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Introduction

This lecture note aims at equipping students with advanced probability theory and statistical

tools.

It provides an intermediate level coverage of material suitable for students having taken

introductory statistics.
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Chapter 1

Probability Model and Random Variables

1.1 Sets

We provide a brief review of the notations and operations on sets.

Set Operations
1. Union: AUB={x:x€A or x€B};
2. Intersection: AnNB={x:x€A and x € B};
3. Complement: A= {x:x ¢ A};
4. Difference: A-B=AnB°={x:x€A and x ¢ B};

5. Symmetric difference: AA B=(A-B)u(B-A).

Some Additional Terminology
1. The empty set: & = {};
2. Subset: Aisasubsetof B, Ac B, if x € Aimplies x € B;
3. Disjoint: A and B are disjoint if An B = &;
4. Power set associated with Q: 2% = {A: A c Q}, which is the set of all subsets of Q.

Theorem 1. (de Morgan Formulas)

L (Ui Ar)” = Mi, A

2. (Mo Ar)” = Ui, Ag



Exercise 1. Prove the de Morgan Formulas.

The de Morgan Formulas can be extended to infinite unions and infinite intersections.

L (U AR)" = M2, A

2 (N A" = UL, A

1.2 Monotone Sequences of Sets

Our first discussion deals with sequences of sets and various types of limits of such sequences.
The limits are also sets. We start with two simple definitions.

Definition 1 (Sequences of Sets). Suppose that (A,, A,, ) is a sequence of sets.

1. The sequence is increasing if A, c A,., for every n e N,.
2. The sequence is decreasing if A,,,, c A, for every n e N,.

If a sequence of sets is either increasing or decreasing, we can define the limit of the sequence
in a way that turns out to be quite natural.

Definition 2 (Limit of Sets). Suppose that (A,, A,,--) is a sequence of sets.

1. If the sequence is increasing, A, c A, c A, c ---, we define

lim A, = U2 A,

n—oo
2. If the sequence is decreasing, A, > A, 2 A, > -, we define

lim A, =n A,

n— 00 n=1

1.3 Probability Model

Definition 3 (Random Experiment). Random experiment is an action whose outcome is un-

certain in advance (ex ante) of its occurrence.
For instance, tossing a coin, or throwing a die.

Definition 4 (Sample Space/State Space). The totality of all possible outcomes of a random
experiment is referred to as sample space (state space), which is denoted by Q). The distinct
individual elements of () are called sample points or elementary events (denoted by w).



1. Tossing a coin
Q={H,T}

2. Throwing a die
Q=1{1,2,3,4,56}

We now define a special set called o-algebra.

Definition 5 (0-algebra/o-field). A o-algebra F is a non-empty collection of subsets of 2, which
satisfies

1. A e F implies A¢ € F.
2. A; e FVi>1implies U2, A; € F.

In words, a o-algebra F is simply a nonempty collection of subsets of €) that is closed under
complement and taking countable unions.

Theorem 2. According to the definition of the o-algebra, we have
1. QelF.
2. @eF.
3. A; e FVi>1implies N2, A; € F.
Proof.
1. A e F implies A° € F,hence, AUA = Q e F.

2. Since Qe F,g=Q°cF.

3.
Aie}"ﬁAje]-"zUAie}'z(UAi) eF=>(AeF.

i=1 i=1 i=1

Example 1. Consider tossing a coin twice,
Q={HH,HT,TH,TT}
1. A={Q,%,HH,(HT,TH,TT)} is a 0-algebra.

2. B={Q,,(HH,TT)} is not a o-algebra.



Example 2. We can further provide some special o-algebras.
1. The Power set associated with Q, 22 (i.e., the collection of all subsets of 2) is a o-algebra.

2. {@, Q} is a trivial o-algebra consisting of only two types of events: “nothing happens” and
“something happens”

We now need a mathematical model of a random experiment. Before introducing the prob-
ability model, I would recommend you to read pages 1-2 in Gut (2009), which provide a very
intuitive discussion to motivate the probability model.!

Definition 6 (Probability Model). Random experiment (or random phenomenon) can be rep-
resented by a probability space (Q, F, P), where

« Q) is the sample space (state space) including all possible outcomes of the experiment.
o F is the o-algebra of subsets of () (event space).

e P(:): F ~ [o0,1] is the probability measure assigned to any element of F, and satisfies the
following axioms:

1. 0<P(A), VA€ F.
2. P(Q) =1
3. P (U}’Zl Aj) = Y7 P(Aj), Aj e F and Aj’s are disjoint.

Axiom 3 is called countable additivity. A probability measure P(-) is also called a probability
function. It is worth noting that the probability model only specifies what qualification a function
has to have in order to be entitled to be called a probability. It does not tell us what probability
really is. In general, for a countable sample space (3, it will be possible to define more than one
probability function. For example, let QO = {H, T'}. Consider the function f : 22 ~ [o0,1], and
g:2% - [0,1] as in Table 1.1.

The reason we would like to impose some mathematical structures on the set of all events (i.e.,
the o-algebra) is to make sure that we may construct new events from old ones without trouble
assigning probabilities. For instance, given that we know the probability of event A, it may be of
interest to know the probability that event A does not happen, P(A¢). Moreover, suppose that
we know the probabilities of events A and B, we may also want to know the probability of the
event that either A or B happens, P(A U B).

The o-algebra is just a definition of which sets may be considered as events. Elements not in
JF simply have no defined probability measure. Basically, c-algebras are the "patch” that lets us

'Gut, Allan (2009). An Intermediate Course in Probability, Springer-Verlag.



Table 1.1: Alternative Probability Function
A f4) @A)

%] 0 0
{H} 1/2 1/3
{T} 1/2 2/3

{H, T} 1 1

avoid some pathological behaviors of mathematics, namely non-measurable sets. If we restrict
ourselves to countable sets, then we can take F = 29 the power set of (), and we won't have any
of these problems because for countable (), 2 consists only of measurable sets.

Note that under the context of a probability model,
1. Any subset A is called an event if and only if A € F.
2. A o-algebra on sample space () is also called an event space.

The choice of o-algebra depends on what we would like to model. Consider rolling a fair
die once, Q = {1,2,3,4,5,6}. If we want to model the beliefs of a person who will be told
after the experiment only whether or not 1 has come up, then a proper o-algebra would be
{2,0,{1},{2,3,4,5,6}}. On the other hand, the power set associated with Q is also a candi-
date but it is not a good choice. For instance, the event {1,2} is not a conceivable event for the
individual knowing only whether or not 1 has come up.

Finally, it is worth noting that we do not extend Axiom 3 to uncountable additivity. If we did,
then we would expect that

P([o,1]) = ; ]P({x})
which is clearly false since the left-hand side equals 1 while the right-hand side equals o. It is for
this reason that we restrict attention to countable operations.

1.3.1 Continuity Theorem

Generally speaking, a function is continuous if it preserves limits. Thus, the following results are
the continuity theorems of probability. Part 1is the continuity theorem for increasing events and
part 2 the continuity theorem for decreasing events.



Theorem 3 (Continuity Theorem). Suppose that (A,, A,, ) is a sequence of events.

1. If the sequence is increasing then

lim P(A,) = P(lim A,) = P(U2,A,)

n—-oo
2. If the sequence is decreasing then

lim P(A,) = P(lim A,) = P(n,A,)

n—>oo

Proof.

1. Let B, = A,andlet B; = A; - A;_, = A;n AS_ for i = 2,3,.... Note that the collection of
events {B,, B,, ...} is pairwise disjoint and

% _ 00
UizlAi - Uilei

Then
P (U A;)=P(USB;) =) P(B;) =lim ) P(B;)
But
P(B,) =P(A))
and
P(B;)=P(A;)-P(A;,) fori=2,3,....
Therefore,

> P(Bi) = P(A,)
and hence we have

P(UA,) = lim P(A,)

2. Since thesequence {A,, A,, ..., } is decreasing, the sequence of complements { A¢, A¢, ...}
is increasing. Hence using the result in Part 1 with DeMorgan’s law, we have

P(nZ,Ai) =1-P((NZ,4:)) =1- P(UZA9)
=1- lim P(A%) = lim [1- P(A%)] = lim P(A,)



1.4 Random Variables

Definition 7 (Random Variable). Random variable is simply a measurable function, X(w) :
Q~R.

Given a probability space (Q, F, P), a random variable X is measurable if for every x,
{w: X(w)<x}eF,

In plain English, “measurable” just means “nice”

So a random variable X(-) is a function whose value is determined by the outcome of an
experiment. Note that X is a function whose domain is the sample space (2, and whose codomain
is the set of real numbers R.

For instance, given Q = {H, T},

1 if w=H,
o if w=T.

X(w) :{

Definition 8 (Cumulative Distribution Function, CDF). A random variable is described by a
CDF
Fx(x)=P(X <x), xeR.

We will from now on denote Fx(x) as F(x) to prevent global warming. CDF has following
properties.



Proposition 1. (CDF) Let X be a random variable with CDF, F(x) = P(X < x).

1. If X and Y have the same CDE they are said to be identically distributed. We denote it as
X £ y. That s, the following statements are equivalent:

@ x%v.

(b) Fx(a) = Fy(a) for every a.
2. F(-o0) =o.
3. F(o0) =1.
4. F(x)>oVxeR.
5. F(-) is non-decreasing (weakly increasing).
6. F(-) is right continuous

}}Lrg F(x +h) = F(x).

7. P(X <b) = F(b™), where F(b~) =lim,, F(z)

8. P(X = b) = F(b) - F(b~)

1. Omit. Beyond the scope of this note.

2. Letx, > x, > - be a decreasing sequence with x,, > —oo0 as n — co. The intervals (-0, x,, |
are decreasing in n and have intersection @. The result now follows from Theorem 3 for
decreasing events.

3. Let x, < x, < --- be an increasing sequence with x,, > oo as n — oo. The intervals (—oc, x,, ]
are increasing in # and have union R. The result now follows from Theorem 3 for increasing

events.
4. Trivial as F(x) = P(X < x) > o.
5. F(-) is non-decreasing (weakly increasing). Clearly, for a < b
F(b)=P(X<b)=P(X<a)+P(a<X<b)=F(a)+P(a<X<b)

Hence,
F(a) < F(b).

10



6. Fix x e R. Let x, > x, > --- be a decreasing sequence with x,, - x as n — oco. The intervals
(—o0, x,, ] are decreasing in n and have intersection (—o0, x]. The result now follows from
Theorem 3 for decreasing events.

7. Let y, < y, < y; <--- be an increasing sequence of numbers such that

lim y, = b.

n—>oo

Then,
{X<b}=up{X <y},

Let A, = {X < y,}, and clearly, {A, } is also increasing.

P(X <b)=P(UZ.A,)
:P(lim A,,)

n—0o0

= lim P(A,)

n—>oo

=lim P(X<y,)

n—oo

= lim F(y,)

n—oo

- F(b")

8. Clearly,
P(X=b)=P(X<b)-P(X<b)=F(b)-F(b")

1.4.1 Two Types of Random Variables

Recall the definition of random variables,
X(w): QR

According to the range of a random variable X, we have different types of random variables:
discrete and continuous. The range of a discrete random variable is countable, while the range of
a continuous random variable is uncountable

If the domain Q is countable, then the range of X, dented by X(Q), is countable as well.
Hence, X is a discrete random variable. It is worth noting that the codomain of a random variable
is R, which is uncountable. On the other hand, if both the domain and range are uncountable,
X is called a continuous random variable. However, it is possible to define a discrete random

11



variable on a continuous (uncountable) sample space. For example, for a continuous sample
space, Q = (0,1), the random variable defined by

1, ifwe(o,1/2]
o, ifwe(1/2,1)

X(w) :{

is discrete.
Table 1.2 shows four combinations.

Table 1.2: Domain and Range of Random Variables

Domain of X  Range of X Random Variable
Q X(Q) X(w)
Countable Countable Discrete random variable on a discrete sample space
Countable  Uncountable This combination cannot happen
Uncountable  Countable Discrete random variable on a continuous sample space

Uncountable Uncountable Continuous random variable on a continuous sample space

1.4.2 Discrete Random Variables

For discrete random variables, probability is assigned using the probability mass function.

Definition 9 (Probability Mass Function, pmf). Suppose that X is a discrete random variable,
taking values on some countable sample space B € R. Then the probability mass function f(x)
for X is given by f(x) : R~ [0, 1]

[ P(X=x), x€B
f(x)—{ o, x€R-B

so that

1. f(x)>o,VYxeB.

2. erB f('x) =1
3. Giventhat AC B, P(X € A) =Y .4 f(x).

We would like to introduce the support of a random variable here.

12



Definition 10 (Support). The support of a random variable X, denoted by supp(X), is the set of
points where its density is positive.

supp(X) = {x e R: f(x) > o}.
Clearly, set B is the support of the discrete random variable X.
Example 3 (Bernoulli Distribution). Random variable X ~ Bernoulli(p) if the pmfis
f(x)=p*(1=p)™, supp(X) = {0,1}

Example 4 (Binomial Distribution). The Binomial arises when we repeat Bernoulli trials n
times. Let {X;}” ~"¢ Bernoulli(p) and Y = Y1 X;, then

Y ~ Binomial(#, p)

with pmf
f(y)= (Z)py(l -p)"7, supp(Y) ={yly=0,1,2,3,...,n}

Example 5 (Geometric Distribution). Let X denote the number of trails until first success. Then
X ~ Geo(p) with pmf

f(x)=(=p)'p, supp(X) = {x|x=0,1,2,3,...}

Example 6 (Poisson Distribution). X ~ Poisson(\) with pmf

e A \x
!

X

f(x)= , supp(X) = {x|x =0,1,2,3,...}

The applications of the Poisson distribution includes

1. The number of soldiers of the Prussian army killed accidentally by horse kick per year (von

Bortkewitsch, 1898, p. 25).2
2. The number of bankruptcies that are filed in a month (Jaggia, Kelly, 2012 p. 158).3

3. The number of arrivals at a car wash in one hour (Anderson et al., 2012, p. 236).4

*Bortkewitsch, L. (1898). Das Gesetz der Kleinen Zah len. Leipzig, Germay: Teubner.
*Jaggia, S., Kelly, A. (2012) Business Statistics - Communicating with Numbers. New York, NY: McGraw-Hill

Irvin.
4Anderson, D. R., Sweeney, D. J., Williams, T. A., ( 2012), Essentials of Modern Business Statistics with Microsoft

Excel. Mason, OH: South-Western, Cengage Learning.

13



. The number of file server virus infection at a data center during a 24-hour period . The

number of Airbus 330 aircraft engine shutdowns per 100,000 flight hours. The number of
asthma patient arrivals in a given hour at a walk-in clinic (Doane, Seward, 2010, p. 232).5

. The number of hungry persons entering McDonald’s restaurant. The number of work-

related accidents over a given production time, The number of birth, deaths, marriages,
divorces, suicides, and homicides over a given per iod of time (Weiers, 2008, p. 187).

. The number of customers who call to complain about a service problem per month (Don-

nelly, Jr., 2012, p. 215).7

. The number of visitors to a Web site per minute (Sharpie, De Veaux, Velleman, 2010, p.

654).%

. The number of calls to consumer hot line in a 5-minute period (Pelosi, Sandifer, 2003, p.

D1).°

. The number of telephone calls per minute in a small business. The number of arrivals

at a turnpike tollbooth par minute between 3 A.M. and 4 A.M. in January on the Kansas
Turnpike (Black, 2012, p. 161).1°

1.4.3 Continuous Random Variables

If Q is uncountable, and F(x) is continuous on R, the random variable is continuous. We use

probability density function to assign probability.

Definition 11 (Probability Density Function, pdf). A probability density function is any func-
tion, f : R » R such that

1. f(x)> o, Yx € supp(X).
2 Jreuppxy f(X)dx =1.

If X is a continuous random variable, then

1. P(a<X<b)= fabf(z)dz.

1

*Doane, D., Seward, L. (2010) Applied Statistics in Business and Economics, 3rd Edition, Mcgraw-Hill, 2010.
®Weiers, R. M. (2008) Introduction to Business Statistics. Mason, OH: South-Western, Cengage Learning.
’Donnelly, Jr., R. A. (2012) Business Statistics. Upper Saddle River, NJ: Pearson Education, Inc.

8Sharpie, N. R., De Veaux, R. D., Velleman, P. E. (2010) Business Statistics. Boston, MA: Addison Wesley.
9Pelosi, M. K., Sandifer, T.M. (2003) Elementary Statistics. New York, NY: John Wiley and Sons, Inc.

°Black, K. (2012) Business Statistics For Contemporary Decision Making. New York, NY: John Wiley and Sons,

Inc.

14



2. F(x)=["_ f(2)dz.
3. P(X=a)=o.
4. fabf(z)dz:P(asX<b):P(angb):P(a<X<b):P(a<X§b).
Example 7 (Uniform Distribution). X ~ U[[, h], if the pdf is
J(x)= 57 supp(X) = {xll <x<h)

Note that pdf is not unique! For instance, Figure 1.1 shows two possible pdfs of the UJo, 1]
random variable.

Figure 1.1: Two Possible pdfs of the U[o, 1] Random Variable

F(x) F(x)
15 @
1.25 »
T 0 I o 0
X X
0 1 0 1

Theorem 4. Let F(-) be any distribution function and define
F7'(¢t) =inf{x: F(x) > t}

to be its inverse function (quantile function) for o < ¢ < 1.
If U ~ Ulo,1], and X = F*(U), then the distribution function of X is F(-).
Proof. Since F(t) < x iff. t < F(x), the distribution function of X is:

P(X<x)=P(F'(U)<x)=P(U<F(x))=F(x)

15



A common application of Theorem 4 is the simulation of random variables with a particular
distribution. Once we obtain a random variable U ~ UJo,1] via simulation, we can then obtain
a random variable X = F~(U), which has distribution function F(-). For example, consider a

exp(8) random variable with distribution function
F(x)=1-¢ #*

Since F(x) is strictly increasing over the set where F(x) > o, we can solve the inverse F'(t) via

the equation

1—e 702 t,

which gives us
F7(t) = -Blog(1-t).
Hence, let u be one simulated realization drawn UJ[o,1], then

x=F"(u)=-Blog(1-u)

is a simulated realization drawn from exp(f3).
However it is worth noting that F~*(U) is not necessarily easily computable.

Example 8 (Normal Distribution). A random variable X has the normal distribution with two
parameters y and o if X has a continuous distribution with the following pdf:

f(x)= - e (50, supp(X) = {x| -0 <x < o0}
o\/2m

Let z = \/2x, we thus have dz = \/2dx, and

foo;e’lzzdz— T eilzxzx/;dx—L[we’xzdx
—oco /27T —oco /27T \/E —oo

L\/E =1, Dby the Gaussian Integral (see Theorem 80)

NG

i.e., the pdf of a N(o,1) random variable is integrated to 1. Hence, let y = oz + y, and thus
dy = odz, then we have

*© 1 1= ©° 1 _1f (oztp)—p\?
e‘Z(%)zdy: [ e ;( v M) odz
—00 270

o0 1 1,2
-2z
= e :¥dz=1
[oo \/E

i.e., the pdf of a N(u, 0*) random variable is integrated to 1.

16



Example 9 (Gamma Distribution). A continuous random variable X follows a gamma distri-
bution with parameters « > o and 8 > o if its probability density function is:

f(x) = supp(X) = {x|o < x < o0},

/5"‘F( )
where I'(«) is the Gamma function (see Definition 69).

1. Itis denoted by X ~ Gamma(a, f3).

2. Given « =1, we obtain an Exponential distribution:

exp(f) 4 Gamma(1, )

3. Given a = £ and 8 = 2, we obtain a y* distribution with degree of freedom k:
d k
¥*(k) = Gamma (;, 2)
Example 10 (Student’s ¢ Distribution). If a random variable X has the following pdf

kny oy 2\
rr((g)) \/E(”I)

with support supp(X) = {x| — o0 < x < oo} and a parameter k, then it is called a Student’s ¢

distribution, and denoted by
X ~t(k)

Example 11 (Log-Normal Distribution). A random variable X has a log-normal distribution if

log X ~ N(u,0?).

