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1 Error

Let A be an abelian surface and X the generalized Kummer variety of dimension 2n defined by A. The
following theorem is proven in [2]. The reader is referred to loc. cit. for the definition of the induced
Beauville decomposition.

Theorem 1.1 ( [2, Theorem 1.4]). — For any odd integer s, the s-th factor CHo(X)s of the induced Beauville
decomposition vanishes.

We gave two proofs of Theorem 1.1 in [2, Section 4] and [2, Section 5] (cf. [2, Remark 5.2]) respectively.
However as Charles Vial pointed out to the author, the one presented in [2, Section 4] contains an error.
More precisely, the author made the following incorrect claim in the proof of [2, Lemma 4.4]: Let A be a
principally polarized abelian surface and let 4 : A" — A and p; : A" — A denote the sum map and the
j-th projection respectively. If z € CHy(A); and L := #(z) € Pic’(A) where .# denotes the Fourier-Mukai
transform, then applying .7 to both sides of 'L = 17, piL gives 'z = Y pz.

The only places in [2] depending on the above false claim are Lemma 4.3, 4.4 and the proof of [2, Theorem
1.4] presented in [2, Section 4]. The rest of the article remains intact, especially Theorem 1.1 still holds true
thanks to its second proof mentioned in [2, Remark 5.2].

The proof of Theorem 1.1 presented in [2, Remark 5.2] uses constant cycle subvarieties in X constructed
and studied in [2, Section 3], whereas the (false) proof presented in [2, Section 4] is a formal computation of
zero-cycles inside the Chow groups of abelian varieties. Despite the error, a proof of Theorem 1.1 by formal
computations still exists, as we will see in the next section.

2 Alternative proof by formal computations of Theorem 1.1
As in [2], the class of a point z € A in CHy(A) will be denoted by {z}.

Lemma 2.1. — Let A be an abelian surface and let zy, .. .,z, € A such that Y.}, z; = 0.
i) The equality Y.\ {zi} = Y.iL1{~zi} holds in CHp(A).
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ii) More generally for every integer 1 <k < n,

Zjr - Zj) | = (=zj,,-..,~2j)} € CHy(A").
2| = ) | }

1<ji,.jk<n 1<j1,jk<n

Proof. — We prove the first statement of Lemma 2.1 by induction on n. When n = 1 or 2, Lemma 2.1 holds
trivially. When n = 3, expanding Bloch’s formula [1, Theorem 0.1]

({z1} = {0} * ({z2} = {0}) = ({z3} — {0}) = O
and taking z; + zp + z3 = 0 into account yield
{z1} + {za} + {23} = {—z1} + {-z2} + {-z3}.

Now assume that Lemma 2.1 holds for n > 3. Let z4,...,2,4+1 € A such that Z?:ll z; = 0. On the one hand

Juy

n—1 n—

{zi} + {zn + zp1) = ) {=zi} + (=20 — Zus1) (2.1)

i

1l
—

i=

by the induction hypothesis. On the other hand,

n-1 n—1
{Z Zi} +1{zn} +{zn1} = {— Z Zi} +{~zp} + {~2zn11} (2.2)

i=1 i=1

by Bloch’s formula. Adding equalities (2.1) and (2.2) then using the assumption Y./ z; = —z, — 2,41 give

n+l n+l

Yz =)z

i=1 i=1

The second statement of Lemma 2.1 follows immediately from the first one. Indeed, for any cy,...,cr € A

and any integer 1 < | < k, by pushing forward the equality }.i,{z;} = Y.I;{~z} under the inclusion
€1 X X1 XAXcpq X X ¢ = A we have

n n
Z {(Cll e Cl-1,Zi,Cl41s e+ -y Ck)} = Z {(Clr ceesC1-1,7Z2i,Cly1y e -y Ck)} € CHO(Ak)
i=1 i=1
Therefore
Z {(Zjl,...,ij)} = Z {(Zjl,...,ijil,—ij)}Z cee = Z {(—Z]‘],...,—Z]'k)}.
1<j1,. jk<n 1<y, ji<n 1<j1,0 jk<n
o
Lemma 2.2. — Let A be an abelian surface and let zy,...,z, € A such that Y.\, z; = 0. Then for every integer
1<k<n,
Y, A@-ozl= Y, |z 2] € CHo(4h)
(rrijr)e? (j1rrjk)€Z
where & is the set of k-tuples (j1,. . ., jx) of integers in [1, n] with mutually different entries.
Proof. — We prove Lemma 2.2 by induction on k. The base case k = 1 is the content of the first statement of

