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Abstract. — For every fibration f : X — B with X a compact Kadhler manifold, B a smooth projective curve, and a
general fiber of f an abelian variety, we prove that f has an algebraic approximation.

1 Introduction

Let X be a compact Kdhler manifold. An algebraic approximation of X is a deformation 2~ — A of X such
that, up to shrinking A, the subset parameterizing projective manifolds in this family is dense in A. Whether
or not a compact Kihler manifold admits an algebraic approximation is generally known as the Kodaira
problem. For compact Kéhler surfaces, Kodaira showed that algebraic approximations always exist [12].
But starting from dimension 4 and on, there exist compact Kdhler manifolds constructed by Voisin which

do not have any algebraic approximation [22].

For most compact Kdhler manifolds, the existence of algebraic approximations is still unknown. Non-
trivial examples of compact Kdhler manifolds admitting algebraic approximations can be found in [19, 5,
11, 6, 7, 15] and the list is rather exhaustive at present. This list includes especially elliptic fibrations [15]
and smooth fibrations in abelian varieties [6] (both over a projective manifold), and they therefore motivate

the following question, which we will study in this text.

Question 1.1. — Let f : X — B be a fibration whose general fiber is an abelian variety. Assume that X is a compact

Kiihler manifold and B a projective manifold, does f have an algebraic approximation?

In the case where f is smooth, some algebraic approximation of f can be realized by the so-called
tautological family associated to f [6], which is described as follows. Let | — B denote the Jacobian
fibration associated to f and ¢ its sheaf of germs of local holomorphic sections. There is a one-to-one
correspondence between the set of isomorphism classes of J-torsors (resp. projective J-torsors) and H!(B, #)

(resp. H(B, I ors), and the tautological family associated to f is a family of J-torsors

M: 2 LBxV—>V:= H'(B,R7£.Q% ;) (9:=dimX - dimB)
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such that t € V parameterizes the J-torsor represented by

n(f) + exp(t) € H'(B, 7)
where 1(f) € H(B, 7) is the element associated to f and
exp:V — HYB, 7)
g-1

X/B
contains a dense subset parameterizing projective J-torsors [6].

is the map induced by the quotient R7£.C); . — _#. An argument involving Hodge theory shows that V'

When f : X — B is an elliptic fibration, the situation is much more complicated but the construction of
an algebraic approximation of f in [15] is still based on the tautological family associated to some specific
elliptic fibration and Hodge theory is again involved in the proof of the density result. This raises the
question of whether we can construct, more generally, for every fibration whose general fiber is an abelian
variety, the analogue of tautological family and prove (by Hodge-theoretic arguments) that projective

members are dense in this family, thereby answering Question 1.1.

In this text, we will focus on fibrations f : X — B with dim B = 1 and show that the above approach can
indeed be carried out in this situation. Due to the presence of singular fibers, the proof is technically more
involved than in the smooth case and the implementation of the idea relies on work of Deligne, El Zein, and
Zucker on variations of Hodge structures over a curve [25, 8] and M. Saito’s compactifications of Jacobian
fibrations [18]. We will first show that under the assumption that f has local sections at every point of B,
we can construct a tautological family associated to f (see Proposition-Definition 4.18) and prove that it is

an algebraic approximation.

Theorem 1.2. — Let G be a finite group and let f : X — B be a G-equivariant fibration with X being a compact
Kiihler manifold, B a smooth projective curve, and a general fiber of f an abelian variety. Assume that f has local

sections at every point of B, then the G-equivariant tautological family
II:Z -BxV -V

associated to f is an algebraic approximation of f which is G-equivariantly locally trivial over B (see Definition 2.1).

Without assuming that the fibration f : X — B has local sections everywhere in B, the existence of an
algebraic approximation of f will follow as a corollary of Theorem 1.2, which answers Question 1.1 in the

affirmative when dim B = 1.

Corollary 1.3. — Let f : X — B be a fibration with X being a compact Kihler variety, B a smooth projective curve,

and a general fiber of f an abelian variety. Then f has an algebraic approximation which is locally trivial over B.

Our original motivation of this work comes from the long-standing Kodaira problem in dimension
3 which we will study in [14]. Roughly speaking, given a non-uniruled compact Kédhler threefold X of
algebraic dimension a(X) = 1, the algebraic reduction of X is bimeromorphic to a fibration f : X’ — B such

that either f is isotrivial or a general fiber of f is an abelian surface [10]. In the latter case, the existence of
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algebraic approximations of X will be a consequence of Corollary 1.3. The reader is referred to [14] for the
detail.

