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Abstract

Fano fibrations arise naturally in the birational classification of algebraic varieties. We
show that these morphisms always induce a semiorthogonal decomposition on the derived
category of the domain, even if we do not assume them to be flat. This decomposition
will be given by a collection of relative exceptional objects, and in contrast with the
Fano case, we will see that Calabi-Yau fibrations do not admit any relative exceptional
object. Finally, we will make some remarks about the singular case, which is of central
importance in higher dimensional birational geometry.
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Notation and conventions

We will follow the notation and conventions in [Har77| and in [KM98|. In particular,
we will always consider varieties to be irreducible.

We will use bold fonts for categories (e.g. A) and calligraphy for sheaves (e.g. F).
All rings are commutative and with unit and we denote the category of modules
(resp. finitely generated modules) over a ring R by Mod(R) (resp. mod(R)).
We denote the category of sheaves of modules (resp. coherent and quasi-coherent
sheaves of modules) over a scheme X by Mod(X) (resp. Coh(X) and Qcoh(X)).

The right (resp. left) derived functor of a functor F' will be denoted RF' (resp.
LF). The higher derived functors will be denoted R'F' (resp. L‘F).

The i-th cohomology of a complex of sheaves F* will be denoted by H!(F*) to
distinguish it from sheaf cohomology.

The dual of a vector space V (resp. of a locally free sheaf £) will be denoted by
VYV (resp. £Y) to avoid overloading the symbol (—)*.

We will use the terms distinguished triangles and triangulated functors instead of
exact triangles and exact functors. Again, the reason is to avoid overloading the
word exact.

All triangulated subcategories are assumed to be strictly full. Most explicitly
defined subcategories are defined in terms of isomorphism invariant properties,
so strictly fullness will often be automatic and we will not check it every time
separately.

If £ is a locally free sheaf of finite rank on a projective variety Y, we denote
by V(£) = Specy (Sym® &) (resp. P(£) = Projy (Sym*® £))) the associated vector
bundle (resp. projective bundle). When we deal with these geometric objects, we
usually restrict our attention to closed points without further remarks about it (cf.
[Har77, Proposition I1.2.6]). The fibre of V(&) over some closed point y € YV will
be denoted by V(E),.
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Introduction

Our main source of motivation is the Minimal Model Program (MMP) for the birational
classification of algebriac varieties, so let us start by recalling its main ideas. During
this introduction, a variety will mean a normal projective variety over C with terminal
singularities. In particular, curves and surfaces will always be smooth.

Let S be an algebraic surface. If we blow up a point p € S, we obtain a new surface
S which is birational but not isomorphic to S. In particular, each birational equivalence
class of surfaces contains infinitely many smooth representatives, so a natural first step
towards the birational classification of algebraic surfaces is to restrict our attention to a
smaller class of nice representatives. The purpose of the MMP is to produce such nice
representatives after a sequence of well-understood birational transformations.

E

S S

Figure 1: The blow-up of a surface at a point.

When we blow up a surface at a point, we replace this point by a line E =2 P! in such
a way that the normal bundle to E is the tautological line bundle on P!, which implies
that it has negative self-intersection E2 = —1. Conversely, Castelnuovo’s contractibility
criterion allows us to contract all curves E = P! with E? = —1 to a point. So the idea of
the MMP in dimension 2 consists of contracting all such curves until we obtain a surface
which is not the blow-up of any other surface at a point. This was already known to the
Italian School at the beginning of the 20th century, but it was not until the ’80s when
Mori found a way to generalise this to higher dimensions. His idea was based on the
notion of extremal ray, which we now briefly describe.

Let X be a variety as above. The codimension of its singular locus is at least 2, so we
can extend the canonical divisor on its smooth locus to a Weil divisor Kx. Let N1(X) be
the real vector space of 1-cycles with R coeflicients up to numerical equivalence, where two
cycles are numerically equivalent if and only if they have the same intersection with every



Cartier divisor. Let N'(X) be the real vector space of Cartier divisors with R coefficients
up to numerical equivalence, which is finite dimensional by the Theorem of the Base of
Severi (see |[Laz04, Proposition 1.1.16]). By definition of numerical equivalence we obtain
a perfect pairing

N (X) x NY(X) =R

and in particular Ni(X) is also a finite dimensional R-vector space. The closure of the
convex cone generated by all effective 1-cycles in the Euclidean topology is called the
cone of curves of X, denoted NE(X). Since X has only terminal singularities, Ky is
Q-cariter, so we can intersect it with 1-cycles obtaining a linear form on Nj(X). To help
visualization, we can picutre the cone of curves on a hyperplane section which we also
divide into K x positive and K x negative side:

Ky A
+\ - +[-

Figure 2: The cone of curves on X.

Since X is projective, we can find some very ample divisor A which is also drawn in
the picture. By Mori’s Cone Theorem (see [Mat02, Theorem 7-2-1]), the part of the cone
of curves which lies inside the K x-negative half-space has the polyhedral shape that we
can see in figure [2 Moreover, its edges (seen as points in the hyperplane section) always
contain some curve £ C X. We should introduce some terminology now:

Definition 0.1. We say that X is...
i) Fano, if NE(X) is contained in the interior of the Ky negative half-space.
ii) Minimal, if NE(X) is contained in the Ky non-negative half-space.

The idea of MMP is then to contract all K x-negative extremal rays in an attempt
to make the canonical divisor more positive and hopefully obtain a minimal model of
X, i.e. a minimal variety birational of X. To find such a contraction, we modify our
ample divisor A slightly by adding multiples of Kx. This will bring it closer to our cone
of curves until intersecting it eventually. Since ampleness is an open condition, we can
slightly perturb A and assume that this intersection with the cone of curves will consist



of a single point in the hyperplane section, say [F]. Some multiple mL of the resulting
nef divisor L will then yield a base point free linear system |mL| contracting a curve
precisely when its class lies in the ray generated by [E] (cf. |[Mat02, Theorem 8-1-3|),
so if there are only a few such curves, then the corresponding morphism f: X — Y will
be birational. In this case, we substitute X by Y or by a flip X and then we repeat
the process on the corresponding variety. Otherwise, the morphism f: X — Y will be a
Fano fibration, with dim X > dimY. Since the dimension drops, this morphism is not
birational anymore and we cannot iterate the process any further. So in this case it is
not possible to find the desired minimal model. But Fano fibrations still have a nice
structure, so we gladly accept this as a second possible outcome of our MMP.

Therefore, assuming that the MMP terminates, we can regard minimal varieties and
Fano fibrations as the building blocks in birational geometry. More precisely, we can
obtain any variety by performing a finite sequence of well-understood birational trans-
formations on a minimal variety or on a Fano fibration.

Suppose that we are interested now in computing the bounded derived category of
coherent sheaves of a variety X. We can understand X in terms of its output under the
MMP and the correspondent sequence of well-understood birational transformations. So
if we knew how the derived categories of these building blocks look like and how these
birational transformations affect the derived category, then we could compute DP(X).

A main example of birational transformations are blow-ups. If f: X = Blz(Y) - Y
is the blow-up of a smooth projective variety along a smooth center of codimension ¢ > 2,
then Orlov’s blow-up formula gives us a semiorthogonal decomposition

DP(X) = (D?(Y),D%(2)1,...,D(Z)._1).

The precise meaning of this decomposition will be given in the first chapter, but for now
let us just point out that this allows us to clarify the structure of D”(X) in terms of
the structures of DP(Y) and D"(Z). Hence this already gives us some motivation to
investigate the approach described above a bit further.

One of the building blocks of algebraic varieties are Fano varieties, which are the
absolute case of Fano fibrations. Among them, the first exmaple are projective spaces.
Beilinson established in |[Bei7§| the existence of a semiorthogonal decomposition

DP(P") = (D"(C)y,...,D?(C),).

This result was generalised by Orlov to projective bundles in [Orl93|, paper in which he
also proves his blow-up formula. The result, known as Orlov’s projective bundle formula,
states that for every P"-bundle f: X = P(£) — Y over a smooth projective variety we
have a semiorthogonal decomposition

DP(X) = (DP(Y)o,...,DP(Y),).

Beilinson’s semiorthogonal decomposition was extended by Kuznetsov to smooth
Fano varieties (see for example [Kuz09a]). As pointed out by several authors (e.g. Auel
and Bernardara in [AB17, Proposition 2.3.6]) this generalises to the relative case of flat



Fano fibrations between smooth projective varieties. In the second chapter we will explain
this result in some detail, extending it also to the non-flat case:

Theorem (See theorem [2.28). Let f: X — Y be a Fano fibration between smooth pro-
jective varieties. Let H be an f-ample Cartier divisor such that —Kx =y rH for some
rational number r > 1 and let £ denote Ox(H). Then we have a semiorthogonal decom-
position

Db(X) = <Af7Db(Y),Db<Y) X L, Db(Y) X £®27 o 7])b(}/) % £<X>ﬁ”—1]>7
where DP(Y) X L denotes the essential image of the fully faithful functor
F* = LfA(F) L.

At the end of the second chapter we will make some remarks about the singular
case, which we have to consider in order to run a MMP in higher dimensions. Ironically,
most problems arise from the category theoretic part, rather than from the geometric
part. The kind of singularities that we want to consider are well-behaved with respect to
differentials, so all the Kodaira-type vanishings needed in the proofs will still hold. But
the bounded derived category loses some key properties such as saturatedness. Roughly
speaking, when X is a smooth projective variety, Bondal and Kapranov showed in the "90s
that any embedding DP(X) C T into a triangulated category has a right adjoint, which
implies the existence of a semiorthogonal decomposition. But in the singular setting the
existence of adjoints is not for automatic anymore, so from the beginning we have tried
to avoid using the machinery from |[BK90| and produce semiorthogonal decompositions
by hand instead.

Finally, since we are interested in the triangulated structure of D(X), we have in-
cluded an appendix on triangulated categories. We will focus on admissible subcategories
and all results related to this notion, since it is closely related to semiorthogonal decom-
positions.



Chapter 1

Derived categories of varieties

Our goal in this first chapter is to recall the basics of derived categories and study some
aspects of the natural triangulated structure on the derived category DP(X) of coherent
sheaves on a variety X.

A. We will recall the necessary definitions on triangulated categories like this whenever
they come up. For details we refer to appendix [A]

1.1 Recollections on derived categories

In this section we will give a quick overview of the necessary preliminaries in homological
algebra. We refer to the literature for the missing details, e.g. |[GMO03|, Chapter III].

Construction of the derived category

Let us briefly recall the main ideas of the construction of the derived category of an
abelian category.

Definition 1.1. Let A be an abelian category. The derived category of A is the loc-
alisation of its category of cochain complexes Ch(A) at all quasi-isomorphisms. Ex-
plicitly, this localisation would consist of a category D(A) together with a functor
Q@: Ch(A) — D(A) such that:

(i) If f is a quasi-isomorphism, then Q(f) is an isomorphism.

(ii) If F': Ch(A) — C is another functor with the previous property, then there exists
a unique functor G: D(A) — C such that F' = G o Q.

The usual construction has two steps. They affect only morphisms:

Quuﬁtient out Localise aﬁ

null homotopics quasi-isomorphisms

Ch(A) NANANANNNANN K(A) ANANNANNANANS D(A)
Cochain complexes Homotopy category Derived category
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The reason for the intermediate step K(A) is that we want to construct D(A) using
the calculus of fractions described in |[GMO03, Lemma II1.2.8|, and quasi-isomorphisms
form a multiplicative system only after we identify chain homotopic morphisms (cf.
[GMO03, Remark II1.2.7.b)|).

The quotient functor Ch(A) — K(A) is the localisation of Ch(A) at all chain
homotopy equivalences. Quotients and localisations are not the same in general, but in
this case they are. The proof can be summarised in the following picture:

g Y

/v H
A D —

S

Figure 1.1: A functor that sends chain homotopy equivalences to isomorphisms takes the
same value at chain homotopic morphisms.

Indeed, a chain homotopy s between f and ¢ is the same as a morphism H =
(f,s,9): Cyl(A) — B as in figure . Since i; and iy are chain homotopy inverses
of the same morphism and F sends chain homotopy equivalences to isomorphisms, we
have F(ig) = F(i1) and thus F(f) = F(H) o F(iy) = F(g).

Chain homotopy equivalences are quasi-isomorphisms, so this brings us closer to our
goal. We should make sure now that there is still some non trivial step required to
construct D(A).

Example 1.2. K(Ab) and D(Ab) are not equivalent. For example, the complex A®

corresponding to the short exact sequence of abelian groups 0 — Z 272 /27, — 0
is a zero object in D(Ab) but not in K(Ab). This happens because A* = 0 is a
quasi-isomorhpism but not a chain homotopy equivalence. Indeed, the only candidate
for homotopy inverse is 0 — A®, and the identity on A® is not null homotopic.

The next step is then to check that quasi-isomorphisms form a multiplicative sys-
tem on K(A) and use the aforementioned calculus of fractions to construct D(A). In
most cases K(A) and D(A) are not abelian categories, but they always carry natural
trianuglated structues. We will use this triangulated structure to check that quasi-
isomorphisms form a multiplicative system which is compatible with the triangulation

(cf. appendix |A.2)).

A (A1)). A triangulated category is an additive category T together with an additive
automorphism X: T — T and a specified collection of distinguished triangles, which are

sextuples (X,Y, Z, f,g,h) of the form X i> v &z M ovx verifying certain axioms
(TR1) to (TRA4).
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We refer to X as suspensionﬂ By the (TR1) axiom we can always complete a morph-
ism f: X — Y into a distinguished triangle X — Y — C — ¥X. We call C' a cone of
I

A triangulated functor between triangulated categories is one that commutes with
the suspension and preserves distinguished triangles.

To describe the triangulated structure on K(A) we need:

Definition 1.3. Let A® be a cochain complex. Define its shift as the complex A[p]® with
Alp]" = A™P and with differential d ) = (—1)Pda.
Define the mapping cone of a morphism of cochain complexes f: A* — B® as the

complex C(f)* with C(f)" = A" @ B’ and with differential de(p) = (d"}[” d(; ).

We take ¥ to be the shift [1] and we take distinguished triangles to be all triangles
isomorphic to a strict triangle, which is one of the form

AL B o) - AR

This turns K(A) into a triangulated category. The zero cohomology functor HV:
Ch(A) — A factors through K(A). Because of the cone short exact sequence 0 — B® —
C(f)* — A[1]* — 0 and its long exact sequence in cohomology, in which the coboundary
morphism is the morphism induced by f in cohomology, applying H° to a distinguished
triangle A® — B®* — C* — A[1]® yields an exact sequence H(A®) — H°(B®) — H°(C*).
By rotating our triangle and swapping some signs we obtain a long exact sequence

co > HO(A[i]*") — HO(BIi])*) — HO(C[i]*) — HO(A[i +1]°) — - --

which is nothing but the original long exact sequence of the cone when the triangle is
strict.

A (A.5). Let T be a triangulated category and A an abelian category. An additive
functor H: T — A is called a cohomological functor if it induces an exact sequence
H(X)— H(Y)— H(Z) for every distinguished triangle X - Y — Z — ¥ X.

By (TR2) the previous exact sequence can be extended to a long exact sequence

H(Z™'h) ) H(f)

) H(g) H(h)

S H(ZTIZ)

H(X H(Y H(Z) H(EX) = -

We have then our triangulated category K(A) with a cohomological functor HO:
K(A) — A. Whenever we have a cohomological functor H: T — A we can consider its
kernel Ker(H) = {X € T | H(X"X) = 0 for all n € Z}, which is a thick triangulated

subcategory.

"We will deliberately use topological terminology when we talk about triangulated categories in
general. Many constructions in homological algebra are inspired in their topological analogues, making
them behave in a similar way (cf. figure . So thinking of these constructions topologically can help
find the right formulas. See also [Wei94, Section 1.5].
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A . Let T be a triangulated category and S a strictly full and non-empty sub-
category. We say that S is a triangulated subcategory of T, denoted S < T, if it is
closed under suspension and under taking cones. We say that S is a thick triangulated
subcategory of T, denoted S < T, if it is moreover closed under direct summands.

If S < T, then the collection of morphisms in T whose cone lies in S is a multiplicative
system compatible with the triangulation (see example . By |GMO03, Theorem
IV.2.2], the localisation of T at this family of morphisms carries a natural triangulated
structure making the localisation functor triangulated. The result is called the Verdier
quotient of T by S, denoted T/S.

So back to our homotopy category, we can consider
K(A) = K(A)/Ker H.

By the cone long exact sequence, a morphism A®* — B® is a quasi-isomorphism if and
only if its cone is exact, which means precisely that it is in Ker HY. Hence the collection
of morphisms in K(A) whose cone lies in Ker HY is the collection of quasi-isomorphisms,
so the Verdier quotient K(A)/Ker HY is the localisation D(A). The axioms of multiplic-
ative system compatible with the triangulation ensure that the suspension is well defined
in the localisation, and distinguished triangles in D(A) are then those isomorphic to the
image of a distinguished triangle in K(A).
The conclusion is that a morphism A®* — B*® in D(A) is represented by a roof

A‘/C.XB°

where s: C* = A°® denotes a quasi-isomorphism. The upper and bottom roofs below are
equivalent if and only if we can find such a dashed roof making the diagram commute
up to homotopy:

C.

Ne

a~

S,
N

C.

Ne

Note that if the diagram commutes up to homotopy, both dashed arrows are quasi-
isomorphisms as soon as one of them is.

The composition of morphisms represetned by roofs (s, f) and (¢, g) can be represen-
ted by the roof (st’, g f’) as shown in the following diagram commutative up to homotopy:
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C

. N
t s ~  f
. N
. N
. N
. N

Kk N
X A
2N TN
A Y B

So in order to compose two such roofs we need to find a third roof (¥, f’) making the
previous diagram commute up to homotopy. In our case we can use the mapping cone
construction and set C' = C(io f), where i: Y — C(t) denotes the inclusion. See [GMO03,
Theorem I11.4.4| for the details.

Bounded variants of the derived category

We may repeat the previous construction but starting from Ch*(A), where x € {b, +, —}
stands for bounded, bounded below and bounded above complexes respectively. We have
then K*(A) < K(A), and the restriction of H? is still a cohomological functor on this
triangulated subcategory. Hence we can quotient again by its kernel. The resulting
category D*(A) is then equivalent under the natural inclusion to the full subcategory of
D(A) with bounded, bounded below and bounded above cohomologies respectively (see
[Huy06, Proposition 2.30]).

Let now In C A be the full subcategory of injective objects and let KT (I5) be the
full subcategory K*(A) of bounded below cochain complexes of injective objects. Then
K*(Ia) < K'(A), because the direct sum of injective objects is injective and thus this
full subcategory is closed under cones. Again, H° restricts to a cohomological functor on
this triangulated subcategory, so we can localise K*(I) at all quasi-isomorphisms with
roofs as before.

Lemma 1.4 (|Har66, Lemma 1.4.5]). Let s: I* — A® be a quasi-isomorphism with I® a
bounded below complex of injective objects. Then s has a retraction up to homotopy, i.e.
we can find t: A® — I°® such that ts ~ idj.

Proof. Consider the natural projection (1,0): C(s)® — I[1]* from the mapping cone.
This is a morphism from an acyclic complex to a bounded below complex of injective
objects. An inductive argument shows that any such morphism must be null homotopic,
so let ((k%,1"));ez be a null homotopy of (1,0). For all i € Z we have

Qs 0) = (KL gt —difq O\ _ gy
(1 Ii+1, ) ( ’ ) §itl d I( s )
A

We see from the second component that t: A®* — I°® is a morphism of cochain complexes.
And from the first component we obtain a null homotopy of id; —ts. O

Note that such a retraction ¢ must also be a quasi-isomorphism by the two out of three
rule. An important formal consequence of this lemma is that every quasi-isomorphism s
in KT (I4) is already an isomorphism. Indeed, we can find ¢ and r such that ts = id and
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rt = id in the homotopy category. Since ¢ is a retraction, it is an epimorphism. So from
st = rtst = r(ts)t = rt we conclude that s = r in the homotopy category.

