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ABSTRACT. We introduce an evolving-plane ansatz for the explicit construction of entire
minimal graphs of dimension n (n > 3) and codimension m (m > 2). Under this ansatz,
the minimal surface system reduces to the geodesic equation on the Grassmannian in affine
coordinates. Geometrically, this equation dictates how the slope of an (n — 1) plane evolves
as it sweeps out a minimal graph. This framework yields a large family of explicit entire
minimal graphs of arbitrary dimension n and arbitrary codimension m. For each entire

minimal graph, its conormal bundle gives rise to an entire special Lagrangian graph in
Ccrtm,

1. INTRODUCTION

Entire solutions—those defined on all of Euclidean space—play a central role in the
study of elliptic partial differential equations. The classical Liouville theorem and Bern-
stein theorem characterize entire solutions of the Laplace equation and the minimal sur-
face equation, respectively. A landmark result in minimal surface theory is the well-known
Bombieri-De Giorgi-Giusti [4] construction of a non-trivial entire solution to the minimal
surface equation on R8. A broad generalization of the minimal surface equation is the mini-
mal surface system, which governs minimal submanifolds of higher codimension but remains
comparatively underdeveloped. In this work, we introduce an evolving-plane ansatz that
reduces the minimal surface system to the geodesic equation on the Grassmannian and pro-
duces explicit entire minimal graphs of dimension n and codimension m, where n > 3 and
m > 2. Although entire minimal graphs are known in even dimensions, such as those aris-
ing from entire holomorphic functions on complex Euclidean space, this work provides what
seems to be the first general construction of entire minimal graphs of any odd dimension.

We begin with the definition of minimal graphs:

Definition 1.1. Let n,m > 1 be integers. Let 2 C R™ be a domain and
(faz1,.om : 2 = R™
be a smooth vector-valued function. The graph
I = {(z, /%)) :2€Q} C R"xR™=R""",
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is called a minimal graph of dimension n and codimension m if its mean curvature vanishes
identically.

The equation can be derived by the first variation formula for the volume functional. In
the m = 1 case, the minimal surface equation for an unknown function f defined on R" is:

i
Yo, (—f) —0
- V1+|Vf?
In the m = 2 case, the minimal surface system for two unknown functions f, g defined on
R™ is:

(1+|Vg»)oif — (Vf-Vg)dig
0, —,
2 <¢<g IV TV = <vj)fév9>2> ’
1L+ |Vf*)dig — (Vf-Vg)o.f
0; -
2 <¢(1 +IVIR) 1+ [VgP?) = (Vf- Vg>2) ’

We shall not rely on this particular form of the minimal surface system. However, one
sees how the equations are nonlinearly coupled in a complex way. In their classical paper,
Lawson and Osserman [12] demonstrated the non-existence, non-uniqueness and irregularity
of solutions to the minimal surface system.

A different characterization of the solutions to the minimal surface system [12] will be
adopted and we will be solving the following equation:

Proposition 1.2. Let (f*)a1, .m: Q@ — R™ be a vector-valued C* function on a domain
Q C R"™. Then, its graph is a minimal graph if and only if
(1) gijaiajfa = O, a = 1,...,m,

where (¢g") denotes the inverse matriz of
9ij = 0ij + Z@ifﬁ 0/,
B=1

the induced metric on the graph of f*. In this case, the expression g 9;0;f is the same as
A, f, the Laplacian of f* with respect to the induced metric g = (g;5).

From now on, we denote the standard coordinates on R™ by (z!,... "1 ¢).

Definition 1.3. The above (f®)a=1,. . is said to satisfy the evolving-plane ansatz if there
exist (n —1) x m functions {z3(¢) }a=1...m: i=1,..n—1 depending on the variable ¢ such that in
terms of coordinates (z!,... 2”71 t) on R",

n—1

(2) foat ) =) (e

=1

It is convenient to consider ¢ as a time variable. At ¢t = 0, the graph of the map f¢ is
an n — 1 dimensional affine subspace of R"™™. As t progresses, the ansatz evolves the affine
subspace and generates an n-dimensional submanifold. Note that the evolution of 2 governs
how the plane changes its slope. It is convenient to introduce the following definition.

Definition 1.4. The (n — 1) x m matrix Z(t) = [2%(¢)] is called the slope matriz.

]
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Theorem 1.5. Suppose that each o = 1,...,m, f* is a C? function on a domain Q C R”
and of the form . Then (f*)a=1...m Satisfies the minimal surface system if and only
if the slope matriz Z(t) satisfies the following second order ODE system:

(3) 727221, + 22" Z =0.
Equation (3)) is exactly the geodesic equation on the Grassmannian E| in affine coordinates

[21], 14], see the next section.