In order to explain the basic idea of the proof of Theorem 1.2 without dealing with technical difficulties,
we will first recall (following [6]) in Section 3 the construction of the tautological family IT associated to a
smooth torus fibration f, together with a sketch of proof of the fact that Il is an algebraic approximation
under the assumption that the base and the fibers of f are projective [6, Theorem 1.2]. We will then construct
in Section 4 the tautological families associated to fibrations as in Theorem 1.2, and prove Theorem 1.2 and

Corollary 1.3 in Section 5.

2 Preliminaries and general results

2.1 Basic notions and terminologies

In this text, a fibration is a proper holomorphic surjective map f : X — B whose general fiber is irreducible.
The fiber f~1(b) of f over b € B will often be denoted by X,. A local section of a fibration f at a point b € B is
a section of f~1(U) — U for some (Euclidean) neighborhood U C B of b. A multi-section of f is a subvariety

L C X such that fir. is surjective, finite, and flat over B.

A deformation of a compact complex variety X is a surjective, proper, and flat morphism IT: 2" — A
containing X as a fiber. Let f : X — B be a holomorphic map from a compact complex variety X. A
deformation of f (with fixed target) is a family of maps f; : #; — B containing f as a member. Namely, it is a
composition

M: 2L BxAZA

such that ITis a deformation of X and g9, : #, — B equals f for some 0 € A. Note that in the definition,
the target of f; does not deform in the family.

Let G be a group and X a compact complex variety endowed with a G-action. We say that a deformation
IT: & — A of X preserves the G-action, or Il is a G-equivariant deformation of X, if there exists a G-action on
Z extending the given G-action on X such that I'Tis G-invariant. Similarly, let f : X — B be a G-equivariant
map. We say that a deformation IT: .2 L BxA—> Aof f preserves the G-action (or is G-equivariant) if there
exists a G-action on 2" extending the G-action on f such that g is G-equivariant (the G-action on B X A being

the pullback of the given G-action on B) and I1: 2" — A is G-invariant.
Definition 2.1 (Locally trivial deformations). —

i) A deformationII: 2 L BxA - Aof f : X — Bis called locally trivial over B if there exists an open
cover {U;} of B such that g7}(U; X A) = f~1(U;) X A over U; X A for every i.

ii) In i), let G be a group and f : X — B a G-equivariant map. We say that I is G-equivariantly locally
trivial over B if I1 preserves the G-action and the isomorphisms g }(U; X A) ~ f~}(U;) X A above are

G-equivariant for some G-invariant open cover {U;} of B.
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An obvious property about locally trivial deformations is that the quotient of a G-equivariantly locally

trivial deformation is still locally trivial.

Lemma 2.2. — Let G be a finite group and let f : X — B be a G-equivariant fibration. IfI1: 2 L BXA— Aisa
deformation of f : X — B which is G-equivariantly locally trivial over B, then the quotient

m:2/65 B/G)x A — A

of I1 by G is a deformation of f' : X/G — B/G which is locally trivial over B/G.

Proof. — By assumption, there exists a G-invariant open cover {U;} of B such that ¢~ }(U; X A) is G-
equivariantly isomorphic to f~'(U;) X A over U; x A. Therefore if U] C B/G denotes the image of U;

in B/G, then {U’} is an open cover of B/G and we have an isomorphism
g U X A) = g7 (Ui x A)/G = (f1(U) x A)/G = f71(U]) X A,

over U; X A where, by abuse of notation, q‘l(lli x A)/G denotes the image of q‘l(lli X A)in 2 /G and same
for (f~1(U;) x A)/G. O

Now we come to the notion of algebraic approximation. Recall that a compact complex variety X is

called Moishezon if its algebraic dimension a(X) is equal to dim X.

Definition 2.3 (Algebraic approximation). — Let X be a compact complex variety. An algebraic approx-
imation of X is a deformation IT : 2~ — A of X such that up to shrinking A, the subset of points in A

parameterizing Moishezon varieties is dense for the Euclidean topology.

When X is a compact Kdhler manifold, Definition 2.3 coincides with the definition given at the beginning
of the introduction: this follows from Moishezon’s projectivity criterion, together with the fact that small

deformations of a compact Kdhler manifold remain compact Kédhler manifolds.

