INFINITE-TIME SINGULARITIES WITH VANISHING MEAN
CURVATURE FOR LAGRANGIAN MEAN CURVATURE FLOW IN
GIBBONS-HAWKING SPACES
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ABSTRACT. We construct infinite-time singularities with vanishing mean curvature for La-
grangian mean curvature flow in Gibbons-Hawking spaces. We consider circle-invariant La-
grangian 2-spheres whose quotient curves are concave and are C*-close to a collection of con-
secutive collinear segments. We prove that the corresponding flow exists smoothly for all time
and converges to the associated A,_i-chain of special Lagrangian spheres. Although the mean
curvature converges uniformly to zero, the second fundamental form becomes unbounded.
More precisely, log max |A(-,t)| is comparable to v/t as t — co. The proof is based on a one-
parameter family of barrier curves and a detailed analysis of their asymptotics. In this way,
we refine the infinite-time convergence picture arising in the work of Lotay and Oliveira by

proving curvature blow-up and estimating its rate in this semi-stable case.

1. INTRODUCTION

A special Lagrangian submanifold in a Calabi—Yau manifold is calibrated by the real part
of the holomorphic volume form, and is therefore volume minimizing in its homology class [b].
Since the Lagrangian condition is preserved by mean curvature flow [12], it is natural to ask
whether the flow can be used to deform a Lagrangian submanifold to a special Lagrangian
representative, or more generally to decompose it into special Lagrangian pieces. This is the
point of view behind the conjectures of Thomas—Yau [17, 18] and Joyce [6]. As shown by
Neves [11], for any Lagrangian one can always find arbitrarily small Hamiltonian perturbations
from which the mean curvature flow develops finite-time singularities. Therefore, an interesting

aspect in this picture is that singularities may occur both at finite and infinite times.

In [8], Lotay and Oliveira studied special Lagrangians and Lagrangian mean curvature flow
in hyperkéhler four-manifolds with circle symmetry. In the circle-invariant setting, they proved
the Thomas conjecture. Under the almost-calibrated assumption, they also proved a version
of the Thomas—Yau conjecture. A key ingredient is that a circle-invariant Lagrangian surface
corresponds to a planar curve in the quotient, and Lagrangian mean curvature flow reduces to
a modified curve shortening flow.
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In [9], Lotay and Oliveira further developed this reduction to analyze neck-pinch singularities
and the flow through singularities. They proved that, for compact embedded almost-calibrated
circle-invariant Lagrangians, the flow can be continued through a finite number of finite-time
neck-pinch singularities and converges, in the sense of currents, to an A,_j-chain of special
Lagrangian spheres. This verifies several central features of Joyce’s conjectural picture in this
symmetric setting. The works of Lotay and Oliveira draw on results concerning singularity
formation of Lagrangian mean curvature flow due to Lambert—Lotay—Schulze [7] and Lotay—
Schulze—-Székelyhidi [10]. More recently, Székelyhidi [16] studied the stability of the singularity

formation.

For a finite-time singularity, the blow-up rate of the mean curvature can be derived from
[9, Proposition 4.2], providedﬂ one knows the blow-up rate of the Gibbons—Hawking potential
¢. The main interest of this paper is to investigate the blow-up rate of the mean curvature
for the infinite-time singularity. In particular, we consider the case when the components of
the limiting A,,_1-chain of special Lagrangian spheres in [9, Theorem 1.4] have the same phase.
In this case, this chain is represented in the quotient by a collection of consecutive, collinear
segments (see Remark 1.5 of [9]). It turns out that the infinite-time singularity has vanishing

mean curvature:

Theorem 1.1. Let L be a circle-invariant, semi-stable Lagrangian 2-sphere in a Gibbons—
Hawking space. Suppose that its quotient curve is concave and C?-close to the consecutive
collinear segments corresponding to an A,_1-chain of special Lagrangian spheres, where n > 3.
Then its Lagrangian mean curvature flow exists smoothly for all time and converges to the
Ap—1-chain of special Lagrangian spheres as t — oo. Moreover, H(-,t) — 0 uniformly as

t — oo, while
1 At 1 At
0 < liminf ogmax |A(-, ) < lim sup og max|A(-,?)] < 0 .

t—o00 \/E t—00 \/‘E

The precise statement is in Theorem @ The fact that it forms an infinite-time singularity

has already been proved in [0, proof of Corollary 5.5]. In our setting, we give another proof
using the upper and lower barriers, which are also used to estimate the mean curvature and

the second fundamental form.

For general (not necessarily Lagrangian) mean curvature flow, the behavior of the mean
curvature at a finite-time singularity is an important issue. Much work has been devoted to
this question; see [14] and the references therein. In particular, Stolarski [14] proved that
certain finite-time singularities can have bounded mean curvature. In Theorem , the mean
curvature does not merely remain bounded; it tends to zero uniformly. To our knowledge,
this provides the first example of an infinite-time singularity of mean curvature flow for which

IThey proved qﬁ*% -|H| — 0 for a finite time singularity.
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the mean curvature converges uniformly to zero. This implies that for the mean curvature
flow, long-time existence and vanishing mean curvature are not sufficient to conclude smooth
convergence as t — 00.

Recently, several infinite-time singularities of mean curvature flow have been constructed. In
[1,2], Chen and Sun constructed immortal mean curvature flows with multiplicity-two conver-
gence. In [15], Su, Tsai and Wood constructed Lagrangian mean curvature flows which exist
for all time and converge to an immersed special Lagrangian, with a polynomial blow-up rate
for the second fundamental form. It is interesting to see whether the mean curvature in these

works remains bounded.

The paper is organized as follows. Section a recalls the Gibbons—Hawking ansatz and the
circle-invariant Lagrangian setting. Section E derives the graphical form of the Lagrangian mean
curvature flow and records the comparison principle used later. Most of the results in Section E
and Section @ are taken from [§,9] and are included for completeness. Section @ constructs the
barrier functions and proves their basic properties. Section B studies the asymptotic behavior
of the barrier as the parameter goes to 0. Section E proves the main theorem by comparing the

flow with the barrier family.

Conventions. Throughout the paper, constants such as ¢y, co, ... are local to the section in
which they appear; constants with the same name in different sections are not assumed to be
related, unless explicitly stated otherwise. For a function u(x,t), we write u/(z,t) for its partial

derivative with respect to x.

Acknowledgement. The authors are grateful to Wei-Bo Su and Albert Wood for many helpful

discussions.

2. THE GIBBONS—HAWKING ANSATZ

In this section, we recall the background of the Gibbons-Hawking ansatz needed for this
paper. Since our focus is on singularity formation, throughout most of the paper, we work on
a proper open subset of an ALE or ALF hyperkéhler 4-manifold admitting a tri-Hamiltonian
circle action. We refer the reader to [§, Section 2], [9, Section 2] and the references therein for
more about the Gibbons-Hawking ansatz.

2.1. The Hyperkiahler Structure. The ambient space U is a non-compact, hyperkahler 4-
manifold admitting a tri-Hamiltonian circle action. The action has fixed points py, - - - , p, with
n > 3, and is free on Uy := U \ {p1,--- ,pn}. The quotient space 2 is an open neighborhood
of [~1,1] x {0} x {0} in R3. The quotient map pr : & — Q maps p; to (a;,0,0), where
—l=a<ax<- - <ay,=1.



There is a positive, smooth function ¢(x,y,z) on Q\ {(a1,0,0),- -, (an,0,0)} such that

Preg(,y, 2) == B(w,y, 2 Z\/x_a e (2.1)

is non-negative, smooth and harmonic on 2. Here, harmonicity is defined by using the standard
metric on R3. By shrinking © if necessary, we may assume that ¢reg and its derivatives are
bounded on 2.

Denote by * the Hodge star operator of the standard metric on R3. Note that U Lagyo) \

{(a1,0,0),--- ,(an,0,0)} is a principal circle bundle. It has a connection 1-form a with da =
pr*(xd¢). On the open dense set Uy, the hyperkdhler metric is

1

$a2 + ¢ (dz? + dy? + d2?) . (2.2)

We will often omit pr*. Near each p;, the map pr is locally modeled on the Hopf map from C?
to R3. The manifold is oriented by ¢ a A dz A dy A dz, and its hyperkéhler triples are

aANdr+pdyndz, aAdy+e¢dzAder, aAndz+odrAdy.

