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Abstract. Notes based on a Wednesday Seminar block that I organized at
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introduced by myself; corrections and suggestions are very much appreciated!
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The main reference for this seminar is the book [EH16].

1. Ivan Zaccanelli: The Chow ring (16.12.2020)

1.1. Introduction. Some instances of enumerative problems:
• Given f ∈ K[x] of degree deg(f) = d, what is the cardinality of the set
{x ∈ K | f(x) = 0} =: V (f)? Answer: it is d if the the axis V (y) in
the plane is not tangent to the graph of f , given by V (y − f(x)) and if
K = K̄. If there were some tangent intersection points we would have to
take multiplicities into account.

 We want to consider K = C.

• Given f, g ∈ C[x1, x2], with deg(f) = d and deg(g) = e such that V (f)
and V (g) “intersect transversally”, what is the cardinality of V (f) ∩ V (g)?
Answer: (Bézout) it is d · e... if we look at this question in the projective
plane P2.

 We want to consider varieties in Pn.
• Given four lines in P3, how many lines intersect all of them? Answer: post-
poned to 27.01.2021.

Let us now see a “backwards proof” of Bézout’s theorem:

Date: Winter Semester 2020/2021.
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“Backwards proof”. The theorem implies that the cardinality of V (f) ∩ V (g) only
depends on deg(f) and deg(g). So we can replace f by f̃ and g by g̃ such that V (f̃)
is the union of d lines in the projective plane and V (g̃) is the union of e lines in
projective plane. Moreover we can assume that these lines are in general position,
thus the cardinality of the intersection is indeed d · e. �

Some of the ideas that we want to make rigurous are:
• “Move” or identify some subvarieties.
• Show that the cardinality of the intersection does not depend on this iden-
tification, given that the intersection is transverse.

 Fundamental tool: Chow ring CH•(X) of a quasi-projective variety X.

As a side note, let us ask the following question: is such a rigurous foundation
really necessary? To answer it, let us look at some history of these kinds of problems:

• Schubert “guessed” correctly in 1879 that the number of twisted cubics tan-
gent to 12 quadrics is 5819539783680.

 Maybe the answer is “no”, at least not for him.

Quoting Eisenbud and Harris: “He landed a jumbo jet being blindfolded.”
• Hilbert includes this issue as his 15th problem in 1900.

 The answer is “yes” for him.

• Fulton wrote a bible book about this in 1984 [Ful98].

 Just cite him whenever necessary!

1.2. Quick recap of algebraic varieties. The Zariski topology on An (resp. on
Pn) has as closed subsets those of the form V (I) for I ⊆ C[x1, . . . , xn] an ideal
(resp. V (I) for I ⊆ C[x0, . . . , xn] a homogeneous ideal. The sheaf of regular functions
consists of functions that can be locally written as a quotient of two polynomials
(resp. homogeneous polynomials). A closed subset X ⊆ An (resp. X ⊆ Pn) is said
to be an affine variety (resp. a projective variety).

A quasi-projective variety is an open set inside a projective variety.

Definition 1.1 (Irreducibility). A non-empty topological space is said to be irre-
ducible if it cannot be written as a union of two proper closed subsets.

Example 1.2. The subset V (xy) ⊆ A2 is connected but not irreducible, since it
can be written as

V (xy) = V (x) ∪ V (y).
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Proposition 1.3. Each X ⊆ Pn can be written uniquely as X = ∪ri=1Xi, where
Xi ⊆ X are closed and irreducible and no Xi is superfluous.

The Xi’s in the previous proposition are called the irreducible components of X.

Definition 1.4 (Dimension). The dimension of X ⊆ Pn is defined as the maximal
length of a chain

Y0 ( Y1 ( · · · ( Yn ⊆ X

with each Yi closed and irreducible.

Definition 1.5 (Smoothness). X ⊆ Pn is smooth if dim(X) = dim(TpX) for all
p ∈ X.

Bad news: for intersection theory we must also take into account subschemes. In
the setting above, V (I) = V (I2). But problems arise naturally taking intersections.
In A2 we have

V (y) ∩ V (y − x2) = V ((y) + (y − x2)) = V (x2, y)
!

6= V (x, y).

Moral: an (affine) subscheme is the datum of an (affine) variety together with the
ideal defining it.

From now on, “variety” means “irreducible variety”; and “subvariety” means “irre-
ducible closed subset in some variety”.

1.3. Chow group. Let X be a quasi-projective variety.

Definition 1.6 (Cycle group). The group of cycles Z(X) is the free abelian group
generated by the set of subvarieties in X.

So if we have Y1, . . . , Ym ⊆ X closed and irreducible, then

m∑
i=1

aiYi ∈ Z(X).

Remark 1.7.
(1) Z(X) is graded (as an abelian group) by the dimension or by the codimen-

sion:
Z(X) = ⊕k∈NZk(X) = ⊕l∈NZ l(X),

where Zk(X) denotes the subgroup generated by subvarieties of dimension k
and Z l(X) := Zdim(X)−l(X).
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(2) To each subscheme Y ⊆ X we can associate a cycle

〈Y 〉 :=
∑

niYi,

where the Yi are the irreducible components of the support of Y and the ni
keep track of the multiplicity of each component.

Example 1.8.

〈V (x2, y)〉 = 2V (x, y).

Definition 1.9 (Chow group). We define the Chow group of X as

CH(X) := Z(X)/Rat(X),

whee Rat(X) is the subgroup generated by cycles of the form

〈Φ ∩ ({t0} ×X)〉 − 〈Φ ∩ ({t1} ×X)〉,

where ∩ denotes the scheme-theoretic intersection, t0, t1 ∈ P1 and Φ ⊆ P1 ×X is a
subvariety not contained in any fiber {t} ×X.

If Z1, Z2 ∈ Z(X) are cycles such that [Z1] = [Z2], then we say that they are
rationally equivalent cycles.

Example 1.10.

(1) In P1, any two points are rationally equivalent:

(2) In A2, a hyperbola is rationally equivalent to the union of two intersecting
lines:
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Remark 1.11.
(1) The hypothesis that Φ 6⊆ {t} ×X for any t ∈ P1 is essential; otherwise, any

cycle on X would be rationally equivalent to 0 = 〈∅〉.
(2)

with naive intersection⇒ 2[p] = [p]⇒ [p] = 0.

We don’t want this to happen! And indeed this does not happen if we
consider scheme-theoretic intersections. With scheme-theoretic intersections
we would instead have

[p] + [q] = 2[r]⇒ 2[p] = 2[p],

which is okay.

Proposition 1.12. The generators of Rat(X) are homogeneous with respect to the
grading on Z(X).

 Grading on CH(X).

Proof. We need a
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Lemma 1.13 (cf. [EH16, Theorem 0.2]). If f : Z → P1 is non-constant, with Z a
variety, then for all p ∈ P1 the fibre f−1(p) ⊆ Z has all irreducible components of
codimension 1.

Using this, consider the map π : P1 × X → P1 given by (t, x) 7→ t and restrict
it to Φ. By hypothesis, π|Φ is non-constant, so each irreducible component of Φ ∩
({t0} ×X) = π|−1

Φ (t0) has the same dimension dim(Φ)− 1.
The same holds for Φ ∩ ({t1} ×X). �

1.4. Ring structure on CH•(X).

Definition 1.14 (Transverse intersection). Two subvarieties Z1, Z2 ⊆ X intersect
transversally if for every p ∈ Z1 ∩ Z2 we have that p is a smooth point and that

TpZ1 + TpZ2 = TpX.

They intersect generically transversally if this happens on a dense open subset of
Z1 ∩ Z2.

Two cycles A =
∑
aiAi and B =

∑
bjBj intersect generically transversally if Ai

and Bj intersect generically transversally for all i, j.

Theorem-Definition 1.15. If X is a smooth quasi-projective variety, then there
is a unique ring structure on CH(X) satisfying:

(?) If two subvarieties are generically transverse, then

[A] · [B] = [A ∩B].

