A STRONG STABILITY CONDITION ON MINIMAL SUBMANIFOLDS
AND ITS IMPLICATIONS
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ABSTRACT. We identify a strong stability condition on minimal submanifolds that implies
uniqueness and dynamical stability properties. In particular, we prove a uniqueness theorem
and a C' dynamical stability theorem of the mean curvature flow for minimal submanifolds
that satisfy this condition. The latter theorem states that the mean curvature flow of any
other submanifold in a C* neighborhood of such a minimal submanifold exists for all time, and
converges exponentially to the minimal one. This extends our previous uniqueness and sta-
bility theorem [26] which applies only to calibrated submanifolds of special holonomy ambient

manifolds.

1. INTRODUCTION

In our previous work [26], we study the uniqueness and C' dynamical stability of calibrated
submanifolds in manifolds of special holonomy with explicitly constructed Riemannian metrics.
The result is extended to minimal submanifolds of general Riemannian manifolds in this paper.
The assumption for the uniqueness and dynamical stability theorem is identified as a strongly
stable condition which implies the stability of the minimal submanifold in the usual sense of the
second variation of the volume functional. Recall that the mean curvature flow is the negative
gradient flow of the volume functional. It is thus natural to ask whether a local minimizer (a
stable minimal submanifold) of the volume functional is stable under the mean curvature flow.
Such a question of great generality has been addressed in the celebrated work of L. Simon [21]:
when is a local minimizer dynamically stable under the gradient flow, i.e. does the gradient
flow of a small perturbation of a local minimizer still converge back to the local minimizer?
The question in the context of [21] concerns a nonlinear parabolic system defined on a compact
manifold, and it was proved that the analyticity of the functional and the smallness in C?
norm are sufficient for the validity of the dynamical stability. The question we addressed here
corresponds to the specialization to the volume functional of compact submanifolds. A natural
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measurement of the distance between two submanifolds is the C* (or Lidjschitz) norm, in terms
of which the “closeness” condition of our current result is formulated.

As derived in [22, §3], the Jacobi operator of the second variation of the volume functional
is (V1)*V+ + R — A, where (V1)*V1 is the Bochner Laplacian of the normal bundle, R
is an operator constructed from the restriction of the ambient Riemann curvature, and A is
constructed from the second fundamental form. The precise definition can be found in %g
A minimal submanifold is said to be strongly stable if R — A is a positive operator, see (B.2)
Since (V+)*V+' is a non-negative operator, strong stability implies stability in the sense of
the second variation of the volume functional. In particular, the strong stability condition is
satisfied by all the calibrated submanifolds considered in [26] which include (M denotes the

ambient Riemannian manifold and ¥ denotes the minimal submanifold):

(i) M is the total space of the cotangent bundle of a sphere, 7*S™ (for n > 1), with the
Stenzel metric [24], and ¥ is the zero section;

(ii) M is the total space of the cotangent bundle of a complex projective space, T*CP",
with the Calabi metric [4] and ¥ is the zero section;

(iii) M is the total space of one of the vector bundles S(S%), A2 (5%), A2 (CP?), and S_(S*%)
with the Ricci flat metric constructed by Bryant—Salamon [3], where S is the spinor
bundle and S_ is the spinor bundle of negative chirality, and X is the zero section of
the respective vector bundle.

These are all metrics of special holonomy that are known to be written in a closed form, and to
have simplest non-trivial topology. Note that in all these examples, the metrics of the total space
are Ricci flat, and the zero sections are totally geodesic. Hence, the strong stability in these
examples is equivalent to the positivity of the operator R. In [26], we proved uniqueness and
dynamical stability theorems for the corresponding calibrated submanifolds and the proofs rely
on the explicit knowledge of the ambient metric, whose coefficients are governed by solutions of
ODE systems. A natural question was how general such rigidity phenomenon is. In this article,
we discover that the strong stability condition is precisely the condition that makes everything
work. Moreover, we identify more examples that satisfy the strong stability condition:

Proposition A. Each of the following pairs (X, M) of minimal submanifolds ¥ and their
ambient Riemannian manifolds M satisfy the strong stability condition (@) :

(i) M is any Riemannian manifold of negative sectional curvature and X a totally geodesic
submanifold; in particular, geodesics in hyperbolic surfaces or 3-manifolds are stongly
stable;

1t was suggested by a reviewer that, since the volume functional is well-defined for varifolds, it is possible that
some measure theoretical “closeness” condition for varifolds works for such a dynamical stability theorem. Indeed,
a recent preprint by J. D. Lotay and F. Schulze “Consequences of strong stability of minimal submanifolds”

(arXiv: 1802.03941) generalized our result to the setting of integral currents under the enhanced Brakke flow.
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(ii) M is any Kdhler manifold and ¥ is a complex submanifold whose normal bundle has
positive holomorphic curvature.

(iii) M is any Calabi-Yau manifold and X is a special Lagrangian with positive Ricci cur-
vature;

(iv) M is any G2 manifold and ¥ is a coassociative submanifold with positive definite

—2W_ + % on A2 ; this is a curvature condition on g5, see (@)

For example (i), the strong stability can be checked directly. The examples (ii), (iii), and
(iv) will be explained in §@ and Appendix @
We now state the main results of this paper. The first one says that a strongly stable minimal

submanifold is rather unique.

Theorem A. Let X" C (M, g) be a compact, minimal submanifold which is strongly stable in
the sense of (@) Then there exists a tubular neighborhood U of ¥ such that ¥ is the only

compact minimal submanifold in U with dimension no less than n.

The second one is on the dynamical stability of a strongly stable minimal submanifold.

Theorem B. Let ¥ C (M, g) be a compact, oriented minimal submanifold which is strongly
stable in the sense of (@) If T is a submanifold that is close to ¥ in C', the mean curvature
flow T'y with T'g =T exists for all time, and 'y converges to X smoothly as t — co.

The precise statements can be found in Theorem @ (Theorem A) and Theorem @ (Theorem
B), respectively. For defining a measurement for the slope, the minimal submanifold ¥ in
Theorem B is required to be oriented. The slope measurement is based on certain extension of

the volume form of ¥ (see §)

The C' dynamical stability of the mean curvature flow for those calibrated submanifolds
considered in [26] was proved in the same paper. In this regard, this theorem is a generalization

of our previous result.

Here are some remarks on the strong stability condition. In the viewpoint of the second
variational formula, the condition is natural, and is stronger than the positivity of the Jacobi
operator. The main results of this paper are basically saying that the strong stability has nice
geometric consequences. In particular, the minimal submanifold ¥ needs not be totally geodesic,
while most known results about the convergence of higher codimensional mean curvature flow
are under the totally geodesic assumption, e.g. [30].

Note addded. One may wonder whether the stability condition already implies the dy-
namical stability. More precisely, if the Jacobi operator has only positive spectrum, is the
minimal submanifold X" stable under the mean curvature flow? The answer is yes, provided

one requires more on the initial condition. This was studied by Naito [18] for general negative
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gradient flows, and by Deckelnick [7] for surface mean curvature flows in R? with Dirichlet
boundary condition. The result of Naito says that if " is close to ¥ in H" (= L?) for r > 5 +2,
then the mean curvature flow I'; exists for all time, and converges to X in H" as t — co. Since
r>45+2, H — C%« for some a € (0,1], and T is close to ¥ in C>®. Section @ is added to
explain more on the results of Naito.

Acknowledgement. The authors are grateful to Prof. Gerhard Huisken for his comments on
the stability of the mean curvature flow and for pointing out the reference [[7]. The authors
would like to thank Yohsuke Imagi for helpful discussions, and to thank the anonymous referee
for helpful comments on the earlier version of this paper.

2. LOCAL GEOMETRY NEAR A SUBMANIFOLD

2.1. Notations and basic properties. Let (M, g) be a Riemannian manifold of dimension
n+m, and ¥ C M be a compact (embedded) submanifold of dimension n. We use (-,-) to
denote the evaluation of two tangent vectors by the metric tensor g. The notation (-, ) is also
abused to denote the evaluation with respect to the induced metric on ¥. Denote by V the
Levi-Civita connection of (M, g), and by V* the Levi-Civita connection of the induced metric

on Y.

Denote by N3 the normal bundle of ¥ in M. The metric g and its Levi-Civita connection
induce a bundle metric (also denoted by (-,-) ) and a metric connection for N¥. The bundle
connection on N will be denoted by V.

In the following discussion, we are going to choose a local orthonormal frame {e1,--- ,en,
€ntly " s€nt+m} for TM near a point p € ¥ such that the restriction of {ej,- - ,e,} on ¥ is
a frame for Y and the restrictions of {e, 41, ,€ntm} is a frame for NX. The indexes i, j, k

range from 1 to n, the indexes «, 3,7y range from n + 1 to n + m, the indexes A, B, C' range

from 1 to n + m, and repeated indexes are summed.

The convention of the Riemann curvature tensor is
R(ec, GD)«S’B = VecveDeB — veDveceB — V[GC,GD]eB s
Rapcp = R(ea,ep,ec,ep) = (R(ec,ep)ep,ea) .

What follows are some basic properties of the geometry of a submanifold. The details can be
found in, for example [8, ch. 6].

(i) V* is the projection of V onto TS C TM]|s, and V+ is the projection of V onto
N¥ C TM|yx. Their curvatures are denoted by
Ry = (VoVe e — Vo Voe — Vi, e er)

1 1wl 1ol 1
Ra,@ij = <ve¢vejeﬁ - vejve¢65 - v[ei,ej]eﬁ? 60l> )
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(ii) Given any two tangent vectors X,Y of ¥, the second fundamental form of ¥ in M is
defined by I(X,Y) = (VxY)*, where (-)* : TM — NY is the projection onto the
normal bundle. The mean curvature of ¥ is the normal vector field defined by H =
try I. With a normal vector V, (X, Y, V) is defined to be (I(X,Y),V) = (VxY,V).

In terms of the frame,
haij = L(es, ej,eq) and  H = hgjjeq -

(iii) For any tangent vectors X, Y, Z of ¥ and a normal vector V', the Codazzi equation says
that

(R(X,Y)Z,V) = (VxI)(Y, Z,V) — (VyI)(X, Z,V) (2.1)
where
(VxI)(Y,Z,V)=X (I(Y,Z,V)) -I(VXY,Z, V) - I(Y,VXZ, V) - I(X,Y,VxV) . (2.2

In terms of the frame, denote (V,,II)(e;, ek, eq) by hajr, and (@) is equivalent to that
Rokij = hajki — haikj-

2.2. Geodesic coordinate and geodesic frame. For any p € 3, we can construct a “partial”

geodesic coordinate and a geodesic frame on a neighborhood of p in M as follows:

(i) Choose an oriented, orthonormal basis {e1,- - ,e,} for T,X. The map
Fy:x=(z'- 2" — exp?(xjej)

parametrizes an open neighborhood of p in ¥, where exp® is the exponential map of
the induced metric on ¥. For any x of unit length, the curve ~y(t) = Fy(tx) is called a
radial geodesic on ¥ (at p). By using V> to parallel transport {e1, -+ ,e,} along these
radial geodesics, we get a local orthonormal frame for 7' on a neighborhood of p in
Y. The frame is still denoted by {e1, - ,en}.

(ii) Choose an orthonormal basis {€,41, " , €ntm } for NpX. By using V= to parallel trans-
port {e,+1,-* ,€ntm} along radial geodesics on X, we obtain a local orthonormal frame
for N¥ on a neighborhood of p in ¥. This frame is still denoted by {en11, ", €ntm}-
It is clear that {e1, - - ,en, €nt1, -, €ntm} is a local orthonormal frame for 7M.

(iii) The map

F: (X7 Y) = ((xla o 7xn)7 (yn+15 T 7yn+m)) = eXpFQ(X) (ya6a)

parametrizes an open neighborhood of p in M. The map exp is the exponential map
of (M, g). For any y of unit length, the curve o(t) = F(x,ty) = expp (x)(ty) is called

a normal geodesic for ¥ C M.
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(iv) For any x, step (ii) gives an orthonormal basis {e1, -, enm} for Tp(x0)M. By using
V to parallel transport it along normal geodesics, we have an orthonormal frame for
TM on a neighborhood of p in M. This frame is again denoted by {ey, -, €ntm}-

The freedom in the above construction is the choice of {e1, -+ ,e,} and {ep41,- - ,€ntm} at
p, which is O(n) x O(m). A particular choice will be made later on. When ¥ is oriented,
{e1, -+ ,en} is required to form an oriented frame. In this case, the freedom is SO(n) x O(m).

Remark 2.1. We will consider the curves s — exp3 (z'e; +se;) and s eXPf, (x) (yPes+seq) in
the following discussion. They will be abbreviated as Fy(x+se;) and F'(x,y+seq), respectively.