2.2. Circle-Invariant Lagrangian Submanifolds. Consider the Calabi—Yau structure with
the Kahler form

w=aAdz+¢dzr Ady

and the holomorphic volume form
= (a+ V—1¢dz) A (dz + V—1dy) .

A 2-dimensional submanifold L of U is called a Lagrangian if w vanishes on L. From these
expressions, one finds that circle-invariant Lagrangians are in one-to-one correspondence with
curves in planes parallel to the zy-plane. Unless otherwise stated, the Lagrangians will always
be assumed to be smooth. This imposes regularity conditions on the plane curve, and we will
address one of them in Lemma @ In this setting, a Lagrangian submanifold is said to be
special Lagrangian if its mean curvature vanishes; see [, Section III] for more details.

For a circle-invariant Lagrangian L, let v = pr(L). Parametrize v by the arc-length s with

respect to the flat metric. By choosing a suitable orientation, % is a unit-complex-valued

function that coincides (under pr) with (dz + v/—1dy)(L~). Its argument is the so-called
Lagrangian angle, and is well-defined up to 27Z. Denote the Lagrangian angle by g : v —
R/27Z:

d . Qg

V=18 _ a Sy =
e (dz + 1dy)(dsfy) ol

(2.3)

According to [8, Proposition 4.6], the second fundamental form and mean curvature of L can

be expressed in terms of the curve ~ and the function ¢.
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Lemma 2.1. Let t = %’y and n = 0, X %’y. Denote the curvature of the plane curve by
K= (%t, N)ps = %ﬂ. The norms of the second fundamental form and the mean curvature of
L satisfy the following estimates:

K2+ gzi”[(d¢(n))2 + (d(ﬁ(@z))Q] and (2.4)

K2 (2.5)

Al <

[H[? =

= ol

From (@), the pre-image of a straight-line segment in R? is a special Lagrangian. For
[—1,1] x {0} x {0}, its pre-image is an A,,_j-chain of special Lagrangian spheres, and p; (for
1 < i < n) is a transverse intersection point of two adjacent spheres. This A;,_j-chain of
special Lagrangian spheres will be the infinite-time limit of the Lagrangian mean curvature
flow considered in this paper.

For a circle-invariant Lagrangian 2-sphere passing through p; and p,, its image under pr
is a curve in the zy-plane connecting (a;,0) = (—1,0) to (an,0) = (1,0) and avoiding the
intermediate points (az,0),- -, (an—1,0). For such a Lagrangian 2-sphere, the angle /3 can be
chosen to be a smooth real-valued function; see [8, Example 5.5]. We now examine the behavior
of k (the curvature of the plane curve) near (a;,0) and (ay,0). Let r be the R2-distance to
(a1,0). On the zy-plane, ¢ = 5~ +O(1) as r — 0. One infers from the boundedness of |H|? and
(@) that kK = O(r_%) as r — 0. In fact, k cannot blow up as r — 0. The underlying reason is
that p; are coordinate singularities of the metric (@)

Lemma 2.2. For a smooth, circle-invariant Lagrangian 2-sphere L passing through p1 and py,

the plane curve v = pr(L) has bounded curvature.

Proof. 1t suffices to show that ~ is bounded near (a;,0). By (@), it is equivalent to |H| = O(r%)
as r — 0. According to [b, Section I11.2.D], |H|? = |dB|?, where the norms are computed
by using the hyperkédhler metric on ¢/. In this setting, the mean curvature vector must be
circle-invariant. However, at T}, U, the only circle-invariant vector is the zero vector, and

H(p1)

= 0 = df(p1). It follows from Taylor’s theorem on df that for p € L close to pi,
|dB(p)| < distr(p,p1). From (@), it is not hard to see that distz(p,p1) is comparable to

r(p), and this lemma follows. d
Remark 2.3. Since %B = k, (B is Lipschitz in s. It follows that t has a limit at the endpoints
(a1,0) and (ay,0).

3. LAGRANGIAN MEAN CURVATURE FLOW

3.1. The Evolution Equation and Existence Criterion. We continue with the setting
introduced in Section E



Assumption 3.1. Suppose that Lg is a circle-invariant Lagrangian sphere in I/ passing through
p1 and p,,, whose mean curvature flow always stays within ¢. Denote by {L:}o<¢ the Lagrangian

mean curvature flow with initial condition L.

Since the mean curvature flow preserves the Lagrangian condition and the circle invariance,
~v(-,t) := pr(L;) is a curve on the zy-plane and determines L;. Since each L; is also a sphere,
each ~y(-,t) must be a curve connecting (ay,0) and (ay,0). It follows that the mean curvature
of L; vanishes at p; and p,, which can also be seen from the proof of Lemma @

Here is the evolution equation and the existence criterion.

Lemma 3.2 ([§, Proposition 4.5 and Lemma 6.3] and [J, Proposition 4.1]). Under Assump-
tion @, parametrize the curve (-, t) by the Fuclidean arc-length s. Then, the family of curves
satisfies

0 1d%y 1

= . 3.1

ot T pdss o (3.1)
Moreover, the flow exists as long as (@) is bounded, and the curves do not reach (a;,0)
fori =2,...,n — 1. The boundedness of (R.4) is equivalent to the boundedness of gb*%/-c,

¢~ 2dlog ¢(n) and ¢~ 2dlog $(ds).

Lemma @ is the geometric form of the reduced Lagrangian mean curvature flow for the base

curve. We will mostly use the non-parametric form in this paper.

Lemma 3.3 ([8, Lemma 6.5)). Under Assumption @, if v(-,0) is given by the graph of a
function vy : [—1,1] — R with sup_; .1 |up(z)| < oo, then ~(-,t) remains graphical over
[—1,1]. By writing v(-,t) as (z,u(z,t)), the function u(x,t) satisfies

ou

1 ’LL”
ey 32

with u(£1,t) =0, and

sup |u'(z,t)| < sup fug(z)] .
—1<z<1 —l<x<1
In this setting, if u(a;,t) #0 fori=2,....,n—1 and v’ (x,t) remains bounded, then the flow

exists.

Proof. Since sup_j 1 [up(x)] < 0o, we may choose a suitable branch of the Lagrangian angle
so that —§ < B < § on Lg. According to [13, Lemma 2.4], the Lagrangian angle satisfies
%B = Ar, B along the flow. By the maximum principle, sup;, 8 < sup;, 8 and infy, 8 > inf, 5.
Since [ is the tangent angle of ~(-,t), the curve is always graphical over the z-axis, and
SUP_jcqeq [ (2, )] < SUp_jcpeq Jug(z)]. It is a standard change-of-variable calculation to

derive (@) .



It remains to show that the boundedness of u”(x,t) and u(a;,t) # 0 for i =2,...,n—1 imply
the boundedness of
1 " 1 —u'0y + 0
uis . —dlo Qg(M
1+ (u)?

1
- s 71le 82’ . 3.3
(@)t o ) rihesd) o

For the first term in (@), its boundedness is immediate. By (@), gb_%dgt((‘?z) = (ﬁ_% , Preg
on 2N (R? x {0}) \ {(a1,0),---,(an,0)}, and is bounded. Since the curves do not reach (a;,0)
for i = 2,...,n — 1 and u/(z,t) is uniformly bounded, qb_%dgb(—u’@x + Oy) is bounded for
—1+6 <z <1-0 and at every ¢, where § = % min{as — a1, a, — ap—1}. It remains to examine
gb‘gdgb(—u’&p +6y) near a; = —1 and a, = 1. For any x € (—1,—1 4+ §), Taylor’s theoremE
says that (z + 1)u/(z,t) — u(z,t) = (z + 1)%u”(&,t) for some & € (—1,z). It follows that
1
(z+1)% + 42

3
1

(2 + 1)+ (ulw,0)°) - | (~u'0, +0y)

(z.y)=(z,u(z,t))
_ %(x+1)2‘u”(i‘,t)‘
(@412 + (ulz, 1))

Therefore, the second term in (@) is bounded if u”(x,t) is bounded. O

< 5 (o + 1) + (e, 1)) o, 1)

3.2. The Maximum Principle. We will assume that ug is concave, and prove that the con-
cavity is preserved along the flow (cf. [9, Proposition 3.4]). We recall the standard maximum
principle (cf. [4, Part IV]).

Lemma 3.4. Let f(x,t) be a continuous function on [—1,1] x [0,T) that is differentiable in t
n (—1,1) x (0,T). Suppose that f(—1,t) = f(1,t) >0 for allt € [0,T), and f(z,0) > 0 for
all x € [-1,1]. If there exists a constant ¢ € R such that

88{(:(}0, t()) Z Cf({B(), to)

whenever [ attains a negative spatial mim'mumE at (zo,to), then f >0 on [—1,1] x [0,T).