This implies in turn that K+ (I) is already the localisation of Ch™(I) at all quasi-
isomorphisms. So we can describe this category equivalently with roofs instead of usual
morphisms. This has the following consequence:

Proposition 1.5 (JGM03, Theorem I11.5.21]). The canonical functor K*(In) — D1 (A)
1s fully faithful and triangulated. In particular, if A has enough injectives, then we have

an equivalence of categories
KT(Ip)~D%(A)

Proof. This functor is the composition of the triangulated inclusion K*(In) < KT(A)
and the triangulated localisation K™ (A) — DT (A), so it is indeed triangulated.

To check fully faithfulness, we may work with left roofs instead of with right roofs
as we have done up until nowﬂ We only need to flip all the arrows involved in the
definition of roofs and their equivalence relation, putting quasi-isomorphisms on the side
of the codomain. Then both injectivity and surjectivity on roofs follow directly from the
previous lemma.

If A has enough injectives, then every bounded below complex has an injective res-
olution. See |[GMO03| Section I11.5.25] for an explicit description of this injective resolu-
tion. O

Example 1.6. Let k be a field and let DP(K) (resp. K”(k)) denote the bounded derived
(resp. homotopy) category of finite dimensional k-vector spaces. Every K-vector space
is both injective and projective, so DP(k) = KP(k). Moreover, every V* € DP(K) is
isomorphic to the complex of its cohomology groups with trivial differentials:

Ve = P H (V) [-p]
PEZL

Indeed, we can write VP = Ker(d?) ®Im(dP) and then define the quasi-isomorphism given
by the commutative squares

Ker(dP) ® Im(dP) —— Ker(dP™!) @ Im(dP )

| |

Ker(dP)/Im(dP~1) —%— Ker(dP*t)/ Im(dP)

If a morphism between two complexes with trivial differentials is null homotopic, then it
must be the zero morphism. Moreover, commutativity of all necessary squares is trivially
satisfied. Therefore we have

Home(k) (V., W.) = H Homk(Hi(V.)v HZ(W.))
€L

2The resulting category is canonically isomorphic to the category constructed from right roofs, because
both of them satisfy the same universal property.
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Remark 1.7 (|JGMO3| Section II1.6.3]). We can generalise proposition [1.5|as follows. Let
F: A — B be a left exact functor. We say that a class E C Ob(A) of objects is adapted
to F' if the following conditions are satisfied:

i) E is closed under direct sums.
ii) F maps acyclic complexes in Ch™*(E) to acyclic complexes.
iii) Any object A € Ob(A) is a subobject of an object from E.

If E is adapted for a left exact functor F', then K*(E) < KT(A) as before, and the
canonical triangulated functor

K" (E)/Ker H* — DT (A)

induced by the universal property of Verdier quotients is an equivalence of categories.

The dual statements with bounded above complexes of projective objects and classes
of objects adapted to right derived functors are analogous.

Derived functors.

We come finally to derived functors. Let us discuss for example the case of right derived
functors. The case of left derived functors is dual of this one, so there is no loss of
generality in doing so.

Definition 1.8 (JGMO03, Definition II1.6.6]). Let F': A — B be a left exact functor
between abelian categories. Its right derived functor is a triangulated functor RF':
D*(A) — D*(B) together with a natural transformation 7,: Qg o K™ (F) — RF o
Qa satisfying the following universal property: any triangulated functor G: D*(A) —
DT (B) together with a natural transformation n: QoK™ (F) — GoQa factors through
a unique natural transformation RF — G.

In a diagram, using = for natural transformations:

QAl( /

K

+
JQB

A) D*(B)
I 77
| .
+(A) +> D*(B)

If F is left exact but not exact, then we can find some short exact sequence 0 —
Al — A% — A3 — 0 such that 0 — F(A') — F(A?) — F(A3) — 0 is not exact. The
first sequence is acyclic as a complex, hence quasi-isomorphic to zero, whereas the second
one is not. Therefore the naive candidate for RF' is not even well-defined, because it does
not preserve isomorphisms.
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Instead, if we assume that A has enough injectives, we may define RF' to be the
composition

K*(F)
e

DT (A)~ K" (Ia) <KT(A) K" (B) — D"(B).

That is, RF(A®) is F/(I*) seen as an object in the derived category DT (B), where I*
is an injective resolution of A®. There is some ambiguity involved in this construction,
e.g. the choice of a triangulated inverse to the equivalence K™ (Ip) — D'(A) is not
canonical. But since RF' is indeed the right derived functor of F' in the sense of the
previous universal property, these choices do not affect the final result. See |[GMO03|
Sections I11.6.8-11] for the proof of the universal property.

From derived functors between the derived categories we obtain the classical derived
functors by taking the cohomology of the resulting complex. That is, for A* € D*(A)
we define

R'F(A®) = H'(RF(A®)) € B.
If we regard A € A as a complex concentrated on degree zero, then the previous con-
struction yields indeed the usual way to compute classical derived functors, namely, we
replace A by an injective resolution, apply the functor and take cohomology of the result.

Example 1.9 (|JGMO03, Section I11.6.14]). Let A be an object in an abelian category A
with enough injectives. The functor Homa (A4, —): A — Ab is left exact, so we can con-
sider its right derived functor R Homa (A4, —). Denote by Exty (4, —) the corresponding
classical derived functors. Then there are natural isomorphisms

Ext/y (4, B) = Hompa) (4, Bli])
where we regard A and B as complexes concentrated on degree 0.

Proof. First note that for I®* a bounded below complex of injective objects we have
isomorphisms

HOmK(A) (A., I.) = HOmD(A) (A., I.)
for all A* € D(A). This is an immediate consequence of lemma if we use left roofs
instead of right roofs.

Let now
0-B—-I"—>T1'— ...

be an injective resolution of B. Then RHoma (A, B) is by definition a complex iso-
morphic to Homa (A, I*) in the derived category DT (Ab). So by definition we have

ExtYy (A, B) = H'(Homa (A, I*)).

An element f € Homa (A, I') is a cocycle if and only if f defines a morphism of complexes
f: A — I[i]*. Moreover, this morphism is null homotopic if and only if f is a coboundary.
Hence

EthA(Aa B) = HomK(A) (A7 I[Z].) = HomD(A) (A7 I[Z].>
Using that B = I* in DT (A) we get the result. O
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Remark 1.10 (|Har66, Theorem I.5.1]). We can generalise remark still a bit more.
Instead of starting from a functor between the abelian categories, we may directly start
from a triangulalted functor between triangulated categories F': KT (A) — K(B) such
that there is a triangulated subcategory Kr < KT(A) which is adapted to F. This
means that F' preserves exactness of complexes in K and that every complex in K+ (A)
is quasi-isomorphic to a complex in K. Note that if Ep is an F-adapted class of objects,
then KT (Er) < KT(A) is a triangulated subcategory adapted to F.

Using this remark we can extend the previous example to
Ext’(A®*, B®) = H'(RHom®(A®, B*)),

yielding isomorphisms functorial in A® (resp. in B®)

Ext!(A*, B*) = Hompa,(A®, B[i]*)

whenever A has enough projectives (resp. injectives), as explained in [Har66, Theorem
6.4]. Motivated by these examples we further extend the meaning of Ext on arbitrary
triangulated categories as Extin(X,Y) = Homp (X, Z7Y).

One of the advantages of derived categories is that we can compute the composition
of right derived functors in a nice way. Let A,B,C be three abelian categories. Let
F: A — B and G: B — C be left exact functors. Let Ar be an F-adapted class of
objects and B¢ be a G-adapted class of objects such that F(Ap) C Bg. Then the derived
functors RF, RG and R(G o F') exist. Moreover, the canonical natural transformation

R(Go F) = RGoRF

is a natural isomorphism. See |GMO03, Theorem II1.7.1].
But the composition of higher derived functors is not the higher derived functor of the
composition. Instead, these two are related through the Grothendieck spectral sequence.

Theorem 1.11 (JHuy06, Proposition 2.66|). Let F: K*(A) - K(B) and G: K*(B) —
K(C) be two triangulated functors (cf. remark, where A and B are abelian categories
with enough injective objects. Suppose moreover that Bg < B is a G-adapted triangu-
lated subcategory such that F(In) C Bg. Then for every A®* € DT (A) we have a bounded
spectral sequence

EPY = RPG(RIF(A®)) = RPTI(G o F)(A®).

Remark 1.12. This result follows from the standard spectral sequence of a double complex
after reducing to the particular case of F' = ida, which yields a spectral sequence

EDY = RPF(H(A®)) = RFTIF(A®)

renaming G as F. In fact, in most of the applications we will only need this particular
case.
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1.2 Triangulated structure

In this section we will study some particularities of the triangulated structure on the
derived category of a variety over a field k. To avoid complications we will assume that
k is an algebraically closed field of characteristic zero, but most of this first chapter can
be generalised to arbitrary fields.

Definition 1.13. A k-linear category is an additive category A such that the hom-groups
are endowed with a K-vector space structure making composition K-bilinear.

A functor F': A — B between k-linear categories is called k-linear if the induced
maps Homy (X,Y) — Homp(FX, FY) are k-linear for all X,Y € A.

All the implicit or explicit instances of the word additive in the previous section can
be replaced by K-linear if we are working with k-linear abelian categories. This is the
case when we deal with coherent sheaves on a scheme X over K.

Different derived categories associated to a scheme

There are several derived categories one can associate to a variety X, so let us briefly
recall what they are and how they relate to each other.

Definition 1.14. Let X be a scheme over k.

i) The unbounded derived category of X is defined as the K-linear triangulated category
D(X) = D(Qcoh(X)).

ii) The bounded derived category or simply derived category of X is defined as the
k-linear triangulated category DP(X) = DP(Coh(X)).

Proposition 1.15 (|Har66, Propositions II.1.1 and II1.1.2|). The categories Mod(X)
and Qcoh(X) have enough injectives and every sheaf of Ox modules is a quotient of a
flat Ox-module.

Proposition 1.16 (|[Huy06, Proposition 3.5] and [BN93| Corollary 5.5]). Let X be a
quasi-projective variety. The inclusions induce triangulated equivalences
D"(X) ~ D", (Qcoh(X)) and D(X) =~ D 4on(Mod(X)).

So in order to define a right derived functor on DP(X) one would pass to the sub-
category of D(X) of complexes of quasi-coherent sheaves with coherent and bounded
cohomology. There we can find an injective resolution and construct the derived functor
as usual.

A complex £* € D(X) is called perfect if it is locallyﬂ isomorphic in D(X) to a
bounded complex of locally free sheaves. Keeping proposition in mind we can regard

30n a quasi-projective variety we do not need the word locally here (cf. [TT90, Theorem 2.4.3]).
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the full subcategory of perfect complexes DP™(X) < D(X) as a subcategory of DP(X).
Hence on any quasi-projective variety X we have the following situation:

DPef(X) < DP(X) < D(X).

If X is moreover regular, then we have DP®f(X) = DP(X), because every coherent
sheaf has a locally free resolution of length at most the dimension of X (see [Huy06,
Proposition 3.26]).

A (A.41). We say that a triangulated category T is compactly generated if it has all
coproducts and there is a collection E of compact objects which generates T. Explicitly:

i) For all F € E, the functor Homy(FE, —) preserves coproducts.
ii) For all X € T, if Ext*(E,X) =0 for all F € E, then X = 0.

Example 1.17 (|Nee96, Example 1.10]). Let X be a quasi-projective variety and let
L be an ample line bundle on X. Every £®7[i] is a compact object, and the collection
{L£%1[i] | i, € Z} generates D(X).

In particular D(X) is compactly generated and the triangulated subcategory DPef(X)
D(X) of perfect complexes coincides with the triangulated subcategory of compact ob-
jects by |Nee96, Corollary 2.3]. Compact generation has other strong consequences such
as the Brown representability theorem (see [Nee96, Theorem 3.1]). Neeman uses this to
give a non-constructive proof of Grothendieck duality in [Nee96].

Another useful notion of generation in triangulated categories is the following;:

N

A (A.33). We say that an object F € T is a classical generator if the smallest thick
subcategory of T containing E' is T itself.

Proposition 1.18 (|Orl09, Theorem 4]). Let L be a very ample line bundle on a smooth
quasi-projective variety X of dimension n. Then @), L' is a classical generator of

DP(X).

Proof. Let X C P :=P¥ be a projective embedding of X such that £ = Op(1)|x.

The first claim is that all powers £¢ are in the smallest thick triangulated subcategory
of D?(X) containing @?:Dﬁi, call it T. Recall that this means that T is a full subcategory
closed under isomorphisms, direct summands, shifts and cones.

Let Hy, ..., Hy be N+1 hyperplanes in general position in P, and let s = (sg,...,sy) €
HO(P, Op(1)®V+1) be the corresponding section. General position means that the hy-
perplanes do not all meet at a single point. In particular, for every x € P there is some
hyperplane H; with « ¢ H;. This means that s; does not vanish at x, and therefore the
zero locus of the section s is empty. The coresponding Koszul complex is exact away
from the zero locus of the section (see |Ful84, Appendix B.3.4]), so we get the following
exact sequence of locally free sheaves:

0= ANFH(Op(=1)" M) - Op(=1)*H) = Op = 0
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Restrict it to obtain a new exact sequence on X and truncate it to obtain a complex in
D’(X):

F* = (A" Ox (—1)PVHD) oo A2 (Ox (1P o Ox (—1)® VD)

This complex has only two non-trivial cohomologies. On the right end it is just Ox. On
the left end, we have some term G := ’Hf("“)(]—" *). Consider the morphism F* — Oy,
which induces isomorphisms in cohomology except on degree —n. Its cone is then quasi-
isomorphic to a coherent sheaf concentrated on degree —n—1, and there are no morphisms
in DP(X) from Ox to such a complex since Hompy(x)(Ox, Fln+1]) = H" (X, F)=0.
Hence the corresponding distinguished triangle splits by proposition [A714] which shows
that Ox is a direct summand of F°. The formula

AN Mo N)= @ (APM) @ (AIN)

ptg=n
shows that F* is made up of the powers £71, ..., £~ because all higher exterior
powers of line bundles vanish. Tensoring F*® with £7*!, which is again an exact operation,
we get a complex made up of line bundles £°, ..., £, which is hence in T by definition

of T. Since £"*! is a direct summand of this complex, we must have £*"! € T by
thickness.

Now tensor again with £ to obtain £"*2 € T, and so on. This shows that all non-
negative powers of £ are in T. For the negative powers, dualise 7* and tensor by £,
then by £72, and so on. This shows that all powers of £ are in T.

Next we see that T contains every coherent sheaf 7 € Coh(X). By ampleness of £
we may find k > 0 such that F ® £F is generated by global sections, which means that
we have a surjection

HY X, Fo Lo Oox - Fo Lk

Tensor with £7% we get a surjection
HY X, FoLHoL™ - F.

This map has a kernel in Coh(X). We may find a surjection onto this kernel in the same
way and continue resolving like this to get

0— ]:n—f—l — (ﬁ_k"+1)®i"+1 SO (ﬁ—]ﬁ)@h S F 0.

Again, the cone of the canonical morphism from this complex to F is concentrated up
to quasi-isomorphism on degree —n — 1. Since X is regular, the corresponding triangle
splits as before, which again implies that 7 € T because T is by assumption closed under
direct summands.

By example since all F € Coh(X) are in T, it follows that D*(X) = T. O

Remark 1.19. The argument in the previous proof can be slightly modified to show that
n L% is a classical generator of DPf(X) for any singular quasi-projective variety X
(see |Orl09, Theorem 4]).
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Properness over the base field

In what follows it will be convenient to work with triangulated categories which have finite
dimensional hom-vector spaces, so let us check that this is the case in our situation.

Definition 1.20. A k-linear triangulated category T is called proper over K if
dimg (Piez Ext'(X,Y)) < oo
for all X,Y € T.

Proposition 1.21 (|Huy06|, Corollary 3.14]). Let X be a smooth projective variety over
K. Then DP(X) is a proper triangulated category.

Proof. We show first that dimy(Ext?(F,§G)) < oo for all 7,G € Coh(X).

If F,G € Coh(X), then Hom(F,G) € Coh(X). Since X is proper, by Serre’s
theorem (see [EGA III;, Theorem 2.2.1]) we have that Hom(F,G) = H(X, Hom(F,G))
is a finite dimensional k-vector space.

Suppose now that F = @;L; is a direct sum of line bundles. Then Ext?(F,G) =
@; ExtP(L;,G) = @;HP (X, G ® L'i_l), which is again a finite dimensional k-vector space
by Serre’s theorem. For a general F € Coh(X) consider an exact sequence

Taking the long exact sequence of the derived functor we have
oo — BExt?"Y(M, G) — ExtP(F,G) — ExtP(®;L;,G) — - - -

By induction and the case of direct sum of line bundles, the two sides are finite dimen-
sional vector spaces. Hence the vector space in the middle is also finite dimensional.

We check next that almost all Ext?(F,G) vanish for F,G € Coh(X). If p < 0, then
it is 0 by definition. Let n = dim X. Then by Serre duality we have

Ext?(F,G) = Ext?P (G, F @ wy)"”

which vanishes whenever p > n.

Hence dimy (@, Ext?(F,G)) < oo for all F,G € Coh(X).

Let now F € Coh(X) and G* € DP(X). A particular case of the Grothendieck
spectral sequence yields

Ey? = Ext?(F, H(G")) = Ext""1(F,G*).

Since the second page consists of finite dimensional vector spaces and is concentrated on
a vertical strip of width n and finite height, all Ext?*?(F,G®) are finite dimensional and
almost all of them vanish.

Finally, let F*,G* € D(X). Replace G* by a complex Z® € D"(X) of injectives (re-
call proposition[I.15|and proposition [1.16). We can write Hom®(F*®,Z*) as the total com-
plex of a double complex K%/ = Hom(F %, Z7) with horizontal differential (—1)7="*!dx
and vertical differential dz (cf. [Huy06, Example 2.62|):
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Hom(F!,7Y) —% Hom(F°,7') —%— Hom(F~1,71)
dJ dJ d*T

Hom(F!,7°) —%— Hom(F°, 7% —% Hom(F~1,1°)
d*T d*T dJ

Hom(F!,771) =% Hom(F0,7-1) —X Hom(F~1,7-1)

Since the Z7 are injective, the functors Hom(—,Z7) are exact for all j € Z. In
particular, they commute with cohomology, so that

HY(Hom(F*,77)) = Hom(H 4(F*),T7).
Hence the spectral sequence of the double complex K**® reads
ENY = HP(H™I(F®),Z°%) = ExtP(H9(F*),G*) = ExtPTI(F*,G*).

By the previous case, the second page contains only finitely many non-zero vector spaces,
all of them finite dimensional. Therefore we have

dimg (@, ExtP(F*,G°%)) < oo.
O

Definition 1.22. Let T be a k-linear triangulated category. A contravariant cohomolo-
gical functor H: T°? — mod(K) is called of finite type if for all E € T all but finitely
many H(X'E) are zero.

Note that the category of such functors is equivalent to the category of k-linear
triangulated functors TP — DP(K) (see [BK90, Lemma 2.2]).