Lemma 2.1.
Fix an integer 2 < k < n and assume that Lemma 2.2 holds for every integer between 1 and k — 1. For any
integer p, set [1, p]] := [1, p] N Z. We have the following obvious equalities
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K
Z {(zjl,...,z]-kﬂ)} = Z[ Z [ Z {(Zi],-..,zik)}]]
10Ul =KD \ (i i€ 21 1)

1<j1,sjr1 < p=1 \LU--UL=[1k] \ (ix,....ir) e 2 (L4,...,
2.3
1 (2.3)
= Z {(Zjl,...,ij)}+Z Z Z {(Zil/"'lzik)}
(j1,--1JK)EL p=1 \Liu--UL,=[1k] \ (i1,-...ix)e L (I1,..., 1))

where Z(Iy, ..., 1) is the set of k-tuples (i1, ..., i) € [[1,n]|k such that i; = i, if and only if g, € I; for some
s € [1,pll. Here the sum Y.y, j,-q1 47 is over all partition of [1, k] of length p such that I; # @ forall1 < j <p.

For any partition I U --- U I, = [1,k]] with p < k — 1, pushing forward the induction hypothesis on A? via
the embedding A7 < A" defined by the partition I; U --- U I, = [1, k] yields

(@oozidl = Y. Az 7)) (2.4)
(i1 ..... l‘k)E(@(I] ..... IV) (l] ..... l‘]JE@(I] ..... Ip)
As
Yo Gzl Y, ez 7))
1Sj1,...,jk+1SVl 1Sj1,...,jk+1 <n

by Lemma 2.1 ii), we conclude by (2.3) and (2.4) that

Z {(Zjll"'fzjk)} = Z {(_Zjll"‘/_zjk)}‘

()€ (1, )€
o
Lemma 2.3. — Let A be an abelian variety and j : B — A an inclusion of a sub-abelian variety B. The pushforward
map
j. : CH(B)g — CH(A)q
is injective.
Proof. — By Poincaré’s reducibility theorem, the inclusion j factorizes through B L Bx B 5 A where

B’ is an abelian variety, j : B < B X B’ is the standard inclusion with image B X {0}, and 7 is an isogeny.
Since 7. : CH(A)q — CH(B x B')q, it suffices to show that j, : CH(B)qg — CH(B X B')q is injective. As the
composition

CH(B)q —+ CH(B x B')o —— CH(B)q

is the identity map where p : B X B’ — B is the first projection, the map j, : CH(B)q — CH(B X B')q is
injective. =

Recall in [2] that for an abelian surface A, we defined Afj := ker(alb : A" — A), which is preserved by the
action of the symmetry group &, on A" permuting the factors.

Corollary 2.4. — The involution 1 : A — A acts trivially on CHo(Af)=".

Proof. — The &,-invariant subgroup CHy(A})®" is generated by elements of the form

2= ) (o1, 20))

0€S,
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with i, z; = 0. Applying Lemma 2.2 to z with k = n yields "z = z in CHy(A"). Hence 1z = z in CHy(A}}) by
Lemma 2.3. O

Proof of Theorem 1.1. — Since the involution acts trivially on CHgy(A7*')®+1, the factor CHy(X);
CHO(Ag“)sS "1 vanishes whenever s is odd. O

R

3 A counter-example to [2, Lemma 4.3 and 4.4]

If the statements of [2, Lemma 4.3] and [2, Lemma 4.4] still hold true despite their incorrect proof, then
the original proof of [2, Theorem 1.4] in [2, Section 4] remains valid. However we will see in the following
that it is not the case for both [2, Lemma 4.3] and [2, Lemma 4.4] already when n = 2.

If [2, Lemma 4.4] is true for n = 2, then

Wz =piz+pyz (3.1)
where z € CHy(A);. For any a € A, restricting (3.1) to pl‘l(a) yields z = t;z, which is equivalent to
z* ({0} — {-a}) = 0 € CHo(A).
As z = ({o} — {—a}) generates I'> ¢ CHy(A) when varying z € CHy(A); and a € A where
I:=ker(deg: CHy(A) — Z),

we deduce that I'?> = 0, which is in contradiction with [1, Theorem 3.1].
Similarly if [2, Lemma 4.3] is true for n = 2, then restricting the equality in Lemma 4.3 to pl_l(a) with
z1 € CHy(A)1 and z; := {a} yields z = ({o} — {—a}) = 0 as well, which is not true in general for the same reason.
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