1.4.4 Mixed Distribution Random Variables

We now show you a mixed distribution random variable for fun!

Example 12.

Exercise 2. Pick any p € (0,1). Let X be a random variable which has the following CDF:
F(x) = pliasoy + (1= p)@(x),

where

I o if x>o,
{20} = o if otherwise.

an indicator function, and ®(x) = P(N(o,1) < x) the CDF of the standard normal random
variable. As a practical exercise, see if you can show the follows.
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1. Check if F(x) is indeed a CDE
2. Plot F(x).

3. Find out the pdf f(x).

1.5 Moments

1.5.1 Expectation

e X a discrete random variable:

E(X)= > xif(x).

xjesupp(X)
« X a continuous random variable:
E(X) = xf(x)dx.
xesupp(X)
Given h(x) a function of random variable X,
E(h(X)) = Yoxsesupp(x) 1 (%) f(x1),
.[xesupp(X) h('x>f(x)dx
1.5.2 r-th Moment
B(xr) = | Zeewe0o XS (x:),
fxesupp(x) x’f(x)dx.

is the r-th moment of X.

Zx,—esupp(X) (xi - E(X))Zf(xl)>

Var(X) = E[(X-E(X))*] = { f ( )(x_E(X))Zf(x)dx.

is the variance of X.
Let X be a random variable, we distinguish 3 cases.

1. E(X) exists and is finite.
2. E(X) exists and is infinite.

3. E(X) does not exist.

18



Case 1is a normal case, so we focus on examples of cases 2 and 3.

Example 13. (E(X) exists and is infinite)

L if x>1,

£(x) - { 5

o otherwise.
Note that

1. f(x)>o0and [ x*=1isapdf.

2. E(X) = [T xxdx = [ x7'dx =Inx]® = 00 — 0 = o0,

Example 14. (E(X) does not exist) A standard Cauchy random variable.

1 1

flw) =+

T1+ X2

, x €R.

1 ® X 1
E(X =—f =—1 )2 = 00 — oo.
( ) il A g 0g(1+x)]x__oo o0 — 00

1.6 Quantile

Definition 12 (p—th Quantile). Let X be a random variable with CDE, F(+). Pick any p € (0,1),
a p-th quantile of X is a number x, such that

P(X<x,)>p and P(X >x,)>1-p.

That is,
p<F(xp) <p+P(X=xp).

Now suppose that X is a continuous variable, P(X = x,) = o, so the p-th quantile of X is a
number x,, such that

F(x,) = p.

If p = 0.25, x, is called quartile. If p = 0.5, x,, is called median.

Example 15. Let X ~Bernoulli(;). Then x,5 = {x : 0 < x < 1}. This provides an example that

1
2

quantile is not unique!

However, if we restrict restrict the quantiles to the range of X, then the quantile function can

be defined as
0, p<Los

1, 05<p

xp=F7(p) = {
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1.7 Some Useful Inequalities

Theorem 5. (Markov Inequality) Let ¢ > o and p > o,

E|Xx|r

P(|X|>¢) < -

Proof.
EXP= [ (o)
- J s [l f
> [ s
Zﬁbesf’f(x)dx
=¢f e f(x)dx
=ePP(|X]| > €).

Thus,
E|X|?
P(|X|2¢) < L
b

Note that, let Y = X — E(X), € = ko and p = 2, we can obtain Chebyshev’s Inequality:
Theorem 6. (Chebyshev’s Inequality)

P(|X - E(X)| > ko) < %
Theorem 7. (Jensen’s Inequality) Let ¢(x) be a smooth convex function. Then
¢(E(X)) < E(¢(X)).
Proof. Let u = E(X). Since ¢(x) is convex,
¢(X) 2 ¢(u) + ¢"(u) (X - ).

Take expectation in both side,

E(¢(X)) > ¢p(u) +0=¢(p).
That is,
E(¢(X)) > ¢(E(X)).

20



Chapter 2

Multivariate Random Variables

In this chapter, we focus mostly on bivariate random variables. Let X and Y be jointly distributed
random variables. We will denote the pair of random variables as (X, Y), and call this random
vector as a random variable.

2.1 Bivariate Probability Distribution
Random experiment outcome is a pair of random variables (X, Y). The joint CDF is
F(x,y)=P(X<x,Y<y).
If (X,Y) is discrete, the distribution of (X, Y) is given by the joint pmf
f(xy)=P(X=xY =y),
with properties that
1. f(x,y)>o.
2. X X f(xiyi) =1
If (X, Y) is continuous, the joint CDF is given by
F(x,y)=P(X<x,Y<y)= /u_x_oo fv_y_oo f(u,v)dudv,

and a joint pdf of (X, Y) is given by

B *F(x, y)
f(x,y) = W

with properties that
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1. f(x,y)>o.

2. supp(X) fsupp(Y) f(x’)’)dXdy =1

3. P(X=x,Y=y)=o.

The marginal pdf of X is given by

f(x) = /yempp(y) f(x,y)dy.

Theorem 8 (Cauchy-Schwarz Inequality). For any random variables X and Y, we have
[E(XY)]* < E(X*)E(Y?),
or

|[E(XY)| < /E(X?)E(Y?).

Proof. Let ¢ be a real number and define Z = cX + Y. Then
0< E(Z%) = ®E(X?) + 2cE(XY) + E(Y?).

The RHS can be seen as a quadratic function in the variable c. Since this quadratic expression
is apparently non-negative, and E(X?) > o, it follows that the corresponding discriminant is
non-positive. That is,

D = (2E(XY))* - 4E(X*)E(Y?) < o,

which is what we want to prove.
O

Clearly, according to Cauchy-Schwarz inequality, we can easily derive that the correlation
coefficient is between +1. Simply define two new random variablesas X = U-EU,Y = W-EW.
Then by Cauchy-Schwarz inequality,

|[E(U-EU)(W -EW)|<\/E(U-EU)*E(W —-EW)?,

or

|Cov(U, W)| < /Var(U)Var(W).
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2.2 Conditioning

Definition 13 (Conditional Distribution of Discrete Random Variables). Let (X, Y) be a dis-
crete random variable. If P(X = x) > o, the conditional pmf of Y|X = x can be derived by

frix=x(y) = P(Y = y|X = x),
_P(Y=y,X=x)
~ P(X=x)

_ far(x,9)
fx(x)

b

Note that fy|x_.(y) is itself a true pmf. That is, it satisfies the following properties:
1 frix—x(y) 20 Vy.
2. Zy fY|X=x()/) =1L

3. P(Y < y|X = x) = Ty frixen(t).

In analogy with the discrete case, we have the following definition for continuous random
variables.

Definition 14 (Conditional Distribution of Continuous Random Variables). Let (X,Y) be a
continuous random variable. The conditional pdf of Y|X = x is defined as

_f(xy)
f(x)

f Y\X=x()’ )
1. Therefore, the conditional CDF is
y
FY\X:x(}’) = /: fY\X=x(”)d”

2. The conditional probability can be calculated by

b
Pa<Y<bX=x)= [ fipe()dy
Exercise 3. Figure out what the conditional pdf

gx\xza(x)

would be, given a continuous random variable X with pdf f(x).
[Hint:]

d
gxxza(%x) = aP(X <x|X >a).

23



2.3 Expectation and Conditional Expectation

Definition 15 (Expectation). Suppose (X,Y) is a random variable with joint pmf/pdf f(x, y),
then for the discrete case,

ER(X,Y))= 3 ) hyf(xy),

xesupp(X) yesupp(Y)

and for the continuous case,

E(h(X,Y)) = f

[ () f(xy)dxdy.
xesupp(X) J yesupp(Y)

For instance, the covariance between X and Y is given that h(x, y) = (x - EX)(y - EY):
Cov(X,Y) = E(X - EX)(Y - EY) = E(XY) - E(X)E(Y).

Proposition 2. The following properties have been already introduced in the course for elemen-
tary statistics.

o Cov(aX+bY,Z)=aCov(X,Z)+bCov(Y,2Z).

o Var(aX +bY) =a*Var(X) + b*Var(Y) +2abCov(X,Y).
Now we define the conditional expectation.

Definition 16 (Conditional Expectation). Suppose (X,Y) is a random variable with joint
pmf/pdf f(x, y), then for the discrete case,

EY[X=x)= > yfrx=(y),
yesupp(Y)

and for the continuous case,

EYIX=%)= [ yfia(y)dy.
yesupp(Y)
Moreover, by definition,

(VX =%) = [ g(x.9) frxe()dy.

Theorem 9 (Important Theorems for Conditional Expectation ).
1. E(¢X)=c.
2. E(Y + Z|X) = E(Y|X) + E(Z|X).
3. E(cY|X) = cE(Y|X).
4 E(Q(X.Y)|X = x) = E(g(x. Y)|X = ).
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It is worth noting that expectation E(Y) is a constant. On the other hand, the conditional
expectation E(Y|X) is a function of random variable X, and thus it is a random variable. Since
E(Y|X) is arandom variable, we would be interested in its expected value, which is shown in the
following theorem.

Theorem 10 (Law of Iterated Mathematical Expectation, LIME).
E(E(Y|X)) = E(Y).
Proof. Tobe more precise, the above expectations are based on different probability distributions:
Ex(Ey|X(Y|X)) = Ey(Y)

For short, we denote fyx_«(y) as f(y|x).
That is,

BECY0) = [he)sds = [| [yr0ixdy] fxds

S g | [t

=fyy[fxf(x,y)dx]dﬁfyyf(y)dy=E(Y)

O
Again, in order to save the Earth, we will also use the following notation for LIME:
EE(Y|X) = E(Y).
Theorem 11 (Useful Rule).
E(¢(X)Y|X) = g(X)E(Y|X).
Proof. For any x,
E(¢(X)Y|X =x) = E(g(x)Y[|X = x)
= g(x)E(Y[X = x).
This holds for any realization x, thus
E(g(X)Y[X) = g(X)E(Y|X).
O

This theorem is called “Useful Rule” by Gautam Tripathi.!

'Professor of Econometrics at the University of Luxembourg.
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Theorem 12. If G(X) is a monotonic (one-to-one increasing) transformation function of X, then
E(Y[X) = E(Y|G(X)).
Proof. By definition,
E(YIG(X) =) = [ yrowo-()dy,

where
Frie- - ferlgy)
c felg)
So we need to figure out the numerator and the denominator first.
FGY(g)y) = P(G(X) < g, Y < y);
=P(X<G(g),Y<y),
= Fxy(G7(g),y)-

Therefore,

az
= F bl b
fer(gy) 329 cv(& )

az
97 Fxy(G(g), )

"9
g SEte () D),

9 aG'(g)
la—— Fxy(x )’)] dg ,

_ dG™(g)
—fXY(xa)’)d—g-

Moreover, since

Fo(g) = P(G(X) < g) = P(X < G(g)) = Fx(G™(g))

we have
folg) = goFole) = 7oFa() ) = () 8D,
Hence,
for(gy) _ Jar(x, dl(g)_fXY(xJ’)_
Poos =Tl T T Re T RGP
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Therefore,

E(Y|G(X) = g) = f ¥ fricoo=(7)dy,

=fyny|X=x(y)dy’
= E(Y|X =x).

That is,

E(Y|G(X)) = E(Y|X).

For instance, E(Y|2X) = E(Y|X), or E(Y|eX) = E(Y|X). However, E(Y|X?) # E(Y|X)
because X2 is not a monotonic function of X.

Theorem 13 (Small Conditioning Set Wins Rule, SCSWR).
1. E(E[Y|X,Z]|X) = E(Y|X).
2. E(E[Y|X]X,Z) = E(Y]X).

Proof. For the first case, given any x,

E(Y|X = x,2) = h(Z)

is a function of Z. That is, given any z,

h(z) = E(Y|X =x,Z = 2) = f Yl 2)dy
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Therefore,

E[E(Y|X = x,Z)|X = x) = E[h(Z)|X = x] = fzh(z)f(z|x)dz

= f [ fy yf(ylx,z)dy] F(2lx)dz
:/[yf(ﬂx)z)f(zlx)dydz

FOx2) F(x,2)
- [y ey

_ [ x,2)
< o

=fyyf(x) fzf(y,x,Z)dzdy
=fyymf(y,x)dy
=fyyf(y|x)dy

= E(Y|X = x)

The above result holds for all x, and hence
E(E[Y|X,Z]|X) = E(Y|X)
For the second case, we can simply apply the useful rule.
E(E[Y|X=x]|X=x,Z) =E(A(x)|X=x,Z) = A(x) = E(Y|X = x).

This holds for any x, so
E(E[Y|X]|X, Z) = E(Y|X).

2.4 Conditional Variance

Definition 17 (Conditional Variance). Let (X, Y) be a random variable. The conditional vari-
ance of Y given X = x is

Var(Y|X =x) =E[(Y - E[Y|X])*|X = x].
Some simple algebras can give us the following theorem (try it!).

Theorem 14.
Var(Y|X =x)=E(Y*|X =x) - [E(Y|X =x)]
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Indeed, this is an analogy to the unconditional variance: Var(Y) = E(Y?) - [E(Y)]>
Theorem 15. Let (X, Y) be a random variable, and let g(-) denote any function of X. Then
E([Y - g(X)]") = E(Var[Y|X]) + E([E(Y|X) - g(X)]").
Proof.

E([Y - g(X)]*) = E([Y - E(Y|X) + E(Y[X) - g(X)]*),
= E([Y - E(Y|X)]*) +E([E(Y]X) - ¢(X)]*)
(i)
+2E([Y - E(Y|X)][E(Y]X) - g(X)]).
(i)

(i) = E([Y - E(Y[X)]"),
= EE([Y - E(Y|X)]?|X), by LIME,
= E[Var(Y|X)], by definition.

(ii) = E[ [Y - E(Y[X)] [E(Y]X) - g(X)] |

A(X)
= E(A(X)Y - A(X)E[Y|X]),
- B(A(X)Y) - E(A(X)E[Y|X]),
= E(E(A(X)Y|X)) - E(A(X)E[Y|X]), by LIME,
= E(A(X)E[Y|X]) - E(A(X)E[Y|X]), by useful rule,

=o.
Therefore, we have shown that

E([Y - g(X)]*) = (i) + E([E(Y[X) - g(X)]*) +2(ii),
= E(Var[Y|X]) + E([E(Y|X) - g(X)]").

According to Theorem 15, we can obtain the following two lemmas.

Lemma 1. (Analysis of Variance) Suppose that g(X) = constant = E(Y), then
Var(Y) = E[Var(Y|X)] + Var[E(Y|X)].
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Proof.

E([Y - E(Y)]*) = E(Var[Y[X]) + E([E(Y]X) - E(Y)]*),
= E(Var[Y|X]) + E([E(Y|X) - E(E(Y]X))]*),
= E(Var[Y|X]) + Var(E[Y|X]).

That is,
Var(Y) = E[Var(Y|X)] + Var[E(Y|X)].

Lemma 2. (Best Mean Squared Error Predictor) Define the prediction error as
Y - g(X),

then
E(Y|X) = argmginE([Y -g(X)]).

That is, E(Y|X) is the best predictor of Y via the minimum mean square error (MSE) criterion.

Proof. Since E([Y - g(X)]?) = E(Var[Y|X]) + E([E(Y|X) - g(X)]?), and E(Var[Y|X]) > o,
it is trivial that E(Y|X) minimizes the MSE, E([Y — g(X)]?). O

2.5 Applications to the Regression Models

Given that the best (conditional) predictor of Y is E(Y|X), we can thus define the prediction error
as follows:

e=Y - E(Y|X).
Rearrange the equation, we have the canonical regression model:
Y = E(Y]X) +e.

Therefore, ¢ is also called the regression error. The regression error has following important prop-
erties.
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Theorem 16 (Important Properties of the Regression Error).
1. E(¢|X) =o.
2. E(¢) =o.

Var(elX) = Var(Y|X).

=

4. Cov(e, h(X)) = o.

5. Cov(e, X) =o.

o

Var(e) = E(Var[Y|X]).
Proof.

1.

E(¢|X) = E[Y - E(Y|X)|X] = E(Y|X) - E[E(Y|X)|X] = E(Y|X) - E(Y|X) = o.

. ByLIME, E(¢) = E[E(¢|X)] = E[o] = o.

N

Var(e|X) = E([e - E(e|X)|X) = E(e2|X), since E(e[X) = o,

= E([Y - E(Y|X)]2|X) = Var(Y|X), by definition.

Cov(e,h(X)) = E(eh(X)) - E(¢)E(h(X)) = E(¢h(X)),

(
[E(¢h(X)|X)], by LIME,
[
[0

h(X)E(£|X)] by useful rule,

E
E
Efo] =

5. Simply let h(X) = X
6. By Lemma 1,

Var(e) = Var[E(e|X)] + E[Var(e|X)],
= Var[E(e|X)] + E[Var(Y|X)] = E[Var(Y|X)].
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From the course of elementary statistics, we have already learned that
a*+b*X = argmibnE[(Y -a-bX)*],
a,
where

_ Cov(Y,X)

b= e @ B - PE).

Therefore,
o The best predictor of Y is BP(Y|X) = E(Y|X).
o The best linear predictor of Y is BLP(Y|X) = a* + b*X.
Theorem 17. Suppose that E(Y|X) is a linear function of X, then
BLP(Y|X) = E(Y|X) = BP(Y|X).
Proof. In general, since E(Y|X) is the best predictor,
E([Y - E(Y|x)]?) < E([Y - BLP(Y|X)]).
But since E(Y|X) is a linear function of X, we have
E([Y - BLP(Y|X)]*) < E([Y - E(Y|X) ).

Therefore, we have
E([Y - E(Y|X)]) = E([Y - BLP(YIX) ),

SO
E(Y|X) = BLP(Y|X).

2.6 Independence

Definition 18 (Independence of Two Events). Given a probability space (Q, F, P), events A, B €
JF are (stochastically or statistically) independent if

P(A(B) = P(A)P(B).

Definition 19 (Independence of a Finite Number of Events I). The events A, A,,..., A, are
independent if

P(ﬂAi) =[[P(A:), forall Ic{1,2,...,n}.

iel iel
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Note that we need to check Y/ _, (Z) = 2" — n — 1 relationships for independence. Moreover, this
condition can be rephrased as follows.

Definition 20 (Independence of a Finite Number of Events II). The events A,, A,,..., A, are
independent if

n
P(B.NB.NMB.) = [[P(B),
where B; equals A; or Q.
We now define the independent two random variables.

Definition 21 (Independence of Two Random Variables). Two random variables (X, Y) are
said to be independent if for all sets A, B € R, we have

P(XeA,YeB)=P(XeA)P(Y €B),
and we denoteitas X L Y.

We now extend the independence concept to the n-variate case.

Definition 22 (Independence of Random Variables). Random variables (X, X,, ..., X,,) are
said to be independent if for all sets A; € R, j =1,2,...,n, we have

P(X,eA,X,€A,,....X,€A,)=P(X,€A)P(X,€A,)P(X,€A,).
And this definition gives us the following theorem.

Theorem 18 (Factorization Theorem I). Let X = (X, X, - X,)’. Random variables
(X, X,, ..., X,) are independent if and only if

fX(xl)xZ" ->xn) = Hin(xi)a vxi € R)

where fx and fy, are joint pdf(pmf) and marginal pdf(pmf), respectively.
Proof.
1. The “=” part.
P(X,eA,X,€A,,.... X, €A,)
= P(X, € A)P(X, € A,)P(X, € A,),
= fx, (%) dx, Jx, (%, )dx, fx, (%) dxn,

X,€A, X,€A, Xn€A,

:f / f Ix, () fx, (%) fx, (%) dx,dx,-d x,.
x1€A; Jx,€A, Xn€An
Thatis, fx,(x:) fx, (%,)-- fx, (%.) isindeed the joint pdfof (X,, X,, ..., X,,), i.e.,, fx (x5, %, . ..
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2. The “<=” part.