Proof. We first deal with a special case: suppose further that we have %(mo,to) > 0 at every
negative spatial minimum (zg, o) of f.

Suppose that f becomes negative somewhere. Then, there exists a § > 0 such that the
minimum of f on [—1,1] X [0, (1 — 6)T] is negative. Let the minimum be achieved at (x, to).
By assumption, one must have (xg,t9) € (—1,1) x (0,7). Since it attains a negative spatial
minimum, %(.To,t()) > 0. On the other hand, f(xo,%0) < f(zo,t) for all t < ty. This is a
contradiction.

2In the mean-value form of the remainder, with x as the reference point rather than —1.
3More precisely, f(zo,to0) <0, and f(zo,t0) < f(z,to) for all x € [-1,1]. Such an zg will not be +1.
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Now, we deal with the general case. Let f = e~ (¢tDtf and

Z{ = [~(c+1)f + g‘f}e‘””t :

It is not hard to see that f satisfies the assumptions of the special case. This finishes the
proof. O

To study the concavity of the solution to (@), consider
ou 1
Plat) =20 - % 4
@1) =~ =~ TP (3.4)
According to Lemma @, P(x,t) is continuous, and vanishes on {1} x [0,7"). By using (@),
oP 01 1 P 2u'-P-P
Z —(ZZ) . (=P)- (6P) + =
ot (8y¢) (=P)- (¢ )+¢1+(u’)2+ 1+ (u)?

Lemma 3.5. Under Assumption @, if v(-,0) is given by the graph of a concave function

(3.5)

up : [—1,1] = R with sup_; 41 |up(x)| < oo, then u(x,t) remains concave for all t € [0,T),

where T is the mazximal existence time. Moreover, u(x,t) >0 on (—1,1) x [0,T).

Remark 3.6. Under the concavity assumption, u((£1) exists; see Lemma @ and Remark @
Also, uf(—1) = sup_j ., up(x), and uj(1) = inf_cpeq ug(z).
Proof. The concavity of ug implies that P(x,0) > 0. With the help of (@), we compute

91
oy ¢

1 — 1 .
(2,,0) <§ ZZ:; \/m + ¢reg($,y,0)> X
1 & y
2 7 — Oydreg(7,9,0) ) .
(2; (($_aj)2+y2)§ yPreg )

Since |y| < \/(z — ai)? + 42, 9y~ *|(z.4,0) is bounded on QN (R? x {0}) \ {(a1,0),-- -, (an,0)}.
Note that

(3.6)

ul/

OP =~ = VI W
By Lemma @ and Lemma @ﬁp is bounded onf (—=1,1) x [0,T — 6], for any sufficiently small
0 > 0. It follows that Lemma is applicable to P on [—1,1] x [0,7 — §), and thus P > 0 on
[—1,1] x [0, — 0). One infers that the concavity is preserved along the flow.

If u(z,t) = 0 for some x € (—1,1) (at some t), concavity implies that u(z,t) = 0 for all z,
which contradicts u(ag,t) # 0. It follows that u(x,t) > 0 on (—1,1) x [0,T). O

In the proof of the main theorem, we will use u(z,t) to bound u”(z,t).

it T = o0, ¢ - P is bounded on any finite-time region.
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Corollary 3.7. In the situation of Lemma , consider the function
1 u//
oL+ (w)?’
where g(t) > 0 is a smooth function on [0,00) to be chosen later. It obeys

0Q 1 Q' v, 2 QL 2w
FRE S e P > [—(atg—I-Cog T T (u/)z) +COE + 1+ (w)?

for some constant ¢y > 0.

Q(z,t) :=u(z,t) — g(t) - P(x,t) =u+ g(t)

YP (3.8)

Proof. In this setting, v > 0 and P > 0. For the first term on the right-hand side of (@),

01 P2 1 n ” P2
). (= P2 _ (_= . . ) . P
(8y¢> o) ¢ ( 2 ; ((l'—ai)2+u2)% T ybreg(@,y 0)‘y—u) = ¢

where co = maxonw2x{0}) |OyPreg(T,y,0)|. By (@) and (@),

Q 1 Q" 0
E—am——(atg)‘]?—g' <87y

1 o 20 -P-P
3) P+ T
P 20/ - P/

> —(atg)—g'cog—g'liw} -P

Writing P as % finishes the proof of this corollary. g

The maximum principle leads to the following avoidance principle.

Lemma 3.8. Suppose that vy (z,t),v_(x,t) € C°([-1,1] x [0, T))NC>((—1,1) x (0,T)) satisfy
the following.

UN

0 1 v 0 1 o
* oVt 2 5T W V- < ST
e The C?-norms of vy ,v_ are bounded on (—1,1) x (0,T).
e vi(+1,t)=0 fort e [0,T), and vi(a;,t) #0 fori=2,...,n— 1.

o v_(z,0) <wvy(zx,0) for x € [—1,1].

Then, v— < wvq on [—1,1] x [0,T).

Proof. We would like to apply Lemma @ to vy —wv_ on [—1,1] x [0,T"). We compute

vy —v_) 1 o] 1 o
ot = plz,vp) 1+ (V)2 @z, o) 1+ (v))2
IR S e N v ( 11 )
P(x, o) 1+ (v4)? 14+ (V)2 \d(w,v4)  d(x,v-)

v 1 1
" o(x,v-) (1 + (@) 1+ (vL)2) '



By the assumptions of this lemma and the discussion after (@), the above expression at a
negative spatial minimum of v4 —ov_ is no less than c¢- (v; —v_) for some ¢ € R. This completes
the proof of the lemma. O

4. THE BARRIER FUNCTION

Let n be an integer greater than 2. For —1=a; <as < --- <a, =1and m > 0, let

1 — 1
¢ax<$7y)—m+2;\/m.

For most of this paper, the constant m plays no role, and may be set equal to zero. It is needed

(4.1)

only in Corollary @, in particular for the ALF case. It contributes to lower-order terms in the
construction of barrier functions. In this section, we study the equation

2

da?

with wy(x1) = 0, for any A > 0. A direct first-variation computation shows that solutions of

wx(x) = X Gax(x,wp(x)) - wr(z) for —1<z<1, (4.2)

(1.9) are critical points of the functional

=1 [ 1Y a2 [ (S Ve aP v G@R +meGe))a 6
- i=1

1
-1
for f € H}((—1,1)).

We summarize the properties of the solutions in the following theorem, the proof of which

occupies this section.

Theorem 4.1. For \ € (O,m%rl), there exists a wy(z) € C®((=1,1)) N CY([-1,1]) which
satisfies (@) and has the following properties: wy(x) is concave, wy(£l) = 0, and 0 <
wy(z) < %A(l —z%) for -1 <z <1.

This one-parameter family of functions is differentiable in \. The derivative with respect to
A, O\wy (z), belongs to C=°((—1,1)) N CY([~1,1]) and has the following properties: O wy(x) is
concave, O\wy(£1) =0, O wy(z) > wAT(m) >0 for —1 < x < 1. It obeys the following equation

d2
— g2 ua(@) = A L o(2) - Ovwa(2) + basl@, wa(2)) - wa(w) (4.4)
where
1 — xr — a;)?
Drolx) =m+ 3 ( ) 5 < Gaz(T,wr(T)) . (4.5)
i=1 ((z —ai)? + (wx(2))?)
Moreover, there exists a constant ¢ > 0 such that
lwller=1,1)) < cllwalleoq=r,1)  and  |Oxwirller=1,1) < ellOrwallco=1,1)) - (4.6)
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4.1. Variational Formulation. We first prove that £(f) always admits a nontrivial mini-

mizer.

Lemma 4.2. For any A > 0 with 4m\ < 72, there exists a wy(z) € C*((-1,1)) N C°([-1,1])
with the following properties.

o wy(z) >0 for =1 <x <1, wy(£l) =0.
e wy(x) is concave.
)

o w)y(z) attains the infimum of Ex(f) for f € HY((—1,1)), and satisfies ()
Moreover, £x(0) is greater than the infimum of Ex(f).

Proof. By the Cauchy—Schwarz inequality and the Poincaré inequality,

1 P 2V2 N2t
/1|f(x)ldx§\/§(/|()ld) <2 (/1\ (2)[2dz)* .

It follows that

11’36233—517156—(1- x x—il- z))?
a0z [ 1P =5 [ 30e i+l [ m ()

72 —4mh [, V2, [t %

s [ 7@)Pde =22 @Pae)t - /er—cmdx

which implies that £y is coercive when 4m\ < 72; namely, £,(f) — oo as ||f||H& — 00.