Example 1.6. Let r be an integer with 0 < r < min(n—1,m), and \;, i = 1,...,r be given
with 0 < A\; < --- < \,, we denote the diagonal matrix diag(\y,...,A.) by,

A =diag(A, ..., \).
A basic family of solutions to is given by the initial conditions
A 0}
0 0|

Denoting tan(At) = diag(tan(At),. .., tan(Aqt)), the solution to (3) with these initial con-
ditions is

2(0) = Otporyem, 2(0) = [

2(t) = [tan(g/\t) 8} '

This family corresponds to the generalized helicoids studied by Bryant [2] and Barbosa-
Dajczer-Jorge [1]. These solutions blow up along the t-axis at ¢ = 5% and hence are not
entire graphs.

Our construction is motivated by the classical helicoid in R?, which serves as the simplest
example of the framework. In this case, corresponding to n = 2, m = 1 and \; = 1, one may
take the graph of

(', t) = tan(t)a!
in ([2)), or equivalently y = tan(z)z in the standard (z,y, z)-coordinates of R3.

We also note related, though distinct, constructions due to Warren [20] and Li [I3] (see
also [19]). Our method produces entire minimal graphs of dimension n in R™*™  whereas
the constructions in [20, [I3] yield entire special Lagrangian submanifolds of dimension n in
R2". A further distinction lies in the underlying ansatz: our approach is based on linear
functions, while theirs relies on quadratic functions.

In this work, we identify a large family of initial conditions for that produce entire
solutions of the minimal surface system .

Notation 1.7. Let
A =diag(Ay,...,A), 0<r<min(n—1,m), 0<X <--- <A\,

and define the block matrices

~ [A O
_ (n—1)xm
A [0 O} eR ,
~ A
cos(At) = [cos(() t) IO } e R™™,

IThis equation first appeared explicitly in Y.-C. Wong’s 1967 paper (Theorem 5 of [21]). Later, it was
more widely recognized and used in the computational geometry/optimization literature; see, for example,
3, 8.
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sin(At) 0}

R(n—l)xm‘
o ol €

sin(At) = [

Theorem 1.8. Let B be an (n — 1) x m matriz. Suppose that

(4) det (cos(Kt) + BT sin(At) ) >0 forallt.

Then the unique solution Z(t) of with the following initial conditions
Z(0)=—B and Z(0)=(I+BB")Y?>A(I+ B"B)2

exists for all t € R.

Z(t) is given explicitly in ((14). When n is an odd integer, there exists a rich family of

pairs (K, B) satisfying (4), which in turn yields the following family of entire solutions of
the minimal surface system.

Theorem 1.9. Suppose n > 3 is an odd integer and m > 2. Then there exist entire solutions
(fYaz1,...m : R* — R™ of the minimal surface system of the form f& = Z?;ll 2(t)z
([2) with Z(t) = [22(t)] given explicitly.

The simplest example of entire minimal graph produced by Theorem is the following.
Example 1.10. (n = 3, m = 2) Denote

g S e

We take A = A = 11 (thus r = 2), B = J and the initial conditions become Z(0) = —J and
Z(0) = I. The solution is found to be

20~ |

The corresponding entire minimal graph is given by the embedding:

sint —cost
cost sint |-

1

(x, 2% t) — (2%, 2% t, 2" sint — 2* cost, 2’ cost + z*sint).

We denote the coordinates on the ambient R® by (x!, 22 ¢, 4!, y?). The intersection of the
minimal graph with an R* of constant ¢ is a plane that lies in the minimal cone

(') + (%) = (") + (*)?
over the Clifford torus.

The above example can be obtained by taking the generalized helicoid (Example
corresponding to

tan(A1t) 0
0 tan(Aat)

and then applying an isometry of R°. One can show that this generalized helicoid is an entire
graph if and only if A\; = £X,.
The following family of examples yields entire minimal graphs of any odd dimension.
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Example 1.11. Let p be a positive integer, n = 2p + 1, and m = 2p. Let A = I be the
2p x 2p identity matrix, and B be any 2p X 2p real matrix that has no real eigenvalues. Then

200 = N(ceost-B-tsint 1) (cost - Tsint- 57) 01

where
M=(I+B"B)Y? and N=(I+BB") /2

is an entire solution of . The corresponding entire minimal graph is of dimension n = 2p+1
and codimension m = 2p.

By the O(m) symmetry of the minimal surface system, additional solutions can be gen-
erated by acting on a given solution Z(t) with any R € O(m) to produce the new solution
RZ(t). Moreover, the pair (A, B) admits an additional symmetry given by a signature matrix
(a matrix with diagonal entries 1) which is subsumed by the O(m) symmetry. This latter
symmetry permits us, without loss of generality, to restrict our attention to A with positive
diagonal entries. More examples of entire minimal graphs are constructed in Appendix [A]

Entire minimal graphs of even dimensions can be obtained from entire holomorphic or
anti-holomorphic functions defined on even-dimensional Euclidean spaces R". When n = 2,
Osserman (Section 5 in [I8] ) constructed more entire solutions that are neither holomorphic
nor anti-holomorphic by his isothermal parametrization theorem. There are also construc-
tions of minimal graphs by resolving the Lawson-Osserman cones and their generalizations
(see [6] and [22]).

