condition does
/6 /6 not influence.

st syallol=ls76l Lsye s7elli]=s7e



Diagonalization

of linear operators*
(Chapter 5.4)



Diagonalization of Linear Operator

X1 - 8x; +9x, |
* Example 1: T([xzD =| —6x; — 7x,
X3

3X1 + 3X3 — X3

det 8-t 9 0 }
The standard matrixis A=|—-6 -7 -t 0
3 3 —1-t

— the characteristic polynomial is —(t + 1)%(t — 2)

Eigenvalue -1: Eigenvalue 2:

=17 [0 3 = B, U B, is a basis of R >
t(l31= 1 ) O $2= _2
0 1 1




Diagonalization of Linear Operator

X1 —X1 + X9 + ZX3
X9 —
X3

* Example 2: T(

X1 — Xo
0
det [—-1-t1 2
The standard matrixis A =11 —1 -t J
0 0 O0/-t
1 -1 O
" [O 0 1]
O 0 O



Review

Simple Function

Anoth.er Input’ — output’
coordinate

system

Cartesian
coordinate  nput  ISEE)  Output

system Complex Function



Flowchart

B coordinate
system B

Cartesian B~ 1
coordinate
system [T]

similar similar



» Example: reflection operator T about the line y = (1/2)x

b =[]

(1/2) o 02 04] . [2 _1]
y = X

o=

1T] 5
)/ v]lg — [T(v)]qg
"2
b= ] [0 —1]
B—l

0

1
A




Diagonalization of Linear Operator

* Reference: Chapter 5.4

IT]g
33 — [T(w)]q

simple
B~1 B

Properly Properly

selected selected

T
E——) T ()



Diagonalization of Linear Operator

* If a linear operator T is diagonalizable

33 ) | T(v)

simple
- Eigenvectors form -
the good system
Properly Properly

selected selected

A PDP~ 1
v ) T (p)




Diagonalization of Linear Operator

X1 | 8x1 + 9XZ -
X3 _3x1 + 3x2 — X3

5!

-1 0 O

[O —1 O]
1 0 371! 0 0 2 -1 0 3
[1 0 —2] [1 0 —2]
O 1 1 o] 9 0 0 1 1

[_6 i 0]

3 3 -1