To show that inf{E\(f) : f € H}((—1,1))} < &x(0), choose a small bump function x
supported on a neighborhood of a singular point other than +1. Specifically, fix 0 < ¢1 <

v

smin{as — a1, a3 —as}; let x(z) = 1 when |z —as| < ¢1, and x(z) = 0 when |z — as| > 2¢;. We
compute for any € > 0,

1 n
/12(\/($—ai)2+(8'x($))2— |z — a;|)dz
—1iz1
C1
22/ (Vs2+e2—s)ds
0
201
:cH/C%JreZ—c%stQlog(cl+\/C%+52)—5210g5>621og?.




It is well known that the Dirichlet integral in (@) is weakly lower semicontinuous. By the
Sobolev embedding theorem, H}((—1,1)) <+ L?((—1,1)) is a compact embedding, and thus
the potential term in (@) is weakly continuous. By coercivity and weak lower semicontinuity,
the direct method in the calculus of variations shows that every minimizing sequence admits
a weakly convergent subsequence whose limit attains the infimum of £x(f). Let wy(x) be a
minimizer of £,(f). By the Sobolev embedding theorem, w)(z) € C°([~1,1]) and wy(£1) = 0.

By [B, §5.10], Ex(f) = Ex(|f]), and we may assume that wy(z) > 0. Since £x(0) > Ex(wa(x)),
wy(x) # 0. Since wy(z) > 0 and satisfies (@) weakly, wy (z) is concave. Since wy(x) # 0, one
infers that wy(z) > 0 for —1 < z < 1. Since w)(x) satisfies (@), wy(x) € C®((—1,1)). O

Lemma @ does not assert the uniqueness of wy(z), which will be established later.

4.2. Estimates on the Solutions. In this subsection, we derive C¥ estimates on wy(z).

Lemma 4.3. For any A > 0 with mA < 1, the solution wy(x) obtained in Lemma @ satisfies

0 < wy(z) < %(1—962) for —l<z<1 (4.7)
and
0 < wh(—17):= lim @) _ lim w)(z) <n\,
z——1+ z+1 o1+
) (4.8)
0>w\(17):= lim wAz) = lim w)(z) > —nA
=17 T — z—1"

Proof. Since wy(z) >0 for —1 <z < 1,
n
0 < Pax(z,wy(z)) wy(z) < m-wy(x)+ 0 and 0 <m-wy(zr) <m-[Jwy|lco-11) -
It follows that

2
%(wx(x) — (4 2m - [luylpo) (1 - 27)) > (—% + %)(n +2m - [Jwy|co) =0 .

AN

The function wy(z) — 3(n + 2m - |wy[|co)(1 — 2?) is convex, and vanishes on £1. Therefore,
wy(z) < 3(n+2m - Jwy|co)(1 — 22). It follows that when mA < 1, [jwy[lco < %, and
wy(x) _ nA

< — .
1—22— 2

Since 0 < —w}(z) < (% + Am|lwy||co) < nA, wi(z) is Lipschitz on (—1,1) with Lipschitz

wy ()
r—1 °

constant no greater than n\. It follows that lim, ;- w) () exists, and is equal to lim, ;-
Since wy is positive and concave on (—1,1), w}(17) < 0. The lower bound for w) (1) follows

from (@) The argument for w)(—17) is completely the same. O
12



Note that (@) immediately implies that wy(z) — 0 uniformly for —1 <z <1 as A — 0.
Since w) (—17) > 0 and w)(17) <0,

o wa(x)
f
in {1 ~

The next task is to show that the above infimum has a positive lower bound for A bounded

—l<zr<1}>0.

away from 0. To this end, we need to show that
E(N) =f{Ex(f) : f € Hy((—1,1))} (4.9)
is continuous.

Lemma 4.4. £()\) is concave, and hence continuous.

Proof. Since 5t5\+(1_t)/\(f) =t&(f) + (1 =t)Ex(f) for 0 < t < 1, taking the infimum over

f € H}((—1,1)) leads to the concavity of £(N). O

Lemma 4.5. For any Ay > Ay > 0 with mAy < 1, there exists a constant cs3 = c3(Ag, A1) > 0
such that the following holds. For any \ € [Ag, A1], any solution wy(x) produced by Lemma
obeys
2 nA1 2
c3(1—2%) <wy(x) < T(l —z7) . (4.10)

Proof. The upper bound follows directly from (@) We prove the lower bound by contradiction.
Suppose () fails. Then, there exist

a sequence {0y }ren with d; > 0 for all £ and 6 — 0 as k — oo;

e a sequence of points {zy}reny with —1 < xp < 1 for all k,
e a sequence of parameters { g }ren with Ag < Ay < A for all £,
e a sequence of solutions {w), («)}ren given by Lemma @ for A

such that

wy, (zx) < 6 (1 — (z)?) forall k . (4.11)

After passing to a subsequence, we may assume that Ay — \ as k — co. By (@) and
0> wy (z) > —nA1, the Arzela-Ascoli theorem ensures that (after passing to a subsequence, )
{w), (¥)} converges uniformly on [~1,1]. Together with (@), the Arzela—Ascoli theorem en-
sures that {wy, (r)} converges uniformly on [~1,1]. To sum up, wy, (x) converges to some v5 ()
in C*([-1,1]). By the C'-convergence and Lemma @,

55\(2}5\) =

It follows that vs () a:ctains the infimum of &( - ). Due to Lemma @, v5(7) #Z 0 and satisfies
(@) with parameter A.

im &, (wy,) = lim E\g) = E(N) .
—00 k—o0

13



By construction, vs(z) > 0 and v5(£1) = 0. With the same argument as that of Lemma @,
vi(z) > 0 for —1 < o < 1. To utilize (), we may assume that zj € [0,1) for all k. If
xy, € (—1,0] for all k, the argument is completely parallel. Since wy, () is concave,

(1 — ) wr, (0) + 2w, (1) < wy, (zx) < 65 (1 — (z1)?)

= wy,(0) < (1 + k) < 20 .

Taking the limit as k — oo, v5(0) < 0, which contradicts v5(z) > 0 for -1 <z < 1. O

4.3. Lipschitz Estimate in Parameter and Uniqueness. The purpose of this subsection
is to derive a Lipschitz estimate comparing two solutions obtained in Lemma @, which will be
the key ingredient for the uniqueness and the differentiability in .

Lemma 4.6. For any Ay > Ay > 0 with mA; < 1, there exists a constant ¢4 = c4(Ng, A1) > 0
such that the following holds. For any A\, X € [Ag, A1], let w(z) and w(zx) be solutions produced
by Lemma @ with parameters \ and X, respectively. Then,

[ (z) — w(z)| < es|A = A min{d(z), w(z)} (4.12)
for all x € [-1,1].
Proof. Consider their ratio and Wronskian:

and ¥ (z) = w(z)w'(z) — w'(z)w(z) = (w(z))*Z (z) . (4.13)

They are smooth functions on (—1,1) and extend continuously to +1 with

' (-1%) @)
v W=y

Since both w(x) and w(z) satisfy (@),

B(-1) =

W(+1) =0 .

W — i — W' — ()\(ﬁax(wi) — 5\¢ax(x, TI)))ZUTI)

Ao (2, )\ (4.14)
2 gp!\! __ _ ax\4,
= (wZ) = /\qﬁax(m,w)(l 7)\¢ax(m’w)>ww .
First, let 29 € [—1,1] be a point where Z(z) attains its maximum. We claim that
Max(@0, D(20)) (4.15)

Apax (0, w(xp))

where 22x(@0@) oytondg continuously to £1 with values
Pax(z,w(x))
1 (1— 2 1 / _1+ 2
+w'(17) and + w'( ) 7
14w (17)2 1+ w/(—17%)2
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respectively. We prove () by contradiction; suppose () fails. If —1 < x9 < 1, it follows
from () that

w(xo)2R" (x0) + 2w(xo)w' (x0) % (x0) > 0,

which contradicts Z'(z9) = 0 and #Z"(z) < 0. If 2 = —1, continuity ensures that there exists

a d > 0 such that :\\i:igi) <lfor-1<z<—-1+94. By (),

((w(x))%%”(x))/ >0 on(—1,-1+9).

