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Abstract. — We prove that every compact Kidhler manifold of dimension 3 has arbitrarily small deformations to
some projective manifolds, thereby solving the Kodaira problem in dimension 3. More generally, we show that every
compact complex threefold in the Fujiki class € with at worst rational singularities admits algebraic approximations.
This implies Peternell’s conjecture on the existence of algebraic approximations of minimal compact Kéhler varieties
in dimension 3.

1 Introduction

1.1 The Kodaira problem in dimension 3

Let X be a compact Kédhler manifold. An algebraic approximation of X is a deformation 2~ — A of X over a
complex analytic space A such that up to shrinking A, the subset parameterizing projective manifolds in
this family is dense in A for the Euclidean topology. The so-called Kodaira problem asks whether a compact
Kéhler manifold in general admits an algebraic approximation. While Kodaira proved that compact
Kéhler surfaces always have algebraic approximations in the early 1960s [38, Theorem 16.1], starting from
dimension 4 there exist compact Kdhler manifolds in each dimension for which the Kodaira problem has a
negative answer. Such examples were first constructed by Voisin [63], and her examples even show that
there exist compact Kédhler manifolds which do not have the homotopy type of a projective manifold. See

also [50, Proposition 5.3] for other examples constructed by Oguiso, as well as [64, 65] for further results.

The aim of this article is to answer in the affirmative the Kodaira problem in dimension 3, which has
been an open problem since the work of Kodaira and Voisin mentioned above. Together with their work,

this completes the study of the Kodaira problem in terms of the dimension of the manifolds.

Theorem 1.1. — Every compact Kihler manifold of dimension 3 has an algebraic approximation.

So far, non-trivial examples of compact Kdhler manifolds admitting algebraic approximations can be
found in 38, 6, 57, 10, 27, 12, 43, 14, 42, 13] and the list is rather exhaustive at present. Obviously, a positive
answer to the Kodaira problem for a compact Kahler manifold X implies that invariants of X that are
preserved under small deformations (such as the fundamental group and the Hodge diamond) can be

realized by projective manifolds. Immediate corollaries of Theorem 1.1 of this sort are left to the readers.
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The existence of algebraic approximations holds more generally (and naturally) for threefolds in the
Fujiki class ¢ with rational singularities, which we formulate now as the main theorem of the article. By
definition, a compact complex variety" X is in the Fujiki class % if it is meromorphically dominated by a
compact Kdhler manifold. Thanks to [22, Lemma 4.6.1] and [59, Théoréme 3], a compact complex variety
X is in the Fujiki class % if and only if there exist a compact Kihler manifold X and a bimeromorphic

morphism X — X.
Algebraic approximations of compact complex varieties are defined as follows.

Definition 1.2 (Algebraic approximation). — Let X be a compact complex variety. An algebraic approxi-
mation of X is a (flat) deformationIT: 2" — A of X over a complex analytic space A such that up to shrinking

A, the subset of points of A parameterizing Moishezon varieties is dense for the Euclidean topology.

The main result that we prove in this article is the following.

Theorem 1.3. — Every compact complex threefold in the Fujiki class € with at worst rational singularities has an

algebraic approximation.

Applying Moishezon’s criterion for varieties with rational singularities due to Namikawa [49, Theorem

1.6], Theorem 1.3 has the following immediate corollary, which contains in particular Theorem 1.1.

Corollary 1.4. — Every compact Kihler threefold X with at worst rational singularities has a deformation 2" — A

such that the subset of points of A parameterizing projective varieties is dense for the Euclidean topology.

We have mentioned that there exist compact Kdhler manifolds which do not admit any algebraic
approximation. So far all known examples are constructed as the blow-ups of some manifolds, which are
therefore not minimal. For minimal varieties, Peternell formulated the following conjecture (see e.g. [27,

Conjecture 1.2]), which is still wide open.

Conjecture 1.5 (Peternell). — Every minimal compact Kihler variety has an algebraic approximation.

In dimension 2, since minimal surfaces are smooth, Conjecture 1.5 is covered by Kodaira’s theorem [38,
Theorem 16.1]. In general, minimal varieties are singular, but they only have terminal (and therefore

rational) singularities. Thus in dimension 3, Conjecture 1.5 is covered by Corollary 1.4.

Corollary 1.6. — Conjecture 1.5 holds in dimension 3.

Let X be a compact complex threefold as in Theorem 1.3. Our approach of constructing algebraic
approximations of X consists of two steps. First we find a simpler bimeromorphic model X --» X’ of X,
then we construct an algebraic approximation 2" — A of X’ with some locally trivial properties, allowing
it to induce an algebraic approximation of X (see §1.2 for a presentation of the strategy). In view of this
approach, as being Kéahler is not invariant under bimeromorphic modifications, this is the reason why

Theorem 1.3 is considered more natural than Theorem 1.1.

(DWe refer to §2.1 for the convention of complex varieties we work with in this article.
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In the remainder of the introduction, we provide an overview of the proof of Theorem 1.3 and formulate

the intermediate results leading to it.

1.2 A general approach proving the existence of algebraic approximations

Given a compact complex variety X, one way to prove that X has an algebraic approximation is to find
a (simpler) bimeromorphic model v : X --» X’ of X together with an algebraic approximation 2 — A of
X’ which induces a deformation of v. Note that in general, it is not enough if we only prove that X’ has
an algebraic approximation, because asking a deformation IT: 2"/ — A of X’ to induce deformations of
X usually imposes non-trivial restrictions on Il. For instance, if v : X — X’ is the blow-up of X" along a
submanifold Y ¢ X’, then a necessary condition for I1: 2 — A to induce a deformation of X is that the

submanifold Y is preserved along the deformation IT[39].

On the other hand, we observe as in [42] that if Y C X’ is a subvariety such that v&l,\y is biholomorphic
onto its image, then to prove that IT : 2 — A is a deformation of X" which induces deformations of
v: X --» X', it suffices to show that there exists a neighborhood U C X’ of Y which deforms trivially along
A. If such a neighborhood exists, we will call 2" — A a Y-locally trivial deformation (see Definition 2.1).

This leads to the following proposition, which we will prove in §2.3.

Proposition 1.7. — Let X’ be a normal compact complex variety and let X be a compact complex variety with
at worst rational singularities which is bimeromorphic to X’'. Assume that X’ has a Y-locally trivial algebraic

approximation for every subvariety Y C X’ satisfying dim Y < dim X’ — 2. Then X has an algebraic approximation.

Thus finding an algebraic approximation of X is transformed into the problem of finding:

e anormal bimeromorphic model X’ of X;

e an algebraic approximation of X" which is Y-locally trivial for every Y ¢ X’ with dimY < dim X - 2.

This is how we will prove Theorem 1.3 for uniruled threefolds, as well as threefolds of algebraic dimension

a < 1. We formulate the results as follows, which are the two main propositions we prove in this article.

Proposition 1.8. — Let X be a compact complex threefold in the Fujiki class €. If X is non-uniruled and a(X) < 1,
then X is bimeromorphic to a normal compact complex variety X’ such that X’ has an algebraic approximation which

is Y-locally trivial for every subvariety Y C X’ with dimY < 1.

Proposition 1.9. — Let X be a compact complex threefold in the Fujiki class €. If X is uniruled, then X is
bimeromorphic to a normal compact complex variety X' such that X' has an algebraic approximation which is

Y-locally trivial for every subvariety Y € X’ with dimY < 1.

While the conclusions in both Propositions 1.8 and 1.9 are identical, the approaches proving them are
different, depending on the geometry of the threefold X (see §1.4 and §1.5). This is why, and also for easier

reference, we separate the statement into two propositions.

As for threefolds X of algebraic dimension a(X) > 2, if X is non-algebraic then a(X) = 2. Theorem 1.3 for

these remaining threefolds is covered by the following theorem we proved in [42].
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Theorem 1.10 ([42, Corollary 1.4]). — Let X be a compact complex variety in the Fujiki class € with at worst

rational singularities. If a(X) = dim X — 1, then X has an algebraic approximation.

We will therefore focus on uniruled threefolds and non-uniruled threefolds of algebraic dimensiona < 1
in this article. Let us first describe the bimeromorphic models of the threefolds in questions that we choose

to prove Propositions 1.8 and 1.9.

1.3 Bimeromorphic models of compact Kihler threefolds

First we describe the bimeromorphic models that we choose to prove Proposition 1.8.

Proposition 1.11. — Let X be a compact complex threefold in the Fujiki class €. If Xy is non-uniruled and has

algebraic dimension a(Xo) < 1, then Xy is bimeromorphic to one of the following:

i) X = X/G where G is a finite group and X is either a 3-torus of algebraic dimension 0, or the product S X B of a
K-trivial surface S of algebraic dimension 0 with a smooth projective curve B. In the latter case, the G-action on
X = S x B is diagonal. Here, a K-trivial surface is a smooth compact Kiihler surface S such that Ks ~ 0.

ii) The total space of a fibration f : X — B over a smooth projective curve B such that f has no multi-section and a
general fiber F of f is a 2-torus. Moreover, we can choose X to be a smooth compact Kihler threefold; or when F
is non-algebraic, we can choose f to be the quotient by the finite group G of a G-equivariant smooth isotrivial

torus fibration f : X — B over a smooth projective curve B.
In either case, the bimeromorphic model X is normal.

Remark 1.12. — Initially, the Minimal Model Program (MMP) for compact Kahler threefolds [35] had
served as an important guideline to the author to understand the bimeromorphic descriptions of non-
algebraic compact Kihler threefolds. But at the end, it turns out that the only place where we use the MMP
in this article is to rule out the existence of simple non-Kummer varieties [16, Corollary 1.4] from Fujiki’s

classification [24] in the proof of Proposition 1.11.

Before we move on to non-algebraic uniruled threefolds, let us first introduce some ruled surfaces which

will appear in our bimeromorphic description of uniruled threefolds.

Let 8§ — C be a ruled surface. We say that 8 is decomposable if § = P(Z & £”) for some line bundles .
and .Z” over C. Following [32, Chapter V.2], recall that § = P(&) for some normalized vector bundle £ over
€ and we define ¢(8) = —degdet(€) € Z (which is denoted by e(S) in [32, Chapter V.2]). The following

trichotomy of ruled surfaces with ¢ = 0 will be relevant in this work.
Definition 1.13. — Among ruled surfaces § — € with ¢(8) = 0, we define the following types:

e (Typel) 8 ~ P! x € over C;
e (Type II) 8 is a decomposable ruled surface such that § # P! x € over G;
o (Type III) § is indecomposable.

The bimeromorphic description of non-algebraic uniruled compact Kéhler threefolds that we need is the

following.
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Proposition 1.14. — A non-algebraic uniruled compact complex threefold in the Fujiki class € is bimeromorphic

to a threefold X satisfying one of the following descriptions:

i) X is the total space of a good P -bundle f : X — S (see Definition 3.9) over a surface S with a(S) = 0.

ii) X is the total space of a P'-fibration f : X — S over a non-algebraic elliptic surface p : S — B. Moreover, there
exist a Zariski dense open subset B° C B and N € {1, II, I1I} such that for every b € B°, Sy := p‘l(b) is a smooth
elliptic curve and Xp, := (p o £)"1(b) is a ruled surface over Sy with &(X;) = 0 of type N (see Definition 1.13).

In both cases, we can choose X and S to be compact Kihler manifolds.

The fibrations X — S in Proposition 1.14 are actually the MRC fibrations of X. Descriptions i) and ii)

correspond to the case where a(S) = 0 and a(S) = 1 respectively.

We will prove Propositions 1.11 and 1.14 in §3. These statements follow essentially from Fujiki’s
classification of algebraic reductions of compact Kihler threefolds [24] together with some classical results
on conic bundles [56] and the MMP for Kahler threefolds [35, 16] (see also Remark 1.12). They are minor

improvements or variants of Fujiki’s results adapted to our needs.

The bimeromorphic models in Propositions 1.11 and 1.14 are the ones we choose to prove Propositions 1.8
and 1.9 respectively. Now we provide an overview of the proofs of Propositions 1.8 and 1.9 for these models,

which are central in this article.

1.4 Algebraic approximations of non-uniruled compact Kihler threefolds of algebraic dimensiona <1

We start with non-uniruled threefolds of algebraic dimension a < 1. The following is a more precise

statement of Proposition 1.8, taking Proposition 1.11 into account.

Proposition 1.15. — Let X be one of the bimeromorphic models of non-uniruled threefolds in the Fujiki class € of
algebraic dimension a < 1 in Proposition 1.11. Then X has an algebraic approximation which is Y-locally trivial for

every subvariety Y C X with dimY < 1.

We will prove Proposition 1.15 in §4. Here we indicate the ingredients of the proof of Proposition 1.15

for each threefold appearing in Proposition 1.11.

Algebraic approximations of smooth torus fibrations are constructed by Claudon [12] through the so-
called tautological families (which we will recall in §2.6, together with some refined results). When X is a
finite quotient of a 3-torus or a smooth isotrivial 2-torus fibration, the proof of Proposition 1.15 for X is

based on a more precise construction of tautological families; this will be carried out in §4.1 and §4.2.

If X is the total space of a fibration whose general fiber is an abelian surface, then Proposition 1.15 is a

consequence of the following theorem we proved in [43].

Theorem 1.16 ([43, Corollary 1.3]). — Let f : X — B be a fibration from a compact Kihler manifold X to a smooth

projective curve B. Suppose that a general fiber of f is an abelian variety, then f has an algebraic approximation

II: 2 >BxV->V
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over V, which is locally trivial over B.

Finally, when X is a finite quotient of the product of a K-trivial surface S with a curve, Proposition 1.15 is

based on the existence of algebraic approximations of S with more precision (see §4.3).

1.5 Algebraic approximations of uniruled threefolds

Finally we outline the proof of Proposition 1.9 about uniruled threefolds. This presents the main
difficulties of the article, as the existence of algebraic approximations is unknown for most uniruled
compact Kéhler threefolds, even up to bimeromorphic modifications. We will develop new approaches

constructing algebraic approximations for these threefolds in §5 and §6.

We will prove the following result, which implies Proposition 1.9 by Proposition 1.14.

Proposition 1.17. — Let f : X — S be one of the P'-fibrations in Proposition 1.14 (which cover all uniruled
threefolds in the Fujiki class €, up to bimeromorphic modifications). There exists a bimeromorphic modification
f' X' — § of fwith X’ normal, together with a deformation

1: 2 -9 A

of f', such that the underlying deformation of X' is an algebraic approximation which is f'~*(C)-locally trivial for

every proper subvariety C ¢ S’.

According to whether f is in the first or the second case of Proposition 1.14, we will prove Proposition 1.17
in §5 and §6, which corresponds to Proposition 5.8 and Corollary 6.12 respectively. In the first case where
X — S is a P!-bundle, the main idea consists in regarding X as the projectivization of a twisted vector
bundle E of rank 2, and studying the deformations of the pair (S, E). The deformation theory of twisted
vector bundles that we need parallels well the classical theory of the untwisted ones [7] (see §5.1). From

the outset, one could argue as if E is a vector bundle in the usual sense.

Finally in the second case where f : X — S is a P!-fibration over an elliptic surface p : S — B, recall that p
has an algebraic approximation IT: . — B x V — V by Theorem 1.16. Up to replacing f : X — S by some
bimeromorphic modification of it, we will show that the algebraic approximation Il that we constructed to
prove Theorem 1.16 can be lifted to an algebraic approximation of f : X — B which is locally trivial over B.
Such a lifting will be constructed by means of 1-cocycles of local relative automorphisms. This will imply
Proposition 1.17 for f : X — S.

1.6 Organization of the article and remark on the dependence on [43, 42]

We will first introduce some basic terminologies and recall or prove various preliminary general results
in §2. In §3 we will prove Propositions 1.11 and 1.14, which provide bimeromorphic descriptions of
non-uniruled compact Kéhler threefolds of algebraic dimension a < 1, and non-algebraic uniruled compact
Kahler threefolds respectively. Starting from §4, we will study the existence of algebraic approximations

for these bimeromorphic models and prove Propositions 1.8 and 1.9. More precisely, we will prove
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Proposition 1.15 (which implies Proposition 1.8) in §4 and Proposition 1.17 (which implies Proposition 1.9)
in §5 and §6. Assembling these results, we will finish the proof of Theorem 1.3 in §7.

The proof of Theorem 1.3 depends on the main results of two other articles [43, 42] of the author
(Theorems 1.10 and 1.16). As we can see from the outline of the proof, the arguments proving Theorem 1.3
vary between different threefolds and for certain threefolds, the existence of algebraic approximations
turns out to be a more general phenomenon. This is the case for fibrations in abelian surfaces over a
curve and threefolds of algebraic dimension 2, and the corresponding statements subsequently evolve into
Theorems 1.16 and 1.10.

2 Preliminaries and general results

In this section, we will recall and prove some general results which we need in this article. Let us start

with some basic terminologies.

2.1 Basic notions and terminologies

In this article, a complex variety is a Hausdorff, second-countable, irreducible and reduced complex
space; subvarieties are allowed to be reducible. According to this convention, complex varieties are locally
compact and paracompact. A threefold is a compact complex variety of dimension 3. A complex manifold is
a smooth complex variety. A subvariety of a complex variety X is a closed reduced analytic subspace of X
(which is not necessarily irreducible nor equidimensional). A fibration f : X — B is a proper holomorphic
surjective map with connected fibers. The fiber f~1(b) of f over b € B will often be denoted by X, if there is
no ambiguity. A fibration f : X — B is called isotrivial if for every b € B, there exists a neighborhood U C B
of b (for the Euclidean topology) such that f~1(U) — U is biholomorphic to a trivial fibration®. We refer
to [60] for a definition of (singular) Kahler spaces. A Kihler variety is a complex variety which is Kdhler. A
subset Z C X of a complex space is open (resp. Zariski open) if Z is open in X for the Euclidean (resp. Zariski)
topology. The same convention also applies for dense (resp. Zariski dense) subsets and local (resp. Zariski

local) properties.

A deformation of a complex space X is a surjective and flat morphism IT : 2~ — A containing X as a
fiber. When X is compact, the map IT: &  — A is required to be proper. A deformation of a holomorphic map
f:X — BisacompositionIT: 2 I, # 5 A where IT and 7 are deformations of X and B respectively such
that g2, : Zo — %, equals f for some 0 € A. We say that a deformation of f preserves B (or fixes B) if in the

above definition, 7t is the projection B x A — A. Such a deformation will be denoted by
I: 2 5BxA— A

LetIT: 2" — A be a deformation of a complex variety X. Given a subvariety Y C X, we say that I1
preserves Y if there exists a subvariety %" C 2" such that #' N X = Y and % is isomorphic to Y X A over A.

@Isotrivial fibrations as we define in this article are also called locally trivial fibrations in some classical references (e.g. [20]). In this
article, since very often we encounter various notions of locally trivial deformations (see Definition 2.1), in order to avoid possible
confusion the term locally trivial always qualifies a deformation and never a fibration.
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Similarly, let IT: 2" I Bx A — Abe a deformation of f : X — Bfixing B and let Z be a subvariety of B. We
say that IT preserves Y := f~1(Z) — Z if g7(Z X A) is isomorphic to Y X A over B X A.

Let G be a group and X a complex space endowed with a G-action. We say that a deformationIT: 2" — A
of X preserves the G-action (or I1is a G-equivariant deformation of X) if there exists a G-action on £~ extending
the given G-action on X such that 2~ — A is G-invariant (namely, G-equivariant with G acting trivially on
A). Similarly, let f : X — B be a G-equivariant map. We say that a deformation IT: 2~ L B > Aof f
preserves the G-action if there exist G-actions on 2~ and on % extending the G-action on f : X — B such that

g is G-equivariant and 2" — A is G-invariant.
Definition 2.1 (Locally trivial deformations). —

i) Let X be a complex space and Y C X a subvariety of X. A deformation 2" — A of X is called Y-locally
trivial if there exists a subset % C 2" such that U := % N X is a neighborhood of Y € X and % ~ UXA
over A.

ii) A deformation 2" — A of X is called locally trivial if it is {p}-locally trivial for every point p € X.

iii) In i), let G be a group acting on a X and assume that Y is G-stable. A G-equivariantly Y-locally trivial
deformation of X is a Y-locally trivial deformation 2~ — A of X preserving the G-action with the
additional property that % c 2" is G-stable and % =~ U X A is G-equivariant.

iv) A deformationTl: 2 - BxA — A of f : X — Bfixing B is said to be locally trivial over B if there exists
an open cover {U;} of B such that g7(U; X A) =~ f~}(U;) X A over U; X A for each i.

v) Iniv), let Gbea group and let f : X — Bbe a G-equivariant map. We say that I1is G-equivariantly locally
trivial over B if I preserves the G-action and the collection of isomorphisms {q’l (U; x A) = £71(Uy) x A}

above is G-invariant for some G-invariant open cover {U;} of B.

The name Y-locally trivial deformation in Definition 2.1.i) is justified by the following lemma.

Lemma 2.2. — IfI1: 2" — Aisa Y-locally trivial deformation of X, then there exist % C 2 suchthat U := % NX
is a neighborhood of Y C X and an isomorphism ® : % — U X A over A such that @y : U — U is the identity.
In particular, the subvariety % = ® Y X A) € 2 satisfies % N X = Y and @ induces an isomorphism of the
inclusions

(¥ > U)=(YXA—= UXA) (2.1)

over A. Namely, (¥ C %) — A is a trivial deformation of the pair (Y C U) over AinIl: 2" — A.