2.2 Equivariant Kihler desingularizations

Definition 2.4. — Let X be a compact Kdhler variety endowed with a G-action for some group G. A strong
G-equivariant Kihler desingularization of X is a bimeromorphic holomorphic map v : X — X satisfying the

following properties

i) X is a compact Kéhler manifold.
ii)v:X - Xis projective. Moreover, if Xging C X denotes the singular locus, then the restriction
f(\v‘l(Xsmg) — X\ Xing Of v is an isomorphism.

iii) There exists a G-action on X such that v is G-equivariant.

As an immediate consequence of the existence of functorial resolution of singularities (see e.g. [13, Theo-
rem 3.45] and [13, Chapter 3] for a historical account of this result starting from Hironaka’s desingularization;
see also [23] for the existence of desingularizations of complex analytic spaces), strong equivariant Kéhler

desingularizations always exist.
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Theorem 2.5. — Let X be a compact Kihler variety endowed with a G-action. A strong G-equivariant Kihler

desingularization of X always exists.

Proof. — The existence of a desingularization v : X — X of X satisfying ii) and iii) in Definition 2.4 follows
from the existence of functorial resolution of singularities (see e.g. [13, Theorem 3.45]). Since projective
morphisms are Kahler [9, Lemma 4.4.(1)], it follows from [20, Proposition 11.1.3.1.(v) and (vi)] that X is
Kahler. ]

2.3 Campana’s criterion

Let X be a complex variety. We say that X is algebraically connected if a general pair of points x, y € X
is contained in a compact connected (but not necessarily irreducible) curve of X. We have the following

criterion proven by Campana for a variety to be Moishezon in terms of algebraic connectedness.

Theorem 2.6 (Campana [4, Corollaire on p.212]). — Let X be a compact complex variety bimeromorphic to a

compact Kihler manifold. Then X is Moishezon if and only if X is algebraically connected.

Together with Moishezon’s criterion, Theorem 2.6 implies that a compact complex manifold X is projective
if and only if X is Kdhler and algebraically connected. Since we will mainly deal with fibrations f : X — B

with dim B = 1, here is a variant of Campana’s criterion in this particular situation.

Corollary 2.7 (Special case of Campana’s criterion). — Let f : X — B be a fibration from a compact Kihler
variety (resp. manifold) to a smooth projective curve. Assume that a general fiber of f is Moishezon (resp. projective),

then X is Moishezon (resp. projective) if and only if f has a multi-section.

3 Smooth torus fibrations and their tautological families

The heuristic proving Theorem 1.2 is originated from the smooth case [6], although the basic idea can
be traced back to Kodaira [12] in his studies of deformations of elliptic surfaces. So in this section, we will
recall the construction of the tautological families associated to smooth torus fibrations and explain how
(assuming the fibers and the bases of the fibrations are projective) these families are proven to be algebraic

approximations following [6].
Let f : X — B be a smooth torus fibration of relative dimension g and | — B the Jacobian fibration
associated to f. The sheaf #y,p of germs of holomorphic sections of | — B lies in the exact sequence

ex

0 y H > Sap ——— _Fuyp 50 3.1)

where H := R¥-'£,Z and

Sup = (H® 05)[RILOF  ~ RILQY L

Every morphism ¢ : B” — B induces a map _Zu/p — ¢ _f4-1u/p by pulling back sections.
The fibration f is a J-torsor and to each isomorphism class of J-torsors, we can associate in a biunivocal

way an element 7n(f) € H'(B, #us) satisfying the property that n(f) is torsion if and only if f has a
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multi-section [6, Proposition 2.2]. Moreover, if
exp : H'(B, &a/5) — H'(B, _n5)
denotes the morphism induced by exp : &g — _#us, then there exists a family
: 25 BxV — V:= H\(B, &us) 3.2)
of J-torsors such that t € V parameterizes the J-torsor which corresponds to

n(f) + exp(t) € H'(B, Zuyp)-

The family ITis called the tautological family associated to f.