A theorem of Micallef (see [10]) asserts that any stable, entire, two-dimensional minimal
graph in R* must be holomorphic with respect to some orthogonal complex structure on R*
(see Corollary 5.1 on page 68 of [16]). Consequently, the non-holomorphic/anti-holomorphic
examples constructed by Osserman in [I8] must be unstable. It is therefore natural to
investigate the stability of our new examples, which, in contrast, are entire minimal graphs
defined on odd-dimensional Euclidean spaces. In this connection, we recall that a classical
theorem of do Carmo-Peng [7] and independently Fischer-Colbrie-Schoen [9] implies the
classical helicoid in R? is unstable.

Each minimal submanifold constructed under this ansatz is a generalized helicoid and
therefore austere; consequently, its conormal bundle is a special Lagrangian submanifold by
Harvey-Lawson [I1]. Robert Bryant pointed out to us that entire austere graphs correspond
to entire special Lagrangian graphs. Thus, we obtain a large family of new entire special
Lagrangian graphs. These appear to differ from those constructed in [19], although both
arise from the “variation of quadratic polynomials” ansatz. The Lagrangian phase is zero
for the examples arising from entire minimal graphs. E] These results are summarized in the
following theorem.

Theorem 1.12. Supposen > 3 is an odd integer andm > 2. Let (z', -+ 2™t ug, -+, Up)
denote coordinates on R™™™ and consider the function

F = Z Z 2 (1) 2 U,

In forthcoming work, we will investigate the most general class of entire solutions produced by the
variation of quadratic polynomials ansatz.
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where Z(t) = [z2(t)] is a solution of equation that exists fort € (—oo0,00) as in Theorem

11.8. Then the Lagrangian graph defined by VE in C*™™ is an entire special Lagrangian graph
with phase zero.

1.1. Scope of the Paper. This paper is organized as follows.

e In Section 2, we introduce the evolving-plane ansatz, show that the minimal surface
system reduced to the Grassmannian geodesic equation under this ansatz, and prove
Theorem [1.5]

e In Section 3| we discuss the Grassmannian geodesic in different models of the Grass-
mannian and show how the geodesic equation transforms from one model to another.

e In Section 4, we prove Theorem

e In Section [5, we prove Theorem |1 by identifying B and A that satisfy the assump-
tions of Theorem L8l

e In Section [6] we prove Theorem [I.12

e More examples of entire minimal graphs in Euclidean spaces are constructed in Ap-
pendix [A] In Appendix [B] we generalize the construction to semi-Euclidean spaces
of signature (n — 1, m + 1) and provide examples of entire graphs of vanishing mean
curvature over the Minkowski space R*~1! in R?—1m+1,

2. THE EVOLVING-PLANE ANSATZ AND MINIMAL SURFACE SYSTEM

This section is devoted to the proof of Theorem Let n > 2,m > 1 be integers.
Given (n — 1) x m functions {2{"(t)}a=1,..m; i=1,..n—1 depending on the variable ¢, consider

n—1
fo(Z,t) = > 2'2%(t). The graph of f* defines an embedding
i=1
o R" — R
(ol 2l = (o L S i (1), o e ().

The first step is to compute the induced metric. A basis of the tangent space of the
embedding is given by

®,; = (€;,0 ),...,z;”(t)),

2 (
n—1 n—1

b, — (6, LY i), . .,inz;n(t)).
i=1 i=1

Therefore, the induced metric in the coordinates (z',..., 2" t) is given by
In-vyxm-ny + 2 ZP(EP)T | X ((&,27))27
B=1 B=1
(6) g=
m oo B m o 9
S(@E)EHT | 1 (@ 29)
L p=1 p=1 i
where we abbreviate Z = (2!,..., 2" 1) and Z (20, 22 ) a=1,....m
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The (Euclidean) Hessian of the coordinate function f¢, for a fixed a = 1,...,m and with

respect to the coordinates (! , "L t), is given by

’VO(n—l)X(n—l) ze _‘

e Lol

By Proposition [1.2] the Laplacian of f* with respect to the induced metric g is given by
contracting the inverse of the matrix @ and the matrix (7). Due to the vanishing of the
top-left block of Hess f*, the Cramer’s rule calculation is greatly simplified, and we obtain:

n—1 n—1
Agfo =2 Cinif + Cup S a'20(t)
=1 i=1

where C;,, is the (i, n)-adjoint of g and C,, ,, is the (n,n)-adjoint of g. Therefore, we deduce
from that

(7)

(z)7 (@7

(8)

In-1)x(n-1) + Z Pz ot 27
A, f* = det
of det g ¢ .
§1(<f,55>)(55)T (@,7)
[(nfl)x(nfl) -+ Z Zﬁ(gﬁ)T Q?Q
B=1
9 = " det
) det g ;x ¢ .
EMCION %"

If &(Z,t) defines a minimal embedding, Proposition asserts that A, f* = 0 for a =
1,...,m. It follows that all the linear coefficients on the right hand side of @D must vanish,
which implies the following equation:

T xony + 50 78T | 25e
B=1
(10) det =0,
> 5 (277 4"
L B=1 i
fork=1,....n—landa=1,...,m.