Proof. — Let®y : % = Ux Abe the isomorphism in Definition 2.1.i) and let ®g;; : U — U be its restriction
to U. Then the isomorphism @ := ((I)ol_,j x Idp) o @ satisfies the property in Lemma 2.2. m|

The following properties of locally trivial deformations are also easy to see.
Lemma 2.3. —

i) IfT1: 2" — Ais a smooth (i.e. flat and submersive) family, then it is locally trivial.
ii) Let I1: 2" — A be a deformation of X which is Y1-locally trivial and Y,-locally trivial. If Y1 N Y, = 0, then
up to shrinking A, Ilis (Y1 U Y»)-locally trivial.
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iif) IfT1: 2 LBxA > Adsa deformation of f : X — B which is locally trivial over B, then I1: 2" — Aisa
Y-locally trivial deformation of X whenever Y C X is a subvariety contained in a finite union of fibers of f.

iv) LetTl: 2 5 B 5 Abea deformation of amap f : X — B. If wis smooth and q is a smooth isotrivial fibration,
then for every b € B, up to shrinking A, T1: 2° — Ais an f~1(b)-locally trivial deformation of X.

Proof. — Statements i) and iii) are trivial. For ii), by assumption for i = 1,2, we can find % c 2 such
that U; := % N X is a neighborhood of Y; € X and % =~ U; X A over A. Up to shrinking A, %, and %,
we can assume that 24 N % = 0, s0 (74 U %) ~ (U1 U Up) X Aover Aand (41 U %) N X =U; U U is a
neighborhood of Y1 U Y>. Finally for iv), applying i) to t : 8 — A there exists % C # such that U := % NB
is a neighborhood of b € B and % =~ U X A over A. Up to shrinking A and %, we can assume that % is
a sufficiently small neighborhood of b € %, so that ¢~}(%) — % and f~'(U) — U are trivial fibrations in
f71(b) because q is a smooth isotrivial fibration. Hence g7'(%) N X = f~}(U) is a neighborhood of f~(b)
satisfying
TN U) = IO X% = fHH)xUx A= fHU)x A

over A, which proves iv). O

Another obvious property about locally trivial deformations is that the quotient of a G-equivariantly

locally trivial deformation is a locally trivial deformation.

Lemma 2.4. — Let G be a finite group acting on a complex space X and let Y C X be a G-stable subvariety. If
IT: 2" — Aisa G-equivariantly Y-locally trivial deformation of X, then the quotient 2" |G — A is a Y/G-locally
trivial deformation of X/G. Similarly, ifI1: Z L BxA—> Aisa G-equivariantly locally trivial deformation over
B of a G-equivariant map f : X — B, then the quotient 2" /G — (B/G) X A — A is a deformation of X/G — B/G

which is locally trivial over B/G.

Proof. — By assumption, there exists a G-stable open subset % of 2" containing Y which is G-equivariantly
isomorphic to U X A over A where U := % N X. So the open subset % /G of 2 /G is isomorphic to (U/G) X A
over A. As Y is a G-stable subset of U, the quotient Y/G is contained in % /G, which proves that Z'/G — A
is a Y/G-locally trivial deformation of X/G. The second statement is proven in [43, Lemma 2.2] with a

similar argument. ]

2.2 G-equivariant locally trivial deformations

The following lemma shows that if a G-equivariant deformation of a complex manifold is Y-locally trivial

for some G-stable subvariety Y, then it is G-equivariantly Y-locally trivial.

Lemma 2.5. — Let X be a complex manifold and G a finite group acting on X. Let Y be a G-stable subvariety of X
and let T1 : &~ — A be a deformation of X which is G-equivariant and Y-locally trivial. Then up to shrinking A,
IT: & — Ais G-equivariantly Y-locally trivial.

The proof of Lemma 2.5 is inspired by the proof of [27, Proposition 6.2]. Before proving Lemma 2.5, let

us first prove a technical lemma.



ALGEBRAIC APPROXIMATIONS OF COMPACT KAHLER THREEFOLDS 10

Lemma 2.6. — Let G be a finite group acting on a complex manifold X and let I1: 2~ — A be a G-equivariant
deformation of X. Let ¥ C 2 be an open subset such that there exists an isomorphism ¥ = V X A over A where
V=% nNX. Let

6= 9.

geG
Then for every G-stable relatively compact subset U C V¢ := Y5 N X, up to shrinking A there exists a G-stable subset
U C Vg such that 7 N X = U and that % is G-equivariantly isomorphic to U X A over A.

Proof. — We may assume that V # 0. Since ¥ is open by finiteness of G, up to shrinking A we can assume
that the restriction of IT to ¥ is surjective. We can also assume that A is a polydisc D(0, o)" C C" centered

at (0, ...,0) which parameterizes the central fiber X inI1. Let ¢, ...,t, be the coordinates of C".
Foreachi=1,...,n, define the homomorphism of Lie algebras

éi :C— r(%/ T“VG)

1
zZ Gl Z g (xi@),

geG

2.2)

where );(z) is the pullback under # = V x A of the vector field on V x A which projects to z - a% in A and
to 0in V. By [37, Satz 3] (see also [27, Theorem 4.3]), there exists a local group action

CD;‘:@I‘—>7/G

of C on 75 inducing &;, which means that @; is a map defined on a neighborhood ®; C C X ¥ of {0} X ¥
such that

i) For all x € ¥, the subset ®; N (C X {x}) is connected.
ii) ®@;(0, @) is the identity map on 7¢.
iit) ®;(gh, x) = Pi(g, Di(h, x)) whenever it is well-defined.
iv) The morphism of Lie algebras C — I'(¥;, Ty,) induced by ®; coincides with &;.

Since the vector field &;(z) is G-invariant for all z € C, the map @; is G-equivariant (with G acting trivially
on C). Also since ¥z — A is G-invariant, the projection of &;(z) in I'(¥5,IT'T,) is the constant vector field

z- %. So @ descends to a local group action of C on A, namely we have the commutative diagram

O —— %
1 In (2.3)
(Ide x I(©) —5 A
where for every (z,b) € (Idc X IT)(©;) C CX A, ®pi(z,b) :==b+(0,...,0,2,0,...,0) with z placed at the i-th

coordinate.

In what follows, we define inductively a chain of relatively compact subsets %) C --- C %, C Yc and a

,,,,,

onto its image. Set % := U, which is relatively compact in ¥; by assumption. Assume that %_; is
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constructed. Since %;-; is relatively compact in 75, there exists ¢; > 0 such that
D(O, 81‘) X YU_1 C O;.

We define %; := ©;(D(0, €;)X%-1). Since @; is a local group action satisfying (2.3) and I'l(%_;) = ]_[;;11 D(0, &j)x
0"=*1 it follows that T1(%;) = ]_[;:1 D(0, €j) x 0" and ®; maps D(0, ¢;) X %1 isomorphically onto its image
7. The latter shows that % is relatively compact in 5.

Let ¢ := min{e, ..., e,}. Forevery x € Uand zy,...,z, € D(0, €), define
D(x,z1,...,2n) = Oy (2, Py-1(zy-1, - - - D1(21, X))) .

By construction, if pr : U x D(0, )" — D(0, €)" is the projection, then the diagram

D

U x D(0, &)" S Ve

pr I1
D(0, &)
commutes and @ is an isomorphism onto its image. Since U is G-stable and each @; is G-equivariant, @ is
G-equivariant as well. Hence up to shrinking A to D(0, )", the subset % := Im(®) C ¥ satisfies the desired

properties in Lemma 2.6. O

Proof of Lemma 2.5. — As the deformationIT: 2" — Ais Y-local trivial, there exists an open subset ¥ C 2~
such that V := ¥ N X contains Y and that ¥ ~ V X A over A. Since Y is G-stable and since ¥; := ) gec 9(7),
being a finite intersection, is an open subset of 2, it follows that V¢ := ¥z N X is a G-stable neighborhood
of Y. Let U C V¢ be a G-stable neighborhood of Y which is relatively compact in V. Applying Lemma 2.6
to ¥ and to U, we deduce that up to shrinking A, there exists a G-stable subset % C 7 containing Y which

is G-equivariantly isomorphic to U X A over A. o

2.3 General approaches proving the existence of algebraic approximations

In §2.3 we prove Proposition 1.7, which formulates a general approach to finding varieties admitting

algebraic approximations. Let us first prove the following.

Lemma 2.7. — Let v : X — X be a map between compact complex varieties and assume that there exists a proper
subvariety Y C X such that v maps X \ v=1(Y) isomorphically onto X \ Y. Then every Y-locally trivial deformation
I1: 2 — Aof X lifts to a deformation % LA of v such that for each t € A, the map Z; — Z; parameterized

by t is bimeromorphic.

Proof. — Let us first construct ., together with the holomorphic map F: Z — 2. Since ITis Y-locally
trivial, by Lemma 2.2 there exists a neighborhood % C 2 of Y together with an isomorphism @ : %7 = UxA
over A with U := % N X such that @; : U — U is the identity. Let (I := v-}(U) and let 27 := 27\ @~} (Y X A).
The variety 2 is defined as the gluing of 2 and U x A along

2N ¢ 2 and (U\Y)XA c UXA
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under the biholomorphic map @ 5-xnz : 2 XN% = (U\Y)XA. By construction, theidentity Id : 2™ — 27
and vy x1dy : U x A — U x A glue to a proper holomorphicmap F: Z — 2.

Let Z; (resp. 27) be the fiber of Z — A (resp. 2 — A) over t € A. For each t € A, let T; be the graph of
the restriction F; : Z; — 2; of the proper map F. The graph I'; is proper over 2;. Also by construction, the
projection I'y — 2; is biholomorphic outside of the closed subvariety ®!(Y x {t}) € 2; and its preimage
in I';. Thus the transpose of T; C Z; x 2; defines a meromorphic map 2; --» Z; by definition (see [29, p.

211]), which is the converse of F;. Hence F; is a bimeormorphic map.

By construction, if 0 € A denotes the point parameterizing the central fiber X of 2~ — A, we have
F, =v. Since both I]j2x : 2 — Aand pr, : U X A — A are flat over A, so is their gluing Z — A. Hence

z 5 4 LA is a deformation of v. O

Remark 2.8. — Lemma 2.7 could also be regarded as an immediate corollary of [42, Proposition 5.1],
asserting that the same conclusion holds as long as the deformation IT : 2~ — A preserves the formal
neighborhood of Y. While we need [42, Proposition 5.1] to construct algebraic approximations of a compact
Kéhler manifold X with a(X) = dim X — 1, in this work Lemma 2.7 is already sufficient, and we gave a more

elementary proof of it.

Proof of Proposition 1.7. — Let 7 : X’ --» X be a bimeromorphic map and let

X% -1sx (24)
be a resolution of T with X smooth. Since X’ is normal, the exceptional locus E C X of v satisfies
dimv(E) < dim X’ — 2. By assumption, X" has a v(E)-locally trivial algebraic approximation IT : 2" — A.
Since VI_Xl'\v(E) is an isomorphism onto its image, by Lemma 2.7 I1 lifts to a deformation 2~ — 27 — A of
v. As 11: X — X is a desingularization of a compact complex variety with at worst rational singularities,
up to shrinking A the deformation Z — A of X induces a deformation Z — 2" of 1 over A [54, Theorem
2.1]. So we have a deformation 2”7 « Z — 2 of (2.4) over A and for each t € A, the fiber 2 Z -
parameterized by t is bimeromorphic. Since 2”" — Ais analgebraic approximation of X’, namely Moishezon
fibers are dense in the family (see Definition 1.2), and the property of being Moishezon is invariant under

bimeromorphic modifications, 2~ — A is an algebraic approximation of X. ]

Finally, we have the following infinitesimal criterion for the existence of G-equivariant algebraic approx-
imations according to [27, Theorem 1.11] (or rather its proof) formulated by Buchdahl and Graf, which is a

consequence of Green’s density criterion [62, Proposition 5.20].

Theorem 2.9 ([27, Proof of Theorem 1.11]). — Let X be a compact Kihler manifold such that its Kuranishi space
is smooth. Let G be a finite group acting on X. If there exists a G-invariant Kihler class w € H'(X, Q3},)° such that the

contraction aw : HY(X, Tx) — H*(X, Ox) by w is surjective, then X admits a G-equivariant algebraic approximation.

2.4 Campana’s criterion

Let X be a complex variety. We say that X is algebraically connected if a general pair of points x, y € X is

contained in a compact connected (but not necessarily irreducible) curve C C X. Since a Moishezon variety
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is always dominated by a projective variety of the same dimension, Moishezon varieties are algebraically

connected. The converse was proven by Campana for varieties in the Fujiki class €.

Theorem 2.10 (Campana [9, Corollaire on p.212]). — Let X be a compact complex variety in the Fujiki class €.
Then X is Moishezon if and only if X is algebraically connected.

The following corollaries of Campana’s criterion will be useful in this article.

Corollary 2.11 (Special case of Campana’s criterion). — Let f : X — B be a fibration over an algebraically
connected variety (e.g. a projective curve). Assume that X is in the Fujiki class € and the general fiber of f is

algebraically connected, then X is Moishezon if and only if f has a multi-section.

Corollary 2.11 implies the following corollaries.

Corollary 2.12. — Let X be a non-algebraic compact complex variety in the Fujiki class € and let f : X — Bbea
fibration over a curve with Moishezon fibers. Let I1: 2~ — B X A — A be a deformation of f which is locally trivial
over B. Then for every subvariety Y C X with dimY < 1, the family &~ — A is a Y-locally trivial deformation of X.

Proof. — Since X is non-algebraic and since the base and the fibers of f are Moishezon, every subvariety
Y ¢ X with dimY < 1 is contained in a finite number of fibers of f by Corollary 2.11. As ITis locally trivial

over B, by Lemma 2.3.iii) the underlying deformation 2~ — A of X is necessarily Y-locally trivial. m]

Corollary 2.13. — Let f : X — B be a P!-fibration. Assume that X is in the Fujiki class ¢ and B is algebraically

connected. Then X is Moishezon.

Proof. — We can assume that B is not a point. Let x1,x, € X be a general pair of points and let by, b, € B
be their images. Since B is algebraically connected, it is Moishezon, so dominated by a projective variety.
Thus there exists an irreducible curve C C B containing b; and b,. The irreducible component of f~(C)
containing x; and x; is a P!-fibration over C, which is always algebraically connected. Hence x; and x; is

connected by a curve in f71(C) ¢ X, and we conclude by Theorem 2.10. m]

2.5 Good Stein open covers

Let X be a complex space and let U := {U;}ic; be an open cover of X. Given iy,...,i,, we define
U‘

iy =

ﬂ’j.:lll,'}.. We say that U is a good (resp. Stein) open cover of X if U is locally finite and for every

p € Zsp and ij, ..., i, € I, the open subset Ui,..., is contractible (resp. Stein).

Theorem 2.14. — A good Stein cover exists for any Kihler manifold X.

Proof. — The proof is a refinement of the proof of [4, Theorem 5.1]. For every x € X, first we choose a
Stein neighborhood Vy C X of x. Let U, C V, be a geodesically convex neighborhood of x with smooth
boundary for the underlying (smooth) Riemannian metric of the Kdhler manifold X. Since X is paracompact,
there exists a locally finite refinement U := {U}ie; of {Uy}xex. As U, := ﬂ?zl U, is geodesically convex for
every p > 0 and iy,...,i, € I, it is contractible. Since U;,..; , is a geodesically convex open subset of some
neighborhood V,, which is Kihler and Stein, it follows from [31, Theorem 7] that Ui,..., is Stein. O
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When X is a Riemann surface, since non-compact open subsets of X are Stein [30, p. 134], we have the

following.

Lemma 2.15. — A good open cover of a Riemann surface X is automatically Stein.

2.6 Smooth torus fibrations and tautological families

In §2.6, we recall the construction of the (G-equivariant) tautological family associated to a smooth torus
fibration from [12] and prove some additional results. Especially, we extend some results in [12] which

were stated and proven for compact Kdhler manifolds, to manifolds in the Fujiki class €.

2.6.1 Smooth torus fibrations as torsors under the Jacobian fibration

Let f : X — B be a smooth torus fibration and let p : ] — B be the Jacobian fibration associated to f. The

sheaf Zn,p of local holomorphic sections of | — B lies in the short exact sequence

€XPu/B

0 > H > &H/B > _7H/B >0 (2.5)

where H := R¥~1£,Z (with g being the relative dimension of f) and
Susp = (H® Op)[RI L. = RILOL L = fTxp. (2.6)

We also use the notations
Ix/g = _fup and Exyp := Suys.
Since all J-torsors have the same underlying VHS H of weight 1, up to isomorphisms the sheaves &u/p, #H/B

and the short exact sequence (2.5) do not depend on the J-torsors f : X — B.

As f : X > Bis a J-torsor, its isomorphism class determines an element 1(f) € H'(B, _#). Conversely,
givenn € H'(B, #) and let (1;;) be a Cech 1-cocycle with respect to some open cover {U;};; of B representing
1. The fibration f : X — B obtained by gluing the local fibrations J; := p~!(U;) — Uj along Jij := p~*(U;j) —
Uj; == U; N U; using the translations tr(n;;) : J;; — Ji; by the local sections 7;; over U;;, satisfies n(f) = 7.
Under this one-to-one correspondence, the J-torsors admitting a multi-section correspond bijectively to the
torsion elements of H'(B, _#) [12, Proposition 2.2].

Letp:] kA J Y B be a composition of smooth torus fibrations such that both p and p’ are Jacobian
fibrations. Then ¢ induces ¢. : _#j;5 — _#j;5, which further induces ¢. : H'(B, _#);5) — H (B, 7} p).
Lemma 2.16. — Letp: | LA T Y, B be as above. Every J-torsor f : X — B has a factorization

f:X L x LR
where f' is a |'-torsor satisfying
n(f") = ¢.n(f) € H'(B, 7y p)
and f~1(b) LA F=1(b) is isomorphic to p~(b) 2, p’~1(b) for every b € B.
Proof. — Let (1;;) be a Cech 1-cocycle with respect to some open cover {U;}ie; of B representing 7(f). Then
¢.1(f) is represented by (¢.1;j). Since the translations tr(n;;) : Jij := p~' (Ujj) — Jij descend to the translations
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tr(¢p.n;j) : ]lfj = pY(U; ) — ];j, Lemma 2.16 follows from the reconstruction of the smooth torus fibrations f
and f’ respectively from n(f) and ¢.n(f). ]

Suppose that f is G-equivariant for some finite group G, then G acts naturally on (2.5), which induces a
G-action on | — B. The fibration f is a G-equivariant J-torsor and each isomorphism class of G-equivariant
J-torsors f corresponds bijectively to an element n¢(f) € H5(B, #uss) of the G-equivariant cohomology
group [12, §2.4], generalizing the correspondence f + 7(f) before.

Following [12, Remark 2.3 and §2.4], here is one way to construct ng(f) € HlG(B, Huys). Recall that the

relative Deligne complex is defined as

Dy,5(g) = Cone(Z — Q357 7)[-1]

where Z is regarded as a complex concentrated in degree 0 and the map is induced by the inclusion
x(2n V=1)
77—

Q% - Applying Rf. to Dy, ,(9), and taking the isomorphisms

coker (Rzg*lﬂz - Rzg*lﬂQ;f/%_l) ~ 7

o<g-1
ker(R¥£Z — R¥£O7" )~ Z

into account, we obtain a short exact sequence
0— J — R¥fDy () —>Z——0. 27)
Then 16(f) = 6c(1) where 6¢ : Z ~ HX(B,Z) — H{(B, #) is the connecting morphism induced by (2.7).
Without the G-action, ¢ specializes to
6:Z=~H'B,Z) - H'(B, 7)

and we have n(f) = 6(1). From the above construction of f — 1nc(f), one checks that for every G-

equivariant map ¢ : B* — B, the base change f’ : X X B" — B’ is the smooth torus fibration representing
¢*TIG(f) € H(lg(B,/ /(p”H/B') where

¢": He(B, us) = HEB, §. L) = Ho(B', Lsmm)
is the map induced by the map ¢*: _Zu/5 — ¢._#y1u/p pulling back local sections.
Letc: H'(B, #) — H*(B,H) (resp. c¢ : H.(B, #) — HZ(B, H)) be the connecting morphism induced

by (2.5) (resp. when f is G-equivariant for some finite group G). The following result generalizes [12,

Proposition 2.5 and Proposition 2.11] to manifolds in the Fujiki class €.

Proposition 2.17. — Let f : X — B be a smooth torus fibration over a compact Kihler manifold. Assume that
X is in the Fujiki class €. Then c(n(f)) € H*(B, H) is torsion. If f is G-equivariant for some finite group G, then
cc(n6(f)) € HZ(B, H) is torsion as well.

Proof. — The proof of the first statement is similar to [12, Proof of Proposition 2.5]. As X is in the Fujiki

class ¢, there exists a surjective bimeromorphic morphism v : X — X from a compact Kahler manifold X.
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Let f = fov: X — B. Since X is Kahler,
£ HY(X,R) % HY(X,R) 5> H'(B,R¥ f.R) ~ H'(B, R)

is surjective [61, Lemma 7.28], so f. is surjective as well. It follows that the Leray differential
d : H'(B,R¥f.Z) — H?*B,R¥"'f.Z) = H?*(B,H) has torsion image. Since d = c o 6 [12, (2.8)], we con-
clude that c(17(f)) = ¢(6(1)) = d(1) € H*(B, H) is torsion.