Concretely, ITis constructed as follows. Let pr; : BX V — B be the first projection and let
&€ H'(B, &) ® V¥ € H'(B, Suyp) @ H(V, 6y) ~ H'(BX V, Epr1H/BxV)
be the element which corresponds to the identity Id : V — H'(B, &uy5). Let
0 := pryn(f) + exp(&) € H' (B XV, Zowippxy)
where pr; : H'(B, Zn/p) > H'(BXV, 7-1y/pxy) is the map induced by _Zn/p — pry, pr1mpxy and
exp : H'(B, EprtH/Bxv) = H'(BxV, Ao H/Bxv)

the map induced by exp : é’prIlH /Bxv fprl—lH /Bxv- Then the smooth torus fibration g : 2° — BXV defining
ITis defined to be the (] X B)-torsor corresponding to 6. As 0 can be represented by a Cech 1-cocycle (6;)
with respect to an open cover of B X V of the form {U; X V} where {U;} is a good open cover of B, it follows

that ITis locally trivial over B.

In the case where f : X — B is a G-equivariant smooth torus fibration for some finite group G, there is
a natural G-action on (3.1). The sub-family of (3.2) over V' is a deformation of f : X — B preserving the

G-action [6, Proposition 2.10], called the G-equivariant tautological family associated to f.

Theorem 3.1 (Claudon [6]). — Let G be a finite group and f : X — B a G-equivariant smooth torus fibration.
Assume that the total space X is a compact Kihler manifold. Then in the G-equivariant tautological family I1
associated to f, the subset of V© := HY(B, &u/)" parameterizing fibrations with a multi-section is dense in V°. In

particular, if the fibers of f and B are projective, then I1is an algebraic approximation of f.

Sketch of proof of Theorem 3.1. — By Deligne’s theorem, H := H'(B, H) is a pure Hodge structure of degree
2g (where g is the relative dimension of f) satisfying the Hodge symmetry and concentrated in bi-degrees
(9-1,9+1),(9,9),and (g + 1,9 — 1) [25, Section 2]. Also, if F*Hc denotes the Hodge filtration of H, then
V := HY(B, &uy) is isomorphic to Hc/F/Hc [25, Section 2]. It follows that the composition

/.i:HR‘—>Hc—>V.
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is surjective, so u(Hg) is dense in V. Since G is finite, we have
u(HG) ® R = pu(Ho)* ® R = V°.
Therefore y(Hg) is dense in V©.

The Kahler assumption of X implies that the image of the G-equivariant class 11¢(f) € H;(B, #) associated

to X (which is a refinement of 1(f), see [6, Section 2.4]) under the connecting morphism
H.(B, #) — HA(B,H)

induced by (3.1) is torsion [6, Proposition 2.11]. So there exist m € Z.o and ty € V° such that mn(f) = exp(to).
Therefore 1(f) + exp (t - %‘)) is torsion for every t € y(HS), so each of the fibrations Z; — B parameterized
by the subset
Z)o G
HG) - —cV
uHg) - —

in the tautological family (3.2) has an étale multi-section over B [6, Proposition 2.2]. As y(Hg) is dense in
VG, sois y(Hg) — 2 Hence V© contains a dense subset parameterizing fibrations in the tautological family
having a multi-section over B. The last statement follows from the main statement of Theorem 3.1 and

Corollary 2.7. O

4 Fibrations in abelian varieties over a curve

In this section, we study deformations of (a priori non-smooth) fibrations in abelian varieties over a
curve in a similar spirit of what we did in Section 3. In §4.1 and §4.2, we first focus on the Hodge-theoretic
ingredients we need in the proof of Theorem 1.2 based on Zucker’s theory of variations of Hodge structures
over a curve [25] and also [8]. Then we introduce and study in §4.3 the notion of bimeromorphic J-torsors and

construct the tautological families associated to them.

4.1 Variation of Hodge structures over a curve: Zucker’s theorem

First we recall Zucker’s result on the variations of Hodge structures (VHS) over a curve [25]. Let B* be a
smooth quasi-projective curve and H an (integral) local system which underlies a VHS of weight m over

B*. Let j : B* — B be the smooth compactification of B*.

Theorem 4.1 (Zucker [25, Theorem 7.12]). — Assume that H underlies an R-polarized VHS of weight m whose
local monodromies around B\B* are quasi-unipotent. Then H'(B, j.H) has a natural Hodge structure of weight m + i.

Moreover, if H satisfies the Hodge symmetry, then H'(B, j.H) satisfies the Hodge symmetry as well.