Moreover, this makes CH•(X) into a graded ring.

The proof of theorem follows at once from the “moving lemma”:

Lemma 1.16 ([Ful98]). Let X be a smooth quasi-projective variety.
i) For any α, β ∈ CH(X), there are generically transverse cycles A,B ∈ Z(X)

such that α = [A] and β = [B].
ii) The class [A ∩B] is independent of the choice of A and B.

What goes wrong if X is not smooth? Both the moving lemma and the previous
theorem-definition fail.

Example 1.17. Let Q ⊆ P3 ⊆ P4 be a smooth quadric, which is a surface ruled by
two families of lines:
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Mt and Mt′ are in the same family, so they are disjoint.
Let p ∈ P4 \ P3. Consider X = C(p,Q) ⊆ P4, the cone with vertex p and base Q.

Then X is ruled by two families of planes.

In the second picture, Λt = span(p,Mt), Λt′ = span(p,Mt′) and Γs = span(p,Ns).
We have Mt ∩ Λt′ = ∅, so they intersect transversally. And Ns ∩ Λt′ = {q}, so they
intersect transversally as well. We have then [Mt] · [Λt′ ] = 0 and [Ns] · [Λt′ ] = [q]. But
also [Mt] = [Ns], because two lines in a plane are rationally equivalent, so both of
them are rationally equivalent to the line Λt∩Γs. Therefore we deduce that [q] = 0,
which cannot happen on a projective variety because of the existence of the degree
map [EH16, Proposition 1.21].

1.5. General strategy for enumerative problems. Prototype of enumerative
problem: understand the set Ψ of objects of a certain type satisfying certain condi-
tions:

Example 1.18. Lines in P3 intersecting 4 given lines L1, L2, L3 and L4.

•Step 1: Construct a suitable (smooth, projective) parameter space H for the
objects we are interested in, e.g. in the case of the previous example we would look
at the Grassmannian H = G(1, 3) of lines in P3.

•Step 2: Show that for each condition imposed by our problem, the locus Zi ⊆ H
of objects satisfying that condition is closed, e.g. in our case we would have

Zi = {L ∈ G(1, 3) | L ∩ Li 6= 0},

so that Ψ = ∩4
i=1Zi ⊆ H is closed.

•Step 3: Describe CH•(H) and [Zi] ∈ CH•(H), which in the case of our example
will be done in future talks of this seminar.

•Step 4: Calculate the product
∏

i[Zi]. Then [Ψ] = [∩iZi] =
∏

i[Zi], assuming
that the intersections are generically transverse. So if things work out well and we
are a bit careful, we can obtain the answer as the degree [EH16, Propostion 1.21] of
some zero cycle [Ψ] in our (smooth, projective) parameter space H.
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2. Jin Li: Basic computational tools (13.01.2021)

2.1. Recollections. An algebraic set is a closed subset in An (or Pn) in the Zariski
topology. A scheme is the datum of an algebraic set together with the ideal defining
it.

Remark 2.1. A scheme can be non-reduced and non-irreducible, e.g. X = V (xy2) ⊆
A2.

Reduced means that every irreducible component has multiplicity one.

An algebraic variety is a reduced an irreducible scheme in An (affine variety) or
in Pn (projective variety).

Let X be an algebraic variety. The group of cycles on X, denoted Z(X), is a
free abelian group generated by subvarieties of X. Z(X) = ⊕k∈NZk(X) is graded
by dimension, and the elements in Zk(X) are called k-cycles for each k ∈ N. To any
closed subscheme Y ⊆ X we associate a cycle

〈Y 〉 :=
s∑
i=1

miYi,

for example 〈V (xy2)〉 = V (x) + 2V (y).
We define Rat(X) ⊆ Z(X) as the subgroup generated by expressions of the form

(1) 〈Φ ∩ ({t0} ×X)〉 − 〈Φ ∩ ({t1} ×X)〉,
where t0, t1 ∈ P1 and Φ ⊆ P1×X is a subvariety not contained in any fibre {t}×X.

Two cycles A0, A1 ∈ Z(X) are called rationally equivalent if A1 − A0 ∈ Rat(X).
In Equation (1) we take the scheme theoretic intersection, which means that we

need to consider the multiplicities, e.g. the picture



NOTES ON ENUMERATIVE GEOMETRY 9

implies that p+ q ∼ 2τ and not p+ q ∼ τ .
Φ not being contained in any fibre is necessary, otherwise we would have A ∼ 0 =

〈∅〉 for all A ∈ Z(X).
We define the Chow group of X, denoted A(X) or CH(X), as

A(X) := Z(X)/Rat(X).

For a cycle Y ∈ Z(X), we denote by [Y ] ∈ A(Y ) its equivalence class in A(X).
When Y ⊆ X is a subscheme, we also denote simply by [Y ] the equivalence clas in
A(X) of the cycle 〈Y 〉 associated to Y . For example,

[V (xy2)] = [V (x)] + 2[V (y)].

The Chow group is graded by dimension A(X) = ⊕dim(X)
k=0 Ak(X). We have seen

the following

Theorem-Definition 2.2. If X is a smooth quasi-projective variety, then there is
a unique ring structure on A(X) satisfying:

(?) If two subvarieties are generically transverse, then

(2) [A] · [B] = [A ∩B].

This structure makes A(X) a graded ring, graded by codimension

A(X) = ⊕dim(X)
c=0 Ac(X), c = dim(X)− k.

We call it the Chow ring of X.

Remark 2.3. Equation (2) holds more generally as long as

codim(A ∩B) = codim(A) + codim(B).

Example 2.4. In P3 we have:

But the moving lemma implies that we can move the curve within its rational
equivalence class:
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2.2. The Chow ring of affine space.

Proposition 2.5. If X is a variety of dimension n, then its fundamental class
[X] ∈ A(X) is always non-zero.

Proof. If [X] = 0, then [X] could be written as a Z-linear combination of expressions
as in Equation (1). We claim that only when Φ = P1 × X can X appear as the
result of an expression of the form Φ ∩ ({t} × X), but in this case we would just
have X ∼ X.

Suppose then that Φ ( P1 ×X. By definition of dimension and irreducibility of
Φ and of P1 ×X, we must have

dim(Φ) ≤ n = dim(X).

On the other hand, since we are assuming that X appears as the result of an ex-
pression 〈Φ ∩ ({t} ×X)〉, we must have

{t} ×X ⊆ Φ,

thus {t} × X = Φ, because both are irreducible, {t} × X has dimension n and Φ
has dimension at most n. But this contradicts then the assumption that Φ is not
contained in any fibre {t} ×X, hence the previous situation cannot occur. �

So from this proposition we deduce that A0(X) = Z · [X].

Proposition 2.6. For affine space An we have

A(An) = Z · [An].

Proof. We have already seen that A0(An) = Z · [An], so it suffices to show that all
other subvarieties Y ( An are rationally equivalent to 0 = 〈∅〉.

Given such Y , we want to construct a Φ interpolating between Y and ∅. Choose
coordinates z = (z1, ldots, zn) such that 0 6∈ Y and let Y = V (I) for some ideal I.
We define

W ◦ := {(t, tz) ∈ (A1 \ {0})× An | z ∈ Y } = V ({f(z/t) | f ∈ I}).

The fibre of W ◦ over t is tY . Let W := W ◦ ⊆ P1 × An be the closure. The claim
is that Φ = W is the variety interpolating between Y and ∅. The fibre of W over
t = 1 is then just Y . So our goal is to show that there is some other fibre which is
empty, and we will see that this is the fibre over t =∞ ∈ P1.
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Since 0 6∈ Y , we can find some g ∈ I which has non-zero constant term c. Define
then

G(t, z) := g(z/t)

on (A1 \ {0}) × An. For t = ∞ we get G(∞, z) = g(0) = c for all z ∈ An, so
G extends to a regular function on (P1 \ {0}) × An. We have W ◦ ⊆ V (G), so
W ⊆ V (G) as well. Since V (G) ∩ ({∞} × An) = V (G(∞, z)) = V (c) = ∅, we also
have W ∩ ({∞} × An) = ∅, therefore

Y ∼ 0.