The same argument proving [12, Proposition 2.11] proves the second statement. O

For later use, we will need the following extension lemma.

Lemma 2.18. — Let G be a finite group and let B be a compact Kihler manifold endowed with a G-action. Let
f + X — B be a G-equivariant smooth torus fibration such that its associated G-equivariant Jacobian fibration is a
trivial fibration p : B X T — B endowed with a diagonal G-action on B X T. Let m : %8 — A be a G-equivariant
deformation of B over a contractible Stein space. Let |’ := 98 X T, endowed with the product G-action. Assume that

X is Kihler. Then there exists a G-equivariant |'-torsor " — 98 which lifts 1 to a G-equivariant deformation of f.

Proof. — LetH := R¥'p,Z and H' := R¥"'p/Z where g = dimT and p’ : X T — 2 is the projection. As

p’ is a trivial Jacobian fibration, we have H’ ~ Z%7 and &/ =~ ﬁ%. Consider the commutative diagram

exp’ cy
HL(%B, & /) Rt HL(#, fw ) — HA(%,H) — HA(B, &w)2)

b b

HY(B, Giajp) —— H(B, Fiajs) —— HE(B,H)

where the rows are the long exact sequences induced by (2.5) and the vertical arrows are induced by the
restriction to B C 4. Since n : ## — A is a G-equivariant deformation of B and since G is finite, % is G-
equivariantly homeomorphic to B X A over A (see e.g. [25, Lemma 2.7]). Since H is the restriction of the local
system H’ on 4 to the central fiber of 7w : 4 — A with compatible G-actions, the map 73 is an isomorphism
by homotopy invariance [48, Theorem 2.3]. As A is Stein, we have HY( A, & | B) = HYA, Rt & /3). As
R'7t.& )% is free and h'(%:, &)%) = h'(%,, ﬁf@t) is constant in t € A, Grauert’s base change implies that
(R'7t.Ew ) 2)inp) = HY(B, &uy8), and the restriction

v, HY(B, &vyz) ~ H(A, R b z) = R'éw)2)ne) = H' (B, Susp)
is surjective. Since G is finite and r; in (2.8) is isomorphic to H W B, & /E@)G a, H'(B, &4 /B)G [12, Remark 2.9],
is follows that r; is surjective as well.

Ascc(nc(f)) € Hé(B, H) is torsion by Proposition 2.17, so is r;l(cc(nc(f))) € Hé(%’, H’). As Hé(%, Ew ) B) =
H?(#, &wr1%)° is torsion free, necessarily 73" (cc(nc(f))) € Im(c[;), so there exists 1] € HL(%, /) such that
cc(r2(m) = cc(nc(f))- Thus there exists § € Hé(B, &) such that exp(B) = r2(n) — nc(f). Since 1 is surjective,
there exists f € HL(%, &w ) such that () = B. So

r2 (0= exp’(B) = r2(n) — exp(r1(B)) = na()-
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Hence the G-equivariant J’-torsor 2~ — 2 associated to n — exp’(f) € H{.(#, /w,») is a G-equivariant
deformation of f : X — B. ]
2.6.2 Tautological family

With the notations introduced above, let f : X — B be a G-equivariant J-torsor and let
exp : H'(B, &u/p)® ~ HL(B, &uyp) — HE(B, Pwyp)

denote the morphism induced by expy  : éu/p = _#uyp. For any linear map A : V — HY(B, &uyp)° from a

finite dimensional vector space V, there exists a family
M: 2 LBxV-V (2.9)

of G-equivariant [-torsors [12, Proposition 2.10] such that t € V parameterizes the G-equivariant J-torsor

which corresponds to

nc(f) +exp(A(t)) € H(B, Fup).
The family (2.9) is called the G-equivariant tautological family associated to f parameterized by V. When B is
compact and V = H!(B, &a/5)°, we call (2.9) the G-equivariant tautological family associated to f.

Following [12, §2], the family ITis constructed as follows. Let pr; : B X V — B be the first projection and
define the G-action on B X V to be the pullback of the G-action on B under pr,. Let

& € H'(B, &u/p)° ® V¥ € H'(B, &u/p)° ® H'(V, Ov) = H'(B X V, pr; &uyp)° = H'(BX V, &porpypyey)©
be the element corresponding to A : V. — H(B, &u/5)°. Let
6 := princ(f) + exp(&) € H(B XV, Zorippxy)
where pr; : HlG(B, ) — H1G(B xV, /pr;lH/va) is the map induced by _#u/p — prl*/prl_lH/BXv and
exp : H'(B, éaprl‘lH/BXV)G ~ H((B, EortH/Bxv) = He(BxV, S or 1 H/BxV)

the map induced by XPprin/Bxy £’pr;1H IBxv = /pr;lH /Bxv- Then the smooth torus fibrationg : 2" — BXV

in (2.9) defining I1, is defined to be the G-equivariant (J X V)-torsor corresponding to 0.

The tautological families satisfy the following density result.

Theorem 2.19 (Claudon [12]). — Let G be a finite group and f : X — B a G-equivariant smooth torus fibration.
Assume that X is in the Fujiki class €. Then the base V = H'(B, &u/s)" of the G-equivariant tautological family
IT associated to f contains a dense subset parameterizing fibrations with an étale multi-section. In particular, if the

fibers of f and B are Moishezon, then I1 is an algebraic approximation of f.
Proof. — Consider the long exact sequence

H'(B,H) —— H'(B, uj5) —%3 H'(B, fu5) —— H2(B, H) (2.10)

induced by (2.5). As X is in the Fujiki class %, c(1(f)) € H*(B, H) is torsion by Proposition 2.17, so there exist
m € Zo and B € H'(B, &) such that m - 1(f) = exp(B). As n(f) € H'(B, #uys) is G-invariant and G is finite,
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up to replacing m by a higher multiple of it, we can assume that g € H(B, &/5)°. Let

W= {t - % € H'(B, &uyp)°

te¢(H'(BH)C)s Q} .
For every t € Im(¢) ® Q, we have exp(t) = 0, so

m (1(f) + exp(t = p/m)) = m - 1(f) — exp(p) =0,

which shows that n(f) + exp(t — B/m) € H'(B, /) is torsion. Therefore by [12, Proposition 2.2], the torus

fibrations parameterized by W in the tautological family admit a multi-sections.

By [12, Lemma 3.2], we have Im(¢) ® R = H'(B, &u/5). As G is a finite group, we have ¢(H' (B, H)°) ® R =
HY(B, &u;5)°, which proves that W is dense in V = H!(B, &u,5)°.

The last statement follows from Corollary 2.11. m]

Remark 2.20. — We verify easily from the construction that the tautological families are compatible with
base change. Precisely, if f* : X xg B” — B’ is the base change of f : X — B by a G-equivariant morphism

¢ : B" — B, then the G-equivariant tautological family associated to f” parameterized by

V =5 HI(B, Guayp)C —— H\(B, &gy ) @.11)
is
IT: 2 Xpxy (B XV) > B' XV - V.
Finally, let f : X 2 x L Bbea composition of smooth torus fibrations. Let
M: 2 5BxV—V

be the tautological family associated to f parameterized by V. — H(B,&x/5). The morphism V —
H(B, &x/8) = H'(B, &) induced by &xjp =~ £.Tx/p — f.Tx 5 = Ex s defines a tautological family

.2 LBxv v
associated to f’ parameterized by V. The following lemma follows directly from Lemma 2.16 and the
construction of tautological families.
Lemma 2.21. — We have a factorization
h per @
g: > 2" = BxV

of g through g’ and for every (b, v) € BX V, the restriction ‘1(b,v)11> "“Y(b,v) of I is isomorphic to ‘1(b)i> ~1(b).
q 8hq Y q q p

2.7 Tautological families associated to fibrations in abelian varieties over a curve

Let f : X — B be a fibration over a smooth projective curve and assume that a general fiber of f is an
abelian variety of dimension g (in this article, the case g = 1 will be our main interest). We also assume that
X is a compact Kdhler manifold and f has local holomorphic sections at every point of B. In this setting, the

construction of tautological families in §2.6 associated to smooth torus fibrations can be generalized to f
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without the smoothness assumption. In this paragraph, we recall the construction of the tautological family
associated to f following [43, §4]. This construction will be used in §6 to construct algebraic approximations

of P!-fibration over an elliptic surface.

Let us assume, more generally, that there exists a finite group G acting on both X and B such that f is
G-equivariant. Let B° C B be a G-stable Zariski dense open subset such that the restriction f°: X° — B°
of f to X° := f71(B°) is smooth. Let ] — B° be the Jacobian fibration associated to f°. Recall from §2.6
that the sheaf #y/p- of local holomorphic sections of | — B° can be identified with the quotient &y/p-/H
where H = R¥1£°Z and &y/p- := RY fo?(:}BQ =~ f2Tx-;p-. The Deligne canonical extension of the variation
of Hodge structures H defines an extension &u,p of &u/p-, which is a locally free sheaf on B. The sheaf &u/p

does not depend on the choice of B° C B, and the induced G-action on &y,p- extends to a G-action on &yyp.

We recall the construction of the (G-equivariant) tautological family
I1: 25 BxV - Vi=H\(B &ys)° (2.12)

associated to the G-equivariant fibration f following the proof of [43, Proposition-Definition 4.18]. Let
U := {Uj}ier be a G-invariant good Stein open cover of B such that f : X — B has local sections over every U;
and Uj; := (U; N U;) C B° whenever i # j. Since V is Stein and contractible, U x V := {U; X V}¢ is a good
Stein open cover of BX V. Let pr, : BX V — B be the first projection; by abuse of notation, pr, : B° XV — B°

will also denote the first projection of B° X V.

For every open subset U C B and every section ¢ € pr}(&us)(U X V), we define for every t € V
a(t) := oy € Suyp(U).
Since t = o(t) determines ¢, we can regard each o € pr;(é_"H/B)(U x V)asamapo:V — &yp(U). Let
£ € H'(B, Guy)° @ H(V, 0) = H' (B XV, pridiyn)

be the element which corresponds to Id : V — HY(B, &u,5)¢. With respect to the good Stein open cover
U X V, the element £ can be represented by a G-invariant 1-cocycle {51‘]‘ V- &y 8(Uij) = 6n /Bo(U,-]-)} such
that &;;(0) = 0 [43, Lemma 4.19].

Let X; = f~1(U;) and X;j = f~!(Uj;). According to the proof of [43, Proposition-Definition 4.18], the map
q: 2 — BxVin(2.12) is obtained by gluing the collection of fibrations
(fx, xIdy) : Xix V= U; x V

indexed by i € I along (fix, X Idy) : X;j X V' — U;; X V, using the G-equivariant 1-cocycle of biholomorphic
maps

ejj :=tr (exp(uij X V)(él’j)) : Xi]' xV 5 Xij XV
where

Y expprl’lH/B"xV
exp : (Prltg’H/B)woxV = 5pr;1H/B°xv I qulH/BOW
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and tr(o) : X;; X V 5 Xij x V denotes the translation of the smooth fibration (fix, S x1dy) : Xii XV - Uy x V
in abelian varieties by the section ¢ € Hormypexv(Uij X V) of the Jacobian fibration associated to fix, X Idy.

This is how the tautological family (2.12) is constructed.

We recall the main properties that tautological families satisfy.
Proposition 2.22 ([43, Theorem 1.2 and Proposition-Definition 4.18]). — The tautological family
: 25 BxV -V =H(B, &ys)°
constructed above satisfies the following properties:

i) The central fiber of I1is f.
ii) The family I1 preserves the G-action on f and is G-equivariantly locally trivial over B.

iii) The points parameterizing algebraic members of I1 form a dense subset of V.

2.8 Twisted sheaves and Atiyah classes

2.8.1 Twisted sheaves

We will first recall the definition of twisted sheaves. The reader is referred to [15, Chapter 1] for more

detail on their basic properties.

Let X be a complex space and let & = {a;;} be a Cech 2-cocycle with coefficients in 0% with respect
to an open cover {U;}ie; of X. An a-twisted sheaf (F, ) (or simply F) is a collection of coherent sheaves
{Fi € Coh(U))}ier together with O,y -linear isomorphisms g;; : Fi|u,ﬂu/ =SF iy, suchthatg; =1d, g;; = 9]7,-1,
and gy © gjk © gij is the multiplication by a;j on Faunuinu,- When a = 0, an a-twist sheaf is a coherent sheaf
in the usual sense; we also call it an untwisted sheaf. A morphism 0 : (F, &) — (F’, @) of a-twisted sheaves is
a collection of morphisms 6; : F; — F/ such that 9:']' 0 0; = 0; o g;; over U; N U; where F; are the local pieces
and glfj the gluing isomorphisms defining (F’, ). We say that 0 is Ox-linear if 0; is y,-linear for each i. For
every local property & attributed to Ox-modules, we say that a twisted sheaf (F, o) satisfies & if F; satisfies

& for every i. For instance if each F; is locally free, then we say that (F, a) is a locally free a-twisted sheaf.

Coherent a-twisted sheaves together with Ox-linear morphisms introduced above form an abelian
category Coh(X, a). For instance, following the above notations, the kernel of a morphism 6 : (F,a) — (F/, a)
of a-twisted sheaves is the a-twisted sheaf ker(6) defined by the coherent sheaves ker(6);y, := ker(6;)
over each U; together with the isomorphisms ker(0;)u; = ker(0))u,, induced by gij : Fijunu, SF flunu,
thanks to the condition gl’.j 0 0; = 0; 0 gjj. If ker(0) = 0, namely ker(0;) = 0 for all i, we say that (F, @) is a
subsheaf of (F’, a). Up to equivalence of categories, Coh(X, &) does not depend on the representative a of
[a] € HX(X, 0%) [15, Lemma 1.2.3, Lemma 1.2.8]. If @’ is another Cech 2-cocycle with coefficients in &5 with
respect to the open cover {U;}ier and F’ is an o’-twisted sheaf, then F ® F’ is well-defined as an aa’-twisted

sheaf; see [15, Proposition 1.2.10] for the detail.

Given an a-twisted locally free sheaf (E,a) of rank r and let g;; be the gluing isomorphisms as above.
Let gij : P(Eiuinu;) = P(Ejyny,
multiplication, the collection {g;;} is a 1-cocycle of maps and thus defines a P"~'-bundle over X denoted

) be the induced maps on the projectivizations. Since gi; © gjx © gij is a scalar
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by P(E,a) — X, or simply P(E). Conversely, every P'~!-bundle over X is isomorphic to some P(E, a) — X
and (E, @) can be chosen so that a is with coefficients in the constant sheaf of rth roots of unity u, c &% [15,
p.9 and Example 1.1.1]; in particular, [a] € H*(X, 0%) is torsion. For every twisted invertible sheaf L, local

computation shows that P(E) ~ P(E ® L) over X. This implies the following result.

Lemma 2.23. — Assume that an a-twisted invertible sheaf L exists. For every a-twisted locally free sheaf E, there
exists an untwisted locally free sheaf E’ such that P(E) = P(E’) over X.

Proof. — We have P(E) ~ P(E® L) over X. As E is a-twisted and L" is a~!-twisted, the locally free sheaf
E®LY is untwisted. m]

2.8.2 Jet bundle and Atiyah class

Let Y — Z be a smooth proper morphism between complex spaces and let F be a locally free sheaf on
Y. Recall that the first jet bundle J'(F) of F is constructed as follows [1, §4]. As a sheaf of C-vector spaces
we define J'(F) = F® (F ®g, Q%,/Z). For any local sections f and (0, 7) of &y and J'(F) = F & (F ®g, Q%//z)
respectively, define

flo)=(f-o0®df +f-1). (2.13)

This defines an &y-module structure on J'(F), as well as the short exact sequence of coherent sheaves

0—F®Q), — J'(F) —>» F—>0. (2.14)

The C-linear map j : F — J'(F) defined by the inclusion F& 0 — F & (F ®¢, Q%//z) is called the first jet map.

We verify that j satisfies the "Leibniz rule": given local sections ¢ and f of F and &y respectively, we have

j(fo) = f - j(o) o ®@df. (2.15)
where we use (2.14) to identify 0 ® df as an element of J*(F).

We can extend the above notions to the twisted setting. Let a be a Cech 2-cocycle with coefficients in oy
with respect to the open cover {U;} of Y. Let F be an a-twisted locally free sheaf on Y and let F; := F, be
its (untwisted) local pieces. From the description of the &;,-module structure on J*(F;), local computation
shows that the a-twisted sheaf structures on F and (F ® Qy/z) allow us to glue the J'(F;)’s and form an
a-twisted sheaf J'(F), and we call J!(F) the first jet bundle of F. The local first jet maps F; — J'(F;) also glue
to a global first jet map j : F — J'(F), and j still satisfies the Leibniz rule (2.15) over each U;.

By construction, the (twisted) first jet bundle J*(F) sits in the middle of the short exact sequence of

a-twisted sheaves

0—FoQ, > J'(F) —> F — 0. (2.16)

and the corresponding element At(F/Z) € Ext'(F, F® Q%,/Z) is called the Atiyah class of F; recall that Coh(Y, «)
is an abelian category and see e.g. [26, Exercise II1.5.2] for the interpretation of Ext' in terms of extensions
in an abelian category. We write At(F) = At(F/Z) if Z is a point. Given two twisted vector bundle E and F

on Y, as in the untwisted case [1, Proposition 10] we verify that J'(E® F) =~ (E® J'(F)) ® (J'(E) ® F), so

AHE ® F/Z) = 1dp ® At(F/Z) + AHE/Z) ®1dr € EXX (E® FEQF® Q) ). (2.17)
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We will also consider the image Tr(At(F/Z)) € H(Y, Q;

1
Tr: Ext'(FF® Q;/Z) — HY\(Y, Q;/Z). Recall that (see [7, p.166]) when F is untwisted, we have

) of the Atiyah class under the trace map

Tr(At(F)) = —c1(F). (2.18)

2.9 Relative automorphism groups and sheaves of automorphisms

Let m : X — Z be a proper surjective morphism between complex varieties. Let Aut(X/Z) be the group
of automorphisms of X over Z, namely automorphisms of X mapping each fiber of X — Z to itself. Let

Autz(X) be the complex Lie group over Z representing the functor

Complex spaces over Z — Sets
(2.19)
(Z' > Z)> Aut(X xz Z'|Z");
see [58] or [23, §1.1] for the existence of Autz(X). By definition, we have a structural morphism 74 :

Autz(X) — Z and for any z € Z, we have
1, (z) = Aut(Xz)

where X, := 771(z). A point @ € Autz(X) therefore represents an automorphism a : Xr, () = Xrs(a) Of the

fiber X, (. By definition, we also have

Aut(X/Z) = {Sections of 114 : Autz(X) —» Z}.

Let AutoZ (X) denote the connected component of Autz(X) containing the identity section Z — Autz(X).
Let «/utz(X) be the sheaf of local holomorphic sections of the structure morphism 74 : Autz(X) — Z.
For every open subset U C Z, by definition «/utz(X)(U) is the group of automorphisms of Xy; := n~(U)
over U. Similarly, we define «/ut%(X) to be the sheaf of local holomorphic sections of the restriction
i+ Aut)(X) — Z of mu to Aut)(X).

Lemma 2.24. — We have
Aut)(X), == (%)} (z) = Aut’(Xy).

Proof. — Since Aut’(X,) is the identity component of 7'(;11 (z) = Aut(X;) and Aut%(X) is the identity compo-
nent of the relative Lie group ma : Autz(X) — Z, necessarily Aut%(X)Z contains AutO(XZ) as a connected
component. Thus to prove that Au’:oZ (X). = Aut’(X,), it suffices to show that Aut% (X), is connected. Let
Aut%(X) — 7 — Z be the Stein factorization of n%. The identity section of ng induces a section of the finite
morphism Z — Z, so Z contains a connected component which maps isomorphically onto Z. Since Auty(X)
is connected, Z is also connected, so Z — Z is an isomorphism. Hence AutoZ (X). is connected, which implies
that Aut}(X), = Aut’(Xy). O

Lemma 2.25. — Assume that both 7 : X — Z and Z are smooth, and z — h°(X,, Tx.) is constant in z € Z where
X, := " Y(z). Then ng : AutOZ(X) — Z is smooth. As a consequence, the Lie algebra over Z associated to the Lie

group Auty(X) over Z is the total space Tot(r. Tx,z) of the locally free sheaf 1. Tx/z.
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Proof. — By [37, Korollar in p.87], the Lie algebra associated to the Lie group (n%)(z) = Aut’(X,) is
HO(X., Tx,) forevery z € Z. Asdim Aut’(X;) = h°(X;, T, ) is constant in z and Z is smooth, ¥, : Aut)(X) — Z
is smooth. Finally, since Ty, is flat over Z (by the smoothness of 1) and z — h°(X,, Tx,) is constant, the

direct image 7. Tx/z is locally free, which proves the last statement of Lemma 2.25. a

Let Z be a complex manifold and let

x—L 5y

N/ (2.20)
Z

be a morphism of complex varieties over Z. In the remainder of §2.9, we study the relations between the
relative Lie groups of automorphisms arising in (2.20). For the purpose of this article, it will be enough to

work with the following assumption.