Here an R-polarized VHS is a VHS admitting a flat bilinear pairing defined over R on the Hodge bundle
Hc = H ® C whose restriction to each fiber of Hc is a polarization of the underlying Hodge structure.
This is the case when H = R"f*Z where f* : X* — B* is a family of compact Kdhler manifolds. The
quasi-unipotence of the monodromy action is satisfied for instance, when H = R" f*Z where f* : X* — B*

is the smooth part of a locally projective morphism f : X — B [21, Theorem 3.15].
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Let 5# := H® O« and .7 * ¢ be the Hodge filtration on 7. Let
VA - HQy,

denote the Gauss-Manin connection. Assume that the local monodromies of H around B\B* are quasi-
unipotent, then 7 has a canonical extension . due to Deligne together with a filtration .#*# and a
morphism
Vi - # ®QplogX)
extending .7 *# and V (see e.g. [26, p.128, p.129]). The connection V satisfies Griffiths’ transversality
V(FP#) c FP 1 @ Ql(log L)
so that V induces a map
Vy: H)FVA — (A FP ) @ Qp(log ¥).
for each p. We define
(| FPHY, = ker(V,)

to be the horizontal part of 7| FP A .

The inclusion H < J# can be extended to j.H < JZ over B. Since the local sections of H are flat with
respect to the Gauss-Manin connection and 57/ P 7 is locally free [26, p.130], the image of the composition
1 H o 5 — | FPH lies in (I | FPH),,.

We will only be interested in the case where i = 1 in Theorem 4.1. The following result can be found in

the proof of [25, Theorem 9.2] as a simple corollary of [25, Proposition 9.1].
Proposition 4.2 (Zucker). — Let H be as in Theorem 4.1 and let F*H denote the Hodge filtration on
H:=H'B,jH)®C.
Then for every integer p, the map jH — (S | F¥ H), induces an isomorphism
H/FPH ~ H'(B, (S | FP 7)),).
What will be useful for our purpose is the following corollary.

Corollary 4.3. — Let H be as in Theorem 4.1. Assume that H underlies a VHS of weight 2g — 1 concentrated in
bi-degrees (g, g — 1) and (g — 1, g) and satisfying the Hodge symmetry. Then the image of

H'(B, j.H® Q) — H'(B, /| F9.57)
induced by j.H — 57| F 952 is dense in H\(B, 7 | 79 7).
Proof. — Since H is concentrated in bi-degrees (g, g — 1) and (g — 1, 9), we have #9' = 7,50V, = 0 and

(| FIAY, = | FIA.
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Thus by Proposition 4.2, we have H/F/H ~ H'(B, 7| #95#). Since the VHS which overlies H satisfies the
Hodge symmetry and is concentrated in bi-degrees (g, g—1) and (91, ), the Hodge structure H = H'(B, j.H)
satisfies also Hodge symmetry and is concentrated in bi-degrees (g + 1,9 —1), (4,9), and (g — 1,9 + 1) by [25,
Theorem 7.12]. Thus the natural map H'(B, j.H)®R — H/F/H ~ H'(B, 57| %9 57) is surjective. Corollary 4.3
now follows from the density of H(B, j,;H® Q) = H'(B, j.H) ® Q in H!(B, j.H) ® R. O

4.2 The canonical extension of ¢

The variations of Hodge structures that we will encounter in the proof of Theorem 1.2 will satisfy the
assumption of Corollary 4.3. In order to simplify the notation, we set & := &up := ¢ /.#9.7, and similarly
& = &y = | FI. For these VHSs, recall that the sheaf of sections of the intermediate Jacobian
fibration | associated to H is defined by ¢ := #y/p := &/H, and the canonical extension of ¢ is defined
by the exact sequence [24, (2.5)]

exp

00— jH—&

> J = Juap — 0. (4.1)

For the VHSs coming from a family of varieties, there is another way to define _# due to Deligne, El Zein,
and Zucker and we recall the construction following [8]. Let f : X — B be a morphism of compact Kéhler
manifolds with dim B = 1. Assume that the fibers of f are normal crossing divisors. Let j : B* < Bbe a
Zariski open subset parameterizing smooth fibers of f and set 1 : X* := f7}(B*) — X. Let f* : X* - B*
denote the restriction of f to X*. We assume that the local monodromies of R¥~! f*Z around L = B\B* are

quasi-unipotent.