�

2.3. Functoriality [EH16, §1.2.6]. LetX and Y be schemes, f : Y → X be a proper
map (“closed map with compact fibres”), e.g. any map between projective varieties.
If A ⊆ Y is a subvariety, then f(A) ⊆ X is a subvariety. Therefore, one may be
tempted to define f∗([A]) := [f(A)]. But this naive definition caues some problems.
The key problem are the multiplicities:

With the naive definition we would have a′ + b′ + c′ ∼ d′ ∼ g′ + h′, which is a
contradiction because all points are rationally equivalent in P1 and as we will soon
see they are non-zero. With the correct definition we would instead have

a′ + b′ + c′ ∼ 3d′ ∼ 2g′ + h′.

Definition 2.7. If dim(f(A)) < dim(A), then we set f∗([A]) = 0. And if
dim(f(A)) = dim(A), then we set f∗([A]) = n[f(A)], where n = [C(A) : C(f(A))] is
the degree of f |A. We extend f∗ to all cycles by linearity, that is,

f∗(
∑

mi[Ai]) =
∑

mif∗([Ai]).
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Theorem 2.8 ([Ful98, §1.4]). If f : Y → X is proper, then f∗ : Z(Y ) → Z(X)
induces a group homomorphism f∗ : Ak(Y )→ Ak(X) for all k ∈ N.

As a particular case we obtain the existence of the degree map, which was already
used in an example during the previous talk:

Proposition 2.9. If X is proper, that is, if the structure map to a point X → SpecC
is proper, then there exists a unique group homomorphism deg : A(X) → Z, called
the degree map, taking every closed point p ∈ X to 1 ∈ Z and vanishing on the
classes of cycles of dimension greater than 0.

If A is a k-dimensional subvariety of a smooth projective n-dimensional variety
X and B is an (n − k)-dimensional subvariety of X such that A ∩ B is finite and
non-empty, then the existence of the group homomorphism

Ak(X) −→ Z
[A] 7−→ deg([A] · [B]) > 0

guarantees that [A] 6= 0.
Let now f : Y → X be a flat morphism between schemes. We will not define flat-

ness, but important examples are open inclusions and morphisms between smooth
varieties with all fibres of the same dimension [GW10, Corollary 14.128]. Then

f ∗ : A(X) −→ A(Y )

〈A〉 7−→ 〈f−1(A)〉
prevserves rational equivalence and induces a group homomorphism between the
Chow rings preserving the grading by codimension.

2.4. Mayer–Vietoris and excision [EH16, §1.3.4].

Proposition 2.10. Let X be a scheme.
(a) (Mayer–Vietoris) If X1, X2 are closed subschemes of X, then there is a right

exact sequence

A(X1 ∩X2)→ A(X1)⊕ A(X2)→ A(X1 ∪X2)→ 0.

The map on the left is given by [W ] 7→ ([W ],−[W ]), whereas the one on the
right is given by ([W1], [W2]) 7→ [W1] + [W2].

(b) (Excision) If Y ⊆ X is a closed subscheme and U = X \ Y , then there is a
right exact sequence

A(Y ) 7→ A(X) 7→ A(U) 7→ 0.

The map on the left is proper pushforward along the closed immersion
Y ⊆ X, whereas the map on the right is the flat pullback along the open
immersion U ⊆ X. If X is smooth, then A(X) → A(U) is moreover a ring
homomorphism.

Corollary 2.11. If U ⊆ An is a non-empty open subset, then

A(U) = Z · [U ].

Proof. If we define Y := An \ U , then we have the excision right exact sequence
A(Y )→ A(An)→ A(U)→ 0.

If W ⊆ Y is a subvariety, then [W ] = 0 seen as a class in A(An), as we saw earlier.
Therefore the map on the left is the zero map and the result follows. �
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2.5. Stratifications [EH16, §1.3.5].

Definition 2.12. Let X be a scheme. We say that X is stratified by a finite
collection {Ui}mi=1 of irreducible, locally closed subschemes Ui if the following hold:

i) X = tmi=1Ui is a disjoint union; and
ii) each closure Ui is a union of some Uj’s.

Condition ii) can be rephrased by saying that

Ui ∩ Uj 6= ∅⇒ Uj ⊆ Ui.

The Ui are called strata and the Yi := Ui are called closed strata. We can recover
Ui from Yi by the formula

Ui = Yi \

 ⋃
Yj(Yi

Yj

 .

We say that a stratification is affine if for each i there exists an l ∈ N such that
Ui ∼= Al. We say that it is quasi-affine if for each i there exists an l ∈ N such that
Ui is isomorphic to an open subset in Al.

Example 2.13. Projective n-space admits an affine stratification with closed strata
given by

P0 ⊆ P1 ⊆ . . . ⊆ Pn.
It is affine because Pi \ Pi−1 ∼= Ai.

Proposition 2.14 ([EH16, Proposition 1.17]). If a scheme X has a quasi-affine
stratification, then A(X) is generated by the classes of the closed strata.

Remark 2.15. It can happen that the clases of the strata in a quasi-affine stratific-
ation become zero in the Chow ring. For instance, consider An with n > 0 and the
stratification

An = {0} ∪ (An \ {0}),
with U0 = {0} and U1 = An \ {0}. Then Y0 = {0} has [Y0] = 0 ∈ A(An), as we saw
earlier in the talk.

But in the case of affine stratifications we have the following:

Theorem 2.16 (Totaro, 2014). The classes of the closed strata in an affine strati-
fication of a scheme X form a basis of A(X).

3. Vincent Gajda: Grassmannians and Schubert varieties (20.01.21)

Goal: introduce Grassmannians (working always over C or over an algebraically
closed field of characteristic 0).

3.1. Recall stratifications. We say that X is stratified by a finite family {Ui}i∈I
of locally closed subvarieties if

X =
⊔
i∈I

Ui, and Ui =
⊔
j∈J

Uj for some J ⊆ I.

A stratification is called affine if each Ui is isomorphic to an affine space Ani , and
quasi-affine if each Ui is isomorphic to a non-empty open subset inside an affine
space Ani .



14 PEDRO NÚÑEZ

Proposition 3.1. If X is quasi-affinely stratified, then A(X) is generated as a group
by the classes of the closed strata, i.e. the classes of the Zariski closures of the Ui.

Proof. We argue by induction on the number of strata. Let U0 be a minimal stratum.
By definition of stratification, it has to be a closed subset of X, and the open subset
X \ U0 admits a quasi-affine stratification with one less stratum than the original
quasi-affine stratification of X. We have seen in the last talk that A(U0) = Z · [U0],
because U0 is isomorphic to a non-empty open subset inside some affine space. The
result follows then from the induction hypothesis and the excision exact sequence

Z · [U0]→ A(X)→ A(X \ U0)→ 0.

�

3.2. Chow ring of Pn.

Definition 3.2. Let X ⊆ Pn be a projective variety of dimension k. Then we define
its degree, denoted deg(X), as the number of points in the intersection of X with a
generically transverse (n − k)-plane. If X ⊆ Pn is only a subscheme, then we add
the degrees of its irreducible components with multiplicities.

Remark 3.3. One can use Hilbert polynomials to define the degree of a projective
variety and make sure that it is indeed a well-defined number.

Theorem 3.4 (Kleiman). Suppose G is an algebraic group (GLn suffices for our
purposes) that acts transversally on an algebraic variety X. Let A ⊆ X be a sub-
variety.

(1) Let B ⊆ X be another subvariety. Then there exists a dense open subset
G0 ⊆ G such that for all g ∈ G0, g ·A intersects B generically transversally.

(2) If G is affine (again, we may just think of GLn), then [A] = [g · A] for all
g ∈ G.