Remark 2.2. The frames {e1, -+ ,€p,€nt1, " ,€ntm} are constructed by parallel transport
along radial geodesics on X and then normal geodesic for . They are indeed smooth. We briefly
explain the smoothness of {e1,--- ,e,} on a neighborhood of p in ¥. Write ¢; = Sij(x)%. The

smoothness of the frame is equivalent to the smoothness of S;;(x). Let Fé. 1 (x) be the Christoffel
symbols of V¥, i.e. V% 66? = Fé-k (x)%. The Christoffel symbols ng(x) are smooth functions.
7
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Since e; is parallel along radial geodesics,

0 5;;(x) 4 0
b l l

dal
To avoid confusion, fix £ = (£,-+-,£") € R™. Let y(t) = t€ for t € [0,1]. Since $f(v(t)) =
Ha' g ()

Wulll) _ ¢ s1e) i)

In other words, [S;;(£)] is the solution to the ODE system of the form %2 = F(S,¢,¢) at t = 1,
with the identity as the initial condition. Therefore, S;;(&) is smooth in &.

2.2.1. The tubular neighborhood U, and the distance function.

Definition 2.3. For any § > 0, let Us be the image of {V € NX | |V| < §} under the exponential
map along .. By the implicit function theorem, there exists € > 0, which is determined by the
geometry of 3 and M, such that the following statements hold for U.,:

(1) The map exp : {V € NX | |V| < 2¢} — Uy is a diffeomorphism.

(2) There exist the local coordinate system (x!,- .- 2™ y" 1 ... y"+tm) and the frame {e1, - , enim}

constructed in the last subsection.
(3) The function Y (y*)? is a well-defined smooth function on U..
(4) On Uy, the square root of Y (y*)? is the distance function to .

(5) For any g € U., there exists a unique p € ¥ such that there is a unique normal geodesic
in U, connecting p and q.



We now analyze the gradient of the function >°_ (y*)%. To avoid confusion, let
52(51,--',fn)€Rn and 77:(77n+1a"‘;77n+m)€Rm

be constant vectors. Consider the normal geodesic o(t) = F(,tn); its tangent vector field is

o'(t) = 77&559?' On the other hand, ¢/(0) is also equal to n®e,, and n%e, is defined and parallel

along o(t). Thus, 170‘63? =n%eq on o(t). Since the y-coordinate of o(t) is tn, we find that

« 8 (e a (63
Yy Tya’”(t) =1n Tya’o(t) =tn%eq =to'(t); (2.3)
at t =1 it gives
0
“o— =y eq . 2.4
Y =Y (2.4)

By modifying the standard geodesic argument [5, p.4-9], the vector field yo‘f?b(t) is half of
the gradient vector field of >°_ (y*)?. In addition, note that (@) implies that <y°‘887&, yo‘aay—a) =
>, (y*)?. The Gauss lemma implies that (y"‘aa?, 8’888?> =0if ) y*s* = 0. By considering
the first variational formula of the one-parameter family of geodesics o (¢, s) = expp (e4.se,)(t0),

one finds that <yaa‘97a, 9y = 0. It follows from these relations that

oxd
v <Z<ya>2> 2 (25)

For a locally defined smooth function near p, the following lemma establishes its expansion
in terms of the coordinate system constructed above.

Lemma 2.4. Let U, be a neighborhood of p € ¥ in M as in Definition @ with the coordinate

1

system (x,y) = (x!,- -2,y - "™ and the frame {e1, -+ ,en,€ni1,  €nim}. Then,

any smooth function f(x,y) on U has the following expansion:

fx,y) = £(0,0) + 2 ei(f)lp +y* ea(/)lp + O(xI* + |y]?) -

More precisely, it means that ‘f(x,y) — f(0,0) — 2 ei(f)lp —y® ea(f)|p| < c(|x)? + |y|?) for
some constant ¢ determined by the C2-norm of f and the geometry of M and .

Proof. Let ¢ € U, be any point. To avoid confusion, denote the coordinate of ¢ by (&,7n),
where £ € R™ and n € R™ are regarded as constant vectors. Let qg € X be the point with
normal coordinate (£, 0), and consider the radial geodesic on ¥ joining qo and p, og(t) = Fo(t€).
Applying Taylor’s theorem on f(og(t)) gives

d? f(o0(t))

g

1
F6.0) = £(0.0)+ T, _ofen() + [ (1=
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Since ojy(t) = &% e;, we find that
1
f(€,0) = f(0,0) + & ei(f)lp + Eiéj/o (1 —1) (ej(ei(f)))(o0(t)) dt . (2.6)

Next, consider the normal geodesic joining ¢ and qo, o(t) = F(,tn). Remember that o/(t) =
n%eq. By considering f(o(t)),

1
f(&m) = f(&0) + 1% (ea(f))lg + 77%6/0 (1 —1) (ep(ealf)))(o(t)dt . (2.7)

Similar to (@), (ea(fN)lg = (ealf))]p + & fol ej(ea(f))(oo(t))dt. Putting these together fin-
ishes the proof of this lemma. O

2.2.2. The expansions of coordinate vector fields.

Lemma 2.5. Let U. be a neighborhood of p € 3 in M as in Definition @ with the coordinate

system (x,y) = (b, -2, y" -y and the frame {e1, - ,en,€ni1, - Cnim}. Write
0 0 0 0
- = (——,eq)e and — = (z=—,eap)e
5 <8:1:Z’ A)eA Dy <3y’“ A)€A

then (
following expansions:

gxi>€A> and <§?,6A>, considered as locally defined multi-indexed functions, has the

a (6%
<@v€j>|(x,y) =0~y haij‘p +O(x)* + ly]?) ,

0
(i € ey = dus + Ol + Iy

(2.8)

and both <88xi , eg)‘(x ) and <88W7 €j>‘(x 4) @re of the order |x|?+|y|?. By inverting the matrices,
d o 0 0
= g Ve HOP+IVP) and o= o OGP ). (29)

Proof. We apply Lemma @ to these locally defined functions.

By construction, <%, e;)|p = dij. With a similar argument as that for (@), t

X NU;. It follows that
0

2 = $€<w, €j) -

k

Differentiating the above equation first with respect to 2’ and then with respect to z*, and

then evaluating at p which has zf = 0 for all £, we obtain

90 N (20
Oxk oxt’ » Oxt xk’

8
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0 0
:<v2 28’“’ > =
o P

—~ e 2
2o )| = V2

p

On the other hand, it follows from the construction that (V>e;)|, = 0, and
p
Hence, 24 (2

o0 00
Ok \ i Oz Ok
' Oz k

0
oxt?

Since ey is parallel with respect to V along normal geodesics and e, = 8?71 at p, (Ve,€a)lp =

0= (V. _ea)|p. It follows that

Oy«

g ,0 0
(a3 52| = (7 g s

where the third equality follows from the fact that (-2 gya:€5) =0on XN UL

e;) is zero at p.

= ~haijl,

Note that ( —,¢p) vanishes on ¥ N U.. Since eg is parallel with respect to V along normal
geodesics, (Ve,e3)|p = 0, and then

o ,0 0 0
<W<axi7€ﬁ>> ‘p = <V68yaa$i,€5>‘p = <V§Zi aya, >

By construction, aaa =eq on X NU. and (V1e,)|, = 0. Therefore, 8‘2 (5 9

p

—,¢ep) is zero at p.

The term <88W’€j> also vanishes on ¥ N U.. It follows from (@) that y (8 -, e5) = 0.
Differentiating the above equation first with respect to y® and then with respect to y®, we

00 N (20
oy ay” )|, oy oy

Since V., e; = 0, the above two terms are always equal to each other, and thus both vanish.

obtain

=0.
p

For (;M,eg) it follows from the construction that <88W,65> = 0,8 on X N U.. According
to R.4), v =y <6yy,eu> By a similar argument as that for %(%,eﬁ, %(%,em also

vanishes at p. O

2.2.3. The expansions of connection coefficients.

Proposition 2.6. Let U; be a neighborhood of p € ¥ in M as in Definition @ with the
coordinate system (x,y) = (x!,--- 2™, y" L, -y T™) and the frame {e1, -+ ,en, €ni1, - €ntm}-
Let

0% = (Vegea, ep)w” = 05 (ec)w”

be the connection 1-forms of the frame fields on U, where {wA}”+m is the dual coframe of

{eA}”+m Then, at a point g € U, with coordinates (x,y), 0% (ec), considered as locally defined
9



multi-indexed functions, has the following expansions:

. ]_ o
9§(ek)!(x,y) = §$l R]Zuk‘p +y ijk’p + O(|X|2 + |Y|2) ) ( )
2.10

. 1 o
eg(eﬁ)l(x,y) = iy Rjiaﬁ‘p + O(‘X‘Q + ‘Y‘g) s

0 (e)l(xy) = haij‘p + a2k haij;k‘p + 97 (Raip; + Z hon’khﬁjk)‘p +O(Ix[* + [yl*) (2.11)

k
09 (5 ey) = 20" Raing], + O(x[? + [y[?
P (e8)ley) = 5¥” Raingl, + O(xI* + Iy ) ,
0% (e, _Llipt YRl 4+ O(x + lyl? (2.12)
ﬂ(ez)’(x,y) - §:U aﬂji}p +y aB'yz|p + (|X| + |Y| ) :
L s
05(ex)l i) = b Rasinl, + O + 1y1?)
where Rjzzlk p’ Rjiak p’ Rjiaﬁ‘p hozij p’ haij;k p’ Raiﬁj p’ Rai’yﬁ p’R(J)Z,Bji p’ Raﬁ'yi p’ Ra,@&'y‘p all

represent the evaluation of the corresponding tensors at p and with respect to the frame fields

{ei}?:l and {ea}ggmnﬂ .

Proof. Since the restriction of the frame {e;}"; on X is parallel with respect to V¥ along the
radial geodesics, kag(ek)’(x 0 = 0 for any 4,5 € {1,...,n}. It follows that

: 6 ()
_ l 7
95 (ek)‘(x,O) =7 oxk ’(x,O)

and thus Hf(ek)’p =0. (2.13)

By taking the partial derivative in 2! and evaluating at p = (0, 0), we find that

90l (ex),  90/(er)
Ol ‘p*_ Oxk ‘p’

Similarly, since the restriction of {GM}Z;TH on ¥ is parallel with respect to V- along radial

or equivalently, e;(6?(ex))l, = —ex(0 (er))l, (2.14)

geodesics, :ckHZ(ek)‘(x 0 =0 for any p,v € {n+1,...,n+m}. It follows that
GZ(ek)‘p =0 and (2.15)

e(®(en)], = —en(8i(e))], - (2.16)

Since the frame {e4}/1/" is parallel with respect to V along normal geodesics, y*65(e,) = 0
and it follows that

L0608 (e,
e . (7 217

By taking partial derivatives,
26%(c,) _ ,070%(c,)

B B 2 0B
=—y and 89.4 (e#) _ _aHA (61,) . y(Sa HA (65) ] (218)
oxk dxk oy oy Oyt Oyv Oyt
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Note that on X, {% » . and {e;}?_; are both bases for T'YX. Therefore,

ek(QE(eu))‘(xp) =0. (2.19)
By construction, -2 = e, on & = {y* = 0 for all wu}. It follows from m that
Oyr w
e (05 ()] 0y = —en(05(e0)] o) - (2.20)

In terms of the connection 1-forms, the components of the Riemann curvature tensor are

Rapep
= <V,3CV,3D€B - VeDVeCeB - V[ec,ep}er 6A>

=ec(95(ep)) —ep(@5(ec)) — (95 A 0g)(ec, en) — 05(ep)df(ec) + 05(ep)0E(en) . (2.21)

With these preparations, we proceed to prove all the expansion formulae:

(The expansion of Gg(ek)) It follows from () that the zeroth order term is zero. By (),
the coefficient of z! in the expansion is

b))l = 5 [a(bl(en)) — ex(6 (1) ,- )

Note that for Rgﬂ ;i» all the indices of summation in () go from 1 to n. Due to (), the
coefficient of y in the expansion is

calt](e))| = [ealt](er)) — ex(@i(ea))]| = R, -

Rl -

p

(The expansion of 95 (eg)) By (), the zeroth order term is zero, and the coefficient of !
in the expansion is zero. According to (), the coefficient of y* in the expansion is

cal8les))] =5 [eal@llen)) = es(6lca)] | = Riiosl, -
(The expansion of 0 (e;)) On X NUe, 0 (e;j) = (Ve,€i,€a) = haij. Its derivative along ey, is
ex(I(ei, ej,eq)) = (Ve I (€5, €5, €q) + ]I(Vezkei, ej,eq) + I(e;, Vezkej, eq) + 1(es, €5, Velkea) )
Due to () and (), the last three terms vanish at p. It follows that ej(Il(e;, €5, €q))lp is

equal to hqijik|p-
The coefficient of y? is e5(6%(e;))|p- By () and (),
Roisil, = [ea(05(e;)) + 07 (ex)05(e))] | = [e5(07(e5) = hoishs]l, -

(The expansion of 65 (eg)) According t@), the zeroth order term is zero, and the coeffi-
.20)

cient of z! in the expansion is zero. By ( and (E.l /),

A O (e, = 5 ey (68 (es)) — ea(O (e, = 3 Roirsl,

11



(The expansion of 65(e;)) By (), the zeroth order term vanishes. With (), () and

(.13,

1
e e
2

s 03e))| =5 [es(Oh(e) — ebe))]| =5 Rbsi|

p

Note that for Rj‘-ﬂﬁ, the index of summation in the third term of () goes from n 41 to

n 4+ m, and the indices of summation in the last two terms of () go from 1 to n. By (),

(R.17) and (2.14),

ey (05(e)| = |es(0a(ei) — ei(03(ey)|| = Rapnil, -
p p

(The expansion of 65 (e4)) Due to (), 05 (e4) vanishes on ¥ NU.. According to () and
217,

s(B3(e)], = 5 [es(65(e)) — ex(@(es))]], = 5 Rapml,

This finishes the proof of this proposition. O

2.2.4. Horizontal and vertical subspaces. For any ¢ € U. C M, there exists a unique p € X
such that there is a unique normal geodesic inside U, connecting g and p. Any tensor defined
on Y can be extended to U by parallel transport of V along normal geodesics. Here are some
notions that will be used in this paper.