Definition 1.23. Let T be a proper triangulated category over K. We say that T is
right (resp. left) saturated if every contravariant (resp. covariant) functor of finite type
is representable.

Theorem 1.24 (|BK90, Theorem 2.14]). Let X be a smooth projective variety. Then
D(X) is both left and right saturated.

Serre functors

One of the main tools in the study of cohomology on a smooth projective variety is Serre
duality and, more generally, Grothendieck-Verdier duality. In the context of K-linear
triangulated categories, this is conveniently encoded in the following notion:

Definition 1.25. Let T be a proper triangulated category over k. A Serre functor on T
is a k-linear equivalence S: T — T such that for every X,Y € T we have an isomorphism

nx,y: Hom(X,Y) — Hom(Y,S(X))"

which is functorial in X and in Y.
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Remark 1.26. The definition of Serre functor also makes sense in an arbitrary K-linear
category, but we will always consider them in the context of proper triangulated categories
over K.

Example 1.27. The identity is a Serre functor on DP (k).

We check first that Serre functors commute with k-linear equivalences (not necessarily
triangulated).

Lemma 1.28 (|Huy06, Lemma 1.30]). Let F': A — B be a K-linear equivalence between
proper triangulated categories over K. Then we have a natural isomorphism

FoSAX=SgoF

Proof. Using the defining property of Serre functors, fully faithfulness of F' and the
canonical isomorphisms V' — vV sending v — ev,, for finite dimensional k-vector spaces,
we have functorial isomorphisms

Hom(F(X), FS(Y)) =2 Hom(X,S(Y)) = Hom(X, S(Y))VV =
~ Hom(Y, X)" = Hom(F(Y), F(X))¥ = Hom(F(X),SF(Y))" =
= Hom(F(X),SF(Y))

for all X,Y € A. By Yoneda and essential surjectivity of F' we get the natural isomorph-
ism that we wanted. ]

In particular, for F' = ida the previous lemma shows that Serre functors are unique
up to natural isomorphism.

We show next how to use Serre functors to define a left (resp. right) adjoint in the
presence of a right (resp. left) adjoint.

Lemma 1.29 ([Huy06, Remark 1.31]). Let F: A — B be a functor between proper
triangulated categories over K endowed with Serre functors.

i) If F has a left adjoint G + F, then F 4 Sa o G oSg.
it) If F' has a right adjoin F 4 H, then SKl oHoSg-F.

Proof. In the first case we have functorial isomorphisms
Hom(X,SAGSg' (Y)) = Hom(GSg!(Y), X)V =
= Hom(SEl(Y), F(X))" =2 Hom(F(X), SBS;(Y)) =~ Hom(F(X),Y)
forall X € A and all Y € B.

For the second case we have functorial isomorphisms

Hom(S,'HSp(X),Y) = Hom(Y, HSp(X))" =
= Hom(F(Y),Sp(X))" = Hom(X, F(Y))

forall X € A and all Y € B. O
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Remark 1.30. Recall that if F' is triangulated, so are its adjoints (see proposition [A.21]).

We can now reformulate Serre duality as the existence of a certain Serre functor:

Theorem 1.31 (|[Huy06, Theorem 3.12|). Let X be an n-dimensional smooth projective
variety over K. We define a K-linear triangulated autoequivalence Sx : DP(X) — DP(X)
as the composition

wx®(—)
=

DP(X) D"(x) " DP(x).

Then Sx is a Serre functor on DP(X).

Admissible subcategories

Admissible subcategories will play an important role for us, since they can be thought of
as semiorthogonal components (cf. lemma and lemma |A.26)).

A (A.24). A triangulated subcategory A < T is called right admissible (resp. left ad-
missible) if the inclusion functor admits a right (resp. left) adjoint. If it is both left and
right admissible we simply call it admissible.

Let A € DP(X) be a right admissible subcategory. Then A+ C DP(X) is automat-
ically left admissible by lemma |[A.26] But when is A also right admissible?

Proposition 1.32. Let X be a smooth projective variety over K. Let A C DP(X) be a
right (resp. left) admissible subcategory. Then A is also left (resp. right) admissible.

Proof. We will check that the Serre functor on DP(X) induces a Serre functor on A.
This implies the result by lemma [T.29]

Let i,: A — DP(X) denote the inclusion functor. Suppose first that i': D?(X) — A
is a right adjoint of this inclusion. We claim that

.| .
SA =% 0Sx 01y

is a Serre functor on A. We check first that it is a k-linear equivalence. Being K-linear
follows from being a composition of K-linear functors. To check fully faithfulness, let
F*,G* € A. Using that i, is just the inclusion and that i' o i, = ida we get

Hom(i'Sxix(F*),i'Sxix(G*)) = Hom(i'i,Sxix(F*), i ixSxix(G*)) =
>~ Hom(Sxi.(F*),Sxi(G*)) =2 Hom(Sx (F*),Sx(G*))

Now Sx is an autoequivalence, hence we can continue the chain of isomorphisms to
conclude

Hom(Sx (F*),Sxi.(G*)) = Hom(F*,G*)

Again because Sy is an autoequivalence, for all F* € A we can find some G* € DP(X)
such that F* = Sx(G®). Hence F = i'i,(F*) = i'(F*) is isomorphic to i'Sx (G*) and Sa
is essentially surjective. For F* G®* € A we have functorial isomorphisms

Hom(F*,i'Sxi.(G*)) = Hom(iy(F*),Sxix(G*)) = Hom (i, (G*), s (F*))"
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Since iy is just the inclusion, the last hom-space is just Hom(G®, F*)V. Hence Sp is a
Serre functor on A.
Suppose now that i*: DP(X) — A is a left adjoint to the inclusion. Then

SAZi*OS;(lOi*

is a Serre functor on A. To check that it is a k-linear equivalence we argue as before.
And for F*,G*®* € A we have functorial isomorphisms

Hom(i*S;i*(}"),g') = Hom(S)}li*(f'),i*(g')) =~ Hom(i4(G*®), i« (F*))"
which imply the claim as in the previous case. O

So right and left admissibility are equivalent for triangulated subcategories of the
derived category DP(X) of a smooth projective variety.

Remark 1.33. The proof works the same way replacing DP(X) by any proper triangulated
category endowed with a Serre functor. In particular it works for admissible subcategories
of DP(X), since the proof shows that they also have a Serre functor.

We will rely on the previous proposition when we discuss admissibility in order to
reduce the machinery we use, but using saturatedness of DP(X) and the results from
[BK90| would make our life much easier. For example, if X is smooth and we see DP(X)
as a full subcategory of some DP(Y') via some fully faithful triangulated functor, then
DP(X) is automatically admissible inside DP(Y).

Proposition 1.34 (|[BK90, Proposition 2.6|). Let A be a right (resp. left) saturated
triangulated category and suppose A < 'T is embedded as a triangulated subcategory in a
proper triangulated category T. Then A is right (resp. left) admissible in T.

Proposition 1.35 (|[BK90, Proposition 2.8]). Let A < T be a left (resp. right) admissible
subcategory of a proper and right (resp. left) saturated triangulated category T. Then A
is right (resp. left) saturated.

These two propositions combined give another proof of proposition but also
show the announced claim:

Corollary 1.36 ([BK90|). Let X be a smooth projective variety and let DP(X) < T for
some proper triangulated category T. Then DP(X) is admissible in T.

Remark 1.37. In the appendix we study some stability properties of admissible subcat-
egories. For example, if A < B is admissible and B < C is admissible, then A < C is
admissible. Note also that if A < C is admissible, then A < B is admissible as well,
because we can restrict the adjoint of the inclusion to B.
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1.3 Semiorthogonal decompositions

In order to study DP(X) we want to decompose it into simpler pieces. A natural first
attempt would be to look for orthogonal decompositions:

Definition 1.38. Two triangulated subcategories A and B of a triangulated category
T are called an orthogonal decomposition of T if the following two conditions hold:

1) Hom(A, B) = Hom(B, A) =0 for all A € A and all B € B.
2) For all X € T we can find a distinguished triangle

A— X —-B—=XYA.

The orthogonality condition implies that the dashed arrow is zero in the previous
triangle, hence X =2 A @ B (see proposition [A.14). If T does not admit any non-trivial
orthogonal decomposition, then we say that it is indecomposable.

Proposition 1.39 (|Bri99, Example 3.2|). If X is a quasi-projective variety, then DP(X)
1s indecomposable if and only if X is connected.

Proof. This proof is taken from [Huy06, Proposition 3.10]. We show only the direction
that we are interested in, namely, that the derived category of a connected scheme is
indecomposable. Suppose Db(X ) = A @ B. Then we have a distinguished triangle

A— Ox = B— A[1].

By proposition we have Ox = A® B. In particular, both complexes A and B have
cohomologies concentrated on degree zero, so we may assume that they are coherent
sheaves. Moreover, they are O x-submodules of the structure sheaf, so A (resp. B) is the
ideal sheaf of a closed subscheme X 4 (resp. Xp). The sum of ideal sheaves (which in our
case is the whole Ox) is contained in the ideal sheaf of the intersection, and therefore
we have X4 N Xp = @. On the other hand, the ideal sheaf of the union is contained in
the intersection of the ideal sheaves (which in our case is zero), so X4 U Xp = X. By
connectedness of X, one of the two closed subsets must be empty, say Xp = @. But
then B =0 and
Ox =2 AcA.

Let now k(z) be the skyscraper sheaf of the residue field at a closed point € X. This
coherent sheaf cannot be written as a non-trivial direct sum, so the decomposition given
by proposition shows that either x(x) € A or k(z) € B. This coherent sheaf has
non-zero global sections, so there is a non-zero morphism Ox — k(z) and thus x(x) € A.

Suppose now that we had a complex 0 # F* € B. Since it is non-zero, we can define
m € Z as the largest integer for which H™(F*®) # 0. Let then = € X be a closed point
in the support of the coherent sheaf H"(F®). The claim is that there is a non-zero
morphism

F* = k(x)[—m)]
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which implies that F* € A, contradicting our assumption. To see this, we may replace
F* by its canonical upper truncation 7<,,F*, which is isomorphic to F* in D(X). The
quotient Ker(d™) — H™(F*®) corresponds then to a morphism F* — H™(F*)[—m)].
Since z is in the support of H™(F*), we also have a morphism H™(F*) — k(z). The
composition F* — k(x)[—m] induces a non-trivial morphism in cohomology on degree
m, so this morphism cannot be trivial in the derived category. O

Hence orthogonal decompositions are too restrictive for our purposes. Instead we
introduce the following:

Definition 1.40. Two triangulated subcategories A and B of a triangulated category
T are called a semiorthogonal decomposition of T if the following two conditions hold:

1) Hom(B,A) =0 for all A € A and all B € B.

2) For all X € T we can find a distinguished triangle

B—-X -2 A—YB.

We denote such a decomposition by T = (A, B).

Remark 1.41. Unlike in the case of orthogonal decompositions, the order in the previous
triangle matters. Indeed, if we swap A and B in the triangle, then it would always split
(see proposition |A.14)) and X would again be the direct sum of A and B.

This kind of decomposition is closely related to admissible subcategories. If A < T
is a right admissible subcategory, it follows directly from lemma that T = (A+ A).
In fact, the converse is also true:

Lemma 1.42 (|Kuzll, Lemma 2.5|). If T = (A,B), then B is right admissible and the
inclusion A C B is an equivalence. In particular, A is left admissible.

Proof. We use the characterization of admissibility given in lemma
We need to show that the inclusion A C B is essentially surjective, so let X € B+.
Since T = (A, B), we have a distinguished triangle

B—-X—-A—YB.

The morphism B — X must be trivial, so the triangle splits by proposition In
particular A = X @& XB. But then the inclusion ¥B — X & ¥ B = A must vanish, hence
the identity on X B factors through zero. This implies that B =2 0 and thus A = X. O

We can iterate these kind of decompositions by further decomposing each semiortho-
gonal component. Ideally, we would start from an indecomposable triangulated subcat-
egory A and then find further semiorthogonal decompositions of its complement AL,
until we eventually obtain an expression of the form

T = <...<A17A2>,A3>7...>,Am>.
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Lemma 1.43. Let T be a triangulated category and A1, ..., A, < T be a semiorthogonal
collection of triangulated subcategories, i.e. A; C A]-l whenever j > i. The following are
equivalent:

@) T={(-(A1,A2),As), ), Ap).

b) There is a filtration 0 = Tog < T; < -+ < T, = T such that each T;_1 is left
admissible in T; and such that the left orthogonal complement of T;—1 in T; is A;.

c) For all X € T we can find a sequence of morphisms 0 = T, — Tppeq — -+ —
To = X such that the cone of the morphism T; — T;_1 is in A,;.

Proof. Suppose we have a). To show b) we take
T, = < .. <_A17 A2>, .. .>7 Az>

By lemma[I.42| the inclusions T;_; < T; are left admissible. Moreover, by corollary [A.27]
LT, 2 A,, so we are done.
Suppose now that b) holds and let X € T. We show that ¢) holds by induction
on the length m of the decomposition. If m = 2, then from lemma [A:26] we obtain a
distinguished triangle
B—-X—>A—-%YB

with B € 1T; 2 Ay and A € T; = A;. Hence we can set T; = B and obtain the desired
sequence of morphisms. If the result is true for m — 1, then we can consider the sequence
of morphisms

0—=Tpo——T1 =X

with the desired property, obtained from the filtration 0 < Ty < -+ < T,,—1. Since
T,,—1 < T is left admissible, we can again find a distinguished triangle B — T;,_o —
A — YBwith BetT,,_1 =2 A,, and with A € T,,,_;. We need to show that A € A,,_1,
which is the orthogonal complement of T,,_o in T,,_1. Since T;,_o is already in it and
B has no non-zero morphisms to any object Y € T,,_1 > T,,_2, this follows from the
long exact sequence of hom-groups. We can thus complete the previous sequence to a
sequence
0—-B—->T, 0— - —T1 - X

in which B € A,,, and the cone of B — T},,_o is in A,,_1.

Assume now that ¢) is true and let again X € T. We will again proceed by induction
on the length m of the decomposition. If m = 2, then we have a sequence 0 — T} — X
such that T7 € A, and the cone of 77 — X is in A;. Hence we have the distinguished
triangle that we need and T = (A1, Ag). Suppose that the implication holds for decom-
positions of length m — 1. Given a sequence of morphisms

0—=Tpa—-—Th—=T1 =X

such that the cone of T; — T;_1 is in A;, we will show that the cone of the composition
Ty — Ty — X is in (A1, Ag). This implies the result by induction.
By (TR4) we can find a commutative diagram
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Ts s T s Ao 3T
I |
T, X S (; XT5
—
Z}l e E£2

in which all horizontal and vertical lines are distinguished triangles. Hence C' € (A, Ag)
as we wanted. O

Definition 1.44. Let T be a triangulated category and let Aq,...,A,, < T be a semi-
orthogonal sequence of triangulated subcategories. We say that they form a semiortho-
gonal decomposition of T if they satisfy any of the equivalent conditions in lemma [T.43]
We denote this by

T=(A1,As,....,A,).

Remark 1.45. Semiorthogonal decompositions clarify the structure on the triangulated
category to some extent. But even if we understand all pieces in the decomposition very
well, there is still some information missing when we write T = (Aq,...,A,,), namely
the morphisms going to the rightﬂ

A particularly nice case of semiorthogonal decomposition occurs when all pieces are
right admissible (e.g. on DP(X) for X a smooth projective variety). This has the
following nice consequence:

Lemma 1.46. Let Aq,..., A, be a semiorthogonal sequence of right (resp. left) admiss-
ible triangulated subcategories of T. Then the following are equivalent:

a) The smallest triangulated subcategory containing all of them is T.

b) The smallest thick triangulated subcategory containing all of them is T.
c¢) They generate T, i.e. (A} = {0}.

d) T=(A1,...,An).

Proof. The triangulated envelope is always contained in the thick envelope, so a) = b)
is automatic.

For b) = ¢), let X € (\ A;*. Then Hom(T, X) = 0 for all T € |J A;. But this property
is closed under taking shifts, cones and direct summands. Hence Hom(7', X') = 0 for all
T in the thick envelope of the A;, so Hom(7,X) = 0 for all T € T and in particular
Hom(X, X) =0. Thus X =0.

Let us first show ¢) = d) for m = 2. Let X € T. Since Ay is right admissible, we
can find a distinguished triangle Ay — X — Ay — S Ay, with A9 € Agy. Since A, is

4These are called gluing data.
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right admissible we can find another distinguished triangle A1 — Ay — Aj — XA, with
A}y € A Since A1, Ag € A, we also have A € Ay. Hence A € A{ N Ay = {0} and
Ay = Ag € Ay, finishing this case. The general case follows from this one by induction,
for if N“1' A = {0}, then N, A} = {0} inside A}, ;. Hence A}, = (A1,...,An)
and thus we obtain a semiorthogonal decomposition

T = <A17 . 'aAmaAm+1>'

The last implication d) = a) follows directly from the definition of semiorthogonal
decomposition. Indeed, suppose we have 0 — T, 1 — -+ = T7 — X. Then we
first have that T;,_o is in the triangulated envelope, because T,,_1 € A,, and the cone
of T,no1 — T2 is in A,,_1. Repeating this process we see that each T; is in the
triangulated envelope, including Ty = X. O

If T does not admit any non-trivial semiorthogonal decomposition we call it semi-
orthogonally indecomposable.

Exceptional objects and exceptional collections

The easiest example of semiorthogonally indecomposable triangulated category is given
by the ground field:

Example 1.47. The bounded derived category of finite dimensional vector spaces over
k is semiorthogonally indecomposable.

Proof. By example every bounded complex of vector spaces is isomorphic to the
complex of its cohomology groups with trivial differentials.

Suppose then that D(k) = (A, B) with A C B*. We claim first that B C A*+
as well. Indeed, let ®,V?[p] € B and @,WP[p] € A. Then Hom(®,WP[p], &,V q]) =
®p,q Hom(WP Vg — p|) = &, Hom(WP,VP) has to be zero, because A C B+ implies
that @, Hom(V?, WP) is.

Hence every semiorthogonal decomposition is in fact an orthogonal decomposition.
This already implies the claim by proposition because a point is connected. But we
can also see it directly in this case. Indeed, if there is some 0 # @,VP[p] € A, then all
@,WP[p] € B are zero, because there are always some non-zero morphisms between two
non-zero vector spaces. O]

Definition 1.48. An object F in a K-linear triangulated category T is called exceptional
if Ext®(E, E) = k.

In this case, the triangulated functor DP(C) — T sending V + V ® E is fully
faithful. Its essential image is the triangulated envelope of E, denoted (F). It is a thick
subcategory of T. Moreover:

Proposition 1.49 (|Huy06, Lemma 1.58]). Let E € T be an exceptional such that
dimy (®;ez(Ext'(E, X)) < oo for all X € T. Then (E) < T is right admissible.
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Proof. We will use lemma[A:26] For X € T, we consider the evaluation morphism
Y = @iz ExtY(E,X) @ 2 'E — X.

The finiteness assumption guarantees that Y € (F), so it remains to show that the
cone of this morphism C lies in (E)*. To check this we use the long exact sequence
induced by the cohomological functor Hom(FE, —). Since E is exceptional, a morphism in
Hom(E,Y) = Hom(E, Hom(E, X)®FE) corresponds precisely to the choice of a morphism
in Hom(F, X). Hence the corresponding morphism in the long exact sequencce

Hom(E,Y) — Hom(FE, X)

is an isomorphism. Similarly, all other morphisms Ext(E,Y) — Ext‘(E,X) are iso-
morphisms as well. Thus Ext'(E,C) = 0 for all ¢ € Z, which is what we needed to
show. O

In particular, exceptional objects induce semiorthogonal decompositions
T = (E+,E)

where we denote the thick envelope (E) simply by E. These kind of semiorthogonal
decompositions are particularly nice, because we understand each piece very well and we
know that each piece is already semiorthogonally indecomposable. A standard technique
to find semiorthogonal decompositions will be then given by exceptional collections.