P(X,eA,X,€A,,....X,€A,)

/X / fX(anz...,xn)dxldx ~--dxn,
1€A; Jx,€A, Xn€Ap 2
—/ ./x o -fxl(xl)_sz( 2)“"an (Xn) 1 27" n»
x€A, 2€A, Xn€An X dx.dx dx

- -/x]eAl fx (x)dx, ./xzeAz sz(Xz)dxz"'fanAn fx, (x,)dx,,
=P(X,€A)P(X,€A,)P(X,€A,).

]

Clearly, since Definition 22 is defined on all possible sets, we can define B; = (—o0, x;] such
that independence implies

P(X,€B,,X,€B,,...,X, €B,) = P(X, € B)P(X, € B,)-P(X, € B,).
That is, (X,, X,, ..., X,) are independent if
P({Xl <x UK <)) WX < xn}) = P({X, < x,})P({ X, < %, })---P({ Xy < x4 }).
Therefore, it follows that independence implies the following theorem.
Theorem 19 (Factorization Theorem II). Let X = (X, X, -+ X,)’. Random variables

(X, X5, ..., X,,) are independent if and only if

Fx(x %, ..., xs) = [ [ Fx,(x:), Vxi€R,

i=1
where Fx and Fy, are joint CDF and marginal CDEF, respectively.

Theorem 20. If X | Y, then
g(X) L h(Y).

Proof. Pick any B,, B, € R and define f(A) = {x e R: f(x) € A},

P(g(X)eB,h(Y)eB,)=P(Xeg'(B,),Yeh(B,)),
=P(Xeg'(B,))P(Y eh™(B,)), byindependence,
=P(g(X) € B,)P(h(Y) € B,).
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In this theorem, what is the requirement for functions g(-) and h(-)? At least, we would
require g(-) and h(-) to be continuous functions.

Theorem 21. If X | Y, then
frix(y) = fr(y)-
We here introduce a weaker concept of independence: mean independence.
Definition 23 (Mean Independence). A random variable Y is said to be mean independent of
X if
E(Y|X) = constant = C.

In other words, the conditional expectation of Y given X is the same for all values of X. Note
that Y is mean independent of X, and by LIME

E(Y) = E[E(Y|X)] = E[C] = C.

That is, if the conditional expectation of Y is the same for all values of X, then the unconditional
expectation of Y coincides with that common conditional expectation.

Theorem 22. Let Y be mean independent of X. Suppose h(X) is any function of X, then Y is
mean independent of h(X).

Proof.
LHS = E(Y|h(X)) = E(E(Y[h(X))|h(X), X), by useful rule,
= E(E(Y[n(X), X)[h(X)), by SCSWR.
However,
E(Y|h(X),X) = E(E[Y|h(X), X]|X), by useful rule,
= E[Y|X], bySCSWR,
-C.
Hence,

LHS = E(Y|h(X)) = E(C|h(X)) = C.

Some remarks are worth addressing.

1. Stochastic Independence => Mean Independence
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2. Mean Independence # Stochastic Independence
3. X is stochastically independent of Y = Y is stochastically independent of X
4. X is mean independent of Y # Y is mean independent of X
That is, mean independence is NOT symmetric.
Example 16 (Three-Point Distribution). Let X € {0,1} and Y € {-1, 0,1}. The joint pmf is

for(1,-1), (0,0), (1,1),

1
3
o) otherwise

f(x>y)={

It can be easily shown that E(Y|X) = o a constant, but E(X|Y) is not a constant. That is, X is
NOT mean independent of Y. Moreover, this example also shows that P(X =0,Y =0) # P(X =
0)P(Y = 0). That is, mean independence does NOT imply stochastic independence.

Theorem 23. Suppose Y is mean independent of X, then X and Y are uncorrelated.
Proof. Since Y is mean independent of X,

E(Y|X) =C,
and

E(Y) = E(E(Y|X)) = E(C) = C.

Cov(X,Y) = E(XY) - E(X)E(Y),
- E(E[XY|X]) - E(X)C,
= E(XE[Y]X]) - E(X)C,
= E(XC) - E(X)C,
= E(X)C-E(X)C=o.

Let us consider some applications of mean independence. Define
e=Y - BP(Y|X) =Y - E(Y|X),

then
E(glX) = o.

That is, € is mean independent of X. In contrast, define
v=Y-BLP(Y|X)=Y -a" - b*X,
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where b* = C\O,Z%g), and a* = E(Y) - b*E(X). Then
E(v|X)=E(Y|X)-a*-b*X.

So v is in general NOT mean independent of X. However, we can easily show that v is uncorre-
lated with X: Cov(v, X) = o.
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Chapter 3

Transforms

3.1 Univariate Transformation

We have already learned how to do univariate transformation in the elementary statistics course.

Now we simply provide an example to refresh your memory.

Example 17. Let X £ U[o,1] and Y = X*. We would like to find the pdf of Y.
First of all, we need to know the support of Y. Since X € [0,1], Y € [0, 1] as well.

So pick any y € [0,1], Fy(y) = P(Y < y) = P(X>* < y) = P(—/y < X < \/¥) = Fx({\/) -
Fx(=\/y) = Fx(\/y) — 0 = Fx(y/y). Hence,
dFy(y) _ dFX(ﬂ)d_x

1

fY(y) - dy d.x dy _fx(ﬁ);y 2= 2)/ .
That is,
[ty ifyefo,],
fr(y) = { 0 otherwise.
Clearly,
fo fr(y)dy =1
(Check it!)

One more example is provided.

Example 18. Let X £ U[o,1]and Y = - log X. We would like to find the pdf of Y.
Again, note that the support of Y is supp(Y) ={y:0< y < o0o}.

Pick any y € [0,00), Fy(y) = P(Y < y) = P(-logX < y) = P(logX > —y) = P(el8X >
e?)=P(X>e7?)=1-P(X<e?)=1-e". Hence,

dFy(y) | e if ye[o,00),
dy | o  otherwise.

fr(y) =
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Finally, we present the general result.

Theorem 24 (Univariate Transformation Theorem). Suppose X is a continuous random vari-

able, and Y = g(X), where g(-) is a differentiable monotonic function, then the pdf of Y is

fr(y) = fx(g7(»)) ‘d%g“(y)‘ :

We omit the proof since it has already been shown in your elementary statistics course.

3.2 Multivariate Transformation

Now we turn to the multivariate case.

Let X be an nx1random vector with pdf fx(x) and support Sx € R". Moreover, let g(g,, £, . - -

be one-to-one onto from Sx to some set T € R”. Now define

&(X)
Sl B
2.(X)

Finally, assume that g(-) and its inverse are both continuously differentiable.

Theorem 25 (Multivariate Transformation Theorem). The pdf of Y is

Sx(h(y), ha(y)s -, Ba(y)) -], fory e T,

o} otherwise,

fe(y) = {

where h is the inverse of g, i.e., h(y) = g7'(y), and where

dy,  Oy» 0yn

9%, 90X ., 9%

]: —dX = ayl ayZ a)/n
dY : S :

Oxn  Oxn .. OXu

oy 9y, 0Yn

is the Jacobian.
Proof. Pick any set B ¢ R”, and define
h(B) =g¢g*(B) = {xeR": g(x) € B}.
Then
P(Y ¢ B) = P(g(X) ¢ B) = P(X ¢ h(B)) = /h( S
B
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According to the formula for changing variables in multiple integrals, (for instance, see Pages
407-408 in Apostol (1969)).* we have

POYeB) = [ fe(n(y) by ha(y) - Dldy.

Let’s see some examples.
Example 19. Given {X, Y} ~4 N(o,1), show that
X+Y £ N(o,2),

and
X-Y £ N(o,2).

Let U=X+Yand V = X - Y. Inversion yields

U+V Uu-v
X= , Y = .
2 2
The Jacobian is
ox  9x T2 1
]: ou dv [ _| 2 2 | - _Z
(S 11 5
Ju ov 2 2
Therefore,
u+v u—-v\ 1
fUV(uav):fXY( 2 );,

The marginal pdf can be obtained as

fU(u):\/glr\/ze_;(%), ueR,

and

)2, v e R.

Sl

v(v) = ! e_i(
fr(v) Jana

!Apostol, Tom M. (1969). Calculus, Vol. 2: Multi-Variable Calculus and Linear Algebra with Applications.
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Example 20 (Convolution Formula). Let X and Y be independent random variables with pdf
fx(x) and fy(y). Find the pdf of X + Y.

Clearly, we start with two variables but seek the distribution of just a new one. The trick is to
set U = X + Y and to introduce an auxiliary variable V, which may be arbitrarily defined. For
instance, set V = X. Then the Jacobian is

3 Oy 1 -1
Hence,
Jov(u,v) = fxy(vou—v) 1= fx(v) fr(u -v),
and

fu(u) = /_: fx(v) fy(u—-v)dv, ueR.

This is called the convolution formula.

Example 21. {X,, X,} ~"*4 U(o,1). Find the pdf of X, — X,.
LetY, =X, - X,,and Y, = X,. Thatis, X, = Y, + Y,, and X, = Y,. Clearly,

leX2 (xn xz) = I{ogxlgl}(-xl) : I{o§x2§1} (xz):

where I,(x) is an indicator function. Hence,

frn. (Yo y.) = I{O£y1+y2£1}(y1 + ) 'I{oshs}()’z)-

However, the support of Y, is supp(Y;) = {y, : =1 < y, <1}, we have

1 it -1<y,<0,0<y,<1,
friv.(yny.) =1 1 if o<y <1,0<y,<7q,
o otherwise.
Hence,
_[_lylldyz if -1<y,<0,0<y,<1,
1= .
() = fo Y1dy2 if o<y, <1,0<y,<1,
o} otherwise.
That is,
1+ ), if -1<y,<0,0<y,<1,
() =1 1-xn if o<y <1,0<y,<1,

o} otherwise.

Clearly, y, is a Triangular distribution random variable.
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3.3 Many to One

What if the transformation is not one-to-one? For instance, Y = X2. Then

Fy(y)=P(Y<y)=P(X*<y),
=P(—\/y <x<\/y),
= Fx(\Vy) - Fx(=V).

Therefore,

dF Y()’)
fr(y)=—>= —fx(\/_)— K=V —=

\/_ \/_
Note that the functionis2 to1 and that we obtain two terms. Now consider the general case. Let
X € S is a random variable with pdf fx(x). Let Y = g(X), where g : S = T is NOT one-to-one.

But suppose S can be partitioned into m disjoint subsets S,, S,,...,S,, such that g : Sy — T is

, yeR,.

one-to-one on each partition. Then
P(Y € B) = P(g(X) € B),
=P(Xeg™(B)),

) fx(x)dx,

) [g-l(B)mst(x)dx’

) fg-l(Bm(u:"l 5 X
/m_ rmnsy D
,Z:; /g‘l(B)ns,- Fx(x)dx

Hence, by Theorem 25, applied m times, yields
{ 2ke Sx(hu(¥) hai(¥)s - b (Y)) Dl s v e T,

otherwise.

fr(y) =

Where (hyk, ok, - - -, Bk ) is the inverse function corresponding to the mapping from S to T and
Jx is the k-th Jacobian.

Here is an example.
Example 22. Let {X, Y} ~*4 N(0,1). Consider the polar coordinate transformation.
R=VX*+Y?,
and

Y
®=tan‘1(—).
X
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Note that R > 0, and tan 6 = X € (—00, 00). That is, © € (—f, f) Clearly, (X,Y) ~ (R,©) is
not one-to-one transformation since (X, Y) and (-X, -Y) are mapping to the same point.
Now partition the support of (X, Y) into S,, S, and S;:

supp(X,Y) ={(x,y) : x>0,y e R}U{(x. y) : x <0,y e R} J{(x, y) : x = 0, y € R}

S, S, S,

1. On S, x>0, yeR. Thusx =rcosf, y = rsin 0, where r >0 and 0 ¢ (—’—:,f)

g—" g—’é cos@ -rsinf
= r = =r
]1 ay ay .
= = sinf rcosf
or 90

Soon S,

fre(r,0) = fxy(rcos@,rsinf)r = ire‘%, r>o0,0¢ (_E, E).

27T 2 2

2. On S,, x <o, yeR. Thus x = -rcos 0, y = rsin 0.

9x  Ox —cosf rsinf
_| 9o 98 |_ _
L= é & -

5 39 sinf rcos@

Soon S,

fR@(”, 9) = fXY(—T’COS 0, rsin 9)1’ = ii’e_g, r>o0,0¢ (—z, z) .

27T 2 2

3. On S;, fre(7,0) = o.

Therefore,

fre (7, 0) = [frels, + [frels. + [frels, = %e_é r>o0,0¢€ (_E,E)_

3.4 Sums of Independent Random Variables

In previous sections, we have learned how to handle transformation in order to find the distribu-
tion of new random variables. Now we are going to focus on sums of independent variables since
the average of a set of random variables is a very important object in probability and statistics.

Two types of transformation are introduced: the moment generating function, and the char-
acteristic function. Two common features of these transformations are that

1. Summation of independent random variables corresponds to multiplication of the trans-
formation.

2. The transformation is 1 to 1.
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3.4.1 The Moment Generating Function

In this section, some important theorems are presented without proofs. Interested readers may
refer to advanced texts such as Fraser (1976), Resnick (2001) or Roussas (2002).

Definition 24. Let X be a random variable. The moment generating function (MGF) of X is
Mix(t) = E(e™),
provided there exists & > o, such that the expectation exists and is finite for || < h.

We state the following important theorem without proof since proving this is far beyond the
scope of this lecture. Intuitively, the proof relies on the fact that the moment generating function
is a two-sided Laplace transformation of the pdf f(x), and there is a unique association between
a Laplace transformation and the function being transformed.

Theorem 26 (Uniqueness Theorem). Let X and Y be random variables. If there exists h > o
such that
Mx(t) = My(t), for|t| < h,

then
x4y,

Moreover, we have the following two theorems without proofs since the proofs are simply
followed via definition and have already been shown in the elementary statistics course.

Theorem 27 (Multiplication Theorem). Let {X;}” be independent random variables whose
MGF My, (t) exist for |t| < h, for some h > 0, and let Y = Y7 X;, then

My (1) = ] Mx, (1), [fl<h.

i=1

Theorem 28. Let {X;}" be independent random variables whose MGF My, (t) exist for |t| < h,
for some h > o, and let Y = aX + b for constants a, b, then

My(t) = e Mx(at).

The following theorem shows that the derivatives at o of the MGF produce the moments
(hence the name of the transformation).

Theorem 29. Let X be a random variable whose MGF M (t) exists for |t| < h, for some h > o.
if all the moments exist, that is, E(X") < oo for all r, then

E(X") = MY (0), for r=1,2,....
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Proof. We show the case of a continuous random variable while the discrete case can be applied
analogously. By definition,

Mi(1) = f e fe(x)dx.
supp(X)
It can be obtained by differentiating under the integral sign,

MO (¢) = f ¥ ()

Therefore,
MO ()]0 = M (0) = f X fy(x)dx = E(X").
supp(X)

Moreover, taking a Taylor expansion of the exponential function yields

1 1
e =e 4 —t-eX+ =t X+ =14 Y
1! 2!

Thus we have o mE(x
Mx(t) = E(etX) =1+ Z #
n=1 n.

By taking termwise differentiation yields the result in Theorem 29.
Finally, we define the MGF for a random vector.

Definition 25. Let X be a random n-vector. The (joint) moment generating function of X is
Mx(tl) t2) R tn) — E(et1X1+t2X2+u.+tan)’

provided there exists h,, h,,...,h, > o such that the expectation exists for |ty| < hy, k =

1,2,...,M.

In vector notation,
Mx(t) = E(e'),

provided there exists h > o, such that the expectation exists for |t| < h (the inequalities being
interpreted componentwise).

Theorem 30. Let Mx(t,,t,,...,t,) be the joint MGF of a random n-vector X = (X, X, - X,).
Then (X,, X,, ..., X,) are independent if and only if

MX(tl) lppooos tn) = MXl(tl)MXz(tz)"'MX,, (tn)

Proof. See Schinazi (2012), page 242. ]
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3.4.2 Moment Generating Functions for Particular Distributions

1. Bernoulli: X ~ Bernoulli(p)

2. Binomial: X ~ Binomial(#, p)

3. Geometric: X ~ Geo(p)

4. Poisson: X ~ Poisson(A)

5. Uniform: X ~ U[I, h]

6. Normal: X ~ N(u, 02)

7. Gamma: X ~ Gamma(a, f3)

8. Exponential: X ~ exp(f3)

9. Chi-square: y2(k)

Mx () = (1-p) + pe’

Mx(t) = [(1-p) + pe']”

MO = 6y

Mx(t) =exp[A(e' —1)]

ht _ LIt

€ €

M(t) = 5Ty

1
Mx(t) = exp [yt + ;021‘2]

Mx(t) = (1—121‘)

3.4.3 The Characteristic Function

A problem with the moment generating function is that it does not necessarily exist for all distri-

butions. For instance, the Cauchy and the log-normal distributions are two such examples. We

now introduce a new transformation that is technically complicate but exists for all distributions.

Definition 26 (The Characteristic Function). Let X be a random variable. The characteristic

function of X is

dx(t) = E(e"*) = E(costX + isintX).
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We present some important features of the characteristic function.

1. ¢x(t) always exists.
2. ¢x(0) =1
Theorem 31 (Uniqueness Theorem). Let X and Y be random variables. If
¢x(t) = ¢y (1),

then
x4y,

Indeed, the above theorem follows from the Inversion Formula. See pages 141-145 in Roussas
(2002).

Theorem 32 (Multiplication Theorem). Let {X;}” beindependent random variables with char-
acteristics functions ¢x,(¢), andlet Y = " X, then

6r(0) =TT 6x, (1)

Therefore, if, in addition, {X;}_ arei.i.d. random variables, then
ov(t) = [ox(t)]".
Theorem 33. Let X be a random variable and a and b be real numbers. Then
Paxsp(t) = e px(at).

We have shown a series expansion of the moment generating function in previous section.
Following is the counterpart for characteristic functions:

Theorem 34. Let X be a random variable. If E|X|" < oo, then
(a) ¢§(")(o) =ik E(X*),k=1,2,...,n.
it)k
(b) ¢x(r) =1+ T B(X¥) - G-
Finally, we close this section by introducing the characteristic function for a random vector.

Definition 27. The characteristic function of a random n-vector X is defined as

¢x(t) = E(e"X).
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Chapter 4

Multivariate Normal Distribution

4.1 Random Vector and Variance-Covariance Matrix

Consider the random vector

E(X))
E(X.)

X
X,
X = )
X
with expectation
u=EX)=

E(X,)

and variance-covariance matrix (we will call it variance for short):

A=Var(X)=EX-u)(X-u),
Var(X,)  Cov(X,,X,)

Cov(X,,X,) Var(X,)

Cov(X,,X,) Cov(X,,X,)

Note that

1. A is symmetric.

2. A is positive-semidefinite. That is, for all d € R",

Cov(X,, X,)
Cov(X,, X,)

Var.(Xn)

d'Ad = d'E(X - u)(X - u)'d = E([d'(X- w)]*) > 0.
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Theorem 35. Let X be a random #n-vector with mean g and variance A. Further, let Bbe an m xn
matrix, let b be a constant m-vector, and let Y = BX + b. Then

E(Y) =Bu +b,
Var(Y) = BAB'.
Proof. First we have
E(Y) = E(BX+b) =BE(X) +b=Bu +b.
Second,

Var(Y) = Var(BX +b),
=E(BX+b-[Bu+b])(BX+b-[Bu+b])
= E(B(X-p))(B(X-u)),
=BE(X-p)(X-p)'B,
= BVar(X)B/,
=BAB'.

/
>

4.2 Multivariate Normal Distribution

We will introduce three different definitions of the multivariate normal distribution.