Assume that ¥ is oriented. The parallel transport of T3 along normal geodesics defines an
n-dimensional distribution of T'M |y, which is called the horizontal distribution, and is denoted
by H. Its orthogonal complement in 7'M is called the vertical distribution, and is denoted by V.
It is clear that ‘H = span{ej,--- ,ey} and V = span{en4+1, - ,eént+m}. The parallel transport
of the volume form of ¥ along normal geodesics defines an n-form on U, which is denoted by
Q. Let {wh, -+ ,w", w™™ ... W™} be the dual coframe of {e1, - ,€n, i1, ,€nim}. In
terms of the coframe,

Q=whA- AW, (2.22)

From the construction, {2 has comass 1. That is to say, the evaluation of {2 on any oriented
n-plane takes the value between —1 and 1.

For any ¢ € U. and any oriented n-plane L C T, M, consider the orthogonal projection
onto V,, my, and the evaluation of  on L. Suppose that (L) > 0. By the singular value
decomposition, there exist oriented orthonormal basis {ei,--- ,e,} for H,, orthonormal basis
{€n+1,- -+, entm} for Vg and angles ¢1,--- , ¢, € [0,7/2) such that

{€j = cospjej +singjentj}iy (2.23)
12



constitutes an oriented, orthonormal basis for L. If n > m, ¢; is set to be zero for j > m. It
follows that

Q(L) = cos ¢y - cos ¢y, , (2.24)
and the operator norm of my is
s(L):= Hﬂ'v|LHop = max{sin ¢y, -- ,sin¢g,} . (2.25)

Remark 2.7. The construction (M) works for (L) = 0 as well, and some of the angles would
be w/2. The formulae (M) and (M) remain valid. We briefly explain this linear-algebraic
construction. Consider the orthogonal projection onto H,, my. Let Ly = ker(my : L — Hy); it

is a linear subspace of V,. Let L’ be the orthogonal complement of Ly in L. Then, L = L' & Ly,
and 7y : L' — H, is injective. Note that my(L’) is orthogonal to Ly. The linear subspace L’ is
the graph of a linear map from my (L") C H4 to V,. The basis () is constructed by applying
the singular value decomposition to this linear map together with an orthonormal basis for Ly.

Remark 2.8. The singular value decomposition does not require orientation. If 3 and L are not
assumed to be oriented, one can still construct the frame () for L with ¢y, , ¢, € [0,7/2].
But to define (L), both ¥ and L have to be oriented.

It is easy to see that the orthogonal complement of L has the following orthonormal basis:

{éa = —sin ¢o¢ €q—n 1 COS ¢a ea};n:n+1 (226)

where ¢o = pq—n. If m > n, ¢, is set to be zero for « > 2n. The following estimates will be
needed later, and are straightforward to come by:

n n
3 ‘(wj o) @ e)| <n, Y@ ©w)(E )| < ns (2.27)
i=1 =1

and

(wl/\.../\w")(éméh...’/é;...’én) <s,
(wl/\.../\w")(éajé&él?...7/6;7...’/5-;...7én) <g?,

(WA AWE A AWEA - AW (6L, L En)| < ms (2.28)
(WO AW A AW A AW™) (B, 81, 5 &gy 1 En)| <1,

WA AGI A AGA AT A AW (E1, - ,én)| < n(n —1)s?

for any 7,5,k € {1,...,n}and o, B € {n+1,...,n+ m}.
13



The above estimates are the zeroth order estimate. For the first, third and fourth inequalities

of (), a more refined version will also be needed. It follows from () and () that

U = - ; sin ¢;
(wl Ao ANW™) (s €1, 5 €5y e 1 En) = (—1)25,l (n+i) COSQ; Hcosgi)k (2.29)
1
Let (Dl, . ,cD ot ... @™t™ be the dual basis of &1, ,€n,Enstl, -, Entm. According to

wl =cosg; @ —sing; 0" and  w® = sin g, " + €O P O

Hence,
(W AW A AW A Aw™) (1, En)
= ((sin o™ ™) A (cos p1t) A -+ A (cos girt) A -+ A (cos gbncD”)) (€1, -+ ,€n) (2.30)
sin ¢ |
= (=1 i+16 Nt )
(-1) a(n+i) (oo ; HCOS¢k
k=1
It follows from
(WX AW A AWT A AW (a1, &5y 1 En)
W (Eq) (WA AW A AW (@, e s En)]
Jj—1 -
+Z(_1)kwa(ék).[(wl/\.../\wj/\.../\w")(éméh... ko €y En)]
k=1
n —
+ Z DR @)  [(Wh A AWl Ao AW™) (Bay 157 5 €557 Ehy v 5 En)]
k=j+1
that
(WEAWEA - AW A Aw™) (o 81y, &5y 4 & )—COS% ﬁcosgbk <(n—1)s
)y ) sy €7 s En COS¢j 1 >~ .
(2.31)

3. MINIMAL SUBMANIFOLDS AND STABILITY CONDITIONS

3.1. The stability of a minimal submanifold. A submanifold ¥ C (M, g) is said to be
minimal if its mean curvature vanishes, H = 0. It means that ¥ is a critical point of the
volume functional. A minimal submanifold X is said to be strictly stable if the second variation
of the volume functional is positive at ¥ (stable if the second variation is non-negative). We

now recall the second variational formula of the volume functional. The detail can be found in

22, §3.2].
14



Suppose that V' is a normal vector field on 3. There are two linear operators on NX in the
second variation formula. The first one is the partial Ricci operator defined by

R(V) = trs (R(-,V) - )"

where R is the Riemann curvature tensor of (M, g). The second one is basically the norm-square
of the second fundamental form along V. The shape operator along V' is a symmetric map from
TY to itself, and is defined by

Sy(X) = —(VxV)T% = —VxV + V5V , or equivalently (Sy(X),Y) = (I(X,Y), V)
for any tangent vectors X and Y of ¥. By regarding S as a map from NX to Sym?(T'Y), define
A(V) =80 S(V)
where S* : Sym?(T'Y) — NX is the transpose map of S.
With this understanding, the second variation of the volume functional in the direction of V'
is

/ VLV + (R(V), V) — (A(V), V) (3.1)
>

Therefore, ¥ is strictly stable if and only if (V+)*V+ 4+ R — A is a positive operator. Note
that (V+)*V+ is always non-negative definite, and R — A is a linear map on NX. Hence, the
positivity of R — A is a condition easier to check, and implies the strict stability of X.

Definition 3.1. A minimal submanifold ¥ C (M, g) is said to be strongly stable if R — A is a
(pointwise) positive operator on N3.

In terms of the notations introduced in §@, > is strongly stable if there exists a constant
cp > 0 such that

- Z Riipv®v® — Z hmjhmjvavﬁ > ¢ z:(v"‘)2 (3.2)
a’/B?i a?ﬂ7i7j &
for any (v"FL ... o"tm) € R™.

In particular, for a hypersurface 3, the condition is
—Ric(v,v) — |A]? > co,

where v is a unit normal and |A|? = > h?j.

3.2. Proof of Proposition A. It is easy to see that (@) holds for a totally geodesic submani-
fold in a manifold with negative sectional curvature. When the geometry has special properties,
the condition (@) is equivalent to some natural curvature condition on the minimal submani-

fold.
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3.2.1. Complex submanifolds in Kihler manifolds. Let (M?", g, J,w) be a Kéhler manifold, and
¥2? ¢ M be a complex submanifold. The submanifold ¥ is automatically minimal. In fact, the
second variation (@) is always non-negative. In this case, the operator R — A was studied by
Simons in the famous paper [22, §3.5]. We briefly summarize his results. The strongly stable
condition is equivalent to that

<—J <Z RHei,fz-)(V)) ,V> > co |V

where {e1, - ,ep, f1,--- , fp} is an orthonormal frame for TY with f; = Je;. In other words,
the normal bundle curvature contracting with wy; is positive definite. It implies that the normal
bundle of ¥ admits no non-trivial holomorphic cross section.

3.2.2. Minimal Lagrangians in Kihler-Einstein manifolds. Let (M?", g, w) be a Kihler-Einstein
manifold, where w is the Kéhler form. Denote the Einstein constant by ¢, i.e. Ric = cg. A
half-dimensional submanifold L™ C M is said to be Lagrangian if w|; vanishes. Suppose that
L is both minimal and Lagrangian. Then, (@) is equivalent to the condition that

Ricl — ¢ is a positive definite operator on T'L , (3.3)

where Ric” is the Ricci curvature of glr. For completeness, the derivation is included in
Appendix @ We remark that when ¢ < 0, a minimal Lagrangian is always stable. That
is to say, the second variation (@) is strictly positive for any non-identically zero V; see [6,19].

A case of particular interest is special Lagrangians in a Calabi—Yau manifold; see [10, §III].
The constant ¢ = 0 for a Calabi—Yau manifold, and the strong stability condition (@) is
equivalent to the positivity of Ric”. By the Bochner formula, it implies that the first Betti
number of L is zero. According to the result of McLean [[16, Corollary 3.8], L is infinitesimally
rigid as a special Lagrangian submanifold.

3.2.3. Coassociatives in Go manifolds. A G2 manifold (M, g) is a 7-dimensional Riemannian
manifold whose holonomy is contained in Ga. A coassociative submanifold is a special class of
minimal, 4-dimensional submanifold in M. A complete story can be found in [10, §IV] and
[13, ch.11-12], and a brief summary is included in Appendix @

Suppose that ¥* C M is coassociative. The strong stability condition (@) is equivalent to
that

—2W_ + g is a positive definite operator on A% (%) , (3.4)

where W_ is the anti-self-dual part of the Weyl curvature of g|s;, and s is the scalar curvature
of g|s. The computation bears its own interest in G2 geometry, and is included in Appendix

. According to the Weitzenbock formula for anti-self-dual 2-forms [9, Appendix C], (@)
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implies that ¥ has no non-trivial anti-self-dual harmonic 2-forms. Due to [LG, Corollary 4.6], X
is infinitesimally rigid as a coassociative submanifold.

3.3. The Codazzi equation on a minimal submanifold. Suppose that > is a minimal
submanifold. Choose a local orthonormal frame {ej,- - ,en4m} such that the restriction of
{e1,-+,en} on ¥ are tangent to ¥ and the restriction of {e, 11, ,€n4m} to X are normal to
3. Consider the following equation on X:

heiisk = ek (hais) — 2<V§j eis k) haki — (Velj aseg)hgii -

Since the mean curvature vanishes, the first and third terms are zero. For the second term,
(Vezj ei, ex) is skew-symmetric in ¢ and k, and h,g; is symmetric in i and k. Hence, the second
term is also zero. By combining it with the Codazzi equation (@),

Ruiij = hajisi - (3.5)

4. THE CONVEXITY OF % AND A LOCAL UNIQUENESS THEOREM OF MINIMAL SUBMANIFOLDS

Suppose that ¥ is a minimal submanifold in (M, g) and consider the function ¢ =) (y®)?

on the tubular neighborhood U, of ¥ as in § Similar to [26], the strong stability of ¥ is
closely related to the positivity of the trace of Hess()) over an n-dimensional subspace.

