BERNSTEIN THEOREMS FOR CALIBRATED SUBMANIFOLDS
IN R” AND R8

CHUN-KAI LIEN AND CHUNG-JUN TSAI

ABSTRACT. This paper explores the Bernstein problem of smooth maps f : R* — R3 whose
graphs form coassociative submanifolds in R”. We establish a condition, expressed in terms
of its 2-dilations, that ensures f is affine. To the best of our current knowledge, our theorem
achieves the minimal deficiency regarding the Lawson—Osserman cone. A corresponding result

is also established for Cayley submanifolds in R%.

1. INTRODUCTION

The classical Bernstein theorem asserts that a complete minimal surface which is the graph
of f: R? — R! must be a plane. There have been many studies on this Bernstein type theorem
in the general setting: suppose that a complete minimal submanifold in R™*™ is the graph of
some f : R"™ — R™ is f an affine function? It is better understood in the hypersurface case,

m = 1. One may consult [2] and the references therein for the hypersurface case.

In higher codimensions, Lawson and Osserman [9, Section 7] constructed a minimal cone in

R7, which is the graph of a Lipschitz map from R* to R3. The map is explicitly defined by

=%

(x3 + of — 25 — 23, 22129 + 22073, 22173 — 270T2) (1.1)

for x = (w9, 21, 72, 3) € R%. Consequently, the Bernstein type theorem cannot hold in its most
general form in higher codimensions. Known results often involve the (non-negative) square
root of the eigenvalues of (df)”(df), namely, the singular values of df. Denote the singular
values by {A1, -, Amin{n,m} }- For (L.1), the singular values are {V5,/5, é} Notable previous

results include:

e For n = 3 and general m, Fischer-Colbrie [5, Theorem 5.4] proved the Bernstein theo-
rem under the condition of bounded gradient (A; < C for all 7).

e For general n,m, Wang |17, Theorem 1.1] established the Bernstein theorem for maps
with bounded gradient and strict area-decreasing property, specifically, \;j\; < 1 —¢
for some ¢ > 0 and any i # j.

e For Lagrangian minimal submanifold in R" & R"™, Tsui and Wang [15, Theorem A]
proved the Bernstein theorem when the gradient is bounded and A\;A; > —1 for any
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i # j. In the Lagrangian case, f = Vu for some u : R” — R!, and the singular values
are defined as the eigenvalues of D?u. In particular, \; could be negative. A similar
result was also obtained by Yuan [18].

Minimal Lagrangian submanifolds, also known as special Lagrangian submanifolds, are vol-
ume minimizers and a key class of calibrated submanifolds introduced by Harvey and Lawson
[6]. In [6], the volume-minimizing property of special Lagrangians is proved by leveraging the
complex structure of R™” ¢ R" = C".

Harvey and Lawson [6] identified three additional types of volume minimizers:

dimension ambient space

coassociative 4 R~ Hea& ImH
associative 3 RTImH®H
Cayley 4 RE2HaH

They are defined using the octonionic structure of their respective ambient spaces. Their defi-
nitions will be briefly reviewed in Section and [5| Note that associative submanifolds are of
3 dimensions. Therefore, if an associative submanifold is the graph of an entire map from R3 to
R* with bounded gradient, Fischer-Colbrie’s result |5, Theorem 5.4] can be applied to conclude
its flatness. Non-flat examples with unbounded gradients are not hard to be constructed, such
as by modifying the example in |18| p.118].

1.1. The Main Results. This paper examines the Bernstein problem for coassociative sub-
manifolds in R” and Cayley submanifolds in R®. Given the Lawson-Osserman cone, defined
by the graph of (1.1f), is coassociative [6, IV.3], it is clear that the bounded gradient alone is

insufficient in the coassociative case.

For coassociative submanifolds graphical over H& {0}, their singular values can be shown to
satisfy

A+ A2+ A3 = A )g . (1.2)

Similar to special Lagrangian submanifolds, )A; could be negative. However, unlike the special
Lagrangian case, sign flipping altogether is an ambiguity (see Remark [3.2). It suggests that
conditions based on quadratic expressions of \; are more useful.

Moduli sign flipping, the locus of (1.2) in R3 comprises two components (Lemma [2.1)): one
containing the origin, and the other in the first octant. Here is our result in the coassociative

case.

Theorem A (Theorem. Suppose that a complete, coassociative submanifold in HImH s

the graph of a map from H to Im H, whose singular values satisfy one of the following conditions:
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FIGURE 1. The conditions

o The singular values belong to the component containing the origin, and A A2 + A2As +
A > —2V2 + ¢ for some 0 < & << 1.
e Or, the singular values are all positive (or all negative), and \;\j < 4 for any i # j.

Then, the coassociative submanifold is an affine space.

We briefly compare our conditions with the area-decreasing condition, |A\;A;| < 1. Initially,
the conditions of Theorem A might appear more restrictive than the area-decreasing condi-
tion. However, this is not the case. The area-decreasing condition has to be considered in

conjunction with (T.2)) or (1.3). For example, (A1, A2, \3) = (V/8, —v/8,0) does not satisfy the

area-decreasing. By expressing Az as a function of A\; and Ay using (1.2), \3 = /\’\11;2 );21, one can

visualize the conditions on the A\j Ae-plane. In Figure [1] the solid curve enclosed the region cor-
responding to the first condition in Theorem A (with e = 0), while the dotted curves enclose the
hexagon-like region representing the area-decreasing condition. It is also not hard to see that
our condition is better than the condition in |7]. With this in mind, all known Bernstein-type
results for minimal graphs where n = 4 and m = 3 are subsets of Theorem A’s first condition.

Theorem A’s second condition, a neighborhood of (\/§, V3, \/3), can only be identified un-
der the coassociative assumption. As mentioned earlier, the singular values for the Lawson—
Osserman cone are {\/5, V5, é}, and lie outside the connected component containing the
origin.

For a Cayley submanifold which is graphical over H & {0}, its singular values must obey
A0 F AL+ A2+ A3 = A Ao A3 + Ao 3o + AsA1 Ao + Ao Ae . (1.3)

In this case, we have the following theorem.



Theorem B (Theorem . Suppose that a complete, Cayley submanifold in H & H is the
graph of a map from H to H, whose singular values satisfy

—V6 + & < AoA1 + Aoda + Aoz + A de + Aidg + Aadz <0

for some 0 < e << 1. Then, the Cayley submanifold is an affine space.

This paper is organized as follows: Section [2] examines the properties of the loci defined by
and . Section and review the preliminaries of calibrated submanifolds in R” and
R, and establish the singular value decompositions. For potential future use, the discussion of
associative submanifolds is also included. Section [6] provides the proof of Theorem A. Section

[7 presents the proof of Theorem B, complemented by a technical lemma in Appendix [A]
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2. BASIC PROPERTIES OF THE SET OF SINGULAR VALUES

For j € {0,...,n}, denote by o; the j! elementary symmetric polynomial in n-variables.
For example, og(A1,..., n) =1, o1(A1, ..., An) = Do g A, 02(A1,.. ., A,) = Zl§i<j§n Aidj,
and op (A1, ..., ) = [T A

Lemma 2.1. The set G = {A = (A1, A2, \3) € R3: 01(A) = 03(A)} is a smooth hypersurface in
R3. It has the following properties.

(i) G has three connected components, G+ UGyUG_. The component G is the intersection
of G with the first octant, G = {(A1, A2, A\3) € G: A\; >0 for all i}, and G_ = —G.
(i) For anyi# j, \iXj <1 on Gy, and \i\j > 1 on G UG_.
(iii) o2(AX) <0 on Go; o2(A) =29 on GL UG_.

Proof. Rewrite the equation as A\j + A2 = (A A2 — 1)Az. If Ao =1, A; + A2 = 0. It follows
that A; Ao < 0, which contradicts to A1 Ay = 1. Hence, Aj Ao # 1.