Definition 28 (Multivariate Normal Distribution I). A random n-vector X is said to be nor-
mal (multivariate normal) iff Ya € R”, the random variable a’X is normal. We often write
X4N (1, A).

The definition states that a random vector is normal if and only if every linear combination of
its components is normal. Note that no assumption whatsoever is made about independence
between the components of X.

Here are some consequences of this definition.

1. Every component of X is Gaussian (but the reversed statement is not true).
2. Y1, X; is also Gaussian.
3. X; + X5 + X, + X0 + 2X,0, 18 also Gaussian.

4. If X consists of independent Gaussian components, then X is normal. However, just stack-
ing up normal random variables will NOT yield a multivariate normal random vector.
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Example 23. Suppose X £ N(o,1), and Z is independent of X such that P(Z =1) = P(Z = -1) =
>.Nowlet Y = ZX.

1. Find the distribution of Y.
2. Is ( ¥ ) a multivariate normal random vector?

First of all, let ®(-) denotes the CDF of a N (o0, 1) random variable,

Fy(y) = P(Y <y) = P(ZX <),
=P(ZX<y,Z=1)+P(ZX<y,Z=-1),
=P(X<y,Z=1)+P(-X<y,Z=-1),
=P(X<y)P(Z=1)+P(-X <y)P(Z=-1), since X1Z,
= $(y)- =+ ¢(y) - by symmetric,

2 2
=0(y).

However,
P(X+Y=0)=P(X+ZX=0)=P(Z=-1)=~+o.
2

That is, X + Y is not normally distributed, otherwise we expect P(X + Y = 0) = o. It is worth
noting that in this case that X and Y are NOT independent since

Y] =1x].

So if you stack up “dependent” normal variables, you will NOT get a multivariate normal random

vector.

Theorem 36. Let X be a multivariate normal n-vector. Suppose that

Ul = zn:biXia

and )
U2 = ZCiXi-

i=1

Then U, and U, have a bivariate normal distribution.

Proof. For any constants y and f3
)/Ul + /3U2 =y Z biX,' + ﬁ Z CiXi = Z()/b, + ﬁCi)Xi = Z aiXi

is normal by construction. Hence, U, and U, have a multivariate (bivariate) normal distribution.
O
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Theorem 37. Let X £ N (p, A). Further, let B be an m x n matrix, let b be a constant m-vector,
andlet Y = BX + b. Then
Y £ N(Bu +b,BAB).

Proof. We have shown in Theorem 35 that the expectation and variance of Y are Bu+b and BAB’,
respectively. So all we need to show is that Y is a multivariate normal random vector.
Pick any vector a

a’Y =a’'BX +a'b,
= (B'a)’X +a'b,
= X +a'b,

——
¢Normal

4 Normal.

Example 24. Suppose

() )

Let Y, = X, + X, and Y, = 2X, — 3X,, find the joint distribution of (Y,, Y,)".
Clearly,
Y, X, +X, 11 X,
Y= = = = BX.
Y, 2X, -3X, 2 -3 X,

Hence, we know that
YiN(By,BAB’):(l 3 ]l 4 _17]).
-4 -17 91

Now we turn to define the normal distribution by the characteristic function.

Definition 29 (Multivariate Normal Distribution II). A random n-vector X is multivariate
normal if its characteristic function is

px(t) = Moo
where p = E(X), A = Var(X).
Hence, the MGF of multivariate normal random vector is
My(t) = 20

Finally we provide the definition of the multivariate normal distribution via probability den-
sity function.
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Definition 30 (Multivariate Normal Distribution III). A random #n-vector X with g = E(X),
A = Var(X), such that A > o, is N(u, A) distributed if the density function is

Y 1 1 I
= =5 (x=p)" A (x-p) n
X) = e 2 5 x € R".
fx(x) (\/27T) det(A)

Where det(A) is the determinant of A.

Note that under the assumption that det(A) > o (non-singular), Definitions I, IT and III are
equivalent.

Definition 31 (Singular Distribution). A continuous random variable X for which pdf does not
exist, we call that X has a singular distribution.

Let’s see a bivariate case as an example.

Example 25 (Bivariate Normal Distribution). For i = 1,2, let y; = E(X;), 0 = Var(X;), 0,, =
Cov(X,,X,) and p = 2. Thus,

010,

and

2 _ L __r
Ao 1 0} O \_ 1 o P
P 1 ’
012022 - 0122 _012 012 1 - p2 _0'10'2 0'_9?‘
Therefore,

leXz(-xn Xz)

()i () s (5]

The following theorem is a very important one for multivariate normal random vector. In

general we know that “independent” implies “uncorrelated”, but the reverse is not true. However,

if random variables are multivariate normal, then “uncorrelated” implies “independent”!

Theorem 38. Let X be a normal random vector. The components of X are independent if and
only if they are uncorrelated.

Proof. We show only the < part since the converse always being true. Since X;, X,, ..., X, are
uncorrelated,
o o o
A= 0 o ’
o o
o 0}
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hence,

07> o o]
o 0,> o
A*l — 2
o] 0 o]
o] o 0,2

The pdfis

1

fx(X)=( ﬁ) mexp{f(x—y)uvl(x—m},
:( =) e ()]
T /g o { (5]
[T )

Let’s see an example.

Example 26. Let X, and X, be independent N(o,1) random variables. Show that X, + X, and
X, — X, are independent.

First of all, since X, and X, are independent, then stacking X, and X, gives us multivariate

normal.
()
X, o) o 1
Clearly,
Y, 1 1 X,
Y= = = BX.
()02 )0
So
Y £ N(Bu,BAB),
or

(2] 2]

That is, Y, and Y, are jointly normal and uncorrelated. Thus they are independent.

Theorem 39. Let X £ N (u, 0*I), where 02 > 0. Let C be an arbitrary orthogonal matrix, and set

Y = CX. Then

Y £ N(Cp, 0°1).
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Proof.
Y £ N(Cu, C(o°1)C) £ N(Cp, 0°1).

O

Clearly, Y,, Y,,..., Y, are independent since Y is multivariate normal and Y,,Y,,..., Y, are
uncorrelated.

We now state a theorem from linear algebra.
Theorem 40 (Gram-Schmidt Process). Given variable X,,X,,...,X,, and constant
Auys Auss . . . 5 Ghy a0

Y =a, X, +a,X,+...+a,X,.

If Z;’zl afj = 1, then there exist a;j, i = 2,3,...,1; j = 1,2,...,n such that

Yi=a, X, +tapX,++a,X,, i=2,3,...,n

and the transformation from X, X,,..., X, to Y,, Y,, ..., Y, (Y = AX) is an orthogonal transfor-
mation. That is, A = [a;;] is an orthogonal matrix.

Note that a matrix A is said to be orthogonal if A= = A’. Furthermore, we know that

Y Y2 =YY = (AX)'(AX) = X'A'AX =X'X =) X7

We now provide examples to show how useful Theorems 39 and 4o are. The following theo-
rems are presented in the elementary statistics without a solid proof.

Theorem 41. Given {X;}" ~"4 N(u,0?),and

_ 1 1 _
Xn: - X,‘, S;‘l S Xi—Xn 2.
nzi: n—1zi:( )
1. ( )S
n-1 flé Y
— - -x(n-1)

2. The sample mean X, and sample variance S? are independent.

Proof. First of all, since {X;}" ~"4- N(u, 0?), we know that

d

X =N(u, o).
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According to Theorem 40, there exists an orthogonal matrix C such that the first row has all

elements equal to 1//7. For instance,

NG Vn NN Vi i
ﬁ % o o 0 0
C-= N 7 s © o o ,
1 N SR )
(n-1)n  /(n-1)n V(n—1)n  /(n-1)n

Then we set Y = CX. By Theorem 39, we have
Y £ N(Cp, 0°1).

Thatis, Y has multivariate normal distribution with a diagonal variance-covariance matrix. Hence,

Y,, Y,,..., Y, are independent. By construction, we have
Y, =v/nX,, E(Y,)=+nu. Var(Y,)=oa?

and fori =2,3,...,n,
E(Y;)=o0, Var(Y;)=o0".
Moreover,
Z(Xi_Xn)zzZX?_anz:ZYiz_Yf: Y22+Y32+,,,+Y;:ZYZ'2'
i=1 i=1 i=1 i=2

Therefore,

1. we can show that

(n-1)S; _TiL(Xi-X,)» YL Y _ Z(Yi - 0)2 d

=y (n-1
0? 0> 0> py 0 X )

2. X, = ﬁYl and §2 = (Y2 + Y2 + -+ + Y?) are independent since ¥, and (Y, ..., Y,) are

independent.
O]

Finally, we present a theorem called the Daly’s Theorem, which is a generalization of above

example.

Theorem 42 (Daly’s Theorem). Given a random n-vector X. Let X iN (u,0°I) and set X,, =
+ i, Xi. Suppose that g(X) = g(X,, X,, ..., X,) is translation invariant, that is, for all X € R",

we have
gX+a1)=g(X,+a,X,+a,....X,+a)=¢(X,, X,,..., X,,) = g(X)
for all constant a. Then X, and g(X) are independent.
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Proof. Note that the variance-covariance matrix is 021, which implies that X,, X,, ..., X,, are in-
dependent normal random variables with mean y,, y,, ..., 4, and variance o2. Hence the joint

density is
1

(Vam)"o

X
Hence, the joint MGF of the vector ( ) is
g(X)

fX(xl; xl""’xn) = e—i Zi(xi—[di)z

The exponent is

t 1 o*t? ) 1 ot \?
ﬁZxﬁQg(xl,xz,...,x,,)— Y (xi—pi)* = [ ! +tly]— Z(x,-—yi— nl) +,8(%0 X5 - -
i i

202 = 202

7 2n

where i = = 3, u;. Hence,

2 a*t

- 2
E(et1X+t2g(X1,X2 ..... Xn)) :e”; +hjl 1 f_..fe—ﬁ Zi(xi_ﬂi_ -
(V2m)" o™

It is worth noting that as X ~ N(j1, <), e *hi is the MGF of X, ie.,

2
) +t2g(-x1:x2 ----- Xn)dx “_dx
1 n

P

Mg (1) = E(e"¥) = o35

Moreover, since g(X) is translation invariant

Let

0%t 0%t, ot
(ynyz;---)yn): X, — » > Xy — yeees Xy —

we thus have

E(thHzg(Xan ~~~~~ Xn)):MX(tl)—( 2;)]102f...fe—wlzz,-(yi—m)’+tzg(ynyz ~~~~~ y”)dyl"'d)/n
That is,
E(et1X+t2g(X1,X2 ..... Xn)):E(en)'()/.../etzg(yhyz ,,,,, yn)( 2;)’10”6_2;2Z"(y"_”")zdyl---dyn

= M (t)E(e"¥™)) = My (1) Myx) (1)

By Theorem 30, X, and g(X) are independent.
[

That is, sample mean X, is independent with any translation-invariant function of X. Clearly,
$2 = L (X, - X,)* is a translation invariant function such that the theorem can be applied.

n-1i
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Chapter 5
Sampling Theory

Definition 32 (Random Sample). A random sample {X;}" from a population is a collection of

i.i.d. random variables.
Definition 33 (Statistics). Any function of the random sample is called a statistic:

T, = T(X0Xsr .. X,).

Definition 34 (Sampling Distribution). If T, = T(X,, X,, ..., X,,) is a statistic, then the distri-
bution of T, is called the sampling distribution.

For instance, if {X;}”_ is a random sample from Bernoulli(p), then

T.=>. X 4 Binomial(#, p).

i=1

That is, Y1, X; is a statistic with Binomial(n,p) as its sampling distribution.
Most properties of sampling distributions will be presented without further derivations since
they have already been shown in the elementary statistics course.

5.1 Sample Mean

Let {X;}7 ~"4 (y,0?) and X,, = 1 Y1 X,
1. E(X,) = u.
2. Var(X,) = <.
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5.2 Sample Variance

Let {X;}7, ~+4 (p,0%) and S} = 3 ¥IL,(Xi - X,)™
LS =2y X - X2 = [N (X - u)?] - (X - )
2. E(S2)=(1-2) o~

3. Var(Sz) = U2 (u, - [22] w2), where , = E(X - )4,y = E(X - p)>.

5.3 x> Distribution
Theorem 43. Given that Y ~ y*(n).
1. E(Y)=n.
2. Var(Y) = 2n.

3. My(t) = (1-2t)"/>

Proof. Since y*(n) £ Gamma (2,2), then

n
E(Y)=— =
(Y) S X2=n
n
Var(Y)=—x2>=2n
2
1\:
My(t) =
r(t) (1—2t)
Theorem 44. If Z ~ N(o0,1), and
Y =272,
then Y £ 1(1).
Proof.
2 1 1,2 1 1 2
My (t) = E(e'?) = e ——e " dz= [ e :(7207 47
2(t)=E(”)= | = T
_ 1 0o 1 e‘z( (l_lzt)) dZ:( 1 )2
1—2f J-00 oy G lzt) 1-2t
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Theorem 45. If {Z;}" ~"4- N(o0,1), and
V=) 75,

then Y £ y3(n).

Proof. Since Z? ~ y*(1),

Mz:(t) = ( - );

1—2t

MY(t):MZZ?(t):ﬁMZf(t):[( 1 )]:( 1 )2

i 1—2t 1—2t

5.4 Student’s t Distribution

Theorem 46. Let Z £ N(o0,1) and W 4 X} then

Proof. Let U = %, and V = W. Hence, inversion yields

w
k

3

V\:
Z=U[—
(%)
W=V
The Jacobian is
oz 0z Vi 1
94 94 V)2 0 V >
8B
5T 5v o 1

Since Z and W are independent,

fzw(z,w) = fz(2) fw(w).
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Therefore,

1 ka_, 1 u

= —\/ﬁzfr(f)kiv 2 exp[—; (1+?)v]
1 kn_, 1 uz

S VEmEry) Y [_Z(HT)V]

Let
1

V2 S T(E)

and

we can obtain
k+1
fov(u,v) =cv= exp[-h(u)v]
Hence,

fo(u) = cf ' ehWy gy

According to the property of Gamma function (see Theorem 81),

fu(u) =clh(lu)]l“(k:1)
i krrzklzﬂl"(%) L(l-ll-“f)] r(kl_l)

1 k1 u> - k+1
e ) )
km2 > T(%) k 2
F(%) 1 ( u)_kzﬂ

= k —_— 1+_
I(3) Vkn k

This is exactly the pdf of the student’s ¢ distribution.

5.5 Sampling from a Normal Distribution
Let {X;}, ~"4- N(p,0%), X, = 5 XL, Xi,and 83 = .5 T (X3 - X))

n-1i

62



n
. By Theorem 44,
\/E(X” - ) ’ d 2
l—” =x(0).
o
. By Theorem 41,
(n-1)82 4 ,
2 - An-1°

. By Theorem 41, X,, and S? are independent.

. By Theorem 45,

. By Theorem 46,
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Chapter 6

Asymptotic Theory

6.1 Convergence Concepts

Let {X,, X,,...} = {X,}, is a sequence of random variables, and let X be another random
variable.

Definition 35 (Convergence in Quadratic Mean). X, converges in quadratic mean to the ran-
dom variable X if
E|X,-X|> >0 as n— oo,

We denote it as
X, 5> X.

It is also called converges in square mean (or mean-square convergence).
An alternative notation for mean-square convergence is
X, — X.

Definition 36 (Convergence in Distribution). X, converges in distribution to the random vari-
able X if Vx € C(F),
F,(x) - F(x) as n — oo,

where C(F) = {x : F(x) is continuous at x }. That is, for every x which is a continuous point of
F. We denote it as
X, — X.

Convergence in distribution means that X,, is approximately distributed with distribution
function F(x) for large n. That is, probabilities regarding X,, may be well approximated using
probabilities regarding X. The approximation error decreases to zero as # increases to infinity.
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d . .
However, the statement X,, — X does not say how large #» must be in order for the approxima-
tion to be practically useful. To answer this question, we need a further result dealing explicitly
with the approximation error as a function of n.

We will kind of “abuse” the notations such as X, 4N (0,1) as n — oo instead of the
formally more correct, but lengthier X, 4, Xasn —> oo, where X 2 N (o,1).

Note that the convergence specified by this definition is pointwise, and only has to occur at
points x where F is continuous. Note that the sequence {F,(x)} is said to pointwise converge
to F(x) if and only if for every ¢ > o, there is a natural number N(x) such that all n > N(x),
|[Fn(x) - F(x)| < e!

Definition 37 (Convergence in Probability). X, converges in probability to the random variable
X if one of the following equivalent conditions holds:

(a) Ve>o,
P(|X,-X|>¢) >0 as n— oo.

(b) Ve>o,
P(|X,-X|<é¢)—>1 as n— oo.

(c) Given e > o, 8 >0, IN(¢, §) such that

P(|X,-X|>¢)<d,Vn>N.

(d) Givene > 0,8 >0, IN(e,0) such that
P(|X,-X|<e)>1-6,Vn>N.
That is, P(| Xy, — X[ <€) >1- 8, P(| X+, — X| <€) >1- 8, and so on.
We denote it as

X, — X.

Clearly, convergence in probability means that X, is close to X with high probability.

We now consider a stronger mode of convergence: almost sure convergence.

'On the other hand, The sequence {F, (x)} uniformly converges to F(x) if and only if for every ¢ > o, there is
a natural number N such that for all x and all n > N, |[Fn(x) — F(x)| < e.
Reference https://www.physicsforums.com/threads/convergence-of-random-variables.167343/
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Definition 38 (Almost Sure Convergence). X, converges almost surely (a.s.) to the random
variable X if
P{w: X, (w) > X(w)asn —»o0}) =1.

More formally, given € > 0, § > 0, IN(¢, §) such that
P(’XN+1—X| <§g, |XN+2—X’ < 8,...) >1-90.

We denote it as
X, =5 X.

It is also called that X,, almost everywhere or with probability 1 or strongly towards X.

It is worth noting that the difference between convergence in probability and convergence al-
most surely is that convergence in probability requires all of the individual probabilities P(| Xy, —
X| <€), P(|Xn+, — X]| < €),... to be larger than 1 - §, while convergence almost surely requires
that the joint probability P(| Xy, — X| < & |Xn+. — X| <&, ...) should be larger than 1 - 4.

6.2 Relations Between the Convergence Concepts

We first outline the relations between the convergence concepts. Details will be provided in
numerous theorems.

L X, 55X = X, 5x
2 X, 25X = X, D X
P d
3. X, — X => X, — X.
d P
4 X, > X » X, - X.
5. For any constant ¢, X, LN c < X, N c
Theorem 47. Convergence in quadratic mean implies convergence in probability, that is
X, 5x = x,5x
Proof. By Markov inequality with p = 2 (see Theorem 5),

E|X, - X!
P(|X,-X|>e) < ———— —0 as n —> oo.
82
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Theorem 48. Almost sure convergence implies convergence in probability, that is

X, 25X = X, > X

Proof. Let A = {|Xnn — X| < & |Xns. — X| < &,...},and B; = {|Xnyi — X| < €}, fori = 1,2,....
Because A c B;, P(B;) > P(A), for i = 1,2,.... If X,, converges almost surely to X then P(A) >
1-6,and hence P(B;) >1-6, fori = 1,2, ..., which thus implying that X, converges in probability
to X U

Theorem 49. Convergence in probability implies convergence in distribution, that is

X, X = x,-5x
Proof. For any € > o,

F.(x) = P(X, < x),
=P(X,<x,X>x+¢e)+P(X,<x,X<x+¢),
<P(X,<x,X>x+¢e)+P(X<x+e¢),
=P(X,-X<-¢)+P(X<x+e),
<P(|X,-X|>e)+P(X<x+e),

that is,
F,(x) <F(x+¢)+P(|X, - X|>¢). (6.1)
Also,

F(x-e)=P{X<x-e}n{X,>x})+P{X<x-¢e}n{X,<x}),
<P{X<x-¢e}n{X,>x})+P(X,<x),
=P(X,-X>¢)+P(X,<x),
<P(|X, - X]|>e) + Fu(x),

that is,

F(x —¢) <F,(x)+P(|X, - X| > ¢). (6.2)
Since X, N X, by letting n — oo in equations (6.1) and (6.2), we have

F(x - ¢) <liminf F,(x) <limsup F,(x) < F(x + ¢).
This relation holds for all x and for all ¢ > o. Finally, suppose that x € C(F) and let ¢ — o. It
follows that
F(x) <liminf F,(x) < limsup F,(x) < F(x).

n—>oo
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that is,
liminf F,(x) = limsup F,(x) = lim F,(x) = F(x).

n—oo n—> 00

d p
Theorem 50. For any constant ¢, X, — ¢ < X, — ¢,as n — oo.