Definition 1.50. Let T be a K-linear triangulated category. A sequence FEn1, ..., B, of
exceptional objects is called an exceptional collection if Ext®(E;, E;) = 0 whenever ¢ > j.
Moreover:

i) If the E; generate T (i.e. if () Ei* = {0}), then we say that the exceptional collection
is full.

ii) If Ext!(F;, F;) = 0 for all 4,5 € {1,...,m} and all [ # 0, then we say that the
exceptional collection is strong.

Proposition 1.51. FEvery exceptional collection En, ..., E,, induces a semiorthogonal
decomposition
T=(AE,...,En)

where we denote (E;) simply by E; and where A = (| E-.

Proof. Note that {E}+ = (E)*, because if X € {E}*, then E €-{X}. And since
L{X} is a triangulated subcategory and (E) is the triangulated envelope, we must also
have (E) <H{X}, ie. X € (E)*. So from Ext*(E;, E;) = 0 we can deduce that that
E; € (E;)*. Again, since (E;)* < T, the whole triangulated envelope (E;) must be
in (E;)—. The claimed semiorthogonal decomposition is then the result of iteratively
decomposing each orthogonal component starting from (FEp,). ]
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This previous proposition will be a standard way to find semiorthogonal decomposi-
tions.

Remark 1.52. Semiorthogonal decompositions obtained from exceptional collections cla-
rify the structure of the triangulated category already much more than arbitrary semi-
orthogonal decompositions, because the pieces on the right are well understood. But
besides of the information already missing in arbitrary semiorthogonal decompositions
(cf. remark , there may also be a lot of information hidden in the orthogonal
complement A. So the structure of the whole triangulated category may still be very
complicated.

In the second chapter we will generalise some results from the absolute setting to the
relative setting, so we will need the notion of relative exceptional object.

Suppose that f: X — Y is a proper morphism of regular quasi-projective varieties
over K. By properness and the standard spectral sequence argument, the derived push-
forward preserves the bounded derived category of coherent sheaves. By regularity, the
bounded derived category of coherent sheaves can be regarded as the full subcategory
of perfect complexes, so it is also preserved under derived pullback (see [Stacks, Tag
09UA]). Hence we have an adjunction L f* 4 Rf, between the bounded derived categor-
ies of coherent sheaves of X and Y. Again by regularity of X we have an adjunction
E* @ (=) 4 RHom(&®,—) on the bounded derived category of coherent sheaves (see
[Stacks, Tag 09J5|, [Stacks, Tag 08DQ)| and |Stacks, Tag 08DJ|). Composing these two
adjunctions we obtain the adjunction

E* @ Lf*(—): DP(Y) = DP(X): R, RHom(E®, —).

Definition 1.53. In the previous situation, if the unit of the adjunction £* @“Lf*(—) -
Rf.RHom(E®, —) is an isomorphism at Oy, then we say that £°® is an f-exceptional
object.

Example 1.54. As a reality check, consider the contraction of a variety to a point
f: X — SpecC. The notions of f-exceptional and exceptional objects should be equival-
ent in this case. Indeed, in this case we have Rf, = RT'(X, —) and R o RHom(F*®, —) =
R Hom(F*®,—). Hence Rf,RHom(E®,E®) = Ext*(€®,E®), which is what we needed.

Proposition 1.55 (|[Kuz16, Lemma 3.1]). Let f: X — Y be a proper morphism between
smooth quasi-projective varieties and let £* € DP(X) be an f-exceptional object. Then
the composition F* s £* QL Lf*(F*) is a right admissible functor, yielding therefore a
semiorthogonal decomposition

DP(X) = (A, £* K D"(Y))

where £* X DP(Y) stands for the essential image of the previous functor and A is its
right orthogonal complement.

Proof. We need to check that the unit of this adjunction is a natural isomorphism, i.e.
that it is an isomorphism at all complexes F* € DP(Y). This follows from the sequence


https://stacks.math.columbia.edu/tag/09UA
https://stacks.math.columbia.edu/tag/09UA
https://stacks.math.columbia.edu/tag/09J5
https://stacks.math.columbia.edu/tag/08DQ
https://stacks.math.columbia.edu/tag/08DJ
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of canonical isomorphisms

R RHom(E,E* @ Lf*(F*)) = Rf.(RHom(E®,E%) @V Lf*(F*)) =
>~ Rf,RHom(E®,E%) @ F* = Oy @ F* = F*.

These follow from |Stacks, Tag 08DQ| and [Stacks, Tag 0B54| respectively. O

Semiorthogonally indecomposable triangulated categories

We will soon look for semiorthogonal decompositions on DP(X), so it is good to know
in which cases this is already known to be hopeless. This is also useful when DP(X)
admits a semiorthogonal decomposition in order to conclude that the components are
semiorthogonally indecomposable.

We have already seen the example of a point DP(k). Generalising this to higher
dimensions, we can look at those smooth projective varieties with trivial canonical bundle.

Definition 1.56. A smooth projective variety X is called a Calabi- Yau manifold if its
canonical sheaf is trivial.

Examples of Calabi-Yau manifolds are abelian varieties and smooth hypersurfaces of
dimension n and degree d = n + 2. By Riemann-Roch, the only Calabi-Yau manifolds of
dimension 1 are elliptic curves. K3 surfaces are a particular case of Calabi-Yau manifold
in dimension 2, but some Calabi-Yau surfaces are not K3, e.g. the product of two elliptic
curves.

Proposition 1.57 (|Bri99]). Let X be a smooth projective Calabi-Yau variety of dimen-
sion n. Then DP(X) is semiorthogonally indecomposable.

Proof. The Serre functor on DP(X) is given by the shift 7* ++ F[n]*. Suppose D"(X)
(A,B). Then A C B* by definition. Let now F* € B and G* € A. Then Hom(G*, F*)
Hom(F*,G[n]*)Y =0, so we also have B C A+,

Hence every semiorthogonal decomposition of DP(X) is in fact an orthogonal decom-
position. But then it must be trivial by proposition [1.39] O

11l

From the previous proof we see that the result also generalises to Calabi-Yau cat-
egories, which are triangulated categories with a Serre functor given by a shift.
Finally, let us mention the following result:

Theorem 1.58 ([KO15, Theorem 1.4|). Let X be a smooth projective variety such that
the canonical linear system |Kx| has at most finitely many base points. Then DP(X)
does not admit any semiorthogonal decomposition.

The canonical linear system |K¢| on a curve C of genus g > 2 contains at least one
non-zero effective divisor, so its base locus is at least a finite amount of points. Together
with the Calabi-Yau case of elliptic curves, this shows that curves of genus g > 1 are
semiorthogonally indecomposable. Hence this result generalises [Okall, Theorem 1.1].


https://stacks.math.columbia.edu/tag/08DQ
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Hochschild homology

At certain points will use as a blackbox the machinery of Hochschild homology. We refer
to |[Kuz09b| for all details.

Associated to a K-linear triangulated category T we can define a graded k-vector
space HHo(T) with the following properties:

i) I T=(Aq,...,A), then HH (T) = ", HH,(A;).
ii) For any smooth projective variety X we have HH;(DP(X)) = D, =i HI(X, Q).

Remark 1.59. Hochschild homology is usually defined for algebras and for varieties, so
whatever definition we take for triangulated categories, it should verify that HHe(X) =
HH,(DP(X)). Condition ii) corresponds then to the Hochschild-Kostant-Rosenberg de-
composition.

Condition 4i) implies that the dimension of HH;(X) is the sum of the numbers in
the i-th column of the Hodge diamond of X for all i € {—dim X,...,dim X}. A nice
consequence of this machinery is the following:

Example 1.60 (|Kuzl6| Corollary 2.16]). Suppose that T admits a full exceptional se-
quence of length I € N. Then HH;(T) = 0 for all i # 0 and HHo(T) = k'. In particular,
if X is a smooth projective variety over C such that D”(X) has a full exceptional col-
lection, then its Hodge diamond must have zeros everywhere except on the vertical line
hPP. Moreover, the sum of this vertical line is precisely the length of the full exceptional
collection.



Chapter 2

The case of Fano fibrations

Recall that by variety we mean an integral separated scheme of finite type over a field
k. In this second chapter we will always work over the complex numbers C.

2.1 Fano manifolds

Let us start applying the general machinery developed in the first chapter to Fano variet-
ies, which are varieties with ample anticanonical divisor. These are the absolute case of
Fano fibrations, in which we collapse the whole variety to a single point. In this section
we will only consider smooth Fano varieties.

Definition 2.1. A smooth projective variety X is called a Fano manifold if its antica-
nonical divisor —Kx is ample.

To avoid trivial cases, we will always assume that Fano varieties are at least one
dimensional. Some examples of Fano manifolds include projective spaces, Grassmannians
and smooth hypersurfaces X C P"*! of degree d < n + 1. By Riemann-Roch, the only
Fano manifold of dimension 1 is P!. Fano manifolds of dimension 2 are also called del
Pezzo surfaces.

Proposition 2.2 (|[PS99| Proposition 2.1.2|). If X is a Fano manifold, then H*(X,Ox) =
C.

Proof. Since C is algebraically closed and X is integral and proper over C, we have
H°(X,0x) = C. So we only need to check the vanishings on degrees p > 0. This is a
direct consequence of the Kodaira vanishing theorem (see [Mat02, Theorem 5-1-1|):

HP(X,0x) = HP(X,wx @ wy') =0
O

From these vanishings in cohomology we already obtain some information about
derived categories of Fano manifolds, namely:

31
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Corollary 2.3. If X is a Fano manifold, then every line bundle L is an exceptional
object in DP(X).

Proof. We need to show that Ext®*(L, £) = C. Since tensoring with a line bundle induces
an autoequivalence of DP(X), we have Ext®(£, £) = Ext®*(Ox,Ox). The result follows
then directly from the previous lemma. O

The main idea now is to exploit these Kodaira type vanishings as much as possible
in order to obtain an exceptional collection on DP(X).

Proposition 2.4 (|PS99, Proposition 2.1.2.]). Let X be a Fano manifold. Then Pic(X) =
H?(X}y,,7) is a finitely generated torsion free abelian group. Moreover, numerical and lin-
ear equivalence of divisors on X agree.

Definition 2.5. The index of a Fano manifold X is the largest integer » > 0 which
divides —Kx in Pic(X).

Since —K x is ample, this means that we can write
—KX ~rH

with » € N maximal and H ample, or equivalently —Kx = rH with r € N maximal and
H ample.

Example 2.6. Let P" be the n-dimensional complex projective space and let H C P"
be a hyperplane. We have —K ~ (n + 1)H, and therefore the index of P" is n + 1.

Example 2.7. Let @, C P"*! be a smooth n-dimensional quadric and let H C @Q,, be
a hyperplane section. By the adjunction formula we have —Kq, ~ nH, hence the index
of @, is n.

In fact, the index of X is bounded above by dim X + 1 and that high index Fano
manifolds are characterised as:

i) Projective spaces, which are the Fano manifolds of index dim X + 1.
ii) Smooth quadrics, which are the Fano manifolds of index dim X.
See for example [Kuz09a, Theorem 2.1]|.

Proposition 2.8 (|[Kuz09a, Lemma 3.4|). Let X be a Fano manifold of index r. Then
D"(X) has an exceptional collection

Ox, Ox(H), ..., Ox((r — 1)H).

Proof. We have already seen in corollary that all line bundles are exceptional, so it
remains only to check the semiorthogonality condition.

We want to show that Ext?(Ox(IH),Ox(kH)) = Ext’(Ox,O0x((k — )H)) =
HP(X,Ox((k—1)H))=0forall 0<k<l<r—1andall peZ.
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The case p = 0 corresponds to the general fact that negative multiples of ample line
bundles on positive dimensional projective varieties have no global sections. Indeed, if
s € HY(X,Ox(—mH)) is a non zero global section, then we can find an effective divisor
D ~ —mH. But Ox(D) = Ox(—mH), so Ox(—D) is an ample line bundle. This is
a contradiction, because the global sections of Ox(—D) must all have zeros along the
closed subscheme D, so this sheaf is not generated by its global sections (and neither are
its powers for the same reason).

The cases p > 0 follow again from Kodaira vanishing. To apply this theorem, we want
to find an ample divisor D such that —mH ~ D + Kx for certain values of m € Z. Let
then D = —mH —Kx ~ —mH+rH = (r—m)H. This divisor D is ample when (r—m)H
is ample, which is the case when 0 < m < r — 1. Therefore HP(X,Ox(—mH)) = 0 for

-KX:T'H

Ne f(X)

Figure 2.1: —Kx —mH is still ample for 0 <m < r — 1.

all p>0and all 0 < m < r—1. In particular for all 0 < k<l <r—1and all p > 0 we
have Ext?(Ox(IH),Ox(kH)) = 0, as we wanted to show. O

Remark 2.9. In figure we see that in order to apply Kodaira vanishing we need to
restrict to the collection in the statement, and this collection cannot be enlarged from
above with the same argument. In fact, projective spaces already give an example in
which this collection cannot be enlarged at all. On the other hand, we will see later that
in the case of quadrics we can enlarge this collection with one or two more vector bundles
on the left.

Corollary 2.10 (|Kuz09al, Corollary 3.5]). Let X be a Fano manifold of index r. Then
we have a semiorthogonal decomposition

D'(X) = (Ax., Ox, Ox(H),...,Ox((r — 1)H)).
Proof. The result follows directly from proposition [2.8 and proposition [[.51 O

In the remaining of this section we will study some particular cases of Fano manifolds
in which the result of corollary 2.10] can be strengthened.
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Projective spaces

The study of exceptional collections and more generally of semiorthogonal decompositions
started in 1978 with Beilinson’s work on projective space (see |Bei78|). The upshot is
that the category A appearing in the corresponding Fano semiorthogonal decomposition
is trivial, so that we have a semiorthogonal decomposition

DP(P") = (O,...,0(n)).

We will give two proofs of this result. The first one is just a combination of previous
results discussed here. To show that these line bundles form such a decomposition, it
suffices to show that their thick envelope is the whole DP(P") (see lemma . This is
true because if O(1) is a very ample line bundle on an n-dimensional smooth projective
variety X, then @7 ,O(i) classically generates DP(X) (see proposition .

The second proof is perhaps more interesting, as it deals with some useful general
machinery which can be adapted to other situations.

Lemma 2.11 (Beilinson). Consider the product p,q: P" x P — P™ and let A C P" x P"
be the diagonal. There is a locally free resolution of Oa as follows:

0= A"(O(-1) K Q1)) = A" HO(-1) K Q1)) — - -
= O(=1) K1) = Opnypn — Op 0

where F K G means p*F ® q*G.

Proof. This proof is based on |[EH16, Section 3.2.4] and |[Huy06, Lemma 8.27|. We think
of all locally free sheaves involved as vector bundles instead.

The sheaf O(—1) corresponds to the tautological line bundle, as can be seen from its
transition functions. To understand the sheaf €} we first describe its dual, the tangent
sheaf 7. Let m: C"*1\ {0} — P" be the quotient map defining P* and let v € C"+!\
{0}. We want to understand Ty (,)P" in terms of T,C"*1 = C"*! and the differential
dmy: T,C" ! — Tr(yP". This differential is a surjective C-linear homomorphism from a
complex vector space of dimension n + 1 to a complex vector space of dimension n. Its
kernel has therefore dimension 1, and it corresponds precisely to [ = span(v) C C"H1,
This already gives us an isomorphism 77 P" = C™*+1/1, but it is not canonical, as it
depends on a choice of preimage of m(v). Hence it will not glue to an isomorphism of
vector bundles, which is what we are looking for.

The solution proposed in [EH16, Section 3.2.4] consists on realising that making the
preimage of 7(v) A times bigger will shrink our isomorphism by a factor of A. This can
be pictured locally as in figure The further away from the origin a curve is, the
slower its projection onto projective space goes.

To compensate this shrinking we may fix a linear form «: [ — C and multiply the
previous isomorphism by a(v). Then a(Av)dmy,(w) = Afa(v)dm,(w) = a(v)dr,(w),
as we wanted. So we have a canonical isomorphism [V ® C"*!/] = =(o)P" sending
a® (w mod l) — a(v)dm,(w), or equivalently C"*1/I = Ty, )P" ® I. We have therefore
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Cn-i—l A

Figure 2.2: Tangent space of complex projective space.

a canonical short exact sequence 0 — [ — C"*! — Tr()P" @1 — 0 which after dualising
becomes
0= V(Q1))r@) = (C"THY =1V > 0.

This shows that the fibre of the twisted sheaf of differentials (1) over a point 7(v) € P"
is canonically identified with the space of linear forms a: C"*! — C whose restriction to
| = span(v) C C*! is trivial.

The fibre over (I1,12) € P x P" of the vector bundle O(—1) X Q(1) consists of points
x € 13 € C"1 and linear forms a: C**! — C whose restriction to ls € C**! is trivial.
Therefore we have a canonical evaluation morphism of vector bundles

£ =0(-1) K Q1) = Opnypn

which corresponds to a global section of the dual £Y whose zero locus is precisely the
diagonal A C P xP". The Koszul complex yields then the desired locally free resolution.
O

Denote this locally free resolution by £* — Oa. For a line bundle £ and a vector
bundle F we have a canonical isomorphism AY(£ ® F) = £% @ A'F, so we can write

E0 = O(—i) RO (5).
To simplify the notation, we will use Fourier-Mukai functors.

Definition 2.12. Let X; and X» be smooth projective varieties. Consider their product
X1 X X9 with the two projections p;: X1 X Xo — X, and let P® € Db(X1 x X2). The
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Fourier-Mukai functor with kernel P*, denoted ®pe: D(X;) — DP(X5), is defined as
F* = Rpo (P @" pi(F*)).

Remark 2.13. The pullback is not derived because the projection from the product is
flat. Usually we will take P® to be a complex of locally free sheaves, so that the tensor
product need not be derived either.

Hence Fourier-Mukai functors are by definition triangulated functors between the
derived categories. This class of functors is very useful, because it is closed under com-
position and adjoints. In fact, Mukai has found explicit formulas for the kernels of the
composition or of the adjoints (see |[Huy06, Propositions 5.9 and 5.10]). But even more
interestingly, it turns out that a partial converse is true. Orlov has shown that every
fully faithful triangulated functor DP(X;) — DP(X5) with right and left adjoints is a
Fourier-Mukai functor (see |[Huy06, Theorem 5.14]).

Example 2.14 (|[Huy06, Examples 5.4]). Using the projection formula and some com-
mutative diagrams one can show the following:

i) idpy(x) = €0,

i) Rf, = (IDOFf. In particular H*(X,—) = ®p, .
i) () ® L2 DA,
iv) [1] = @p, -

Back to our locally free resolution of the diagonal £* — Oa, we had written £ as
O(—i) K Q¥(i). For F* € D?(P") we have then by the projection formula

Bei(F*) 2 Rap*(F* @ Q(—i)) @ O®).

By base change, we may bring F* to the derived category of the other factor passing by

Spec C. Hence '
Ooi(F)ZH (P, F* @ Q7 (—i)) @ O(4)

which is what we should keep in mind for the upcoming proof.