Assumption 2.26. — The morphism (2.20) of complex varieties over a complex manifold Z satisfies the following

properties.
i) The morphisms f and p are smooth fibrations (with connected fibers) and
Z3z- h(X,, Tx.)

Z 3z h(Y,, Ty,

are constant where X, := ' (z) and Y, := p~1(2).

ii) For every z € Z, the Lie groups Aut’(X.) and Aut’(Y.) are commutative.

Until the end of §2.9, we assume that (2.20) satisfies Assumption 2.26.

By Assumption 2.26.i) and Lemma 2.25, Tot(rt. Tx,z) (resp. Tot(p.Ty,z)) is the Lie algebra over Z associated
to the Lie group Aut%(X) (resp. Aut%(Y)) over Z. Since f is smooth with connected fibers, we have a descent
morphism ¢ : Auty(X) — Aut(Y) by [3, Proposition L.1]. The induced morphism ® : 7. Tx;z — p.Ty/z
coincides with the natural morphism induced by f : X — Y. As Aut’(X.) and Aut’(Y,) are commutative by
assumption, their exponential maps are surjective group homomorphisms. So we have the commutative

diagram

Tot(t.Tx/z) ——— Tot(p.Ty/z)

\Lexpx/z \Lexpv/z (2.21)

Autd(X) ———— Aut(Y).

of morphisms of commutative Lie groups over Z with surjective vertical arrows. Let

.Txz —— p.Tyz

l l 2.22)

A ut)(X) —— ut)(Y)

be the commutative diagram of morphisms of sheaves of abelian groups which corresponds to (2.21).
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By the definition of 1), if g € Auty(X) (resp. ¥/(g) € Auty(Y)) corresponds to the automorphism g : X, — X,
(resp. Y(g9) : Y; = Y;) where z = m4(g), then the diagram

X, —7 sx

l lf (2.23)
v(g)
Y, ———Y;
commutes. It follows that ker ¥V = p.&/uty(X) N &7 ut%(X), where we regard p.#/uty(X) as a subsheaf of
&/ utz(X). On the other hand since ker ©® = 7. Tx/y, the diagram (2.22) extends to the commutative diagram

S)
0 > . Tx/y > .Tx;z ————> pTy)z

l l l (2.24)

0 —— pofuty(X) N Fut)(X) —— ut)(X) ——— utl(Y)

of morphisms of sheaves of abelian groups with exact rows.

Lemma 2.27. — Assume that the morphism (2.20) over Z satisfies Assumption 2.26. If the descent morphism
P Aut%(X) - Aut%(Y) induced by (2.20) is surjective, then both W and © in (2.24) are surjective.

Proof. — For simplicity, let A := Auty(X) and A’ := Auty(Y). As ¢ : A — A’ is a surjective morphism
of Lie groups over Z, the associated morphism Tot(r.Tx,;z) — Tot(p.Ty,z) of Lie algebras over Z is also
surjective. So © : .Tx;z — p.Tyz is surjective, and the induced morphism of relative tangent sheaves
Tajz = Y'T 47 is surjective as well. Since both A — Z and A" — Z are smooth by Lemma 2.25, it follows
thatdy : T4 — ¢*Tx is also surjective. Thus ¢ : A — A’ is a submersion between complex manifolds, so

local sections of A" — Z lift to local sections of A — Z, which proves that W is surjective. m]

Example 2.28. — 1f f : X — B is a smooth fibration in complex tori of dimension g, then Aut% (X) = Bis
isomorphic to the Jacobian fibration | — B associated to f as Lie groups over B. So &/ utg (X) is isomorphic
to the sheaf ¢ of local holomorphic sections of ]| — B. If H = R¥1£Z and &y = RY ﬂQg(_/;, then
the quotient map éu/p — Sup/H = _# defining 7 (see §2.6) is isomorphic to the exponential map

exp : f£.Txp = Futh(X).

3 Bimeromorphic models of non-algebraic compact Kihler threefolds

In this section we will prove Propositions 1.11 and 1.14, which describe compact Kéhler threefolds of
algebraic dimension a2 < 1 and non-algebraic uniruled compact Kéhler threefolds, up to bimeromorphic

modifications.

3.1 Non-uniruled compact Kihler threefolds witha <1

First we prove Proposition 1.11, which results essentially from Fujiki’s classification [24].

Proof of Proposition 1.11. — Let X, be a non-uniruled compact Kdhler threefold with a(Xp) < 1.
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If a(Xp) = 0, then by [24, Theorem in p.236], X, is bimeromorphic to either the quotient T/G of a 3-torus
T by a finite group G, or to a simple threefold. As a consequence of the abundance conjecture for Kahler
threefolds, a simple Kéhler threefold is also bimeromorphic to a finite quotient of a 3-torus T [16, Corollary
1.4]. In both cases, since a(Xy) = 0, necessarily a(T) = 0. Hence X is bimeromorphic to a threefold in
Proposition 1.11.7). Note that this is the only place where the MMP for Kéhler threefolds occurs in this

article.

Assume that a(Xy) = 1, then by [24, Theorem 3], X, is bimeromorphic to a threefold X satisfying one of

the following descriptions:

- X = (5% B)/G where § is a smooth compact Kahler surface, B is a smooth projective curve, and G is a
finite group acting diagonally on both S and B. Moreover, a general fiber F of X — B/G is a surface
with a(F) = 0.

- X is the total space of a fibration f : X — B over a smooth projective curve such that a general
fiber F of f a 2-torus, and f satisfies "Property (A)" (namely, for any fibration g : X’ — B and any
bimeromorphic map ¢ : X --» X’ over B, there exists a Zariski open U C B such that ¢ induces an
isomorphism f~1(U) ~ g~}(U)).

Assume that X = (S x B)/G as in the first case above. As F is a fiber of X — B/G, we have a finite map
S — F. Since a(F) = 0, we have a(5) = 0. As S is Kahler, by [2, Theorem VI.1.1] a8) =0 implies that
%(S) = 0 and that the minimal model S of S is K-trivial. By [2, Claim in p.99], the G-action on S induces
a holomorphic G-action on S. Hence X is bimeromorphic to (S X B)/G, which is a threefold described in

Proposition 1.11.i).

Given a fibration f : X — B as in the second case. By [24, Lemma 11.1], the fact that f has "Property (A)"
implies that f has no multi-section. It also implies that if X’ — X is a Kéhler desingularization of X then a
general fiber of the composition X" — X — B is still a 2-torus. Therefore up to replacing X by X’, we can
assume that X is a compact Kdhler manifold. Assume that F is not algebraic, then by [24, Remark 13.1],
Xp is bimeromorphic to the quotient the total space of a G-equivariant smooth isotrivial torus fibration
f: X — Bby G. This shows that f satisfies the description in Proposition 1.11.ii). Hence the bimeromorphic

descriptions of X in Proposition 1.11 is exhaustive.

Finally, since a variety X in Proposition 1.11 is a finite quotient of a smooth variety, X is normal. m]

3.2 Standard conic bundles

In the remainder of §3 we will prove Proposition 1.14, which describes non-algebraic uniruled Kahler
threefolds up to bimeromorphic modifications. We will first prove some auxiliary results about conic

bundles before we conclude in §3.4.

We fix some terminology. A conic bundle is a P!-fibration f : X — B such that f = rx where 1 : P(§) — B
is the projectivization of a locally free sheaf & of rank 3 on B and X is the zero locus of a non-trivial section
oeH° (P(o@ ), Opey(2) @ 0* L ) for some invertible sheaf . on B. The section o definesamap o : &¥ — £®.%,
and induces deto : det(£)" — det(&) ® £*°. The divisor in B defined by deto € H'(det(&)®? ® %) is
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called the discriminant locus of the conic bundle f. As a set, this is the locus where the quadratic form
defined by the restriction of o to the fibers of 5?6 ® . does not have maximal rank. A flat conic bundle
f : X — Bis called standard if both X and B are compact complex manifolds, the discriminant locus D(f) C B

of f is a simple normal crossing divisor, and f~!(D) is irreducible for every irreducible divisor D C B.

Given an algebraic P!-fibration f : X — B, Sarkisov proved that it is always birational to a standard conic

bundle [56, Proposition 1.13]. We extend Sarkisov’s theorem to non-algebraic P!-fibrations over surfaces.

Proposition 3.1 (cf. Miyanishi [46, Theorem on p.89] or Sarkisov [56, Proposition 1.13])

Let f : X — B be a P'-fibration over a compact complex surface B. There exists a bimeromorphic modification

X--——3X
1)
B---+B
of f to a standard conic bundle f' : X’ — B’.
Remark 3.2. — When B is a projective surface, Proposition 3.1 was already proven in [46, Theorem on

p-89] by Miyanishi and Zagorskih. A similar statement was proven by Sarkisov when B is any complete
algebraic variety [56]. It is likely that Sarkisov’s result continues to hold for any compact complex manifold
B. We use the assumption dim B = 2 in the proof to first find a conic bundle (over a compact base) which is
bimeromorphic to the original one. Once we obtain a conic bundle bimeromorphic to f : X — B, the rest of

the argument follows faithfully the proof of Sarkisov’s theorem mentioned above.

Proof of Proposition 3.1. — Up to base-changing f with a desingularization of B and resolving the singulari-
ties, we can assume that both X and B are smooth. Let & := (f,‘K)V(/B)vv where Kx/p := Kx ® f*Kp. Since B
is a smooth surface and & is reflexive, & is locally free. As the natural map f*f.Ky B Ky, /g s generically

surjective, it induces a meromorphic map j : X --» P(£.K} ;) --» P(&) over B. Over a Zariski open U C B

B
where f is smooth, j is the relative anti-canonical embed/ding of the P'-bundle f~1(U) — U. It follows
that ; is generically injective and the proper transform Xy C P(&) of X by ; is the zero locus of a section
o€ H° (P(&), Ors)2)@ ML ), where 7 : P(&) — B is the projection and .# is some invertible sheaf over B.
Therefore up to replacing X by Xj, we can assume that f : X — B is a conic bundle embedded into P(&),

with X being irreducible.

Starting from the conic bundle f : X — B which is embedded in P(&’), the rest of the proof follows mutatis
mutandis the proof of [56, Theorem 1.13] or [46, Theorem on p.89]. Let D(f) C B be the discriminant divisor
of f. Up to base-changing f : X — B with a log-resolution of the pair (B, D(f)), we can assume that D(f) is
a simple normal crossing divisor. We identify the section o € H° (P(£’ ), Opey(2) @ 0° L ) defining X with a
family of quadratic forms g(0) € H(B, $*6 ® ) parameterized by B. We also write 4(0) : ¥ — £ ® £.

Claim 3.3 ([56, Lemma 1.14]). — Up to replacing f : X — B by a bimeromorphic model X’ — B of it, every

irreducible component of D(f) is reduced.
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Proof. — Assume that D(f) is not reduced, and let C c D(f) be the underlying reduced curve of a non-
reduced irreducible component of D(f). It suffices to construct a conic bundle f' : X’ — B (with X’
irreducible) bimeromorphic to f : X — B such that D(f) — D(f’) is a nonzero effective divisor; we will use
D(f) > D(f’) to denote this property. We then proceed by induction until every irreducible component of
D(f) becomes reduced.

Since C C D(f), the image of g(0)|c : @(TS;/ — (& ®. %) chasrank r < 2. As X is irreducible, we have r # 0,
so either r = 1 or 2. Since the image of the composition

q’:éavﬂ<§’®$—>(éa®$)|c

is a locally free sheaf of rank r over C, the kernel K" := ker(q’) is locally free over B; we set K := K.
Consider the composition

g K eV e v Koy 3.1)

and also the induced map
Ok : O — det(K) ® det(&)" — det(K) ® det(&) ® L% — det(K)®? ® .3

by taking the determinant of (3.1) and tensorizing with det(K).

Suppose that r = 1. Since K" := ker(q'), gk : KY — K® £ factorizes through K ® .#(-C) and 6k
factorizes through det(K)®? ® #®3(-3C). Let o’ € H° (P(K), Oriy(2 @ "L (—C)) be the section such that
g(o’) : KY - K® Z(-C) is the morphism in the factorization of gx. The discriminant divisor of the conic
bundle f’ : X’ — B defined by ¢’ is the zero locus

D(f) = z(ﬁg 230, ()22 ®.§€®3(—3C)) = Z(5%) - 3C
of the morphism 6x(—3C) in the factorization of 6. Since &V /K" is a locally free sheaf of rank 1 over C, we
have
Z (det(K) ® det(&) ® .2 — det(K)*? ® £%%) = Z (05 — det(K) @ det(&)") = C.
Thus
D(f') = Z(6x) =3C =C+ D(f) + C-3C =D(f) - C.

Finally, removing the irreducible components of X" which do not dominate B only decreases D(f’). After
removing all such irreducible components, the resulting conic bundle f’ : X’ — B is bimeromorphic to
f : X = B by construction with D(f) > D(f").

Now assume that = rk(q(0)c) = 2. Then for a general point 0 € C, we can find a neighborhood U C B of

0 and trivializations & =~ 62 and .¢ ~ €y such that the quadratic form g(o);y on &%, is of the form
q(0) = X3+ X5 +u" - X3

where u is a holomorphic function on U which defines C and {X;}i=¢,1,2 is the standard basis of ﬁfl. A section

of Kﬁl = ker(q")ju (viewed as a subsheaf of ﬁa) is of the form

s=agu-Xo+mu-X1+ap-Xo
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where a9, a1, a; are holomorphic functions on U. Over U and through the trivializations & = ﬁfl and & =~ 0y,
we have

ao a1 _
qK(s)zaou-X0+a1u-X1+a2um-X2=u2(;-X0+;-X1+a2u’” 2-X2)

As D(f) is non-reduced along C, we have m > 2, showing that gx : K¥Y — K ® .¢ factorizes through

K® .2(-2C). Let o’ € H° (P(K), Oprx)(2) ® n*f(—ZC)) be the section such that g(¢’) : KY - K® £(-2C) is

the morphism in the factorization of gk, and let f’ : X" — B be the conic bundle defined by ¢’.

The determinant 6k factorizes through det(K)®? ® #*3(-6C). Since &V /K" is a locally free sheaf of rank 2
over C, we have
Z (05 — det(K) ® det(&)¥) = 2C.

The same argument as above then shows that
D(f) = D(f) - 2C,

and we finish the construction of f : X’ — B as before by removing the irreducible components of X’ which

do not dominate B. O

Claim 3.4 (see also [56, Proposition 1.16]). — Uptoreplacing f : X — B by abimeromorphic model f’ : X’ — B’
of it, the discriminant locus D(f) C B satisfies the following.

— D(f) is a simple normal crossing divisor with reduced irreducible components.

— For every o € B, we have rk(q(0),) > 0 and

_ [P\ SingD() i rk(go)e) =2
Sing(D(f)) if rk(g(0),) = 1.

o

Proof. — By Claim 3.3, we can assume that D(f) is a simple normal crossing divisor with reduced irreducible

components.

Let 0 € B. We can find a neighborhood U C B of 0 and trivializations & ~ &}, and .¢ ~ 0); such that

q(o)u : O} — 07, is of the form

q(0) = Z aij - XiX;

0<i<j<2
where {X;}i01, is the standard basis of ﬁfl and each a;; is a holomorphic function on U. If rk(g(c),) = 0,
then a;; = 0 for all i and j, so det(q(0)) has vanishing order at least 3 at 0. This contradicts the assumption

that Z (det(q(0))) = D(f) is a normal crossing curve with reduced irreducible components.
If rk(g(0),) = 1, then up to changing the trivialization, we have
q(o) = Xg + a11 -Xf +ap - X1 X +axy - X%
with a;;(0) = 0. So det(q(0)) has vanishing order at least 2 at o, which implies that o € Sing(D(f)).

Finally assume that rk(q(c),) = 2. Suppose to the contrary that o € Sing(D(f)), and let C;,C, € D(f) n U
be the two branches of D(f) N U passing through o, defined by u = 0 and v = 0 respectively. Then up to
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changing the trivialization, we have
q(o) = Xg + X% +uv - X%
Let 7 : B — B be the blow-up of B at 0 and let 4(5) := t°q(0) € H(B,S*7*6 ® 7°.%). Then in the local

coordinates (i, 7) of B which satisfy (i, 9) = (i5, §), we have
q(5) = X5 + X2 + 1t* - X5. (3.2)

Since the exceptional divisor E C B of 7 is defined by ¢ = 0 in that local chart, it follows that the discriminant
locus D(f) of the conic bundle f : X — B defined by ¢(5) is

D(f) = D(f) +2E

where D(f)’ C B is the strict transform of D(f) C B. We also see that q(5) has rank 2 generically along E,
therefore repeating the same argument as in the proof of Claim 3.3 shows that there exists a bimeromorphic
model f": X’ — Bof f: X — B such that

D(f") = D(f) - 2E = D(f) .

Replacing f : X — Bby f' : X’ — B and repeating the same procedure until there is no double point
o € Sing(D(f)) such that rk(q(c),) = 2, we finish the proof of Claim 3.4. O

Up to replacing f : X — B by a bimeromorphic model of it, we can assume that f satisfies the properties
in Claim 3.4. These properties imply that X is smooth and that f is flat by [56, Corollary 1.11], whose proof
is of local nature and works also analytically locally. It remains to show that f : X — B can be contracted to
a standard conic bundle [56, §1.17]. Let C C B be an irreducible divisor. If C ¢ D(f), then Xc := f"}(C) - C
is a flat P'-fibration, so Xc is irreducible. Now suppose that C ¢ D(f) is an irreducible component of D(f).
We claim that if CNSing(D(f)) # 0, then X¢ is irreducible. Indeed, if o € CNSing(D(f)), then since f : X — B
satisfies the properties in Claim 3.4, we can find a neighborhood U C B of o trivializing & and . such that
g(o) is of the form

q(0) :ao-X§+a1 -Xf+a2-X§
where each g; is a holomorphic function on U (see [56, (1.17.1)]). Moreover since rk(g(c),) = 1, we can
further assume that ag(0) = a1(0) = 0, a2(0) # 0, and C is locally defined by ag = 0. From this local expression
of o, the monodromy action around o € C on the double cover of C \ Sing(D(f)) parameterizing lines in the

fibers of f exchanges the two lines in f~!(p) for every p € C, so the total space Xc is irreducible.

Thus if Xc = f71(C) is reducible, then C is an irreducible component of D(f) and C N Sing(D(f)) = 0. In
this case, the divisor X¢ has two irreducible components E; and E;: both E; and E; are ruled surfaces over
C, and E; N E; is transversal and is a section of both E; — C and E, — C. It follows that F- E; = —1 where F
is a fiber of E; — C. So one can blow down the divisor E; in X to a curve isomorphic to C [21, Theorem 2]
and obtain a new conic bundle which is now smooth along C C B. After contracting all such ruled surfaces

we obtain a standard conic bundle which is bimeromorphic to the original conic bundle. ]
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For later use, let us mention that the discriminant divisor of a standard conic bundle has the following
property.
Lemma 3.5 (see e.g. [53, Lemma 5.3]). — Let C C B be the discriminant divisor of a standard conic bundle

: X — B. For every irreducible component D C C such that D ~ P*, we have D N #* (0 an N is
X —>B. F vy irreducibl p D c C such that D ~ P! have DNC\D # Q0and #DNC\ D

an even number.

3.3 Curves in a surface of algebraic dimension 0

Another result we need for proving Proposition 1.14 (and also results in §4) is the description of curves
of a compact Kéhler surface S with a(S) = 0. The following result is well-known to experts, see e.g. [34,

Lemma 2.17] and its proof.

Lemma 3.6. — Let S be a smooth compact Kihler surface. Assume that S is minimal and a(S) = 0, then S contains
only finitely many curves. Moreover, the union of curves in S is a finite disjoint union of A-D-E curves, and S has no
curve if S is a 2-torus. As a consequence, every connected curve of a smooth compact Kihler surface S with a(S) = 0

is a tree of P1.
Corollary 3.7. — Let f : X — S be a standard conic bundle over a smooth compact Kihler surface S. If a(S) = 0,

then f is smooth, namely f is a P'-bundle.

Proof. — Suppose that f is not smooth. Since a(S) = 0, the discriminant divisor C C S is a disjoint union of
trees of P! by Lemma 3.6. So there exists an irreducible component D c C such that #(D N C\ D) < 1. This

contradicts Lemma 3.5 because D ~ P!, O

3.4 Proof of Proposition 1.14

Before we prove Proposition 1.14, we need to define good P!'-bundles in Proposition 1.14.i). Let S be a
smooth compact Kahler surface with a(S) = 0. By Lemma 3.6, S has finitely many curves; let Cy, ..., C,, be

the connected components of the union of all curves of S. Consider the composition
H v
n: S = Smin = Scan

where u is the blow-down of S to its minimal model Spin, and v is the contraction of all the A-D-E curves of
Smin. By Lemma 3.6, (C;) is a point p; € Scan for each i, and p; is either a smooth point or a rational double

point of Scan.
Let U; C Scan be a Stein neighborhood of p;. For every reflexive sheaf .# on U;, let
F' = (V' F)[torsion and £ :=u'F’,

which we regard as sheaves on V; := v"}(U;) and V; := n7}(U,) respectively. The sheaf .# satisfies the

following properties.

Lemma 3.8. — .7 is a globally generated locally free sheaf and satisfies R'n.(F") = 0.