As a consequence,
AL+ Ao
Ao —1
It is not hard to see that when Ay < 1, A1, Ao, A3 cannot be of the same sign. This finishes
the proof of assertion (i) and (ii). Note that on Gy, A\jA; < 1 for any i # j.

g:{()\l,/\g, )E]Rg:)\l/\g#l} .

For the first part of (iii),

A1+ Ao B 1
MAda—1 Ml —1
4

A Ag + ()\1 + )\2)

1, 1., 1
(A?AE + oM g S+ A2)2> :



Since A1 A2 < 1 on Gp, AjA2 + A2As + Az < 0 on Gy. For the second part of (iii), it suffices to
do it on G4. By completing the square and the AM-GM inequality,

(A1 + A2 + A3)? > (A2 + Aods + AsAr)
2 2
> 9(A1A2A3)3 = 9(A1 + Ao + A3)3 .

It follows that A; + X2+ A3 > 3v/3, and the assertion follows. Note that the equality is achieved
at)q:)\Q:)\g,:\/g. O

We will need the following properties later, which does not require o1 (A) = o3(X), and whose

proof is simply by completing the square.

Lemma 2.2. For A = (A1, A2, A3) € R, (i) (01(X))? > 302(A), and (i) (02(N))? > 301 (A)az(N).
The following lemma is the four-dimensional version of Lemma [2.1

Lemma 2.3. The set S = {X = (Ao, A1, A2, A3) € R : (X)) = 03(N)} is a smooth hypersurface
in R*. It has the following properties.

(i) o2(Ali) # 1 for all i. The notation means oy on XA with \; removed. For example,
o2(A1) = AoA2 + AaA3 + AzAo.
(ii) S has three connected components, Sy U Sop U S—, where So = {A € S : oa(Ali) <
1 for alli}, St ={A € S:02(Ai) > 1 for alli and o1(A) > 4} and S— = -8y
(iii) 09 <0 on Sp; 02 > 6 on Sy US_.

Proof. The equation can be rewritten as o1(A|0) — 03(A|0) = (02(A|0) — 1)Ag. Suppose that
02(A|0) = 1. One must have g1(A|0) — o3(A|0) = 0. By Lemma (iii), o2(A|0) can never be
1, which is a contradiction.

To avoid confusion, denote o;(A|0) by &;(A1, A2, A3). It follows that S is graphical over
{0} x R3:

(61— 73) (A1, A2, A3)

S=A( (G2 — 1)(A\1, A2, \3)

AL A2, Az) € RY:ag(Ag, Ao, A3) # 1} .

It is not hard to see that the domain, {(A1, A2, A3) € R3 : 52(A1, A2, A3) # 1} has three connected
components: 7(Sy) > (1,1,1), 7(Sp) 2 (0,0,0) and 7(S-) = —7(S4+) 2 (—1,—1,—1), where 7
is the orthogonal projection onto {0} x R3.

Since o2(Ali) — 1 is nonzero on S, it cannot change sign on Sy. Note that it is negative at
A = (0,0,0,0), and thus o2(A|i) < 1 on Sp for i = 1,2,3. The same argument implies that
o2(Ai) >1on St US_ fori=1,2,3.



For A € &4, it follows from Lemma. that &1 > /362 > V3. According to Lemma
(i), o3 < (62)2/(361) < (ag/f) Hence, for Ae Sy,

01— 03

—4 = +01—4

0‘2—

1 - . -
= — [—03 + 6109 — 49 + 4]
o9 — 1

—&;21{33( )+wfwg3—@g+4

_ ( Vo + )(ﬂ—\/ﬁ)zzo

02—1

It remains to prove assertion (iii). When A € Sy, 62 < 1, and

01— 03 .
01+ 02

72 = o9 — 1
- 521_ 1 [((51)2 — &9) + ((62)* — G153)] -

Due to Lemma the numerator is no less than Z[(51)? 4 (62)?], and thus o2 < 0. When
A e Sy US_, again by Lemma

1
o2 =6=2"7 [(61)° = 6165 + (52 — 1)(62 — 6)]

> (36, — <(62)2 + (62)2 — T + 6

51 o2 — 3(02 02 02
1 2

= (69 —-3)*>0

5-137 73
This finishes the proof of the lemma. O

3. SOME LINEAR ALGEBRA ABOUT THE G9 GEOMETRY OF R”

We follow [8] and [13] closely in our discussion of G2 and Spin(7) geometry. Readers can find

more detailed information and additional references there.

Let (2%, 2%, 22, 23, y', 42, 9°) be the coordinate for R”. For i = 1,2, 3, denote by w’ the 2-form
dz® A dz® + da? A dz® where (4,7, k) is a cyclic permutation of (1,2,3). Let

p=dy'B —dy' Awr —dy? Aw? —dyd AW? (3.1)

where dy'?3 denotes dy' A dy? A dy®. With respect to the standard metric Zf’zo(dxi)2
Z:;’:l(dyj)2 and the volume form dz?123 A dy'?3, the Hodge star of ¢ is

Y =da"? —dyP Aw! —dyP Aw? —dytP AW . (3.2)



The exceptional Lie group G is the automorphism group of :

Gy ={9 € GL(T;R) : g"(p) =} .
Since ¢ determines the metric and orientation, Go is contained in SO(7).

Recall that the standard action of SO(4) on R* naturally induces an action on AiR‘l. Con-
sidering R” as A2R? (where R* = {y! = y? = y3 = 0}), one finds SO(4) < Gs. Specifically,
for ¢ € SO(4), g*(w') = 25:1 A; w’ where [A] € SO(3). It acts on the y-coordinates by
g*(dy?) = Z;’:l A; dy’/. One can see from that g leaves ¢ invariant. For SO(3) < SO(4)
defined to be the subgroup that fixes the 2" coordinate, the corresponding action on R” is given
by the standard action on the (z!, 22, x3)-summand and the (y!, 52, 3®)-summand. We fix this
choice of subgroups SO(3) < SO(4) < G2 in this paper.

3.1. Products and Gs-basis. The metric dual of ¢ defines a vector cross product by
(u x v,w) = p(u,v,w)

for any u, v, w € R”. For example i><i1 = —il. An ordered, orthonormal basis {eo, ..., eg
y ] p ) 920 ox 8y 9 ) )

is called a Ga-basis if their vector cross products satisfy the same relation as that of the above
coordinate basis. Equivalently, if {#?}$_; is the dual basis of {e;}$_,, then
e=0" NN — 0 A (00 ABOL+ 6% A 03
— AN BN -0 AN+ 0 NG?) .

Similarly, the metric dual of ¢ defines the associator by

3.2. Coassociative Subspaces. An oriented 4-dimensional vector subspace P C R7 is said to
be coassociative if it is calibrated by 1. Namely, 1)(P) = £1. According to [6, Corollary 1.20
on p.117], P is coassociative if and only if ¢|p = 0.

Lemma 3.1. Suppose that P C R” is coassociative, and is graphical over R* x {0}. Then, there
exists an SO(4) < G change of coordinate, after which P is spanned by

0 0 0 .
520 and &Ui—!—)\ia—yi fori=1,2,3,

for some \; € R satisfying A1 + Ao + A3 = A1 A 3.

Proof. Since P is given by the graph of a linear map from R* x {0} to {0} x R3, one can apply

the singular value decomposition to find an orthogonal basis for P. Recall that the singular
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value decomposition produces an SO(4) change of coordinate for the domain, R* x {0}. By the
SO(4) < G5 action on R7, P has the orthogonal basis

3
0 0 0

— d - gB?—. fori=1,2,3.
570 an axz—i-j:l i Dy or 1 52,

In particular, Zi:l B;-I“B;€ =0 for any i # j.