Proposition 2.15 (Beilinson). The line bundles O, O(1),...,O(n) form a full and strong
exceptional collection on Db(IP’”). In particular, we have the claimed semiorthogonal
decomposition

D"(P") = (0,0(1),...,0(n)).
Proof. The collection is strong because
Ext!(0(i), 0(j)) = H'(P",0(j — i) =0

for all 7,5 € {0,...,n} and all [ # 0. Indeed, the only possibly conflictive case is | = n,
for which H™(P", O(j —i)) = H°(P*, O(i — j — n — 1))V = 0 by Serre duality.
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Now let us see that the smallest triangulated subcategory containing the line bundles
O,...,0(n) is the whole DP(P") following the argument in [Huy06, Corollary 8.29].
Since tensoring with a line bundle induces an autoequivalence of the derived category,
we may equivalently show that the smallest triangulated subcategory containing the line
bundles O(—n), ..., is D?(X).

So let F* € DP(P"). Split the resolution £* — Oa into n short exact sequences
0= M1 5 7% 5 M7 — 0 with M™™ = £ and M? = Oa. Each of them
induces a distinguished triangle in the derived category. First tensor these triangles with
p*F* and then apply Rg, to obtain distinguished triangles

Pt (F*) = pi(F*) = ppi(F*) = i1 (F7) ().

We have seen before that @i (F*) =2 H*(P", F*®@Q~(—i))®0O(i), and thus this complex
lies in the smallest triangulated subcategory containing O(—i). Since this subcategory
must be closed under cones, by induction we eventually obtain that ®p, (F*®) = F* is
in the smallest triangulated subcategory containing these line bundles, as we wanted to
show. O

Remark 2.16 ([Huy06, Proposition 8.28|). Using the isomorphisms discussed in this sec-
tion one can deduce the Beilinson spectral sequences from the Grothendieck spectral
sequence. For F € Coh(P"), the first Beilinson spectral sequence reads

EP=HP" FoQ " (-r)®0(r)=F

where by F we mean the complex with F concentrated on degree zero as usual. The
second Beilinson spectral sequence is

B} = H*(P", F(r)) @ Q" (=) = F.

del Pezzo surfaces

Smooth Fano surfaces are called del Pezzo surfaces. There are only ten families of such
surfaces (see |Bea96, Exercises V.21.1|):

i) The projective plane P?2.
ii) The quadric P* x P!
iii) The blow-up of P? at m € {1,...,8} distinct points in general position.
We have already seen that
DP(P?) = (0,0(1),0(2)).

For the quadric P! x P! we can also find a full exceptional collection. In this case it will
follow from Orlov’s projective bundle formula, which we will discuss in proposition [2.32
The upshot is that we have a semiorthogonal decomposition

DP(P! x PY) = (0, 0(1,0),0(0,1),O(1,1))
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where O(a,b) denotes O(a) X O(b) = p*O(a) @ ¢*O(b).
It remains to discuss blow-ups of P2. In this case, we also have a full exceptional
sequence given by Orlov’s blow-up formula (see |Orl93, Theorem 4.3|):

Proposition 2.17 (Orlov’s blow-up formula). Let X be a smooth projective variety and
Y a smooth subvariety of codz’mensz'o c>1. Let f: X = X be the blow-up of X along
Y. Then we have a semiorthogonal decomposition

DP(X) = (D(X),DP(Y)y,...,DP(Y)._1)

where DP(X) denotes the essential image of the functor Lf* and DP(Y),, denotes the
essential image of the functor Ri,(Og(m) ®@" Lp*(—)). Here i denotes the inclusion of
the exceptional divisori: E — X and p denotes the projection onto the centre p: E — Y.

This proposition yields particularly nice results applied to blow-ups of P2, because
Y = SpecC and P? has a full exceptional collection.

Let f: S — P? be the blow-up of the plane at one point P € P2. Then Orlov’s
blow-up formula tells us that

D"(S) = (0,0(1),0(2), Op).

Iterating this, for the blow-up S of P? at m € {1,...,8} distinct points in general
position we obtain a semiorthogonal decomposition

DP(S) = (0,0(1),0(2),0p,,...,0p,).

We can combine these semiorthogonal decompositions with example to compute
the Hodge diamond of a del Pezzo surface.

Corollary 2.18. Let S be a del Pezzo surface. Then its Hodge diamond is

1
0 0
0 m 0
0 0
1
where m =2 if § = Pl x P! orm € {0,...,8} is the number of points at which we have

blown-up the plane to obtain S plus 1.

Proof. The existence of a full exceptional collection implies that the only column with
non-zero entries is the 0-th column. We also know that the dimension of HHy(.S) must
be the sum of the entries of this column, which is 2 + m, so we only need to compute
HH(S). But by example we have HHg(S) = C!, where [ is the length of the full
exceptional collection. If S = P! x P!, then [ = 4 as claimed. If S is a blow-up of P?
at (possibly zero) points, then the length of the full exceptional collection is 3 plus the
number of points, also as claimed. O

'If we blow-up an effective Cartier divisor, nothing happens. In fact, this can be taken as a defining
property of blow-ups: they replace a potentially ugly centre by a nice effective Cartier divisor.
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Grassmannians and quadrics

To close this section let us briefly mention two classical results concerning Grassmannians
and quadrics, which were historically the sequel of Beilinson’s work on projective space.
They were studied by Kapranov in the mid-eighties.

Proposition 2.19 (|Kap83|). Let G = G(k,C") be the Grassmannian of k-planes in
C™. Then from the universal rank k vector bundle we can construct a full and strong
exceptional collection on DP(G) indexed by Young diagrams with at most k rows and
at most n — k columns, or equivalently indexed by tuples a = (aq,..., ) with 0 <
ap < -~ < ayp <n—k, each a; representing the number of boxes in the i-th row of the
corresponding Young diagram.

Proposition 2.20 (|Kap86|). Let Q. be an n-dimensional smooth quadric. From the
spinor bundles we may construct a full and strong exceptional collection on DP(Q,) as
follows:

i) S,0,...,0(n—1) if n is odd.
i) S—,81,0,...,0(n—1) if n is even.

The case of Grassmannians is a generalisation of the argument with the tautological
short exact sequence and the locally free resolution of the diagonal, whereas the case of
quadrics requires more work.

2.2 Fano fibrations

In this section we will generalise the results obtained for Fano manifolds to the relative
setting.

Definition 2.21. A Fano fibration is a morphism f: X — Y of smooth projective
varieties such that

i) the canonical morphism f*: Oy — f,Ox is an isomorphism,
ii) —Kx is f-ample, and
iii) dim X > dimY.

Such a morphism f has to be proper, because X is proper over C and Y is separated
over C. And it has to be surjective, since otherwise there would be a dense open subset
not contained in the image, making it impossible for the canonical morphism Oy — f,Ox
to be an isomorphism. Let us first make a couple more remarks on this definition.

Remark 2.22. The condition dim X > dimY makes sure that all fibres are at least 1-
dimensional. This follows from Chevalley’s upper semi-continuity theorem (see |EGA
IV3, Corollary 13.1.5]).
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Remark 2.23. By the theorem on formal functions, a proper morphism f: X — Y
between algebraic varieties in which the canonical morphism f*: Oy — f.Ox is an
isomorphism has connected fibres (see [EGA III;| Corollary 4.3.2]). Conversely, a proper
morphism f: X — Y with connected fibres onto a normal projective variety must verify
that the canonical morphism f*: Oy — f.Ox is an isomorphism. This follows from
the Stein factorisation (see |[EGA III;, Theorem 4.3.1]), in which the finite part must
be a homeomorphism onto a normal variety, hence an isomorphism (this is only true in
characteristic zero, cf. |Deb01, Section 1.13]).

Remark 2.24. We say that a divisor D on X is f-ample if for all 7 € Coh(X) there
exists an integer mg such that the counit f*(f.(F(mD))) — F(mD) is surjective for
all m > my. This implies that the restriction to every fibre is ample (see |[EGA II,
Proposition 4.6.13]). Conversely, if f is proper and the restriction of D to each fibre is
ample, then D is f-ample (see [EGA III;, Theorem 4.7.1]).

If f is a projective morphism, then we also have a relative version of Kleiman’s
criterion, namely, D is f-ample if and only if it is positive on NE(f)\ {0}, where NE(f) C
NE(X) is the subcone generated by the classes of curves contracted by f (cf. [Deb01,
Section 7.41]).

Besides of Fano manifolds, examples of Fano fibrations include projectivisations of
vector bundles, Grassmann bundles or conic bundles.

Lemma 2.25. If f: X — Y is a Fano fibration, then Rf,Ox = Oy.

Proof. By definition Oy 2 f,Ox (cf. remark , so we only need to check the vanish-
ings on degrees p > 0. This is a direct consequence of the relative Kawamata-Viehweg
vanishing (see [Mat02, Theorem 5-2-6]):

RPf,0x = RP fu(wx ®wy') =0
O

Corollary 2.26. If f: X — Y is a Fano fibration, then every line bundle L is an
f-exceptional object in DP(X).

Proof. We need to show that Rf.RHom(L, L) = Oy. Since L is locally free we have
RHom (L, L) = Hom(L,L) = Ox. The result follows then directly from the previous
lemma. O

As before, we would like to use the relative negativity of the canonical divisor to
deduce more vanishings, and then deduce certain semiorthogonalities from them.

Definition 2.27. Let f: X — Y be a Fano fibration. The relative index of X over Y
is defined as the largest rational r > 0 such that —Kx =; rH for some f-ample Cartier
divisor H, where A =; B means that A — B has trivial intersection with every curve
contracted by f.
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Note that relative ampleness is also a numerical condition by Kleiman’s relative am-
pleness criterion, so by definition of Fano fibration the relative index r is at least 1. By
the theorem of the base, the group of divisors modulo numerical equivalence is a finitely
generated free abelian group (cf. |Laz04, Proposition 1.1.16]). The group of divisors
modulo f-numerical equivalence is a quotient thereof, hence also finitely generated. This
implies that r is a well-defined rational number.

Theorem 2.28. Let f: X — Y be a Fano fibration of relative index r and let L =
Ox(H), where H is an f-ample Cartier divisor such that —Kx =¢ rH. Then

D"(X) = (A;,D*(Y),D*(Y)R £, D*(Y)R £%2,... D(Y) R £&"~1y
where DP(Y) X L denotes the essential image of F* — Lf*(F*) @ L.

Proof. After the previous corollary it only remains to show semiorthogonality. In this
case we need to show that

Ext®(Lf*F* @ L& Lf*G* @ L&) =0

for all *,G* € DP(Y) and all 0 < j < i < [r —1]. Using first the adjunction Lf* 4 R,
and then the projection formula we obtain

Ext®(F*,Rf.(f°G* @ L&777)) = Ext®*(F*,G* @ Rf.LZ 7).

Hence it suffices to show that Rf, L&~ =0 for all 0 < j <4 < [r —1].

On degrees p > 0 we use the relative Kawamata-Viehweg vanishing (see [Mat02,
Theorem 5-2-6]). The claim is that the theorem applies for integers 0 < m = j — i <
[r—1]. Indeed, we only need —Kx —mH to be f-ample, which follows from the definition
of the relative index as in the absolute case.

For the vanishing on degree p = 0, assume first that f is flat. Then we can apply the
theorem on formal functions to argue fibrewise. Indeed, since f is flat and & = L&~ is
a vector bundle, £ is flat over Y. Each restriction &, is antiample on the fibre X, over
the closed point y € Y. This fibre is a positive dimensional proper C-scheme, so we must
have H°(X,,&,) = 0. By Grauert’s theorem (see |[Har77, Corollary 111.12.9]), f.€ is a
vector bundle on Y with fibre isomorphic to H%(X,,&,) = 0 over y € Y. Hence f.€ = 0.

The idea for the general case is to use generic flatness (see |[EGA IVs, Theorem
6.9.1]). Let U C Y be a non-empty open subscheme such that &£|;-1) is flat over
U. The pullback of a projective morphism is projective, so we can still apply Grauert’s
theorem to conclude that

(Fly=1@))=(Elp=1n)) = (f&)|u = 0.

In particular, the stalk of f.£ at the generic point 7, of Y vanishes. Since f is
dominant, for every non-empty open subset V' C Y we have a commutative diagram
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(fE)(V) EfHV)
(fi€)yy =0 e > €

Hence every section s € £(f~1(V)) maps to 0 in the stalk at the generic point of X.
Such a section must be the zero section, because it is an almost everywhere zero section
of a line bundle. But to check this formally, consider an affine open cover V; = Spec A; of
V such that &y, = Oy;. It suffices to check that the restriction of s to each V; vanishes.
But since X is integral, every A; is an integral domain. The morphism &|v; (Vi) — &,
is then the localisation of the integral domain A; at the zero ideal, i.e. the inclusion of
A; in its fraction field. Since the image of s|y; under this injective homomorphism is 0,
the restriction s|y, must also be zero, as we wanted to showﬂ O

Remark 2.29. If Y is a smooth curve, then every Fano fibration f: X — Y is automat-
ically flat, because a module over a Dedekind domain is flat if and only if it is torsion
free (see |Stacks, Tag 0AUW]).

But if the base has higher dimension, then we can find non-flat Fano fibrations.
Example 2.30 (cf. [AW9S, Example (3.4.0)]). Let G = G(2,C3) = P? be the Grass-

mannian of planes in C3 and let I/ be its tautological line bundle. Consider the rank 3
vector bundle U & O on G, whose total space can be described as

{(1}1,1}2,1}3,1}4;1_[) < (C3 x G ’ (01,1)2,1)3) eIl C (Cg}

Its projectivisation X = P(U @ O) projects onto P? via [v1, v2, v3, vg; ] = [v1, v2, v3, v4].
The fibre of a point [vy,va, v3, v4] # [0, 0,0, 1] consists of the set

{{v1,v2, v3,v4;IT] € {[v1,v2,v3,v4]} X G | v = (v1,v2,v3) € IT}.

Let us describe this subspace of G. Let II = span(a,b) € G with a = (a1, a2, a3) and
b = (b1,be,b3). Then the corresponding point in the Pliicker embedding (which in our
case is an isomorphism) is [p12, p13, po3] € P?, where

(073 aj

b b e C.

Pij =

The condition that v € II is equivalent to the equation

ay; ag as
by by b3 =0.
V1 V2 U3

2We have proven everything by hand, but it would suffice to say that the pushforward of a torsion-free
sheaf along a dominant morphism is torsion free and every section of f.& is torsion (cf. [Stacks| Tag
0AVQ)).


https://stacks.math.columbia.edu/tag/0AUW
https://stacks.math.columbia.edu/tag/0AVQ
https://stacks.math.columbia.edu/tag/0AVQ
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Computing the determinant on the last row we can rewrite the equation as

v1p23 — V2p13 + v3p12 = 0.

This shows that the set of such planes is a linear subspace of P?, i.e. the fibres of
f: X — P3 over a point [vy,v9,v3,v4] # [0,0,0,1] is P!,

Over [0,0,0,1] the condition that v = (0,0,0) € II becomes trivial. Hence the fibre
over this point is just G = P?.

This shows that f is not flat, because flat morphisms between varieties have equidi-
mensional fibres (see [Har77, Corollary I11.9.6]).

Projective bundles

Let Y be a smooth projective variety and let £ be a locally free sheaf of rank » + 1 on
Y. Let f: P(€) — Y be the corresponding projective bundle. We will continue to think
of locally free sheaves as vector bundles and describe the situation in terms of the closed
points of the varieties involved.

If we denote by O(—1) the tautological line bundle on P(£), whose fibre over [e; y] €
P(E) is just the line {(Ae;y) | A € C} C V(&), then O(—1) restricts to the tautological
line bundle on each fibre P" of f. In particular, O(1) is f-ample, because it restricts to
the line bundle associated to a hyperplane on each fibre. Denote by H the divisor on
P(E) associated to O(1).

Lemma 2.31. The relative index of f: P(E) =Y isr+ 1.
Proof. By the projective bundle formula (see [EH16, Theorem 9.6]) we can write Kp(g) =
aH + f*D for some divisor D on Y. Since Kp(g) restricts to Kp on each fibre F' = P"

and H restricts to a hyperplane section, we have a = —r — 1. Let C be a curve on X
contracted by f. Then by the projection formula (see |[Deb01, Formula 1.5]) we have

(Kpey — (r+ 1)H).C = (f*D).C = D.f,.C = 0.

This also shows that the numerical classes of divisors relative to f are generated by H,
hence the relative index is exactly r + 1. O

Hence the relative Fano semiorthogonal decomposition yields
DP(P(£)) = (A, DP(Y),D*(Y)XR £,...,D>(Y) K L®")

for £=0(1).

To see that this collection of admissible subcategories generate DP(P(E)), i.e. that
A = 0, we will adapt Beilinson’s argument with the resolution of the diagonal to this
relative setting. This was first done by Orlov in 1993 (see |Orl93, Theorem 2.6]):

Proposition 2.32 (Orlov’s projective bundle formula). The orthogonal complement A
in the previous decomposition is trivial. In particular, keeping the notation as above, we
have a semiorthogonal decomposition

DP(P(€)) = (D*(YV),DP(Y)XR L,...,DP(Y) R L").
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Proof. Consider the tautological short exact sequence
0—=0O(-1)— f(€) — Q—0.

The fibre of the pullback f*(£) over a point [e;y] € P(E) is by definition the fibre of £
over its image f([e;y]) = y. Hence, the tautological sequence over a point [e;y] € P(E)
looks as follows:

0—1,={(\e;y) | A€ C} = V(E), =C = V(E),/l, — 0.

Dualising this sequence shows that the fibre of Q¥ over [e; y] can be canonically identified
with linear forms on V(&), which vanish along [,,, so that we have a canonical evaluation
morphism

S: O(—l) X Qv — Op(g)xyp(g)
which vanishes precisely along the diagonal A C P(€) xy P(€). This morphism is a global
section of Hom(O(—1) X QY, Op(e)x,p(e)) = O(1) K Q, so the Koszul complex yields a
resolution of the diagonal by vector bundles as before, namely

0= ANO-1)KRQY — -
e A20(—1) X Qv — O(—l) X Qv — O]p(g)xyp(g) — Opa — 0.
Call G* — O this resolution, so that G—% = O(—i) X A*QV as in the case of P,
We want to consider again Fourier-Mukai transforms with the vector bundles Gt as
kernels. For F* € DP(PP(€)) we obtain an expression
Dg-i(F*) = Rp.(¢"(F*) @ p"O(~i) ® ¢*(A'QY))
where ¢* need not be derived because it is the pullback of a flat morphism (hence flat)
and ® need not be derived because the factor on the right hand side is a vector bundle.
With the projection formula we obtain
Dg-i(F*) =2 O(—i) @ Rpuq*(F* @ A'QY).
And finally using flat base change we get
Dg-i(F*) = O(—i) © f*(f(F* @ A'QY)).
This complex is in DP(Y) X O(—i) by Serre’s theorem (see [EGA III;, Theorem 2.2.1])
combined with a spectral sequence argument involving the usual particular case of the
Grothendieck spectral sequence.
Now split the resolution G* — Oa into short exact sequences to obtain distinguished

triangles involving ®g-i(F*®) and cones thereof. Inductively we see that F* is in the
smallest triangulated subcategory of DP(P(£)) containing the subcategories DP(Y) K

O(—1i).
As before, we can shift the relative exceptional collection of line bundles back and
forth, so this finishes the proof. O

Combined with example m the previous proposition shows that if Db(Y) has a full
exceptional collection of length [, then

HH,(P(&)) = C/U+D),
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Ruled surfaces

Orlov’s projective bundle formula has immediate applications in the case of ruled surfaces,
because every ruled surface f: S — C can be written as S = P(£) for a rank 2 vector
bundle on C' (see |Har77, Proposition V.2.2]).