ALGEBRAIC APPROXIMATIONS OF COMPACT KAHLER THREEFOLDS 31

Proof. — Since .#" is locally free and globally generated by [19, Lemma and definition (2.2). i) and ii)], so
is Z. It also follows that #¥ = u*(#"¥). Since .0y, = 0 and R'y.0p, = 0, we have p.(#") ~ .Z"" and
R'i.(#V) = 0. Thus

R'N(FY) = R (u(F")) = R'v(FY) = Rv(FY @ wy,) = 0,

where the third isomorphism results from wy, = Oy, because V; — U; is the contraction of the A-D-E curve

in V;, and the last vanishing follows from [19, Lemma and definition (2.2). iii)]. O

Definition 3.9. — In the above setting, a good P!-bundle f : X — S over S is a P'-bundle such that for
every i € {1,...,m}, there exist a neighborhood U; C Scan of p; and a reflexive sheaf .# on U; such that
YV = P(F) over V.

Lemma 3.10. — Every P'-bundle f : X — S over S is bimeromorphic to a good P*-bundle over S.

Proof. — We continue to use the notations introduced above.

We have H%(V;, ﬁ;‘) = 0. Indeed, as U; has only rational singularities, we have H*(V;, Oy,) = H>(U;, n.0v,),
which vanishes because U, is Stein. As V; deformation retracts to C;, we have H> (Vi, Z) ~ H3(C;,Z) = 0.

Hence H*(V;, 07 ) = 0 by the exponential exact sequence.
Thus there exists a locally free sheaf & on V; such that P(&}) ~ f~1(V;) over V;. Now let .; := (1.6)"".
Since the two natural morphisms
& — ' = Fi
are isomorphisms over Vi\ G, they induce a bimeromorphic map

¢i: fHUV) = P(&) - P(F)

over V; which is an isomorphism over V; \ C;. As f~1(V;) c X is a neighborhood of f~!(C;) and we can
assume that these f~1(V;) are disjoint up to shrinking U;, these bimeromorphic modifications ¢; extend to a
bimeromorphic modification X --» X’ of X over S which is an isomorphism over S \ U;C;. By construction,

X’ — Sis a good P!-bundle, which proves the lemma. m]

Proof of Proposition 1.14. — By [24, Proposition 14.1], a non-algebraic uniruled compact Kéhler threefold is

bimeromorphic to a threefold X satisfying one of the following descriptions:

- Xis a P!-fibration over a surface S with a(S) = 0.

— Xis the total space of a fibration  : X — B over a smooth projective curve with the following property:
there exists a Zariski dense open subset U C B such that the fiber X, = n~(b) is a ruled surface over
an elliptic curve for every b € U and that, either X is of type N € {I, II} (see Definition 1.13 for the
terminology) for every b € U, or X}, is of type Il for every b € U. Moreover the relative Albanese map

X—i—>5ﬁ>Boch:X—>Bexists.

In the first case, we can further assume that f : X — S is a standard conic bundle by Proposition 3.1, so f
is a P!-bundle by Corollary 3.7. It follows from Lemma 3.10 that X is bimeromorphic to a good P!-bundle

as in Proposition 1.14.7). Since S is a smooth compact Kahler surface, X is Kdhler.
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In the second case, by the definition of the relative Albanese map f (see [24, p. 242]), S is smooth and
the restriction of f to a general fiber X; of @ : X — B is holomorphic and is the Albanese map of X;. Since
X; is a ruled surface over an elliptic curve, p : S — B is an elliptic fibration. Let U C B be a Zariski dense
open subset as above. Up to shrinking U, we can assume that the restriction of p (resp. m) to p~1(U) (resp.
7=1(U)) is smooth and that the restriction of f to 7~}(U) is holomorphic. Then there exists a resolution
f': X" —> Sof f: X - Sby a desingularization v : X’ — X of X such that fundamental locus of v~ (namely
the smallest Zariski closed subset Z C X such that Vl_Xl\Z is an isomorphism onto its image) is contained in
X\ }(U). Letv' : X" — X’ be a bimeromorphic morphism from a compact Kihler manifold X” and let
E c X" be the exceptional divisor of v'. Then Z := f’(v'(E)) C S satisfies dim Z < 1. Since X" is Kéhler and
non-algebraic, S is not algebraically connected by Corollary 2.13, so p(Z) C B is finite. It follows that the
bimeromorphic morphism vo1’ : X” — X’ — X only modifies X along a finite union of fibers of 7 : X — B.
Therefore up to shrinking U and up to replacing X by the bimeromorphic model X", we can assume that X
is a compact Kédhler manifold, and that = has a factorization 7 : X Lshp such that p is an elliptic surface
with S smooth and non-algebraic, and X, is still a ruled surface over S, := p~1(b) of type N € {I, II} or of type
III uniformly for every b € U.

It remains to show that there exists N € {I,II, III} such that up to shrinking U C B, X is of type N for

every b € U. We can assume that X is of type N € {I,II} for every b € U (otherwise X} is of type Il already

1

for every b € U). Since Tx/p = (QX/B

11.8]. It follows that

)V is torsion free and B is a smooth curve, Tx/; is flat over B [45, Exercise

T :={beB|1(Xy Txs) 24} CB.
is Zariski closed in B by upper semi-continuity. We have the following description of h°(X;, Ty, ).
Lemma 3.11 ([44, Lemma 10]). — Let 8 be a ruled surface over an elliptic curve with €(8) = 0. We have

4 if 8 is of type I,
2 if 8 is of type Il or 1I1.

(8, Ts) =

The statements in [44, Lemma 10] depend on the invariant N(8) of a ruled surface 8 instead of £(8). In
order to see that [44, Lemma 10] contains Lemma 3.11, here we recall how N(8) is defined and show that
N(8) = —&(8). Suppose that 8 = P(€) for some vector bundle € over a smooth projective curve C, then
N(8) := degdet(€) — 2deg(L) where £ C € is a line subbundle such that deg(£) is maximal. The invariant
N(8) is independent of the choices of € and £. If we choose € to be a normalized vector bundle defined
in [32, Proposition V.2.8 and Notation V.2.8.1], namely & satisfies H'(C, &) # 0 and H%(C, £ ® £) = 0 for any
line bundle £ on € with deg(£) < 0, then ¢ C & (from H(C, &) # 0) is a line subbundle of maximal degree,
which is 0. Thus N(8) = degdet(E) = —&(8). In particular, £(8) = 0 is equivalent to N(S) = 0.

Assume that . = B. Then by Lemma 3.11, X}, is of type I for every b € U. Assume that & ¢ B, then
once again by Lemma 3.11 and the assumption that X}, is of type L or Il for every b € U, U \ L is a Zariski
open subsets of B parameterizing ruled surfaces X, of type II. Hence X is bimeromorphic to a P!-fibration

described in Proposition 1.14.ii). ]
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4 Fiber bundles in K-trivial surfaces and 3-tori

The main result that we prove in this section is Proposition 1.15. The aim is to study the existence of
algebraic approximations of non-uniruled compact Kéhler threefolds of algebraic dimension a2 < 1. Recall

that the good bimeromorphic models we choose to approach this problem are described in Proposition 1.11.

Let us start with algebraic approximations of 3-tori.

4.1 Algebraic approximations of tori
It is well-known that complex tori have algebraic approximations. The same proof also works in the

G-equivariant setting.

Lemma 4.1. — A complex torus X endowed with a finite group action G has a G-equivariant algebraic approximation.

Proof. — We can assume that G acts faithfully on X. Since X is a torus, its Kuranishi space is smooth [55,
Corollary 2]. Let w € HY(X, Q}() be a G-invariant Kihler class. Since Kx =~ 0%, the contraction .w :
HY(X, Tx) = H*(X, Ox) by w is isomorphic to

—w: H'(X, Q") - H*(X,QY),

which is surjective by the hard Lefschetz theorem. We conclude by Theorem 2.9 that X has an algebraic
approximation 7 : 2~ — A preserving the G-action. m|

The main result that we prove in §4.1 is the following.
Proposition 4.2. — Let X be a 3-torus with a(X) = 0 and G a finite group acting on X. There exists a G-equivariant
algebraic approximation of X which is C-locally trivial for every curve C C X.

Let us first prove some auxiliary results.
Lemma 4.3. — Let S be a 2-torus and G a finite group acting on S. There exists a G-equivariant algebraic

approximation of S which is C-locally trivial for every proper subvariety C C S.

Proof. — We may assume that S is non-algebraic, so either a(S) = 0 or 1. If a(S) = 0, then S has no curve,
so Lemma 4.3 follows from Lemma 4.1 and Lemma 2.3.i). If a(S) = 1, then the algebraic reduction of S is a
smooth elliptic fibration S — E over an elliptic curve E. In this case Lemma 4.3 follows from Theorem 2.19
and Corollary 2.12. ]

Lemma 4.4. — Let X be a 3-torus with a(X) = 0. If C C X is an irreducible curve in X, then C is a subtorus of X,
and every irreducible curve of X is a fiber of X — X/C.

Proof. — Choose a point o € C to be the origin of X and let T C X be the subtorus generated by C. Since T
is a quotient of Alb(C) where C is the normalization of C, T is algebraic, so T € X. We also have dim T # 2,

because otherwise X/T is an elliptic curve and a(X) > a(X/T) = 1. Hence dim T = 1, so necessarily T = C.
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Finally since a(X) = 0, we have a(X/C) = 0, so the 2-torus X/C contains no curve by Lemma 3.6. Hence

every irreducible curve of X is a fiber of X — X/C. ]

Proof of Proposition 4.2. — If X has no curve, then Proposition 4.2 follows from Lemma 4.1. Assume that X
contains a curve. By Lemma 4.4, there exists a 1-dimensional subtorus T of X such that every irreducible
curves of X is a fiber of the smooth isotrivial fibration f : X — B := X/T in T. The G-action on X descends
to B through f.

Recall the notations introduced in §2.6. As f : X — B = X/T is the quotient of a torus by the subtorus T, the
Jacobian fibration associated to f is isomorphic to the projection p : BX T — B, so we have H := R £,Z ~ 7?2
and &up = f.Tx/p = Op. Let ®; : BXT — B X T denote the map defining the induced G-action on the

Jacobian fibration p for every g € G. The fibration p is G-equivariant; for every b € B, we define
Oy T= b} xT =5 (gb)) x T =T.

Since a(B) < a(X) = 0 and dim Aut(T) = 1, necessarily the map B — Aut(T) defined by b - @, is constant
for every g € G. It follows that the G-action on B x T is diagonal; let ¢ denote the induced G-action on T.

By Lemma 4.1, the torus B has a G-equivariant algebraic approximation © : ## — A. We can assume
that A is contractible and Stein. Define the G-action on % X T as the product of the G-action on % with
¢. By Lemma 2.18, there exists a G-equivariant torsor f : 2" — % under % x T — 2% which lifts 7 to a

G-equivariant deformation of f.

By definition (see §2.6) we have &= Ewmxrim = O and it inherits a G-sheaf structure. As A is Stein, we
have H'(%, &) ~ H'(A, R't.0%). Since R'1t,0 is free and h'(%;, &) = h'(%:, O5,) is constant in t € A, by
Grauert’s base change R'm.0l; ~ H(%,, &) for every t € A, and there exists a finite dimensional subspace
V € HY%(A, R'1t.0 %) such that the restriction map V — HY(A, R'm, O5;) — H'(%;, &) is surjective for every
t € A. Up to replacing V by ). ,cc g+ V, we can assume that V is G-stable. As G is finite, the G-invariant part

At 1 V6 — HY (%, &) of the restriction map is still surjective for every t € A.

Let (see §2.6)
: 25 BxVE - Ve
be the G-equivariant tautological family associated to f : 2~ — % and parameterized by V¢ c
HY%A,R'1t,02)¢ =~ H' (%, &)C. As tautological families are compatible with base change (Remark 2.20), for
every t € A the restriction
I : % =q (B xVO)D B,x V6 - VC
of IT over %; x V© is the G-equivariant tautological family associated to the G-equivariant elliptic fibration
2 = fN(%;) — % parameterized by A; : V¢ — HY(%B, )¢ — H' (%, £)C. In particular the family
- nixId
75 zxve 225 Axve
of G-equivariant elliptic fibrations parameterized by A X V© contains f : X — B as a member. As

At 2 V& — HY(%,;, &)C is surjective for every t € A, by Theorem 2.19 IT; is an algebraic approximation of
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Zi — B, for every t € A such that %, is algebraic. Since 4 — A is an algebraic approximation of B, it

follows that IT" is a G-equivariant algebraic approximation of X.

It remains to show that IT’ is C-locally trivial over a neighborhood of IT"(X) € A x VC. Since IT is the
tautological family associated to f : 2° — %, which is a fiber bundle in T, the fibration g : Z — Z x V¢
is also a smooth isotrivial fibration in T. Recall that C € X is a finite union of fibers of f : X — B, so q(C)
is finite and there exists an open neighborhood U ¢ % x V° of ¢(C) such that g~}(U) = U x T over U. As
7 : % — Ais smooth and the image of q(C) under % x V¢ — V¢ is [1(X), up to shrinking U we can assume
that U is of the form U’ X U” where U’ C £ is an open subset such that U’ ~ (U’ N B) X A over A and
U” c V¢ is a neighborhood of T1(X). Thus

FIU) =UXxT=WxXxU'xT=WNB)xAxU’ xT

over A x U”. As g (U) is a neighborhood of C, it follows that the restriction of I’ to ITT'""}(A x U”) is a

C-locally trivial deformation of X. m]

4.2 Fiber bundles in 2-tori

Next we study the existence of algebraic approximations for smooth isotrivial 2-torus fibrations.

Lemma 4.5. — Let G be a finite group and let f : X — B be a G-equivariant smooth isotrivial fibration in a
non-algebraic 2-torus F over a smooth projective curve B. Assume that X is in the Fujiki class € and f has no

multi-section. Then X has a G-equivariant algebraic approximation, which is C-locally trivial for every curve C C X.

Proof. — As F is non-algebraic, we have a(F) = 0 or 1.

If a(F) = 0, then F has no curve, so X has no curve neither because f has no multi-section. Thus given a
bimeromorphic morphism v : X — X from a compact Kéhler manifold, there exists a finite subset P ¢ X
such that X \ P is isomorphic to v-1(X \ P). As X\ P =~ v"}(X \ P) is Kéhler, X is Kéhler as well [47, Corollary

of Proposition A]. Once again, as X has no curve, Lemma 4.5 in this case follows from [12, Theorem 1.2].

Assume that a(F) = 1, then the algebraic reduction of F is a smooth isotrivial fibration in T where T is
an elliptic curve, and every irreducible curve of F is a fiber of this fibration. It follows that the fibration
f : X — B admits a fiber-wise T-action and by defining S := X/T, it induces a factorization X EN S LA Bof f
by a smooth isotrivial fibration g : X — Sin T. Equivalently, g : X — S is the universal family of irreducible
curves of X contained in the fibers of f : X — B. By construction, the G-action on X descends to S and both

g and h are G-equivariant smooth isotrivial elliptic fibrations.

Recall the notations in §2.6. Let IT: 2" =5 S x V — V be the G-equivariant tautological family associated
tog: X — S. As g is a smooth isotrivial fibration in T, so is g. By Theorem 2.19, there exists a dense subset
Z c V such that the fibration g, : 2, — S parameterized by v € Z in the family IT has a multi-section.
It follows from Corollary 2.11 that for every v € Z, the fibers of the composition F, : %, EANS LN B are

algebraic.

Consider the fibration F: 2" -5 § x V 2% Bx V in 2-tori and let 77 : Bx V — V be the projection. Let

& = Eqripxv = F.T 2 /pxv (see §2.6), which inherits a G-sheaf structure from the G-actionon 2" — B x V.
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Since G acts trivially on V, it acts on (R'7.&)(U) for each open subset U C V; let (R'm.&)¢ denote the
subsheaf of R!7.& of local sections fixed by the G-action. As m.& is coherent and V is Stein, we have
H'(B x V,&) =~ HY(V,R'r.&). Since (R'7.&)C is also coherent, there exists a finite dimensional subspace

W c H(V, (R'7t.&)C) such that the evaluation map e : W ® 0y — (R!7.£)C is surjective.
Let ' 5 Bx Vx W — W be the G-equivariant tautological family associated to F parameterized by
AW — HY(V,(R'n.&)°) ~ H'(V,R'n.&)¢ ~ HY(Bx V, &)C.
Let
M: 7 5BXVXW o VXW
be the composition of § with the projection B x V x W — V x W. By construction, IT is a G-equivariant
deformation of X. Since tautological families are compatible with base change (Remark 2.20), for every

v € V the restriction
IT,: Z, > BX{o)x W —= {o} x W

of [Tto %, := [T7({v} x W) is isomorphic to the G-equivariant tautological family associated to F, : 2, — B
parameterized by
Ayt WS HYB x V,&)°¢ — H'(B x (v}, &)¢ =~ H'(B, FuT 2,5)° = H'(B, &.,/5)°.
By Grauert’s theorem, there exists a dense Zariski open subset V' C V such that for every v € V’, we have
(R'1.6)° = (R'm.81,)° = H'(B X {v}, &) = H'(B, &a,/)°.

Since the evaluation map e : W® 0y — (R'7,&)C is surjective, W — (R'7.&)C|, ~ H'(B, &4.,/5)C is surjective
for every v € V. It follows from Theorem 2.19 applied to the tautological family IT, that there exists a dense
subset Z, C W such that for every w € Z,, the fibration .%iv,w) — B parameterized by w in the family I1,
has a multi-section. Since the fibers of ,Eg(z,lw) — B are isomorphic to the fibers of F, : 2, — B, which are

algebraic whenever v € Z, it follows from Corollary 2.11 that the dense subset

{ow)eVxW|veV NZweZ,}cVXW
parameterizes fibrations Z(;,,;) — B in the family I such that Z, ) is algebraic. Thus ITis a G-equivariant
algebraic approximation of X.

Finally, a similar argument as in the last paragraph of the proof of Proposition 4.2 shows that IT is

C-locally trivial over a neighborhood of I1(X) € V x W for every curve C C X. m]

4.3 Some precision on the algebraic approximations of K-trivial surfaces

In this paragraph, we study the existence of algebraic approximations of the product of a K-trivial
surface and a curve endowed with a diagonal finite group action. The main result that we will prove is

Proposition 4.10.
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To this end, we need to prove a more precise statement about the existence of algebraic approximations
for K-trivial surfaces (see Lemma 4.9). Let us start with the following well-known result, which we prove

due to the lack of an appropriate reference.

Lemma 4.6. — Let I1: . — B be a smooth deformation of a K3 surface or a 2-torus S over a complex manifold B.

If the Kodaira-Spencer map KS : Ty, — HY(S, Ts) at b = T1(S) is not zero, then I1 is an algebraic approximation of S.

Proof. — Lemma 4.6 follows from the density criterion [6, Proposition 1] which we now explain. As
Ks = 05, the contraction aw : HY(S, Ts) — H*(S, 0s) by a class w € H!(S, Qs) is isomorphic to the cup product
H'(S,Q}) — H*(S,Q2) ~ C with w. As the pairing H'(S, Q%) ® H'(S, Q}) — H*(S,2) is non-degenerated,
the annihilator of the image of T, LNy (S, Ts) =~ H'(S,Q3}) (which is non-zero by assumption) is a proper
subspace of H'(S,Q}). As the Kéhler cone .#'(S) of S is Zariski dense in H'(S, Q}), there exists w € J#(S)
such that (uw) 0 KS : Tp), — H%(S, Os) ~ C is nonzero, hence surjective. Thus Lemma 4.6 follows from [6,

Proposition 1]. m]

Let X be a compact Kihler manifold and let NS(X) ¢ H?(X, Z) be the image of ¢; : Pic(X) — H(X, Z).
Let IT : 2~ — B be a smooth deformation of X over a contractible base B. We say that I1 preserves a
subset V. C NS(X) if the parallel transport of each class of V under the Gauss-Manin connection remains
of type (1,1) along B. Let L be a line bundle on X with c;(L) € V. Assume that B is contractible and
I1: 2" — Bpreserves V. Then for every v € V C H*(X,Z) ~ H*(%, Z), since the map Pic’(2"/B) — B from
the relative Picard variety Pic’(:2"/B) parameterizing line bundles L, on 2}, = I[1"}(b) such that ¢;(Ly) = v
under the isomorphism H*(%}, Z) ~ H*(%', Z) is surjective and smooth, every deformation IT: 2~ — B of
X preserving V lifts to a deformation of the pair (X, L), namely there exists a line bundle . on 2" such that
Dx ~ L.

Now let S be a K3 surface or a 2-torus. Let IT: . — A be a semi-universal deformation of S and let
0 € A be the point parameterizing S. As Kg = Os, the base A is smooth by the Bogomolov-Tian-Todorov
theorem [55, Corollary 2] and dim A = h!(S, Ts) = h'(S). Let

KS: Ty, — H(S,Ts)

denote the Kodaira-Spencer map. For every subgroup V C NS(S), let Ay C A be the largest locus over
which V is preserved under the induced deformation of S. By [61, Lemma 10.19, Theorem 10.21] and [62,

Lemma 5.16], the image of the Kodaira-Spencer map of the induced deformation of S over Ay is
KS(Ta,0) = {0 € H'(S,Ts) | 00 = 0 € HX(S, 65) for every v € V < H'(S,Q}) }. 4.1)
Here Ty, , is the tangent space of the analytic subspace Ay at 0, namely
Tayo ={0€Tao|df(®) =0, forall f € .7y,
where 4, , C Op, is the ideal of germs of holomorphic functions at o defining Ay.