Recall that lim,_, i+ (w(z))?%Z'(z) = lim,_,_1+ # (z) = 0. Hence, Z(z) > 0 on (—1,—1+ ),
contrary to the assumption that Z(x) attains its maximum at g = —1. The case when zo = 1
is similar.

To estimate w(x) — w(x), write

Pax (2, ()

b dz)) LT @) () —w) (4.16)

: ]
Ve —a)? + (w(@)?) + /(@ - a)? + (@(@)?)
With the help of Lemma @, it is not hard to see that there exists a constant ¢5 = ¢5(Ag, A1) > 0
such that

015 <L (r)w(z) < cs .
It follows from () that
L w(r) —w(r) 1 Gax(z, w(x)) B
2@ 1= TN = T e @) a

Now, fix z € (—1,1), and assume that Z(z) > 1 < w(x) > w(x). By ('E) and ('4_17|),

%(z)—lﬁ%(mo)—1§05)\;/\,

and hence,

w(z) —w(z) < ca(A=A) - w(zx)

for some ¢4 = c4(Ag, A1) > 0. When Z(z) < 1, one finds that w(z) — w(z) < ca(A — N) - w(z)
by switching w and w. O

Corollary 4.7. For any X € (0, ﬁ

unique. Moreover, when X > X > 0, wy(x) > ws(x) on (—1,1).
15
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Proof. The uniqueness is a direct consequence of () When A > ), it follows from ()
and () that Z(xo) < 1. Therefore, Z(z) < 1 on [—1,1]. O

4.4. Differentiability in Parameter. With the uniqueness of wy(x), we can discuss its de-
rivative with respect to A.

Lemma 4.8. The solution wy(x) given by Lemma @ is differentiable in X € (0, lj%m) Its
derivative in \, O wy(x), belongs to C1([—1,1]), it is concave and positive on (—1,1). Moreover,

OLozwy(x) = 0x0hwy(x) for =1 <x <1 and £ € N,

Proof. For any A > 0, choose A; > A and Ag < A, so that Lemma @ and @ apply. For any
h # 0 with |h| sufficiently small, consider the difference quotient:

Wy h(z) —wy ()
an(z) = =5 ; .

To prove that dyw)(x) exists, it suffices to show that for any sequence {hy}reny with hy — 0,
there exists a subsequence {hy, }een such that {gxn,, ()} converges, and the limiting function
is unique.

To start, Lemma @ implies that
|xp(@)] < cawr(z)

_ _ (4.18)
A (-1 S caw(=17) and [}, (17)] < —cawj(17) .

Since wy4p(z) and wy(z) are solutions to (@) (with parameters A + h and A, respectively),

—q\p(x) = XL n(@) grn(z) + Zn(e) (4.19)
where
(z — ai)? (wargn(2) + wx(z))

1 n
Lon(x) = 5
)\,h( ) m+2;|:\/(1:ai)2+(w>\+h(m))2\/($ai)2+(w)\(x))2x

(4.20)

: ]
wa(x)y/ (& — )2 + (wan(2))? + warn(2)y/ (& — a;)? + (wx(z))?
and
D) = ax (T, wr1n (7)) Wasn(T) - (4.21)
Note that the expressions of %) j, and Z) j, are both valid for h = 0.

By (M) and (M), there exists a constant c¢g = cg(A) > 0 such that ‘.f)\’h(x) q;wh(x)‘ < g
n (—1,1). It is easy to see that 0 < 2, p(x) < non (—1,1). By (), |4\ ()] < cg+n. With
() and a standard argument involving the Arzela—Ascoli theorem, any sequence {g 4, () :

hi — 0} always admits a subsequence that converges in C! on [—1,1] and locally smoothly on
(—1,1), to a function g, (z) satisfying
—g3 () = X Lo(x) gr(z) + Zoo() (4.22)
16



with [ (2)] < exwa(2), lgy(~19)] < eawh (1) and Jgy(17)] < —eqw)(17).
To show that gy (z) is unique, it suffices to show that
—v"(x) = A L o(x) v(x) (4.23)

with |v(z)] < 2cswy(z), [v/(=17)] < 2¢4w(—=17) and [v/(17)] < —2¢4w)(17) has only the
trivial solution. If not, we may assume that v(x) > 0 on some nontrivial interval (xg,z1) with
lim v(z) = lim v(z) =0, lim v'(z)>0 and lim o'(z) <0 .
x—)xg' T x—m:a' =T,

Note that

n

= 1 (z — ai)” ! x, wy(x
D DE e e ) by e e ot ) EAN )

on (—1,1). Therefore,
—0"(2) < X gax(z,wr(x)) v(z) on (xq, 1) . (4.24)

It follows that v”(z)wy(z) — v(z)w}(z) > 0 on (g, z1), and

0< /xl (V" (z)wr(z) — v(z)wy(z))da

0

= tim (o(@)un(x) ~ v(zul (@) ~ lim, (o (@)un(x) - vl (@)

= wy(z1) lim v'(z) —wy(xo) lim v'(z) <0,
T—T| xﬁxg
which is a contradiction. Hence, ¢)(z) is unique, and is the derivative of wy(x) in .

qﬂ?fl) exists, and is equal to lim, , 1+ ¢} (z).

A similar statement holds for z — 17. Hence, dyw)(z) € C'([-1,1]).

Due to Corollary Y., gx(z) > 0. With (), qx(z) is concave. Since ¢)(+1) = 0 and 0 is
not a solution of (4.29), one must have gy(x) > 0 on (—1,1).

By the same argument as that for Lemma @, lim, , ;+

The commutation of 0y and 8£ follows from standard interior regularity and difference quo-
tient arguments. O

Since 2 o(z) = ¢(x, wy(x))wy(x), it follows from () and (@) that

—(BAwA(a:) — wA;x)>” = )\g)\70($) 8,\w>\(x) 2 0.

The function dywy(x) — wAT(gC) is concave, and vanishes at = +1. It must be nonnegative on
[—1,1].

Corollary 4.9. When X € (0, ﬁ), the solution wy(x) given by Lemma @ satisfies

Mhwx(z) > wrlz)

Z for —1<z<1.

17



4.5. Bounding C'-norm by C%-norm. To bound the derivative of wy, we first derive a simple
calculus lemma.

Lemma 4.10. For any cg > 0 and § € (0, ), suppose that f(s) is a smooth function on (0, 0]

cs
with

< 2cg f(s)

f(s)>0 , 0<—f"(s) < — . on (0,0] , and slir(l)1+ f(s)=0. (4.25)
Then,
/ f(9)
f1(07) < 51 —csd) (4.26)

Proof. We compute

Fs) O\ s(1—cgs) f/(s) — (1 — 2cgs) f(s)
(8(1—888)> N (s(1 — cgs))? : (4.27)

By (#.23),
(s(1—css) f'(s) — (1 — 2cgs) f(s)), = s(1 —cgs) f"(s) + 2csf(s) >0 .

Thus, s(1 — cgs) f'(s) — (1 — 2cgs) f(s) has a limit Ly € [~00,0) as s — 07; indeed, Ly is its
infimum over (0, d). By integrating () from sg to s1 for 0 < 509 < 51 << 0,

f(s1) f(s0) 11
— ~Loy(———). 4.2
51(1 — 6881) 80(1 — 0880) 0(80 51) ( 8)
By fixing s; and letting sy — 0T, one finds that Ly = lim,, o+ f(s0) = 0. It follows that ()
is non-negative, and S(lf_(sc)ss) is non-decreasing. With f(s) > 0, one infers that
f/(0%) = lim Js) lim _ S exists ,
s=0t 8 s—0t s(1 — cgs)
and
9)
0T < L .
/ ( ) - (5(1 - 085)

This finishes the proof of this lemma. O

Lemma 4.11. There exists a constant cg > 0 such that for any A € (0 the solution

1
) l+m)’
wy(z) given by Lemma @ satisfies
lwaller=1,1) < collwallcoq-1,17) and

[z wallor(=1,1)) < collOrwallco=1,1)) -

Proof. By (@), there exists c19 > 0 and 0 € (0, 5o—) such that

Y 2¢10

261011])\(.%)
o< — 4 < ———— 2r 7
< —wil@) < r+1

18
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According to Lemma , wh (=1") < ey wy(—1 + ). By the same token, there is a similar
upper bound for —w)(17). We conclude from the concavity of w(z) that

[waller < collwallco

for some constant cg > 0.
For dywy(z), it follows from () and Corollary @ that

—(8>\w>\(x))” <AL o(x) Owa () + Apax(x, wa(z)) Ohwy(x) .