Example 2.33 (Hirzebruch surfaces). Consider the vector bundle &€ = O & O(—n)
on P'. The resulting ruled surface f: F, — P! is a Hirzebruch surface. Combining
proposition and proposition [2.32] we obtain a semiorthogonal decomposition

D*(Fy) = ((0,0(1)),(0,0(1)) RO(1)).
By example we have HH,(FF,,) = C* and hence we can already compute its Hodge

diamond:

Example 2.34 (Surfaces ruled over curves of any genus). Let S = P(E) be a ruled
surface over a curve C of genus g. Then we have DP(S) = (DP(C),D"(C) X O(1)),
so we have an isomorphism HHe(S) = HH.(C) & HH,(C). Hodge diamonds of curves
are easy to compute: we have h®9(C) = 1 as always and h%'(C) = g by definition.
Therefore HHo(C') = C? and HH;(C) = CY, from which we obtain HHg(S) = C* and
HH;(S) = C%9. Together with the symmetries of the Hodge diamond, this already allows
us to compute it:

Grassmann and quadric fibrations

As in the absolute case, the generalisation of proposition to Grassmannians was
easier than to quadrics. It can already be found in the same paper in which Orlov
introduces the projective bundle and blow-up formulas.

Proposition 2.35 (|Orl93, Section 3|). Let & be a locally free sheaf of rank r on a smooth
projective variety X. Let G(E) = G(k,E) be the Grassmann bundle of k-planes in € with
its natural projection onto X. From the tautological rank k-vector bundle on G(E) we can
construct a full relative exceptional collection on DP(G(E)) indexed by Young diagrams
with at most k rows and at most r — k columns.

The case of quadric fibrations was later studied by Kuznetsov. We refer to his paper
for the precise statement and its proof (see [Kuz08, Theorem 4.2|).
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Calabi-Yau fibrations

In light of proposition [I.57} one could ask whether a similar result holds for Calabi-Yau
fibrations, which are defined in the analogous way to Fano fibrations. Being a Calabi-
Yau fibration is a relative notion and having an indecomposable derived category is an
absolute notion, so there is no hope to find such a strong statement in the relative setting,
as the following example shows:

Example 2.36. Let X = P! x E be the product of P! and a smooth elliptic curve. The
projection X — P! is a Calabi-Yau fibration. But on the other hand X = P(O%?) — E
corresponds to the projectivisation of the trivial rank 2 vector bundle on FE, hence

D(X) = (D"(E),D*(E) R O(1))
So DP(X) is not indecomposable.

Nevertheless, one could still ask whether the arguments in the proof of theorem [2.28
still work for Calabi-Yau fibrations. It turns out that this is not the case:

Proposition 2.37. Let f: X — Y be a Calabi-Yau fibration. Then there are no f-
exceptional objects.

Proof. Let us first check that being a relative exceptional object is compatible with
restriction to open subsets. Let f: X — Y be a morphism between smooth projective
varieties and let £ be an f-exceptional object. Let j: V' C Y be the inclusion of a dense
open subset and let i: U = f~!(V) — X be the inclusion of its preimage. The claim is
that *& is an (f|y)-exceptional object. Since our varieties are regular, all complexes are
perfect and the canonical morphism in [Stacks, Tag 08I3] is an isomorphism. Combined
with flat base change, this yields

R(f|lr)«sRHom(i*E,1*E) Z R(f|u)«i" RHom(E,E) = j* R RHom(E,E) = 77Oy = Oy.

This computation allows us to reduce to the smooth case via generic smoothness (see
|[Har77, Corollary I11.10.7]), so let now f: X — Y be a smooth and proper morphism
between smooth quasi-projective varieties and let £ € DP(X) be an f-exceptional object.
Let y € Y be a closed point and let 7: X, — X denote now the inclusion of the fibre
over y, which is a smooth Calabi-Yau of dimension at least 1. We will see that ¢*& is
an exceptional object in Db(Xy), which implies by indecomposability that Db(Xy) =
(i*€) = DP(C), contradicting therefore the assumption on the dimension of X,,.

In [BO95|, Lemma 1.3], Bondal and Orlov prove a variant of the base-change theorem
for smooth and proper morphisms along arbitrary base change morphisms. So combining
this again with the canonical isomorphism from [Stacks| Tag 0813] we have

Ext®(i*&,i*€) = C.

Hence i*£ is indeed an exceptional object in DP (Xy), yielding the desired contradiction.
O


https://stacks.math.columbia.edu/tag/08I3
https://stacks.math.columbia.edu/tag/08I3
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2.3 Singular Fano varieties and fibrations

Since we are interested in the derived categories appearing in the Minimal Model Pro-
gram, we need to allow certain kinds of singularities. In the first part of this section we
will define and briefly discuss these kind of singularities. Later on we will generalise the
results obtained for Fano manifolds and smooth Fano fibrations to this singular setting.

Normal varieties

Recall that an integral scheme is called normal if all its local rings are integrally closed
in their fraction fields. Regular local rings are unique factorisation domains (see [Stacks,
Tag 0AGO|), and unique factorisation domains are integrally closed. Hence every smooth
scheme over C is normal.

Example 2.38. A curve is normal if and only if it is smooth, because a one dimensional
noetherian local domain is integrally closed if and only if its maximal ideal is principal.

On the other hand, normal surfaces can already be singular:

Example 2.39 (|Sha94, Section 5.1]). Let X = {2 + y* = 22} C A3 be the cone over a
smooth conic. The origin is a singular point, because all partial derivatives vanish. Being
an integrally closed domain is stable under localisation, so it suffices to check that the
coordinate ring C[X] = C[x,y, z]/(2? — 2% — y?) is integrally closed. This follows from
the following fact, which is nice to produce examples. Let R be a unique factorisation
domain with 2 € R* a unit and let z,p € R such that 2 — p is irreducible in R[z].
Then R[z]/(x? — p) is integrally closed if and only if p has no repeated prime factors (see
[Vak17, Exercise 5.4.H]).

In our case all the assumptions hold, because 22 4 32> = (z + iy)(z — 4y) has no
repeated prime factors in R = Clz, y].

A key property on normal schemes is that the group of Cartier divisors is a subgroup
of the group of Weil divisors in a way which is compatible with linear equivalence (cf.
proof of [Har77, Proposition II1.6.11]). But some Weil divisors are not Cartier divisors
(see |Har77, Examples 11.6.5.2 and 11.6.11.3]).

If X is a normal variety, its singular locus is a closed subscheme of codimension at
least 2 (see [Sha94, Theorem 5.2|). In particular, the canonical divisor on the smooth
locus extends to a Weil divisor K x which is unique up to linear equivalence (see [Har77,
Proposition I1.6.5]).

Definition 2.40. Let X be a normal variety and let U C X be its smooth locus. Then
the restriction to U defines an isomorphism between the divisor class groups. Let Ky be
the usual canonical divisor on the smooth variety U. Any divisor whose restriction to U
is Ky is called the canonical divisor of X, denoted K.


https://stacks.math.columbia.edu/tag/0AG0
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Terminal and canonical singularities

We have already defined a canonical divisor Kx associated to any normal projective
variety X, but now we want to be able to do some geometry with it. Two main sources
of geometry on a variety are vector bundles and intersection products.

Remark 2.41 (Cartier divisors are nice).

i) Every Cartier divisor D on X corresponds bijectively to a line bundle O(D) on
X (see |Har77, Proposition 11.6.15 and Remark I1.6.14.1]), but there is no obvious
way to attach a line bundle to a Weil divisor in general. In particular, the notion
of ample divisor is only well-defined for Cartier divisors.

ii) When we intersect two effective Cartier divisors, the dimension drops at most by
1, because locally we are intersecting the zero loci of two regular elements. This
may fail for Weil divisors. For example, let X = {zy = zw} C A* and consider the
Weil divisors W = {z =2z =0} and W = {y = w = 0}. Then W N W' = {0}.

So in order to compute intersection products and to pullback divisors via their cor-
responding line bundles, we would like to require Kx to be a Cartier divisor. But it
turns out that this is too much to ask, so we will need the following notion:

Definition 2.42. A Weil divisor D on a normal variety X is called Q-Cartier if mD is
a Cartier divisor for some m € N.

If Kx is Q-Cartier, we can associate a line bundle O(mKx) to some multiple of it.
With this line bundle we can pull it back along a morphism f: X’ — X to the Q-divisor
%D’, where D' is the Cartier divisor on X’ corresponding to the line bundle f*O(mKx).

Similarly, if C C X is a curve then we have a well-defined and well-behaved intersec-
tion product

1
Kx.C=—(mKx.C).
m

The example in part i) of remark shows that not every Weil divisor is Q-
Cartier. A normal variety X on which every Weil divisor is a Q-Cartier divisor is called
a Q-factorial variety.

Let now X be a normal variety such that mKx is Cartier. By Hironaka’s work,
we may find a resolution of singularities f: Y — X such that the exceptional locus of
f is a divisor with simple normal crossing support (see |Laz04, Theorem 4.1.3]). Away
from this exceptional locus, f is an isomorphism between two smooth quasi-projective
varieties, so the restriction of mKx pulls back to the corresponding restriction of mKy .
It follows that we can write

mKy ~ f*(mKX) + Zma(Ei, X)EZ

for some rational numbers a(F;, X), where E; is the collection of prime exceptional
divisors of f.
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Definition 2.43. In the previous setting, the rational number a; = a(E;, X) is called
the discrepancy of E; with respect to X. We say that X has...

i) Terminal singularities, if all a; > 0.
i) Canonical singularities, if all a; > 0.

Terminal singularities are the smallest class of singularities needed to run the Minimal
Model Program starting from a smooth projective variety, and canonical singularities are
the smallest class of singularities that appear on canonical models of varieties of general
type (cf. [Koll3| Definition 2.8]|).

Remark 2.44. The discrepancy of a divisor over X does not depend on the particular
choice of resolution (cf. [KM98, Remark 2.23]).

Example 2.45. Let X = {2? + 3% + 22 = 0} C A? be the cone over a conic C' C P2
Blow-up the cone at the origin to obtain a resolution f: X — X with exceptional

locus E =2 C and write
Kf( ~Q f*KX +aF

By construction, £ C P? lies in the projective plane with which we replaced the origin
of A3. The normal bundle to this projective plane as a subvariety of the blow-up of
the affine space is by construction the tautological line bundle Op2(—1). Hence the
normal bundle to E inside X is the restriction of Op2(—1), which on E = C C P?
corresponds to —L for L a line in the plane. Applying [Har77, Example V.1.4.1] we have
E? = —L.C = —2, because a conic and a line meet in 2 points counted with multiplicity.
Hence K¢ .F = aE? = —2a.

On the other hand, by the adjunction formula we have deg Kp = (K3 + E).E =
—2a — 2. By Riemann-Roch, this degree must be 2¢g(C) — 2 = —2, so we conclude that
a = 0. Hence X has canonical but not terminal singularities.

For an example of a singular variety with terminal singularities we need to search in
higher dimensions, because surfaces with terminal singularities are smooth.

Example 2.46. Let V be the Veronese surface in P%, which is the image of the complete
linear system |O(2)| on P2, explicitly given by

I:x7 y’ Z] H I:x27 y27 227 wy? xZ’ yz]'

Let X C AS be the affine cone over V as in the previous examples.

Let f: X — X be the blow-up at the origin. Write K; ~q [*Kx + aF, with
E = V C P° the exceptional divisor. Let L C E C P° be a line. Then L.E = —2
by similar arguments as in the previous example. By the adjunction formula, deg K =
(Kg+L).L = Kg.L+1, and since L = P! we get K.L = —3. But also by the adjunction
formula we have

Kg ~q (K + E)lp ~o (f"Kx + (a+ 1)E)|g ~q (a+ 1)E|g.

Therefore —3 = Kg.L = (a+1)E.L = —2(a+1), which implies that a = > 0 and thus
X has terminal singularities.
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Singular Fano varieties

Our goal is to generalise the semiorthogonal decompositions in corollary and the-
orem to varieties with terminal singularities. From now on we will refer to such
varieties simply as singular varieties.

Definition 2.47. The index of a singular Fano variety is the largest rational » > 0 such
that —Kx = rH for some ample divisor H.

Proposition 2.48. Let X be a singular Fano variety. Then every line bundle £ on X
is an exceptional object on DP(X).

Proof. Line bundles still induce autoequivalences of the bounded derived category. In-
deed, the functor (—) ® L is exact, so it need not be derived and thus it does not leave
the bounded derived category. And a quasi-inverse is still given by (—) ® £71.

Hence it suffices to show that Ext®*(Ox,Ox) = C.

As usual we have Ext®*(Ox,0x) = H*(X,Ox). Since X is proper over C, we have
H°(X,0x) = C. Fori > 0 we can apply the singular Kawamata-Viehweg vanishing (see
[Mat02, Theorem 5-2-7]) to deduce H'(X,0x) = H'(X,0x(Kx — Kx)) = 0. O

The C-linear triangulated category DP(X) is not proper anymore, so we need to be
careful when discussing admissible subcategories induced by exceptional objects. More
precisely, the problem may be that for an exceptional object £ € D”(X) the image of
Piez(Ext'(E, —) ® E[—i]) is not contained in DP(X) anymore. In our case, the excep-
tional objects we are considering are line bundles, so there is no problem with that.

Corollary 2.49. Let X be an d-dimensional singular Fano variety and let L be a line
bundle on X. Then its thick envelope (L) C DP(X) is a right admissible subcategory.

Proof. Since L is a line bundle, it is an exceptional object by the previous proposition.
Moreover, the functor ®;ez Ext'(L£, —) & ®ezH'(X, (—) ® L71) takes values in DP(C)
on every bounded complex F* € DP(X). The second page of the usual spectral sequence
EN = HP(X,HY(F* @ L71)) can only be non-zero on a rectangle of width d + 1 and
height given by the number of non-zero cohomology sheaves of the bounded complex
F* @ L. Moreover, each EP? is a finite dimensional vector space by Serre’s theorem.
Hence its limit H"(X, F* ® £~!) can only be non-zero for finitely many n € Z, and for
those n it is a finite dimensional C-vector space.

This implies that ®;cz(Ext'(L£,F*) ® L[—i]) € DP(X) for all F* € D(X). Now
we can finish the proof as in the smooth case. For all F* € DP(X) we consider the
evaluation morphism @;ez(Ext!(£, F®) ® £L[—i]) — F*. Take the cone M® to complete
into a distinguished triangle

Diez(Ext' (L, F*) ® L[-1]) = F* = M® — @iz (Ext' (L, F*) @ L[—i + 1]).

By lemma it suffices to show that M® € L£+. To see this, apply the cohomological
functor Homps x)(£, —) to the previous distinguished triangle. Since Ext'(L, F*) ®
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L[—1] is a direct sum of copies of £[—i] and £ is an exceptional object, the hom-grop
from £ to the first term of the triangle is Hompp x) (£, Hompnx) (£, F*) @ £). The
composition with the evaluation yields a canonical isomorphism from this hom-group to
Hompy(x(£, F*). Using embedding theorems to pretend we are in DP(Ab), if we are
given a morphism in the first hom-vector e — f. ® e, then the composition with the
evaluation yields another morphism e +— f.(e). Given a morphism f in the second hom-
vector space we may use it to define e — f ® e in the first hom-vector space, and this
canonical correspondence being an isomorphism follows now from £ being exceptional
and thus both hom-vector spaces having the same dimension.

By the same argument, the shifted evaluation becomes an isomorphism after applying
Hompp x) (L, —). Therefore we deduce from the long exact sequence of this cohomological

functor that Ext’(L£, M®) = 0 for all i € Z, hence M*® € L*. O

Hence, we can deduce the analogous of corollary 2.10]in the singular setting:

Proposition 2.50 (cf. |[BBF16, Proposition 6.8]). Let X be a singular Fano variety
of index r and let H be an ample divisor such that —Kx = rH. Then we have a
semiorthogonal decomposition

DP(X) = (A, Ox,0x(H),...,Ox([r — 11H)).

Proof. We have seen already that every line bundle is exceptional. Next we need to show
that Ext®*(Ox(iH),Ox(jH)) =0forall 0 < j <i < [r—1]. We apply again the singular
Kawamata-Viehweg vanishing theorem (see [Mat02, Theorem 5-2-7]). As in the smooth
case we have Ox ((j —i)H) = Ox(Kx+ (r—(i—j))H), and (r — (i — j))H is still ample
for the given range (cf. figure .

Since each orthogonal complement is a full subcategory of DP(X), we can iterate
the argument we used to show right admissibility. In particular we obtain the claimed

semiorthogonal decomposition by lemma and lemma a). O

Singular Fano fibrations

Let us now do the case of singular Fano fibrations.

Definition 2.51. A singular Fano fibration is a morphism f: X — Y of singular varieties
such that

i) the canonical morphism f*: Oy — f,Ox is an isomorphism,
ii) —Kx is f-ample, and
iii) dim X > dimY.

The relative index of X over Y is defined as the largest rational » > 0 such taht —Kx =¢
rH for some f-ample Cartier divisor H.
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As in the case of singular Fano varieties, we cannot directly apply proposition [I.55]
because in the proof we have used the smoothness assumption. But in our situation most
of the functors are not derived, hence remain in the bounded derived categories. Let us
then directly state the theorem and go through the proof carefully.

Theorem 2.52. Let f: X — Y be a flat singular Fano fibration of relative indezx r and
let H be an f-ample divisor such that —Kx = H. Let L denote Ox(H). Then we have
a semiorthogonal decomposition

D°(X) = (A;,D*(Y)R £, D*(Y)R £%2,... D(Y) R £&"—1)
where DP(Y') X L denotes the essential image of F* — f*(F*) ® L.

Proof. Since L is a line bundle, the derived tensor product £ ®% (—) is just the usual
one. The same goes for the internal hom RHom(L,—), so we have the usual adjunction
L& (=) 4 Hom(L,—).

On the other hand, since f is flat we do not have to derive f*. Moreover, by properness
of f the derived functor Rf, stays within D(X) (Serre’s theorem plus the usual spectral
sequence argument). Hence we have an adjunction f* 4 Rf, between the bounded
derived categories DP(X) and DP(Y).

We check then that the functor F*® — f*(F*)® L is right admissible. By composing
the adjoint functors we obtain an adjunction

L& (=) ARfiHom(L, —)

between the bounded derived categories. We need to check that the unit of this adjunction
is a natural isomorphism. Since £ is a line bundle we have functorial isomorphisms

Rfc(Hom(L, L& [*(F*))) = Rf(Hom(L, L) ® f(F*)) = Rf.(Ox @ f*(F*)).

By the projection formula in [Stacks, Tag 08EU]|, the previous expression is functorially
isomorphic to Rf,Ox @ F*, but since f has connected fibres this is just Oy ® F* = F°.

This shows that each DP(Y) X £ is a right admissible subcategory. It remains to
check the semiorthogonalities. So let F*,G®* € DP(Y) and let 0 < j <4 < [r —1]. We
need to show that

Hompy x) (f*F*, f*G° @ L% [p]) =0

for all p € Z. By the adjunction f* 4 Rf, and the projection formula in |Stacks, Tag
08EU]|, the previous expression is isomorphic to Homps(x)(F*,G* L Rf.(L277)[p]) So
it suffices to show that Rf,(£%/~%) = 0. That is, we need to show R? f,(L®/~%) = 0 for
all p € Z.

The case p = 0 is again a consequence of the theorem on formal functions and flatness
of f. By Grauert’s direct image theorem f,£%/~" is a vector bundle on Y with fibres
HO(X,, £377") = 0, hence f,L&~F = 0.