Proof. We only need to show “="

Given X, 4, ¢, we know that
F,(x) — F(x) = 1{x>c)-

That is, if we treat the constant ¢ as a random variable, then for § > 0, F(c+8) =P(c<c+6) =1
and F(c - &) = P(c < ¢ - §) = o. Figure 6.1 shows the distribution function of a constant c.
Let € > 0. Then

P(|X,-c|>¢)=1-P(|X, - | <e),
=1-P(c-e<X,<c+e),
=1-[F,(c+e)-F,(c-¢e)+P(X,=c—¢)],
<1-[F,(c+¢)-F,(c-¢)],
—1-[F(c+¢)-F(c-¢)],

=1-[1-0]=o0.

Let’s use an example to show how to apply Theorem 50.

Example 27. Given that X,, ~ N (o, i) Then show that
X, — o.
Clearly, \/nX, ~ N (0,1). For x < o,

F,(x) = P(X, < x),
= P(v/nX, </nx),

= P(N(0,1) </nx) >0 as n— oo.

Note that \/nx — —oo since x < o.
For x > o,
F,(x)=P(N(0,1) <\/nx) >1 as n— oco.
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Figure 6.1: Distribution Function of A Constant

F(x)

That is, for x # o (note that the discontinuous point is x = 0),
lim Fy(x) = F(x) = 1(c0)
d S 1 .
so X, — o, which implies X, LA by Theorem 5o0.
According to this example, we can also realize the motivation for considering only points of
continuity of F(x). That is, the concept of convergence of distribution can be applied in such a

case since we require F(x) to be a CDF (not any function), which is a right continuous function.
Of course, this result can be shown by using the Chebyshev’s Inequality.

Theorem 51 (Continuous Mapping Theorem I). Let {X,} be a sequence of random variables,
and X be another random variable. Suppose g(-) : R — R is a continuous function. Then

X, X = g(X,) > g(X).
Proof. By the continuity of g(-) we have, for given ¢, > o,
|X, — X| < & implies |g(X,) - g(X)|<e.
That is, {|X,, - X| < 8} ¢ {|g(X,,) — g(X)| < €}, and
P(lg(X,)-g(X)|<e)2P(|X, - X| <) —1, as n —> oo.

Thus,
P(Ig(X,) - g(X)| <€) — 1 as n— oo,
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For convergence in distribution, we have a similar result:

Theorem 52 (Continuous Mapping Theorem II). Let { X, } be a sequence of random variables,
and X be another random variable. Suppose g(-) : R — R is a continuous function. Then

d d
X, — X = g(X,) — g(X).

Proof. See Corollary 11.2 (pages 330) in Severini (2005). O

Theorem 53. Let X, P, X,and Y, P Y. Then
@) X, +Y, 25 X+Y.
(b) X,Y, - XY.

(c) if—: LN )—Y(,where Y,#o0and Y % o.
Proof. Note thatby [(X, +Y,) - (X +Y)|<|X, - X|+]Y, - Y|
(X + 1) = (X V)] 8) = (=X [, =¥ 20) — (1%, - X]> ) u(I¥, - V]2 £)
For the second “==", recall that ~ B =~ A given A = B. Hence,

(106 + ) = e 1)z e) e (1%, X1 ) o (17, v1 2 2

P(|(X,+Y,)—(X+Y)| > &) < p(|xn x|z Suly, - v]> f) < P(|X, - X|> )+ PV - Y] 2 §) —> 0
2 2 2 2

—>0 —>0

For Theorem 53 (b), by Theorem 53 (a) and Continuous Mapping Theorem,

1

1 1 1 p 1 1
XY, ==X2+-Y - (X, - Y, ) > - X+ -Y* - Z(X-Y) = XY
2 2 2 2 2

2

Finally, Theorem 53 (c) is simply the consequence of Theorem 53 (b). O
We can extend Theorem 51 to random vector.

Theorem 54. (Continuous Mapping Theorem for Random Vectors) Suppose h(-) is a vector-
valued continuous function. If
Zn = Z)

then
h(Z,) -2 h(Z).
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Hence, Theorem 53 can be easily proved by setting Z,, = (X,, Y,)".
The next theorem about combinations of convergence in probability and in distribution will
be very useful to derive the asymptotic distribution of estimators.

Theorem 55 (Slutsky’s Theorem). Let X, S X,and Y, P, ¢ Then
(2) X,+Y, -5 X +c.

(b) X,Y, - Xec.

d
(c) £ — X where Y, # oand ¢ #o.

Proof. We prove Theorem 55 (a), and leave (b) and (c) as exercises.

Fx, .v,(a) =P(X,+Y,<a),
=P({Xp+Y.<al({|Yu-cl<e})+PUX,+ Y, <a}[( {|Yn—c|>e})

Let

S, ={X,+Y, <a}({|Y.-c|<e},

S,={X,+Y,<a}( {Yn-c2>-¢},

S,={X,<a+e-c}.
Note that S, implies S,, and S, implies S,, hence, S, c S, c S,, which suggests that P(S,) < P(S,) <
P(S,). We thus have
Fx,.v.(a) = P(X, + Y, < a),

=P(S)+P{X,+ Y, <a}( Y{|Yu—-c|>e}),

<P(S)+P({Xu+ Y, <a}( {|Y.—c|>¢€}),

<P(S,) + P(|Y, — | >¢),

=P(X,<a+e-c)+P(|Y,—c|>¢),

=F,(a+e-c)+P(|]Y,—c|>¢).

Since X, — X, we have F,(a+¢&-c) — Fx(a + ¢ - ¢). Moreover, since Y, L, ¢, we have
P(|Y, - c| > ¢) — o. That s,
limsup Fy,,v,(a) < Fx(a+e¢e—c).

Using a similar argument, we have

Fx(a-¢-c) <liminf Fx,,y, (a).
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Thus, we have

Fx(a—e&—-c) <liminf Fx, .y, (a) <limsup Fy,,y,(a) < Fx(a +¢&-c).

n—>oo

Let e — o,
Fx(a - C) < limianXnern(a) < limsup FXn+Yn(a) < Fx(ﬂ - C).

That is,

lim FXn_,_yn(a) = Fx(a - C),

n—0o0
or

FYn+Xn(a) — Fx(a - C) = Fx+c(a),

since

P(X<a-c¢)=P(X+c<a).

6.3 Convergence via Transforms

Theorem 56 (Continuity Theorem for Moment Generating Functions). Let X,, X,, ... be ran-
dom variables such that My, (t) exists for |t| < h, for some h > o, and for all n. Suppose that X
is a random variable whose moment generating function, Mx(t) exists for |¢| < h, < h for some
h, > o and that

My, (t) — Mx(t), as n — oo.

Then

x, -5 X,

Theorem 57 (Continuity Theorem for Characteristic Functions). Let X, X,,... be random
variables, and suppose that

ox, (1) — ¢x(t), as n —> oo.

Then
X, — X.

The above theorems for convergence via transforms are useful to prove the central limit the-
orem. Moreover, the converse of Theorem 57 is also of interest. Namely, if X;, X,, ... are random
variables such that

X,— X,
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then

¢Xn(t) — ¢X(t), as n — oo,

According to Theorem 57, we can derive the following theorem (try it!).

Theorem 58. Let X, X,, ... be random variables, and suppose that, for some real number ¢,
bx, (1) — e, as n —> oo.

Then

P
X, —c.

6.4 Landau Symbol (Order Notation)

Definition 39 (Landau Symbols to Real Numbers). Let {a,} and {b,} be sequences of real
numbers.

1. a, = O(b,) if for some finite real number A > o, there exists a finite integer N such that
foralln > N,

ie., lim,_ o ‘Z—Z‘ < o0,

2. a, = o(b,) if for every real number § > o there exists a finite integer N () such that for all
n2> N(8)>

ie, lim,_ Z— = 0.

When a, and b, both tend to infinity, a, = o(b,) states that a, tends to infinity more slowly
than b,,; when both tend to o, it states that a,, tends to zero faster than b,,. Obviously, ifa, = o(b,),
then a, = O(b,).

Example 28. Let a, = > and b, = +. Clearly,as n — oo

a, 1/n*> 1
= = — > o.
b, 1/n n

1 1
— =0 J—
n2 n

We will show an example of the use of the small o notation.

That is,
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Example 29. Consider the following sequence

1 2 4
a,=——-—+—.
n n* nd
Then we have first-order approximation as
1
a, ~ —,
n

Le,
1 1
a,=—+o|—].
n n
Moreover, we have the second-order approximation as

1 2
a,~ —— —.
n n?

1 2 1
a,=———+o|—
n n? n2

Note that we have the following simple properties of the small o relations.

That is,

Lemma 3. (Small o Relations)
1. a,=0(1)iff. a, — o.
2. If a, = o(b,), then §* = 0(1). Thus o(b,) = b,0(1).
3. a, = o(b,) implies ca, = o(b,). Thus o(b,) = ko(b,), k =1/c.
Most of the time, we are interested in the order relationship of power of n.

Definition 40. Let {a, } be a sequence of real number.

1. The sequence {a,} is at most of order n*, denoted a, = O(n*), if for some finite real
number A > o, there exists a finite integer N such that for all n > N,

|n*a,| < A.

2. The sequence {a,} is of order smaller than n¥, denoted a, = o(n*), if for every & > o there
exists a finite integer N(§) such that for all n > N(§),

In*a,| <,

k

ie,n"*a, — o.

Now we turn our focus on the notion of orders of magnitude for convergence in probability.
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Definition 41 (Landau Symbols to Random Variables). Let {X,} and {Y,} be sequences of
random variables.

1. X, = 0,(Y,) if Ve > o, 3 a positive real number M, < oo, such that
P(|X,| < M|Y,]) >1-¢.
That is, { X, } is bounded in probability.

2. Xy =0,(Yy) if

That is, { X,,} is vanish in probability.
Note that
1. X, =0,(1)iff X, 2.
2. €,0,(Y,) = 0,(c,Y,) for constant ¢,, and C,0,(Y,) = 0,(C,Y,) for random variable C,.

3. If X, LN X, then X,, = O,(1). That is, if X, converge in distribution, then it is bounded
in probability.

4. 0,(n*)o,(n%) = 0,(n*).

For more details about Landau Symbols, see chapter 2 in White (2001) or section 1.4/2.1 in

Lehmann (2001).

6.5 Weak Law of Large Number

Theorem 59 (Weak Law of Large Numbers (WLLN) I). Let { X, } be a sequence of i.i.d. random
variables such that E(X,) = p, and Var(X,) = 02 < co. Then

o 1 P
Xn=;ZX,'—>[bl.

Equivalently, we can also denote WLLN as

X, -y —o,
Xn —U= Op(l)’
X, =u+0,(2).



Proof. Pick any € > o, by Markov Inequality,

< E|Xn_4”| ’

PR, - > ) 2
_ E(Xn - /")2
& ’
~ Var(X,)
= e
0-2

2—>O as n — o0,
ne

]

The above version of WLLN has been shown in the elementary statistics course. However,
the assumption of finite second moment can be relaxed. We thus have the following version of
WLLN assuming finite first moment only.

Theorem 60 (Weak Law of Large Numbers (WLLN) II). Let {X,}” be a sequence of i.i.d.
random variables such that E(X,) = y < oo, then

o 1 p
Xn:;ZXi—>‘M.

Proof. According to Theorem 58, it is sufficient to show that
¢z (t) — e, as n —> oo.

Let Y, = 3°; X;. By Theorem 33, we have

Sb)‘(n(t) = ¢, (%) :

6.0 =9v (1) =[ox(3)] -

Moreover, after introducing the Landau Symbol, we can rewrite Theorem 34 as

Moreover, by Theorem 32,

px(t) =1+ 3 E(xt). U0
2 !
(it)*

=1+ » E(XF) TR o(|t|*), [see Theorem 4.2 in Chapter 4 of Gut (2013)]
k=1

:1+E(X)j—!t+o(t). [ =1]
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Hence,

i
1 n

dx, (%) = 1+E(X1)—;’t’ + o(i) ,

and

65,0 =[on (5)]

n

- it AT

= 1+E(X1)—’:+o(—)] ,
1. n

= —1+i£ +o(£)]n
L n# nl)l’

—- . n
n

Note that in the above proof, we have applied the fact that given a,, — a,

n
a, .
1+— | —e® as n —> oo.
n

6.6 Central Limit Theorem

Theorem 61 (The Central Limit Theorem, CLT). Let {X;}” be a sequence of i.i.d. random

variables with E(X,) = p and Var(X,) = 0. Then

X, -
o

.

) N N(o,1).

Proof. Let Z; = % Hence we have E(Z,) = o, Var(Z,) = E(Z?) =1and

X -
7, = .

LetY,=>,Z;and




Hence,

bw, (1)

¢ (1) = %( ) [‘P( )]

:—1+E(Z).% )< %) +o(t—2)

2!
[ t2 tz n
=l1——+0 —)] 5
| 2n n

[ £h-o0 >]] o

as n — o0,

That is,

and thus

6.7 Delta Method and Cramer-Wold Theorem

We now introduce some theorems that is useful to derive asymptotic distributions.

Theorem 62 (Cramer-Wold Device). Let X,, € R* be a sequence of i.i.d. random k-vector, and
a € Rk be a constant vector.
d d
X, — X iff. a’X, — a’X

Proof. See pages 282-283 in Mittelhammer (1995). O

According to the Cramer-Wold Device, we can easily obtain the following multivariate CLT.

Theorem 63 (Multivariate CLT). Let {X,} be a sequence of i.i.d. random k-vector with mean

vector E(X;) = 0 and variance-covariance matrix Var(X;) = Z, for all i, and X is positively
definite. Then

ﬁ(n-l znjxi - 0) 4, N(o,3).

Proof. Let Z; = a’X;. Thus
E(Z,) = E(a'Xi) = a'E(Xi) = a'ﬂ’
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Var(Z;) = Var(a'X;) = a'Var(X;)a = a'>a.

Note that

Vin(n ¥ Zi - E(Z)) _ Vn(na'(Zi(Xi - 0)))
/ Var(Z;) Va'Za

By univariate CLT, we have

Vn(n'Y, Z; - E(Z;))
\/ Var(Z;)

Vn(n~a' (E,(Xi - 0))) a
Jasa — N(o,1).

4, N(o,1),

hence

That is,
Va(nal (3 (X - 9))) 4, N(o,2'Za).

By Cramer-Wold Device,

\/E(nlixi - 0) 2, N(o,2).

i=1

]

Theorem 64 (Univariate Delta Method). Given g(-) a continuous and differentiable function.
If

V(X - 0) -5 N(o,0%),
then
Vn(g(X,) - £(8)) - ¢'(8)N(0,0%).

Proof. By Taylor theorem, we expand g(X,,) around g(0),
g(Xy) = g(6) + (X, - 6)g'(X),

where X =AX, + (1-1)0, A € [0,1].
Since /n(X, - 0) 4N (0, 0?) by construction, we have

\/E(Xn - 9) = Op(l)'

That implies
X, —0=0,(1),

or
X, — 0.
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It follows that
X =AX, +(1-1)0 2> 0,

and by CMT, we have
g(X;) = g'(6).
That is,
§'(X5) = g'(8) +0,(1)
Therefore,
Vn(g(X,) - g(0)) =Vn(X, - 0)[¢'(0) + 0,(1)],

=Vn(X, - 0)g'(0) + Vn(X, - 0)0,(1),
- g'(0)N(0,0%).

Well, do not forget that
’ 2\ 4 / 2 >
¢'(6)N(o,0*) £ N (o, [g (9)] o?).
Let’s see an example.

Example 30. Suppose that {X;}” ~4 Bernoulli(p), where p # 1/2. Find the asymptotic distri-
bution of X (1 - X).
You should figure it out by yourself that the asymptotic distribution of X (1 - X) is

K(-X) A N(p(l_p))P(l_P)(l_zp)z).

n

Theorem 65 (Multivariate Delta Method). Suppose that W, is a sequence of random k-vector
such that

Vi(W, - 0) -5 N(o0,3),

where X is positively definite. Let g(-) : RF — R be a function such that

dg(y) _| 3.

vg(y) = dy

and Vg(0) is non-zero and continuous at 6. Then

V(g(W.) - g(8)) -5 N(o,vg(6)'£vg(8)).
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Here is an application of the Delta Method.

Example 31. Consider the following regression model
{yis X1is xzi}?:p

yi= /30 + /31)61,- + ﬁz-xzi +e = Xilﬁ + €,
ei|xi ~ (O, 0'2),

The parameter of interest is

_A
0=

Find the asymptotic distribution of the analog estimator

>
Il
s

where

o

{rm) o)

=
Il
= :®> o~

Since we know that
A ﬁ d
V| Bi-B | — N(o, V), V=c*[E(xx/)]™"
B

Hence, by Delta Method,
V(9 - 8) - N(o, HyVHy)

where
0

Hg = 1/B.
_ﬁl/ﬁ§
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Chapter 7

Estimation

Given random sample {X;}” ~ F(x,8). Suppose that we use a statistic T,,(X,, X,,...,X,) =
T, (X) to estimate population features denoted by g(8), 8 € ®, where © is called the parameter
space. We call T, an estimator of g(6).

7.1 Small Sample Criteria for Estimators
Definition 42 (Unbiased Estimator). An estimator Tn is said to be unbiased if
E(T,) = 4(6).
Hence, if fn is a biased estimator, then
B(6) = E(T,) - 4(6)

is called bias.

Definition 43 (Mean Square Error). The mean square error is defined by
MSE(q(6), T) = E(T, - q(6))*.

Mean square error is a most popular measure of distance between T}, and q(0). It has been
shown in your elementary statistics that

MSE(q(6), T,) = Var(T,) + [E(T,) - q(0)] = Var(T,) + [B(6)]"

Definition 44 (Minimum Variance Unbiased Estimator, MVUE). Tn* is said to be an MVUE
ifforall 6 € ®

T, =argmin, ;. 4 s unbiased for q(e)}E<Tn -4(0))*
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To compare two estimator, we have the following criterion.

Definition 45 (Relative Efficiency). Let T, and T, be estimators of q(0). We say that T, is more
efficient than T, if
MSE(q(6),T,) < MSE(q(0), T).

7.2 Large Sample Properties of Estimators

Definition 46 (Consistency). én is consistent for 6 if

6, 2. 0.

That is, an 6 is a consistent estimator of @ if § converges to 6 in probability.

Definition 47 (Best Asymptotically Normal (BAN) Estimator). 6, is a BAN estimator of 0 if
1. (b, - 0) -5 N(o, 02).
2. 02 < r for @, such that \/n(0, - 6) N N(o,r?).
Notice that some books would add one more condition for a BAN estimator: é,, LIy}

However, it is clear that condition 1 (asymptotically normal) in the theorem has already implied
consistency (why?).

2.3 Interval Estimation

Definition 48 (Confidence Interval). Let L(X), U(X) be two statistics such that L(X) < U(X).
We say that the random interval
[L(X), U(X)]

isa (1— &) - 100% confidence interval for 6 if

Py(L(X) <0< U(X)) =1-a.