Since P is coassociative, p|p = 0. It implies that Bg = Bji» for any i # j, and tr(B) = det(B).
Since B is symmetric, it can be diagonalized by an SO(3) matrix. By the SO(3) < G2 action
on R, the orthogonal basis of P becomes

0 0 0 .
@ and @—F)\Zaiyl for'l:].,273.
We infer from tr(B) = det(B) that A1 + A2 + A3 = A1 A2 3. O

Remark 3.2. The correspondence given by Lemma P — (A, A2, \3), has ambiguities. In
addition to relabeling \;’ s, the negative identity matrix —I4 € SO(4) < G2 flips the sign of all
Ai’s. Therefore, it induces an equivalence between G4 and G_ described by Lemma [2.2]

Since Lemma [3.1| is only for graphical ones, it does not mean that the Grassmannian of
coassociative 4-planes is disconnected. For example, P, spanned by %, cos t% + sin taiyl,
cos t% + sinta%27 and cos(2t)% - s.in(Qt)a%3 is coassociative for all ¢. It connects different
components by passing through non-graphical coassociatives.

The components Gy and G4 U G_ defined in Lemma correspond to different orientation
in the following sense.

Corollary 3.3. For any (A1, A2, A3) € G, let

5 1 if (M, A2, 03) €Go (3.3)
=1 if (M, A2,A3) € G UG,

and

o= 50 e._1<0+>\,3> . ._5<‘9_)\,8>
0 8330 ) 7 /71 +>\22 81" Zayl ) 3+ /71 +)\Z2 ayz Zaxi

fori=1,2,3. Then, (eq,e1,e2,e3) = 1, and {e;}%_, is a Ga-basis. To phrase it formally, the

graphical orientation coincides with the orientation determined by 1 if and only if 1 —A;\; > 0.

Proof. By a direct computation,

. 0 g tMgr gEtlegr gmtAags) 1o Ade - dods— Ak
0z0" 1T+ 22 7 1+ T 14N VOEX)A+ )1+
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Since A1 + A2 + Az = A1 A2 A3, the square of the right hand side is equal to 1. By plugging into
(A1, X2, A3) = (0,0,0) and (v/3,v/3,1/3), the right hand side is §.

The verification of the Ga-basis is a straightforward computation. We do two of them, and
the rest are left as an exercise.

eq4 X e d 9 X 0 —5i—e
AR 1+ A2 83:1 81:1 8y1 920 0

exe—# 8—1—)\i x# i—i—)\i
? 3_\/1+/\2 02 " oy ) T Ty Al \0a® T oyt
0 0
14+ Ao A2+ A
\/(1+A§)(1+A§) <( 2 3)3y1 Do 23)5,7 >
=1+ <8_A8>
VIR g oyt ot

By using the above computation on (eq, €1, €2, e3), one can find out that it is exactly —ey. O

3.3. Associative Subspaces. An oriented 3-dimensional vector subspace @ C R7 is said to
be associative if it is calibrated by . Namely, ¢(Q) = £1. According to [6, Corollary 1.7 on
p.114], @ is associative if and only if [u,v,w] = 0 for a basis u,v,w for Q. That is to say,
o(u,v,w, -) = 0 as a linear functional on R7.

Lemma 3.4. Suppose that Q C R is associative, and is graphical over {0} x R3. Then, there
exists an SO(4) < Go change of coordinate, after which P is spanned by

0 0
oyt + /\i@

fori=1,2,3,
for some \; € R satisfying A\ + Ao + A3 = A1 AaA3.

Proof. Since dim @ = 3, there exists a unit vector in R* x {0} that is perpendicular to Q. By
SO(4) < G2, we may assume that it is 8%0 Then, ) is the graph of a linear map from the
(yt, 2, y3)-summand to the (z!, 22, 23)-summand. After applying the singular value decompo-

sition and the SO(3) < G2 change of coordinate, @ has the orthogonal basis

fort=1,2,3.



A straightforward computation yields

3 3 3
B ) ) 0
— Bl — = Bl — BI_— .
U\ oyt +j§::1 10w’ Oy +j§::1 201 Oy +j§=:1 S0’
= (—det(B) + tr(B))dz" + (B2 — B3)dz' + (B} — Bi)dz? + (B) — B?)da?
+(BIB3 — B/ By — B{ B} + BiBy)dy' + (B} Bj — B{ B} — By B + B3 B3)dy’
+ (BB} — B}B2 + B3Bi — BiB3)dy® .

Since @ is associative, the above linear functional vanishes, which means tr(B) = det(B) and
B is symmetric. By the same argument as that for Lemma this lemma follows. O

4. SOME LINEAR ALGEBRA ABOUT THE Spin(7) GEOMETRY OF R®

Let (2°,...,2%,4°, ...,4%) be the coordinate for R®. The Cayley form is
P =da"B + Ay — W A — WP A2 — WA (4.1)
where
wi=da® Adat +dad Ada®  and  Af = dy® Adyt + dy? AdyF
for i =1,2,3 and (4, j, k) a cyclic permutation of (1,2, 3).

The automorphism group of ® is the Lie group Spin(7): Spin(7) = {¢g € GL(8;R) : ¢*(®) =
®}. The following subgroups of Spin(7) will be used later.

e For h € SU(2), p, (k) acts on {0} x R* trivially, and acts on R* x {0} by
20+ 1zt 2?4+ /123 20+ /1ot —2? /123
2?4+ /123 2 — /1! 2?2413 20— /=12t |

The action leaves w'’s invariant, and thus p; (SU(2)) < Spin(7). Note that it acts
transitively on the unit vectors of R* x {0}.

e Analogously to p;, p, (SU(2)) < Spin(7), and acts transitively on the unit vectors of
{0} x R*.

e For h € SO(4), let p(x,y) = (hx,hy). In terms of matrix representative, p(h) is the
doubling of h as a 4 x 4-block diagonal matrix.

4.1. Cayley Subspaces. The metric dual of ® defines a triple cross product by
(z,u xvxXw)=P(z,u,v,w) .

An ordered, orthonormal basis {e, ..., e} is called a Spin(7)-basis if their vector cross products

satisfy the same relation as that of the basis given by the above coordinate.
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An oriented 4-dimensional vector subspace R C R7 is said to be Cayley if it is calibrated
by ®, ®(R) = £1. By [6, Proposition 1.25 on p.118|, a 4-plane R is Cayley if and only if
uxXvXxXwéE R for any u,v,w € R.

Lemma 4.1. Suppose that R C R® is Cayley, and is graphical over R* x {0}. Then, there exists
an Spin(7) change of coordinate by using p, (SU(2)), p, (SU(2)) and p(SO(4)), after which R
s spanned by

0 0
ox? + oy’
for some \; € R satisfying Ao + A1 + A2 + A3 = A1 AaA3 + A2 A3 + AgAsA1 + AgArAe.

fori=20,1,2,3,

Proof. Since R is graphical over R* x {0}, the singular value decomposition finds an ordered,
orthogonal basis for R, whose projection on R* x {0} is also an oriented, orthonormal basis,
and the projection onto {0} x R* is an orthogonal set. We call them the SVD basis for R.

One only needs to consider that case that R is not R* x {0}. In this case, there exists an
element , ug,in the SVD basis with non-trivial projection onto {0} x R*. Since p, (SU(2)) and
py (SU(2)) act transitively on R* x {0} and {0} x R*, respectively, this element can be assumed
to be

d d
0= 920 + AO@T/O
for some Ao # 0. Let SO(3) < SO(4) be the stabilizer of the x°-direction. By an 5(SO(3))-
change of coordinate, the rest elements, {ui}?:p of the SVD basis can be assumed to be

u

3
0 . 0
RN oY
v oxt +Z v oyd

Jj=1

fori=1,2,3.

Since R is Cayley and {u;}?_, is orthogonal, uj X uz x ug is parallel to ug. The vanishing

of the azi—component of u; X ug X ug for ¢ = 1,2,3 implies that B is symmetric. By using the
p(SO(3))-change of coordinate again, B can be assumed to be diagonal, and u; = % + )‘ia%i
fori=1,2,3.

For an orthogonal basis of a Cayley plane, [6, Theorem 1.24 on p.118] asserts that ®(ug, u1, ug, usz) =
+|ug| |u1]| |uzl| |us|. It follows that

14 AoA1A2A3 — AoAL — A2A3 — ApAa — AsA1 — Aoz — A1 e

4.2
= /(1) N+ A1+ ) 42

Squaring it leads to the relation asserted by this lemma. O

Similar to Corollary the basis given by Lemma can be extended to a Spin(7)-basis.