With the same argument as above, the asserted estimate on dywy(z) holds true. O

5. ASYMPTOTIC ANALYSIS OF THE BARRIER

The main purpose of this section is to analyze the asymptotic behavior of w) given by
Theorem @ Since 0 < wy(z) < 2 (1—22), wy — 0as A — 0 in C%([—1, 1]). For our purposes,

w) ()
lwallco

we need to know the decay rate of ||wy|co and the limit of the rescaled functions as

A= 0.
Not surprisingly, the configuration of the singular points plays an important role. For —1 =
ap <ag <---<ap=1,let A€ Sym, o(R) be

r 1 1 1 7
a2—ai + az—az az—az 0 0
1 1 4 1 1
az—as az—a2z as—as as—as
1 1 1
O as—as as—as + a5 —a4 O
1
p—1—0n—2
1 1 1
L 0 0 p—1—0n—-2 An—1—0n-—2 + an—0an—1 |

Lemma 5.1. The matriz A has a unique eigenvector in ]R’}r_z, up to positive scalar multiple.

Proof. For any ¢ > 0, let A, = ¢I,_o — A. When c is sufficiently large, every entry of A, is
nonnegative. Such a matrix A, is automatically irreducible, since its associated directed graph

is strongly connected. The lemma follows directly from the Perron—Frobenius theorem. O

Definition 5.2. For the eigenvector given by Lemma @, denote by p the corresponding
eigenvalue. Let w : [—1,1] — [0,00) be the unique piecewise linear function characterized by

the following properties.

e w(+l)=0.
o (w(az), - ,w(ap—1)) is the eigenvector given by Lemma EI with maxj<jcp w(a;) = 1.
e w0 is linear on each [a;,a;41] for i =1,...,n — 1.
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The eigenvalue-eigenvector equation reads

w(a;) —w(ai—1)  w(ai41) —wla;)

P— o —a pb(a;) (5.1)
for i =2,...,n — 1. Summing over ¢ gives
n—1 n
W (—1) = (1) = p > wb(ar) = p Y iai) - (5.2)
i=2 i=1

The following lemma contains the calculation needed to determine the rescaled limit.

Lemma 5.3. For any positive J, ko, k1, there exists a constant ¢ = ¢(6, ko, k1) > 0 with the
following property. Let T € (0,1). For any C' function f : [0,] — (0,1) with

1
H—Tgf(s)gnm and |f'(s)| < k1T forsel0,d],
0

it satisfies

+log f(0)| <c, (5.3)

J ds
‘/0 Vs® + (f(s))?

‘/5 ds I PP (5.4)

0 (824 (f(s)2): (fO)2~ 77

‘/682018 +log f(0)| < c (5.5)
0 (s2+ (f(5))2)2 T '

Proof. For (@),
/5 ds _ /5 ds N /5 ( ds B ds )
0 2+ ()2 Jo /2 (F(0)2 Jo V2 (f(s)?E S+ (f(0)27

The first term on the right-hand side is log(d + /6% + (f(0))?) — log f(0), and note that ¢ <

§++/0%+ (f(0))2 < §+ /0% + k3. For the second term on the right-hand side, it follows from
the mean value theorem that

1 2K0K1T2S

1
‘\/82+(f(8))2 . \/82+(f(0))2‘ : (2 + rgr2)2

and therefore,

’ 1 1 0 2k0k172 s ds 9
- d T <2 .
/0 ‘\/82+(f(s))2 \/32+(f(0))2’ ’ </0 (52 4 rtr2)s o

Putting these together proves (@)

The arguments for (@) and (@) are similar, and are left as an exercise for the reader. [J
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Proposition 5.4. The function w(z) is the leading order part of wy(z) in the following sense.
As A — 0,
hwy(z)

— w(x) and — w(z
(z) [Oxwx () llcog—1,1)) )

w) ()
lwx()llco(=1,1))

uniformly for —1 < x < 1. Moreover, the above two convergences are C* on any compact subset
of [-1,1]\ {ag, -+ ,an—1}. It follows that

W) —1 and Own (@) —1
A lleoery) - Zwr()lleog-1,) - @
[lwa ()l () [[OxwA ()l w(x)

uniformly for —1 <z <1.
Proof. Step 1a: convergence of wy. Let

- wx(z)

wy(z) = ,

[Jwa (- )HCO([—LI])
which satisfies
— 0¥ (x) = APax (@, wx(x))Wx(T) . (5.6)

Note that on any compact subset of [—1,1]\ {a1, - ,an}, dax(z, wr(x)) is uniformly bounded.

Given a sequence \; — 0, we would like to show that there exists a subsequence {)\;,} so
that @y, (z) = w(z) in CY([~1,1]). For brevity, we will omit the index of the sequence. By
construction, 0 < wy < 1; by Lemma , @) ||co < e. Tt follows from the Arzela—Ascoli
theorem that @y (z) — &(x) in C°([—1,1]).

To upgrade it to C! convergence on any compact subset of [—~1,1]\ {az, -+ ,an_1}, it suffices
to show that (@) is uniformly bounded away from {ag, -+ ,a,—1}. This is obvious except near
a1 = —1 and a, = 1. Near a; = —1, note that

| 1 w(2) L JnOle gy
V(@ + 12+ (wr(@)? [waC)llco ! = lwaC)llco T +117 flwa()lleo

which is uniformly bounded by Lemma . It therefore remains to prove that & = w.
Step 1b: property of the limit. Indeed, the above computation implies that ¢ax(, wy(x)) Wy (z)

is uniformly bounded on any compact subset of [—1,1]\ {a2, -+ ,an—1}, and thus @§ — 0 away
from {ag,---,an—1}. By considering the limit of (@)(x2) — W\ (z1))(x3 — x2) — (W) (z3) —
WA (x2))(x2 — x1), one finds that & is linear on [a;, ai41] for i =1,...,n—1.

Due to the C° convergence, ¢ is concave, £(—1) = 0 = £(1), and max_1<,<1 £(7) = 1. As a

consequence, {(z) > 0 for —1 < z < 1, and maxa<i<p—1&(a;) = 1.
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Step 1c: determining the limit. When n = 3, this already implies that £ = w. When n > 3,
fix any § > 0, and integrating (@) gives

a;+90
(0 = 0) —Wh(ai +0) _ Juy duxla wa(@))wa(x)da (5.3)
W) (ait1 — 0) — W) (aip1 + ) faifllj(;& Gax(z, wy(z))wx(z)dz
fori=2,...,n—2. As A\ — 0, the left-hand side of (@) converges to
§la)—8(ai—1) _ &(air1)—¢(ai)
é‘l(aﬂi - 5) - gl(ai + 6) _ a; —a;—1 : - a:rjlfai (5 9)
& (ajy1 —0) — & (aj41+9) €(air1)—€(ai) _ &(ait2)—&(aiyr) ’
Ait1—0; Ait2—ait1

For the right-hand side of (@), choose § small enough so that £(a; + s) > 2£(a;) whenever
|s| < ¢ and for i =2,...,n— 1. Since wy — £ uniformly, for A << 1,

%f(ai) < wy(a; + s) <2&(a;) whenever|s| < ¢ .

Equivalently, we have
§(ai)
2
We shall use the big O and little o notation for A — 0. According to (@) and Lemma ,
Jwalloo = o(1), and

Nwallco < wa(a; +s) < 26(a;) - ||wal|co  whenever|s| <4 . (5.10)

Wi (@)] < e« flwa(-)llco -

By (@) of Lemma @ for ko = TZ‘)’ k1 = cand 7 = [[wy||co,

ai+o dzx | o
/ai—é 2\/(1’ — ai)z + (’w)\($))2 T Og(w)\(ai)) + (1)
(.1d)

= —loglwxllco +O(1)

fori =2,...,n— 1. After some simple manipulation,

a;+90
/--5 Pax (7, wr(z))wx(z)dz = —w(a;) log [lwxl|co + O([[wx|lco) (5.11)

and thus the right hand side converges to S(géaﬁ) as A — 0. To sum up, the limit of (@) as
A — 0 gives

§(ai)—€(ai—1) _ &(ait1)—&(as)

a;—ai—1 ait1—a; _ §(ai)
E(air1)—&(ai)  &(ait2)—€(ait1) &(ait)
Qi+1—0a; Ait2—ait1
for i = 2,...,n — 1. One infers that (£(az),---,&(an—1)) is an eigenvector of A. Due to

Lemma @, Definition @ and maxa<i<n—1£&(a;) = 1, £(a;) = w(a;) fori =2,...,n —1, and
thus £ = w.
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Step 2a: convergence of Oywy. According to Lemma
—1 <z < 1. The Arzela—Ascoli theorem implies that

1
lOawA ()|l co

» Tormn (T | Oawh (@)] < e for

wy(x) — n(x) in CO([~1,1]) as A =0 . (5.12)

It follows from the properties of dywy and the C°-convergence that n(—1) = 0 = n(1), n is
concave and positive on (—1,1), and max_j<z<in(z) =1.