We have already learned how to construct confidence intervals and approximate confidence
intervals in elementary statistics. For instance, consider the following two cases:
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Casel {X;}" ~"d N(u,0?).
Let X, = 2%, X;, $2 = 2 3,(X; - X,,)* In Case I, the statistic

> Vi (Xn—p)
Jn-1X. - Vn(Xn—p)
¢ = noaX ) < Li(n-1).

o 55 (n )

0—2

That is, the statistic ¢ has an exact ¢ distribution, and is therefore exactly free of unknown pa-
rameters. Hence we say that ¢ is an exactly pivotal statistic. The (1 — «) - 100% exact confidence
interval for y is

Xy = ta)n(n—1)

X, + tan(n—1)

Sn S
\/m’ n-1|

CaseIl {X;}7 ~" (u,0?).
In Case II, without the assumption of normality, the same statistic

V(X — )

Sn
does not have any known distribution. However, it can be shown that

o= VK)o Vn(Xump)

N(o.1).
S, S, o (0,1)

Thus the asymptotic distribution of ¢ is the standard normal, which does not depend on the
parameters. We say that ¢ is asymptotically pivotal. Then the approximate confidence interval is
given by

] s, . S
[Xn - Za/z_ Xn+ Zoc/z ] >

NG Vn

X, —
P(—Zoc/2 < M < Za/z) =1-a+o0(1).

where

n

We now illustrate how to construct a confidence region for two estimators.

Example 32. Given {X;} ~*"4 N(u,0?), where y and o> are both unknown. Then find a (1 —
«) -100% confidence region for (u, 02).
Let X, =nY,;X;and $2 = n* ¥,(X; - X,,)2. Since we know that

\/E(Xn B [4) o

N bl bl
- (0,1
and

nS? 5

s Xn—1-
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By Theorem 42, X,, and S2 are independent.
Now choose ¢ > o such that

P(-c<N(o,1)<¢)=V1—aq,

and choose a, b such that

Pla<yi <b)=+v1i-a.

Therefore,

X _ 2 X _ 2
P(—CSMSC,CISnS”Sb)=P(—CSMSC)P(aSns"ﬁb)=1—0¢.
o o2 o 0

That is,
- c2o? n§? nS2
P -X,)*< ,—— <0< —)=1-qa.
(%« S5 B e ) i

7.4 Maximum Likelihood Estimation

Let X be a random variable with pdf f(x,0), 0 € ® ¢ R¥. Suppose that {X,,X,,...,X,} isa
random sample, then the joint density of the random sample is

f(x5 %50, x030) = Hf(xi,e).
The likelihood of the sample is thus a function of 6:
L(0;x,%,, ..., %0) = f(x0, %55 .., X3 0).

The maximum likelihood estimator (MLE) of 0 is given by

A

0= L 9; X2 Xn)s
arg max (0;x,,x Xn)
or equivalently
é=argmaxlogL(Q;xl,xz,...,xn).
0e®

Theorem 66 (Invariance Property). If § is the MLE of 6, and let G(8) be any function of 6,
then the MLE of G(0) is G(9).

Proof. Let G(8) = g. Define an induced likelihood function L*:

L*(g,x)= max L(0,x).
(&)= e (O
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Let ¢ be the MLE of L*,
g =argmax L*(g,x).
g

Hence,
L*(¢,x) =max max L(0,x), (bydefinition
(&x) = max max L(6,x), (by )
= meaxL(G, x), (by integrated maximization)
= L(0,x). (since 6 is an MLE)
On the other hand,

L(6,x)= max L(6,x) (since isan MLE)
(6:6(6)-G(8))

= L*(G(6),x). (by definition of L*)
Therefore, we have just shown that

L*(¢,x) = L*(G(6),x).

Definition 49 (Score Function). The function

~ olnL

S0= =33

is called the score for estimating 0.

Theorem 67. The score function has zero expectation:
E (Sg) = 0.

Proof. Note that since
/ L(0,x)dx =1,

differentiating both sides partially with respect to 6 gives us

JoL 1 OdL dlnL dlnL
- —d = —L 9, d = Ld :E .
°= | 369" | T(a.x)a0-(®X)dx Y ( 90 )
That is, .
nL
()
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Definition 50 (Fisher Information). The function

InL\*
1(8) = E(S2) = Var(Se) = E [(a n ) ]
a0
is called the information for estimating 6.

Theorem 68 (Information Matrix Equality).

16)- | (25t ) | - -2 [ S

where —E [aglﬁ,‘lL] is called the Hessian.

From previous proof, we know that

olnL
00

Differentiating both sides partially with respect to 6 gives us

o= Ldx.

alnLa_L . 0*’InL
20 20°* 96°

olnL7 0*InL
_[[ 3 ] L(@,x)dx+/ 50 Ldx.
dlnL\* 0*InL
1(9):15[( = )]:—E[ iy ]

Theorem 69 (Cramer-Rao Lower Bound, CRLB). Let 6 be an estimator of 6 such that E(G) =
u(60). Under some regularity conditions (see page 179 in Ramanathan (1993)), we have the

Ldx,

That is,

Cramer-Rao inequality:
WO _[1+B(O)]
1(0) 1(0) °

where () is the Fisher information, and B(0) = E(0) — 0 = u(6) - 0 is the bias. We then called

Var(0) >

_L+BO))
=T Im)

the Cramer-Rao Lower Bound.

Proof. 1t is well-known that the correlation coefficient of any two random variables Z, W is be-
tween —1 and 1. Hence, [Cov(Z, W) ]> < Var(Z)Var(W). Let

Z=0,
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W = Sg,
we thus have E(Z) = u(60), E(W) = E(Sg) =0, Var(W) = Var(Sy) = 1(6).

Since
u(e):E(é):/éL(e,x)dx,
we have
W(6) = /H—dx f (;ge)de fesede /ZWde E(ZW) = Cov(Z, W).
Therefore,

[u/(8)] = [Cov(Z, W)]* < Var(Z)Var(W) = Var(8)I(6).

Clearly, if 6 is an unbiased estimator of 6, then the Cramer-Rao inequality becomes
1
Var(0) >
1(8)
Thus, suppose that Var(9) = 1oy = CR, then 0 is an MVUE (see Definition 44).

Finally, we present the following properties of MLE without proof. Interesting readers should
refer to pages 192-198 in Ramanathan (1993).

Theorem 70 (Asymptotic Properties of MLE). Given that 0 is an MLE of 6. Then
. 62 6.
2. /n(f-6) -5 N(o,[£(6)]™), where £(6) = lim, o, 12,
3. [@]_1 N [2(6)] . That is, @ is a consistent estimator of 2(6).

4. 6 is a BAN estimator of 6. (see Definition 47).

7.5 Asymptotic Variance and Limiting Variance

The definition of the asymptotic variance of an estimator may vary from author to author or
situation to situation. Here we follow Casella and Berger (2002). For an estimator, its asymptotic
variance is the variance of the corresponding limit distribution.

Definition 51 (Asymptotic Variance). For an estimator T, suppose that
ko (T, - 7(0)) - N(o, 0?)
The parameter o is called the asymptotic variance of T,,.
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For example, given {X;}? ~"4 (u,0?) by CLT,

V(X - u) -5 N(o, 0?)

then 02 is the asymptotic variance of X.
In calculating an asymptotic variance, we are tempted to proceed as follows:

1. Given an estimator T, we calculate the finite-sample variance Vae(T,).

2. Calculate
lim k,Var(T,)

where k, is some normalizing constant,
The second step motivates the following definition of limiting variance.
Definition 52 (Limiting Variance). For an estimator T,,, if
}1_)1’1(;10 k,Var(T,)=1*< o0
where k, is a sequence of constants, then 72 is called the limiting variance.

Note that in many cases, Var(T,) - o as n - oo, so we need a factor k, to force it to a limit.
According to Casella and Berger (2002),

“For calculations of the variances of sample means and other types of averages, the
limit variance and the asymptotic variance typically have the same value. But in
more complicated cases, the limiting variance will sometimes fail us”

It has been shown in Section 6.1 of Lehmann and Casella (1998),!
o’ <1
Example 33. Given {X;}" ~"4 N(0,6). Consider the following estimator of theta

0(c) = cX+(1-c)6?, X=iZX,», 62=lZ(X,-—Xn)2, celo,1]
n= n

Clearly,
o~ Xn-)
Hence,
6> _2(n-1)62

Var(6*) = —2(n-1) =
n? n?

'Lehmann and Casella (1998). Theory of Point Estimation, Springer-Verlag New York, 2nd edition.
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Var(é) =c*Var(X) + (1-¢)*Var(6*) +2c(1-¢)Cov(X,6*) = c Z +(1- )ZM

Take k, = n, the limiting variance is

lim nVar(0) = 11m n [c 4 +(1- C)Z—z(n 19 ]
n—o00 n n2
= lim [c29 +(1- C)Zz(n —1)0 ]
n—o00 n

=c*0+2(1-¢)*0?
As for asymptotic variance, a bit more derivation is needed. First note that

V[0 -6]=/n[c(X-6)+(1-c)(6* - )]

= n[c(%—6)+(1—c)(2i(xi—_x_)2—8)‘|

D R e

Moreover, since

D (Xi=X)* =) ([X: - 0] -[X-0])* =) (X; - 0)* - n(X - 0)

i i

Hence,
Jn[b-6]= % :c(gx,. - ne) +(1-0) (g(xi — ) - nG)] - ﬁ(l— )n(X - 6)?
c(ZXi—n9)+(1—c) (Z(Xi—e)z—né)]+Rn
ZC(X 0) + Zl o) [(X;- 9)2—0]]

- -
§\ §\
1 1

\/— Z (c(Xi=0)+(1-c)[(Xi-0)"-6]) + R,

where, by CLT and Slutsky’s theorem

Ry =-(1-c)V/n(X-8)=-(1-c)Vn(X-6) (X-6) Lo

—_——

—d>N(o,6) Lo

Thus,

R,— o0

Let
Zi=c(Xi-0)+(1-c)[(Xi-6)*- 6]
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ﬁ[é—0]=ﬁzzi+m

where

E(Z) = c[E(X;) - 0]+ (1-¢)[E(X;,-0)* -] =0

Var(Z;) = c*Var(X; - 0) + (1-¢)*Var((X; - 0)*) +2c(1—¢)Cov (X; - 0,(X; - 6)?))
=c*Var(X;-0)+ (1-c)*Var((X; - 0)*)
=20+ (1-c)*(20*) =c*0+2(1-¢)*6*
where we use the facts that
X, -6
Vo

and X; — 0 ~ N(o, 0) is a random variable with symmetric distribution around zero,

~x*(1)

Cov(X;-0,(X;-0)*))=E((X;-0)})-E(X;-0)E((X;-0)*) =0

By CLT,
w2uiZi—o

%Zzi 2, N(o, V)

R N(o,1)

where V = ¢20 + 2(1 - ¢)26>. Hence, by Slutsky’s theorem,

A 1 d
0-0l=—)> Z;,+R, N(o,V
ValB-6]= =32 Ry < N(o, V)
h\,___/io
L N(oV)

That is, the asymptotic variance of Ois V =c20+ 2(1-¢)?0.
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Chapter 8

Hypothesis Testing

In elementary statistics, we have learned how to conduct hypothesis tests using appropriate piv-
otal test statistics. However, no rationale was provided to suggest that they are best in any sense.
We now consider a method for deriving rejection region corresponding to tests that are most
powerful tests of a given size for testing simple hypothesis.

Let’s review some useful definitions and notations.

Hypothesis Suppose {X;}" ~"4 f(x,0), where § € ©. Any statement about 6 is a hypothe-

sis. Suppose that
0, 08,=0, 0,()0,=0,

then statement that H, : 0 € @, is called a null hypothesis. Moreover, statement that H, : 6 € ©,
is called an alternative hypothesis.

Test A statistical test represents a rule of action. Given some data, we use this rule to decide
whether we are able to reject or fail to reject the null hypothesis.

Simple and Composite Hypotheses If card(®,) = 1, it is called a simple hypothesis. On the
other hand, if card(®,) > 1, it is called a composite hypothesis. Note that card(A) denotes the
cardinality, which gives the number of members of set A.

Critical Region It is also called a rejection region. It can be represented as

C(x) = {x's for which we reject H, }

Type I and Type II Errors

1. Type I error: Rejecting H, when it is true.

2. Type Il error: Failing to reject H, when it is false.
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Power of a Test
7(6) = P(reject H,|0)

is called the power of the test. Hence,
P(Type I error) = P(reject Ho|6 € ©,),
P(Type Il error) = P(fail to reject H,|0 € ®,) =1 - P(reject H,|0 € ©,).
That is,
1. If 6 € ®,, 1(0) is the probability of making a type I error.
2. If 0 € ©,, (0) is the power.
Clearly, when 6 € ©,, we define
B(8) = P(Type Il error) = 1— 7(6).
Size of a Test
o= rgggi(P(Type Lerror) = max 7(6)

Hence, the size of a test is the largest probability of making a type I error. « is also called the level

of significance.

8.1 Most Powerful Tests

Definition 53 (Most Powerful (MP) Test). A testof H, : 6 = 6, vs. H, : 0 = 0, based on a critical
region C is said to be a most powerful test of size « if

1 c(6,) =a
2. 71¢(6,) > m4(6,) for any other critical region A where 74(6,) = a.
The following theorem shows how to derive a most powerful test.

Theorem 71 (Neyman-Pearson Lemma). Suppose that a random sample {X;}” has joint pdf
f(x,0), where 6 € ©. If there exists a constant k € (0, o0) such that

f(x,6,) _ _
P(f(x,eo) zk‘e_eo)_a,

then the most powerful size-«a test for H, : 0 = 0, vs. H, : 0 = 0, is given by




Proof. Let A be another critical region of the same size a. Then

fcf(eo,x)dx=a=fAf(eo,x)dx.

Now, let C and A denote the complement of C and A, respectively,
[Lr.x)ax= [ f(6.x)ax
[ f(Ql,x)dx+f _f(@l,x)dx]—[[ f(91,x)dx+/ _f(@l,x)dx],
cna cnA ANC ANC
_ 0, x)dx~ [ f(6,x)dx
[ SOxax- [ f(6.x)dx

Note that in C, f(6,,x) > kf(0,,x), and in C, f(6,,x) < kf(8,,x), which implies - f(6,,x) >
—kf(0,,x).

Therefore,

LHS = fcmAf(Hl,x)dx—[Amc_f(el,x)dx,
>fcmkf(eo,x)dx—fAmC_kf(Go,x)dx,
- [[kaf(eo,x)dwfmcf(eo,x)dx] - [/Amckf(eo,x)dx+ fAkaf(Go,x)dx],
=fckf(eo,x)dx—/Akf(Ho,x)dx,

=ka-ka=o.

That is,
fcf(el,x)dx>fAf(01,x)dx.

8.2 Uniformly Most Powerful Tests

Definition 54 (Uniformly Most Powerful (UMP) Test). A testof H, : 0 € ®, vs. H, : 0 € ©,
based on a critical region C is said to be a uniformly most powerful test of size o if

max7¢c(0) = «,

0cO,

and for any other test based on critical region A that satisfies maxgee, 74(0) = «, we have
Tic ( 9) > Ty ( 9)
forall 0 € ©,.
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A UMP test often exists in the case of a one-sided composite alternative such as H, : 8 > 6,
or H, : 0 < 0,. A possible technique for determining a UMP test is first to derive the Neyman-
Pearson test for a particular alternative value 6,, and then show that the test does not depend
on the specific alternative value. On the other hand, for the two-sided composite alternative
H, : 0 # 0,, it is not possible to find a test that is UMP for every alternative value.

Example 34. Let {X;} ~"/4 N(6,1). We want to test H, : 0 = 6, vs. H, : 6 = ,, where 6, < 6,.
Clearly, it can be shown that

f(0,x) 5(xi = 0,)* = (x - 6,)
Fox) exp [Z - ]

By Neyman-Pearson Lemma, the MP test critical region for testing H, : 0 = 0, vs. H,: 0 = 0, is

i=1

given by

C(X) _ {Xl exp lzﬁ: (xi - 00)2 — (xi - 61)2:| N k} ’

2
:{x: Z(xi—eo) ;(xi—el) zlogk}’

Now we need to find out k. Given the size of the test is «, we have

. log k (0,+6,)
= = :P = 5
a=P(xeC|0=6,) (ann(61—80)+ . ‘9 90)

_ _ log k (6,+6,) T
X, - E(X ooy TS| E(X)
— P n ( . n) > [ (0 9 ) _:| 6 — 60 ,
Var(X,) Var(X,)
3 log k (0,+6,)
X, - 0 I:n(elg—Go) + 2 ] -0

:P 2 6: 60 >

~ - log k Vn(0,-6,)
=P|Vn(X, eo)zﬁ(91_90)+ . )
_ logk + \/E(GI_GO)
O

Thus,

log k Vn(6,-0,)
Ly = + .
Vn(6,-6,) 2
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So

C(x) - {x: in S Glloiglgo s 71(912+ 90)}’

={x: inz\/ﬁZoﬁnHo},

Let’s see an example that UMP test exists for one-sided composite hypothesis.

Example 35. Let {X;} ~*4 N(6,1). We want to test H, : 6 = 6, vs. H,: 6 > 6.
Now pick any 6, > 0,. So following the previous example, Neyman-Pearson Lemma gives us
the MP test critical region for testing H, : 0 = 0, vs. H, : 0 = 0, as

Note that C(x) does not depend on 6, so it is also an UMP test.

8.3 Likelihood Ratio Test

Definition 55. Suppose that a random sample {X;}” has joint pdf f(x, 6), where 6 € ®. Let
L(6,x) = f(x,0) denotes the likelihood function. A test statistic for testing H, : 6 € ©, vs.
H,: 0 €0, is given by

SUPgee L(6, %)

A

which is called a likelihood ratio test.

Clearly, the critical region is

C(x) ={x: A>k},

such that

rerelgicP(A >k)=a.
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Theorem 72 (Asymptotic Distribution of LR test). Let random sample {X;}”  has joint pdf
f(x,0), where 0 € ® ¢ R¥. Suppose that we would like to test the null hypothesis that

0, 0°
H,: 6.2 = 9.2
0, 0°

with the alternative hypothesis H, : H, is not true. Define

o l(6%) L)
SUPyeo, L(0,X) L(éo)’

Then under H,,
d 2
2logh — «;.

Proof. Proof is based on the asymptotic properties of MLEs. See page 228-229 in Ramanathan
(1993). O

8.4 Wald Test

Another popular test of 8 = 8, is the Wald test. Given that an MLE estimator 8 is asymptotically
normally distributed (see Theorem 70):

V(6 -8) -5 N(o,[2(8)]7),

where 2(0) = lim,,_ o @.
Then under H, : 6 = 6,,,

W = (6-6,)1(0)(0 - 6,),

A

_ -6y 1O ub-a,),

| S — n [ S

d d
N (0,2(60)]71) » z(é)(J)Hz\r(o,z(f)<))]“)
d 2
— Xr
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Chapter 9

The Bootstrap

9.1 The Empirical Distribution Function

Definition 56 (Empirical Distribution Function, EDF). Given a random sample {X;}? ~"i¢

F(x). The empirical distribution function F, is the CDF that puts mass + at each data point X;.

Formally,
Fo(x) = M
n
where
WX < x) = 1 if X; <x
T o ifXi>x
is an indicator function.
Clearly,
E(1(X;<x))=1-F(x)+o0-[1-F(x)] = F(x),
E((1(X;<x))*)=1"-F(x)+0>-[1- F(x)] = F(x),
and

Var(1(X; < x)) = E((1(Xi < x))*) = [E((X; < x))]* = F(x) - [F(x) ] = F(x)[1 - F(x)].

Hence, we have

_2in EQ(Xi<x)) _nF(x)

E[,(x)] - F(x),

and
nF(x)[1-F(x)] _F(x)[1-F(x)]

Var[£,(x)] = ni Y Var(1(X; < x)) = . - .

Furthermore, by WLLN,
By (x) 2 F(x).
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Finally, by CLT,

V(B (x) - F(x)) -5 N(o, F(x)[1 - F(x)]).