Proof. See [EH16, Theorem 1.7]. The assumptions on the base field are important
here! �

Example 3.5. GLn+1 acts transitively on Pn, so all k-planes in Pn define the same
class in the Chow ring.

Proposition 3.6. We have

A(Pn) = Z[ζ]/(ζn+1),

where ζ ∈ A1(Pn) is the class of a hyperplane. Moreover, if X ⊆ Pn is a subvariety
of codimension k and degree d, then [X] = dζk.

Proof. Let {p} ⊆ P1 ⊆ . . . ⊆ Pn be a complete flag. These are the closed strata
of an affine stratification, so we know that the classes of Pi generates An−i(Pn) for
each i ∈ {0, . . . , n}. By Kleiman’s theorem we deduce moreover that the class of
any i-plane generates An−i(Pn). We saw in the previous talk that there exists a
well-defined surjective degree map

deg : An(Pn) −→ Z
[p] 7−→ 1

We have just seen that An(Pn) is generated by a signle point, so in order for deg to
be surjective we need to have An(Pn) = Z · [p].
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Let now M be a k-plane and take a generically transverse generator of Ak(Pn).
The intersection contains exactly 1 point, so

[M ]∩ : Ak(Pn)→ An(Pn) ∼= Z
is also surjective. By the same argument as before we must have Ak(Pn) ∼= Z.

Now for the ring structure, we know that an (n − k)-plane L is the transverse
interecction of k hyperplanes, so we have

[L] = ζk,

where ζ is the class of any hyperplane. This implies that the ring structure is as
claimed.

Finally, if X ⊆ Pn is a subvariety of codimension k and degree d, then the as-
sumption on the codimension implies that [X] ∈ Ak(Pn) = Z · ζk, so we may write
[X] = mζk. The assumption on the degree implies then that

d = deg([X] · ζn−k) = deg(mζkζn−k) = m,

as we wanted to show. �

Corollary 3.7 (Bézout). If X1, . . . , Xk ⊆ Pn are subvarieties of codimensions
c1, . . . , ck respectively, with

∑
ci ≤ n and intersecting generically transversely, then

deg(X1 ∩ . . . ∩Xk) =
∏

deg(Xi).

In particular, if X, Y ⊆ Pn have complementary dimensions and intersect generically
transversely, then

|X ∩ Y | = deg(X) deg(Y ).

Proof. By the previous proposition we can write
[Xi] = deg(Xi)ζ

ci

for each i ∈ {1, . . . , k}. On the ohter hand,

[X1 ∩ . . . ∩Xk] = deg(X1 ∩ . . . ∩Xk)ζ
∑
ci .

But
[X1 ∩ . . . ∩Xk] = [X1] · · · [Xk] =

(∏
deg(Xi)

)
ζ
∑
ci ,

hence the desired equality. �

3.3. Grassmannians. Let V be an n-dimensional vector space over C and let 1 ≤
k ≤ n. We want to consider the Grassmannian of k-planes in V :

G := G(k, V ) :=

{
k-dimensional
subspaces in V

}
=

{
(k − 1)-dimensional
subspaces in P(V )

}
We would write G(k − 1, V ) instead to mean the right-hand side interpretation of
(k − 1)-dimensional subspaces in P(V ).

We have described the Grassmannian as a set, but we want to endow it with a
structure of projective variety. We consider for this the Plücker embedding :

G −→ P(∧kV ) ∼= P(n
k)−1

Λ = 〈w1, . . . , wn〉 7−→ [w1 ∧ . . . ∧ wk]
This map is well-defined, because if we had chosen a different basis for Λ, then the

result would have only differed by multiplication with the (non-zero) determinant
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of the base-change matrix. And it is injective, because a vector v ∈ V is in Λ if and
only if v ∧ (w1 ∧ . . . ∧ wk) = 0, so we can recover Λ from [w1 ∧ . . . ∧ wk].

If we choose a basis {e1, . . . , en} of V , then we may identify V with Cn and
represent Λ as the row space of a k × n matrix

A =

a1,1 · · · a1,n
...

...
ak,1 · · · ak,n


in which the rows are the w1, . . . , wk. We may then write

w1 ∧ . . . ∧ wk =
∑

1≤i1<...<ik≤n

pi1,...,ikei1 ∧ . . . eik ,

and these coefficients pi1,...,ik are called the Plücker coordinates of Λ with respect
to the basis {e1, . . . , en}. They do not depend on the chosen basis for Λ, because
each pi1,...,ik is given by the corresponding minor of A, and changing the basis of Λ
corresponds to multiplying A on the left by an invertible k × k matrix. Therefore
they are well-defined as coordinates in P(n

k)−1.
Next we want to argue that the Plücker embedding ϕ : G ↪→ P(n

k)−1 makes G an
algebraic variety. Let us call a point of the form [w1 ∧ . . . ∧ wk] ∈ P(∧kV ) a pure
wedge product. Then ϕ(G) consists precisely of the equivalence classes of pure wedge
products, so we need to find homogeneous polynomial equations describing the set
of such equivalence classes. If η ∈ ∧kV and v ∈ V \ {0}, then v ∧ η = 0 if and only
if η = v ∧ η′ for some η′ ∈ ∧k−1V . By induction we deduce that η is a pure wedge
product if and only if

dim
(
V

(−)∧η−−−→ ∧k+1V
)
≥ k,

therefore

ϕ(G) =
{

[η] ∈ P(∧kV )
∣∣∣rank

(
V

(−)∧η−−−→ ∧k+1V
)
≤ n− k

}
.

This subspace of P(∧kV ) is the zero locus of the (n − k + 1)-minors of a matrix
representing the linear map (−) ∧ η, which are homogeneous polynomials. Hence
ϕ(G) is an algebraic subset in P(n

k)−1. To check that G is also a variety, i.e. to check
that it is irreducible, note that its ideal is the kernel of the ring homomorphism

C[{pi1,...,ik}1≤i1<...ik≤n] −→ C[{xij}1≤i≤n,1≤j≤k]

which corresponds to “writing out the Plücker coordinates” in terms of the coeffi-
cients of the matrix. The ring on the right is an integral domain, so the kernel of
this morphism is a prime ideal and G is an algebraic variety. In the following we
often identify G with ϕ(G) as sets already.

As in the particular case of projective spaces, Grassmannians admit a standard
affine open cover constructed as follows. Fix Γ ⊆ V of dimension (n − k), say
Γ = 〈e1, . . . , en−k〉. We may extend this basis of Γ to a basis e1, . . . , en of V , and we
let η := e1 ∧ . . . ∧ en−k. Define

UΓ := {Λ ∈ G | Λ ∩ Γ = 0}.
The complement of UΓ is the set of [ω] ∈ G such that ω ∧ η = 0, which can be
characterized as the hyperplane section where the (e1, . . . , en)-Plücker coordinate
pn−k+1,...,n is equal to zero. Hence UΓ is open, and as we vary the subspace Γ we
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obtain an open cover of G. From this open cover we deduce that dimG = k(n− k)
and that G is smooth, because we have the following

Lemma 3.8. UΓ
∼= Ak(n−k).

Proof. Consider a basis (e1, . . . , en) of V such that Γ = 〈ek+1, . . . , en〉. Then we have
UΓ = {Λ ∈ G | p1,...,k(Λ) 6= 0}.

We regard Ak(n−k) as the space of k × (n− k)-matrices, and we define a map

f : Ak(n−k) −→ UΓ

C =

c1,1 . . . c1,n−k
...

...
ck,1 . . . ck,n−k

 7−→ RowSpace


1 0 . . . 0 c1,1 . . . c1,n−k
0 1 . . . 0 c2,1 . . . c2,n−k
...

...
...

...
...

0 0 . . . 1 ck,1 . . . ck,n−k


The image of f lies indeed in UΓ, because the (1, . . . , k)-minor is just 1 and so
p1,...,k(f(C)) = 1 6= 0.