We will focus on the Sy component described in Lemma, [2.3
11



Corollary 4.2. For any (Ao, A\1, A2, A3) € S, let

. 1 ( 0 A 0 > . 1 ( 0 ) 0 )

i= 77—\ 55 TNz ] dpi = 77—\ 57 — Nz
\/ 1+ 22 Oz 9y 1+ X2 9y Oz

fori=0,1,2,3. Then, {e;}"_, is a Spin(7)-basis. In particular, ®(ep,e1,e2,e3) = 1.

Proof. When (Mg, A1, A2, A\3) € Sp, one can argue by continuity that the sign in (4.2) is plus.
With (4.2)), it is a direct computation to verify that {e;}7_, is a Spin(7)-basis. For instance,

1+ AoA1A2A3 — oAt — Aoz — AoAa — A3A1 — XAz — A2

®(eq, €1, €2,€3) = =1,
| ) VIR AW+ )1+ )
—AA2A3 + Ag + A1 — AgA2A3 + Ao — AgAiAs3 + A3 — Ao Ae
P(eq, €5, e6,€7) = = = > > =0,
VA + A1+ 23) (1 + A3)
and the rest are left as an exercise. O

5. SECOND FUNDAMENTAL FORM

5.1. Calibrated Submanifolds in R7. A 4-dimensional submanifold X C R is called a
coassociative submanifold if T, X is coassociative for every p € X. A 3-dimensional submanifold
Y C R7 is called an associative submanifold if T,Y is associative for every p € Y. Since they
are calibrated submanifolds (see [6]), they have vanishing mean curvature. They come from the
algebraic structure of octonions, and their second fundamental form admits more symmetry.

Lemma 5.1. Let X C R7 be a coassociative submanifold. At a p € X, suppose that {ei}g’zo 18
a basis for T,X and {e,}S_, is a basis for NyX such that {eo, ..., es} is a Ga-basis. Then, the
second fundamental form at p, haij = (De, €, €q), satisfies the following relations.

havi + hs2i + hesi = 0, haoi + hs3i — he2i = 0,

hagi — hsoi — he1i = 0, hazi — hs1i + heoi = 0
fori=20,1,2,3.
Proof. Extend eq, e1, e2 to an orthonormal field for T'X over a neighborhood of p. Let es be the
tangent field of T'X such that 1(eg, e1,e2,e3) = 1. Let esq; = e; X ¢g for i = 1,2,3. Since X is

coassociative, this gives a Ga-basis for every point in this neighborhood of p in X. Since ¢ is
parallel, so is the vector cross product, and hence

ha1i = (De,e1,e4) = —(e1, De,eq) = —(e1, De, (e5 X €5))
= —(e1, (De,e5) X €6 + €5 X (De,e6))
= <€1 X 66,De¢€5> — <61 X 65,D6i€6>

= (eg, De¢,e5) + (€3, De,e6) = —hs2i — hesi -
12



The other equalities can be proved by similar calculations. O

The second fundamental form of associative submanifolds admit similar symmetries. The
proof is very similar, and is omitted.

Lemma 5.2. Let Y C R7 be an associative submanifold. At ap € Y, suppose that {ei}?:4 s a
basis for T,Y and {ea}>_, is a basis for N,Y such that {eq,...,es} is a Go-basis. Then, the
second fundamental form at p, haij = (De,€j,€q), satisfies the following relations.

hi4; 4 hasi + hae; =0, hoai + h3si — hagi =0,
h3ai — hosi — hiei = 0, ha4; — h1si + hosi = 0

fori=4,5,6.

5.2. Calibrated Submanifolds in R®. A 4-dimensional submanifold Z C R® is called a
Cayley submanifold if T,,Z is Cayley for every p € Z. Unsurprisingly, its second fundamental

form also admits more symmetry.

Lemma 5.3. Let Z C R® be a Cayley submanifold. At a p € Z, suppose that {ei}f’zo s a basis
for T,Z and {ex}!_, is a basis for N,Z such that {eo,...,er} is a Spin(7)-basis. Then, the
second fundamental form at p, haij = (De,€j,€q), satisfies the following relations.

haoi + hs1i + he2i + hr3i =0, hati — hsoi — hesi + hr2; =0,
ha2i + hs3i — heoi — h71; =0, hazi — hs2i + he1i — hro; = 0
fori=0,1,2,3.

Proof. For i,j € {0,1,2,3}, we compute

h4ji = <Dei6’j,€4> = <De¢€j7€5 X eg X €7>
= —(€j, (De,e5) x €6 X e7) — (€j,e5 X (De,€6) X e7) — (ej,e5 X e X (De,e7))
= (De,es5,¢e; x eg X e7) — (De,e6,€ X €5 X e7) + (De,e7,€5 X €5 X €g)

= —(e5, De;(ej X eg x 7)) + (€6, De,(ej x €5 X e7)) — (e7, De,(e; X e5 X €g)) ,

and this lemma follows. O

6. BERNSTEIN THEOREM FOR COASSOCIATIVE GRAPHS

6.1. The Equation for a Minimal Graph. Suppose that ¥ c R" is an oriented minimal

submanifold, and € is a parallel n-form on RV . It induces a function on ¥, which will be denoted
13



by Q. If {e1,...,en} is an oriented, orthonormal basis for 7,3, (xQ)(p) = Q(e1,...,en).
According to |16, Proposition 3.1], it satisfies
AGQ) == xQ- (O h2i) +2) 0 [Qearepes, .. en)hatrhsk
i afB k (6.1)
+Q(eq, €2,€8, ..., en)harkhgsr + Qer, ..., en_2,€q, eﬁ)hcx(n—l)khﬁnk}
where A is the Laplacian of X, {e,} is a orthonormal frame for NX, and hqij = (De, €5, €q) is

the second fundamental form.

By |16, (3.1)], the gradient of *€2 is
€k(*Q) = Q(ea, €. .. 7€n)ha1k 4+ -+ Q(el, ey Ep—1, ea)hank . (62)

In the rest of this paper, ¥" will always be graphical over some R* C RY, and w will be
taken to be the parallel transport of the volume form of this R".

6.2. The Equation for Coassociative Graphs. If X C R” is coassociative and is graphical
over R* x {0}, one can apply Lemma with P = T,X for every p € X. Together with
Corollary it associates a Ga-basis and singular values for each point p € X, and we can
evaluate the right hand side of and at p by using this basis. Since X is connected,
the singular values must be either in Gy or G4 UG_. Let Q = 5 da0 A dat A dz? A da® where §

is defined by (3.3)). It follows that 2 = L ; (6.1) and (6.2)) read

VI (A+A2)(1+A3)

A(Q) = —(+Q) - | (O h2ij) — 20X > (hurehso — hasehsie)
a,t,g k

—2X0X3 Y (hsakhesk — hsskheor) — 2AsM1 > (hawkhese — haskhotk) |
k k

er () = —0(+Q) - Y " (Mharx + Aahsow + Ashesk) -
k
Therefore,
—(*Q)AFD) + |[V(+Q)[?
(xQ2)?
= hZi+ > (Ahi + Mhsak + A3hs,
k

O{,Z,]

Alog(x2) ™) =

(6.3)
+2X1 Aohaorhsii + 22 A3hs3khear + 2A3 1 haskheik)

According to Lemma the second fundamental form has only 15 degrees of freedom, and
are grouped as follows.