We recall an elementary determinant formula for a block matrix.

Lemma 2.1. For a block matrix [

det {

A
¢ D

C D

B} with A invertible and D a scalar:

B] — det(4) - (D — CAB).
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Therefore, the above determinant is zero if and only if D — CA™'B = 0. By taking
A=1+ZZ" and D =z, we obtain (3).

We remark that Machado and Ferreira relate ruled minimal submanifolds and geodesic
equations on affine Grassmannians in [14].

3. GRASSMANNIAN GEODESIC

In this section, we prove some lemmas concerning the Grassmannian geodesic equation
. We start by reviewing Grassmannian geometry in two models and the geodesic equation
in each model.

3.1. Grassmannian geodesic in the Stiefel model. The Grassmannian Gr(n — 1,n —
1 + m) consists of all (n — 1)-dimensional linear subspaces in R"~!*™ and is isomorphic to
Gr(m,n —1+m). Tt can be realized as the quotient of the Stiefel manifold St,, (R"~1+)—
the space of orthonormal m-frames in R®~ '™ by the right action of the orthogonal group
O(m). Namely,
Gr(n —1,n — 1 +m) = St,,,(R" ™) /O(m),

where

St (RP1H7) .= {V € RImxm | Ty — 1 1
The canonical Riemannian metric is induced from the Euclidean inner product (§V;, dVs) :=
tr(dV," 6V4) restricted to the horizontal bundle defined by V6V = 0. Geodesics in Gr(n, n+
m) then correspond to horizontal curves in the Stiefel manifold that are critical points of the
energy functional

EV] = %/tr(VTV) dt.

See [§] for more details.

Definition 3.1. A smooth family of (n — 1 4+ m) x m matrices V(t) = [ggﬂ, where
P(t) € R™™ and Q(t) € R™Y*™ is a Grassmannian geodesic in the Stiefel model if

(11) VV=I, VV=0 V4+VV'V)=0.

Proposition 3.2. If V(t) is a Grassmannian geodesic in the Stiefel model and L is an
element of O(n — 14+ m), then LV (t) is also a Grassmannian geodesic in Stiefel model.

Proof. It is not hard to see that V(t) = LV () satisfies the conditions:
T

PV o1, VTV—0, V4PV )=0
and the proposition follows. 0

3.2. Affine coordinates of the Grassmannian. The Grassmannian Gr(n—1,n—1+m)
consists of all (n — 1)-dimensional linear subspaces in R"~'*™ and is canonically isomorphic
to Gr(m,n — 1 +m) via orthogonal complement. A natural local parameterization is given
by the affine coordinates: identify a subspace that projects isomorphically onto R™ with the
graph of a linear map Z : R™ — R"™! represented as

V(Z) = {Z} , Z e R=Dxm,
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This describes a smooth embedding of an open subset of R"~1D*™ into Gr(m,n — 1 + m),
and hence into Gr(n — 1,n — 1 +m).

The Riemannian structure induced from the canonical metric on the Stiefel manifold leads
to an explicit formula for the energy of curves Z(¢) in the affine coordinates. The geodesic
equation in this chart, derived variationally by Wong [21], captures the intrinsic geometry
of Gr(n —1,n — 1+ m) in terms of the coordinate matrix Z(t).

Definition 3.3. A smooth curve of matrices Z(t) € R™D*™ is a Grassmannian geodesic
in affine coordinates if it satisfies the second-order differential equation:

Z=222"I,\+22")'Z.
To relate the affine coordinates to the Stiefel model, we observe that any smooth or-

thonormal frame V' (t) = {ggiﬂ € R=14mxm with VTV = [, and V'V = 0 projects to a

Grassmannian curve.

P(t)
Ql1)
such that V'V = I, and V'V = 0. If P(t) is invertible, then the corresponding curve in
the associated graph coordinates, Z(t) := Q(t)P(t)™!, satisfies

Lemma 3.4. Let V(t) = { } be a smooth curve in the Stiefel manifold St,,(R"~1Tm)

7 =227 (s +227) 7 = (Q - QP‘1P> Pt
Proof. The Grassmannian conditions imply:
(12) VT‘./ N PT].D - QTQ =
VIiV=P P+Q'Q=0.
We compute via (12)):
In+2"Z=1,+P "QTQP'=P "(P'"P+Q'Q)P ' =P TP,
(In+2'2)'Z"=PP'P'Q" =PQT,
Differentiating Z = QP ™!, we obtain:
Z=(Q—-QpP PPt
Using these and the identity Z' (I, 1+ ZZ") ' = (I,, + Z"Z)"'Z", we compute:
272 I+ 22"z
= Z(I,+ 22272
= (Q-QP'P)PPQT(Q - QP PP
= (@-QP'P)QN Q- QP PP
By the Grassmannian conditions again, we have
QUQ-QP'P)=Q'Q~(I,— PTP)PT'P
—Q'Q+P'P—P'P
=-P7'P,
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which implies
ZZ " (In+ 22" 2 = —(Q — QP 'P)PIPPL.
On the other hand, differentiating Z again yields:
Z=QP ' —2QP 'PP '+ 2QP 'PP PP ' — QP 'PP!
= (Q—-QP PPt —2(Q — QP 'P)P PP

