Chapter 3

Determinants
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Cofactor Expansion
(Chapter 3.1)



Determinants in High School

e 2X?2 *3x3

det(A) = ad —bc  det(A) =

A10509 +a,06A7+A3040g

—d3Ads50A7 —a2a4a9—a1a6a8

Chap. 3.1



Cofactor Expansion ay: scalar
(Laplace Formula) A matrix

* Suppose A is an n x n matrix. A;is defined as the
submatrix of A obtained by removing the i-th row
and the j-th column.

A =

(n-1) x (n-1)

i-th row

J-th column



. 4712 —ET

Cofactor Expansion , _| @ ( S
. Aq1q

* Pick row 1 (AN /

detA = a{1Cq{1 + A12C1p + -+ A1,C1n

* Or pick row i c;;- (i,j)-cofactor
detA = aj1¢i1 + ajCi5 + - + Qi Cin

* Or pick column j

detA = a;jci; + ayjCyj + =+ + pjCy

Cij = (—1)i+jd€tAij
Cofactor expansion again ...
c11 = (=1 'detAy,



2 X 2 matrix ci; = (—1)i*detA;;
* Define det([a]) = a
A= [a b det(A) = ad — bc
c d

Pick the first row
det(A) = acq1 + bClZ = ad — bc
c11 = (=D det([d]) =d

c1, = (=D det([c]) = —c



3 X 3 matrlx Cij — (—1)i+jd€t14ij

1 2 3
A=14 5 6 Pick row 2
7 8 9.

detA = a31Cp1 + A22C27 + A33C23
4 5 6

(=12t ldetd,,  (-1)2?*2detd,,  (=1)?*3detd,,

2 3 1 3 1 2
Ay = Ay = Azz =
7 8

8 9 7 9



Example

* Given tridiagonal n x n matrix A

1 INO

- OO O
-
-

Find det A when n =999



detA,

2. — 1 1] = a11C11 + 12012 + Tpcag + OiT6eq
2 1 1 1 1 0 0
1 1 O 1 1 O
A; =11 1 1 ciy = (—1)?%det|1 1 1
0 1 1. 0o 1 1
1 1 0 0 = det(43)
A= |1 110 T 1 0
0 1 1 1 cio = (—1)det|0 1 1
0o 0 1 1
= a1t T a12CI;+ sl 3 = —det(4y)
1 1 0

= det(4,) det(A,) = det(A3) — det(4,)



n-1) — det(A,_7)

det(A,) = det(A
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Example

det(A,) = det(A,,_1) — det(4,,_5)

det(Al) =1 det(Az) — O det(Ag) = —1
det(A4,) = —1 det(A:) =0 det(4g) =1

det(A,) =1  det(dg) =0 ...



Another Example
Vandermonde Determinant

E y n—1]
1 oy x7 ... 2
. 2 n—1
1l @9 x5 ... a4
1 2 n—1
o . R . . 1§Z<]§n

2 n—1
L oxn @, o xy

QTamasGorbe

See https://nl.wikipedia.org/wiki/Vandermonde-matrix
2 forhow to prove the above




Basic Properties of

Determinant
(Chapter 3.2)
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Determinant in High School

*2X2

A

=[ab
c d
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Three Basic Properties

 Basic Property 1: det(I) = 1

* Basic Property 2: Exchange rows only reverses the
sign of det (do not change absolute value)

* Basic Property 3: Determinant is “linear” for each

row
Area in 2d and Volume in 3d
have the above properties
So det is “Volume” in high
dimension?



Three Basic Properties

* Basic Property 1:
edet(l) =1

o~/ o

1 O
IZ:[(]{) (1) 13:() 1
0 O

det(l) =1 det(l3) =

IERE EiES1 IEYI7RE BRRER L




Three Basic Properties

FIE
» Basic Property 2: c dl la b

* Exchanging rows only reverses the sign of det

1 0 O]
det(O 1 0)=1
1 O 0 0 1.
det([ D=1
0 1 1 0 0]
det(O 0 1>=—1
0 1 0 1 O
det([ D=—1
10 0 1 0
det(O 0 1)=1
1 0 O




Three Basic Properties

* Basic Property 2:
* Exchanging rows only reverses the sign of det

If a matrix A has 2 equal rows

) det(A) =0

exchange the two rows

A > A
det(A) = K = det(A") = —K

Exchanging the two equal rows yields the same matrix



Three Basic Properties

* Basic Property 3:
e Determinant is “linear” for each row

dec(|¢gl) = e ([ al)
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Three Basic Properties