Group 0: hy23, hs31 and hgio. Note that hygr = hei2 — hs31, hso2 = hazs — he12, and

heoz = hs31 — haas.
14



Group 1: hso3, hs12, heo2 and hegzi. Note that haoo = —hso3 + heo2, hat1 = —hs12 — he3i,
ha2a = hs12 — heoz2, and hass = hse3 + he3i.
Group 2: hgot1, he2s, haoz and ha12. Note that hsoo = —heo1r + haos, hsi1 = heo1 + hai2,

hs2o = —he2z — ha12, and hs33 = hgag — haos.
Group 3: hyo2, hasi, hso1r and hsez. Note that heoo = —hao2 + hsot, hei1 = haz1 — hsor,
he22 = hao2 + hs23, and hg3s = —haz1 — hsos3.
Fori=0,...,3, let h; be the column vectors:
ho = (23, P51, heia) hy = (hso3, hs12, heoz, hes1)
hy = (heot, hes, haos, har2) h3 = (haog, has1, hso1, hsas) -

It follows that (6.3) becomes

A(log(*Q) ™) = (hg)T Lo(A1, A2, A3) ho + (h1)T L(Ap, Ao, A3) hy

. . . . (6.4)
+ (h2)" L(A2, A3, A1) hy + (h3)" L(As, Ar, A2) hs
where
6+p2+12 —24 A —1v2 =24 v\ — u?]
Lo\ pyv)= |24+ —1v?2 6+024+X2 24 puv—\? (6.5)
24 vA—p? 24w — N 64N+ P |
and
4 0 -1+ pv 14+vA
0 4+ AN+p)? —1-2A 1+ A2
L\ i) = +tu) oot (6.6)
—1+upur —1-Au 4 0
1+vA 1+ A2 0 44+ (A +v)?

An observation is that the positivity of these matrices on G implies the boundedness of |\;|’s.

Lemma 6.1. The subset Ofg where L0(>\1, )\2, )\3), L()\l, )\2, )\3), L()\Q, )\3, )\1) and L()\g, )\1, )\2)
are all positive semi-definite is bounded.

Proof. If (A1, A2, \3) € Gp, it follows from Lemma (iii) that oo < 0, and from Lemma
(ii) that 3(01)? < (09)?. By using o1 = 03,
0 S det(LQ()\l, )\2, )\3))

= 4((02)® — 4(09)? — 809 + 32) + (01)(—(092)* + 602 + 31)
< 4(09)® — (16 — %1)(02)2 — 3209 + 128 .

It follows that oo < —4, and (01)? < ?. Thus, A2 + A3 + A2 = (01)? — 202 < %.
15



If (A1,A2,A3) € G4, consider the sub-block of L(A;j, A2, A3) consisting of the first and third
columns-rows. Its semi-positivity implies that Aj Ao < 5, and

A+ A+ A3 = \/()\1A2)<)\2)\3)()\3)\1) < 5\/5 .

For G_, it follows by reflection. O

The above discussion can be summarized as the following proposition.

Proposition 6.2. Let X C R” be coassociative submanifold that is entire graphical over R* x

{0}. Suppose that its singular values (A1, A2, A3) belongs to a subset

e which is invariant under the action of S3x {£1} (relabeling A\;’s and flipping the signs),
e and over which Lg > €I3 and L > €1 for some € > 0.

Then, X must be affine.

Proof. The proof is identical to that in [17}/15]. It is included for the convenience of the reader.
Notice that being calibrated and the singular values are invariant under scaling. By Lemma
the gradient is bounded, and one can perform blow-down to obtain a coassociative cone
K. Suppose that K, has singularity only at the origin. The assumption and imply that
Alog(xQ)~1 > &'| Ak |? for some &’ > 0 on K \ {origin}. By the maximum principle, K, is
flat. It follows from Allard’s Regularity Theorem [1] that X is affine.

If Ko has singularity other than the origin, one can perform blow-up and apply Federer’s
dimension reduction [4], [3, ch.4.3 and ch.5.4] to get a minimal cone K of smaller dimension.
By repeating the procedure if necessary, the cone K has singularity only at the origin. It is
graphical over some R¥, and let  be the parallel transport of the volume form of R¥. It is not
hard to derive from the condition of this proposition that on K, Alog(*Q)~! > /| Ag|?. Thus,
K is flat, and K, has singularity only at the origin.

In fact, K is a special Lagrangian cone. For instance, suppose that K is 3-dimensional,
K x Ru is coassociative for some unit vector u | K, and K x Ru is graphical over R* x {0}.
Lemma H leads to the following dichotomy: after a G2 change of coordinate, w is either 8%0’
or \/117)\%(% + )‘30%3) for some constant A3 # 0. If u = %, K is calibrated by

0
L(ﬂ)lﬁ =dz'? — dy? A dat — dy®t Ada? — dy'? A da?
i
= Re [(dx1 +V—1dy") A (dz? + v—=1dy?) A (dz® + \/—1dy3)] .
o

In the second case, the projections of u onto R* x {0} and {0} x R3 pick up % and 35 and

their cross product picks up 8%0. It follows that K = K’ x R%, and K’ is calibrated by
0

U5

Je(u)y = Re [eﬁ(“”man ’\3)(d331 + ledyl) A (dac2 + \/—71dy2))} .
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In either case, the calculation of log(*€2)~! is derived in [15], and is formally the reduction of

(6-9). 0

6.3. Bernstein Polynomials and a Bernstein Theorem. The main purpose of this section
is to identify a specific region where the assumption of Proposition holds true. The verifi-
cation will be reduced to show that a single variable polynomial is positive or non-negative on
a closed interval. There are many ways to do it, and we will present it in terms of a theorem
of Bernstein.

Recall that the m + 1 Bernstein basis polynomials of degree m are defined as

b () = (’Z) th(1 — ¢ymk (6.7)

for k =0,...,m. Any polynomial of degree no greater than m can be represented uniquely as

their linear combination:
m
P(t) = Chm brml(t) .
k=0

A theorem of Bernstein says that a polynomial p(¢) is non-negative on [0,1] if and only if
there exists some m >> 1 such that ¢, > 0 for all k. It follows that the positivity on [0, 1]
corresponds to cp ., > 0, ¢pm > 0, and ¢, > 0 for all k. This theorem is not constructive in

the sense that m may have be chosen to be quite large. See [10] and the references therein for
the discussions about this theorem, and an upper bound on m.

Definition 6.3. A polynomial p(¢) is said to be positive on [a,b] of Bernstein degree m if

" t—a
t: _
pt) = Chan O (——)

k=0

with com > 0, ¢mym > 0, and ¢, > 0 for all .

For example,

562 — 3t +1 =3t —t(1—t)+ (1 —t)?
=32+ 221 —t)+ (1 —1t)3
is positive on [0, 1] of Bernstein degree 3, but not of Bernstein degree 2. Here is a polynomial

which we will encounter momentarily:

144 1 3072 1

1520 1
23 1212 — 16t +20= (= — )+ —— (= —¢t)? B4+ (= —t)? )2
6¢ + 20 2mn(2 )'+2mn(2 3+ y+24n(2 ) (3+1)
2188 1 , 141 .
+2ﬂn%—¢x3+ﬂ +2m1@+w : (6.8)

17



1
2
m+ 1 linear system for the coeflficients. The coefficients are by no means enlightening, and will

it is positive on [—3, 5] of Bernstein degree 4. With [a, b] and m, one only has to solve a rank

not be written down in the rest of this paper.

We are now ready to prove the main result of this section.

Theorem 6.4. Let X C R” be coassociative submanifold that is entire graphical over R* x {0}.
Suppose either one of the following holds:

(i) Its singular values (A1, Ao, A3) belong Go and satisfy MAa + Xodz 4+ A3A; > =22 + ¢
for some 0 < e << 1,

(ii) Let T be the largest real 7"001E| of t0—6t54+-6t4 4163 — 7712 +204t—192. The singular values
of X belongs G4 UG_ and satisfy \i\j < T —¢ for any i # j (for some 0 <e << 1).

Then, X must be affine. In particular, if 1 < \\; < 4, X is affine.

Proof. Step 1: the strategy. Denote the subset of G defined by these conditions by P§, P and
P< ., respectively. They will be referred as the admissible regions. It is not hard to see that
these sets are connected and bounded. The set P§ contains (0,0,0), at which both Ly and L
are positive definite. Suppose that det(Lg) and det(L) are both greater than ¢’ on P§, for some
¢’ > 0. It follows from the continuity of eigenvalues and connectedness of P§ that Ly and L are
positive definite on P§. The boundedness of P§ gives a uniform upper bound of the maximum
eigenvalues of Ly and L. It together with the lower bound of their determinants leads to a
uniform lower bound on the minimum eigenvalues. Hence, Ly and L are both strictly positive
definite on Pg, and this theorem follows from Proposition @ The arguments for P3 are the
same; one uses +(v/3,v/3,/3) instead of (0,0,0).