This gives the claimed identity. U
P(t)
Q(t)

Stiefel model as in Definition |3.1. Then Z(t) = Q(t)P(t)~' € R=V>™ sqtisfies the Grass-
mannian geodesic equation in affine coordinates:

Proposition 3.5. Let V(t) = [ ] € St (R"™) be a Grassmannian geodesic in the

Z=227"I,. +2Z"Z.
Proof. From the geodesic equation (1)), we have:
P+P(PTP+Q'Q) =0,
G+ QUETP QTG — 0

Hence,
Q-QP'P=-QP'P+Q'Q)+QP'P(PTP+Q"Q)=0.
Applying Lemma [3.4] the result follows. O

3.3. Transformation of geodesic equation under the O(n — 1 + m) action. We now
show how the geodesic equation transforms under the action of O(n — 1+ m).

Proposition 3.6. Let Z(t) € R®=D*™ be ¢ curve in Gr(n — 1,n — 14+ m), and let

A B

{C’ D] eO(n—1+m),
where A € R™™, B e Rm*(=D ¢ e R-Dxm D e R-DX=1 - Define
(13) W(t) = (C+DZ(t))(A+ BZ(t))' € Rin-bxm,

Then, as long as (A+ BZ)™! exists, we have
W —2WW (L + WW W
— (D - WB) [Z Y AL ZZT)*lZ} (A+Bz)™".

In particular, Grassmannian geodesics in affine (graph) chart are preserved by transformation

(13).
P . . —1 P -1+
Proof. Let 0 be a Stiefel lift of the curve Z = QP ", so that V = Q € Sty (R"=Hm),

Consider the transformed frame

-[-[¢ 5

with corresponding graph coordinate W = @f’_l, which is well-defined precisely on the affine
coordinate patch where P is invertible (equivalently A 4+ BZ is invertible).



CONSTRUCTING ENTIRE MINIMAL GRAPHS BY EVOLVING PLANES 11

We emphasize that the orthogonality condition {é IB)] € O(n — 1+ m) is essential: it

ensures that V remains a Stiefel frame, so the correspondence remains valid for both Z and
Ww.
Using Lemma [3.4], we write:

Z =227 " (I,1+ 22" 2 =(Q — ZP)P,
W 2WWT (I + WW )W = (O — WP)P.
Now compute:
QP! —WPP' = (CP+ DO)AP + BQ)™" — W(AP + BO)(AP + BQ)™!
= (D-WB)QP YA+ BZ)' +(C -WAPP YA+ BZ)™".

Using the identity C' + DZ = W (A + BZ), we rearrange to get C — WA =—(D —-WB)Z,
and thus

QP —WPP™' = (D—WB)(Q — ZP)P~(A+ BZ)™".

This proves the claimed transformation law. U

4. PROOF OF THEOREM [L.§]
We recall that (B, A) satisfy that
det (cos(Kt) + B sin(At) ) >0
for all . We claim that
(14) Z(t)=(-NB cos(At) + Nsin(/~\t)) (M cos(At) + MBT Sin(/it))f1
is an entire solution of with the given initial conditions where
M=I+B"B)yY? N=({I+BB") 2
The initial conditions of Z(t) in are computed as follows:
Z(0)=—-NBM™'=—(I+BB")"'2B(I+B"B)"~

Using the singular value decomposition of B, one can check that NB = BM, and thus
Z(0) = —B.
Rewriting as

Z(t) M (cos(At) + B sin(At)) = N (=B cos(At) + sin(At)),
and differentiating at ¢ = 0 gives
Z(0) M + Z(0) MB'A = N A.
Using Z(0) = —NBM ™" and NB = BM, we obtain
Z(0)M = N(I+BB")A, ie.  Z(0)=NU+BBYAM™,

which reduces to
Z(0)= (I +BB")Y2A (I + B"B)Y2
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The curve Z(t) is clearly defined for all t € (—o0,00). Next we show that Z(t) defined by
(14) is a solution of (3)). Let

P = Mcos(At) + MB' sin(At) and Q= —NBcos(At) + N sin(At).