Let D := f~Y(X). For H := R¥~1 f{*Z, we have

A~ R £, 5(log D)

and
TP A ~R¥ f.FPQS 5(log D),
where F*Q5, /B(log D) is the naive filtration on Q5 /B(log D) (cf. [26, p.130]). Let
0,Q2% p(log D) := Q5 y(log D)/FF Q% p(log D).
In the bounded derived category of sheaves of abelian groups over X, we define the morphism
@ : Ri.Z — Ri.C = Q% (log D) — Qf 5(log D) — 0,05 5(log D)

and define the relative Deligne complex to be

Dy p(p) := Cone(d”)[-1].
Applying Rf. to Dy 5(p) yields the long exact sequence

~oo — R17 £.0, Q5 p(log D) — R1f£.Dy y(p) — RI(f 0 1).Z — -+ (4.2)
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The canonical extension of ¢ is defined to be

¥ = coker (R29‘1(f 0 1).Z = R¥7 f.5,05 5(log D)).

Note that since the spectral sequence
EP = R1LOL 5(log D) = RP*1£.Q5 (log D)

degenerates at E; (see [26, p.130]), we have R¥™! f.5,Q%, ,plog D) = &. So for p = g, breaking up the long

exact sequence (4.2) at R¥ ! £,0,03, ,(log D) yields

X/

0—)Im(R29_1(fol)*Z£>c§) yE—3 750 4.3)

In order to compare the above construction of _# with the one defined by (4.1), it suffices to prove the

following isomorphism.
Lemma 4.4. — We have the isomorphism

jH=Im(p: R¥ N (forZ > &). (4.4)
Since a proof of Lemma 4.4 is hard to find in the literature, we provide one below.

Proof. — Astherestriction of i to B* is the inclusion H < &, it suffices to prove (4.4) around a neighborhood
p € B\B*. Let A C B a sufficiently small disc centered at p. Let A* := A — {p} and X} := f~!(A*). Since the
natural morphism ¢ : R¥~!(f 01).Z — j.H is surjective (cf. the proof of [8, Proposition 7]), it suffices to
show that

ker(¢p) = ker(y) (4.5)
over A. Let « € H*¥ (X%, Z). On the one hand,

o € ker (¢(A) : HY(X}, Z) — H'(A*,R¥ ' £.2))
if and only if its restriction to a general fiber X; of X} — A*, which is an element in
H*Y(X,,Z) c H¥ (X, C)/FPH* (X, C),
is zero. On the other hand, since & is locally free [8, p. 130],
a € ker (Y(A) : H¥7/(X},2) - H(A, 8))

if and only if the restriction of (A)(«) to a general fiber & ~ H¥~(X,, C)/F/H* (X, C) of & is zero. Since

the two restrictions coincide, we have (4.5). O
We can also break up (4.2) at R¥£.D,, ,5(9), which yields the short exact sequence
0 — 7 — R¥f.Dy(9) — H(X/B) —0 (4.6)

where
H?9(X/B) := ker (R¥(f 01).Z — R¥ f.0,Q 5(log D).
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Lemma 4.5. — The diagram

H (B, R¥(f 01).Z) > H? (B,R¥(f 01).Z)
T ¢ 4.7)
HO(B, H'¥(X/B)) —— H'(B, ) ———— H(B, j.H)
is commutative, where the first row is the dy map in the second page of the Leray spectral sequence
EY" = HP (B, R(f 01).Z) = H"*(X*, Z)
and the morphisms in the second row are the connecting morphisms induced by (4.6) and (4.1) respectively.

Proof. — It suffices to apply Lemma 6.1 (¢f. Appendix) to the short exact sequence of bounded complexes

representing the distinguished triangle
Rf*QX/B(g) — RARLZ — Rf*on;(/B(log D) —> RﬂQX/B(g)[H (4.8)

and note that j,H = Im (R%~!(f 0 1).Z — &) by Lemma 4.4. O

When g is the relative dimension of the fibration f : X — B, we have the following result.
Lemma 4.6. — Let g = dim X — dim B. We have
H79(X/B) = R¥(f 01).Z.
In particular, the morphism H° (B, H¢(X/B)) — H° (B, R¥(f o 1)*2) in (4.7) is the identity.