Proposition 4.1. Let ¥ C (M, g) be a compact minimal submanifold that is strongly stable
in the sense of (B.2). There exist positive constants €1 and ¢ which depend on the geometry of
M and ¥ and which have the following property. For any q € U, and any n-plane L C T;M,

try, Hess(v)) > c ((5(L))2 + 1/J(q)) (4.1)
where (L) is defined by ()

Proof. Let p € X be the point such that there is a normal geodesic in U, connecting p and
q. To calculate Hess(v)), take the frame {e1,--- ,epn, €nt1, -, €ntm} constructed in §@ Let
{wh, - W™, Wt ..o WM be the dual coframe. According to (@) and (@), dy = 2y*we,

and thus e;(¢) = 0. By ()7
Hess(¢))(es, €5)
= eiles (1)) = (Veies)($) = =2y 6 (1)

3
= —2y" haij|, — 20" haijir], — 29"y Rajsil, — 2°y” (hagihsir) |, + O((x* + y[*)?) -
17



By (2.9), @.11) and (219),

Hess () (ea, €1) = ealei(¥)) — (Ve,e) (1) = —2¢” 07 (eq)
= O(x]* + Iy,

Hess (1)) (eas €5) = ealea(¥)) — (Ve,e5) (1) = 2ea(y”) — 2y7 0)(ca)
= 20,5+ O(Ix* + |y -

(4.2)

We take the frame () for L to evaluate try, Hess(v)); see Remark @ Note that all the
x7-coordinate of ¢ are zero. By using sin ¢j < s(L), cos¢; < 1 and the above expansions of

Hess(1),

try, Hess(¢)) = Z Hess(1))(cos ¢j €j + sin ¢ ey, cos ¢j e + sin ¢ en45)
J
> Z [2 (3082 ¢j (—yo‘ hozjj{p - yo‘yﬁ Rajﬁj ‘p - yayﬂ (hajkhgjk) ‘p) +2 sin2 (Z)J}
J

—dyl* = "s(L) - y|?

>2) [_yayﬂ Reges|, — vy (hajkhﬂjk)\p} +2) sin® ¢,
Jo8 J
+ 2 Z sin? ¢j [ya hajj‘p + yayﬂ Rajﬁj’p + yayﬂ (hajkhﬁjk)’p] - 52(L) - CW|Y|3
j7a76
for some positive constants ¢/,c¢” and ¢”. For the last inequality, the minimal condition
>_j hajjlp = 0 has been used. It is not hard to see that there exists &’ > 0 such that

1
.2 .2
Z sin” ¢; [Z/a hajjl, +¥*y” Rajsjl, + y*y° (hajkhﬂjk:)’p} <3 ZSIH bj
Jrou J

for |y| < €’. By using the strong stability condition (@), this finishes the proof of the propo-
sition. 0

By the same argument as in [26], the convexity of ¢ implies the following local uniqueness

theorem of minimal submanifolds near .

Theorem 4.2. (Theorem A) Let ¥ C (M,g) be a compact minimal submanifold which is
strongly stable in the sense of (@) Then, there exists a tubular neighborhood U of ¥ such that
any compact minimal submanifold T' in U with dim T’ > n must be contained in X. In other

words, 3 is the only compact minimal submanifold in U with dimension no less than n.

Proof. Tt basically follows from [26, Lemma 5.1] and Proposition @ The only point to check

is that the estimate of Proposition @ holds for dimension greater than n. Namely, it remains
18



to show that for any ¢ € U., and any n-plane L C T,M with i > n,
try Hess(v) > co

for some positive constant cy.

The argument is similar to Remark @ Pick an (7 — n)-subspace of ker(my : L — H,).
Denote it by Ly. Note that Ly belong to V,. Let L be the orthogonal complement of Ly in
L. The dimension of L is n. By Proposition @ and (), the trace of the Hessian of ¢ over L
has the following lower bound:

try Hess(1)) = tr Hess(v) + trr,,, Hess(¢)
> cp(q) + (2(7 —n) — dP(q)) -
Thus, the quantity is positive when 1 (q) is sufficiently small. O

5. FURTHER ESTIMATES NEEDED FOR THE STABILITY THEOREM

From now on, ¥ is taken to be an oriented, strongly stable minimal submanifold, and we
see in the last section that the distance function 1 to ¥ defined on U, satisfies a convexity

condition.

To study the dynamical stability of mean curvature flows near 3, we need to measure how
close a nearby submanifold is to . The distance function 1 gives such a measurement in
CP. In order to obtain measurements in higher derivatives, we extend the volume form and
the second fundamental form of ¥ to the tubular neighborhood U;. In particular, in §,
the volume form of ¥ is extended to an n-form € on U.. The restriction of €} to another
n-dimensional submanifold I', which is denoted by *{), measures how close I' is to ¥ in C*.
The evolution equation of *{2 along the mean curvature flow plays an essential role for the
estimates. The equation naturally involves the restriction of the covariant derivatives/second
covariant derivatives of 2 on I'. In this section, we derive estimates of these quantities in
preparation for the proof of the stability theorem.

5.1. Extension of auxiliary tensors to U.. We adopt the frame and coordinate constructed
in §E

The second fundamental form of ¥ can also be extended to U, by parallel transport along
normal geodesics, as explained in § Denote the extension by II¥, which, in terms of the
frames, is given by

I = haijw' @w Qeq (5.1)

In other words, for any ¢ € Uy, haij(¢) = haij(p) where p € ¥ is the unique point such that
there is a normal geodesic in U, connecting p and ¢, see Definition R.3. To avoid introducing

more notations, we use the metric g to lower the indices of I*, and then I* = haijei @ej® eq.
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Suppose that I' is an oriented, n-dimensional submanifold in U, C M with Q(I") > 0. With
the above extension, we can compare the second fundamental form of I" with that of ¥. For
any ¢ € I', choose a local orthonormal frame {€1,--- , €y, €41, "+ ,Entm} on a neighborhood
of ¢ in M such that the restriction of {é;,--- ,é,} on I' form an oriented frame for 7T, and the
restriction of {€,41, -+ ,€ntm} on I' form a frame for NI'. With this, the second fundamental

form of I' is

= ilaij € ® éj ® €, where hm'j = <Véiéj, éa> . (52)

As explained in §, we may assume that these frames are of the form () and (R.20) at
q. The inverse transform reads

ej =cospjé; —sing;eé,y; and eq = sy Eq—n + COS Py €y - (5.3)

It follows that

]Iz‘q = haij(p) (cos ¢; €; — sin ¢; €,44) ® (cos P €j — SiN @ €pqj) ® (SIN Do Ea—n + COS P €q)-
(5.4)
Hence,
<]IF, ]IE> ‘q = Z (COS ¢i COS P COS P ﬁaij haij (p)) ) (5.5)

a,t,jJ
In the above expression, hq;j(p) depends only on p € X, while ¢;, ¢, and ﬁm-j all depend on
gel.
We extend another tensor which is related to the strong stability condition (@) Consider
the parallel transport of the following tensor on ¥ along normal geodesics:

(Raigj + haichgjr) (W' @ W) @ (e @),

which is considered to be defined on U,. Pairing the last component with Vi /2 produces a
tensor of the same type as I¥, which is denoted by S*:

S|y = v® (Raipj(p) + (haixhsir)(p)) W' ® W @ eq (5.6)

where p € X is the point such that there is a unique normal geodesic in U, connecting p and q.

Similarly,

ar, Szﬂq = Z (cos ¢; COS @j COS P Baij y’ (Rmﬂj(p) + Z(hozikhﬁjk)(p))> . (5.7)
k

a7ﬁ7i7j

Again in the above expression, Raig;(p) + > i (haikhsjr)(p) depends only on p € ¥, while

i, Pasy”, and Baij all depend on ¢ € T'.
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In the rest of this subsection, we assume Q(7,I') > 1 and estimate (I", ]IEMq and (I', SEMq.
We assume that T,I" has an oriented frame of the form (), and N,I" has a frame of the form

() Since Q(T,I") > %, it follows from () that
1
COS¢jZCOS¢1"‘COS¢n>§ fOI'jE{l,...,n}.

In particular, sin? ¢; =1— cos? ¢j < 3/4 for each j. It can be Checked directly that a real

number z with 2?2 < % satisfies the inequalities 1 —v/1 — 22 < 2

2
0<1l—cospj=1—1/1—sin?¢p; < g(s(Tqr))2

\/7 < 222, Therefore,

. 5.8)
sin? o} 9 (
— | = 2 (s(T,I)".
Ccos ¢ €os 9, oS ¢ <2((TT)
Suppose that s in () is achieved at ¢, and then
/ . 1.
QT,T) <cos¢yp = /1 —sin? ¢y <1— B sin? ¢,
1
= 1-Q(T,I') > ( (T,I))? (5.9)
On the other hand,
—QT,T) <1 (UT,T))? =1- [](1 —sin®¢;) < ¢(n) (s(T,T))? (5.10)
7j=1
for some dimensional constant c(n).
Applying the estimate (@) to (@) and (@), we obtain
("I, = D haij haij(p)| < ¢ (s(a)* 1]
a,i,j
(5.11)
<HF, SZ>‘q - Z (ilai] ) azﬁj + Z azkhﬁjk ) < C(E(Q))Z \% 1/1(‘]) ‘I[F‘
a,B,1,]

for some constant ¢ depending on the geometry of ¥ and M.

5.2. Estimates involving the derivatives of (2. In this subsection, we derive estimates that
involve derivatives of €, which are needed in the proof of Theorem B. In the following three

lemmas, we estimate quantities that appear naturally in the evolution equation of *{2 (@)

Let I" be an n-dimensional submanifold in the tubular neighborhood of . The function
x() is the Hodge star of Q|p with respect to the induced metric on I', and is the same as
Q(T,I"). We assume throughout this subsection that *Q(q) > % for any g € I". For each ¢ € T,
let p € ¥ be the point such that there is a unique normal geodesic in U, connecting p and

q; see Definition @ We use the coordinate and frame constructed in §@ to carry out the
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computation. Moreover, we assume that 751" has an oriented frame of the form (), and N,I"
has a frame of the form () For ¢ € T, 1(q) is a C° order quantity. *Q(q) and s(q) are both
C! order quantities that depend on the tangent space T,I' at ¢, where s(q) = s(T,T") is defined

in (2.23).
5.2.1. The restriction of the derivative of ) to I'. To compute V{2, it is convenient to introduce
the following shorthand notations:
O = 1) = (=1)7 W A AwI A AW (5.12)
4 LGOI A AR A AT A AT ifk<yj,
O = (eufenn =4 T - o I (5.13)
(1)L OIA A WT A AR A AW iR >
The covariant derivative of € is
VQ = (Vw) A =65 @ (w* A Q) . (5.14)
Lemma 5.1. Let X" C (M, g) be a compact, oriented minimal submanifold. Then, there exist
a positive constant ¢ which depends on the geometry of M and X and which has the following

property. Suppose that I' C U, is an oriented n-dimensional submanifold with *Q(q) > % for
any q € I'. Then,

(1 g (Ve )G . oo 160)] o+ (362) (I 1% 4 57)
a,j,k

< c((s(9)* +v(a)) 1"

at any q € T'. The summation is indeed a contraction between I' and V), and is independent
of the choice of the orthonormal frame.

Proof. By (5.14), (.11) and (R.31),
3 [(71)3' hagi (Ve, ) (a1, 1 &5 } ‘ 3 [ e cos¢a( Q)}

g,k ok COS ¢
2
<co(s(e))” [T -
According to (), () and the fact that the x7-coordinates of ¢ are all zero,
afx 2
05 (éx)],, — cos ok haju(p) — cos oy v’ (Rajse + hajlhﬁkl)(p)‘ <a ((E(Q)) + w(Q)) (5.15)
at ¢. Due to (@),

COS Pf, COS Pq, 2
—— =1/ <100 (s
COS ¢ ‘ - ( (q))
Putting these together with () finishes the proof of this lemma. O
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5.2.2. The restriction of the second derivative of Q to I'. We now compute V2Q, which is a
section of (T*"M @ T*M) @ A™(T*M). Since
Vw® = —0% @ w' — 05 ®@w’ and
VY = (Vb)) A = 0F @ OF + 67 @ (w* A Q7F)
the covariant derivative of () is
20 _ a a «a B 15 a ik
+ (veweg@afw;‘g@eg) ® (W A Q)

where V¢ is the covariant derivative of a local section of T M.

Lemma 5.2. Let ¥ C (M, g) be a compact, oriented minimal submanifold. Then there exists
a positive constant ¢ which depends on the geometry of M and ¥ and which has the following
property. Suppose that ' C U, is an oriented n-dimensional submanifold with xQ(q) > % for
any q € T'. Then,

S (V2@ )] =S [(_1)i9(éa,él,... T ,énm&m} () |15 55
k a,ik

< c(s*(q) +¥(q))

at any q € I', where Rd%j = (R(éy, €;)éx, €q) are components of the restriction of the curvature
tensor of M along I'.  Note that the two summations are independent of the choice of the
orthonormal frame.