Lemma 4.7. — The locus Ay is smooth of dimension h1(S) — rk(V).
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Proof. — Our argument follows [36, §6.2.4] where the case rk(V) = 1is proven. Let & : A — P(H%(S, C))®
be the period map sending t € A to the line H>(.#;) ¢ H(S, C) where . = I1~}(t) and we identify H>(.#;, C)
with H?(S, C) using the Gauss-Manin connection. By the local Torelli theorem [36, Proposition 6.2.8] (which

also holds when § is a 2-torus with the same proof), & is an open immersion into the period domain

2 ={1Cnl c P(HX(S,0) | Q(1,m) = 0,Q(,7) > 0}

where Q is the intersection product on H*(S, C). For every t € A, let o; be a generator of H*Y(.%;), viewed as
an element in H(S, C) under the parallel transport by the Gauss-Manin connection. By definition of Ay, we
have t € Ay if and only if Q(c,v) = 0 for every v € V, so & maps Ay isomorphically onto an open subset of
the intersection of 2 with P(V+) c P(H%(S, C)) where V* c H?(S, C) is defined with respect to Q. For every
t € Ay, since o; € H*?(.%;) ¢ H"(#)* c V* and Q(oy,0;7) # 0, the linear form Q(oy, ) is non-zero on V*. As
2 is defined locally by the quadratic form Q, the non-vanishing of Q(o¢, ) on V+ implies that 2 N P(V+),

and thus Ay, is smooth at .

Leto : HY(S, Ts) — H(S,Q!) be the map defined by the contraction with a holomorphic symplectic form

S
o on S, which is an isomorphism. By (4.1), the isomorphism ¢ o KS sends Ty, , to V- N H 1(s, Qé). Since Ay
is smooth, it follows that dim Ay = dim T4, , = dim (V* 0 H'(S,Q})) = k(S) - rk(V). O

Now let G be a finite group acting on the surface S. By [17, Theorem 5.2], up to shrinking A the G-action
on S extends to .# and descends to a G-action on A through IT. Moreover, the Kodaira-Spencer map

KS:Tprp — HY(S,Ts) at o :=TI(S) is G-equivariant with respect to the induced G-actions.
Assume that V ¢ N5(S) is G-stable, then Ay C A is also G-stable. When V' = NS(S) we have the following.

Lemma 4.8. — Assume that S is a non-algebraic K-trivial surface. The induced G-action on Anss) is trivial.

Proof. — As Ans(s) is smooth by Lemma 4.7 and G is finite, the G-action on Ansgs) is linearizable [11, Lemme

1], so it suffices to show that G acts as the identity on T ,0-

Since G is finite, the G-action on S is symplectic by [36, Corollary 15.1.10.(ii)] (which also holds when S is
a 2-torus by the same proof), so the contraction Ts — Q¢ with a holomorphic symplectic form induces a
G-equivariant isomorphism
o : H'(S, Ts) = H'(S,Q}).
Let KS: Tx, — H'(S, Ts) be the (G-equivariant) Kodaira-Spencer map. By (4.1), we have
0(KS(Tags0)) = NS(S)* € H'(S,€2g)

where NS(S)* is defined with respect to the intersection pairing on H'(S, Qé). Since 0 0 KSis a G-equivariant
isomorphism, it suffices to show that G acts as the identity on NS(S)* to finish the proof. When S is a
K3 surface, this is proven as follows. By [36, Lemma 3.3.1], NS(S)* is equal to the transcendental lattice
T(S) c H(S, Z). Since the G-action on S is symplectic, G O T(S) = NS(S)* is the identity by [36, Remark
15.1.2]. When S is a 2-torus, both results [36, Lemma 3.3.1 and Remark 15.1.2] continue to hold since H?(S, Z)

©1n this proof, the projectivization P(E) of a vector space E is defined to be the space of 1-dimensional subspaces of E.
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is also a Hodge structure of K3 type (namely #>°(S) = 1). The same argument shows that G U T(S) = NS(S)*
is the identity. ]

Lemma 4.9. — Let S be a K-trivial surface with a(S) = 0 and G a finite group acting on S. Then the deformation
Inss) @ <INss) — Ans(s) of S preserving NS(S) in a semi-universal deformation Il : . — A of S is a G-equivariant

algebraic approximation of S which is Y-locally trivial for every proper subvariety Y C S.

Proof. — By assumption, S is either a K3 surface or a 2-torus. Since S is non-algebraic, we have NS(S)® C ¢
H'(S), so rk(NS(S)) < h}(S). It follows from Lemma 4.6 and Lemma 4.7 that the family TIngs) : -PAs(s) —
Ans(s) is an algebraic approximation of S. By Lemma 4.8, the deformation I'lxss) is G-equivariant. It remains

to show that I'lnss) is Y-locally trivial for every proper subvariety Y ¢ S.

Since Ilng(s) is locally trivial by Lemma 2.3.1), it suffices by Lemma 2.3.ii) to show that I'lygs) is C-locally
trivial for every connected curve C C S. As a(S) = 0, by Lemma 3.6 we can assume that C is a connected
component of the (finite) union of all curves of S, which is an A-D-E curve. Since -ns(s) — Ans(s) preserves
NS(S), for each irreducible component C; of C, the line bundle &5(C;) deforms with S and extends to a line
bundle . over .As(s). Since hi(S, 0s(C;)) = 0 for i = 1,2, up to shrinking Ans(s) we have hi(.%, %) = 0 for
all t € Ans(s) where .7 = I17}(t) and % := 4, by upper semicontinuity. So h°(.%, %) = x(-4), which is
constant equal to 1, up to further shrinking Ans(s). Hence each irreducible component C; of C deforms with

S along Ang(s) by Grauert’s base change theorem.

Let U C S be a strictly pseudoconvex neighborhood of C [28, p. 357] and let Zus(s) € /Ns(s) be an open
subset such that Zusis) NS = U. By [41, Theorem 8], the strictly pseudoconvex neighborhood U admits
a versal deformation Ilyes : % — Ay over a smooth base Ay and the tangent space of Ay at the point
parameterizing U is isomorphic to H (U, Ty). Theversal property of [1yers : % — Ay asserted in[41, Theorem

8] implies that up to shrinking Ans(s), there exist open subsets %(q ) C %s(s) and %’ C % with C C %

such that %’ M Ans(s) is the pullback of %’ LLEN Ay by a holomorphic map ¢ : Ansis) — Ay. On the

NS(S)
one hand, since U is a neighborhood of the A-D-E curve C, we have dim Ay = dim H WU, Ty) = m where m
is the number of irreducible components of C [8, §1.8]. On the other hand, the image of ¢ : Ansis) — Ay

has codimension at least 1 by [40, Theorem 3.7.i)]. Thus ¢ : Anss) — Ay is constant, which implies that the

family %5, = Ans(s) is trivial and shows that Inss) is C-locally trivial. m|
Proposition 4.10. — Let G be a finite group acting on a K-trivial surface S and on a smooth projective curve B.

Assume that a(S) = 0. Then S X B, endowed with the diagonal G-action, has a G-equivariant algebraic approximation,

which is C-locally trivial for every curve C C S X B.

Proof. — By Lemma 4.9, there exists a G-equivariant algebraic approximation . — A of S which is Y-locally
trivial for every proper subvariety Y ¢ S. In particular, the product IT: ./ X B — A is a G-equivariant

algebraic approximation of S X B.

Let C C S X Bbe acurve and let pr; : S X B — S be the first projection. Since . — A is pr,(C)-locally
trivial, there exists an open subset %7 C . containing pr, (C) such that % ~ U X A over A where U := % N S.
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So the open subset % X B C .¥ X B contains C and is isomorphic to (U X B) X A over A, which shows that I'1

is C-locally trivial. ]

For later use (in §5), let us prove a related result about deformations of compact Kahler surfaces of

algebraic dimension 0.

Lemma 4.11. — Let S be a smooth compact Kihler surface with a(S) = 0 and let

n:5=5,—>--—>5 ->5=S
be a sequence of blow-ups of S; at one point (e.g. the contraction of S to its minimal model). Let T1: .7 — Abea
deformation of S such that for every subvariety Y C S, up to shrinking A, I1is Y-locally trivial. Then there exists a
sequence of blow-ups

fi:=S—>>H=

along sections of ./; — A such that the composition

:jljﬂgA

—h

is a deformation of 1 and for every subvariety Y C S, up to shrinking A, T1 is a Y-locally trivial deformation of S.

Proof. — By induction, it suffices to prove Lemma 4.11 for n = 1, namely when 1 : S — S is the blow-up at
a pointp € S. By Lemma 3.6, S contains only finitely many curves. Let Zy C S be the union of all curves of
Sand let Z := Zy U {p}. By assumption, up to shrinking A, I'1: . — A is Z-locally trivial, so by Lemma 2.2

there exist a neighborhood % C .# of Z and an isomorphism
O:% S UxA over A (4.2)

with U := % N X, such that the restriction of @ to the central fiber U is the identity. Let &2 := ®~!({p} x A)
and let fj : .7 — .7 be the blow-up of .# along . Then I1:.¥ 1 7 I Ais a deformation of n:5-S
which lifts IT, and IT: .¥ — A'is Z-locally trivial by construction and (4.2) where Z:=nYZ). LetYC S
be a subvariety of S and we write Y = Y/ U Y” where Y :=YNZand Y := Y\ Z. Since Y ¢ Zand IT is
Z-locally trivial, ITis Y’-locally trivial. As dim Y”” = 0 because Y’ := Y \ Z and Z contains every curve of 5,
by Lemma 2.3.i), ii) [T s also Y”-locally trivial. Since Y = Y’ LI Y”, it follows from Lemma 2.3.ii) that IT is
Y-locally trivial. m]

4.4 Proof of Propositions 1.8 and 1.15

We finish §4 with the proof of Propositions 1.8 and 1.15.

Proof of Propositions 1.8 and 1.15. — First we prove Proposition 1.15. Let X be a variety as in Proposition 1.11.
If X is the total space of a fibration f : X — B whose general fiber is an abelian surface, then Proposition 1.15
follows from Theorem 1.16 and Corollary 2.12. Otherwise X is the quotient X/G by a finite group G of a
threefold X described in Proposition 1.11, and it suffices by Lemma 2.4 and Lemma 2.5 to show that X has
a G-equivariant algebraic approximation which is Y-locally trivial for every subvariety Y C X satisfying

dim Y < 1. Since X is smooth, every small deformation of X is smooth, so by Lemma 2.3.1),ii), it suffices to
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show that X has a G-equivariant algebraic approximation which is C-locally trivial for every curve C C X.
If X is in the first case of Proposition 1.11, then we use either Proposition 4.2 or Proposition 4.10 to conclude.

If X is in the second case of Proposition 1.11, we conclude by Lemma 4.5.

Finally, Proposition 1.8 follows from Proposition 1.11 proven in §3 and Proposition 1.15. m]

5 Proof of Proposition 1.17 for P'-bundles

In §5, we will study the existence of algebraic approximations for P!-bundles over a compact Kéhler
surface of algebraic dimension 0. The main result that we will prove is Proposition 5.8. Since a P!-bundle is
the projectivization of a twisted vector bundle of rank 2, their deformation problem is directly related to

the deformation-obstruction theory of twisted vector bundles that we shall study now.

5.1 Semi-regularity maps and deformations of twisted sheaves
We refer to §2.8 for a reminder of twisted coherent sheaves and Atiyah class.

LetIT: 2" — A be a smooth deformation of a compact Kdhler manifold X over a contractible manifold
A. Let {Uj}ier be a sufficiently fine good open cover of X. By Ehresmann’s fibration theorem [61, Theorem
9.3], we have a diffeomorphism W : X X A — 2" over A. Set { %; := W(U; X A) },.;, which forms a good open
cover of 2. Letr € Z- and let a be a Cech 2-cocycle with respect to {U;};e; with coefficients in the locally
constant subsheaf 1, C 0% of rth roots of unity. The 2-cocycle a extends uniquely to a 2-cocycle @ with

coefficients in u, C &7, with respect to {%}ies.

Let 0 € A be the point parameterizing X and let m C O, be its ideal sheaf. For every n € Z, let
A, = Spec (Op,/m™1) be the n-th infinitesimal neighborhood of 0 and let 2;, — A, be the base change
of [1: 2 — Aby A, — A. Let a, := d@2,. The following lifting criterion involving the injectivity of
semi-regularity maps is classical in the untwisted case (see for example [7, Theorem 5.1]) and can be proven

with a similar argument.

Proposition 5.1. — Let E be an a-twisted locally free sheaf on X. Assume that the trace map tr : Ext*(E,E) —
H?(X, 0x) is injective and the trace of the Atiyah class (see §2.8)

Tr (At(E)) € H'(X,Q}) c H*(X, Q)

remains of type (1,1) along A under the parallel transport with respect to the Gauss-Manin connection. Then starting

from & = E, for each n € Zsq we can lift &, inductively to an a,.1-twisted locally free sheaf &1 on Zy41.

Proof. — Assume that &, is constructed. Let 0 € Ext'(Qua;,a,,I) be the element corresponding to the
square-zero extension 2y,+1 — Ay+1 of 2, — A, where I is the ideal sheaf of 2}, in 241 considered as an

O %,-sheaf. In other words, 0 is the class representing the conormal exact sequence

O H I H (Qv%nH/Anﬂ)"%n H Q‘%I/AH H 0
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Lemma 5.2. — Define

obs, : Ext' Qs 1) —22 Ext'(& ® Q) & ® ) —— ExtX(&, & ® )

where the last arrow is the Yoneda product with At(&,/A,) € Ext'(&,, &, ®Q 2,/A,)- Then &, can be extended to an
an1-twisted locally free sheaf &,41 on Zy4 if and only if obg,(0) = 0.

Proof. — Recall that At(&,/A,) € Ext}(&,, &, ® Qua,/a,) is the extension class of the first jet bundle J!(&,)
(see §2.8). Applying [26, Exercise IIL.5.3] to the abelian category Coh(.Z}, a,) and the extension classes
A& /A, € ExtH(&,, 6, ® Qaa,) and Idg, ® 0 € Ext'(&, ® Qa,/a,, & ® I), the vanishing obg, (0) = 0 is
equivalent to the existence of an a,-twisted sheaf .# sitting in the middle of the following commutative

diagram with exact rows and columns.

0 0
1 ]
&Rl ———=6,Q1
1 1
00— (g)n®Qggn+l/An+1|%n — 7 — &, —0 (5.1)

! .
0—— 6 ®Qa, 8, — JH &) — & —0

XS A8

0 0
If &, can be extended to an a,.1-twisted locally free sheaf &1 on 241, then & := ]1(60,1”)‘ z, fitsin (5.1),
where the horizontal exact sequence in the middle is the restriction to Z; of the analogue extension (2.16)
for J'(&,41) and 7 : JY(&ps1)12;, — J'(&,) is the map induced by the restriction to 2.

Conversely, assume that (5.1) exists. Recall that we have an open cover {% }ic; of 2 and we define
{ Uf”) =UNZ, }ie] as an open cover of Z;,. Let . := ‘Zu?”’ and &,,; := Lo which are untwisted sheaves.
First we recall how the extension &,.1; of &,; is constructed as an (untwisted) ﬁugnﬂ)—sheaf [7, Proposition

44]. Let j : &, — J'(&,) be the first-jet map (see §2.8). As a sheaf of C-vector spaces over Uf”), define
&nr1,i = ker (r opr, +jopr,: . F®&E, — ]1(éan,i)) (5.2)
We define the ﬁuﬁnm—module structure on &,;1,; as follows. First we identify the underlying sheaf of C-vector
spaces of Og;,., with
Og,,, =ker (r’ opr;—dopr,: Qu,./aun g, ® Oz, — Q%Z/A") (5.3)

where 1" 1 Qg1 /0,019, = Qa;a, 1 the restriction map. Under this identification, the ring structure on

O«,., is locally defined by
B NG f) =B+ B ff) 54)
where (B, f) and (B, f’) are local sections of Oy, C Q. /A, 2, ® O2,. Given local sections (B, f) of

Ox,. €O /A |2, © Og, and (y,0) of &,41,; C F; @ &, over an open subset U C u®

., we define

B f)- (y,0):= (fy + 0 ®p, fo) € Fi(U) & &,,(U) (5.5)
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where 0 ® 8 is regarded as an element of .%;(U) using (5.1). It follows from the Leibniz rules (2.15) and (5.4)
together with (5.1), (5.2), and (5.3) that (3, f) - (y,0) € &+1,i(U). We verify easily that (5.5) defines an

O\ mn-module structure on &41,.
1

To show that &1, is locally free, let U C UE") be a sufficiently small open subset over which &,; is

O, m-free and let oy, ..., 0, be a basis of &, ,(U). Let y1,...,y, € Z(U) such that (y;, 0;) € &,41,/(U) under the

i

identification (5.2). For every (y,0) € &,+1,(U), there exist unique fi, ..., f; € O4;(U) such that }; fio; = 0.
As

1)) = —j0) ==Y j(fio) = Y (~fi- j(o) + o;@df) = Y fi-r(y)+ Y ci®df, (5.6)
it follows from (5.1) that y — }.; fiyi € 6,®Q.2;,., /A, 2, (U). So there exist unique f1, ..., B € Qa1 /a,0 2, (U)
such that (3.; 0; ® B;,0) = (v, 0) — Xi(fivi, fioi). Hence there exist unique (1, f1),..., (B fr) € O2;,,,(U) such
that
Y Bif)- (i) = (7,0),
which shows that &,11, is locally free over O 0.

Finally we glue the local pieces &;41,; into an a,,41-twisted sheaf. Let

. ~ ;. ~
0,']' . % ny —> yj () and Qij . g”f"IUE”)ﬁLlj.”) i gnd\uﬁ”’muﬁm

U nu U nuf
be the gluing isomorphisms defining the a,-twisted sheaves .%# and &;,. These morphisms are compatible
with the morphisms in (5.1) and both 6y; o 6 o 6;; and 6, o Q;k ) Q;j are multiplications by a;j € u,. Under
the identification (5.2), let

O : £n+1,i|u’(n+1)nu;n+l) - @mn+1,j|u§n+1>nuj_n+1>
be the restriction of 6;;® 0/ ;to éo”+1ri|u§”*” AU Using (5.5) and the compatibility of the gluing isomorphisms

0ij, 9;7 with the morphisms in (5.1), we verify that ®;; is 0 ,,,-linear. By construction, the composition
®ki o ®jk o ®ij : gn+1,i|ugn+1)nugn+1)nuk - n+1,j|u(n+])nu(n+l)nu]((n+l)
i i t ]
is the multiplication by a;j € u,. Hence {0} is a collection of gluing isomorphisms which defines &, as

an a,.1-twisted sheaf on 2;,41. O

To finish the proof, it suffices by Lemma 5.2 to verify that obg,(0) = 0. We can compose obg, with the
trace map tr: Eth(&, &, ®1) — H*(Z,,]). As the trace maps commute with the Yoneda products, we have

tr o obg, (0) = 0 — Tr(At(&,/A,)) € H(Z, D).

Since the parallel transports of Tr(At(E)) by the Gauss-Manin connection remain of type (1, 1) by assumption,
we have 0 — Tr(At(&,/A,)) = 0by [7, Lemma 5.7 and 5.8]. Since tr : Eth(E, E) —» H*(X, Ox)is injective, by [7,
Lemma 5.10] with the same proof adapted for twisted sheaves, the trace map tr : Ext*(&,, &, ®1) — HX(Z;,])

is also injective. Hence ob, (6) = 0. ]
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Corollary 5.3. — In Proposition 5.1, up to shrinking A, there exists a P™"'-bundle 2 — 2 (with r = rank(E))
whose restriction to X € 2 coincides with P(E) — X. If E is untwisted, then the deformation & — A lifts to a
deformation of the pair (X, E).

Proof. — The second statement is well-known and we refer to [7, p.179, Proof of Theorem 5.1] for a proof.

We prove the first statement; the argument is inspired by the proof of [33, Theorem 8.1]. Let I — Defp,
be a versal deformation of the compact complex manifold P(E). Let 2 — Defp(r) X A be the Douady-Pourcin
space [52, Théoreme 2] of closed complex subspaces of IP x 2" over Defp) X A: this is the complex space

over Defpy X A which represents the functor
Complex spaces/Defp) X A — Sets
(S — DefpE) X A) = { Closed complex subspaces 2 C (IP X Z7) Xpefyxa S flat over S }
Let (111, 12) : 2 — Defpy X A denote the structural morphism.