To conclude the Bernstein property it suffices to ensure det(Lg) > 0 and det(L) > 0 on the

admissible regions, yielding strict positivity of the quadratic forms. By (1.2]), A3 = /\)‘11;2 ’121,

and it is illustrative to plot the regions in the A;A2-plane; see Figure [2| and |3} The admissible
regions are enclosed by the solid curves, while the dotted curves are the degeneracy loci of Lg

and L.

In step 2 to 5, we will show that both det(Lg) and det(L) have positive lower bounds on P§
and P3.

Step 2: det(Lg) on P§. By using o1 = o3,
det(Lo) = 4(2v2 + 02)(2V2 — 02) (4 — 02) + 040 — (3 — 02)?) . (6.9)

Due to Lemma (iii), 0 > 09 > —2v/2 + . It follows that has a strictly positive lower
bound.

1Tt has four real roots and two complex roots. Its discriminant is negative. Its roots lie within (4,43), (2,23),
(1%,2) and (—3, —2%).
18



Step 3: det(L) on Pj. Let
()\1 + )\2)2
AMAg—1 7
and t = \Ay. They satisfy 0 < s <2v/2 —cand t < 1 on P§. 1t follows from (A1 + A)2>0
that s +¢ > 0, and it follows from (A; — A2)? > 0 that (1 —¢)s > t(t + 3). In particular, on P§,

S = —09 = —)\1/\2 —

1
0§s§2x/§—5,3+t20,t§§. (6.10)
We compute
AL+ A
det(L(2E22 30 00)) - (1= Mde)? — 4(1 — £)s(8 — s2)
Ao — 1
= s2(—t* 263 + 1263 4 16t — 20) + 25(2t° — Tt — 2413 + 68t — 42t + 12) 6.11)
6.11

+ (418 — 45 — 93t + 783 + 240t% — 408t + 192) .

Note that 4(1—1t)s(8 — s?) is non-negative subject to (6.10). By subtracting this term, the right
hand side of (6.11]) is quadratic in s.

Denote the right hand side of by li(s,t). We claim that [(s,t) is non-negative on
D={(s,t) eR*:0<s<2V2,s+t>0, and t < }. Note that t € [-2v/2,3] C [-3,1]. By
, —t4 4+ 2t3 + 12¢2 + 16t — 20 is negative over [—3, %] That is to say, the coefficient of s? in
[1(s, t) is always negative. It follows that for every ¢ € [~2v/2, 1], the minimum of [ (s, ¢) must
be achieved by s = 0, s = 2v/2, or s = —t. With this understood, the non-negativity of l1(s, )
on D follows from the following facts:

o 11(0,t) = 416 — 4t — 93t* + 78t3 + 240t> — 408t + 192 is positive on [0, 3] of Bernstein
degree 6.

o [1(s5,—8) = (1+5)(2+5)(2v2 + 5)(2V/2 — 5) (5% + 9s + 12) is non-negative on [0,2v/2].

o [1(2v2,1) = (22 + 1) [4t° — 4t* — (101 + 20v/2)t? + (174 + 106v/2)t* — (88 + 761/2)t +
(24 + 8v/2)]. The polynomia [1(2v/2,t)/(2V2 + t) is positive on [0, 5] of Bernstein

degree 13, and is positive on [—2v/2,0] of Bernstein degree 5.
These discussions imply that det(L) has a positive lower bound on P§.
Step 4: det(Lg) on P%. It suffices to show that det(Lg) has a positive lower bound when
9 < g9 < 15. Due to , it is obvious if o5 < 3 + V/10.
If 05 > 34 +/10, 40 — (3 — 03)% < 0. By and Lemma [2. (i),

det(Lo) > 4(2v2 + 52)(2v2 — 72)(4 — 03) + %03(40 —(3=02)?)

(384 — 9609 — 1703 + 1805 — 03)

_1
3
which is positive on [9, 15] of Bernstein degree 4.

2Its Bernstein degree on [—2v/2, 1] is much higher.
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Step 5: det(L) on P%. Asinstep 3, let t = Mg € (1,7 —¢]. Let u = (A — \2)?. By a direct
computation,

A+ Ao
Mg — 17
= —4u® — W2 (t* — 26% + 20t + 20)

+ u(—6t5 + 16> + 58t* — 152t3 + 200t* — 292t + 56) (6.12)
4 (—t% — 10t" + 1815 + 248t% — 233t* — 310¢> + 608t — 624t + 192) .

det(L( A A2)) - (1= Apdo)?t

It follows from M A3 < 7 — ¢ and Ag\3 < 7 — ¢ that
max{A\? A3} + M2 < (7 — &) (Mg — 1)
& Vuls+4t) <2(r—e—-2t—(1—¢)) —u (6.13)
where we have used 2 max{\?, \3} = \/u + v/u + 4t. We divide it into two cases.

(a) When t < 4, a less sharp form of (6.13]) will be enough. Note that the left hand side of
(6.13]) is greater than u, and the right hand side is no greater than —u+2(7—¢)(t—1)—2t.
Since 7 < 4%, one finds that

5 9 . . 9
0<u< it — 3 and in particular 5 <t<4. (6.14)
(b) When 4 < t < 7 — ¢, squaring both sides of (6.13)) leads to
(T —¢e)(t—1)—2t)?

G [y

(6.15)

Here, we implicitly assume that € < 1—10.

Step 5—case (a). This case will be treated by the same framework as step 3. Under the

condition ([6.14)), u® < %(5t —9)3, and (6.12)) is greater than
lo(u,t) = —u?(t* — 2t + 20t + 20) + u(—6t% + 16t° + 58t* — 152> 4 200t? — 292t 4 56)

1
- 5(—2158 —20t" 4 36t° + 496t° — 466t* — 745t + 1891% — 2463t + 1113) .

Since t* — 2t3 + 20t + 20 is positive on [1,5] of Bernstein degree 4, the minimum of I5(u,t)
subject to (the closure of) (6.14) must be attained by u = 0 or u = (5t —9). Since I2(0, )
is positive on [2,4] of Bernstein degree 8, and lr(3(5¢t — 9),) is positive on [1,4] of Bernstein
degree 8, I2(u,t) has a positive lower bound subject to .

Step 5-case (b). We first examine the coefficients of u?, v and 1 in . Multiply these
three polynomials by —1. They have the following properties for ¢ € [4,5].

e quadratic: t*—2t3+420t+20 is positive on [4, 5] of Bernstein degree 4, and its derivative

is positive on [4, 5] of Bernstein degree 3;
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FI1GURE 2. On Gp. FicUure 3. On G,.
See Remark See Remark

e linear: 6t% — 16t° — 58t* + 152¢3 — 200t? + 292t — 56 is positive on [4,5] of Bernstein
degree 6, and its derivative is positive on [4, 5] of Bernstein degree 5;
e constant: the derivative of t& + 107 — 18¢6 — 248> + 233t* + 310> — 6082 + 624t — 192
is positive on [4, 5] of Bernstein degree 7.
Also, note that the derivative in t of the upper bound in is
(t—e)(t—1)—2t
(T =)t —1) —1)?
It follows that the minimum of subject to and 4 < t < 7 — ¢ is achieved at
_(t—g)(r—e—3)?

[(r—e)(t—e=3)(t—1)+2]>0.

and t=717—¢.