Proof. We examine the components on the right hand side of () Due to (l‘Z_lll) and (M)7
00| < ez (s%(0) + V(D))
62(e)| < ez (s%(a) + V(@)

for any 7,75,k € {1,...,n} and o, € {n 4+ 1,...,n+m}. With () and the third and fifth

line of (),

(0(20) (07@) (@ A AQ9) (@, 2))

(5.17)

|
(05@0) (07@) (@A) @1 )| e ((6(0)° +0@) . (5:19)
07@) (07 @) (@ A Q) Er -+ )| < o ((s(0)” + (@)
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According (@) and the triangle inequality, we may replace cos ¢ by 1 in (), and the error
term is of the same order. It follows that

o= W2
> (B @)" — 107+ S¥P| < ea ((6(0)) + (@) - (5.19)
a?j?k
To estimate (ng .SV (€1, -+, €,), apply the triangle inequality on the right hand side of ()

Due to (), all terms, except the contribution from — (¢ ® %) ® Q and (V%) @ (w* A QF),
can be bounded by some multiple of (5(q))2 + ¢(q). The term Zi’k(ﬁf‘(ék))Q Q(éy, - &) is

estimated by () Hence,
] (V2 oD@, 8n)] — (VO3 Bk, &r)) (W AQ)(Er, -+, En)) + () [P+ 52\2]

< o5 ((s(0)” +¥(@)) -
(5.20)

The next step is to compute Vo5
07 = 67 (ej) w’ + 67 (ep) w0’
= V67 = d(67(ej)) ® o’ +d(65 () @ w” + 67 (ej) Vel + 67 (ep) Voo’ . (5.21)
By () and (), we have the following estimate at ¢:
(V) @, )] = |8 (1) ' (@) — 03 @) 0 (@) < 6 (s(0) + Vo(0))
(Vo) @, )| = |6 (@) o (@) + 05(0) (@) | < e .
Together with (),
[(62(e3) V! + 67 () Vo) (@, )| < 7 (s(a) + V(@) - (5.22)
It follows from () and (@) that

‘d(H? (€5)) — (haijie) (D)0 + (Raigj + haichsir) (p)w” ‘ < eV Y(q) ,

(5.23)

A6 (e)) — 5 Raiys(p)s”

where the norm on the left hand side is induced by the Riemannian metric g. By combining

(b.21), (5.29) and (5.23),
[(V02) (s 66) = 05 g haie(p)] < 0 (3(0) + V2 (a) ) -
Tt together with (2.3d) and (5.§) gives that
| = ((VO) (Ers €k) (W AQ)(Er, -+, €n)) + () sin §; Aintiyinr (D)

5.24
e ((5(0)” +¥(@) - .

IA
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It remains to calculate the second term in the asserted inequality of the lemma. By (),

—

C ~ N sing; _,_ .
Z(_l)zg(em €1, ", €, ,en)R&fCM = (*Q) Z COS?;)ZZ' R(6n+i, €k, €k, 6,‘) .
a,ik i,k

With (22d), (£.2d) and (5.9),

D (1) QUEar 1, Gy En) Ry + (4) Y sindiRpipini| < enn (s(q))?

ayik ik

Since | R(ntiykkilg = Rintipenilp| < c124/%(q), we have

—

Z(*l)iﬁ(éa,éh sy Gy s En) R + (%42) ZSiH Gi R (ntiyieri (P)| < €13 ((5(Q))2 + 1/1(61)) :

a,i,k i,k
(5.25)

To conclude the lemma, apply the triangle equality on (), () and (), and note
that R iykki(P) = h(nyiyine(p) by (@)~ [

Remark 5.3. The tensor S* is needed for Lemma @; otherwise the error term would be

bigger. However, S> will only be used in some intermediate steps in the proof of Theorem B.

5.2.3. The derivative of %2 along I'. The following lemma relates the derivative of x2 along I
and the second fundamental form of T'.

Lemma 5.4. Let X" C (M, g) be a compact, oriented minimal submanifold. Then, there exist
a positive constant ¢ which depends on the geometry of M and ¥ and which has the following
property. Suppose that I' C U, is an oriented n-dimensional submanifold with *(q) > % for
any q € I'. Then,

VI () < e(s(a) () 1T~ TP e ((6(0)* + ()
for any q € T.
Proof. We compute

VE(Q) = [e;(Qer, -, en))] &

(VéjQ)(éh e 7én) + ZQ(éb e 7éi717véjéi7'éi+17 o 7én)] (DJ
i=1

n

(Ve; (81, ,8n) + D haijQUEr, -+ 561, 8as Eign, - ,én)] @
i=1

Note that the expression is tensorial, and we use the frame (EQQ) and (M) to proceed.
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Due to (5.14) and (£.30),

(Ve, Q)(Er, -+, 8n) = 07(&) (W AQY)(E1, -+, n)

Sin@-( Q) .

_ (COS ij eln-i-l(e]) + sin QZSJ an—H(enJr])) m *

By (.11) and (5.8), at g,

>

=1

COS P, 44 COS ¢ COS iR 44)i (p)]

< e (@) + () -

According to (),

n ~ - - - - " sin e
th'jﬁ(eh c €1, 80, €001, 00, 6n) = —(%Q) [éh(n+i)ij:| ~
i=1 =1 !

£ cos ¢
To sum up,
2 N _ -
VG =D (@, el
j=1
n n 2
. - sin (151
< 22 (Ve Q)(E1,- -+, €n) — (x2) Z [cosqﬁ- COS P4 COS P COS ¢jh(n+z’)z‘j(P)]
j=1 i=1 '
n n . ¢ 2
2 S1n @, ~
+ 2(xQ2) ; ; p—y (COS Pn-+i COS B; COS DM 4)ij (P) — h(n+i)ij)

< 4né? ((s(0))” + v(a)’

2 2 7 2
+ 8n (s(q))” (%) Z ’h(nﬂ-)ij — COS Gn1i COS @; COS il (14 4)ij (p)‘
i,

By (6.9) and (5.4),

- 2
i - 1% > Z ‘hm-j — COS ¢; COS P COS qbahaij(p)‘
a7i7j
This completes the proof of this lemma. O

6. STABILITY OF THE MEAN CURVATURE FLOW

After the preparation in the last sections, we consider the mean curvature flow. We first

recall the following proposition from [31, Proposition 3.1].
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Proposition 6.1. Along the mean curvature flow I'y in M, *Q = Q(é1,--- ,é,) satisfies

d -
= Al 5 Q + *Q(Z:kh?m-k
-2 Z [Qaﬁ&--nﬁmkﬁmk + Qam-..nﬁamﬁﬁ% +oet Ql-~~(n—2)a6Ba(n—l)kﬁﬁnk]
a,B,k (61)
—2(Ve, ) (Eas - En)hatk — - = 2(Ve, Q) (@1, -+, &) hank
=Y azenRazzi + + QnonaRagial — (VA6 D@, - én)
a,k
where At denotes the time-dependent Laplacian on T, Qaﬁg...n = Q(éq,€5,€3, - ,6,) etc.,

and Rzii; = (R(Ek, €1)€k, €a), etc. are the coefficients of the curvature operator.

When € is a parallel form in M, VQ = 0, this recovers an important formula in proving the

long time existence result of the graphical mean curvature flow in [30].

6.1. Proof of Theorem B. A finite time singularity of the mean curvature flow happens
exactly when the second fundamental becomes unbounded; see Huisken [11], also [31]. The
following theorem shows that if we start with a submanifold which is C! close to a strongly
stable minimal submanifold ¥, then the mean curvature flow exists for all time, and converges
smoothly to 3.

Theorem 6.2. (Theorem B) Let ¥ C (M, g) be a compact, oriented, strongly stable minimal
submanifold. Then, there exist positive constants k << 1 and ¢ which depend on the geometry
of M and % and which have the following significance. Suppose that I' C U. is an oriented

n-dimensional submanifold satisfying

sup (1 — (*Q) +¢) <k . (6.2)
qel
Then, the mean curvature flow I'y with I'o = I' exists for all t > 0. Moreover, sup,cr, | < ¢
for any t > 0, where It is the second fundamental form of Ty, and I'y converges smoothly to ¥
ast — oo.
Proof. The constant x will be chosen to be smaller than 2 and %;
determined later. Suppose that the condition (@) holds for all {T't}o<t<7.

its precise value will be

Denote by H; the mean curvature vector of I';. According to Proposition @

%gu = H;(¢) = Altep — trp, Hessp < Altyp — ¢y (¢ + 5%) . (6.3)
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By applying Lemma @, Lemma @ and the second line of () to (@),

%( Q) > Al (xQ) + (+Q) [T — 2082 |T 2

— 2(+Q)(I, T* + S¥) — co(s® + )|
+ (+Q)I” + 5% = co(s® + 1))
> Al (xQ) 4+ (xQ)|IF — T — S¥2 — ¢3(s% + ) [T — ¢3(52 + ¥)

> AT () 4+ (O~ T — ()|8>P
= 2c3(s” + )| I' — I — e5(s” + ) (1 + 2T%%) .

The last inequality uses the fact that |T* — I*|? < 2|I* — II¥ — S*|2 + 2|S%|? and |T|? <
2 — I*|2 4 2|T*|%. If x < 1/(48¢3), it follows from (@) that 2c3(s% + 1) < (¥Q)/6. Since
|S%|? < cq1p and |T¥|? < ¢y,

%(*Q) > AT (+Q) + %(*Q)mt SRR - es(s2 4 1) - (6.4)

By combining it with (@), (@) and (), we have

% (1 — (*Q) + cgp) < ATt (1 — (+Q) + cv) — %(*Q)Iﬂt —T** — o7 (1 — (+Q) + 7))
) (6.5)
< AT (1= (5Q) + cgp) — —(*Q)|TF — TZ2 — =2 (1 — (xQ) + cg))

1

3 Ce
where ¢g = 1 + ¢5/c1. By the maximum principle, maxr, (1 — (%€2) 4 ¢6%) is non-increasing.

The evolution equation for the norm of the second fundamental form for a mean curvature

flow is derived in [28, Proposition 7.1]. In particular, |[If|? = > B?Mk satisfies the following

a,ik
equation along the flow:

d -
I E = AT — 2972 + 2 | (Ve R)gigp + (Ve, Ragin| Bais

lig 6.6
) \ (6.6)
+2 Z (Z heikhryjr — hajkh'yik> +2 Z <Z haijhakl> .
ayig \ k gkl \ @
It follows that
d
&W < AT = 2/ VT2 4 g (T + (T2 + 1) (6.7)

The quartic term |T¥|* could potentially lead to the finite time blow-up of |I|. We apply the

same method in [30]: use the evolution equation of (x2)? to help. Let p be a constant no less
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than 1, whose precise value will be determined later. According to (@),
d d
(%0 = p(xO)PL = (xO
() = p(x2) ! < (40)

> p( QP AT () + L QP — TP — esp(s” + )
= AT (+Q)” — p(p — D (=Q)P |V (+Q)* + g(*Q)p!]It — T — csp(s® + )
After an appeal to Lemma @,
%(*Q)p > Art(*Q)p + g (1 — 09p52) (*Q)p|I[t — ]IZ|2 —cg p2(52 + ) .
If kK <1/(24cgp), it follows from (@) that cg ps? < 1/12. It together with (@) gives that
d p
3 (P = KpP) > AT ()P = Kp?) + 1 () = Kp?y) I = T2 (6.8)
where K = cg/c;. The maximum principle implies that if (¥Q)? — Kp%*y > 0 on T, then
minr, ((*Q)p - K p%b) is non-decreasing. Moreover, for any p > 1, we may choose x such that
() implies that (*Q)? — Kp%yp > 1/2 on I

Denote (¥Q)? — Kp*y by 1. Due to (@) and (@),
Sl Py < AT — 2 T e (I 12 1)
— I (AT + Ept — 1)
Since
AT (LT 2) = g LATHIE 2  [T2AT ! 4 209 eyt W 2)
= AR — ATy 2 V22 — 22V e, VI
= AN — I PA S — 29NV e, V(T P))
and [I' — I®2 > L|T*|? — ¢19, we have
%(77_1|Ht|2) < AN THEP) 4+ 207NV, V(I PR))
_ §U_1|]It|4 +610%7—1|]It|2 + ey (|I[t‘4 IR+ 1)
< AVt (T IR + 2971 (VT VT (g IR))
1

—5 (g - cs> (Y %)% + (Cg + 010§> () + 2cs

(provided that p > 8cg). Choose p > 8cg. It follows from the maximum principle that 7~ !|I|

(6.9)

2

is uniformly bounded, and hence there is no finite time singularity.

The C° convergence is easy to come by. The differential inequality (@) implies that

converges to zero exponentially. Similarly, it follows from (@) that 1 — (xQ) 4 cg? converges
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to zero exponentially. Therefore, *) converges to 1 exponentially, and we conclude the C!

convergence.

For the C? and smooth convergence, consider n = (*Q)P — Kp%i. It follows from the above
discussion that 7 has a positive lower bound. It is clear that n < 1. Moreover, i converges to
1 as t — oco. Integrating (@) gives

I — ]IE\ dut<clg/ —d,ut.
It

Recall that the Lie derivative of dyu; in Hy is —|H?| duy; see [28, §2]. It follows that

1 d
L e LT JRIIRT (6.10)
C12 I dt I

We claim that the improper integral of the right hand side for 0 < t < oo converges. To
start, note that % fl“t dus = — frt |H¢|?dpy < 0. Thus, vol(I'y) = th dpy is positive and non-
increasing, and must converge as t — oo. For the first term on right hand side of (),

trd
/ (d/ ndus> ds:/ ndut—/ nduo
0 S Jr, Iy To

Since n converges to 1 (uniformly) and vol(T';) converges as t — oo, th ndu; converges as
t — oo. For the second term on the right hand side of (),

¢ ¢ ¢
/ </ n |H5]2d,us> ds < / < ]HS\ZdMS> ds = / ( d / d,u5> ds
0 s 0 s 0 ds

= vol(I'g) — vol(I'y) < vol(I'y) .