For the surjectiviy, we represent Λ ∈ UΓ as the row space of a matrix A = (K | A′)
in which K is an invertible k × k-matrix, because Λ ∈ UΓ means by definition that
the (1, . . . , k)-minor of A is non-zero. Hence we may write K−1A = (Idk×k | A′′)
and thus the row space of A is in the image of f .

If C 6= C ′, then f(C) 6= f(C), because the matrix representation used to define f
is unique for subspaces in UΓ. Explicitly, it follows by looking at the first k rows of
an expression of the form

1
0
...
0
c′1,1
...

c′1,n−k


= λ1



1
0
...
0
c1,1
...

c1,n−k


+ · · ·+ λk



0
0
...
1
ck,1
...

ck,n−k


that λ1 = 1 and the rest of λ’s must be 0, hence the claimed uniqueness.

It remains to show that this bijection is algebraic. A matrix C is sent to an
element in P(∧kV ) whose coordinates are k × k-minors of the specified matrix,
hence the image of the matrix is a polynomial expression in its entries (which are
the coordinates on the left space). This shows that f is algebraic. For f−1, represent
Λ ∈ UΓ by a matrix of the specified form, so that Λ = f(C). Then, at least up to a
sign, we have

±ci,j =
p1,...,̂i,...,k,k+j(Λ)

p1,...,k(Λ)
.

Hence f−1 is a regular function as well. �

3.4. Schubert varieties in G(1, 3) = G(2, 4). Our next step is to find a convenient
stratification of G(1, 3) in order to understand its Chow ring in the future. We fix
a complete flag

V = ({p} ⊆ L ⊆ H ⊆ P3).

We stratify G(1, 3) by the loci of lines which have a certain dimension of intersection
with respect to the subspaces in our flag V . The closed sets of the stratification will
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be called Schubert varieties or Schubert cycles, whereas the open sets will be called
Schubert cells. The Schubert varieties are given as follows:

Σ0,0 = G(1, 3)

Σ1,0 = {L′ | L′ ∩ L 6= ∅}
Σ2,0 = {L′ | p ∈ L′}
Σ1,1 = {L′ | L′ ⊆ H}
Σ2,1 = {L′ | p ∈ L′ ⊆ H}
Σ2,2 = {L}.

We have the following inclusions:

Σ2,0

{L} = Σ2,2 Σ2,1 Σ1,0 Σ0,0 = G(1, 3).

Σ1,1

We define the Schubert cells as

Σ◦a,b = Σa,b \ smaller strata .

Schubert cells define an affine stratification of G(1, 3). Let us just sketch one part
of the proof as an example:

Lemma 3.9. Σ◦1,0
∼= A3.

Proof. We have

Σ◦1,0 = Σ1,0 \ (Σ1,1 ∪ Σ2,0).

Spelling out the definitions, we see that Σ◦1,0 consists of those lines M such that
M ∩ L 6= ∅, p 6∈ M and M 6⊆ H. The idea to show the claimed isomorphism is to
fix some H ′ 3 p with L 6⊆ H ′.
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Take M ∈ Σ◦1,0; it meets H ′ \ (H ′ ∩ H) ∼= A2 in a unique point, and it meets
L \ {p} ∼= A1 in a unique point as well. So we define

Σ1,0 7−→ A2 × A1

M 7−→ (M ∩H ′,M ∩ L)

�

This stratification of G(1, 3) depends on the chosen flag, but the classes of the
closed strata in the Chow ring do not depend on the chosen flag as a consequence
of Kleiman’s transversality [EH16, Theorem 1.7]. Indeed, any two flags V and V ′
are related by a GL4 action, so the Schubert cycles Σa,b(V) and Σa,b(V ′) are GL4-
translates. Since GL4 acts transitively on lines in P3, we deduce that [Σa,b(V)] does
not depend on the chosen flag.

4. Fabian Kertels: How many lines intersect 4 random line in space?
(27.01.2021)

Goals:
• Compute A(G(2, 4)) (3×).
• Show that the answer to the question in the title is 2 (2×).

In the title, by random we mean in general position; and by space we mean in
3-dimensional projective space, say over C (or at least over an algebraically closed
field of characteristic zero).

4.1. Recap.

Definition 4.1. For k ≤ dim(V ) = n, the Grsassmannian G(k, V ) is defined as
the set of k-dimensional vector subspaces of V together with the projective variety
structure induced by the Plücker embedding:

G(k, n) −→ P(∧kV )

〈w1, . . . , wk〉 7−→ [w1 ∧ · · · ∧ wk]
The image of this function consists of the set

{[η] | rk(V
(−)∧η−−−→ ∧k+1V ) ≤ n− k},

which can be described as the vanishing locus of some minors of the corresponding
matrix once we fix a basis.

To compute A(G(k, v)), (quasi-affine) stratifications are helpful:
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Definition 4.2. A stratification of a variety X is a collection {Ui}i∈I of irreducible
locally closed subvarieties of X with I a finite set and such that

X =
∐
i∈I

Ui and Ui =
∐
Uj⊆Ui

Uj.

It is an affine stratification if for every i ∈ I there exists some ki ∈ N such that
Ui ∼= Aki ; and it is a quasi-affine stratification if for every i ∈ I there exists some
ki ∈ N such that Ui is an open subset of Aki .

Proposition 4.3. If X has a quasi-affine stratification {Ui}i∈I , then A(X) is gen-
erated by {[Ui]}i∈I .

In the case of G(1, 3) = G(1,P3) = G(2, 4) we can produce an affine stratification
as follows. Take a complete flag

V =
(
{p} ⊆ L ⊆ H ⊆ P3

)
of P3, and define our closed strata (Schubert cycles) as

• Σ0,0 := G(1, 3);
• Σ1,0 := {L′ | L′ ∩ L 6= ∅};
• Σ2,0 := {L′ | p ∈ L′};
• Σ1,1 := {L′ | L′ ⊆ H};
• Σ2,1 := {L′ | p ∈ L′ ⊆ H};
• Σ2,2 := {L}.

We had the following inclusions
Σ2,0

{L} = Σ2,2 Σ2,1 Σ1,0 Σ0,0 = G(1, 3),

Σ1,1

and we defined the Schubert cells as Σ◦a,b = Σa,b \ smaller strata .

Corollary 4.4. A(G(1, 3)) is generated by the Schubert classes

σa,b := [Σa,b].

4.2. Structure of A(G(1, 3)).

Theorem 4.5. We have

A := A(G(1, 3)) = ⊕0≤b≤a≤2Zσa,b
with multiplication given as follows:

• A1 × A1 → A2 : σ2
1,0 = σ1,1 + σ2,0;

• A1 × A2 → A3 : σ1,0σ1,1 = σ1,0σ2,0 = σ2,1;
• A1 × A3 → A4 : σ1,0σ2,1 = σ2,2;
• A2 × A2 → A4 : σ2

1,1 = σ2
2,0 = σ2,2, σ1,1σ2,0 = 0.

Proof. Since G(1, 3) is proper over C, A4 is freely generated by σ2,2. It remains
to prove the formulas for the multiplications, since then the group structure would
follow. For example, suppose we have shown the formulas and we wanted to see
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that A2 is freely generated by σ1,1 and σ2,0. Let a, b ∈ Z such that aσ1,1 + bσ2,0 = 0.
We can multiply on the left by σ1,0 to deduce that aσ2,2 = 0, hence a = 0. And we
can multiply on the left by σ1,0 to deduce that bσ2,2 = 0, hence b = 0 as well. In
this way we can decude from the multiplicative formulas that

A2 = Zσ1,1 ⊕ Zσ2,0

as abelian groups, and with simlar arguments we could do the same for all other
degrees.

To compute the multiplicative formulas we take another flag

V ′ =
(
{p′} ⊆ L′ ⊆ H ′ ⊆ P3

)
such that Σ2,0 ∩ Σ′2,0 has dimension 0, which is possible thanks to Kleiman’s trans-
versality. Then

σ2
2,0 = |Σ2,0 ∩ Σ′2,0|σ2,2

= |{L′′ | p′ ∈ L′′ and p ∈ L′′}|σ2,2

= |{pp′}|σ2,2 = σ2,2.