T—€e—2
The value of (6.12]) at this point is
8(1r—e—1)5
~ e g =9 6 =)’ +6(r —2)’

+16(T —€)® — T7(1 — €)* + 204(7 — &) — 192]
which is positive due to the definition of 7. O

Remark 6.5. The regions given by Theoremwith €= % are plotted in Figure and The
dotted curves are the degeneracy loci: the zero loci of det(Lg(A1, A2, A3)), det(L(A1, A2, A3)),
det(L(A2, A3, A\1)) and det(L(A3, A1, A2)). The solid curves are the boundaries of the admissible
region: the level set A1 Ao + Aod3 + A3\ = —2v24¢1in Figure 2, and the level sets \j\; =7 —¢
for 7 # j in Figure

Remark 6.6. In fact, if L > 0 on a subset of Gy U G_ which is invariant under the action of

S3 x {£1}, then Ly > 0. But this assertion requires more work than step 4.
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7. BERNSTEIN THEOREM FOR CAYLEY GRAPHS

Let Z C R® be a Cayley submanifold. Suppose that it is graphical over R* x {0}, and its
singular values given by Lemma [£.1] belongs to the component Sy described by Lemma [2.3]

Set 2 to be dz® A dz! A da? A da®. We can evaluate the right hand side of (6.1)) and (6.2)
at any point by using the corresponding Spin(7) basis produced by Corollary By a direct
computation,

Alog(xQ) 1) = Z h’?xij + Z (Agh?mk + AThZ )y, + Asheak + A3hasy,
a,t,j k

+ 2 oA 1 hatkhsor + 20 2ha2kheok + 2A0A3ha3k ok
+ 2X\1 A2hsorheir + 2M1 Ashsskhrie + 2 0 Asheskhror)

(7.1)

where 0 <1¢,j5,k<3and4<a<T.

Due to Lemmal5.3] the second fundamental form has only 24 degrees of freedom, and can be
grouped as follows.

Group 4: hso1, hsos, heo2, hels, hroz and hyio. For i = 0,1, 2, 3, hgs; can be expressed as
their linear combinations.

GI'Ollp 5: h401, h423, h603, h612, h702 and h713. For i = 0, 1, 2, 3, h5ii can be expressed as
their linear combinations.

Group 6: hy4g2, ha1s, hsos, hsi2, hro1 and hyesz. For i = 0,1, 2, 3, hgi; can be expressed as
their linear combinations.

Group 7: hqo3, ha12, hso2, hs13, heo1 and hgog. For ¢ =0,1,2,3, h7; can be expressed as
their linear combinations.

For o =4,...,7, let hy be the column vectors:
hy = (hsa3, he13, hr12, hsot, heoz, hros) ,  hs = (Reos, hroz, hazs, —he12, —hris, —haot)
he = (h7o1, hais, hso3, 723, haoz, hs12) ,  hr = (—hai2, —hso2, —heot, haos, hs13, he2s) -

After a straightforward calculation, (|7.1]) becomes

)T M(Xo, My A2, A3) By + (hs)T M(A1, A2, A3, Ao) hs
(BG)T M()‘Qz )‘35 >‘07 )‘1) flﬁ + (B7)T M()\?)’ )‘07 )‘la >‘2) ljl7 )

22
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where

4 -1+ —14vA 0 —1—nu 1+nv
-1+ Au 4 —14 pv 14+nA 0 —1—nv
M, A, i, v) = —lg—w\ —11_:-;;\1/ _li , 4—1—77)\2 l—i—n/; 0 )
n n +(n+A) 147 147
—1—nu 0 14 nu 1+72 44+ p)? 1+ n?
1+ —1—nu 0 1+7n? 1+n? 4+ (n+v)?]
(7.3)

We are now ready to prove the main result of this section: The condition (7.4) defines
a compact region in the Cayley singular-value locus (|1.3)) and ensures the Bernstein property.
This condition is analogous to the inner region in the coassociative case, condition (i) of Theorem
0.4l

Theorem 7.1. Let Z C R® be Cayley submanifold which is entire graphical over R* x {0}.

Suppose that there exists some € > 0 such that its singular values satisfy
—V6 + & < AoA1 + Aod2 + AoAs + At Az 4+ AtAg + Asdg <0 . (7.4)
Then, Z must be affine.

Proof. The strategy of the proof is similar to that in Section [f] The main task is to show that
(7.4) implies the boundedness of (Ag, A1, A2, A3), and the positivity of det(IM (Ao, A1, A2, A3)).

Step 1: boundedness of A. Let s1 = A1 4+ Ao+ A3, S2 = A1 A2+ AoAg + A3A1, s3 = A1 A2 A3, and

w = X\p. By Lemma s3 = s1 + w(l — s2). Lemma and (7.4) implies that 1 — sy > 0.
One infers from ([7.4) that

0 < (524 ws; +V6)(1 — s2) = (V6 + 59)(1 — s2) + 51(s53 — 51)
1
< (V6 +52)(1 = 52) + 583 — 57,
where the last inequality uses Lemma (ii). It follows that both |s1| and |s3| are bounded.
Thus, A3 + A3 + A% = s — 23 is also bounded. Since (7.4) is symmetric, |w| = |Ag| is bounded
as well.

Step 2: positivity of det(M(Xg, A1, A2, A3)). To verify the Bernstein property, it remains to
show that det M > 0 on the compact region defined by ([7.4). For this purpose we express the
determinant in symmetric variables and study its positivity under the constraint (A; —A2)?(A2 —
A3)2(A3 — A1)? > 0. This bridges the geometric condition and the subsequent long polynomial

expressions.

We first express relevant functions in terms of si, s2 and t. Note that go(Ag, A1, A2, A3)
is sp + ws1. We will then study the minimum of det(IM(Ag, A1, A2, A3)) under the constraint

59 +wsy = —¢ for ¢ € [0,v6).
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It is easy to see that det(IM(Ag, A1, A2, A3)) is symmetric in Aj, A2, A3, and thus can be
regarded as a function in s1, s2, s3 and w. With s3 = s + w(1 — s2), this determinant is a
function in s1, so and w, and denote it by 4 - f(s1, s2, w). By a direct computation,

f(s1, 52, w)
= 14(w? 4 1)s] + 4(—=5w> + 2w)si sy + (8wt — 39w? 4 1)s?s3 + 8(2w® — 3w)s; 55
+ 4(w? — 1)s5 + 4(9w> + 2w)s; + (—39w* + T6w? — 41)s7sy
+ 2(2w® — 49w + 57w)s155 + 4(w® + 6w — 14w? + 9)s3 (7.5)
+ (=17w* + 39w? + 164)s3 + (w® — 32w® — 62w)s152 + 3(3w* + 19w? — 16)s3
+ 2(=Tw® + 57Tw® — 10w)s; + (—3w® — 8w? + 207w? — 216)s,
+ (w® 4 21w* + 32w? + 432) .

Note that (A1 — A2)%(A2 — A3)2(A3 — A1)? subject to s3 = 51 +w(1 — s2) is also a function in s,
sg and w. Call this function g(si, s2, w):

a(s1,52,w) = —43‘11 + dwssg + 5183 — dwsS + 1855y — 18wsys5 — 455 76)
— 273% + 72ws1 89 — 27w23§ — 54wsy + 5dw?se — 2Tw? . :

For this theorem, one only needs to analyze f(s1, s2, w) on where g(s1, s2, w) > 0.

Claim 7.2. For any s € [0,1/6), f(s1, —¢ — ws1,w) is positive on where g(s1, —¢ — wsy, w) > 0.

The proof of Claim is included in Appendix [A] The verification uses classical criteria for
non-negativity of quadratic polynomials and symbolic positivity checking via Bernstein bases.

By step 1, the subset of Sy satisfying is compact. Together with Claim det(IM(X))
has a positive lower bound subject to , and this theorem follows.

Note that §(0, —,0) = 4(3 +¢)(6 4+ ¢)(6 — ¢?), and thus ¢ < v/6 is a sharp bound. O

Remark 7.3. Suppose that K is 3-dimensional, K x Ru is Cayley for some unit vector u L
K, and K x Ru is graphical over R* x {0}. According to Lemma we may assume u is
L (% + /\08%0) after a Spin(7) change of coordinate. If A\g = 0, K is calibrated by

V1A

de'® —dz! Ayt —da? A2 —dad AP,

and is associative. If A\g # 0, the projections of u onto R* x {0} and {0} x R* pick up % and
8%0, and K belongs to the orthogonal complement of these two coordinate directions, and is
calibrated by

L(w)®|0_g_yo = Re [V 7Toetendo (qal 4 /=Tdy') A (dz? + vV=1dy?)) A (dz® + vV=1dy?)