The size of P is m x m, and the size of Q is (n — 1) x m. Note that Z = QP!
Write

] - [ ] )

. . . M MBT| .
It is straightforward to check that the matrix | NB N | san element of O(n — 1 +
m) and [@S {v\ﬂ is a Grassmannian geodesic in the Stiefel model. Therefore, [ggg] is
sin

a Grassmannian geodesic in the Stiefel model by Proposition and Z(t) = QP 'is a
Grassmannian geodesic in affine coordinates by Proposition [3.5

5. PROOF OF THEOREM [1.0]

By Theorem , it suffices to construct explicit pairs of (n — 1) X m matrices A and B ,
such that

det (cos(/N\t) + BT sin(/NXt)) >0 forall t,

when n is odd. B

In the special case where n—1 = m and A = A = I,,, (so m is even), the condition becomes
det (cost[m + B sin t) > (0. When sint = 0, this determinant is 1. When sint # 0, it has
the same sign as det(cot ¢ I,,, + B"). This determinant is positive if B has no real eigenvalues.
Since m is even, a real matrix with no real eigenvalues has a characteristic polynomial that
is positive on R, hence the determinant is positive for all ¢.

We now generalize this to the case where A and B are block-diagonal. Suppose there exist
distinct real numbers \;, i = 1,... k, and even integers d; > 0 with

k

Zdi:s < min(n — 1,m)

i=1

such that

My, B

A= : _
ol d By,

where each B; is a d; X d; real matrix with no real eigenvalues (equivalently, dNet(xIdi —-B;) >0

for all real x since d; is even). Embedding this A as the top-left sx s block of A (and extending

each B; by zeros to a block of the same location in B) yields a pair (K, B) satisfying the
desired positivity condition for all ¢.
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6. ENTIRE SPECIAL LAGRANGIAN GRAPHS AND PROOF OF THEOREM [I.12]

It suffices to show that the entire minimal graphs constructed in Theorem are austere
and then apply Harvey-Lawson’s Theorem. We recall that a submanifold of Euclidean space
is said to be austere in the sense of Harvey-Lawson [11] if, for every normal direction v,
the k-th elementary symmetric function of the eigenvalues of the second fundamental form
in the direction of v vanishes for all odd positive integers k no greater than the dimension
of the submanifold. The condition is stronger than minimality, which corresponds to the
vanishing of the first elementary symmetric function (k = 1). We show that, for any minimal
graph defined by f® under the evolving-plane ansatz (2)), the second fundamental form in
any normal direction has at most two nonzero eigenvalues of opposite signs. In fact, these
submanifolds are simple austere in the sense of Bryant (see Section 3 of [2]). For a suitable
basis n*, a = 1,--- ,m of the normal bundle, the second fundamental form corresponding to
n® is precisely Hess f* in equation . Consequently, the second fundamental form in any
normal direction is represented by a n X n matrix whose upper-left (n — 1) x (n — 1) block
vanishes. Such a matrix has rank at most two. The minimality condition implies that its
trace is zero, and therefore the two (possibly) nonzero eigenvalues sum to zero. Hence, the
minimal graph is austere.

APPENDIX A. MORE EXAMPLES OF ENTIRE MINIMAL GRAPHS IN EUCLIDEAN SPACES

Example A.1. (n =4,m = 3)
Let 0 < )\1 < )\2 < )\3, )\3 = )\1 -+ )\2 and A = diag()\l,)\z,)\g). Let 12 7é O, UV = 4/ 1 —|—ILL2,
and take B to be one of

0 —u —v 0 —u O
BO=|—p 0 0], B =|—-pn 0 —v
v 0 0 0 v 0

For B, we compute
det(cos(At) + (BM) T sin(At))

cos(Ait)  —psin(A\t) vsin(At)
=det [ —psin(Aat)  cos(Aat) 0
—vsin(Ast) 0 cos(Ast)

= cos(A\1t) cos(Aat) cos(Ast) + p? sin(Agt) sin(Agt) cos(Ast)
+ % sin(\t) cos( gt ) sin(Ast)
= cos?(Agt) + p? sin?(\it),

where in the last step we used A3 = A\; + Ay and v? = 1 + 2. Similarly, the second choice
gives

det (cos(At) + (BOHT sin(At)) = cos*(Ait) + g sin®(Aat).
The first determinant has a zero only if

Ay 2k +1
N2

for some integers k, ¢, while the second determinant has a zero only if
Ao 20

N 2K+ 1
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for some integers k', ¢'. These two alternatives cannot both occur. Hence at least one choice
B = B gatisfies

det (cos(At) + (B) T sin(At)) >0 for all t € R.
With this choice of B, set M = (I + B"B)™*/?2 and N = (I + BB")~%/2. Then
Z(t) = N (=B cos(At) + sin(At)) (cos(At) + BT sim(At))_lM_1

is an entire solution of . The corresponding entire minimal graph is of dimension n = 4
and codimension m = 3.