* Basic Property 3:
e Determinant is “linear” for each row

dee (| ) =eaee (]2 )
Q: find det(24) det(zli Z)=det(3‘£ 33)
26 zbd])=4det(lccl Z)

A:det(2A) = 2"det(A)

3-a

f Aisnxn...... =2det(




Three Basic Properties

* Basic Property 3:
e Determinant is “linear” for each row

ta tb|\ _ a b
det ([ C dD = tdet ([c d )
A row of zeros =) det(4) =0

Sett = 0! t

A row of zeros =) “volume” is zero

3-a



Three Basic Properties

* Basic Property 3:
e Determinant is “linear” for each row

s aa([1 2 a2

C d c d
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Three Basic Properties

* Basic Property 3:
e Determinant is “linear” for each row

Subtract k x row i from row j (elementary row operation)

det (L v d ° ka
b —der(|0 D) +aee(| %, )

) ~ee([g ) =der([2 )

) _ a b
3—a _det(lc d




Formulas Again™



a1 aq2
det|Qz21 QA
az1 QA3
a1 0
— det O a22
0 0
110220433
0 aq,
+det] O 0
a3q 0
a12d23031

0

az3

O -

rows

a;; 0

+det| O 0
0 3o
—a11023037

0 0

+det aAr1 0
0 3o
a13021A37

31 matrices have non-zero

0"

a3

O -

Pick an element at each row,

but they cannot be in the same column.

0 a1
+det ar1 0
0 0
—a12021033
[ 0 0
+det| 0 a,,
a3q 0
—aq13022031

0
0
a3z

a13_
0
O -




Formula from Three Properties
(Leibniz Formula)

e Given an n X n matrix A

det(A) = sum of n! terms

Format of each term: Q1402803y *** Anw

Find an element in
each row

permutation of

sign(o)= (-1)%9), S(o) is the
number of “reverse pairs”.
1342 -> (3,2),(4,2)




Cramer’s Rule™

Chap. 3.2



Formula for A

1 €11 Cin
° —1 — T — :
A det(A) ¢ ¢ c .
* det(A): scalar --nl nn.

e C: cofactors of A (C has the same size as A, so
does CT)

« CT is adjugate of A (adj A, ¥ [E7E &)

€11 C12
A= [CCl Z = €21 Ca2] A1
_|ld —c
det(A) ~b al __ 1 [ d —b]
CT:'d —b] ad — bcl—c a
= ad — bc —c a |



-1 —1 _ T
Formula for A AT = s
a b
cA=|d e f| A1=?
g h 1
det(A) = aei+ bfg + cdh — ceg — bdi — afh
—+ e f _ld f L |d e—
hoi g i g h
_ _ b c a ¢ _la b
= hoil Tlg i g h
N b c e ¢ a b
__ le f d f T 1d el__




1

Formula for A™ ATt = s

* Proof: ACT = det(A)l,
A1 Q1nf q Cn1’ det(4)] - 0
t e anlleg) o o dewy

Diagonal: By definition of determinants

Not Diagonal:

(Exercise 82, P221)




0

det:(A)_

Lan A1n] [€11| °° Cn1’ det(A)
Ani Annd I€1n) *° Cnn. 0
11 A1n
det| : Pl = A11€11 T A12C12 0+ A1pCap
An1 Unn
anl ann
det | : P | = an1C11 + ApaCip + 0+ AppCin
Apq a



Cramer’s Rule

A7l = L cT Ax =b x=A"1b = L >Tb
det(A) det(A)
1
X4 = det(A) (Cllbl + C21b2 + ..o 4 Cnlbn) X, = det(Bl)
det(By) det(A)
B; = with column 1 replaced by b det(B,)
Xy =

. ~N det(A)

n-1

s3I Columns

of A

B; = with column j replaced by b ) det(A)



Example

Cramer’s Rule
ax+by+ecz=d,
‘?E‘T+b1.];+'f - =4, LetD=
ax+by+c,z=d,

If D = 0 then
d b ¢ a d ¢
dl bl & 2 4:ﬂ*IT: =
d, 'bs ¢, ; d; o
xX=-— V= -
D ) D

[

b ¢
b, ¢
by ¢
a b d,
a, b, d,
a, b d
D

https://www.onlinemathlearning.com/cramers-rule.html




More Properties of Det
(Chapter 3.2)

s vertivle KRR et - o



Properties of Determinants

 Basic Property 1: det(l) = 1
* Basic Property 2: Exchange rows reverse the sign of det
* If a matrix A has 2 equal rows, det A=0

e Basic Property 3: Determinant is “linear” for each row
ta tbl\ _ a b
det ([ C dD = tdet ([c d )
a+a b+ b’D _ ([a b ) ([a’ b’D
det ([ . q det . d + det . g

e Arow of zeros,det A=0
e “Subtract k x row i from row j” does not change det



Jpper Triangu
@ -

U=1]: :
0 dy,

det(U) = det(

P

Determinants for

ar Matrix

Killing everything above

Does not change the det

Property 1

1 .- 0]