9.2 Monte Carlo Simulations

Monte Carlo simulation is an important computer-aided tool in econometrics. The word “simu-
lation” indicates that an artificial model of a real system is builded to study and understand the
system. The name “Monte Carlo” is referred to the randomness inherent in the analysis. The term
Monte Carlo Method was coined by S. Ulam and Nicholas Metropolis in reference to games of
chance, a popular attraction in Monte Carlo, Monaco. Many years ago, some gamblers studied
how they could maximize their chances of winning by using simulations to check the probability
of occurrence for each possible case. In summary, Monte Carlo simulation is a method of anal-
ysis based on artificially recreating a chance process (usually with a computer), running it many
times, and directly observing the results.

Let {x;}” be the data (observations) randomly drawn from a population distribution F. Let
T, = To(x,, ..., x,, 0) be astatistic of interest, where 0 is a parameter which is in general assumed
to represent the distribution, F. Thus, the exact distribution of T}, is

G,(7,F) = P(T, < 1|F).

Since F (or 0) is unknown, G, is in general unknown. Monte Carlo simulation uses numeri-
cal simulation to compute G,(7, F) for selected choices of F. The Monte Carlo simulation is
conducted as follows.

1. The researcher chooses 6 and sample size #n to construct a hypothetical data generating
process (DGP).

2. A random sample {x;}" is drawn from distribution F characterized by 0 using the com-
puter’s random number generater. (To be more precise, it should be called a “pseudo ran-
dom number generater” since the number generated is not truly random. However, mod-
ern pseudo random generators are accurate enough that we can ignore this fact.) The gen-
erator generates sequences of values that appear to be drawn from a specified probability
distribution.

3. Calculate the statistic T, = T,,(x7, ..., x}, 0) from the pseudo data.

4. Repeat steps 2 and 3 B times and store the results. Typically, B = 1000 or B = 5000. These
results constitute a random sample of size B from the distribution of T,,,, where T, denotes
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the experiment result in the b-th draw. We then have an empirical distribution function
(EDF):

! Zl(Tnb < T),

Gn(T) = E
b=1

where 1(+) is the indicator function.

The theoretical justification for using simulation is the Fundamental Theorem of Statistics
(FTS). According to FTS, the EDF of a set of independent drawings of a random variable gener-
ated by some DGP converges to the true CDF of the random variable under that DGP. That is,
since

Gu(1)=P(T,<7)=EQ(T,<71)),

by WLLN, for any 7 we have

Gu(7) = = Y 1(Twp < 7) > E((T, £ 7)) = G (7).

B
Eb=

1

A Remark on Simulation For a random number generator, we use a number called seed to
determine the probability space. For example, in GAUSS, we use

RNDSEED 123587;
In RATS, we use
SEED 123587
In R, we use
set.seed(123587)
When programming your own simulation, it is important to set up a seed such that the sim-

ulation results can be replicated.

9.2.1 Applications of Monte Carlo Simulations

The typical purpose of a Monte Carlo is to investigate the performance of a statistical procedure
such as an estimator or a test. The performance in general depends on sample size n and the
true data generating process F. For example, it is of interest to know the size and power of a par-
ticular test. Furthermore, we may use Monte carlo simulation to approximate the small-sample
distribution of a particular estimate, and then compute its standard error or confidence interval.

101



9.2.2 Example: Empirical Power and Size of a t-test

Consider a simple regression model
Y=o+ Bx;+ ey
When the sample is large, we know that the t-ratio is asymptotically N(o,1) distributed,

4, N(o,1).

__P_
SE(B)
under null hypothesis that H, : = o. In this example, we will investigate the empirical size and
empirical power of the t-statistic for the regression coefficient.

The DGP under H, is as follows:

Yr=25+¢€,

where e; is drawn from the t distribution with 3 degrees of freedom. On the other hand, the DGP
under H, is

Vi =2.5+Bx; + ey,

where x; ~ N(0,1). We consider f3 = 0.1, 0.5, 1.0 and —o.1, and then conduct the hypothesis test
of B = o under the 5% significance level.
Recall that the size is defined as

P(|t| >1.96 | H, is true),

while the power is defined as
P(|t| >1.96 | H, is true).

We can also compute the size-adjusted power. Using the DGP under null, we can find the critical
value (cv) t* so that
P(|t| > t* | H,) = 0.05.

Then the size-adjusted power is obtained by
P(|t| > t* | H)).

Table 9.1 reports the simulation results for different values of  with sample size 25. Number
of replications is set to be 1000. The empirical power is higher when the true parameter § is far
more from zero.

We can also investigate how sample size affects the empirical size and power of a test. Table
9.2 reports the case that under alternative hypothesis, = o0.1. Clearly, the power improves when
sample size gets larger.
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Table 9.1: Empirical Size and Power of the t-test

B Size Trues%cv(t*) Power Size-adjusted Power

0.1 0.060 2.045 0.082 0.067
0.5 0.060 2.045 0.648 0.615
1.0 0.060 2.045 0.993 0.991
-0.5 0.060 2.045 0.632 0.595

Table 9.2: Effects of Sample Size

Sample Size  Size  Trues% cv (t*) Power Size-adjusted Power

25 0.060 2.045 0.082 0.067
50 0.052 1.966 0.099 0.099
100 0.059 2.060 0.156 0.132
1000 0.059 2.005 0.900 0.889

9.3 Bootstrap

This technique was invented by Bradley Efron (1979, 1981, 1982) and further developed by Efron
and Tibshirani (1993). “Bootstrap” means that one available sample gives rise to many others by
resampling (a concept reminiscent of pulling yourself up by your own bootstrap). In general,
bootstrap is developed for inferential purposes (Efron, 1981, 1982).

Confidence intervals, hypothesis testing, and standard errors are all based on the idea of
the sampling distribution (or asymptotic distribution) of a statistic. In many settings, we have
no model for the population to construct exact sampling distribution. Furthermore, we cannot
obtain enough sample to ensure the large sample theory works (the small sample problem). The
bootstrap may help us out of these troubles. The idea of bootstrap is simple: use the one sample we
have as though it were the population, taking many resamples from it to construct the bootstrap
distribution. Then in statistical inference, use the bootstrap distribution in place of the sampling
distribution.

Before discussing what bootstrap is, let’s look at an example showing the poor performance
of asymptotic approximation.

An Example of the Poor Performance of Asymptotic Approximation Consider the following
regression model

{)’i, Xii»> Xai }?:1
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yi= ﬂo + xliﬂl + xziﬁz + e

( i ) ~N(o, L),

2i
e; ~N(0,3%),

and 3, =0, 3, =1, 8, = 0.5, n=300.
The parameter of interest is

Hence, the true value of 0 is 6, = 2.
We can estimate 6 by

According to Delta Method,

where

and V is the estimated variance-covariance matrix.

The exact distribution of #(8) can be calculated by simulation with 10000 replications. We
plot the exact distribution of #(#) accompany with the standard normal distribution in Figure
9.1. Clearly, there is a dramatic divergence between the exact and asymptotic distributions. The
exact distribution is skewed and not symmetric. The probability P(|t| > 1.96) = 0.084 = 8.4%,
which suggests an empirical size larger than 5%. That is, the asymptotic test over-reject in finite
sample. This simple simulation result presents that even the sample size is large (n = 300),
asymptotic approximation is poor. The bootstrap may rescue us.

9.4 Definition of the Bootstrap
Assume data {x;}" come from an unknown distribution function F. Let

Ty =Tu(x0..., %0, F)
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Figure 9.1: Distributions of #(8): Exact Distribution (solid line) and Asymptotic Distribution
(dashed line, N(0,1))
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be a statistic of interest. Note that in most cases the statistic is written as T,, = T,,(x,, ..., X,, 0),

where 60 is an unknown parameter. For example,

Since that the parameter 6 itself is a function of F, i.e., 6 = 8(F), it is clear that
Tw=Ty(x0....%0,0) = T(x1,..., %, 0(F)) = T(x,,...,x,, F).

Let
G,(7,F) = P(T, < 1|F)

be the exact distribution function of T, when the data are sampled from the distribution F.
Clearly, T, depends on {x;}" and 6, so its distribution depends on F and 6. But 68 = 6(F),
so G depends on F through two channels: {x;}” and 6. Since the distribution function of T,

depends on F, so does each moment of T,. For example, if T, = X,,, then Varz(X,) = “72, where
0= [(x—p)*dF(x)and y = [ xdF(x). Thus, the variance of T, is a function of F.

Remarks

o Ideally, inference would be based on exact sampling distribution, G, (7, F). This is gener-
ally impossible since F is unknown.

« Asymptotic inference is based on approximating G, (7, F) with G (7, F) = lim, ... G, (7, F).
When Go, (7, F) = Go(7) does not depend on F, we say that T, is asymptotically pivotal
and use the distribution function G,,(7) for inferential purposes. For example, the limit
distribution of many econometric statistics are N(0,1) or y?, which is independent of F or
6. In most applications, however, asymptotic pivotal statistics are not available. Moreover,
even if the asymptotic pivotal statistic is available, the asymptotic approximation may be
very poor as shown in the above example.

Efron (1979) proposed a different approximation: the bootstrap. The most attractive feature
of the bootstrap method is that it can be used even when T, is complicated to compute and
difficult to analyze. It is not necessary for T, to have a known asymptotic distribution.

It is proposed that first estimate F by a consistent estimate E,,, and then plug F, into G,,(, F)
to obtain

G, (1) = Gu(7, Fy)
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as an estimate of G, (7, F). We call G} (1) the bootstrap distribution, and the bootstrap inference
is based on G (7).

Recall that F(x) = P(X; < x) = E(1(X; < x)), where 1(+) is the indicator function. There-
fore, according to analogy principle, a natural choice of F,, is the empirical distribution function
(EDF):

n
A

F,(x) = % Y (X < x).

By the WLLN, for any x,
Fu(x) = F(x),

a consistent estimator.

Hence, under some conditions, we have
lim G} (1) = G,(1, F)
n—o00

and
lim G (1) = Goo (1, F)

That is, the bootstrap distribution function, G (1) is close to the finite sampling distribution of
T.: G, (7, F) when n is large. Since we know that the asymptotic distribution of T}, is G (7, F) =
lim, .. G,(7, F), the bootstrap distribution function, G;(7) is also close to the asymptotic dis-
tribution of T,,: Goo (7, F) when # is large.

Here, we have used a very sloppy notations and descriptions to give you some ideas about
the consistency of the bootstrap. For rigorous treatments, see Horowitz (2001). Although some
unusual conditions may cause inconsistency, Horowitz (2001) suggests that the bootstrap is con-
sistent in most applications in econometric practice.

Again, use T, = X,, as an example, and suppose that we are interested in Varg(T,). The
bootstrap idea has two steps:

Step 1: Estimate Vary(T,) with Var, (T,).

Step 2: Approximate Vary (T,) using Monte Carlo simulation.

9.5 Nonparametric Bootstrap
Efron (1979) proposed a Monte Carlo simulation to approximate G. The procedure is as follows.

Step 1: Draw a bootstrap sample {x}}”  from {x;}” with replacement. Note that the
bootstrap sample will necessarily have some ties and missions.
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Step 2: The bootstrap statistic T = T,(x;,...,x;, F,) is calculated for each bootstrap
sample. When the statistic T}, is a function of F, it is typically through dependence on a
parameter, 6. Hence, we have the bootstrap statistic T = T,(x,...,x;},0,). Typically,
0,=0.

Step 3: Repeat Steps 1 and 2 B times and yield B values of T,: {T};,..., T,;}. Thus, the
EDF of T, is

B

A* 1 *
Gi(7) = 3 Y (T, < 7).
b=1

As B - oo,
Gi(1) 5 Gi(x).

It is desirable for B to be large, for instance, B = 1000 or B = 5000.

Tips for Nonparametric Bootstrap Here is a practical guide to conduct resampling from {x,, x,, . .., X, }.
1. First, we draw n random numbers v’s from the uniform distribution, U[o,1].

2. For each v;, compute
round(v; xn) if v; # o,
K; = .
1 if v;=o.

Where round is an operator to round to the next integer. Clearly, «; € [1, n].
3. Pick up the bootstrap sample x as the x;-th x;.
For example, suppose n = 10 and v; are
0.631, 0.277, 0.745, 0.202, 0.914, 0.136, 0.851, 0.878, 0.120, 0.00

Then «; will be
7> 3 8 3 10, 2, 9, 9, 2, 1

Therefore, the bootstrap sample is
{x7) x3) X8> x3> X105 X35 x9) xg) X5 xl}

Clearly, as claimed above, the bootstrap sample will necessarily have some ties (such as x,, x; and
X,) and missions (such as x,, x; and x).
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Bootstrapping in Different Statistical Softwares In GAUSS, you need to write your own boot-
strapping program following the procedure mentioned above. For RATS, an instruction called
BOOT is available. STATA provides a more sophisticated command: bootstrap.

Example 36 (R Code for Non-Parametric Bootstrap).

set.seed(567812)

# 1.1.D. standard normal random variables
X = rnorm(10,0,1)

X

# Bootstrap resampling

Xstar = sample(X,replace=T)
Xstar

9.6 Bootstrap Bias and Standard Error

9.6.1 Bootstrap Estimation of Bias

The bias of 8 is
w, = E(0 - 0).

Let T,,(0) = 6 — 6, then bias can be rewritten as
w, = E[T,(8)] = f dG, (1, F).
The bootstrap counterpart are

0% = 0(xr,...,x3),

n

and
The bootstrap bias is

and the simulation estimate of w} is

1 B, . N
:E;(GZ_G)

1 B, . N
(520)-
5 b
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Given 0 is biased, the unbiased estimator of 68 would be

H:é—wm

so that E(0) = E(8) - E(0) + 0 = 0. The unbiased bootstrap estimator would be

0" =0-ar
-0-(6-0)
=20 - 0~

9.6.2 Bootstrap Estimation of Variance (Standard Error)

Let T, = 0, then variance is

A

V, = Var(6)
= Var(T,)
=E(T,-E[T,])".
Let T = §*, then its variance is
V. = E(T, - E(T;))*

The simulation estimate of V' is

A bootstrap standard error is \/V*.

Early work on the application of bootstrap methods merely consisted of using the bootstrap
distribution to get standard errors. But as commented by Bruce Hansen:

While this standard error may be calculated and reported, it is not clear if it is useful.
The primary use of asymptotic standard errors is to construct asymptotic confidence
intervals, which are based on the asymptotic normal approximation to the t-ratio.
However, the use of the bootstrap presumes that such asymptotic approximations
might be poor, in which case the normal approximation is suspected. It appears
superior to calculate bootstrap confidence intervals.

Hence, it seems make little sense to purely replace the asymptotic standard errors with bootstrap
standard errors. However, when constructing bootstrap p-values, we still need to compute the
bootstrap standard errors first.
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9.7 Bootstrap Confidence Interval

9.7.1 Percentile Intervals

Suppose that G, (7, F) is the distribution function of T,. Let g,(«, F) be its quantile function
such that
« =G,(qu(a, F),F).

Let
gn(a) = qn(‘x’Fn)

denote the quantile function of the bootstrap distribution. Given T, = 6 be the estimate of a
parameter of interest. In 100 - (1 — a)% CI of sample, 0 is covered by the region

() (5]

This motivates a confidence interval for 6 proposed by Efron

er-[i(2). (- )}

This is often called the percentile confidence interval. The simulation estimate of CI is

—% ax [ & Ax [0
e[ (2). o))

where §; (+) is the sample quantile of the bootstrap statistics {T;;,, ..., T3 }. That is, we simu-
late {T},..., T,;}, then sort them in ascending order. Finally, find the Ba-th T, as the quantile
q: (). The interval CI is a popular bootstrap confidence interval often used in empirical practice.

Remarks on Percentile Intervals
« For instance, with 1000 replications, a 95% interval is obtained by the 25th and 975th T,.

« Advantages

1. Easy to compute.

2. Does not require S()

« Disadvantages:

1. It may perform poorly when 6 does not have symmetric distribution.
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9.7.2 Percentile-t Equal-tailed Intervals

Let

A

T,(0) = ——.

Since

an exact 100 * (1 — ) confidence interval for 6, would be
|6-5@)a,(1-2). 8-s@®an(2))].

2 2

This motivates a bootstrap analog
o - [0-s@)a: (- 5). 0-s@a(5))-

where g (+) is the sample quantile of the bootstrap statistics { T}, ..., T3}, where

b0

"S(67)

This is often called a percentile-t confidence interval. Note that unless the distribution of the T}
happens to be symmetric around the origin, this will not be a symmetric interval.

9.8 Bootstrap P-values (Hypothesis Testing)

9.8.1 One-sided Tests

Suppose we want to test H, : 0 = 0, against H, : 0 < 0, at significance level a. Let

_0-0
S(6)

n

be the test statistic of interest. We first simulate the bootstrap distribution of




where S(6*) is the bootstrap standard error. We then find the bootstrap critical value g% (1 — a)
such that

P(T; > g}(1-a)) = a,

and reject H, if T,,(6,) > q: (1 - ).
On the other hand, we may compute the bootstrap p-value:

B

p*= 5 (T > T(60o):

b=1
9.8.2 Two-sided Tests
Suppose we want to test H, : 0 = 0, against H, : 0 # 0, at significance level a. Let

_0-0
S(6)

n

be the test statistic of interest. Again, simulate the bootstrap distribution of

Sort |T | and find 100 - (1 — «)% quantile, g; (1 - «). Reject H, if
| Ta(00)] > g, (1 - ).

The bootstrap p-value is:

LS (T > | Ta(6,)]).

p :Ebil

Remarks

 Note that the bootstrap test statistic T, is centered at the estimate 0, and the standard
error, $(6*) is calculated on the bootstrap sample. That is, T = (6* — 8)/S(6*) but NOT
(6% = 0,)/S(6*) or (6* - 0)/S(6).
The guideline is proposed by Hall and Wilson (1991) and is often referred to as the Hall

and Wilson rule. As suggested by Hansen (2006), he states “[w]hen in doubt use 6” He
also emphasizes that using 6, rather than @ is a “typical mistake made by practitioners”

However, as indicated in Maddala and Kim (1998), the guideline has been violated in
econometric practice (particularly in time-series econometrics) BUT with good reasons.
We will talk about this later.
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o The bootstrap tests are invariant to strictly monotonic transformation of the test statistic.
If T, is a test statistic, and g(T,) is a strictly monotonic function of it, then a bootstrap
based on g(T,) will yield exactly the same inferences as a bootstrap test based on T,,. The
reason for this is simple. The position of T, (0, ) in the sorted list of T* is exactly the same
as the position of g( T, (6,)) in the sorted list of g( T, ).

9.9 Bootstrap Methods for Regression Models
Consider the following regression model:

Ve = ﬁxt + &
& idd. (0’0,2).

Suppose that we are interested in testing H, : 8 = ..

We can of course use nonparametric bootstrap to sample (y, x) pairs from data randomly
with replacement. It is fully nonparametric, and works in nearly any context without imposing
any condition. However, it may be ineflicient in contexts where more is known about F. For
instance, the regression model considered above.

Therefore, we turn to another bootstrap method, which is typically called residual bootstrap.
The procedure is as follows.

« Step 1: Estimate the regression model and obtain estimator, [3 and ¢. Then get the residuals

E={&,...,€r}.
o Step 2: Get bootstrap residuals, ¢* from {¢,, ..., ér} by EITHER

- nonparametric method: randomly sample from {¢,, ..., €7} with replacement, OR

- parametric method: Generate bootstrap residuals ¢* from a parametric distribution,
such as ¢ ~ N(o,6?).

o Step 3: The bootstrap sample of regressor, x; can be generated by (1) nonparametric boot-
strap, (2) parametric bootstrap or simply (3) x; = x;.

o Step 4: Consider two sampling schemes for the generation of the bootstrap samples

R *
St oyf = Bxf +¢f
. * * *
S, yi = Boxi + ¢

Both use ¢* but they differ the way y; is generated.
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o Step 5: Consider two t-statistics

T,: T, - B A—/;’
S(6%)

T2: Tn — ﬁ* _Aﬁo
S(6*)

Four different combinations [S,,S,] x [T,, T,] can be applied. Note that if the regressor in-

clude lagged dependent variables, for instance,

Ve =By + &

the bootstrap DGP is implemented recursively, so that y; depends on its own lagged values.