Let &, be the a,-twisted sheaf on .Z; constructed in Proposition 5.1. Then P(&},) — %, — A, defines a
deformation of P(E) — X over A,; letr, : A, — Defp(r) be a map which induces the deformation P(&},) — A,.
Let 1, : A, — A be the inclusion. Since the graph of P(&,) — %, viewed as a closed complex subspace of
P(&,) Xa, Zn, is flat over A, by the universal property of 7 it defines a factorization

On

(rustn) : An > 2 > DefP(E) X A

of (ry,1,) with 0,(0) € Z being the point parameterizing the graph of P(E) — X for all n € Z>9. Composing
(7, 1,) with the projection Defpry X A — A, we obtain a factorization

0, TU
A 25 95 A

of 1, : A, — A. Applying Wavrik’s generalization of Artin’s approximation theorem [66, Theorem 2.4] to

the collection of commutative diagrams

AdL— A, -5 9
A

for each n € Z3(, we obtain a sectiono : A — Z of my : 9 — A such that 0(0) € Z is the point parameterizing

the graph of P(E) — X. By the universal property of Z, the section 0 : A — 2 defines a deformation
P XA X — A

of the graph I' € P(E) X X of P(E) — X over A, where & — A is the deformation of P(E) induced by
1100 : A — Defp). Since the projection I' — P(E) is an isomorphism, so is 2° — & up to shrinking
A [18, Proposition 10.1]. Thus & C & xx £  is the graph of a morphism & — 2" — A over A, which is
a deformation of P(E) —» X — A lifting 2° — A. Since small deformations of P! remain P"~! and since

%2 — Ais proper, up to shrinking A it follows that & — 2" is a P'"!-bundle. ]
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Remark 5.4. — The first statement of Corollary 5.3 would follow more naturally from the existence of a
deformation of the pair (X, E) lifting the deformation of X. This will follow from Proposition 5.1 if we know

that versal deformations of twisted sheaves exist, and we expect that it is the case.

5.2 Deformations of P-bundles

In §5.2, we prove the existence of algebraic approximations of P!-bundles over surfaces S with a(5) = 0

(see Proposition 5.8 for the precise statement). Let us start with the following lifting result.

Proposition 5.5. — Let S be a (smooth) compact Kihler surface with a(S) = 0 and let f : X — S be a P'-bundle over
S. Let: S — S be the map from S to its minimal model (which is either a K3 surface or a 2-torus). Let I1: .7 — A
be a deformation of S preserving NS(S) and assume that I1 is X-locally trivial for every subvariety ©. € S. Let

n:.75% .9 5aA
be the deformation of S constructed in Lemma 4.11 which lifts TI. Then up to shrinking A, T1 can be lifted to a
deformation
fo 1
>SS —>A
of the P*-bundle f : X — S with f being a P'-bundle as well.

Proof. — As we mentioned in §2.8, the P!-bundle f is isomorphic to the projectivization P(E) — S of an

a-twisted locally free sheaf E of rank 2 where a is a Cech 2-cocycle with coefficients in p, C o3

First we assume that £ contains an a-twisted subsheaf Ly of rank 1. Up to replacing Ly with LYV, we
can assume that L is reflexive, so Ly is invertible because $ is a smooth surface. Since P(E) =~ P(E ® Ly)
over S, up to replacing E by E® LY we can assume that E is an untwisted locally free sheaf containing ¢
(see also Lemma 2.23). Up to further tensoring E with another (untwisted) invertible sheaf, we can assume
that 05 c E is saturated. To prove Proposition 5.5 in this case, it suffices to show that up to shrinking A, I
lifts to a deformation of the pair (S, E). By [57, Lemma 4.7], it suffices to show that the locally free sheaf
E := (n.E)"Y deforms with S over A®.

As we assume that 05 C E is saturated, we have @5 C E as a saturated subsheaf. So we have an extension

0 > Os > E >L®ly —— 0 (5.7)

where L is a line bundle on S and Iy is the ideal sheaf of a 0-dimensional complex subspace Y C S. Since
IT: . — A preserves N5(S), every line bundle on S deforms with S over A. In particular, there exists an
invertible sheaf . on . which is a deformation of L. By [57, Proposition 4.3 and 4.4] we can choose .
such that up to shrinking A, h'(.%;, ) is constant in t € A for every i where .% := IT"!(t). Let Z be the
union of all the curves of S, which has only finitely many irreducible components by Lemma 3.6. Since I1is

(Y U Z)-locally trivial by assumption, there exists by Lemma 2.2 a neighborhood % C . of Y U Z together

®1n [57, Lemma 4.7], we can replace "algebraic approximation” by "deformation” everywhere in the statement without changing the
proof. Here we apply [57, Lemma 4.7] through this statement.
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with an isomorphism
O: % 5 UxA over A, (5.8)

with U := % N X such that the restriction of (5.8) to the central fiber U is the identity. We fix such an
isomorphism ® and define

W =0 YXA)C.¥, Z=0YZIxA)cC.,
namely the trivial deformations of Y and Z in . — A induced by (5.8).

Now to show that E deforms with S over A up to shrinking A, it suffices to prove the following.

Claim 5.6. — Up to shrinking A,
t > dim Ext%ﬁyt (Z®In)s, Oz) =h (%, 2L 1)

is constant in t € A where 1y is the ideal sheaf of % C 7.

Indeed, as both . ® I» and & are flat over A, Claim 5.6 together with [5, Satz 3] implies that the
relative ext-sheaf &xt (£ ®ly, O ) is locally free and Ext{ (£ ® 1y, O5)|, = Ext}ﬁs (L®Iy, Os) where o € A
is the point parameterizing S. Up to shrinking A, we can find a section ¢ of &xt5(£ ® I, 05) such that
ol, € Ext}ﬁs (L ® Iy, Os) corresponds to the extension (5.7). As A is Stein up to shrinking A, Leray spectral

sequence and the vanishing of higher cohomology groups show that
0 e H'(A, Extj(Z ®lw, 09)) =~ Exty, (£ @1y, 0y),

and the sheaf & on . defined by ¢ as an extension of £ ® Iy by & defines a deformation of the pair (S, E)

over A.

Proof of Claim 5.6. — Note that the equality in the statement follows from Serre duality because .#; is
K-trivial. Since % := % N .#; has dimension 0 and flat over A, h%(%;, ¥) is constant in t and #'(%;, %) = 0.
By assumption, ii(.%;, ) is also constant in , so by the exact sequence
H Hl(%/-z ®I@) H Hl(%loip) H Hl(@trg) = 0/

it suffices to show that t - h°(.%;, £ ® I») is constant.

If i°(S, £ ®ly) = 0, then up to shrinking A, t - (7}, £ ® Iz) is constant by upper semi-continuity.
Assume that 1° (S, £ ® I) > 0. Since a(S) = 0, by [2, Proposition IV.8.1] 1 < h°(S, ¥ ®15) < h° (S, %) < 1.
So Zs = Us(D) for some divisor D C S containing SN % =Y. Let

2 =0 (DXxA) cCc¥c.?,

which is a divisor on . flat over A. As 0.9 (P);s = Os(D) = %, the vanishing HY(%, 0 %) = 0 implies that
O5 (D)7 = L forallt € A. It follows that 05 (2) =~ £ ® IT".# for some line bundle .# on A, so up to
shrinking A, we have 05 (2) ~ . Let 0 € H(.¥, 0 »(2)) such that Div(c) = 2. Since Y C D, we have

W =0 Y xA) c D HD xA) = 2 = Div(o).



ALGEBRAIC APPROXIMATIONS OF COMPACT KAHLER THREEFOLDS 47

Thus 0,5 # 0 and Div(0|%) D (Z N %), showing that h°(%, £ ® Iy ) = iS4, O (2)®15) > 1 forall t € A.
Finally since 1 = (S, 2L ®1y), up to further shrinking A it follows that (%, £ ® 1) is constant in t € A

by upper semi-continuity. ]

Now we prove Proposition 5.5 for the case where E does not contain any a-twisted subsheaf of rank 1.
As a is a 2-cocycle with coefficients in yp C 07, the square E®2 is isomorphic to an untwisted locally free
sheaf. So by (2.17) and (2.18)

4 - Tr(At(E)) = Tr(At(E®?)) = —c;,(E®*) € NS(S).

By assumption, I1: .7 — A preserves 1'NS(S) as well as every (—1)-curve in 5, so IT also preserves NS(S5).
In particular, Tr(At(E)) remains of type (1,1) under the parallel transport by the Gauss-Manin connection
along A. Thus by Corollary 5.3, it suffices to show that the trace map tr : Extz(E", E) — H2(S, U%s) is injective.

We show that the dual tr¥ of the trace map is an isomorphism. By Serre duality, tr¥ is isomorphic to
H°(S,K5) — HS,EY ® E® K5) = Hom(E, E ® K)

induced by 05 — EY ® E. So tr” is injective. It remains to show that h%(S, Kz) > dim Hom(E, E ® Kz). On
the one hand since S is a sequence of blow-ups of a K-trivial surface, we have h°(S, w?i) =1foreveryi> 0.
On the other hand since rk(E) = 2 and E contains no subsheaf of rank 1, for every ¢ € Hom(E, E ® K3) we
have ker(¢p) # 0 if and only if ¢ = 0, so the determinant

det : Hom(E, E ® Kg) — H(S, K?Z)
satisfies det™"(0) = {0}. As H(S, K?2) ~ Cand det is a polynomial function, necessarily
dim Hom(E, E® K3) < 1 = h(5, Ky).
Hence tr” is an isomorphism. m]

Remark 5.7. — When NS(S) = 0, it follows from Proposition 5.5 that there is no obstruction to deforming

a Pl-bundle over S along any small deformation of S.

Now we can prove Proposition 1.17 for good P'-bundles over a surface of algebraic dimension 0.

Proposition 5.8. — Let f : X — S be a good P'-bundle (see Definition 3.9) over a smooth compact Kihler surface

S of algebraic dimension 0. There exists a deformation
In:-z 4, S — A

of f such that I1is an algebraic approximation of X. Moreover, up to shrinking A, the underlying deformation I'T of X
is f~Y(Y)-locally trivial for every subvariety Y ¢ S.

Proof. — Let i : S — S be the map from S to its minimal model S. By Lemma 4.9, there exists an algebraic
approximation . — A of S which preserves NS(S) and is Z-locally trivial for every £ ¢ S. By Lemma 4.11
and Proposition 5.5, up to shrinking A the family . — A can be lifted to a deformation .¥ — A of S which
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is Y-locally trivial for every subvariety Y € 5, and . — A can be further lifted to a deformation
VA EA S = A
of f : X — S with f being a P'-bundle. As.# — A is an algebraic approximation of S, the family .7 — A

is an algebraic approximation of S. It follows from Corollary 2.13 that 2~ — .¥ — A is an algebraic

approximation of X. It remains to show thatIT: 2° — Ais f~!(Y)-locally trivial for every subvariety Y ¢ S.

Let 1 : S LN S5 Scan be the composition of y with the contraction of all the (-2)-curves of S. By
Lemma 3.6, the exceptional divisor D C S of 7 is the union of all the curves of 5. To finish the proof, it
suffices to show that ITT: 2~ — Ais f~(C)-locally trivial for every connected component C C D of D. Indeed,
this implies that [T: 2" — Ais f‘l(D)—locally trivial by Lemma 2.3.ii), so that for every Y ¢ S,ifY:=YND,
thenI1: 2" — Ais f~1(Y’)-locally trivial. Since D contains all the curves of S,Y” := Y\ D has dimension
0,so0 ITis also f~1(Y”")-locally trivial by Lemma 2.3.iv) and Lemma 2.3.ii). As Y = Y” LI Y, it follows again
from Lemma 2.3.ii) that ITis f~!(Y)-locally trivial.

Let C C D be a connected component of D. Since Scan has no curve, n(C) is a point p € Scan. Let Ucan C Scan
be a Stein neighborhood of p and let U := v (Ucan) and U := 77 (Ucan). Since 7 — Ais C-locally trivial,
by Lemma 2.2 there exist an open subset % C . and an isomorphism ¢ : % — U x A over A such that
% NS =Uand ¢y : U — Uis the identity. Let ¢ := ¢"/(C x A) ¢ % C ., namely the trivial deformation
of C along A induced by ¢. To show that IT: 2° — A is f~}(C)-locally trivial, we will show that up to
shrinking U, f~(%) — A is a trivial deformation of f~*({).

We have H>(UI x A, o% ) = 0. Indeed, as U x A has only rational singularities, we have H2((I X A, Opjy) =
H? (Ucan X A, (n X 1da)« Oy ), which vanishes because U, X A is Stein. As I x A deformation retracts to
C, we have H3(I x A,Z) ~ H*(C,Z) = 0. Hence H*>(U x A, o7 ) = 0 by the exponential exact sequence. It
follows that there exists a locally free sheaf & over % ~ U x A such that P(&) ~ f~1(%) over % .

Through the isomorphism ¢ : % = U x A, we regard & as the deformation over A of the locally free
sheaf E := & on U. To show that f “1(%) — Ais a trivial deformation, it then suffices to show that any
deformation of E along A is trivial (up to shrinking U and A). Since up to shrinking U, there exists a

semi-universal deformation of E [51, Satz 4 in §3], it suffices to show that Ext'(E,E) = 0.

Since X — § is a good P!-bundle, by definition up to shrinking Uca, there exists a reflexive sheaf Fe,, on
Ucan such that P(E) = P(F) over U where F := p* (V*Fean)/torsion). Since E ~ F ® L for some line bundle L
over U, it suffices to show that Ext!(F, F) = 0. By Lemma 3.8, we have a surjective morphism ﬁg’ - Fand

since F is locally free, this induces a surjective morphism
A om(F, OF)) -» A om(F, F).

For any coherent sheaf . on U, since R?1..7 = 0and H'(Ucan, R/'1.. %) whenever i > 0, we have H2(U, .7) = 0,

so we have a surjective morphism

H' (T, #om(E, 6%)) » H' (U, #om(E, F)).
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Finally, as H! (Ucan,n*%om(E ﬁg)) = 0, and R'n.#om(F,0g) = 0 by Lemma 3.8, we have
H' (U1, #om(E, 6N)) = 0. Hence Ext'(E F) = H' (U, #om(F, F)) = 0. O

6 Algebraic approximations of P!'-fibrations over an elliptic surface

6.1 Lifting the G-equivariant tautological family

The main result of §6 is Corollary 6.12, about the existence of algebraic approximations of compact Kéhler
P!-fibrations f : X — S over an elliptic surface p : S — B. When p has local sections at every point of B, by
Proposition 2.22 the elliptic surface S has an algebraic approximation realized by its associated tautological
family, and we will construct an algebraic approximation of f by lifting the tautological family associated
to p. The G-equivariant version of this statement is formulated in Proposition 6.1, which we prove first,

then Corollary 6.12 will follow as a consequence.

Proposition 6.1. — Let f : X — S bea P'-fibration over an elliptic surfacep : S — B, itself over a smooth projective
curve B. Let G be a finite group acting faithfully on X, S, and B such that both f and p are G-equivariant. Assume

the following conditions:

— X, S are compact Kihler manifolds.
— There exist N € {I,11, 111} and a Zariski dense open subset B° C B such that for every b € B°, if X;, := (po f)1(b)
and Sy, = p~X(b), then Sy, is smooth and X, — Sy, is a ruled surface of type N (see Definition 1.13).

— p: S — B has local holomorphic sections at every point of B.
Then the G-equivariant tautological family (see §2.7 and Proposition 2.22)
s:.7 5 BxV - V:=H\(B,&uys)°
associated to the G-equivariant elliptic fibration p can be lifted to a G-equivariant deformation
IIx: 2 - —>BXV >V

of f such that the underlying deformation of m := p o f : X — B is G-equivariantly locally trivial over B.

The strategy of the proof is simple. Recall from §2.7 that ITs is constructed by a family of Cech 1-cocycles
V >t {exp(&j(t))} with coefficients in .o/ utg(S). The heart of the proof consists of lifting t — {exp(&;j(t))}
to a deformation of 1-cocycles with coefficients in .o/ ut% (X), so that we can glue the local fibrations
f~Y(U)) := X; — Uj; using these 1-cocycles and obtain a deformation of f lifting Ils. The construction of such
a lifting depends on whether Aut”(X;) is commutative, which is the case if the ruled surface X, is of type II
or III. We therefore separate the case where Xj is type I from type II or I in the proof. In the former case, X
is simply a trivial P!-bundle and we construct the lifting by hand; in the latter case, we use cohomological

methods to construct the lifting.

Proof of Proposition 6.1. — First we fix some notations. For every b € B, let X, := w~!(b) and S;, := p~!(b). By
assumption, there exist N € {I,II, III} and a Zariski dense open subset B° C B such that for every b € B°, 5
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is a smooth elliptic curve and X, is a ruled surface over S;, of type N. Let r : B— B/G =: B be the quotient.
Up to shrinking B°, we can assume that B° is G-stable (so that r}(#(B°)) = B°) and that B° := r(B°) does
not contain any branch point of . Let p° : S° — B° and f° : X° — S° denote the restriction of p and f to

S°:=p (B°) and X° := f~1(S°) respectively. Let 1° := p° o f° : X° — B°. We also define the maps

°:=foxId
Xox VY ooy

\ / (6.1)
71“]/:=7T°><Idv p;::p"xldv

B°x V.
The proof of Proposition 6.1 consists of several steps.
Step 0: Construction of a good open cover of B.

In this step, we will construct a good open cover of B satisfying the properties listed in Lemma 6.4.
Lemma 6.2. — There exists a finite good open cover B = {V};e1 of B satisfying the following properties.

i) Each V; contains at most one branch point of r : B — B.
ii) For each pair of indices i, j € I such that i # j, we have Vij := V;\'V; C B® = r(B°). In particular, if V; and V;
both contain branch points of r, then either V;N\'V; = Qori = j.

iii) The fibration p : S — B has local sections over each r~(V;) C B.

Proof. — Since r : B — B is finite, for every b € B and every b’ € r!(b), every neighborhood of b’ contains a
connected component of r~1(V}) for some neighborhood V;, C B of b. Thus, since p : S — B has local sections

around every point of B, we obtain the following assertion.

Claim 6.3. — For every b € B, we can find a neighborhood V}, C B of b such that the fibration p : S — B has local

sections over (V).

Let T be a finite triangulation of B and let I be the set of vertices of T. For every i € I, let V; C B be the
union of (open) strata of the CW-complex defined by T which are adjacent to i. Up to refining T, we can

assume that ¥ satisfies the following properties.
— The finite set ¥ := B \ B° is contained in I.
- For every i € I, the fibration p : S — B has local sections over r1(V;) (by Claim 6.3).

By construction, the collection 8B := {Vj};;; forms a good open cover of B satisfying the properties listed in

Lemma 6.2. m]

Let 8 = {V}};¢; be a good open cover of B as in Lemma 6.2 and let U = {U};; be the open cover of B

consisting of connected components of #!(V;) with j runs through I.
Lemma 6.4. — The collection W = {U;}; is a finite good Stein open cover of B satisfying the following properties.

i) The fibration p : S — B has local sections over each U,.

ii) For each pair of indices i1,ip € I such that iy # i, we have U;;, := U;; N U;, C r~1(r(B°)) = B°.
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iii) The open cover W is G-invariant. Moreover for every g € G and every pairwise distinct indices iy,...,i; € I

with j > 2, we have g(Ui, ;) N Uiy = 0 as long as g # 1dp where Ujy.ij := ﬂ{zlllil.

Proof. — By Lemma 6.2 and the definition of 2, it follows easily that {U;}s is a G-invariant open cover of B

with [I| < oo and satisfying i) and ii). By Lemma 2.15, 2 is Stein. It remains to prove iii) and that U is good.

By Lemma 6.2.i) and the definition of 2, U; — r(l;) is a finite cover with at most one ramification point
for every I € I and r(U)) is contractible. So a deformation retraction of r(U;) to the branch point (or to any
point if there is none) yields a contraction of U; to a point, which shows that U; is contractible. Given two
distinct open subsets U;, and Uj, in U such that U; N U;, # 0, we have r(U;) N r(U;,) # 0. Since U is a
connected component of r~1(r(U))) for every l € [, U;, N U;, # 0 implies that r(U;,) # r(Uj,). So by the second
statement of Lemma 6.2.ii), either U;, — r(U;,) or U;, — r(Uj,) is biholomorphic. Therefore if U;, ..., U;;
are pairwise distinct open subsets in U with j > 2, then Ui..i; — r(Uﬁ..‘i/) is biholomorphic. It follows
that Ui,...i; = r(Uil...,-j) is contractible (because B is a good open cover), so U is a good open cover of B. It
also follows that each Uj,..i;is a connected component of r‘l(r(U,-l...i/.)). As r is the quotient by the faithful

G-action, it follows that g(Uj,..;;) N Uj,...; = 0 provided g # Idp, which proves iii). o

From now on, we fix an open cover U = {U,}ic; of B as in Lemma 6.4. For every multi-index iy,...,i; €I,
we define Sj,.., := p~}(Uj,.;,) and Xj,..;, := 1 (Uj,..;). The restriction of p (resp. 7 and f) to S;,..., (resp. Xi,..,)
are denoted by pj,.., : Siy.iy = Uiyiy (xesp. fi,.i, @ Xiyoiy = Siyeiy and 1,y Xiyooiy = Uiyoy).

Step 1: Tautological family.

In this step, we recall from §2.7 the construction of the G-equivariant tautological family ITs in Proposi-

tion 6.1 in order to fix the notations.

Let | — B° be the Jacobian fibration associated to the smooth elliptic fibration p° : S° — B° and let
H := R'p?Z. Let ¢ be the sheaf of local sections of the Jacobian fibration | X V — B° X V associated to
py = S°x V — B° x V. Since R!(p,).Z =~ pr;'H where pr, : B° X V — B° is the projection to the first factor,
we have

I = 5pr;1H/B°xv/Pr_1H/

where we recall that &, 1555y is defined by (2.6) and satisfies
Eormaypoxy = (P Tsoxvypoxy = pripiTse pe = pry&uype.