0 .- 1

=1

det(U) = dd, -+ d,, (Products of diagonal)




Determinant vs. Invertible

s mieritie QRS deia) 0
A—R

Elementary row operation

det(A) det(R)
= +kyk, - det(A)

If Ais invertible, R is identity
det(R) = 1 M) det(A) # 0

If A is not invertible, R has zero row

Exchange: Change sign

Scaling:  Multiply k

Addrow:  nothing det(R) = 0 W) det(A) = 0



Example

PO - o

For what scalar cis the
A= matrix not invertible?

detA= 1-0-7 +(-1):-c-2 +2-(-1)-1
-2:0:2 —-(-1):(-1):-7 —-1:-c-1
=0—-—2c—2—7—¢c =-3c—9

not invertible mm) —3¢c -9 =0 =) ¢ = -3



More Properties of Determinants

det(A + B
* det(AB) = det(A)det(B) ;ted(et(A) -I)— det(B)
Q: find det(4™1)

v ATIA =1 s det(AVdet(A) =det(l) =1
~ det(A™1) = 1/det(4)
Q: find det(4%)
det(A?) = det(A)det(A) = det(A)?
e det(A") = det(A)

e Zero row — zero column
e Same row — same column ......

P212 - 215



More Properties of Determinants

* det(AB) = det(A)det(B)
* Proof:
If A is not invertible:

A is not invertible ‘ AB is not invertible.
(because (AB)M =1, implies A(BM)=1))

‘ det AB=0

A is not invertible ‘ detA=0

mmm) detAdetB=0




More Properties of Determinants

e det(AB) = det(A)det(B)
* Proof:

You have to prove that
det EA=det E det A
A — Ek ce EZE]_

If A is invertible:

(E is elementary matrix)



You have to prove that det EA = det E det A

Exchange the 2" and 3" rows ‘ detE{A = —detA

10 0] = detE;detA
E1 =10 0 1 _
0 1 0 detE; = —1
Multiply the 2" row by -4 ‘ detE,A = —4detA
1 0 O = detE,detA
k2 =10 —4 0] detE, = —4
0 0 1
Adding 2 times row 1 torow 3 ‘ detE;A = detA
1 0 0] = detEsdetA
E3 =10 1 O .
> 0 1 detE; =1




More Properties of Determinants

* det(AB) = det(A)det(B)
* Proof:

You have to prove that
det EA=det E det A
A — Ek ce EZE]_

If A is invertible:

(E is elementary matrix)

det(A) = det(Ey) ---det(E,)det(E;)

det(A)det(B) = det(Ey) ---det(E,)det(E;)det(B)
= det(E}) -~ det(E,)det(E{B)

— det(Ek ”'EzElB) —_ det(AB)



More Properties of Determinants

e det A=det AT
* Proof:

A is not invertible ‘ detA=0
Il

AT is not invertible ‘ det AT=0

A is invertible det E=det ET ...... in the textbook



det E=det ET in the textbook

Exchange the 2" and 3™ rows

1 0 O .
E;=10 0 1|=E detE, = detE,"

0 1 0

Multiply the 2" row by -4

1 0 O
E2 =10 —4 0|~-= EZT detE2 — dethT

0 0 1

Adding 2 times row 1 to row 3

E3=

1 0 O 1 0 2
0 1 0] E3T =10 1 O detE3 = detE3T
2 0 1 0O 0 1




More Properties of Determinants

detE=detET ...... in the textbook
e det A =det AT

* Proof:
Aisinvertible A =FE}--E>)E;
det(A) = det(E}) -~ det(E,)det(Eq)
AT = (By -+ EpE) = E,TE,T - E,T
det(AT) = det(E,")det(E,") -+ det(E,")
= det(E{)det(E,) ---det(E})



More Properties of Determinants

detE=detET ...... in the textbook
e det A=det AT

* Proot: det(A) = sum of n! terms

Format of each term: Qa1402803y *** Anw

Find an element in permutatlon of
each row 1,2, .

Format of each term: Q4710p7,0,/3 " Ay

Find an element in permutatlon of
each column 1,2, .

Sorted by
column indices