You may use the unconditional mean, the pre-sample value or drawings from the unconditional

distribution of y, as the starting value. In practice, we may generate T + R bootstrap sample and

then discard the first R observation to avoid the effects of initial values. Typically, R = 50.

Remarks

1.

Clearly, S, x T, is consistent with the Hall and Wilson rule.

VanGiersbergen and Kiviet (1993) suggest, on the basis of a Monte Carlo study of an AR(1)
model, the use of S, x T, is better than the use of S, x T, in finite sample. However, the
limiting distributions of T, under S, and T, under S, are identical even with dynamic
models. Finally, they suggest that S, x T, or S, x T, should not be used. That is the reason
in most applications of Time-series econometrics, we do not follow the Hall and Wilson

rule.

. It is advisable to rescale the residuals so that they have correct variance:

()
t — T—k te

Then the bootstrap &* is resampled from &.

Itis clear that a residual bootstrap with nonparametric method in Step 2 is a semi-parametric
bootstrap. However, in practice, if nonparametric method is used in Step 2, it is generally
called the nonparametric bootstrap. On the other hand, if parametric method is used in
Step 2, it is clearly a parametric bootstrap.

. Finally, in Step 1, we obtain the unrestricted residuals ¢ from unrestricted estimation. How-

ever, MacKinnon (2006) has shown that in AR(1) model with high persistency (AR coef-
ficient is equal to 0.9), using restricted residuals & from restricted estimation that impose
the restrictions of the null hypothesis works extremely well in small sample. If sample size
is large, it seems to make little difference which residuals we use.
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9.10 Some Final Remarks on the Bootstrap

1. In section 9.9, we have shown how to use residual bootstrap to implement bootstrap for
dependent data (time-series data). The major other way of bootstrapping dependent pro-
cesses is to divide the data sequence into blocks, and resample the blocks rather than indi-
vidual data values. This approach is called block bootstrap.

2. In most cases, bootstrap tests work better than the asymptotic tests. However, here are
situations in which bootstrap tests perform badly.

(a) Underlying residuals are serially correlated.
(b) Underlying residuals are heteroskedastic.

(c) Simultaneous equation models.

3. For some more surveys of the bootstrap method, see MacKinnon (2002) and MacKinnon
(2006).
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Chapter 10

Stochastic Process

10.1 Stochastic Process

Definition 57. A stochastic process is a sequence of random variables
{X(t), teT},

where T is called the index set for the process.

In many applications involving stochastic process, the index ¢ is thought of as time. If the
index for the random variables is interpreted as representing time, the stochastic process is called
a time series.

For a fixed t, the random variable X(¢) has its own distribution. The outcome X(t) = x is
called the state of the stochastic process, and the state is an element of what is termed the state
space, S. The state space could be either countable or uncountable.

If the distribution is unchanged over time, the time series is said to be stationary (a formal
definition will be given later).

If the set T is countable (¢ = o, +1, +2, +3,...), X(t) is called a discrete time series. If the set
T is uncountable (—oo < t < 00), it is called a continuous time series. Generally, we use X, rather
than X () to denote a discrete time series so that the notation alone can often help describe a
key feature of the process.

Definition 58 (Joint Distribution). Given a stochastic process { X, }7_ . The joint density is

F(xn %o, %0) = f(Xn]%0 % oo Xnmy) f (X X0s Xa oy Xma ) f (53] %0, %5 ) (%4 %,) f (1),
[T/ Gelpast).

Definition 59 (Strictly Stationary Process). A stochastic process { X} is said to be strictly sta-
tionary if the joint distribution of (X;, X;_,,..., X, &) is independent of ¢ for all k.
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For instance, the joint distribution of (X, X,) is the same as that of (X,,, X;). Moreover, if
{X,} is strictly stationary, so is { f(X,) }, where f(-) is continuous.

Definition 6o (Weakly Stationary Process). A stochastic process { X, } is said to be weakly sta-
tionary (or covariance stationary) if

1. E(X?) < 0.

2. E(X,) = p is independent of t.

3. Cov(X;, X;—x) = y(k) is independent of ¢ for all k.
Where y(k) is called the autocovariance function.

Note that

1. y(o) = Cov(X;, X;) = Var(X;).

2. y(k) = y(-k) if {X,} is weakly stationary.

We can present some examples of stochastic processes. A very important class of weakly
stationary process is a white noise process, a process with zero mean and no serial correlation.

Definition 61 (White Noise Process). A weakly stationary process {X,} is called a white noise

process if
E(Xt) =0,

Cov(X;, X;x) =o for k +o.
Moreover, a special case of a white noise process is defined below.
Definition 62 (Independent White Noise Process). If {X,} is a i.i.d. random sequence with
E(X;) =o,
Var(X;) < oo,
then it is called an independent white noise process.

Definition 63 (Random Walk). Let X,, X, ..., be i.i.d. random variables with E(X;) = o and
E(X?) < 00. Define S, = 0 and S, = ¥.i_, X; for t > 1. The the stochastic process {S;} is called a

random walk.

Note that a random walk process can be represented as

Stia =S¢+ Xy
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10.2 Martingales
Definition 64 (Martingales). A stochastic process { X} is called a martingale if
E(Xen Xt Xeos ., X,) = Xo
Here is a theorem that is helpful in time-series forecasting and macroeconomic theory.
Theorem 73. If a stochastic process { X, } is a martingale and let I, = {X;, X, ,,..., X, }, then
E(Xi|I;) = X;.
Proof. Since {X,} is a martingale,

E(Xt+k|1t+k—1) = E(Xt+k| X1> X2) s ,Xt’ Xt+1> Xt+2> ce )Xt+k—1) = Xt+k—1-

Z, z

That is
E(Xt+k|Z1: Zz) = Xisk-1

Take a condition expectation (conditional on Z,) on both sides,
E[E(X¢4k|Z,, Z,)|Z,] = E[X11k-0|Z1).

Since by SCSWR (see Theorem 13), the left hand side of the above equation is
E[E(Xe4k|Z,, Z,)|Z,] = E(X11i|Z,),

we thus have
E(Xt+k|Z1) = E(Xt+k—1|Z1)-

Using the same argument, we can obtain
E(Xt+k—1|Zl) = E(Xt+k—z|Zl),
and so on and so forth. Therefore,
E(Xt+k|Zl) = E(Xt+1|Z1),

or
E(Xt+k|X1)X2) L )Xt) = E(Xt+1|X1)X2) cee )Xt) = Xt'

Where the second equality comes from the fact that { X, } is a martingale.
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Definition 65 (Martingale Difference Sequences, MDS). A sequence {Y;} is said to be a mar-
tingale difference sequence if
E(Yt+1|Y1> Yz: cee Yt) = 0.

Clearly, if {Y;} is a MDS, then for all j > 1,
E(Yt|th_1) = E[E(Yt|Yt,1, th2> ey Yv1)|Yt,]:| = E[O|Yt71:| = 0.

Hence,
E(Y,) = E[E(Y,|Y,-)] = o.

Moreover,

COV(Yt> Yt—k) = E(Yth—k)s
= E[E(Yth—k|Yt—k)],
= E[Yt—kE(Yt|Yt—k)])
=E[Y, x-0]=o0.
You should try to show the following two properties:

1. If Y, is a martingale, then AY; is a MDS.

2. If X, is a MDS, then
t
Yi=>Xi=X,+ X, ++ X,

i=1

is a martingale.

10.3 Markov Process

Definition 66 (Markov Chain). Let X; be a random variable that can assume only an integer
value with state space, S = {1,2,..., N}. A (time-homogeneous) Markov chain is a discrete time
and discrete state stochastic process {X;, t = 0,1, 2, ...} which satisfies the condition of one-step
Markov dependence. Namely,

P(X,=jlXim=i,Xin=k,...,Xo =m) = P(X; = j|X;-, = i),
forall t >1and all {j,i,k,...,m} € S. Moreover, we require that
P(X, = jlXi = i) = P(X, = j|X, = i)
for all t and all states i, j € S.
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That is, a Markov chain moves to a future state with probabilities depending only on the
current state. Information on states prior to the current state do not alter the probabilities. And
the condition that P(X; = j|X,_, = i) = P(X, = j|X, = i) is called a time-homogeneous condition.
We will omit the term “time-homogeneous” without confusion that all of the Markov chains
considered in this lecture note are time-homogeneous.

Moreover, the conditional probability P(X, = j|X,_, = i) is called the transition probability.
and typically denoted as p;;. Note that

Py+pint+--+pin=1

The transition probabilities p;; are often arranged in an (N x N) square matrix P known as the
transition matrix of the Markov chain:

Pn Pu PlN

P- P.u pzz e pzN

Pn1 PN2 0 DPNN

Note that in the transition matrix, the sum of each row must equal one and all entries are non-
negative. Moreover, a state j is absorbing if p;; = 1. Finally, for a Markov chain, the joint pdf of
{X,, X, ..., X,} can be simplified to

F(xoxas oo xn) = f(Xulxn) f(naa|n2 )+ f (x5]22) £ (o0a]0) f (30).

Theorem 74 (Chapman-Kolmogorov I). Let {X;, t = 0,1,2,...} be a Markov chain with state
space S and define p\"" = P(X,, = j|X,, = i) for n > mand i, j € S. Then

i
P =Y e p

keS

for m <r < n.

Proof. By law of total probability,

P < P, = X =)

=Y P(Xy=j X, = k|X,u = ).
keS
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But

Y P(X,=j, X, =k|X, =)

keS
5 P(Xy=j, X, =k, Xpn=1)
keS P(Xm - Z)
P(X,=j, X, =k, Xp=1) P(X, =k, X, = i)

:kze.:g P(Xr:ksszi) P(szl)
= Y P(Xy = jIX, = k, Xpn = 1)P(X, = k| X,y = i)
keS
= Y P(X, = j|X, = k)P(X, = k|X,, = i)
keS
=S ol Pl
keS
= > el
keS

We now define the n-step transition probability as

P = P = p(Xiew = jlX, = i),

(m)

and the matrix with p;;” as P("). Then the Chapman-Kolmogorov Theorem I can be restated as

the following theorem.

Theorem 75 (Chapman-Kolmogorov II). Let {X;, t = 0,1,2,...} be a Markov chain with state
space S and define pgf) =P(Xy,=jlX,=1i)fori,jeS. Then

(a+b) _ (a) ,(b)
pl]+ szk Pk] ’

keS
Proof. Simplysetm =o,r=a,andn=a+b. [

According to Chapman-Kolmogorov II, it is nothing more than the equation for matrix mul-
tiplication. That is, Chapman-Kolmogorov II implies that

pla+d) — p(a)p(o)

Theorem 76. Given the n-step transition matrix P("), we have
p(" = p",
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Proof. By definition, P() = P. Using Chapman-Kolmogorov II, we have
PG = pOpM) - pp = P2,

and

PG = p@p0) = p2p = P3.
Continuing this way, it can be shown that

p( = pn,

Let p, = [un(1), 4n(2),..., un(N)] be a row vector where

pn(i) = P(X, = i)

is the marginal probability that the chain is in state i at time #n. Then

[’ln(i) = P(Xn = i)’
= ZP(Xn =i, X, =),

= 2 P(X = X, = DP(X, = 1),
= pr")P(X

= Zyc,( >p<">.

That is,
tn = thoP".
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10.4 Continuous-Time Stochastic Process

Definition 67 (Winer Process). W(r) : r € [0,1] — R, a continuous-time stochastic process
is called a Winer process or standard Brownian Motion process if the process has the following

properties
1. W(o) =o.
2. W(r) ~ N(o,r).

3. Foro<r <r,<.---<ry <1,

W(r,) - W(o) 0 o0 e 0
W 2) — W 1 2 Iy E
-we) |l o || ner |
: : : (0]
W(ry) - W(re,) o} 0 0 Tk— Tk,

that is, W(r) has independent increments.

10.5 Asymptotic Theory for Stochastic Process

Definition 68 (Ergodicity). A stationary time series is ergodic if

y(k) — 0 as k — o0

Theorem 77 (Ergodic Theorem). If X, is strictly stationary and ergodic, and E(X;) < oo, then

as T — oo,

i 2L B(X,),

§(k) = y(k)

Theorem 78 (MDS-CLT). If ¢, is a strictly stationary and ergodic MDS and E(¢g€}) = Q < oo,

thenas T — oo,

M'ﬁ

N(o0,Q)

~
II
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Theorem 79 (Functional CLT). Define a partial sum process
(17]
Sr(r) = Z U,
t=1
where u, ~4- (0,0?), and [ Tr] denotes the largest integer that is less than or equal to Tr, r €

[0,1].
Then for any r,
1

o/T

Note that when r = 1, we have the conventional CLT

T
1 1

Sr(1) = U,

Oy PIL

Z[”t

T

Sr(r) -5 W(r).

W(1) = N(o,1).

|=

~Q
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Chapter 11

Mathematical Appendix

11.1  Gaussian Integral

Theorem 8o (Gaussian Integral). The following integral

/oo e dx = /7,

oo

is called the Gaussian integral.

Proof. Let

I:f e dx

I = (/oo e"‘zdx) = (fooe‘xzdx) (fooe_yzdy)
:/oofooe—(x2+y2)dxd

Let y = rcos 6 and x = rsin 0, then since x> + y* = r2, and

Hence,

3y 9 :
< Z cosf -rsinf

] = ar a = = N
X X :
a9 20 sin 6 rcos 0

we have

27T [ee) o0
IZ:f / 6_r2rdrd0:2ﬂf e " rdr

= 271[ iesds (lets =7)

o0
zn/ e *ds
[e]

-nle”]> =m
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That is,
I= [ e dx=\n

11.2 Gamma Function

Definition 69 (Gamma Function). For every a > o, the Gamma function I'(«) is defined by

[(a) = [oox“’le’xdx

The Gamma function has the following properties.

Theorem 81.
. (1) =1
()=

.T(a+1)=al(a) fora>1

=

(8]

. T'(n) = (n—1)! for every positive integer n

N

T xeedx = (%)“ [(a)fora>o0and &> o0

i

Proof.

1. By definition,

I(1)= /oo e ¥dx=—-e ] =1

2. By Gaussian Integral in Theorem 8o.

F(a+1) =/oox“e‘xdx
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Let u = x*, v = —e™*, then dv = e"*dx. By integral by parts,

(o +1) :fooudv
= uv]> - foovdu
= x%(—e™)]> - [oo—e"cxx””dx

[ee]
= —x%e |7 + oc/ x“ e *dx
o

=o+al(a)
=al(a).
Where —x%¢~*]"° = o comes from:
xa e%logx
lim [—] = lim
X—00 ex X—>00 ex
= lim [e(xlogx—x]
X—>00

= lim [ex[“bfx_l]]

X—>00

According to UHopital’s Rule,

log x 1
lim 08X _ limZ*=o0
X—>00 x X—>00 1
Therefore,
log x
lim [(x & —1] =-1
X—00 x
and
logx
lim [ex[“ x 1]] =0
X—>00

4. Accordingly,
T(n)=(n-1)I(n-1)=(n-1)(n-2)[(n-2)

=(n-1)(n-2)-1I(1)

=(n-1)!

5. For £> o, let y = &x, then dy = &dx, and
Doxafle*fxdx — [00 (Z)‘X_1 e’ (1) d
! o \& g)"
:é‘—a/ yoc—1e—ydy

(o
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Chapter 12

Some Miscellaneous Topics

12.1 Q& A from Cross Validated

12.1.1  What does it mean for a moment generating function to exist in a

neighborhood of 0?

The idea is that the MGF is a Laplace transform, and in this case it requires that your (continuous)
probability density f(x) decreases at least exponentially fast for large x, i.e., e*f(x) — o for
x — oo. This can be somewhat weakened but the main idea survives.

Anyways, it’s usually the case that if ¢ is too large, this becomes false. So for example if

f(x)=2e

then the MGF exists (i.e., is finite), for ¢ € [0,2). Aslong as f(t) is a density, everything is fine
for t < o but it turns out ¢ > o contains a wealth more of information. In general, saying that
the MGF exists in a neighborhood of o means that there is some h > o such that your MGF is
finite for all ¢ € [0, h). Once your MGF exists, by abstract nonsense it corresponds to a unique
distribution (your f(x)) and you can exploit all of it’s nice properties, for example use it to bound
probabilities. In similar vein to characteristic functions (i.e., fourier transforms), the regularity
of your MGF near t = o is intimately connected to the rate of decay of your density f(x) as
x — oo, an example of which you can see in the last link.

Perhaps more familiar to you, derivatives of the MGEF, evaluated at t = o give you back the
moments of your distribution, so perhaps you can believe why you really only need to know what
your MGF looks likes near ¢ = o to extract almost everything about your random variable.
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12.1.2 Compute the expected value using the MGF for uniform distribution.

The MGF of a U(/, h) random variable is

eht _ elt

M) = o

Hence,

MX(t):h—l t

1 h>—12 W3-
:h—l((h_l)+ 7 t+ i t+---)

1 ((1+ht+%+~-)(1+lt+%+-~))

Differentiate the series term by term, then set t = o,

1 hz—lz_h+l
-1 2 2
-1 -]

3! 3

M'(0) = -

M"(0) =2
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Chapter 13

Answers to Exercises

1L (NEL Ar) = UL, A

(a) First we would like to prove that

() =(2%)

Suppose not,

Since x¢(UA§<)
k=1
=x¢A] and x¢ A5 and - and x¢ A

=>x¢€A, and x€A, and -+ and x¢cA,

n
= X € ﬂAk
k=1

[
n
=x¢ (ﬂ Ak) contradiction
k=1

(b) We then prove that

Suppose not,



Since x ¢ (ﬁ Aﬁ()

k=1
=x¢A] or x¢A or - or x¢A
=x€A, or x€A, or - or x€A,
n
:erAk
k=1

c
n
= x ¢ (U Ak) contradiction
k=1

From (a) and (b), we have (N}_, Ax)" = Uj_, A°.
2. (UZ:lAk)C = mZ:l Aic

(a) First we prove that

Suppose not,

Since x ¢ () A5

k=1
=x¢A] or x¢A or - or x¢A
=x€A, or xeA, or - or x€A,
n
=>erAk
k=1

Cc

n

= x ¢ (U Ak) contradiction
k=1

(b) We then prove that

Suppose not,



Since x ¢ (LnJAk)

k=1
n
:erAk
k=1
=x€cA, or x€A, or - or x€A,
=x¢A] or x¢A or - or x¢A

n
= x ¢ [|AS contradiction
k=1

From (a) and (b), we have (U}_, Ax) = Nj_, AS.
See Pages 4-5 in Roussas (2002) for an alternative proof.

2 1. Checkif F(x) is indeed a CDE.

(a) F(x)>o0,VxeR.
(b) F(00) = pliceso} + (1= p)P(00) = p+(1-p) =1,and F(-o0) = o.
(c) F(x) is increasing.

(d) F(x) is right continuous.
2. Plot F(x). See Figure 13.1.
3. Find out the pdf f(x).

d
f(x)= %F(x),
= P%I{xm} +(1- P)%CD(X),

= p8(x) + (1= p)¢(x),

where §(x) =0 if x # 0; §(x) = o0 if x = 0.

3
P(X<x|X>a)= P();(S;’;ii a)
_Pa<X<x)
P(X>a)
o) if x<a,
B { %(Fa()a) if x>a.
Therefore,

d o} if x<a,
gx|xza(X) = EP(X <x|X>a)= { ()

o i x>a '
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Figure 13.1: Mixed Distribution

p-1{x = 0}

P i p-1{x > 0}

0

(1-p)PE)

=

F) =p-1{x=0}+ (1 -p)PKx)