It is bounded from above, and is clearly non-decreasing in t. Therefore, it converges as t — oo.
It follows from the claim and () that

/0 < A |11t—112|2dm> dt < oo . (6.11)
t

On the other hand, |I! — II*|2 obeys a differential inequality of the same form as (@)
d
&mt — ¥ < ATI — T2 4 ¢33 (]I — T%)* 4+ 0F — T%)2 + 1) . (6.12)
The derivation for this inequality is in Appendix E By () and the uniform boundedness of
|, 4 5 fF [I* — 1*|2 dy is bounded from above uniformly. Due to Lemma @, which is proved

at the end of this subsection, we find that
lim/ I — 0% dps =0 . (6.13)

t—0 s

Since we have shown long time existence and convergence in C!, for ¢ large enough I'; can

be written as a graph (in the geodesic coordinate defined in §@) over Y defined by y* =
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ff,a=n+1,---n+m for C* functions f* on ¥. With (), a Moser iteration argument
similar to [12, §5] shows that f{* converges to 0 in C?. The detail of this argument is included
in Appendix @ With the C? convergence, standard arguments for a second order quasilinear
parabolic system lead to the smooth convergence of ff*. O

Lemma 6.3. Let a > 0 and f(t) be a smooth function for t € (a,00). Suppose that f(t) > 0,
faoo f(t)dt converges, and f'(t) < C for some constant C > 0. Then, f(t) — 0 as t — oco.

Proof. Tt follows from f'(t) < C that f(t
and [ f(t)dt < oo, given any € € (0,
Thus, for any t; > Ac+1 > Ac + /e,

> f(t1) —C(t1 —t) for any t; > ¢ > a. Since f(t) >0

)
1), there exists an Ac > a such that fz flt)dt < e.

e>/tt1 f(t)dtz/tl (F(t) — Oty — 1)) dt

1=V t1—Ve
1
=Ve(f(t1) -Ct1)+C (ﬁtl — 26> :
It follows that f(t) < (1+ 1C)\/e for any t > A, + 1. O

6.2. With only the stability condition. Theorem @ asserts that a strongly stable minimal
submanifold is C' dynanical stable under the mean curvature flow. Recall that a minimal
submanifold is said to be stable if the Jacobi operator, (V1)*V++R — A, is a positive operator.
It is a natural question whether the stability condition already implies the dynamical stability.
This was investigated by Naito in [18]. The answer is yes, but initial submanifold has to be
close to the stable one in a higher norm.

The approach of Naito is to consider only graphical/sectional type submanifold, i.e. I'; is
given by a section s of the normal bundle of ¥. Then, the mean curvature flow equation takes
the following form

Os
=
where N is a “small” operator in the sense of [18, (C3) on p.222]. The positivity of the Jacobi

- ((vi)*vl YR A) (8) + N (s) (6.14)

operator takes over the behavior of the parabolic system if one works with a suitable norm. In
the mean curvature flow case, [18, Theorem 5.3] reads as follows.

Theorem 6.4. Let X" C (M, g) be a compact, oriented, stable minimal submanifold. Then,
for any r > % + 2, there exists a positive constant ' << 1 such that for any section so of NX
with |so|gr < K', the mean curvature flow () exists for any t > 0. Moreover, the solution
converges to 0 exponentially ast — oo in H™ norm.

According to the Sobolev embedding theorem, H” «— Cl"~2) where a = r — S—lr—%]¢€

(0,1]. In other words, the assumption implies that so has small C>* norm.
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Remark 6.5. The initial condition in [18, Proposition 5.2 and Theorem 5.3] looks more com-
plicated than above stated. See [18, p.223-224] for the norm. The reason is that Naito also
discussed the case when the Jacobi operator has non-positive spectrum. If the Jacobi operator
is positive, one can check directly by using the spectral decomposition that the norm condition
there is equivalent to the H" norm (7 here corresponds to m in [1§]).

In the rest of this subsection, we will briefly explain how to set up () and check the
condition [18, (C3)]. Although this was demonstrated in [18, p.233-235] under a general setting,
it is instructive to do it for the mean curvature flow case.

6.2.1. The expansion in radial direction. To highlighting the computation for a section of N,
we build the expansion of the metric coefficients in the radial directions. Let {z'} be an oriented,
local coordinate system of 3. Choose a local orthonormal frame {e,} for NX. As in section
@ construct a local coordinate of M by

((1‘1, T 7$n)’ (yn—i-l’ T 7yn+m)) = EXP(z1,... 7wn)(yﬁeﬁ) :

Here, {2} needs not to be the Gaussian coordinate for ¥. Denote by gap(x,y) the coefficients
of the Riemannian metric g in this coordinate system.

Denote the normal bundle connection by A7, i.e. Vite, = (A}, dz’ ‘Ye,. By the Jacobi field
argument similar to that in section
9i(%,¥) = gi — 20 higij — 'y (Rjiv — hpuichujeg® — AL AD )+ O(lyP)
gin(x,y) =y’ Ay + O(ly*) , (6.15)
9 (%,¥) = 8w + O(ly[?)
where all the coefficient functions on the right hand side are evaluated at (x,0) € X.

For a section I' = {y* = y#(x)}, the ij component of the induced metric is

Gij = 9i;(%,y) + 9iu(%,¥) 059" + 95u(X,¥) Oy" + 9,0 (x,¥) (0sy") (0;9")
= gij — 20" hpi; — v"y" (Rjpiv — hpirhuied™) +y Ly

» (6.16)
+0(ly’) + O(ly|*)(9y) + O(ly|*) (9y
where y'; = 9" + Ay;y”. We will also need
1 1
~ a a "‘ij o B
Juv = a?u ) ay” =9uw —9g (gpj + g,uaajy )(gm‘ + guﬁaiy ) (6-17)

where L is the orthogonal projection onto NT'.

It is convenient to think 9;y" as a dummy variable p;’, and regard them as the same order as

y#. The negative gradient flow of vol(I') = [ v/det gdz! A---Adz™ is almost the mean curvature
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flow. Recall that
1
det(I +T) =1+ tr(T) + 5(tr?(T) —tr(T?)) + O(|T?)

for T' small. With gijhgij =0,

det g
det g

y 1 g
=1+g" [?/lfi?/’fj — "y (Rjpiv — hmkhujegke)] +5(2y" hyig™ ) 2y hueig’) + O(3)

=1+g" [y“zyﬂj — 'y (R + huikhvjfgkﬁ)] +0(3) .

3
2

The notation O(3) means O((ly|? + |p|?)?) for y, p small; see also (@) for the definition of

this notation. Hence,

Vdetg .
Videtg = v/etg + Y260 [yt — vy Ry + hyanhuied™)| + E(c,y,p) (6.18)

where £ = O(3). Since the computation is based on the graphical setting, the mean curvature
flow equation shall be (9,y)t = Hr,. With some linear algebraic computations, the mean
curvature flow equation reads

oyt g™ | d [0ydetyg 0+v/det g

ot /detg opY, oy )

g (6.19)

According to (6.19), (b.1d), (65.17) and (b.19), 3 = 6 + 0(2).

The zero-th order term of () gives the volume of the zero section, and has no contribution

in the Euler-Lagrange equation. The integral of the quadratic term of (f.18§) is

1

2/2 (W{V'Q +(R(y),y) — <A(Y),y>) dvols; .

Therefore, its Euler-Lagrange operator is the Jacobi operator (V+)*V+t+R — A at y = 0, with
respect to the volume form dvolys;. It follows that the contribution of the quadratic terms of

() to the right hand side of () is

_ |det N [
"\ qers (VY4 R - Aly)

= (1T VR - Aly)" + by, ) (V) VE R - Aly)
where & = O(2).

To sum up, the mean curvature flow equation takes the following form

O (VR A"

(it ot 4 e aly) e 9 [ A f9EN  og
+ & ( (VE)'vE + R A]y) + Tetg[dxk <apg 57|

The operator in the last line in the remainder operator N; see ()
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6.2.2. The smallness of the remainder operator. The condition [18, (C3)] says that for any
r > 5 + 2 there exists a constant C' > 0 such that

IN(Y) =Nz < Cylarly = la+ + 1y = a3 ]a-+1) (C3)
for any two sections y,y € L2, with |y|gr+1 <1, |y|gr+ < 1.
There are some different types of terms in A/. What follows is a brief explanation for terms
like f(x,y,0y)(0y)(0%y). Write
f(x,y,0y)(0y)(9%) — f(x,5,05)(9y)(8%y)
= f(x,y,9y)(9y) [(%y) — (8°%)]
+[hi(x,y,,0y,05) (y — ¥) + ha(x,y,¥, 0y, 95) (9y — 9y)] (9°)

where hq and hg are constructed from the derivatives of f(x,y,dy)(dy) in y and in dy, respec-
tively. With the following two bullets, f(x,y, dy)(dy)(8%y) does obey the condition (@)

e According to [20, Lemma 9.9], the “coefficients” f(x,y,dy), hi(x,y,y,0y,dy) and
hi(x,y,¥y,0y,dy) have bounded H" norm.

e Due to [20, Theorem 9.5 and Corollary 9.7], for any r —1 > , there exists C’ > 0 such
that

luvigr— < C"ulgr—r |V]gr—
for any u,v € H" 1.

For other types of terms, the argument is similar.

APPENDIX A. COMPUTATIONS RELATED TO STRONG STABILITY

For minimal Lagrangians in a Kéhler—Einstein manifold and coassociatives in a Gy manifold,
the condition (@) can be rewritten as a curvature condition on the submanifold. One ingredient
is the geometric properties of U(n) and G5 holonomy. Another ingredient is the Gauss equation:

Rijie — Ripe = haithaji — haichage - (A.1)

A.1. Minimal Lagrangians in Kihler—Einstein manifolds. Let (M?", g, J,w) be a Kihler—
Einstein manifold, where J is the complex structure and w is the Ké&hler form. Denote the
Einstein constant by c¢; namely,

Z Racpc = Ricap = cgap -
C
A submanifold L™ C M?" is Lagrangian if w|; vanishes. It implies that J induces an iso-

morphism between its tangent bundle T'L and normal bundle NL. In terms of the notations
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introduced in §@, the correspondence is
vie; «— vt Je; . (A.2)

In particular, if {ej,- - ,e,} is an orthonormal frame for T'L, {Jey,--- , Je,} is an orthonor-
mal frame for NL. Denote Jey by e, and let

Crij = hy@yij = (Veej, Jeg) -

Since J is parallel, it is easy to verify that Cy;; is totally symmetric.

Now, suppose that L is also minimal. By using the correspondence (@), the strong stability
condition (@) can be rewritten as follows.

—Riy(kyise) V0" — Cij Cuij v" v = —c gue v® v* + Ry 500)50)000) v 0" — Chij Coij v* v

¢

14

2 k¢ k
= —c[v]” + Rigie v" v" — Cryj Cozj v" v

2 pL k. ¢ kot kot
= —c|v]* 4+ Rjj; v" v" + Cjg; Cjgy v" v° — Chij Cpij v v
= —c|v]? + Rick(v,v) .

The first equality uses the Kéahler—Einstein condition. The second equality follows from the
parallelity of J. The third equality uses the Gauss equation and the minimal condition. The
last equality relies on the fact that Cy;; is totally symmetric. This computation says that (@)
is equivalent to the condition that Ric” — ¢ is a positive definite operator on T'L.

A.2. Coassociative submanifolds in G5 manifolds. In this case, the ambient space is 7-
dimensional, and the submanifold is 4-dimensional.

A.2.1. Four dimensional Riemannian geometry. The Riemann curvature tensor has a nice de-
composition in 4 dimensions. What follows is a brief summary of the decomposition; readers

are directed to [1] for more.

Let X be an oriented, 4-dimensional Riemannian manifold. The Riemann curvature tensor
in general defines a self-adjoint transform on A? by

1
R(e; Nej) = ingij ex Nep .

In 4 dimensions, A? decomposes into self-dual, A2, and anti-self-dual part, A%. In terms of the
decomposition A% = Ai @® A%, the curvature map R has the form

5 Wi+ 51 B
T
B W_+ 551
Here, s = R?jij is the scalar curvature, W is the self-dual and anti-self-dual part of the Weyl
tensor, B is the traceless Ricci tensor, and I is the identity homomorphism.
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With respect to the basis {e1 Aea —e3Aeyq,e1 Aes+ea Aeg,e1 Aeg— ez Aes}, the lower-right
block W_ + {51 is

p) by b3 p) by p) by b3 ) by b

Ri515 + R3434 — 2R1534 Ri513 + Riggy — R3yiz — R3yon  Riniy — Rings — R3y14 + R3ios
1
- Y _ pY Y  _ p¥ by ) by Y pY Y _ p¥
9 Ri519 — Ris34 + R3410 — R3uss Ri315 + R3ioy + 2R304 Ri314 — Riso3 + R341s — Rojos

) 5 ) > ) > p) > > ) b
Riy1o — Riygy — Roz10 + Rozs Rigng + Riyos — Ras513 — Raso Ryj14 + R3393 — 2R)03
(A.3)

The operator will be needed is W_ — g1 = (W_ + 15 I) — § I. One-fourth of the scalar curvature

1S

0

1 (R%212 + R§434 + R1Z313 + Rypoy + R1E313 + R22424) . (A.4)

N |

A.2.2. Go geometry. A T-dimensional Riemannian manifold M whose holonomy is contained
in Gy can be characterized by the existence of a parallel, positive 3-form ¢. A complete story
can be found in [13, ch.11]. In terms of a local orthonormal coframe, the 3-form and its Hodge

star are

© = w567 + w125 _ w345 + w136 + w246 + w147 _ w237 7

(A.5)
1234 w1267 + w3467 + w1357 + w3457 o w1456 + w2356

*p = W

where w'?3 is short for w! Aw? Aw3. It is known that the holonomy is Gy if and only if V¢ = 0,
which is also equivalent to dp =0 =d * .