Proof. — By definition of H%(X/B), it suffices to show that the sheaf R% fe0,0% /B(log D) is zero. Let
V := R¥f*Z. Since f : X — B is of relative dimension g, ¥ is a pure VHS concentrated in bi-degree (g, 9).
The sheaf 7 := R¥ £.0} ;(log D) is the canonical extension of ' := V® 0+, 50 R¥ f.0,Q% y(log D) = ¥ [F¥
is locally free [8, p.130]. It follow from ¥'/F/¥ = 0 that ¥ /F7¥ = 0. O

4.3 Bimeromorphic [-torsors and their tautological families

Bimeromorphic J-torsors are defined as follows.

Definition 4.7. — Let ¢ : | — B* be a Jacobian fibration over a smooth quasi-projective curve B* and B the
smooth compactification of B*. Assume that ¢ is projective. A bimeromorphic J-torsor is a proper morphism

f : X — B satisfying the following properties:

i) The restriction f* : X* — B* of f to X* := f~}(B*) is a J-torsor.
ii) The total space X is locally bimeromorphically Kédhler over B. Namely, for every b € B, there exists a
neighborhood U ¢ B of b such that f~!(U) is bimeromorphic to a Kdhler manifold.
iif) The fibration f has local sections at every point of B. Namely, for every b € B, there exists a
neighborhood U C B of b such that f has a local section oy : U — f~1(U) over U.
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The following lemma allows us to apply results obtained in §4.1 and §4.2 to study bimeromorphic
J-torsors. An (integral) local system H over a Zariski open B* of a smooth curve B is called locally geometric
if for every b € B, there exists a neighborhood U C B of b and a projective morphism fi; : Xy — U such that
Hynpe =~ (Rifu*z)mmB* for somei € Z.

Lemma 4.8. — If f : X — B is a bimeromorphic J-torsor, then the VHS which overlies H := R*~! f*Z is locally

geometric where g = dim X — dim B. In particular, the local monodromies of H around B\B* are quasi-unipotent.

Proof. — On the one hand, since f is locally bimeromorphically Kahler and fibers of f are algebraic, by [2,
Corollaire du Théoreme 2] f is locally Moishezon. On the other hand, there exists by assumption some
modification f : X — B of f along singular fibers such that for every b € B, there exists a neighborhood
U c B of b such that f~'(U) is Kéhler. So f is locally projective by [3, Theorem 10.1] and since R¥ ! f.Z . =
R?>71£,Z;5» = H, it follows that H is locally geometric. m

Let f : X — B be a bimeromorphic J-torsor. When B\B* # 0, we let {p1, ..., pn} := B\B*. By assumption,
there exists a good open cover {U,};-1,...» of B such that p; € U; if and only if i = jand that f; : X; := f‘l(ui) -
U; has a section ¢; : U; — X; for all i. For each i > m (resp. i < m), let U* = U; (resp. U* = U; — {pi}). By

Definition 4.7 i) and iii), for each i there exists a biholomorphic map
i XE = fUUR) - 97U = i (4.9)
over U* sending 0;(U}) to the zero-section of ; — U, such that over U;; := U; N U; = U* N U]’.‘ (fori # j),
ot =te(ny) : Jij = Jij = p~ (Uy)

for some 1-cocycle {1;j} with coefficients in _# (hence in _#) defining the J-torsor structure of f* : X* — B*.
Whenever i # j, we have U; N U; = U* N U]’.‘, so we can glue the fibrations X; — U; along X;; := f‘l(Uij)
using the transition maps

17]71 on;: Xij = Xjj.
We call the thus obtained fibration p : | — B the Jacobian fibration associated to f : X — B, which is a
compactification of | — B*. By construction, the zero-section of ] — B* extends to a section of | — B. Note

also that by construction, 7; in (4.9) extends to a biholomorphic map
ni:Xi S p U =T (4.10)
over U;.

Lemma 4.9. — The bimeromorphic class of the Jacobian fibration p : | — B constructed above is independent of the

bimeromorphic J-torsor f. Also, the sheaf ¢ is contained in the sheaf of germs of holomorphic sections of p : ] — B.

Remark 4.10. — The sheaf of germs of holomorphic sections of ] — B is a sheaf of abelian groups. Indeed,
since f is a fibration over a smooth curve, every local meromorphic section is holomorphic (because every
meromorphic map from a smooth curve is holomorphic). For every open subset U C B, meromorphic

sections of p : ] = B over U form an abelian group coming from the group variety structure of ] — B*.
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Proof. — By Lemma 4.8, the VHS which overlies H is locally geometric and is therefore admissible [17,
Theorem 14.51]. Accordingly, the Jacobian fibration ] — B* admits a Saito compactification Js — B [18,
Theorem 0.8] and there is a bimeromorphic map v : | --» Js over B [18, Example 2.10]. This proves the first

statement of Lemma 4.9.