And we can argue similarly for the other cases in which the codimensions add up
appropriately, namely, for A2 × a2 and for A1 × A3.

For A1 × A2 we have

Σ1,0 ∩ Σ′2,0 = {L′′ | p′ ∈ L′′ ∩ L 6= ∅,

which is the (2, 1)-Schubert cycle with respect to a flag containing the point p′ and
the plane p′L, so that we have

σ1,0σ2,0 = σ2,1.

In a similar way we deduce that

σ1,0σ1,1 = σ2,1.

It remains to deal with A1×A1. From arguments as in the beginning of the proof,
we already know that

A2 = Zσ1,1 ⊕ Zσ2,0.

Therefore it is possible to find a, b ∈ Z such that

σ2
1,0 − aσ2,0 + bσ1,1.

Now

aσ2,2 = (aσ2,0 + bσ1,1)σ2,0

= σ2
1,0σ2,0

= σ1,0(σ1,0σ2,0)

= σ1,0σ2,1 = σ2,2,

so we deduce that a = 1. And likewise we can deduce that b = 1, finishing the
proof. �

Now we are ready to answer the question in the title: a line in P3 incident to m
lines L1, . . . , Lm corresponds to a point in G(1, 3) contained in all the Σ1,0(Li) for
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i ∈ {1, . . . ,m}. Here, by Σ1,0(Li), we mean the Schubert cycle induced by some flag
containing Li. So in our case we would compute

|Σ1,0(L1) ∩ . . . ∩ Σ1,0(L4)| (?)
= deg(σ4

1,0)

= deg((σ1,1 + σ2,0)2)

= deg(2σ2,2) = 2.

The (?) equality works in this case because Kleiman transversality allows us to
apply the moving lemma without generating non-effective cycles in the process and
the codimensions fit appropriately.

Alternatively, the multiplication A1 × A1 → A2 can also be computed without
using associativity. We would still use the method of undetermined coefficients : if
σ2

1,0σ2,0 = aσ2,2, then Kleiman’s theorem allows us to choose flags V , V ′ and V ′′ in
general position, so that

a = |{M |M ∩ L 6= ∅,M ∩ L′ 6= ∅, p′′ ∈M}|
= |{p′′L ∩ p′′L′}| = 1.

And likewise for the b coefficient.

4.3. (Static) specialisation. “Specialise” V and V ′ enough so that Σa,b and Σ′a,b
are still “general enough” but at the same time the intersecting can be easily read
off. Using these methods one can give algorithms for computations in Chow rings
of general Grassmannians, e.g. Vakil’06.

We will illustrate this method by computing σ2
1,0 a third time. Pick flags V and

V ′ so that L ∩ L′ = {p} and H = L′L. Then, if we knew that the corresponding
Schubert cycles Σ1,0 and Σ′1,0 were generically transverse, we would be able to deduce

Σ1,0 ∩ Σ′1,0 = {M |M ∩ L 6= ∅ and M ∩ L′ 6= ∅}
= {M |M ⊆ H or p ∈M}
= Σ2,0 ∪ Σ1,1.

So we need to check that the two cycles are indeed generically transverse. First we
take some M ∈ Σ2,0, i.e. p ∈M and M 6∈ {L,L′}. We need to compute the tangent
spaces of Σ1,0 and Σ′1,0 atM . Let V be a 4-dimensional complex vector space so that
our P3 is P(V ). If T ⊆ P3 is a linear subspace, we denote by T̃ the vector subspace
of V such that T = P(T̃ ). Then we have

TMΣ1,0 = {ϕ ∈MorModC(M̃, V/M̃) | ϕ(p̃) ⊆ M̃L/M̃}.
This is a 3-dimensional vector space, and likewise for TMΣ′1,0. Therefore both

cycles are smooth at M , because we saw in the last talk that they are 3-dimensional
cycles with Σ◦1,0

∼= A3. And we also have

TMΣ1,0 ∩ TMΣ′1,0 = {ϕ | ϕ(p̃) ⊆ (M̃L ∩ M̃L′)/M̃}
= {ϕ | ϕ(p̃) ⊆ M̃/M̃}
= {ϕ | ϕ(p̃) = 0},

hence the intersection has the expected codimension at M . A similar argument
shows the same for M ∈ Σ1,1, so the two cycles are indeed generically transverse.

4.4. A geometric picture. Brief discussion following [EH16, §3.4.1].
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5. Luca Terenzi: Knutson–Tao puzzles and Chern classes (03.02.2021)

Notation: k an algebraicallly closed field of characteristic 0 (e.g. k = C).

5.1. Knutson–Tao puzzles. Main character: G(1, 3) = G(2, 4), the Grassmannian
of lines in P3. Recall from the last talk that the Chow ring A(G(2, 4)) is freely
generated as a graded abelian group by the Schubert classes

σa,b = [Σa,b(V)] ∈ Aa+b

for 2 ≥ a ≥ b ≥ 0. They satisfy the relation

σ2
1 = σ2

1,0 = σ1,1 + σ2,0

in A2. We established it in 2 different ways:
(1) With the method of undetermined coefficients. Write σ2

1,0 = aσ1,1 + bσ2,0 for
some a, b ∈ Z. Then determine a and b by multiplying this relation with
suitable classes (i.e. σ2,0, σ1,1).

(2) By static specialization. Choose two complete flags V and V ′ so that
(i) the cycles Σ1,0(V) and Σ1,0(V ′) intersect generically transversely, and
(ii) the intersection Σ1,0(V)∩Σ1,0(V ′) can be easily described geometrically.
Then compute [Σ1,0(V)] · [Σ1,0(V ′)] = [Σ1,0(V) ∩ Σ1,0(V ′)].

Remark 5.1. In both cases, one cannot avoid giving an explicit geometric interpreta-
tion to some products of Schubert classes. Doing the same in general (i.e. for G(r, n)
with r, n� 0) seems really difficult.

Knutson–Tao puzzles allow us to compute products of general Schubert clases in
a purely combinatorial way!

But first, let us change the notation for Schubert classes a little bit. Let V be a
k-vector space of dimension n ≥ 0, and let r ≤ n be a natural number. Consider
G(r, V ) ∼= G(r, n). Fix a complete flag V given by subspaces

0 = V0 ⊂ V1 ⊂ . . . ⊂ Vn = V

with dim(Vi) = i. Then, to every r-tuple

a = (a1, . . . , ar) ∈ Nr

with n− r ≥ a1 ≥ . . . ≥ ar ≥ 0 we associate the Schubert cycle Σa(V) given by the
set

{W ∈ G(r, n) | dim(Vn−r+i−ai ∩W ) ≥ i for all i}.
Geometric intuition: for a general W ∈ G(r, n), we have

dim(Vn−r+j ∩W ) =

{
0, j < 0

j, j ≥ 0.

Hence we have W ∈ Σa(V) if and only if the condition dim(Vn−r+j ∩ W ) ≥ i is
satisfied at least ai steps earlier than expected. Equivalently, for W ∈ G(r, n)
consider the sequence of subspaces of W given by V ∩W , that is,

0 = (V0 ∩W ) ⊂ (V1 ∩W ) ⊂ . . . ⊂ (Vn ∩W ) = W.

At each step, the dimension increases by 0 or 1; since dim(W ) = r, it increases by
1 exactly r times. We can encode this into an n-string

α = αW = (α1, . . . , αn) ∈ {0, 1}n
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such that
∑

i αi = r, and the cycle Σa(V) is the closure of the locus

{W ∈ G(r, n) | αj = 1⇔ ∃i, , j = n− r + i− ai}.
Summary: the sequence a = (a1, . . . , ar) corresponds to a unique n-string α =
(α1, . . . , αn) as above. Hence we can write

Σa(V) = Sα(V), σa = sα.