We also recall from Example 2.28 that _# =~ o/ut}, . (S°x V), and together with Eor1H/BoxV = (P« Tsoxv/poxv

mentioned above, these isomorphisms commute with the exponential maps:
expprl_lH/B"xV

prién/pe = @@prl‘lH/B"xV
|2 K (6.2)

(py)Tsoxvypoxv =2 At (5% V).
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Recall from §2.7 that the map q : ./ = B X V defining the G-equivariant tautological family ITs
in Proposition 6.1, is obtained by gluing the local fibrations { p; xIdy : S; x V — U; X V } using the G-
equivariant 1-cocycle of translations { eij:Sii XV —8;xV } defined by

ejj := exp(lli]- X V)(El]) € /(U,-]- xV)c Aut(Sij x V),

for some G-invariant 1-cocycle { &ij € (pryduype)(Uij X V) } Asin§2.7, weregard each &;; € (pr}&uyp-)(Uijx V)

asamap &jj: V — Suype(Uj)). So for every v € V, the restriction e;js, x(»} is equal to the translation

€ijls;ix{v) = =tr (QXPH/B ( 1])(51](0))) Sl] x {v} — Sij x {v}

where expy B Su/pe — _fuype is the quotient as in (2.5). As we mentioned in §2.7, the 1-cocycle {&;;} can
be chosen to satisfy &;;(0) = 0 (see [43, Lemma 4.19]), so

61]|5UX = Ids ix{0 (63)

Step 2: Case type I.

In this step, we prove Proposition 6.1 in the case where X, is of type I for every b € B°, namely X, = S, X P!

over Sy by Definition 1.13. We first prove the following.

Lemma 6.5. — Let g : 8§ — A be a smooth family of curves over a contractible Stein space A. Every P"-bundle over

8 is the projectivization of some vector bundle.

Proof. — Since the obstruction to lifting a projective bundle to a vector bundle is an element in H*(S, £7),
it suffices to show that H*(S, %) = {0}. Since the fibers of g are curves, we have R'g.0s = 0 for every i > 2.
We also have HP(A,R7g.0s) = 0 for every p > 1 because A is Stein, so the Leray spectral sequence implies
H(8, 0s) = 0 for i = 2 or 3. It follows from the exponential sheaf sequence that H*(S, %) =~ H(8, Z). As A
is contractible, § is homotopy equivalent to a curve. Hence H%(S, oy) = H3(8,Z) = 0. O

Based on the assumption that X;, ~ S, X P! over S, for every b € B, we can prove the following.

Lemma 6.6. — We have X;j = S X P over Sj;.

Proof. — As Uj; is contractible and Stein, by Lemma 6.5 there exists a locally free sheaf &;; over S;; such that
Xij = P(&}j) over S;;. For every b € U;j, let & := &jjis,. Since X;, = §p, X P! over S;, we have &, ~ %4, ® %, for
some invertible sheaf .%;, on S;,. Fix 0 € U;;. Since Uj; is contractible, there exists an invertible sheaf . on S;;
such that #®? ~ det &} and L, ~ %,. Let & = &;® £LV.

Claim 6.7. — The condition &) := & = Us, ® Os, is open and closed in b € Ui;.

Proof. — As Uj; is contractible, there exist .7 := 05,

ij/

%/ %r f% € PICO(SI]) such that ﬁsbr ‘71|Sb’ f%|shr «73|Sb
are all the 2-torsion line bundles on the elliptic curve S;. Since det & =~ 05, and & ~ £ & £/ for some line
bundle .Z/, we have &/ ~ Js, @ Jjs, for some i. As H(S,, Z) # 0 if and onlyifi=0and b — HO(S,, &) is

upper semi-continuous, the property &, ~ s, & O, is thus closed in b.
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Next, assume to the contrary that é”; ~ Us, ® Us, is not open at b € Ujj, then there exist i € {1,2,3} and
a sequence by € U;; converging to b such that é"b’[ ~ 2’|5b( <) 9,]5[7[ for all £. We then have H(S;,, &’ ® 7)) =
H°(Sy, 7)® = 0 but H(Sp,, &’ ® F;) = H(S,, Ts, )** # 0, which violates the upper semi-continuity. |

As & = <§;; =~ Us, ® Us, and U;; is connected, Claim 6.7 implies that & ~ 05, @ O, for every b € U;;. It
follows that (pjs;).&” is locally free of rank 2 over U;; by Grauert’s base change, so (pjs,).&” = Ou,; & Ou;
because U;; is biholomorphic to a disc. Therefore &” has two global sections ¢ and ¢’ which are linearly

independent everywhere over S;;, so &” is trivial. Hence X;; ~ P(&”) = §;; X P! over Sij. a

For every i # j € I, we fix an isomorphism ;; : X;; = Sij x P! over Sij as in Lemma 6.6. Since G acts freely
on { Uj | itjel } by Lemma 6.4.ii1), we can choose 1; in such a way that the collection {z;;} is G-invariant.
Let &), := ¢;j X Idp1 € Aut(S;j X V x P!) and

71']'=l,‘]‘XIdV:X,‘]‘XV:)SinPle:Sijxvxpl'

Let i,j,k € I and let b € Uj. Since iz, o is an automorphism of S, x P! over S;, we have

-1
Lk, x!
1kifx, © %thlﬂ € Idg, X Aut(P') (because Sy, is proper and Aut(P!) is affine). It follows that 7; o Tﬁ} commutes

with E}k (regarded as automorphisms of S;j X V' X PY). For the same reason, i; o Ti‘jl

commutes with Ez’.].. Thus
if we define &; := 7! 0 &, o 7j; € Aut(X;; x V), then
j ij

5 A5, s — (71 = ~1 ~ = ~1 ~/ =) — 1 ~ ~/
8i © 8jk 0 &ij = (g 0 & 0 Thi) o (T 0 &y oTjx) o (I 0 0Tj) =Ty 0 (§; 0

. O
j ]koe;]’)olki—lki oy = Idx

Y
where the second equality follows from the above commutative relations, and the third equality follows
from the property that { élfj =¢;j X Idp } is a 1-cocycle (because { eij € Aut(S;; x V) } is s0). Therefore we can
glue the collection of fibrations { f; X Idy : X; x V — §; x V },_, along {fz] xIdy : Xjj x V — §;; X V} using
the G-invariant 1-cocycle of automorphisms : &ij € Aut(X;; x V) } which lifts { eij € Aut(S;; X V) }, and obtain
a G-equivariant map 2" — .7. Let

IIx: Z - —>BXxV >V

be the composition of 2" — % with Ils. By (6.3), eijis;xj0y = Ids;xjo; and &ijx;xjo) = Idx; for every i and
j, so the central fiber of the family I'lx of fibrations over B is m : X — B. That Ilx is a deformation of n
which is G-equivariantly locally trivial over B follows from the construction and the property that Is is

G-equivariantly locally trivial over B (Proposition 2.22).
Step 3: Case type II and III.

From now on, we assume that the ruled surface X}, is purely of type II or III for every b € B°.

Lemma 6.8. — The commutative diagram (6.1) satisfies Assumption 2.26.

Proof. — Since (6.1) is the base change of X° 2, 5o 2, B° under the projection B° x V' — B?, it suffices to

prove that X° L, 5o, Be satisfies Assumption 2.26.
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Both p°: S° — B° and f° : X° — S° are smooth by assumption. Let b € B°. As S; is an elliptic curve, we
have h°(S,, Ts,) = 1. Since X} is a ruled surface of type II or III, the function B° 3 b Ho(Xs, Tx,) is constant

by Lemma 3.11, which proves that X° L, 5 ¥, Be satisfies Assumption 2.26.1).

As S is an elliptic curve, Aut(S,) is commutative. Since X}, is a ruled surface of type II or III over an
elliptic curve, the commutativity of Aut’(X,) follows from [44, Theorem 3.(2) or (3)], according to whether

Xy is of type II or III respectively. Hence X° L, 50 I, Bo satisfies Assumption 2.26.i). o
Recall from Step 1 that we have an isomorphism between the exponential maps

eprrl‘lH/B°><V : gpr;lH/B"xV - /
and
exp : (py)Tsexvpxy = G uth, ,(S° X V).
For simplicity, let
T = (1)) Txexvysoxv = pryme Txerse, T = () Txexvipoxv = prym, Txe e,
&= @@pr;lH/Bwv = (py)Tsoxvipoxv = prip.Tse po = pri&uype,
where pr, : B® X V — B° is the projection to the first factor, and (with the notations introduced in §2.9) let
o = () Aty (XX V) N/, = dull (X°OXV),  F = dutl, (S X V).

Since (6.1) satisfies Assumption 2.26 by Lemma 6.8, we have the commutative diagram of morphisms of

sheaves of abelian groups

0 > T > T’ > & >0
lexpl exp, \Lexpazexp (6.4)
0 S o S o —— 7 5 0,

which is (2.24) defined for (6.1) instead of (2.20). Since each map in (6.1) is G-equivariant, the G-actions on
each variety in (6.1) induce a G-sheaf structure on each sheaf in (6.4) by conjugation and each morphism

in (6.4) is G-equivariant.

Lemma 6.9. — The commutative diagram (6.4) has exact rows.

Proof. — By Lemma 2.27, it suffices to show that the descent morphism Aut}...,,(X° X V) — Aut}., ,(S° x V)
is surjective. Since (6.1) is the base change of X° L, 50 I, B under the projection B° x V' — B°, it suffices
to show that the descent morphism Aut’(X;) — Aut’(S,) is surjective for every b € B°. The latter follows

from [44, Lemma 8] since Xj is a ruled surface over S; of type II or III. O

For every open subset U C B° and 0 € 7'(U X V), since I’ = prim;Tx-/p:, we can regard o as a map
0:V — (mTxo/p-)(U). Similarly, all 01 € (U x V) and 0, € &U X V) are also be regarded as maps
01:V = (Txeys-)(U) and 02 : V — (pI Tse /52 )(U).
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Recall that we introduced in Step 1 the G-invariant 1-cocycle
{éij € &U;; X V) } = {51‘]‘ 1V o Suype(Uij) = p.Tsoyp-(Uij) },
which is used to construct the tautological family ITs.

Claim 6.10. — There exists a G-invariant 1-cochain
{ci'j € 7"(U;; X V)} = { &V - nfof’/B"(uij)}
lifting the 1-cochain {&;j} and satisfying &;;(0) = 0.

Proof. — Since U;j and U;; X V are Stein, by (6.4) we have the commutative diagram
0——> TJU;jx V) —— T'(Uij X V) —— &U; X V) —— 0

dn J» d» (6.5)

0 — Tipexo(Uij X 0) —= Fg. o (Uij X 0) — Efpexo(Uij X 0) — 0

with exact rows, where the vertical arrows are the restrictions to B° X 0 € B° X V. Since .7 =~ primeTxe s =
pr} Jipoxo, the map 11 is surjective, so the induced map ker(1z) — ker(13) is also surjective by the snake lemma.
Therefore since &;;(0) = 0 by assumption, we can find a lifting gi]' € .7'(U;jx V) of &;; € &(U;; X V) such that
Eij(O) = 0. As {&;j} is G-invariant, up to replacing the 1-cochain {Sij} by Ilfl Y, 5G9 (& i}, we can assume that
the lifting {ci»]»} of {&;} is G-invariant. O

In general we do not know whether the 1-cochain {5,-]-} constructed above is a 1-cocycle. The next lemma

shows that up to modifying {éij}, a G-invariant 1-cocycle lifting {&;;} exists.

Lemma 6.11. — There exists a G-invariant 1-cocycle {5:] € 7'(Ujj X V)} = {Ez’] V- nijXo/Bo(U,-]-)} lifting
the 1-cocycle {&;;} and satisfying El’.j(O) =0.

Proof. — Let (& i} be a 1-cochain lifting the 1-cocycle {&;;} constructed in Claim 6.10 and let & ik = & i +& Kt Egi.
Then {&;} is a 2-cocycle with coefficients in .7 by (6.4). Define  := pr/'m.Tx/s where pr| : BX V — Bis
the projection to the first factor. We have Jg-xy = 7, so by Lemma 6.4.ii), we can also regard {cf,-]-k} as a
2-cocycle with coefficients in .7 (with respect to the open cover {U; X V}ef). Since dim B = 1 and V is Stein,
investigating the Leray spectral sequence associated to the projection BxV — V shows that H*(BxV, 7) = 0.
Thus, as {U; X V};er is a good Stein cover of B X V, it follows that {cijk} is a 2-coboundary with coefficients in

7, and therefore with coefficients in .7 (again by Lemma 6.4.ii) together with Jjgoxy = 7).
Consider the commutative diagram

0 —> Z'({U;i X VYier, 7) — CL({U; X V}ier, 7) — B2 ({U; X V}ier, 7) —> 0

b 1 I (©6)

0 — Z' ({Uidier, Fioxo) —> Ct ({Uikier, Tpoxo) — B> ({Uibier, Tpoxo) —> 0

with exact rows, where Z!, C/, B’ are the spaces of Cech i-cocycles, i-cochains, i-coboundaries. Since
1 is surjective, the induced map ker(j,) — ker(j3) is also surjective by the snake lemma. Therefore as
{&ix} € B2 ({U; X V}ier, 7) satisfies £;x(0) = 0 by construction, there exists {8;j} € C! ({U; X V}ier, ) such that
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Bij + Bjx + Pri = &ij and B;;(0) = 0. Thus {Sl’.j := & — Bij} is a 1-cocycle with coefficients in .7 satisfying
¢;(0) = 0.

Since {cfl’.].} = {cfij} —{Bij}, and the images of {cfi]-} and {B;;} in C'({U; x V}ie1, &) induced by 9’ — £ in (6.4)
are {¢;;} and 0 respectively (because {;;} € C'({U; x V}ier, 7)), the 1-cocycle {51"]‘} is a lifting of {5,-]-}. As {&ij}
is G-invariant, up to replacing the 1-cocycle {51’.].} by Ilfl Yyecd- {51’,}.}, we can assume that the lifting {élfj} of

{&ij} is G-invariant. O

Recall that the exponential map exp : & — _# in (6.4) is isomorphic to eXPpr-tp/Boxy - Eprtuypoxy = S -
Thus if { 5:] € 7'(Ujjx V) } is a 1-cocycle as in Lemma 6.11 and
éi]' = esz(uij X V)(g:j) : X,']' xV = X,‘j xV
(where exp, is introduced in (6.4)), then {é,-]- € Aut(X;; x V) } is a 1-cocycle of maps and is a G-invariant
lifting of { eij € Aut(S;; X V) } by (6.4) and the definition of {¢;;}. So we can glue the collection of fibrations
{fixIdy : X;xV — §; x V},, along {f,] xIdy : Xjj XV — §;; x V} using {&;;} and {e;;} and obtain a G-
equivariant map 2~ — .7. Let
IIx: 2 » ¥ >BxV->V

be the composition of 2" — . with Ils. Recall that ejjs,xj0; = Ids;xjo; by (6.3). Since 51’,],(0) = 0 by
construction, we have &x,xj0) = Idx;x(0}, S0 the central fiber of Ilx is 7t : X — B. That Ilx is a deformation

of m which is G-equivariantly locally trivial over B follows from the construction and the property that Is

is G-equivariantly locally trivial over B. This terminates the proof of Proposition 6.1. m|

6.2 Algebraic approximations of P!-fibrations over an elliptic surface

Corollary 6.12. — Let f : X — S be a P-fibration over an elliptic surface p : S — B satisfying the description in
Proposition 1.14.(ii). There exists a bimeromorphic modification X’ Ls2p of X L, s 2 B which satisfies the

following properties:

i) X’ is normal and the underlying bimeromorphic map X' --> X is an isomorphism over a nonempty Zariski open
ucB.

ii) There exists an algebraic approximation
Iy : " > BxV >V
of p which can be lifted to an algebraic approximation
Iy : 2" > >BxV->V

of f' such that the underlying deformation of ' :=p’ o f' : X’ — B is locally trivial over B. In particular, Iy,
is an f'~Y(C)-locally trivial algebraic approximation of X’ for every subvariety C € S'.

Proof. — By [14, Proposition 3.11], there exists a Galois cover r : B — B of B such that the elliptic fibration
Sxp B — B has local sections at every point of B. Let G := Gal(B/B). Letvs : S — SxgBand vy : X — XXs 5

be G-equivariant Kahler desingularizations of S X B and X Xs S respectively, such that the fundamental loci



ALGEBRAIC APPROXIMATIONS OF COMPACT KAHLER THREEFOLDS 57

of v;! and vy! are contained in the singular loci of S x B and X Xs S respectively (see e.g. [43, Theorem 2.5]).
Letp: 52 Sxp B — B (resp. f: X 25 X x5 § — §) denote the induced elliptic surface (resp. P!-fibration).
Let U C B be a nonempty Zariski open subset such that bothp : S — Band n = (p o f) : X — B are smooth

over U.

Claim 6.13. — The restriction of 7t : X 555 Bover U = r~Y(U) c B is the base change of X L5t B by
U5 B. In particular, the maps X’ Lelp defined by X/G — 5§/G — B satisfy i) in Corollary 6.12.

Proof. — By construction, SXgB — Bissmooth over U. It follows from the property of the desingularization
vs : S — Sxp B that necessarily, the restriction of S — B over U is isomorphic to the base change S x5 U — U
of p: S — Bby U B. Italso follows that X x5 § — B is isomorphic to X xp B — B over U c B. Likewise,
since X xg B — B is smooth over U, it follows from the property of the desingularization vy : X = X xs S
that the restriction of X — B over U is isomorphic to the base change X x3 I — U of 7t : X — B by U - B.
This proves the main statement of Claim 6.13. Finally, since X" is the quotient of a complex manifold by a

finite group, X’ is normal. ]

By Claim 6.13, the P'-fibration f still satisfies the description in Proposition 1.14.(ii). Asp : S — B has
local sections at every point of B, the G-equivariant P!-fibration f and the elliptic surface j satisfy the

conditions in Proposition 6.1. Therefore by Proposition 6.1, the G-equivariant tautological family
[g: Y >BxV -V 6.7)
associated to p can be lifted to a deformation

Mg: 4 > >BxV->V

of f preserving the G-action such that the underlying deformation of 7 := fio f : X — B is G-equivariantly

locally trivial over B. By Lemma 2.4, the quotient
My : 2" =2/G> ¥ =7/G->BxV -V

of ITy by G is a deformation of " : X’ — B which is locally trivial over B. As the fiber 2" of Ilx- over tis a
P!-fibration over .#/, by Corollary 2.13 .2} is algebraic if .#/ is algebraic. Since Il; : ./ — V is an algebraic
approximation of S by Proposition 2.22, it follows that 2 — V is an algebraic approximation of X’. For
the last statement, as S’ is bimeromorphic to S which is non-algebraic, every subvariety C ¢ S is contained
in a finite union of fibers of p’ : 5" — B by Corollary 2.11. Therefore since I'lx- is locally trivial over B, it is
f~Y(C)-locally trivial for every C ¢ S'. O

6.3 Proof of Propositions 1.9 and 1.17
Now Propositions 1.9 and 1.17 follow easily from the results we proved in §5 and §6.
Proof of Propositions 1.9 and 1.17. — First we prove Proposition 1.17. Let f : X — S be a P!-fibration as in

Proposition 1.14. According to whether f is in the first or the second case of Proposition 1.14, we use either

Proposition 5.8 or Corollary 6.12 to conclude.
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Proposition 1.9 follows from Proposition 1.14 proven in §3 and Proposition 1.17. m]

7 Conclusion

7.1 Proof of Theorem 1.3

Assembling the results proven previously in this article, we finally conclude the proof of Theorem 1.3.

Proof of Theorem 1.3. — Let X be a compact threefold in the Fujiki class ¢ with at worst rational singularities
and leta(X) € {0, 1,2, 3} be its algebraic dimension. If a(X) = 3, then X is Moishezon by definition. If a(X) = 2,
then Theorem 1.3 is covered by Theorem 1.10. Finally if a(X) < 1, we apply Proposition 1.8 or 1.9 to X, and

conclude by Proposition 1.7 that X has an algebraic approximation. m]

7.2 Some open problems

We now know that compact Kdhler manifolds X with either dim X = 3 or a4(X) > dim X — 1 have algebraic
approximations (Theorem 1.1 and [42, Theorem 1.1]). As current known examples of compact Kahler
manifolds X answering negatively the Kodaira problem all satisfy a(X) < dim X — 4, the following question

remains open.

Question 7.1. — Does there exist a compact Kihler manifold X of algebraic dimension a(X) > dim X — 3 which

does not have any algebraic approximation?

Due to Voisin’s examples [63], uniruled compact Kahler manifolds can fail to admit algebraic approxi-
mations starting from dimension 5 and on. Indeed, let X be one of Voisin’s examples of dimension 4 and
consider the product X x P!. Since every deformation of X X P! induces a deformation of the projection
X x P! — X [54, Theorem 2.1], X x P! does not have any algebraic approximation. For uniruled fourfolds,

the Kodaira problem is still open.

Question 7.2. — Does there exist a uniruled compact Kihler fourfold X which does not have any algebraic approxi-

mation, or even the homotopy type of a projective manifold?
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