Example A.2. (n=5m =4)

Let 0 < Ay < Ay < A3 < Ay, 61 A1+ dote3As+e4 Ay = 0 for some ¢; € {£1}. Equivalently,
after relabeling, either Ay = A\; + Ao + A3, or A; + Ay = Ao + A3. Set A = diag(A1, Ao, Az, \g)
and v = /1 4 p? with p # 0. We take B to be one of

0 —e1v 0 —E1h 0 0 —e1V —E1lk

B _ —&qV 0 —Ealk 0 B@ _ 0 0 —E9lt  —EgV
0 —E3lh 0 —e3v |’ —e3V  —E3lh 0 0
—Ey4fb 0 —EyuV 0 —Eqlt  —E4V 0 0

For BW, direct expansion gives
det(cos(At) + (BM) Tsin(At)) = cos® (1M1 + e2Xo)t) + p? sin® ((e1 M + £33)t),
where in the last step we used
€11 + €20 +€3X3 + 4y = 0, Vi =1+ 2
Similarly, the second choice gives
det (cos(At) + (BOYT sin(At)) = cos®((e1 A\ + e3A3)t) + p”sin® (g1 + £2X0)1).
The first determinant has a zero only if

61)\1 + 83)\3 . 20
61)\1 + 82)\2 N 2k +1

for some integers k, ¢, while the second determinant has a zero only if

51)\1 + 63/\3 . 2K +1
81)\1 +62>\2 N 20

for some integers k', ¢'. These two alternatives cannot both occur. Hence at least one choice
B = B satisfies

det (cos(At) + (BT sin(At)) > 0 for all t € R.
With this choice of B, set M = (I + BTB)™%/? and N = (I + BB")"'/2. Then
Z(t) = N (=B cos(At) + sin(At)) (cos(At) + BT sin(At))_IJW’1

is an entire solution of . The corresponding entire minimal graph is of dimension n = 5
and codimension m = 4.
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Theorem A.3. Let n > 2, and define

¢j::%, j=1,....,n—1
Let
e=(e1,...,n), g € {1}
Define
I, .= diag(eq,...,en-1,6n(n — 1))
and
—e1 cot ¢y 0 e 0 e —
Vn—1
0 —egcot g - - - 0 ey CSC 9
TS
B, = :
CSC ¢y
0 0 cor —gp_1c0t P —Enq \/TjﬁTll
. osc o3 . osc ¢ o &€ Pn-1 0
Then

det(cos(I.t) + BY sin(I.t)) =1 for allt e R.
Moreover, with this choice of B., set M = (I + B! B.)™*/? and N = (I + B.B])™Y/2. Then
Z(t) = N (=B cos(I.t) + sin(I.t)) (cos(T.t) + B/ sin(I‘gt))flM_1
s an entire solution of .

Proof. 1f n = 2, then ¢; = 7/2, and hence cot ¢; = 0 and csc ¢; = 1. A direct computation
gives

cos(T.t) + Bl sin(T.t) = ( cost Smt) :

—sint cost

whose determinant is 1. Hence we may assume n > 3. Since cosine is even and sine is odd, we
have cos(I'.t) = diag(cost, ..., cost,cos((n—1)t)) and sin(I'.t) = diag(e; sint, ..., e,_1 sint, e, sin((n—
1)t)). Since e =1 for all i = 1,...,n, the signs in BY sin(T'.t) cancel completely, yielding

cos(T'.t) + BT sin(T.t)

. csc o1
cost — sint cot 0 0 sin((n — 1)t
. CSC @y .
0 cost — sint cot 0 sin((n — 1)t
P2 Vi1l = 1)
0 0 cost — sint cot ¢ ¢SC Pt s" ((n—1)t)
. — sin e in((n —
! vn—1
_ Lo sint _ e sin ¢ _ 8¢ hn1 sin ¢ cos((n — 1)t)

n—1 vn—1

i
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On the open set where cost — sintcot ¢; # 0, j=1,...,n—1, the Schur complement
formula gives

det (cos(T'-t) + B! sin(T'.t))

(15) sint sin((n — 1)t) w— csc? @
- t — sint cot ¢, — 1)t j
E(COS sint cot ¢;) |cos((n — 1)t) + — ; cosT —smtcold)

We now evaluate the two factors appearing in . Since 0 < ¢; < 7, we have cost —

sint cot ¢; = 228 Cossitn_;‘?s djsint _ Sizgi’g_t). Therefore
J J
n—1
sin(¢; —
(16) H(Cost — sint cot ¢;) = [T ln T ( ’ )
e [T}=, sin¢;

We now use the classical product formula

cos(mx) = 2" ﬁ sin (:zc + M) )

, 2m
Jj=1

which is listed in Gradshteyn-Ryzhik, formula 1.392-2 10, 1.392-2]. With m =n — 1 and
x = —t, we obtain cos((n —1)t) =2" 2], ! sin(¢; — t). Taking ¢ = 0 in the same identity

gives 1 = 2n~?2 H 1 ' sin ¢;. Substituting these two identities into (L6)), we obtain

n—1

(17) H(cost — sintcot ¢;) = cos((n — 1)1).

j=1

Next, on the open set where the logarithmic derivative is defined, differentiating gives

n—1 .
—(n—1)tan((n — 1)t) = Z —sint — cost cot ¢;

=

cost —sintcot ¢;

Equivalently,

nz_l sint + cost cot ¢;

(18) (n—1)tan((n — 1)t) = cost — sint cot ¢j

]_
Dividing numerator and denominator in each summand by cost, and using the algebraic

decomposition a“’b = (1H;b + b along with the identity 1 + cot® ¢; = csc? ¢;, we find

tant + cot¢;  tant(1l+ cot? ¢;) tant csc? ¢;

= + cot ¢; = + cot ¢;.
1 —tantcot ¢; 1 —tantcot ¢; Z 1 —tantcot ¢; 2
Consequently,
n—1
tant csc? ¢;
n—1)tan((n — 1)t) = L+ cot
( ) tan(( ) gl—tantcotgb] Zl ¢
Since ¢,—; = 7™ — ¢;, the cotangent terms cancel in pairs, and hence 27:_11 cot¢; = 0.