Remark A.1. There are two commonly used conventions for the 3-form; see [14] for instance.
The convention here is the same as that in [16]; the deformation of coassociatives will then be
determined by anti-self-dual harmonic forms. If one use the convention in [13], the deformation
of coassociatives will be determined by self-dual harmonic forms.

The 3-form ¢ determines a product map x for tangent vectors of M. For any two tangent
vectors X and Y,

X xY = (p(X,Y, ).

For instance, e; X es = e5. Since ¢ and the metric tensor are both parallel, x is parallel as well.

As a consequence,

R(ea,ep)(e1 X eg) = (R(eA,eB)el) X ey + e X (R(GA,GB)GQ) ,
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and its eg-component gives Rssap — Reoap — Rriap = 0 for any A, B € {1,...,7}. In total,
the parallelity of x leads to following seven identities:

Rsoap + Rezap + Rraap =0,
Re7aB + Ri2aB — R3sap =0,

Rs14aB — Reaap + Rezap =0,
—Rs74B + Ri3ap + Roaap =0 , (A.6)

Rssap + Re1aB — Rroap =0,
—Rs34B + ReoaB + R71aB =0,

Rs6ap — Risap — Rasap =0 .
These identities imply that a G2 manifold is always Ricci flat.

A.2.3. Coassociative geometry. According to [10, §IV], an oriented, 4-dimensional submanifold
Y of a G2 manifold is said to be coassociative if xp|s coincides with the volume form of the
induced metric. Harvey and Lawson also proved that if ¢|s vanishes, there is an orientation
on X so that it is coassociative. Similar to the Lagrangian case, the normal bundle of a coasso-
ciative submanifold is canonically isomorphic to an intrinsic bundle. The following discussion
is basically borrowed from [16, §4].

Orthonormal frame. Suppose that ¥ C M is coassociative. One can find a local orthonormal
frame {ej, - ,er} such that {ej,eq,e3,e4} are tangent to X, {es, eg, €7} are normal to 3, and
¢ takes the form (|A.5) in this frame. Here is a sketch of the construction. Start with a unit
normal vector, e5, and a unit tangent vector, e, of 3. Let ea = e5 x e;. Then, set e3 to be a
unit vector tangent to ¥ and orthogonal to {e1,es}. Finally, let e4 = e3 X e5, eg = €1 X eg and

e7r = e3 X €9.

Normal bundle and second fundamental form. The normal bundle of ¥ is isomorphic to the
bundle of anti-self-dual 2-forms of ¥ via the following map:

Vs (Vap)ls . (A7)

In terms of the above frame, es corresponds to w'? — w3?, eg corresponds to w3 + w?*, and e;

corresponds to w'* — w?3.

As shown in [10], a coassociative submanifold must be minimal. In fact, its second funda-
mental form has certain symmetry. For instance,
hs1i = (Ve,e1,e5) = —(e1, Ve, (es X e7))
= —(e1,(Ve,e6) X e7) — (e1,e6 X (Ve,€7))
= —(e4, Ve,e6) + (€3, Ve,er) = heai — hrai -
What follows are all the relations:
hs2i + hesi + h74i =0, hs4i + he1i — h2i =0,

hsii — heai + hrzi =0, —hs3i + he2i + hr1; =0
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for any i € {1,2,3,4}. These relations imply that the mean curvature vanishes. They can be
encapsulated as . e; x I(e;, ej) = 0.

A.2.4. Strong stability for coassociatives. For any sections of N3, v, denote the symmetric
bilinear form on the left hand side of (@) by Q(v,v). Under the identification (@), Q(v,v) =
—2vIW_v + £|v|? is also a symmetric bilinear form.

We now check that Q(v,v) = Q(v, v) for any unit vector v € N,¥ at any p € . As explained
above, we may take e5 = v and construct the other orthonormal vectors. With respect such a
frame, it follows from (@) and (@) that

~ 5 5 5 5 5
Q(v,v) = Rig3 + Rojoy + Riziz + Raoq + 2R153, -

The quantity Q(v,v) can be rewritten as follows.

Qv,v) = — ZRi5i5 = (hsi)”

1,J

= Res65 + Rrs75 — Z(hSij)2

,J
_ 2
= Ri313 + Roa24 + R1313 + Rogoq — 2R1403 + 2R1324 — Z(hm‘j)
i’j
_ 2
= Riz13 + Roaoa + Rizi3 + Roaoa + 2R1230 — Y _(hsij)? -

12
The second equality follows from Ricci flatness. The third equality uses (@) The last equality
is the first Bianchi identity. With the Gauss equation and some simple manipulation,

Q(V7 V) - Q(V7 V)
= ((hata + ha23)* + (ha1s — ha2a)® = (ha11 + ha22)(hass + haaa)) — Y _(hsi)* . (A.9)

0,

By appealing to (A.g),

he1a + he2s = —hs22 — hsas = hsi1 + hszz . heiz — he2a = —hs12 — hissa
hr1a + hroz = —hsi12 + hssa h713 — h72a = —hsoo + hszz = —hs11 — hsaa
and

he11 + heao = —he33 — heas = —hs14 + hso3

h711 + h7oo = —h733 — hyaa = hs13 + hsoa .

By using these relations, it is not hard to verify that (@) vanishes. Therefore, the strong

stability condition (@) is equivalent to the positivity of —2W_ 4 .
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As a final remark, this equivalence can also be seen by combining [16, Theorem 4.9] and the
Weitzenbock formula [9, Appendix C]. Nevertheless it is nice to derive the equivalence directly

by highlighting the geometry of Ga.

APPENDIX B. EVOLUTION EQUATION FOR TENSORS

Suppose that ¥ be a tensor defined on M of type (0,3). The main purpose of this section
is to calculate its evolution equation along the mean curvature flow. Since there will be some
different connections, we denote the Levi-Civita connection of (M, g) by V to avoid confusions.

Let I'; be the mean curvature flow at time ¢. The tensor ¥ is a section of (T*M @ T*M ®
T*M)|re. The connection V naturally induces a connection V on this bundle. The only
difference between V and V is that the direction vector in V must be tangent to T';.

connection | bundle and base
v Levi-Civita connection of (M, g)
Vi Levi-Civita connection of I'; with the induced metric
v+ connection of the normal bundle of I’
% connection of (T*M & T*M & T*M)|p:
\% connection of T*I'y ® T*I'; ® N*T'; defined by (@)

From the construction, V is the composition of V with the orthogonal projection.

Proposition B.1. Let ¥ be a tensor of type (0,3) defined on the ambient manifold M. Along

the mean curvature flow I'y in M,

d ~

&‘Ht — U2 < AT - w2 — V@ - 0) 2 4 (I — @t 4 I - 2 4 1) (B.1)
where ¢ > 0 is determined by the Riemann curvature tensor of M and the sup-norm of U, VU,
=2
AVAR'S

Proof. The mean curvature flow can be regarded as a map from I’y x [0,¢) — M. For any
p € Tg and ty € [0,¢), choose a geodesic coordinate for T'g at p: {#!,---,3"}. We also choose
a local orthonormal frame {é,} for NT';. The following computations on derivatives are always
evaluated at the point (p,to).
Let H = haé, be the mean curvature vector of I';. The components of the second funda-
mental form and its covariant derivative are denoted by
;Laij - <ﬁ8583, éa> — H(agv 855 éoz) 3
ﬁaij,k: = (Va%ﬂ)(ag,ﬁi, éa) >
haj = (Vo H, ) .

At (p,t0); ha = Btk and b = hogi-
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Note that on I'g x [0,€), H is 0;, and thus commutes with 0;. It follows that the evolution

of the metric is:

d — —
Egij = H(&;,E)ﬁ = <VH85,83> + <8;,VH83>
= —(H,V,0;) — (V.0 H) = —2hohaij (B.2)
d .. . .
—g¥ = ..
dtg 2hahaij - (B.3)

The covariant derivative of 9; and é, along H can be expressed as follows:

vHag = <vHag, 85>83 + <?H8;, éa>éa

= _Baﬁaij 85 + Ba,i €a ) (B'4)
ﬁHéoz = <§Héom 6;>ai + <§Héa7 éﬁ>éﬁ
= N 0; + (Viéa, €5)é5 . (B.5)

The last part of the preparation is to relate the covariant derivative of ¥ in H to its Bochner—

Laplacian in the ambient manifold M.

_ <v83v83\11 - vajaﬂ’) + (—Vajvajxy + Vvajaj‘l’)
= —V*VU + trp, (V) (B.6)

Indeed, V%ﬁ; is zero at (p,tg). The tensor V'VVU is defined in the ambient space, and has
J
nothing to do with the submanifold I';. It follows from (@) that the evolution of |¥|? is

%I‘I’IQ = H((U, D)) = 2(V0, ¥)

= VY, ) + 2(trp, (V ), )
= AT — 2|V + 2(trp, (Vo), ©) (B.7)

The next task is to calculate the evolution equation for (IIf, ¥) = §?* g/ lizakl\i'aij where \ilm-j =
W (05,03, €a). According to (@) and (@),

d - 8
7 Yeis = H(¥(9;,05,€4))

= (VH\I/)(az, 63, éa) + \11(8;, 83,WHéa) + \I/(VHG;, 35, éa) + \I/(@;,VHaj, éa)
= (?H\I/)(c‘);ﬁ;, éa) — Ba’k\i&ﬂ'j + (VHéa, ég)ifﬁij
- ;L’yilwik\i’ockj + B'y,i\ija'yj - B'y%m/jk\ijaikz + il'y,j\i’ai'y
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The difference between V*VII! and V*VII is:

VI — V*VI' = Vy Vo I = Vy Vp I (B.9)
Since
(@6,;1175)(" ) = (ﬁa,;nt)(ﬁ )
= afﬁ(]lt(v *y )) - Ht((ﬁafg')Tv "y ) - Ht(" (ﬁafg')Tv ) - ]It(" "y (ﬁag)L) y

the tensor @afcllt has only the following components:

(Vo I')(9;,05,80) = (Vo I')(9;, 05, €a) = haijk »

(@8—1[15)(8;,838”) = _ilazilf kl

e e (B.10)
(Vo ') (e, 05, €a) = hgrihaij ,
(@8;@]115)(8;7 é,37 éoé) = ﬁﬁk]ilalj

The above four equations hold everywhere, but not only at (p,ty). It follows that

(Vo, Vo I')(8;,05,60) = 05 ((%Eﬂt)(a;,ai,é@) — (Vo, 1) (95,05, Vo, a)
— (Vo I')(Va,0;,0;,80) — (Vo ') (95, Vo, 05, é0)
= (Vo, Vo, I')(0;,05,60) — (Vo 1")(0;,05,(Vo,éa)")
— (Vo 1) ((Va,0;)", 05,80) — (Vo 1) (05, (Vo,05)" éa)
= (Vo Vo, I')(9;, 05, €a) — hsijhsriharl — Peribarihse: — herihsrihai -

Use (@) to rewrite the above computation as

(V*VI' — V*VI)(9;,05,8a) = hpijharihar + heriharjhsri + heihsrheai (B.11)
The tensor V*VI! does not have other components. However, V*VI does.
(6*@]115)(8;’ 855 af) = 7(63,;68;]?)(6;7 aj? 8[)
= —9;((Va,1')(9;,05,0p) + (Vo 1')(Va, ;05,97
+ (Vo I')(9;, Vo, 05,07) + (Vo ') (0;,05, Vo, ;)
= 0j(haijhart) + haijkhak
= Qilaij,kilakl + Baijilakl,k
(B.12)

= 2l~zaij7kﬁakl + haijhag + iLaind;;;;[ .
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The second last equality uses the fact that 0 = <V§fcéa, ég)ﬁgz-jfzakl — (VaL%éa, ég)ﬁaijﬁgkl. The
last equality uses the Codazzi equation (@) Similarly,

(V*VI) (&5, 95,€a) = —~2hotjkhpr — Pkl khagi
= —2Balj7kfz5kl — ilﬁ,lilajl - Rg,;;;zilajl
(V*VI') (05,88, €a) = —2haiihsr — hariphai