Example 5.2. In A(G(2, 4)) we have σ1,0 = s(0,1,0,1), σ1,1 = s(0,1,1,0) and σ2,0 =
s(1,0,0,1). The relation σ2

1,0 = σ1,1 + σ2,0 becomes

s2
(0,1,0,1) = s(0,1,1,0) + s(1,0,0,1).

We will re-prove this relation soon.

Definition 5.3. Consider the following 3 types of pieces:

• 0-triangle,

• 1-triangle, and

• rhombus.
A Knutson–Tao puzzle of size n ∈ N is a decomposition of a lattice triangle of
side-length n into lattice polygons such that

• all edges are labelled 0 or 1, and
• every region is a puzzle piece as above.

Example 5.4. Some valid Knutson–Tao puzzles would be

Knutson–Tao puzzles compute products of Schubert classes on Grassmannians:

Theorem 5.5. Given two n-strings α, β ∈ {0, 1}n with
∑

i αi =
∑

i βi = r, write in
A(G(r, n))

sα · sβ =
∑
γ

mγ
αβsγ

for some integers mγ
αβ ∈ Z. Then
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Remark 5.6. The coefficients mγ
αβ are well-defined.

Example 5.7. We compute σ2
1,0 = s2

(0,1,0,1) using Knutson–Tao puzzles:

The previous theorem allows us to derive some general symmetries of Schubert
calculus:

Corollary 5.8. With the same notation as in the theorem, we have the following
relations:

(i) Rotation: mγ
α∨β∨ = mα

β∨γ∨ = mβ
γ∨α∨, where α∨i := αn−i.

(ii) Reflection: mγ
αβ = mγ̄

β̄ᾱ
, where ᾱi := 1− αn−i.

5.2. Introduction to Chern classes. Main characters: X a smooth connected
k-variety and E a rank r vector bundle on X (=locally free sheaf of OX-modules of
rank r).

Many interesting subvarieties Y ⊆ X can be written as:

• Vanishing locus of a family of sections of E .
• Degeneracy locus of a collection of sections of E (i.e. locus where they are
linearly dependent).

These subvarieties can be studied systematically with the theory of Chern classes,
which allows us to translate questions of intersection theory into questions of linear
algebra.

5.3. The first Chern class of a line bundle. Let L be a line bundle on X. A
reational section σ ∈ Γ(X,L ⊗OX

KX) (where KX is the constant sheaf of rational
functions) defines a Cartier divisor Dσ as follows. Choose U ⊆ X a non-empty
Zariski-open subset such that L |U ∼= OU . We can then write σU = fU/gU for some
fU , gU ∈ OX(U). Define (Dσ)|U := div(fU)− div(gU). Then glue these objects to a
divisor Dσ on X. Given another rational section τ of L , we have σ = fτ for some
f ∈ K(X) = Γ(X,KX), and so Dσ = div(f) +Dτ , which implies that

Dσ = Dτ

in A1.

Definition 5.9. The element c1(L ) := [Dσ] ∈ A1(X) is called the first Chern class
of L .
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5.4. Axiomatic definition of Chern classes. More generally, for every vector
bundle E on X it is possible to define classes ci(E ) ∈ Ai(X) for all i ≥ 0 satisfying
many useful properties:

Theorem 5.10. There is a unique way of assigning to every smooth variety X and
every vector bundle E on X a class

c(E ) = 1 + c1(E ) + c2(E ) + . . . ∈ A(X)

with ci(E ) ∈ Ai(X), so that:
(i) if L is a line bundle on X, then

c(L ) = 1 + c1(L ),

where c1(L ) is the class defined before;
(ii) given global sections τ0, . . . , τr−i ∈ Γ(X,E ) such that the locus D ⊆ X where

they are linearly dependent has codimension i, then

ci(E ) = [D] ∈ Ai(X);

(iii) for every short exact sequence of vector bundles

0→ E ′ → E → E ′′ → 0

we have Whitney’s formula:

c(E ) = c(E ′) · c(E ′′);
(iv) for every morphism of smooth varieties ϕ : Y → X we have

ϕ∗c(E ) = c(ϕ∗E ).

Definition 5.11. We call
• c(E ) ∈ A(X) the total Chern class of E , and
• ci(E ) ∈ Ai(X) the i-th Chern class of E .

Corollary 5.12. If E is a vector bundle on X admitting a filtration

0 = E0 ⊂ E1 ⊂ . . . ⊂ En = E

by subvector bundles Ei such that the corresponding quotients

Li := Ei/Ei+1

are again vector bundles, then

c(E ) =
n∏
i=1

c(Li) = c (⊕ni=1Li) .

5.5. The splitting principle.

Lemma 5.13 (Splitting construction). Let X be a smooth connected variety and
E a vector bundle on X. Then there exist a smooth connected variety Y and a
morphism ϕ : Y → X such that:

(i) the map ϕ∗ : A(X)→ A(Y ) is injective, and
(ii) the vector bundle ϕ∗E on Y admits a filtration

0 = E0 ⊂ E1 ⊂ . . . ⊂ Er = ϕ∗E

by subvector bundles Ei such that every quotient Li := Ei/Ei+1 is a line
bundle.
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Proof. (Sketch) We construct Y by induction on r = rk(E ). If r ∈ {0, 1}, then there
is nothing to show. If r ≥ 2, then define Y1 := P(E )

π−→ X. Then π∗E contains the
tautological subbundle S ⊆ π∗E , giving a short exact sequence of vector bundles

0→ S → π∗E → Q → 0.

Moreover, π∗ : A(X)→ A(Y1) is injective. Now replace (X,E ) by (Y1,Q)... �

Corollary 5.14 (Splitting principle). Every identity between combinations of Chern
classes holds for all vector bundles as soon as it holds for those which are direct sums
of line bundles.

Proof. Combine Lemma 5.13 and Corollary 5.12. �

Example 5.15. We have the following identities:
(1) If E is a vector bundle of rank r, then

ci(E ) = 0 for all i > r.

(2) If E ∨ is the dual bundle of E , then

ci(E
∨) = (−1)rci(E ).

(3) If det(E ) :=
∧r E is the determinant line bundle, then

c1(det(E )) = c1(E ).

(4) If Ei has rank ri for i ∈ {1, 2}, then

c1(E1 ⊗ E2) = r2c1(E1) + r1c1(E2).

6. Mara Ungureanu: How many lines does a smooth cubic surface
contain? (10.02.2021)

Answer: 27. We will work over C. The plan of the talk is the following:
(1) Summary.
(2) Computation.
(3) Outlook.

6.1. Why do we care? Let X = V (F ) ⊆ P3 be a smooth cubic surface (F a
homogeneous polynomial of degree 3 in 4 variables).

• The number 27 doesn’t fall from the sky. Clebsch: every smooth cubic
surface is the blowup of P2 in 6 points.

- 6 exceptional divisors.
-
(

6
2

)
proper transforms of lines throught 2 points.

-
(

6
5

)
proper transforms of conics through 5 points.

These are exactly the 27 lines!
• The geometry of other projective hypersurfaces. Y = V (G) with G a cubic
polynomial in 5 variables is unirational (taking hyperplane section we obtain
a cubic surface, which contains a line, hence unirationality).
• Baby example of Clemen’s conjecture: “on a general quintic threefold, there
are finitely many rational curves of degree d ≥ 1”. Still open for d > 11. The
results known (d ≤ 11) rely e.g. on mirror symmetry.
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6.2. Plan for enumerative problems (recall):
• Step 1: construct suitable parameter space (smooth and projective, so that
we can use intersection theory).
• Step 2: compute the Chow ring.
• Step 3: find the classes of loci of objects satisfying the conditions that we
want.
• Step 4: enumerative formula. If we did all correclty, we expect something in
A0(X). Hopefully with all coefficients positive (⇒ ∃ solution).
• Step 5: verify (e.g. no multiplicities). This is usually the hardest part. Many
technkiques were developed to tackle this as a result.