By (), Corollary @, and the inequality £ o < @ax(z, wr(2)),

O \w)y, " O\wy
0§—<7) < 2APax (T, wy () ———— .
ruslien) = 220N 0
Since ¢ax(z, wy(z)) is uniformly bounded on any compact subset of [—1,1] \ {a1, - ,a,}, the

same argument as in Step la shows that the convergence () is C'!' on any compact subset of
[—1,1]\{az2, - ,an—1} and n is linear on [a;, a;+1] fori = 0,...,n—1, and maxa<i<n—1 N(a;) = 1.

Step 2b: asymptotics of C° norms. Before proving n = 1, we need to compare the asymptotic

behavior of ||w||co and ||Oy\wy||co. By (@) and (),
1
02/ ((Orwn) (wy) = (Dawr)(wy)')'d

-1

1
= /_1 —(/\(.iﬂ)\’o)(a,\w,\) + ¢ax($a w,\)w)\) (’IU)\) + (8,\w,\)()\q§ax(x, w,\)wA)dx .
It follows that

/_11 Gax(x,wy) - (w/\)zdw _ )\/

-1

1 (¢ax($,wA) - .iﬂ)“o) (w)\)(t%\w,\)dx . (5.13)

We will analyze its asymptotic behavior as A — 0.
For the left-hand side of (), it follows from an argument similar to that for () that
a;+90
[ fuslwn) - (w2 = ~(wa(@) log a0 + O(fun)
a;—90
fori=2,...,n— 1. Since ¢ax(x,w)) is uniformly bounded away from aq,--- , an,
a¢+176
[ ) (w2 = 0w )
ai+6
fori=1,...,n—1. Near a; = —1 (and a,, = 1), it follows from Lemma that

—144 (w/\(x))Z ) —146 - ,
/_1 N TSR (w/\(x))gdx S [walléo /_1 (z +1)dz = O(||wal|Zo) -

Hence,
1 n
/1 Gax(w,wy) - (w3)*dz = —log [wr]lco D (wa(a:)* + O[[wl|Zo) -
- i=1
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By using mw,\(ai) = w(a;) + o(1), one finds that

. f_ll ¢ax($ w)\) w)\ de n
lim Z
350 a2 log funllco 25

(5.14)

For the right-hand side of (), we compute

" (wA(2))?
Gax (T, w)) — Lo =
V=2 2((x — ai)? + (wr())?)

(NI

It follows from (@) of Lemma @ that

/aﬁd Y 1 dz = 1 +O( 1 )
ai—=0 2((53 _ aj)2 + (w,\(x))Q)% (wx(a;))? |[wallco

for i =2,...,n — 1. Together with the mean value theorem and Lemma , this implies that
a;+90
/ - (Buxtr,w2) = Za0) (w2) @rwa)de = (wr(00)) (Oawr (@) + Olun o xa] o)
fori=2,...,n— 1. It is easy to see that
;41 4 3
L (oulawn) = B0) () @x0r)de = (sl [onunlco)
a;+

fori=1,...,n—1. Near a; = —1 (and a,, = 1), it follows from Lemma that

[N

i wy(z))?
/ i) (wx (7)) (Orwy (x))dw
1 (@412 + (wa(2))?)
—1+44
S luslZaliswnllcs [ o+ 1)z = Offunlnlohnlen)

Thus,

1 n
/ (¢ax(fv= wy) — fx,o)(wA)(aAwA)dw = (wa(a:)(@rwa(ai) + O(|wa 2o [Orwallco) -

-1 i=1

By using i d—wa(a;) = (a;) + o(1) and wa(ai) = nla;) + o(1),

1
loxwall o

f—11<¢ax(33>wk) - f/\p) (wy)(Orwy)dz n

lim = wla;)nla;) . 5.15
i Tworloolonunllos 2 ila)n(ai) (5:15)

Putting (), () and () together gives

o lwallen - (—Tog funllgo) _ S wb(a)n(a)
N A > ()
24
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Step 2c: determining the limit. It remains to show that n = w when n > 3. By the same
argument as in step lc,

Mt T M S N EB00w) + bl o)l
sasea)ontas) _ aeia) i) 450 [ (N(20) (Gawn) + Gax (@, wa)wn ) de |

fori=2,...,n—2.

It follows from (@) of Lemma @ that
a;+0 a;+6 )2
/ AL oda = )\(/ (z —a) 3dsc+0(1))

s a8 2((z — a;)% + (wy)?)?
= (= log wy(a;) + O(1))
(b.1d

)
=" A(—log [|lwx]|co + O(1)) .
With the help of Lemma , it implies that

a;+9
/ N(Z10)(0v3) de = A(=(Dhana ) -1og [ oo + O([nonlc) -

Together with (),

a;+90
(AM(L2,0)(Orwr) + Pax (@, wy)w)y)d

ai—é

= (— log Hw,\HCo)()\ . 8)\11))\(%) + w)\(ai)) + O()\ . ”a,\w)\HCO) .
It follows that

LA (M L0)(0rw2) + Pax(, w)wy ) dx

lim =

250 X+ (= log lwallco) - [Oawallco
:hm<3,\w>\(ai) n wy (a;) )

A=0\ [[Ohwallco A [|Oawal|co
— n(a) + lim wy(a;) [[wallco - (—log [lwxl|co) 1
— n(a; 7
A=0 [lwy || co A - [[Oawy | o (—log |lwxllco)

and the last limit vanishes by () and ||wy][co — 0. By the same argument as in step lc,
n=w. U

After showing 1 = w, the limit () is equal to 1. The following lemma is a refined version
of this limit.

Lemma 5.5. The C-norm of wy(z) satisfies
lim A~ (=log [lwaC-)llco(-1) = »

the positive eigenvalue given by Lemma (see Definition )
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Proof. Tt follows from (@) that

w&(—l) — wl)\(l) _ /1 o (2, Wy )wy dz .
-1

A

By () and a direct argument near +1,

1 n
/ (. wn)un da = (<log Junllon) 3 wa(a) + O o)

i=1

According to (@) and Proposition @,

=1
A—0 ||w>\||CO
- 2 i1 w(a:)
fim (=8 +log a () leoa) L2 52+ 00
and this lemma follows. O
As a consequence of this lemma and (),
tim £ wallee (5.18)

A—0 A2 ' ||8)\w)\||co N

6. PROOF OF THE MAIN RESULT

Proposition 6.1. Fir any m > 0. Consider the functions {wx(z)}o.rc_1_ given by Theo-

m+1
rem @, and let ;> 0 be the constant introduced in Definition . Let
c= sp Y@BO o @30
an®2x{0}) Pas(T,Y) N(R2x{0}) Paz(T,Y)
For any e € (0,1), let

- c- U C-

A(t) = 4| ——/——— d A@#)= /77— . 6.1
O=\ga=a ™ A0 =1\/505 0 (6.1)

Then, there exists to > 0 such that w(z,t;€) = wy ) (x) is a supersolution to (@) and
w(z,t;€) = wy_1)(x) is a subsolution to (B.2) whenevert > to.
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Proof. Consider wy () for any smooth A(t) > 0 with A(f) — 0 as t — oo. By (@),
9 0
S0 (@) = - ——
ot 1+ (wf\(t))
Gax )‘(t) s W(t)

= Ovwa gy 0D + ?W
t

fax 1 w) [Orwallco - pl[wal|co A3
= (O wy) - |:at/\—|— — - . (7) .
(Gxamn) 6 1+ (W ot @) Mdunlco L
According to Proposition @, () and Theorem @,
1 w) [Orwrllgo - pllwallco a0 4
2 Lo 2119 -
14 (wh)* lwallgo - (Bxwx)  AZ[|Orwallco
uniformly for —1 < 2 < 1. Since ¢! < % <c !,
- 1—¢€,< 3 1+e 3
O Ae(t) = — Ae(t d oA (t) =— A(t
EAe(t) i (Ae(t))” and  GA(t) o (A1)
This completes the proof of the proposition. O

Theorem 6.2. For any A > 0, there exists a constant ¢ > 0 with the following property.
Suppose that Lg is a circle-invariant Lagrangian 2-sphere passing through p1 and p, such that
pr(Lo) = {(z,up(x),0) : =1 < x < 1} where ug is concave and satisfies

—_

lug(z)] < and —ug(z) < A-up(z) - ¢(x,up(x),0) . (6.2)

c
Then, the Lagrangian mean curvature flow {L;} exists for all time, and
—u"(x,t) < 4N - u(z,t) - d(x,u(z,t),0) (6.3)

for all t > 0. Moreover, the mean curvature converges to 0 uniformly as t — oo while

1 A(-,t 1 A(-,t
1/ﬁ7 < lim inf og max |A(-,¢)| < lim sup og max |A(-,¢)] < el ; (6.4)
2¢ t—o0 Vit t—o0 Vit 2c

see Proposition for the constants ¢, ¢, p.