For p > 0 we use a relative version of the singular Kawamata-Viehweg vanishing (see
[Mat02, Theorem 5-2-8]). We need to check that we can apply the theorem in the desired
range of values of j —i. Writing Ox(Ox((j —i)H)) as Ox(—rH + (r — (i — j))H) shows
that this is indeed the case by definition of the relative index r. O


https://stacks.math.columbia.edu/tag/08EU
https://stacks.math.columbia.edu/tag/08EU
https://stacks.math.columbia.edu/tag/08EU

Appendix A

Triangulated categories

A.1 Basic definitions and results

Definition A.1. A triangulated category is an additive category T with an additive
automorphism ¥: T — T called the suspension functor and a collection of triangles

xLhy%zhex
called distinguished triangles such that the follwoing axioms hold:

(TR1) (idx,0,0) is a distinguished triangle on (X, X,0) for all X € T, every morphism

x L v fits into a distinguished triangle (f,g,h) on (X,Y,C) and every triangle

isomorphic to a distinguished triangle is itself distinguished. We call C the cone of
f.

(TR2) (f,g,h) is a distinguished triangle on (X,Y, Z) if and only if (g,h, —Xf) is a dis-
tinguished triangle on (Y, Z, SX ]

(TR3) If the diagram below has distinguished rows, then we can find such a dashed morph-
ismP}

X Y Z SX
lf lg Lﬂh lZf
X/ Y’ 7 X/

(TR4) Octahedral aziom: Given a diagram whose rows and column are distinguished
triangles as below, we can find dashed arrows making the whole diagram commute
and making the new vertical arrow a distinguished triangle as well.

'See remark to see why this minus sign appears.
2This morphism is not unique. This problem is often referred to as non functoriality of the cone. One
solution is to consider dg enhancements.

53
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Xty . W y NX
| o] H
x -1, 7 C y NX

v v

~ Eg l

2) N 3.7

Moreover, the composition C' — V — XY is the same as the composition C' —
b . . " .

»x 2L sy, A good mnemonic to remember this last condition, which also

explains the name of the axiom, consists of collapsing the identities and shifting

some morphisms to obtain the equivalent diagram

oy
/ \
Y W
e |
X \ N X
\ i /
Z /5 C
\ z’////

Now we can glue X with XX and £ 7'V with V respectively to obtain a 3 dimen-
sional octahedron diagram, whose commutativity already encodes all commutativ-
ities stated in the axiom.

A functor F: T — S between triangulated categories is called triangulated if it
commutes with the shift functors and it preserves distinguished triangles. This means
more precisely that there is a natural isomorphism of: F o ¥p — Yg o F and that

Ff Fg aloFh . f g h .
FX — FY — FZ —— Y»gFX is distinguished whenever X - Y = Z — Y7 X is.
A natural transformation n: F' — G between triangulated functors is called trian-
gulated if it is compatible with the natural isomorphisms o and o, meaning that
Es(ny) o O‘f{ = O‘g;( ©Mgpx
Remark A.2. The axiom (TR3) and the converse direction of (TR2) are redundant. See
[May01, Section 2.

Being an abelian category is a property, whereas being triangulated is an extra struc-
ture that has to be specified on the category. But not every category admits a trian-
gulated structure. To begin with, a triangulated category is additive by definition, and
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being additive is already an intrinsic property that a category may or may not havelﬂ
For example, an additive category must have a zero object, which already rules out many
trivial (e.g. T = @) and non trivial (e.g. T = Ring) examples.

But more interestingly, on a triangulated category every monomorphism is a section
and every epimorphism is a retraction (see corollary . In particular, if an abelian
category admits a triangulated structure, then every short exact sequence has to split.

Proposition A.3 (|[GMO03, Theorem IV.1.9]). The homotopy category K(A) is a trian-
gulated category with suspension functor given by the shift [1]: K(A) — K(A) and with
distinguished triangles those isomorphic to a triangle of the form

AL B o) - An”

Proof. Using |Fre64, Theorem 7.34] we may work in A by picking elementsﬂ as if we were
in Ab.

The homotopy category K(A) is still an additive category, because we have just
replaced every hom-group by the quotient group of cochain morphisms modulo null ho-
motopic morphisms.

Let A®* € K(A). Then the cone of id4 is contractible, with a null homotopy of the
identity given by (a1, az2) + (a2,0). The rest of (TR1) follows by choice of the class of
distinguished triangles.

To show the only if direction of (TR2) we may assume that the triangle is strict, i.e.

of the form A* %5 B* — C(f)* — A[1]*. Consider the following diagram:

B " o(f) —— A 1 prpe

H (f)
| |
B* Y C(f)* —— C(v)* —— B[1]*

The map « is given by a — (—fa,a,0). This is a morhpism of complexes, because the
differential of C'(v)*® sends (—fa, a,0) — (dfa, —da, —fa+ fa) = (fda, —da,0) = a(—da).
This is a chain homotopy equivalence with inverse § given by (b1, a, bs) — a. Indeed, one
of the two compositions is the identity and the other one is (b1, a, b)) — (—fa,a,0), and
(b1,a,b2) — (bi+fa,0,bs) is null homotopic via (b1, a, ba) — (b2, 0,0). It remains to show
that (id,id, «v) is a morphism of triangles. The right square commutes already in Ch(A).
The middle square commutes up to homotopy, because (a,b) — (0,a,b) — (—fa,a,0) =
(fa,0,b) is null homotopic via (a,b) — (b,0,0). So the only if direction of (TR2) holds.

3Indeed, a category is called semiadditive if it has all finite products and coproducts and the canonical
morphisms from coproducts to products are isomorphisms. This is either true or false for any given
category, so it is a property and not an extra structure. Every semiadditive category admits a natural
enrichment over the category of commutative monoids, and the category is additive precisely when this
enrichment is in fact over the category of abelian groups.

4One could also avoid these embedding theorems using matrices to write down morphisms or using
generalised elements as in [Mac78, Theorem VIII.4.3].



56 APPENDIX A. TRIANGULATED CATEGORIES

Axiom (TR3) is redundant, but it is easy to verify it in K(A) using the explicit
definition of the mapping cone.

Let us finally show that (TR4) holds. We may assume again that all triangles involved
are strictly distinguished. We have then a commutative diagram

f

A* B* C(f)‘ — Al
Ll
Clg)* —— C(;v)‘
)

B[J* —— C¢(H1)*

Define u by (a,b) — (a, gb) and v by (a, c) — (fa,c). These are chain morphisms because
(—da,gfa+ dgb) = (—da,gfa + db) and because (—fda,gfa + dc) = (—dfa,gfa + dc).
They make the necessary diagram commute in Ch(A). So we need to check that u and
v form a distinguished triangle with the morphism C(g)® — C(f)[1]®, which is given by
(b,c) — b (0,b). For this consider the diagram

C(f)* —= Cgf)* —— Clg)* — C(NH1)°

!
N2

Cf)* ——= Cgf)* — Cw)* — C(HAJ*

The morphism 7 is given by the natural inclusion (b, ¢) +— (0,b,0,c). The middle square
commutes in K(A), because (a,c¢) — (0, fa,0,¢) — (0,0,a,¢) = (0, fa,—a,0) is null
homotopic via (a,c) — (—a,0,0,0). The right square commutes in Ch(A). A chain
homotopy inverse § to 7 is given by (a1, b, az,c) — (b+ fag, ). This is a chain morphism,
because —fa; — db + f(a1 — dag) = —db — dfay. The composition 6+ is the identity
on C(g)®. The morphism idg(,) —7d sends (a1,b,a2,¢) = (a1, —faz,a2,0) and is null
homotopic via (a1, b, az,c) — (ag,0,0,0). Hence v is an isomorphism in K(A) and the
upper row in the previous diagram is distinguished.

Finally, the compositions C(gf)®* — C(g)®* — B[1]®* and C(gf)®* — A[l]* — BJ[1]*
agree by definition of the morphisms involved. O

Remark A.4. The commutative diagram

Appe =M gpge

J» H

Clg)* — B[1]*

in the previous proof shows why we need the minus sign in the axiom (TR2).
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Cohomological functors

The notion of distinguished triangle replaces the notion of short exact sequence of com-
plexes. A key property of the latter is the long exact cohomology sequence. This feature
is now encoded in the notion of cohomological functor.

Definition A.5. Let T be a triangulated category and let A be an abelian category.
An additive functor H: T — A is called cohomological if for every distinguished triangle
X =Y — Z — XX the sequence H(X) - H(Y) — H(Z) is exact in A.

The long exact sequence associated to the distinguished triangle X i> vy &z 5
¥ X is then obtained by applying (TR2) and the cohomological functor repeatedly (and
modifying some signs):

H(Z7'h)

L HE ) H(x) 2O H(g) H(h)

H(Z) =5 H(EX) — ---

H(Y)

Lemma A.6 (|NeeOl, Remark 1.1.3]). The composition of two consecutive morphisms
on a distinguished triangle 1s zero.

Proof. Let X —Y — Z — ¥ X be a distinguished triangle. By (TR2) it suffices to show
that the composition X — Y — Z is zero. To do this, consider the following diagram:

X— X —— 00— 33X
X Y Z ¥X

By (TR3) we can find such a dashed arrow making the diagram commute. But then the
composition X — Y — Z factors through zero, hence must be zero itself. ]

Proposition A.7 ([NeeOl, Lemma 1.1.10]). Let T be a triangulated category and let
W € T. Then the functor Homp(W,—): T — Ab is cohomological. Similarly, the
contravariant functor Homry(—, W) from T to Ab is cohomological.

Proof. Let X i) V4 Z2hvX bea distinguished triangle in T. We want to show that

the sequence
Homt (W, X) — Homt(W,Y) — Homp (W, Z)

is exact in Ab. The composition is zero because Homr (W, —) is additive by definition
of direct sums and gf = 0 by the previous lemma. Let a: W — Y such that ga = 0. By
(TR2) we have a commutative diagram

W 0 sw —4 ww

N

y 4z vy vy
By (TR3) and fulness of 3, we get a morphism 3: W — X such that ¥f o ¥4 = Ya.
Hence f o 8 = « by faithfulness of ¥ and we are done. O
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Proposition A.8 (|JGMO03, Section IV.1.6]). The zero cohomology functor HY: K(A) —
A is a cohomological functor.

Proof. Note first that H is well defined on K(A), because chain homotopic morphisms
induce the same morphisms in cohomology. Since finite direct sums are exact, they
commute with cohomology. So H is an additive functor.

To see that this functor is cohomological, it suffices to show that we get an exact

sequence for every strictly distinguished triangle A® ENY TN’ (f)* — A[1]*. Consider
the mapping cone short exact sequence

0—B*—=C(f)*—= A[l]* =0
in Ch(A) and take its long exact sequence in cohomology
o BN = HOB) = HY(C(f)) = -

Since H~1(A[1]*) = H°(A®) and the coboundary morphism of the mapping cone sequence
is the same as the morphism induced in cohomology by f, we get the desired claim. [

Elementary results on distinguished triangles

We begin with the triangulated 5 lemma, from which we will deduce most of the rest of
elementary results:

Proposition A.9 (|Nee0Ol, Proposition 1.1.20]). In a morphism between distinguished
triangles, if two out of the first three morphisms are isomorphisms, so is the third one.

Proof. This follows directly from the Yoneda lemma using the cohomological functors
Homr (X, —) and the usual 5 lemma for abelian groups. O

Remark A.10. In particular, the cone of a morphism as defined in (TR1) is well defined
up to isomorphism. But as remarked in (TR3), this isomorphism is usually not unique.

Proposition A.11 (|Nee0l, Corollary 1.2.6]). A morphism f: X — Y is an isomorph-
ism if and only if its cone is isomorphic to zero.

Proof. If f is an isomorphism, using the trivial distinguished triangle on X and the 5
lemma we get C' =2 0. Conversely, if X i> Y — C' — XX is distinguished with 0 = C|
then we can apply the 5 lemma to conclude that f is an isomorphism too. Here we use
that the any morphism 0 — C'is necessarily an isomorphism, since there is only one such
morphism and one such isomorphism. O

Proposition A.12 ([NeeOl, Proposition 1.2.1] and [Nee0Ol, Proposition 1.2.3]). The
direct sum of two triangles is distinguished if and only if each summand is a distinguished
triangle.
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Proof. Let X1 — Y7 — Z; — ¥X; and Xy — Yy — Zy — ¥ X5 be two distinguished
triangles. Since X is an additive functor, X X7 @ X X5 = (X7 @ X3). Complete the map
X1 Xo — Y1 @Ys to an distinguished triangle X1 & Xy — V1 @Yy — C — X(X; @ Xo).
By the universal product of coproducts and by (TR3) we get morphisms

X106 X — Y10, (X1 & Xa)

T R

By the universal property of products we get morphisms

X10Xs — V1@0Y2 C Y(X1 @ Xo)

H | [ H

Xi®Xo — Y10Ys —— Z1 ® Zp —— X(X1 D Xo)

By the 5 lemma the two triangles are isomorphic and thus by (TR1) the bottom row is
an distinguished triangle.

Conversely, suppose that the bottom row is an distinguished triangle. By symmetry
it suffices to show that X; — Y] — Z; — ¥ X7 is distinguished. Complete X; — Y7 to
an distinguished triangle X; — Y7, — C — ¥ X;. Use the inclusions and projections and
use (TR3) to get a commutative diagram

X1 > Y1

| |

1@X2*>Y1@Y2*>21@Z2*> X1€BX2

| |

X1 > Y] EXI

The vertical compositions are the identities by definition of biproducts. We cannot
directly apply the 5 lemma, because the bottom row is not yet known to be distin-
guished. But in any case, the bottom row induces a long exact sequence when we apply
Homy (T, —), because this functor is additive and the direct sum of two sequences is
exact if and only if the summands are. Hence we can repeat the proof of the 5 lemma
and conclude by (TR1) that the bottom triangle is distinguished. O

We come now to another triangulated version of a popular diagram lemma, namely
the 3 x 3 lemma:

Proposition A.13 (|[Wei94, Exercise 10.2.6]). Consider a comuutative diagram
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X Y Z XX
X' Y’ zZ' xX’
Xl/ Yl/

XX — Y¥Y

i which all rows and columns are distinguished triangles. Then we can find an object
Z" and dashed arrows

X Y Z nX
X/ Y’ A nX/
)5” —————— I > Zv” ————— y BX

| 1
$X SY AN ) e

such that:

i) The diagram commutes except for the bottom right square, which commutes up to
a sign.

ii) All rows and columns are distinguished triangles.

Proof. Note that the bottom and rightmost rows are exact, because (1,—1,1) yields an
isomorphism to the respective fully rotated distinguished triangles.

We use (TR3) and (TR1) to obtain the horizontal dashed distinguished triangle. By
applying (TR4) to a composition g o f we mean applying it to a diagram whose upper
part is

f

X Y Z $X
|l |
x 2Ly Clgof) — ©X

Now apply (TR1) and (TR4) to the composition X — Y — Y’ to obtain an object
C € T together with morphisms X” — C and C — Y”. Apply finally (TR4) to this
composition to obtain a distinguished triangle 2’ — Z" — X7 — X Z' as we wanted.
For the claimed commutativity, note first that the commutativity of all rectangles
larger than 1 x 1 is trivial by lemma[A.6] So we only need to check each 1 x 1 square. Let
us enumerate all such squares in the diagram as the entries of a matrix. Commutativity
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of (1,1) holds by assumption. Commutativity of (2,1) and (3,1) follows from (TR3).
For (1,2), by the (TR4) diagram corresponding to the composition X — X’ — Y’ the
morphism Y’ — Z’ is the same as the composition Y’ — C' — Z’. But by the (TR4)
diagram corresponding to X — Y — Y’ the composition Y — Y’ — C' is the same as
Y — Z — C. Hence (1,2) commutes. The commutativity of the square (2,2) follows
from a similar argument. The composition Y — XY — Y Z is by construction the
morphism Y” — YZ, and this is the same by one of the (TR4) diagrams as Y —
Z" — ¥Z. Hence (3,2) commutes. The commutativity of (1,3) is a bit trickier, because
we need the extra commutativity statement in (TR4) applied to X — X’ — Y’ which
is not explicit in the diagram. This tells us that C — X — XX’ is the same as
C -7 — XX And Z — XX is the same as Z — C — XX, so (1,3) commutes as
well. The morphism Z’ — X X", which by construction is the composition Z’ — XX’ —
Y X" is the same as the composition Z' — Z"” — X X" by the (TR4) diagram of the
composition X” — C — Y”. Hence (2,3) also commutes. Finally, let us check that
Z" - X" — ¥2X is the opposite of Z"" — £Z — ¥2X. The morphism ©Z — 32X
without the —1 sign is the same as the composition £Z — SC — ¥2X by the (TR4)
diagram of X — Y — Y’. And the composition Z"” — ¥Z — X.C is the same as the
composition 27" — L X" — XC by the non explicit commutativity in (TR4) applied to
X" — C —Y"”. This finishes the proof. O

We say that a triangle X — Y — Z — XX splits if it is isomorphic to the triangle
X>XaZ—72%5X.

Proposition A.14 ([Nee0l, Corollary 1.2.7)). If X - Y — Z % vx s distinguished,
then it splits.

Proof. The triangle 0 — X X 5 0is distinguished, so by the previous proposition

the triangle X — X@Z — 7 % yXis distinguished as well. By (TR3) and the 5 lemma
we find the desired splitting. O

From the last proposition we can deduce the announced property of triangulated
categories:

Corollary A.15 (Verdier). Every monomorphism in a triangulated category is a section,
and every epimorphism a retraction.

Proof. Since the triangulated structure on T induces naturally a triangulated structure
on TP it suffices to show the statement for monomorphisms. So let f: X — Y be

a monomorphism. Complete it to a distinguished triangle C[-1] — X Ly 5 ¢
with (TR1) and (TR2). The composition C[—1] — X — Y is zero, and since f is a
monomorphism, the morphism C[—1] — X is zero. Hence the triangle splits, we get an
isomorphism a: Y — X & C and we can write idy = pxaf, where px: X @ C — X is
the projection from the biproduct. Hence f is a section. O
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A.2 Triangulated functors

In this section we will study some important particular cases of triangulated functors.
As mentioned at the beginning of the appendix, these are functors that preserve the
triangulated structure. We can think of triangulated categories as objects in a category
Trg with triangulated functors as morphisms. As in other familiar categories such as
Grp, we will define special kinds of subobjects and quotients.

An important consequence of this section is that adjoints of triangulated functors are
always triangulated. In particular, triangulated equivalences always have at least one
triangulated quasi-inverse.

Triangulated subcategories

Definition A.16. Let T be a triangulated category. A (necessarily non-empty) strictly
full subcategory S C T is called a triangulated subcategory if it admits a triangulated
structure such that the inclusion functor is triangulated. This is equivalent to being
closed under taking suspensions and cones. We denote this by S < T.

If S < T is also closed under taking direct summands, we call it a thick triangulated
subcategory, denoted S < T.

Definition A.17. Let T be a triangulated category.

i) Let H: T — A be a cohomological functor. Define its kernel to be the full subcat-
egory given by

KerH={X €T |F(X"X)=0 for all m € Z}.

ii) Let F': T — S be a triangulated functor. Define its kernel to be the full subcategory
given by
Ker F={X e€T|FX =0}.

Lemma A.18 (|[NeeOl, Remark 2.1.7]). Let T be a triangulated category.

i) Let H: T — A be a cohomological functor. Then Ker H < T.
ii) Let F: T — S be a triangulated functor. Then Ker F < T.