6.3. Where do we stand?
• Step 1: G(1, 3) X
• Step 2: A(G(1, 3) X

We gave a stratification of G(1, 3) by considering the loci of lines Λ ∈
G(1, 3) having specificed intersection (dimension of intersection) with a com-
plete flag

p ∈ L ⊆ H ⊆ P3.

We had cycles such as

Σ1,0 = {Λ | Λ ∩ L 6= ∅},
Σ1,1 = {Λ | Λ ⊆ H},
Σ2,0 = {Λ | p ∈ Λ},
Σ2,2 = {Λ | Λ = L} = {L},

with classes in A(G(1, 3)) denoted σ1, σ1,1, σ2 and σ2,2 respectively. We found
that A(G(1, 3)) is generated as a group by the σa,b for 0 ≤ b ≤ a ≤ 2, and
that these classes satisfy relations

σ2
1 = σ1,1 + σ2,

σ2
1,1 = σ2,2,

σ1,1σ2 = 0.

Today’s plan:
• Step 3: we compute the class of lines in G(1, 3) contained in a given smooth
cubic X.
• Step 4: we expect to get the class 27σ2,2 as a result.

We will use Chern classes for this.

6.4. Axiomatic approach to Chern classes (recall). There exists a unique way
of assigning to each vector bundle E on a smooth projective variety X a class

c(E ) = 1 + c1(E ) + c2(E ) + . . . ∈ A(X)

such that:
1) If L is a line bundle, then

c(L ) = 1 + c1(L ),
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where c1(L ) is the class of the divisor of 0’s minus the divisor of poles of a
rational section of L . It is a group homomorphism

c1 : Pic(X)→ An−1(X).

2) If τ0, . . . , τr−i are general global sections with r = rk(E ), then

ci(E ) = [degeneracy locus of τ0, . . . , τr−i] ∈ Ai(X).

3) Whitney’s formula: if 0 → E → F → G → 0 is a short exact sequence of
vector bundles, then

c(F ) = c(E )c(G ).

4) Functoriality: if ϕ : Y → X is a morphism of smooth varieties, then

ϕ∗(c(E )) = c(ϕ∗(E )).

We’ve also seen the splitting principle: “any identity among Chern classes of
bundles that is true for direct sums of line bundles is true in general”. Hence we
may assume that E = ⊕ri=1Li; c(Li) = 1 + c1(Li), so by Whitney’s formula

c(E ) =
r∏
i=1

(1 + c1(Li)).

This implies that there are no terms of degree higher than r = rk(E ), i.e. we can
write c(E ) as

c(E ) = 1 + c1(E ) + . . .+ cr(E ).

Now we will linearize our problem using Chern classes.

6.5. How do Chern classes help with lines on a cubic surface? Recall that
we want to compute the class in A(G(1, 3)) of all the lines contained in X = V (F ),
where F is a cubic form in 4 variables. Fix a line L ⊆ X and consider the short
exact sequence

0→ IL(3)→ OP3(3)
restriction−−−−−→ OL(3)→ 0,

where IL(3) is the sheaf of cubic forms vanishing on L, or equivalently those F such
that L ⊆ V (F ) =: X. A direct computation shows that this sequence remains exact
on global sections, so that we obtain a short exact sequence of C-vector spaces

0→ H0(IL(3))→ H0(OP3(3))→ H0(OL(3))→ 0.

Since L ∼= P1, we know that the vector space on the right has dimension 4. The
condition that the vanishing locus of a cubic F contains the fixed line L is that
F 7→ 0 under the arrow on the right. We can build a rank 4 vector bundle V
on G(1, 3) such that the fiber over [L] ∈ G(1, 3) is the 4-dimensional vector space
H0(OL(3)). For each F we have a section σF 6= 0 of V given by

σF ([L]) = F |L,

and the class of lines in X = V (F ) coincides then with the zero locus of the section
σF , i.e.

[lines in X] = [zero locus of σF ] = c4(V ).

Let’s understand V better: V = Sym3 S ∗, where S ∗ is the dual of the tautolo-
gical bundle S on G(1, 3).
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6.6. Tautological bundles. In fancy language, the tautological bundle S is the
universal family on G(1, 3). This means that any rank 2 vector bundle on any X
is the pullback under some morphism X → G(1, 3) of S . Explicitly, the fiber of
S over a point [Λ] ∈ G(1, 3) is precisely the 2-dimensional C-vector space Λ. This
construction works for any G(k, n). So why is S a vector bundle over G(k, n)? We
carry out the argument in the simplest case, namely Pn = G(1, n+ 1). In this case
S = OPn(−1), and we can describe its total space as

{(l, z) ∈ Pn × Cn+1 | l = [l0 : . . . : ln] ∧ ∃λ ∈ C, , z = λ(l0, . . . , ln)}.

Let Ua = {l ∈ Pn | la 6= 0}. Over Ua, we have the following trivialization of S :

ψa : π−1(Ua)→ Ua × C
(l, z) 7→ (l, za) = (l, λla) for some λ ∈ C.

The transition functions τab : Ua ∩ Ub → Gl(C) = C× are such that

(l, w) 7→ ψa ◦ ψ−1
b (l, w)

(
l,
la
lb
w

)
= (l, τab(l)w),

hence τab = la/lb.
For example, the total space of OP2(−1) is given by

{([l0 : l1 : l2], (z0, z1, z2)) | zjlk = zklj} ⊆ P2 × C3,

hence is cut out by polynomial equations. In general, S on G(k, n) is still cut out
by polynomial equations from G(k, n)× Cn, see [EH16, §3.2.3].

6.7. Back to our problem. We have then our rank 4-vector bundle V on G(1, 3)
and the section σF . We look first at the bundle S ∗ and consider a linear homogen-
eous polynomial E. This E yields a section Λ 7→ E|Λ of S ∗. Its vanishing locus is
the set {L | L ⊆ H}, where H = V (E). Therefore c2(S ∗) = σ1,1. We take now two
sections σE1 , σE2 with E1 and E2 again linear forms. The degeneracy locus of σE1

and σE2 can be described as

{P(Λ) | P(Λ) ∩ (P(V (E1)) ∩ P(V (E2))) 6= ∅}.

Since P(V (E1)) ∩ P(V (E2)) is a line, we deduce that c1(S ∗) = σ1. Hence

c(S ∗) = 1 + σ1 + σ1,1.

Let’s use this to compute c4(Sym3 S ∗). The splitting principle allows us to pre-
tend that S ∗ = L ⊕M , where L and M are line bundles.

Notation: α := c1(L ) and β := c1(M ).
Whitney’s formula implies that

c(S ∗) = (1 + α)(1 + β) = 1 + (α + β) + αβ.

But we have also computed earlies that c(S ∗) = 1 + σ1 + σ1,1. Therefore{
σ1 = α + β,

αβ = σ1,1.

Moreover,

Sym3 S ∗ = L ⊗3 ⊕ (L ⊗2 ⊗M )⊕ (L ⊗M⊗2)⊕M⊗3.
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Combining now Whitney’s formula with the fact that c1 is a group homomorphism
we obtain

c(Sym3 S ∗) = (1 + 3α)(1 + 2α + β)(1 + α + 2β)(1 + 3β).

Collecting all terms of degree 4 we obtain finally
c4(Sym3 S ∗) = 9αβ(2(α + β)2 + αβ)

= 9σ1,1(2σ2
1 + σ1,1)

= 9(2σ1,1σ
2
1 + σ2

1,1)

= 9(2(σ2
1,1 + σ1,1σ2) + σ2,2)

= 9(2σ2,2 + σ2,2)

= 27σ2,2.

Since the degree is positive, we can already deduce that the space of lines in X is
non-empty, and that there are at most 27 lines!

Up until now, we have done a virtual count, that is, we have not yet performed
Step 5 in our plan. It would remain to verify reducedness. For this, it would be
enough to check smoothness. To do so, we need to understand the tangent space of
the locus

{lines in the cubic X} ⊆ G(1, 3).

One can show that
T[L]{lines in the cubic X} = H0(NL/X).

Further discussion along these lines would lead to the notion of Segre classes.
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