
Quiz 2 Problem 1

(a) Find the differential equation and nature re-
sponse (15%)

1. The capacitor current is given by:

iC(t) = C
dvout
dt

= −β i(t).

2. The input voltage is expressed as:

vin(t) = L
di

dt
+ i(t)R.

3. Using the capacitor current relation, we have:

C
dvout
dt

= −β i(t) =⇒ i(t) = −C

β

dvout
dt

.

4. Substitute the expression for i(t) into the equation for vin(t) (5%):

vin(t) = −LC

β

d2vout
dt2

− RC

β

dvout
dt

.

With the given numerical values

L = 1H, R = 5Ω, C = 0.5F, β = 10,

this becomes:

vin(t) = −0.05
d2vout
dt2

− 0.25
dvout
dt

.

5. Natural (Homogeneous) Response: Setting vin(t) = 0 yields

d2vout
dt2

+ 5
dvout
dt

= 0.

The corresponding characteristic equation

s(s+ 5) = 0

has roots s = 0 and s = −5, so the general natural response is

v
(n)
out(t) = K1 +K2 e

−5t,

where K1 and K2 are constants determined by the initial conditions.
(10%)
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(b) Forced Response (15%)

For the input
vin(t) = −

(
10 + 9 e−2t

)
,

we substitute into the differential equation derived earlier:

vin(t) = −
(
10 + 9 e−2t

)
= −LC

β

d2vout
dt2

− RC

β

dvout
dt

Since
vin(t) = −

(
10 + 9 e−2t

)
,

we look for a particular solution of the form (5%)

v
(f)
out(t) = A t+B e−2t.

Deriving the Particular Solution

• Compute the first derivative:

d

dt
v
(f)
out(t) = A− 2B e−2t.

• Compute the second derivative:

d2

dt2
v
(f)
out(t) = 4B e−2t.

• Substitute these into the differential equation, we have (5% each):

A = 40, B = −30

Thus, the forced response is:

v
(f)
out(t) = 40 t+−30 e−2t.
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3.  

(a) (3) 𝒊𝑹(𝒕) =
𝒗𝒔(𝒕)−𝒗𝑪(𝒕)

𝑹
 or 𝒗𝑪(𝒕) = 𝒗𝒔(𝒕) − 𝑹𝒊𝑹(𝒕) 

(3) 𝒊𝑹(𝒕) = 𝒊𝑳(𝒕) + 𝒊𝑪(𝒕) or 
𝒅𝒊𝑹(𝒕)

𝒅𝒕
=

𝒅𝒊𝑳(𝒕)

𝒅𝒕
+
𝒅𝒊𝑪(𝒕)

𝒅𝒕
 

(3) 𝒗𝑳(𝒕) = 𝑳
𝒅𝒊𝑳(𝒕)

𝒅𝒕
 or 

𝒅𝒊𝑳(𝒕)

𝒅𝒕
=

𝒗𝑳(𝒕)

𝑳
 

(3) 𝒊𝑪(𝒕) = 𝑪
𝒅𝒗𝑪(𝒕)

𝒅𝒕
 or 

𝒅𝒊𝑪(𝒕)

𝒅𝒕
=

𝒅𝟐𝒗𝑪(𝒕)

𝒅𝒕𝟐
 

𝑑𝑖𝑅(𝑡)

𝑑𝑡
=
𝑣𝐿(𝑡)

𝐿
+ 𝐶

𝑑2𝑣𝐶(𝑡)

𝑑𝑡2
 

𝑑𝑣𝐶(𝑡)

𝑑𝑡
=
𝑑

𝑑𝑡
[𝑣𝑠(𝑡) − 𝑅𝑖𝑅(𝑡)] 

𝑑2𝑣𝐶(𝑡)

𝑑𝑡2
=
𝑑2𝑣𝑠(𝑡)

𝑑𝑡2
− 𝑅

𝑑2𝑖𝑅(𝑡)

𝑑𝑡2
 

𝑑𝑖𝑅(𝑡)

𝑑𝑡
=
𝑣𝑠(𝑡) − 𝑅𝑖𝑅(𝑡)

𝐿
+ 𝐶 [

𝑑2𝑣𝑠(𝑡)

𝑑𝑡2
− 𝑅

𝑑2𝑖𝑅(𝑡)

𝑑𝑡2
] 

(3) 𝑹𝑪
𝒅𝟐𝒊𝑹(𝒕)

𝒅𝒕𝟐
+
𝒅𝒊𝑹(𝒕)

𝒅𝒕
+
𝑹

𝑳
𝒊𝑹(𝒕) =

𝟏

𝑳
𝒗𝒔(𝒕) + 𝑪

𝒅𝟐𝒗𝒔(𝒕)

𝒅𝒕𝟐
 

(b) 𝑅𝐶
𝑑2𝑖𝑅(𝑡)

𝑑𝑡2
+
𝑑𝑖𝑅(𝑡)

𝑑𝑡
+
𝑅

𝐿
𝑖𝑅(𝑡) =

1

𝐿
𝑣𝑠(𝑡) + 𝐶

𝑑2𝑣𝑠(𝑡)

𝑑𝑡2
 

(10) 𝒕 = 𝟎+ 

{
  
 

  
 

𝒊𝑳(𝟎
+) = 𝒊𝑳(𝟎

−) = −𝟐(𝑨)

𝒗𝑪(𝟎
+) = 𝒗𝑪(𝟎

−) = 𝟎(𝑽)

𝒊𝑹(𝟎
+) =

𝒗𝒔(𝟎
+)−𝒗𝑪(𝟎

+)

𝑹
= 𝟔(𝑨)

𝒊𝑪(𝟎
+) = 𝒊𝑹(𝟎

+) − 𝒊𝑳(𝟎
+) = 𝟖(𝑨)

𝒅𝟐𝒊𝑹(𝒕)

𝒅𝒕𝟐
+ 𝟏𝟎

𝒅𝒊𝑹(𝒕)

𝒅𝒕
+ 𝟐𝟓𝒊𝑹(𝒕) = 𝟏𝟓𝟎(𝑨)

 

  



Homogeneous solution 

𝑑2𝑖𝑅(𝑡)

𝑑𝑡2
+ 10

𝑑𝑖𝑅(𝑡)

𝑑𝑡
+ 25𝑖𝑅(𝑡) = 0 

𝑟2 + 10𝑟 + 25 = 0 →  𝑟 = −5(𝑑𝑜𝑢𝑏𝑙𝑒 𝑟𝑜𝑜𝑡) 

(5) 𝒊𝑹,𝒉(𝒕) = (𝑨 + 𝑩𝒕)𝒆
−𝟓𝒕 

Particular solution 

(5) 𝟎 + 𝟎 + 𝟐𝟓𝒊𝑹,𝒑(𝒕) = 𝟏𝟓𝟎 → 𝒊𝑹,𝒑(𝒕) = 𝟔 

General solution 

𝑖𝑅(0) = 𝐴 + 6 = 6 →  𝐴 = 0 

𝑑𝑖𝑅(0)

𝑑𝑡
= 𝐵 = −10𝑖𝐶(0) = −80 

(5) 𝒊𝑹(𝒕) = −𝟖𝟎𝒕𝒆
−𝟓𝒕 + 𝟔 (𝒘𝒉𝒆𝒏 𝒕 > 𝟎) 