Proof. Both cases are similar, so let us see for example that Ker FF < T.

By definition it is a full subcategory. Suspension invariance follows from F' being
triangulated. Closedness under cones also follows from F' being triangulated, because if
two out of the first three objects in a distinguished triangle are zero, so is the third one.

It remains to show closedness under direct summands. If F(X ©&Y) = 0, then
F(X)® F(Y) = 0 by additivity of F'. So the respective identities of F'(X) and F(Y)
factor through 0, and thus F(X) = F(Y) = 0. O

If X,Y are objects in a triangulated category T, we will denote Ext™(X,Y) =
Homr (X, X™Y) (cf. example [L.9).
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Definition A.19. Let T be a triangulated category and let E C Ob(T) be a collection
of objects in T.

i) The right orthogonal complement of E, or simply the orthogonal complement of E,
is the full subcategory of T given by

L ={X €T |Ext*(E,X) =0 for all E € E}.

ii) The left orthogonal complement of E is the full subcategory of T given by

1E={X €T |Ext*(X,E) =0 for all F € E}.

Lemma A.20 (|Kuzll, Section 2.2|). Let T be a triangulated category and EE C Ob(T)
be a collection of objects in T. Then E- < T and *E < T.

Proof. Again both cases are similar, so let us see for example that E- < T.

If E = {E} is a single object, then E+ = Ker(Homy(E, —)) < T.

Let us do the general case. By definition E* is a full subcategory. It is suspension
invariant also by definition. Let X — Y — Z — X be a distinguished triangle with
X,Y € E+. Let E € E. Then Homy(E, Z[m]) = 0 for all m € Z by the long exact

sequence of the cohomological functor Homy(E, —). So Z € E+.
Finally, closedness under direct summands follows from Homy(F, —) being additive
and thus preserving direct sums for all £ € E. O

Triangulated adjunctions and equivalences

Proposition A.21 (|BK90, Proposition 1.4]). Let F': T — S is a triangulated functor
and F 4 H, then H: S — T is triangulated as well. And similarly, if G 4 F, then G is
also triangulated.

Proof. Let us show it for H for example. We will follow the proof given in |[Huy06|
Proposition 1.41].

By Yoneda, H commutes with the shift functor. Let X Sy 5 Z = £X be an
exact triangle in S. Fit H(f) into an exact triangle H(X) — H(Y) - C — Y¥H(X) by
(TR1). Apply then the exact functor F' and apply (TR3) to get a map x: F(C) — Z.
Apply H to the resulting morphism of triangles and use the unit of the adjunction 7 to
get a diagram

H(X) —— H(Y)

| |
FH(X) —|HFH(Y) — H — ZHFH
| |

HX)— HY) —— H - EH
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The two vertical composition of the first two columns are the respective identities because
of the triangle identities. As in previous proofs, we do not know yet whether the last row
is exact or not, so we cannot apply the 5 lemma directly. But we can apply Hom(7', —)
for any 7" and use adjunction to show that the resulting sequence is exact. So we can
again argue with the usual 5 lemma and the Yoneda lemma to see that the remaining
vertical arrow is an isomorphism. By (TR1) the bottom row is distinguished and we are

done. O

This proposition shows in particular that any triangulated equivalence between tri-
angulated categories has a triangulated quasi-inverse, because we can always improve an
equivalence to an adjoint equivalence (see |[Mac78, Theorem IV.4.1]).

Admissible subcategories

Admissible subcategories can be thought of as semiorthogonal components of our tri-
angulated category (cf. lemma [1.42)). We will first introduce the slightly more general
notion of an admissible functor, but immediately after we will see that we can always
reduce to the case of subcategories.

Definition A.22. Let F': A — B be a functor between any two categories. We say that
F is right admissible (resp. left admissible) if it admits a right (resp. left) adjoint such
that the unit (resp. counit) of the adjunction is a natural isomorphism.

Lemma A.23 (|Kuzl16, Lemma 2.3|). Every right (resp. left) admissible functor is fully
faithful.

Proof. Let F: A — B be a right admissible functor and let F' 4 G. For X|Y € A we
need to show that F': Homa (X,Y) — Homp(F X, FY) is an isomorphism. This follows
from the commutativity of the following diagram:

Homa (X,Y) *(2 Homp(X,GFY)

\ ladj

Homp(FX,FY)

So let us show that the diagram commutes following [Huy06, Lemma 1.21].
Let f € Homa (X,Y). By definition of adjunction we have a commutative diagram

Homa (Y,GFY) o Homg(FY, FY)

o1 | |rer)

Homp (X, GFY) «5— Homp(FX, FY)

By definition of the unit of the adjunction, the upper morphism sends idpy — 7,,. Hence
ny © f =idpy oF(f) = F(f) and we are done. O
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So every admissible functor defines an equivalence with its essential image. Thus we
reduce to the following definition:

Definition A.24. Let T be a triangulated category. We say that S < T is right admiss-
ible (resp. left admissible) if the inclusion admits a right (resp. left) adjoint, and simply
admissible if it admits both right and left adjoints.

The unit (resp. counit) of this adjunction is automatically an isomorphism by Yoneda.

Remark A.25. By proposition these adjoints are also triangulated.
Lemma A.26 (|[Bon90, Lemma 3.1]). Let S < T. The following are equivalent:
i) S is right admissible (resp. left).

i1) For every X € T there is an exact triangle Y — X — Z — XY with Y € S and
Z e St (resp. Y et Sand Z € 8S).

iti) St is left admissible (resp. +S is right admissible).

Proof. Both cases are similar, so let us show for example the case in which S is right
admissible. The equivalences i) < ii) and i) < 4ii) are similar, so let us show the
equivalence of the first two statements.

Let F': T — S be a right adjoint of the inclusion and let X € T. Taking the cone of
the counit ex: FFX — X we obtain a distinguished triangle

FX X —-C—YFX

with FX € S. To see that C € St, let S € S and apply the cohomological func-
tor Homr(S,—). By adjunction we have a functorial isomorphism Homr(S, FX) =
Homr (S, X). Since this isomorphism is precisely the map in the long exact sequence, we
conclude Homr (S, C) = 0, hence C € S+.

Suppose now that i) holds. By the axiom of choice we can fix a distinguished triangle
Y %4 X — Z — XY for each X € T. So for an object X € T we can set FX =Y € S.
Let f: X — X’ be a morphism in T. Then we have a diagram of the form

y 94 . x Z
iEI!h lf
v L X 7

Since Ext}:(Y, Z’) = 0, the composition fog comes from a unique morphism h: Y — Y’ in
the long exact sequence of the cohomological functor Homy (Y, —). This means precisely
that there is a unique dashed arrow making the diagram above commute. We set then
Ff =h. If fis the identity on X, then the identity on Y makes the diagram commute,
so F' preserves identities. And similarly F' preserves compositions, because if we paste
two commutative squares we get a commutative rectangle. So F' is indeed a functor. We
need to check that it is right adjoint to the identity, so let X € T and S € S. Then the
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argument we used to define F'f yields an isomorphism Homt (S, FX) = Hom(S, X)
sending t — g o t, with ¢g as in the diagram above. If r: S — S’ is any morphism in S
and ¢': S — FX is any morphism in T, then we have go (¢ or) = (got’) or, so these
isomorphisms are functorial in the first variable. If f: X — X’ is any morphism in T
and t: S — FX is any morphism in T, then fogot =g ohot =g o Ffot, with
g, ¢ and h as in the diagram above. This shows functoriality in the other variable and
finishes the proof. O

Corollary A.27 (|BK90, Lemma 1.7]). If A < T is right (resp. left) admissible, then
A =1(AL) (resp. A= (+A)).

Proof. Let us do the right admissible case for example. We always have A C+(A1),
because if X € A and Y € A*, then Ext*(X,Y) = 0 by definition of orthogonal
complement.

So we have to show that this inclussion is essentially surjective. Let then X €1(A").
By lemma we can find a distinguished triangle Y —+ X — Z — XY such that
Y € A and Z € AL, Since X €*+(A'), the morphism X — Z is trivial and the
triangle splits (cf. proposition . We obtain an isomorphism Y = X @ £"1Z. The
projection Y — X717 € AL has to be trivial, so the identity on ©~!'Z factors through
zero and is therefore zero itself. This means that Z = 0, which in turn implies ¥ =2 X
by proposition [A.11] Hence X € A. O

A situation that we will often face is the following: suppose A < B is right admissible
and B < C is right admissible. Is A right admissible in C?

Lemma A.28. Let F1: A — B and Fy: B — C be two right (resp. left) admissible
functors. Then Fy o Fy is also right (resp. left) admissible.

Proof. If F1 4 G1 and Fy 4 Go, then Fy 0o Fy 4 Gy o Go. Moreover, the unit of this
adjunction is obtained from the other units as follows:

ida = GroidgoF); = GioGoo Fyo F
Hence it is also a natural isomorphism and we are done. O

So the composition of right (resp. left) admissible functors is right (resp. left) ad-
missible. This applies in particular to the case of subcategories.

Lemma A.29. Let F}: A — B and Fy: B — C be two functors and suppose that Fyo Fy
and Fy are right (resp. left) admissible. Then Fy is also right (resp. left) admissible.

Proof. Let us show the right admissible case, the other one being similar.

Note first that by lemma and the two out of three rule for fully faithfulness,
all three functors are fully faithful. Moreover, by assumption we have right adjoints
G' and (GF)'. We claim that F - (GF)' o G is an adjunction whose unit is a natural
isomorphism.
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To check the adjunction, note that
Hom(F A, B) = Hom(GF A, GB) = Hom(A, (GF)'GB)

by fully faithfulness and by adjunction respectively. Both isomorphisms are functorial
in the two entries, hence they show the required adjunction. The unit of this adjunction
n: ida — (GF) oGoF = (GF)'o(GF) is the unit of the adjunction GF 4 (GF)", which

is a natural isomorphism by hypothesis. O

Localisation of triangulated categories

In this subsection we will refer to the literature for the details, e.g. [Ver96, Section I1.2].

Definition A.30. Let C be a category and let S be a collection of morphisms in C. We
call S a multiplicative system if it satisfies the following axioms:

i) S is closed under finite compositions. In particular, S contains all identities.

ii) Ore conditionﬂ: suppose f, f' are any morphisms in C and s, s’ € S. Then we can
find dashed arrows ¢, ¢’ and ¢, € S as below making the diagrams commute.

w w

A R /

L// > - ~
X A X A
Y Y

iii) For all parallel morphisms f,g: X — Y we have sf = sg for some s € S if and
only if ft = gt for some t € S.

It is a standard fact from category theory that under such conditions we can localise
C at S via roofs as explained in section [[.J] What we are interested in the behaviour
of triangulated categories under this localisation. It turns out that under certain as-
sumptions on the multiplicative system we can guarantee that the resulting localisation
is triangulated, both the category and the functor.

Definition A.31. Let T be a triangulated category and .S a multiplicative system on
T. We say that S is compatible with the triangulation if the following two axioms are
satisfied:

v) S is invariant under suspension, i.e. s € S if and only if ¥s € S.

vi) If the two morphisms in (TR3) are in S, we can also find a dashed arrow h € S.

5Called like this by similarity with the usual Ore condition.
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Let T be a triangulated category and S a multiplicative system compatible with
the triangulation. Then the localisation T[S™!] admits a unique triangulated structure
making the localisation functor T — T[S™!] triangulated.

Let us just mention that the suspension is well defined on the localisation by condition
iv), and that a triangle is distinguished on T[S™!] if and only if it is isomorphic to the
image of a distinguished triangle under the localisation functor. Moreover, the factor-
isation obtained from the universal property from a cohomological (resp. triangulated)
functor is again cohomological (resp. triangulated).

Example A.32 ([Ver96| Proposition I1.2.1.8]). Let S < T be a triangulated subcategory.
The collection of morphisms Sg whose cone lies in S is a multiplicative system compatible
with the triangulated structure.

Moreover, if S < T is a thick subcategory, then Sg is saturated, meaning that g € Sg
whenever f, g and h are composable morphisms in T such that fg, gh € Ss.

The resulting localisation is called the Verdier quotient, and denoted T/S. If S IT
is thick, then the kernel of the localisation functor T — T/S is precisely S (see [Ver96,
Corollary 11.2.2.11]).

A.3 Generators of triangulated categories
We will again skip most of the details and refer to the literature, e.g. |[BB03].
Definition A.33. Let T be a triangulated category and E C T be a collection of objects.

i) We say that E generates T as a triangulated category if the smallest triangulated
subcategory of T containing E is T itself.

ii) We say that E classically generates T if the smallest thick triangulated subcategory
of T containing E, denoted (E), is T itself.

iii) We say that E generates)| T if E+ = {0}.

Remark A.34. The notation (E) is also used for the smallest triangulated subcategory
containing E (see [BK90, Definition 4.6]). Note that even in the case of a single object
E = {E} the two definitions may not be equivalent. But the two become equivalent for
semiorthogonal collections of admissible subcategories, which is the setting that we will
have most of the time (cf. lemma [1.46]).

We can rephrase the definition of admissible subcategory in terms of generation:

Proposition A.35 (|Bon90, Lemma 3.1]). A triangulated subcategory A < T is right
admissible if and only if A and A+ generate T as a triangulated subcategory.

6 Separates would perhaps be a better name (cf. [Mac78| Section V.7]).



A.3. GENERATORS OF TRIANGULATED CATEGORIES 69

Proof. Recall that A is right admissible if and only if every object X € T fits into a
distinguished triangle

Y > X —>7->3YY

withY € A and Z € AL, In particular, A and A’ generate T as a triangulated category.

Conversely, we need to show that the collection of all objects X € T which fit into
some distinguished triangle as before is the whole T. The collection of such objects is
suspension invariant, so if we show that it is also closed under taking cones, then it must
be the smallest triangulated subcategory containing A and AL, which by assumption is
the whole T.

This follows from the 3 x 3 lemma. Suppose X — Y is a morphism with X and Y
such that we can find distinguished triangles X' - X — X’ - Y¥X ' and Y - Y —
Y” — XY such that X', Y’ € A and X”,Y"” € A+. Applying the cohomological functor
Hom(X’,—) to the Y triangle we obtain a dashed arrow making the following square
commute:

X' - » Y/
|
X —Y

Consider now the following commutative diagram

X' Y’ Z' Y X’
X Y A X
X// Y// ZXH

X! — Y —— 57 —— 22X

in which all rows and columns are distinguished triangles. Apply the 3 x 3 lemma to
obtain an almost commutative diagram

X' Y’ z' yX'
X Y A XX
X" - D > g” —————— > DX
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in which again all rows and columns are distinguished triangles. Since X” and Y are in
A" sois Z” by the usual cohomological functor argument. And since A < T, the cone
of X’ — Y’ is also in A. Hence Z fits into a distinguished triangle

AR A A WA
with Z' € A and Z” € A+, as we wanted to show. O

Lemma A.36. We have (E)* = E+.

Proof. The bigger the collection, the smaller its orthogonal complement, hence (E)* C
EL. Conversely, suppose that Ext*(E,X) = 0 for X € T and all E € E. Then
Ext*(X'F, X) = Ext*™(E,X) = 0. If E = E; @ FE,, then Ext®*(E;, X) = 0 as well by
the universal property of direct sums. Finally, if £ — F' is a morphism between objects
in E and Ext*(F, X) = Ext*(F, X) = 0, then its cone C also verifies Ext®*(C, X) = 0
because of the long exact sequence of the cohomological functor Hom(—, X). O

Proposition A.37. Let E C T be a collection of objects in a triangulated category T.
In definition [A.33, we have implications

i) = i) = iii)

Proof. If E generates T as a triangulated category, then it also classically generates T
because the smallest thick triangulated subcategory containing E has to be in particular
a triangulated subcategory containing E, hence is the whole T already. If (E) = T, then
(E)*= T+ = {0}. So by the previous lemma we have E+ = 0. O

Example A.38. Any abelian category A generates its bounded derived category DP(A)
as a triangulated category.

Proof. Let T denote the smallest (full) triangulated subcategory of DP(X) containing A..
Then complexes concentrated on a single degree are trivially in T. To show that every
bounded complex is also in T we proceed by induction on their length [ € N. Consider
the following diagram:

. Al-2 —d'—2 Al-1 —d-1 Al

ngi

0

v

*>Al_1

a1 Al d

The last row is the mapping cone of the morphism between the first two rows. The first
two rows are in T by induction, so the cone of this morphism must also be in T. Hence
every bounded complex is in T and T = DP(X). O
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The notion of classical generator is often reserved for single objectsﬂ instead of larger
collections. In that case we can construct the smallest thick subcategory (E) < T
containing E' € T inductively as follows. We let (E); denote the strictly full subcategory
of T whose objects are isomorphic to direct summands of finite direct sums of suspensions

of F, i.e. direct summands of
m

B
i=1
For n > 1, let (E),, denote the full subcategory of T of all objects X which fit into a
distinguished triangle
Y X —>27-3Y

with Y € (E); and Z € (E),_1. Finally, let

neN

Lemma A.39 (|Stacks, Tag 0ATG]|). With the previous notation, suppose that
Y+ X—>27-23%Y
is a distinguished triangle with Y € (E), and with Z € (E)y. Then X € (E)q1p.

Proof. We proceed by induction on @ € N. The case a = 1 holds by construction.
Suppose it is true for some natural number a > 1 and let

Y X —>27-23%YY

be a distinguished triangle with Y € (E),y; and Z € (E),. We apply (TR1) and (TR4)
to obtain a commutative diagram

PR
N S S
B vh
S vy

where £y € (E)1, E, € (E), and all vertical and horizontal arrows are distinguished
triangles. From the induction hypothesis and the lower horizontal triangle we obtain
C € (E)atp. From the rightmost vertical triangle we obtain then X € (E),ip+1 by
construction of (E)g1pi1. O

“Or equivalently finitely many objects. Taking their direct sum shows that the two are equivalent.


https://stacks.math.columbia.edu/tag/0ATG
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Proposition A.40 ([Stacks, Tag 0ATG]|). Keeping the notation as above, (E) is the
smallest thick triangulated subcategory of T containing E.

Proof. Being closed under supsensions and direct summands follows directly from the
construction. Being triangulated follows directly from the previous lemma. And it is in-
deed the smallest such subcategory, because each (F), must be contained in the smallest
thick trianguluated subcategory containing F by definition. O

Hence FE classically generates T if and only if (E) = T.

Compact generation

Definition A.41. An object K in a triangulated category T with small coproducts is
called compact if the functor Homr (K, —) preserves all small coproducts.

In such a triangulated category we may define the full subcategory T¢ < T of compact
objects, which is a thick triangulated subcategory.

Lemma A.42 ([Stacks, Tag 09SR]). Let T be a triangulated category with small cop-
roducts and let E € T be a compact object. Then the following are equivalent:

i) E classically generates T and T is compactly generated.

ii) E generates T.

The relevance of compact objects and generation on triangulated categories is the
following result due to Neeman (see |[Nee96, Theorem 3.1|).

Theorem A.43 (Brown representability). Let T be a compactly generated triangulated
category. Then every contravariant cohomological functor which transforms coproducts
into products is representable.

Corollary A.44. Let T be a compactly generated triangulated category. Let F': T — T’
be a triangulated functor which preserves coproducts. Then F has a triangulated right
adjoint.

Proof. Fix Y € T'. By Brown representability we can represent Homr(F(—),Y’). This
means precisely that F has a right adjoint, which assigns to each Y € T’ the correspond-
ing representing object. The fact that this right adjoint is triangulated is automatic in
the context of triangulated categories, as we have already seen. O


https://stacks.math.columbia.edu/tag/0ATG
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