Proof. Step 1: choosing c¢i and g(t). Let co be the constant in Corollary @ For any € € (0, %],
consider the supersolution w(z,t;€) and subsolution w(zx,t;€) to (@) for t > to(e), produced
by Proposition @ By enlarging ¢ty = to(A, €) > 0, we may assume

1 1 >
— Z49). o( - to: o( - to: €)% d
28~ (Com<§35{o}>¢+ ) /0 [l2(- 7+ tollco vy + 10(- 7+ to; )lr -y ] d7

(6.5)

and [|w(-,t +to;€)|[cr((=1,1)) < 1 for every t > 0.
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Then, let
min{l —x,1 + x}

c1(A,e) = su = 6.6
1(As€) —1<aIc)<1 w(z, to; €) (6.6)

Note that
min{l —z,1+ 2} <ci(A€) - w(z, to;e) for every x € [-1,1] . (6.7)

The existence of such tg and ¢; is guaranteed by Lemma @, Theorem @ and Lemma @

Let
s=5 (0 s T42) [ (G, +tollosgorny + 19,7+ 10l a )T
A QN (B2 x {0}) 0 ’ ’ (=t ’ e
(6.8)

Step 2: long-time existence. Now, let ¢ = ¢1(A, %) In this step and the next step, write
w(z,t; 3) as w(z,t), and w(z,t; 1) as w(z,t) for brevity. Denote by T € (0, 00] the maximal
existence time of the Lagrangian mean curvature flow. Since ug is non-trivial and concave, (4.7)
implies that there exists a t; > ¢y such that ug(z) > w(z,t;) for x € [-1,1]. By Lemma B.§,
u(z,t) > w(x,t + t1) for every t € [0,T). In particular, u(a;,t) > 0 for t € [0,7) and i =
2,...,n — 1. In other words, the curve does not reach (as,0),..., (ay—1,0) in finite time.

The conditions (@), (@) and concavity imply that ug(z) < w(z,to) for x € [-1,1]. Again
by Lemma @, u(z,t) < w(z,t+tp) for all t € [0,7T).

Recall that Lemma @ asserts that u”(z,t) < 0. Tt follows from wu(z,t) < w(z,t + to)
and Remark @ that 0 < o/(—1,t) < @'(—1,t + tp) and 0 > u/(1,¢) > @'(1,t + tog). Hence,
' (2, )| co—1,1)) < |0 (2, +to)[|co(-1,1])- According to Theorem @, |w(-, ) ller =117 — 0
as t — 0o, and hence |u(-,t)||c1((=1,1)) — 0 as t — oc.

We estimate the first three terms on the right-hand side of (@)

u 2(u')?
ST T T Wy

1 _ _ U
> (cosup s 2) - ([l (2, t + to)llco -,y + 10(2, t + o) a _1.17)) — 0y~ 2(u')?
0

Y

Now, the maximum principle applies to Q(x,t) defined by (@), and Q(z,t) is always non-
negative. Thus,

u- ¢(x,u,0)
9(t)
Since g(t) > 2%\’ y - ¢(z,y,0) is uniformly bounded on €2, and u’ is bounded by the C'-norm of
w, we find that v” is uniformly bounded on (—1,1) x [0,T). According to Lemma @, T must

be co. The bound (@) is a direct consequence of (@)
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Step 3: mean curvature and second fundamental form. By (@)
1 —u” V- o(z,u,0 _
H| = < o )\/a < ¢y ||w(
2 ( + (u )2) g9(t)

for some ¢y > 0. It follows that H — 0 uniformly as ¢t — oco.

1
2t + 1) |20 1) (6.10)

It remains to analyze the second fundamental form. According to [§, Proposition 4.6] and
[9, Proposition 4.1],

(078 67 H o)+ 672 |a0(0.)]) <141 < a6 Hu| + 67 fdo(a)| + 67 do@.)])

(6.11)
for some c3 > 0, where n is the unit normal of the plane curve. From the proof of Lemma @,
both ¢_%|u”| and gb_%‘dgb(az)’ remain bounded, and only gzﬁ_%dqzb(n) = —gb%dqzﬁ_l(n) could
blow up as t — oo. Moreover, it is bounded for x € [-1,—1 + 6] and = € [1 — 4, 1], where
6= f—omin{ag —ai,an — ap_1}.

The concavity of u implies that
)
u(z,t) > §||u( Stleo-1y) forx € [-146,1-0].

By the same argument as that in the proof of Lemma @, |d¢~!| is bounded, and thus

-

[62de ! (n)] < es07 < o5 (u(,1)) 2

for some constants cq4, c5. It follows that

Jun

sup |p2de™! (n)] < eglfu( -, ] P (6.12)
|z|<1-6

for some constant cg = c¢g(4). On the other hand, v/(x,t) — 0 uniformly as ¢ — oo, and

lim (2,¢™ Loy ") (ai, y,0) = (0,2)

y—

for i =2,...,n — 1. It follows that there is a ¢; > 0 such that

1 . 1
(63do ()], 4_y, = erllu )iy (6.13)

for i =2,...,n — 1. Putting (bl]J), (blj) and (kili*ﬂ) together gives

1 1
— < ||U('7t)Hé0([,1 1)) 'maX|A('7t)’ <cs (6.14)
08 i

5(11 = —1 and a, = 1 correspond to smooth points of the infinite-time limit.
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for some cg > 1. Since |[u( -, t)[|co(j—1,1]) is sandwiched by w(z,t+to) and w(z,t+11), it follows

from () and Lemma @ that

-1
. logmax |A(-,t)] 1 . Ar(t+t1)log [|w(-,t + 1)l o 1+ 3
lim sup < = lim -2 = uand
t—00 Vit 2to00 VE-AL(t+ 1) 2¢
2
3 - -1
.. .logmax|A(-,t)] 1 .. /\;(t—i-to)logHw(-,t+t0)||co 1—%
lim inf > — lim 2 - = — T
t—o00 \/i 2 t—oo \/i ‘A1 (t + tO) 2¢c
2

Step 4: proof of (@) We have already proved the long-time existence, and u(-,t) — 0 as

t — oo in C'. For every € € (0, 3), we can find ¢, sufficiently large such that |v/(z, )| < WIAE)'

Repeating the arguments of Step 2 and Step 3 (with u(x,t3) as the initial date) implies that

(1—e)u
2%

log max |A( -, )] < lim sup log max |A( -, )] < (1+e)p '

\/'E t—00 \/E o 2c

Since this holds true for every e € (0, %), this completes the proof of the theorem. O

< liminf
t—o0

Remark 6.3. By (@), the neck size, namely the circumference of the circle corresponding to
u(ai, t) for i = 2,...,n — 1, is of the same order as
1

_1 3
¢~ 2 (ai, u(a;,t)) ~ Hu(-,t)HéO([_m) ~ max |A(-,t)]

Suppose that the ambient hyperkdhler manifold is ALE (m = 0) or ALF (m > 0), and that
p1,--- ,Pp are precisely the fixed points of the circle action. Then Q = R? and ¢(x,y,0) =
dax(x,y); see [§, Examples 2.4 and 2.5]. Consequently, ¢ =1 = c.

Corollary 6.4. When the hyperkihler manifold is ALE (m =0) or ALF (m > 0), and p1,...,pn
are all fized points of the circle action, assertion (@) of Theorem becomes

_logmax[A(-,t)] _ [p
lim N =1/5 - (6.15)
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