That is to say, K is special Lagrangian.
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For coassociative submanifolds, we establish Bernstein conditions for both Gy and G, UG_.
In contrast, for the Cayley case, no suitable condition for S; U S_ has not yet been identified.
This missing condition may correspond to the neighborhood of the flat Cayley cone with A =
(1,1,1,1). The observed numerical positivity of det M suggests potential refinements of the
Bernstein theorem. Establishing a Bernstein theorem for this component remains an intriguing

open problem.

APPENDIX A. THE PrROOF OF CLAIM

Our strategy of proving Claim is to transform the question to the positivity of two
or one variable polynomials. The disadvantage is that the degree becomes higher, and the
coefficients become large numbers. It is interesting to see whether one can apply the theory of
positive polynomials to prove it; see for instance [14,11]. To the best of our knowledge, those

positivstellensétze are not quite constructive.

Note that both (7.5 and ([7.6)) are quartic polynomials in s;. We first recall a classical result
on the roots of quartic polynomials with real coefficients.

Lemma A.1 ([12]). For a quartic polynomial of real coefficients ax* + bx® + ca® + dx + e with
a >0, if its discriminant] A > 0 and either

(i) 8ac—3b>>0 or

(ii) 8ac —3b% < 0 and —3b* — 9ab* + 16ab*c + 48a%b%c — 64a3c? — 64abd + 256ae > 0,

then it has no real Toots. In particular, the polynomial has a positive lower bound over x € R.
In [12], the conditions are written in terms of the reduced form of a quartic polynomial.

Proof of Claim[7.3 Step 1: boost the positivity of f. The leading order terms of f(s1, —s—ws1, w)
in s; and w do not all have good sign. One can use g(s1, —¢ — wsy,w) to help:

21 - §(s1, —¢ — wsy, w) — (6w® 4+ 20w?) - g(s1, —¢ — ws1, w)
= a(w)s] + b(w,<)ss + c(w,<)s? +d(w,¢)s1 + e(w,<) , (A1)
where
a(w) = 18uw® + 101w* + 147w? 4 294 |
b(w,<) = 4(3¢ — 2)w™ 4 (—296¢ + 377)w® — 42(¢ — 19)w> — 21(6¢ — 49)w ,
c(w,<) = 162w — 108(c — 9)w® — 3(2¢% + 252¢ — 583)w®
+ (—356¢% + 591¢ + 2052)w? + 21(9¢% + 44¢ + 53)w? + 21(¢% + 41¢ + 164) |
3A = V2 2d? —4ac® d? — 4> d® +18abed® — 27a%d* — 4b* e+ 16act e+ 18b° cde — 80abc? de — 6ab?d? e+ 144a> cde —

27b%e? + 144ab®ce® — 128a2c%e? — 192a2bde? + 256a°e>
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o(w, <) = 324(s + Dw?® — 9(24¢% — 168¢ — 163)w” — 6(218¢% — 2965 — 159)w
+ 21(7062 + 1466 — 93)w® + 42(4s” + 3¢? — 176 + 98)w
e(w,s) = 162(s + 1)%w® — 3(36¢> — 1802 — 381¢ — 187)w®
+ (—584¢3 + 189¢2 + 168¢ + 441)w? + 21(4¢* + 56¢ + 5762 — 207¢ + 32)w?
4+ 84(3 +¢)(6 4+ ¢)(6 — %) .
It suffices to show that is positive for any s, w and ¢ € [0,4/6). To apply Lemma

i), one needs to verify that a(w) > 0, 8 - a(w) - ¢(w,s) — 3(b(w,))? > 0 and A(w,s) > 0,
where A(w, <) is the discriminant of (A.1)) as a quartic polynomial in ;.

Step 2: a and 8ac — 3b2. Obviously, a(w) > 0. The function (8ac — 3b%)(w,s) is a quadratic
polynomial in ¢, with coefficients being polynomials in w. FExpress it in terms of degree 2

Bernstein polynomials (6.7)) for ¢ € [0, 3] D [0, V6):
8+ a(uw) ;) — 3(0(w,))? = ao(w) - boa( ) + a1 (w) - bra(E) + aaw) - baa ()

where
qo(w) = 3 (2700096 + 1163799w? + 1330364w* + 1062698w® + 1580412w"
+903159w'” + 429824w"? + 127520w'* + 46656w'° + T776w'®) |
q1(w) = 3 (3543876 + 2815344w? + 3011589w? + 1886493w® + 1951477w"
+905359w!” + 411694w"? + 82400w'* + 40176w'® + 7776w'®) |
q2(w) = 13471668 + 16035642w? + 10141992w* + 4948839w’ + 4735126w°
+1238577w'® + 993492w'? + 103740w'* + 101088w!® 4 23328w!® .
It follows that (8ac — 3b2)(w,s) > 0 for any w € R and s € [0,/6).

Step 3: the discriminant of (A.l). The discriminant A(w,<) is a degree 12 polynomial in g,
whose coefficients are polynomials in w?. Note that

A0,6) =27 3% 77 (34 ¢)(6 +¢)(6 — ¢2)(2704 + 1352¢ + 4697¢% + 20983 + 225¢4)?

is positive for ¢ € [0, \[) Similar to step 2, express A(w,s) — A(0,¢) in terms of degree 12

Bernstein polynomials (6.7)) for ¢ € [0, 3] D [0, vV/6):
Aw,9) - A0.9) —wZZr (3)
] ] 5
h . 2\ s : 2
where t;(w®)’s are polynomials in w*.
For j € {0,1,...,11}, t;(0) > 0, and the coefficient of t;(w?) in w?* is non-negative for every

k € N. Therefore, v;(w?) > 0 for all w. For instance, up to a factor of 24 - 33, vo(w?) is

1385917274395600128 + 17882051877103563072w? + 3404517458443495531 2w
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+ 37514728151471928924w° + 45171938822844834756w® + 56967180342756234327w1°
+ 64089597886958676060w'% + 62394851560231359960w'* + 57166154554106018456w0
+ 50558926859757015672w'® + 41555918902612042992w2° + 31350500674098250736w>2
+ 21809242957716591384w?* + 14077181559906761562w° + 8343090076003475816w2
+ 4478601647575856184w>” + 2153781244629264384w32 + 917430601362808380w>*

+ 342862102135296960w3¢ + 111690528108904404w3® + 31346704386587268w°

+ 7373775300428007w™? 4 1388666535802524w™ + 196789706537040w*0

+ 19301707065096w*® 4+ 1145559339252w° + 30304891584w°? .

For the last coefficient polynomial,
vip(w?) = 27 (59 (w?) + s1(w?) + so(w?))
where

so(w?) = 10368w%(80813044224w'° + 16087971538656w'>

— 108674110379376w® — 1558904597746992w* + 11809499692540555) ,
s1(w?) = 1296w34(17336846866176w'® + 223883373358080w!?

— 3827466501483744w® — 26665451576093568w* + 724970964850265675) ,

and 50(w?) has non-negative coefficients in w?* for every k& € N. Up to the factor 2714, 59(w?) +
51(w?) are the top 10 degree terms of tia(w?). The lower order terms, so(w?), have good
coefficients.

Define two degree 4 polynomials 8 (u) and 51 (u) by s2(w?) = 10368w3% - 59(w?) and s1(w?) =
1296w3* - 51 (w*). One can check that 55(u) satisfies the condition of Lemma (ii), and hence
So(w*) > 0 for all w. For 51(u), its discriminant is negative, and has two real roots and two
complex conjugate roots. By the location of roots theorem, the two real roots of §;(u) are
within [—~20, —10] and [~210, —200]. It follows that §;(u) > 0 when v > 0, and §;(w*) > 0 for
all w. This finishes the proof of Claim U
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