= —2710411,19735191 - B,B,lhail - Rg;;,;[ilml

(V*VI')(95, 80, 05) = ~2harihsahon (B43)
(V*VI') (€5, &y, €a) = —2hgrilykjhal;

(V*VI)(é5,05,0;) = 2hprihaijhani

(V*VI')(ég, 0, 05) = 0

The evolution equation for h,;; was derived in [28, Proposition 7.1]. With (@) and (@),

we have

d

dt

d /oo - -
T (9%7 lhakz‘llm'j)
L L. d - - . d -
= 2hgikhsharjVaij + 2hgjhghaiYaij + | Frhaij | Yaij + haij | 35 Vaij
= Qilﬁik?lﬁilakj\i/aij + Qilgﬂilgilail\i/aij — <V*VHt, ‘I/>
+ (Ve R) g5t Vaij + (Ve, R) i Voij — 2R3t Vaij + 2R 5570k sin Vi
+ 2R, g Vaij — Rigphatj Vai; — RigjhatiVais + Rajgihsis Vais

(I, )

— hqal (ﬁﬁljhﬁ - B,Blkﬁ,é’jk) B oij — Ntk (Bﬁz]‘ilﬁik - Bﬂlkﬂﬁij) Wi
— hgi (ﬁﬁljﬁalk - Bﬁlkﬁaz]‘) Toij — hajrhpinhsVais + hpij(Es, Viréa) Uaij
— (I, V*VO) + (I, trr, (V' VD)) = Bk Prij + haij (VECa, €5) Vi
— haijhy iV akj + haijhyi%ay; — haijhyheyjrVaik + haijhe, P aiy

= —(V*VI, ¥) — (I, V*V) + (I, trp, (V1))
+ (Veu R) it Yaij + (Ve R)aai Vais — 2Rp3hainVaij + 2Ry g5hsin Vi
+ 2R 53 hsik Vaij — Rigihot; Vais — RijsihatiVoij + Ryggihpis Vaij
+ Rygaihais Vi — RaggzhajvVass — RagjihaiVais
— 2R (ﬁﬁuﬁﬁ - ilﬁlk%ﬂe) Waij — 2hg (ilmjﬁazk - ﬁﬁzkﬁaz]-) Do
— 2hajihginhgVaij — 2harihpahong Vo — 2hsrhakihar; Vagy + 2hpriharihari Vis;
+ 2hgij bt Viij — 2hatj el Vas; — haitkhprPais -
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The last equality uses (B.11), (B.12) and (B.13) to replace V*VI! by V*VI.
By the Cauchy—Schwarz inequality,

%mt, U) — AT, ) + 2(VT, W>' < %!VW +e(I (TP 4 1)

This together with (@) and (@) imply that
SII W < AT WP - 2 - W) 4 [V 4 (I I )
According to (),
VI =) > VI — VO > [VI'P + I~ [V
Hence,
SII W7 < AV WP [V W) ()

By the triangle inequality |T*|? < [I* — ¥|? 4 |¥|2, it finishes the proof of the proposition. [

APPENDIX C. MOSER ITERATION FOR C? CONVERGENCE

The main purpose of this appendix is to prove the C? convergence part of Theorem @, in
particular [T* — T*|?> — 0. We already show that

e The mean curvature flow {I';} exists for all time, and the second fundamental form T’
is uniformly bounded.

e I'; converges to ¥ in C!.

e The L? convergence, (), of I: limy_,q th [t — T>|2dys = 0.

When II' is uniformly bounded, it is known that all the higher order derivatives of I remains
uniformly bounded. This can be proved by using the evolution equation of V™. See 2,
Proposition 4.8].

With the C! convergence, for ¢ large enough I'; can be written as the graph of a section of
the normal bundle, as in section . Taking second order derivatives (in space) gives the
evolution equation of I! — I in the non-parametric form. The strategy is to apply the Moser
iteration argument [117,25] to estimate its sup-norm in terms of the L? norm. It together with
() would lead to the C? convergence.

The argument will be done over open balls of 3, and will be demonstrated on the ball of

radius 1.
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C.1. Second fundamental form and second order derivative. Denote by I';, the Christof-
fel symbols of the ambient metric () It follows from () that there are constants ¢ and
C which have the following significances.

(i) For any section y(x) with |y|co <€,
_|_

+ +

k k
Uiy — Ly

U5, + % hyij

n ‘rﬁy

T b
Lij = i

YooY
Piu Am‘

+|T70,| < Clyleo -

Here, we denote the induced metric on > by 9 and its Christoffel symbols by Efj to
avoid confusion. Underlined geometric quantities depend on x only.

(ii) For any section y(x) with |y|c1 < €, the orthogonal projection of the ambient coordinate
vector field % to the normal of the section is surjective. Moreover,

AR
oxt Oy OyH

Assume y = y(x) has small C! norm. Denote its graph, {(x,y(x))}, by I'. The tangent space

< Clyler -

of I is spanned by

0 0 0

We compute

0 0 0 0 . .
VF*(%)F*(@) = (0;0;y") T + Ffj ok + T g7 + terms with coefficients (9y) ,

and thus

o \" p 9
V2o PGgs) | = @0 + ) gz < Clyler -

It follows that
‘]IF — ¥ - 82y‘ < Clyler -

Now, suppose that I'y = {y = y(x,¢)} is a mean curvature flow which converges to 0 uniformly
in C'. To prove that II'* —I** converges to zero uniformly, it suffices to show that 9%y converges

to zero uniformly.

C.2. The mean curvature flow equation. As in section , we introduce the dummy
variable p}' = 9py*. In the following discussion, a function F(x,y,p) is said to be O(k) for
some k € NU {0} if there exist constants Cy and Cp ¢ such that

k
0LF| < Co(ly]* + Ip[*)2

k—t—e'
2

, (C.1)
165,65 F| < Cop (ly]> + [pI)

(for any x in the region of consideration). The derivative in the variables (x,y,p) is denoted

for any ¢ + ¢ <k

by § to avoid confusion.
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Recall ()

1 i) v i v
VI=1/49 (1 +3 (g](pé” + ALy + AL y) — gy (R + 9™ by hujé))) +&(x,y,p)

(C.2)
where £(x,y,p) is O(3) in the sense of (@)
With (@), the mean curvature flow equation () takes the following form:
Oyt . d Oyt
2 (5 2 | g (= + A Y 2) ) —0(1
o = 0+ 0) (1 (75 + ) +0@)) - o)
. 82yﬂ . 82yV
— Ji(x). LY o . p
g% (x) BT + &M (x,y,p) EIRE + EH(x,y,p) (C.3)

where both £/ and " are of O(1).

C.3. The evolution equation for the second order derivatives. Denote 0p0,y"* by q,‘jg.
We are going to derive the evolution equation for qgg. Remember that the C'-norm of y
converges to 0 as ¢t — oo, and the C?-norm of y is uniformly bounded.

For the first term on the right hand side of (@),

92 L 2ym o - Oql
iJ - 7 i kL
drk ozt (g OO ) oA (g dzd ) *

o [ ..9q"
-2 <gZJq’ff> +0(0) - dq + 0(0) - q

dg" 8qz’-‘j dg" 8qu B 8g"f 8q5¢ d%g" -
oxzk 0zt = Oxf 9xF  Oxt OxJ Oxkort ™

ox? oxI
For the second term on the right hand side of (@), one performs the commuting derivatives
to find that
5'2 N 82 yzz
_ 7 | gmi -
dzrkdzt < b7 (x.¥p) 8:(;18x3>
_9 E“ij(xyp)ang +&1(x,y,p,q) - 9q + & (x,y,p.q) g
axl v b ) a;pJ b ) b ) ) )

for some smooth function & and & in x,y,p = dy,q = d%y. Since the C2 norm of y is
uniformly bounded, the coefficient functions & and & are uniformly bounded. For the last
term on the right hand side of (@),
0? " 52 §2EH OyY 52ER Oy 0E*  Oy" Oy”
kg tS — Tl T 5l k k 7T Ok Ot
Oz~ 0x dxrx dxtoyY Ox dxPoyY Ox dyv oy Oz Ox
+&1(x,y,p) - 9a+ & (x,y,p,q) - q -

Since the C! norm of y converges to zero uniformly and £# = O(1), the first line on the right
hand side converges to zero uniformly as t — oco. Similar to above, & and & are uniformly

bounded.
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To sum up, write q,’& as u”. Its evolution equation takes the following form:

ou? 0 8u ~8uB 8u

where S, 7T are uniformly bounded, and P, R converges to 0 uniformly as ¢ — oo. The solution
and the coefficient functions are all smooth. As mentioned in beginning of this appendix, VI*II*
is uniformly bounded, and thus 8ju‘4 is uniformly bounded.

C.4. Moser iteration. We now apply the Moser iteration to estimate the sup-norm of u*
terms of its L? norm. The formulation here is modified from the argument of Trudinger [25].

Let B the open ball of radius 1, and let Dy = B x [T' — 1,T]. Denote by B; be the slice
B x {t} for any t € [T — 1, T]. Introduce the V2(Dr) norm [25, (1.5)]:

[ fllv2(Dy) = sup }||f’|L2(Bt) + 1 fllz2(Dy) -
€

)

The following Sobolev lemma is a fundamental tool for the iteration.

Lemma C.1. [25, Lemma 1.1] There exist constants £ > 1 and C > 0 (which are independent
of T) such that for any f with finite V(D7) norm and with compact support in By (a.e. t), f
must have finite L**(Drt) norm. Moreover,

[ fllz2s(Dry < Cllfllv2(pr) (C.5)

We proceed with the Moser iteration argument for solutions u* of (@) There exists cg > 0
such that

Zgijvivj > colv]? (C.6)
i’j

at any x € B and for any vector {v'} € R". For any 6 > 0, consider

f= Z( +supZ|RA + sup Z P+

A Dr 4 Dr ;5 AB
For any > 1, the partial derivative (in space) of its (5 + 1)/2 power is

61']0% B * 1f6 : Z(UA aluA) .

A

By the Cauchy—Schwarz inequality,

[NIES
=

<P ()
A
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It follows that
2

2 (5—1‘1) 763

B+1
vss

| p—
2Vf

©.7)
< L —Z D) o Azi(@iuA)Q

Let B(p) the open ball of radius p, and denote B(p) x [T — p?,T] by R,. Note that Ry = Dr,
and R,y C R, for any p' < p < 1. Fix p and p/ with § < p/ < p < 1. Let 7 be a cut-off function
which is 1 on B(p') x [T — (p')?,00), and vanishes out81de B(p) x [T — p*, 00). We compute

// 8tfﬁ+l 5“//7””5 (u? Bu)
=(F+1) //” 1Pt [ou(gP o0t + Pl 0uP) + S 9u” + T P + RA

We estimate each term on the right hand side of the last expression. For the first term, we

consider

_//UQfﬁ—luAaL(gzgajuA)
// fﬁ 1 A ij 8JUA
2| 4B=1 ijn. An. A 5.3 ijn S iva I ij 81,4
Z//n F7 g0 05u” + (B = D)7 g7 0i(55)0; (%) | + 2ndig” f Oju’
1
== [ [ o [ [1vaps
c1
For the second term on the right hand side,
[ [ty o)
= —//Gi(nzfﬁ_luA)ng Oju”

= // 1) 573 uC 0w PRl 0ju® + 51 0t PRl 0ju

<e(p+1) | / s

where we have use the uniform boundedness of 8juA. For the rest terms on the right hand side,

//UQfﬁ—luA [sgj oju + T uP + RA}

1 _
SCl//n2fﬁ 1ZIVUA’2+CB//T72fﬂ+1
A

VIR + P




Putting these computations together gives

//i(ﬁQfﬂﬂ-l)‘i‘//‘v(nfﬁ;l)’? Sc‘*(BJrl)z//(772+!V77\2+?78m) £ (C8)

By definition, there exists t' € (T'— 1,T) such that

1
/ n? ATt > 5 Sup / n? ATt
B te[r—1,1]J B,

t/

By considering (@) on B x [T —1,t],
sup [t <@ 12 [ 0F (90 0o £
¢ »

te[T—1,T)
Combining it with (@ for R, gives
o / Ci // TP <se(s+) // (” + V0> + ndem) 7.
te[T—1,1) J B,
Due to (@) and the choice of 7, we find that
Bt B + 1
2 Mpzer,) <c HL2 (R,) (C.9)
for some k > 1. Equivalently,
B+1

Il () < (e _p) 11 (Ry)

Let p, = 5 + 2"+ for n € {0,1,2,...}. Denote by ®(n) the L*" norm of f on R,,). It
follows that

B(n+ 1) < (05272 W) () < -+ < (des) =0 27 (2)29=0 77 B(0) .

It follows that the sup-norm of f on B(3) x [I'— 1/4,T] is bounded by some multiple of its
L2 norm on B(1) x [T — 1,T]. Since § > 0 is arbitrary, the L? norm of v, R4 and ng are
uniformly small, this implies that u“ converges to zero uniformly.
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