Consequently, tan((n — 1)t) = -5 Z;:ll % Since cost — sintcot ¢; = cost(1 —
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tan t cot qﬁj), this is equivalent to

n—1

(19) LS EC 1)

ost — sint cot ¢;

j=1
Substituting and into , we obtain
det(cos(T-t) + Bl sin(T'.t)) = cos((n — 1)t) [cos((n — 1)t) + sin((n — 1)t) tan((n — 1)t)].
Thus
det(cos(T-t) + Bl sin(T'.t)) = cos®((n — 1)t) +sin®*((n — 1)t) = 1

on the open set where the preceding expressions are defined. Since the determinant is a
continuous function of ¢, the identity extends to all ¢ € R. This proves the theorem. U

APPENDIX B. LORENTZIAN (SEMI-RIEMANNIAN) SETTING

In the appendix, we extend our construction to the Lorentzian (semi-Riemannian) setting.
A spacelike graph over R" in the Minkowski space R™! with vanishing mean curvature is
called a spacelike maximal graph. A classical theorem of Cheng and Yau [5] shows that
there are no non-plane entire maximal graphs in any dimension, in sharp contrast to the
Riemannian case, where the well-known Bernstein theorem holds up to dimension seven.

We construct graphs over a Minkowski base R"™!! with Lorentzian induced metric (of
signature (n — 1,1)) and vanishing mean curvature in the ambient semi-Riemannian space
R7—Lm+1 More precisely, we consider graphs defined over R"~! in the ambient R?~1m+! =~
R™™ endowed with metric

(. t,y), (z,t,y)) = o> = =y, (2,t,y) eR" xR xR™
The coordinates (x!,..., 2" t) are used on the domain.
Definition B.1 (Evolving-plane ansatz, semi-Euclidean). Let {z{(t)}az1,.m; i=1,..n—1 b€
smooth functions. Define

(20) [z, t) = ' 2X(t) 2",

and set Z%(t) = (28(¢),...,2% ,(t))T e R*L.

n

Similarly, the induced metric on the graph embedding

O(x,t) = (ml, o am T ), ,fm(x,t))
has coefficients as follows:

{fm_l)xm_l)—zguzﬁ(zﬁf — S (&, 2% 20 W

(21) g= .
{ — S (F FP(EA)T 4—Z$Nﬁ%WJ
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Theorem B.2 (H = 0 over R" 1! & pseudo-Grassmannian geodesic). If f* is of the form
, then the image of ® has vanishing mean curvature in R~V if and only if

[I(nl — > 20(E0)T 25“}
det =0

(22)

{ S ()T kJ
fork=1,...,n—1and a=1,...,m. Equivalently, the matrixz form is as follows:
(23) 24222 (I, — 22" Z =0,

where 7 = [28] € R(=Dx

Remark B.3. Equation is the geodesic equation on the pseudo—-Grassmannian Gr, | (n—
1,m 4+ 1) in affine coordinates. This is the pseudo-Riemannian analogue of , obtained by
replacing I + ZZ" with I — ZZ".
Consider the following initial conditions for solutions to
. A O
Z . _ Z = .
for A = diag(A,...,A), 0 <r<min(n—1,m)and 0 < \; < --- < A,
Denoting tanh(At) = diag(tanh(At),...,tanh(\,t)), the corresponding explicit solution

to is
2(t) = {tanl(l)(At) 8} .

Proposition B.4 (Global Lorentzian property of the tanh family). For Z(t) as above, the
induced metric of ® has signature (+,--- ,+,—) for all (x,t).

Proof. For 1 < i < r, z} = tanh(\t) and 2/ = );sech®(\;t); all other z® vanish. It follows
that

Z 78297 = diag(tanh®(\it), ..., tanh*(\.2),0,...,0),
p=1
A B|. . o . :
and hence the top-left block of g = c pli® (21)) is the positive definite matrix
A = diag(sech?(\t), ..., sech®(\t),1,...,1).
By using sech? + tanh? = 1, the corresponding D — CA™'B of ¢ is

-1- Z)\2 )2sech?(\it) < 0.

Thus, A has n — 1 positive elgenvalues, D — CA7'B is negative, and g has Lorentzian
signature globally. Moreover,

detgz—(ﬁsechQ(At ><1+Z)\2 )% sech?( At)) <0
i=1

confirms that the induced metric is Lorentzian of index 1.
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