As Js — B is a compactification of Zucker’s extension J; — B [18, p.237-238] constructed in [24, Section
2] and since ¢ is contained in the sheaf of germs of holomorphic sections of J; — B [24, Section 2],
we conclude that ¢ is identified (via v) with a subsheaf of sheaf of germs of holomorphic sections of

p:]—B. m

Let &(B, A, H) be the set of bimeromorphic classes (over B) of bimeromorphic J-torsors. Assume that

&(B, A,H) # 0, then we can construct a map
®:H'(B, #)— &(B,A H)

as follows. First we fix a Jacobian fibration p : ] — B associated to some element in &(B, A, H) and a good
open cover {U;} of B such that U;; := U; N U; € B* for every i and j. Let n € H'(B, #), represented by a

1-cocycle {n;;} defined over U;;. Since U;; C B*, the sections 7);; define a 1-cocycle of translations
tr(ni) 1 p~ (Ui = p 1 (Uy))

over U;; and can be used to glue the p‘l(l,l,-) — U; and form a bimeromorphic J-torsor f : X — B. We
call f the bimeromorphic J-torsor twisted by {n;;}. Suppose that {771/']'} is another 1-cocycle representing n and
let f' : X’ — B be the bimeromorphic J-torsor twisted by { 771’.].}. Let 0; € _# (U;) be local sections such that
91‘|u,-j -0 i, = nij — r]lfj. As 0; is a holomorphic section of p : | — B (Lemma 4.9), the translation map tr(0;),
which is biholomorphic over U; N B*, extends to a bimeromorphic map tr(6;) : p‘l(Ui) --> p‘l(u,-) over U; [16,
Proposition 1.6]. These bimeromorphic maps glue together and define a bimeromorphic map X --» X’ over
B, which shows that f and f” have the same image in (B, A, H). Thus @ is well-defined. Finally, it is easy to
see that the construction of ® does not depend on the choice of the Jacobian fibrations J — B, because these
fibrations have the same bimeromorphic class (Lemma 4.9). We also note that if 7,77’ € H'(B, #) satisfy
@(1) = (1), then O(n + 0) = O(1’ + O) for any 6 € H'(B, ).

Lemma 4.11. — The map ® : H'(B, #) — &(B, A, H) is surjective.

Proof. — Let f : X — B be a bimeromorphic J-torsor and let p : ] — B be a Jacobian fibration associated to
f. For every i, let ; : X; = J; be the biholomorphic map (4.10). Then n; 0 77! = tr(n;j) : p~(Uyy) — p~(Ujj)

over Uj; for some 1-cycle n = {n;;} with coefficients in _#. By construction, we have ®(1)) = [f]. m]

Given an integer m € Z and a (smooth) J-torsor, we can define its multiplication-by-m, which is another
J-torsor (see e.g. [6, p.482]). The construction of multiplication-by-m can be extended to bimeromorphic

J-torsors, which we explain now.

Let f : X — B be a bimeromorphic J-torsor. As before, let {U;};e; be a good open cover of B such that

Ujj := U; N U; C B* for every i and j. We start by choosing a 1-cycle of local multi-sections ¢; over each Uj;
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of degree m, namely a 1-cycle

0; = Z Cie Zig € Z1(X;)
e

ineach X; := f ~1(U;), such that each Z; ; is a multi-section over U; and ¢;¢ € Z satisfying
deg(o;) := Z Cie-die=m,
e

where d; ¢ is the degree of the finite map Z;, i> U;. Such a choice exists because f : X — B has local sections

everywhere over B by assumption.

Let U? c U; be a nonempty Zariski open subset such that all the multi-sections Z; ¢ are étale over U;". For
every t € U?, define
{Xi,f,1(t), e xi,f,di,[(t)} =Zie N X

where X; := f71(t). Given/i, j € I, since

deg(o,-) - deg(a]-) = Z Cie- di,g - Z C]',g . d]',g =m-m= 0,

le]; fE]/‘

we can define the Albanese image

dic dje
0ij(t) := 0i(t) — oj(t) := [Z Cig - Z xi,f,k(t)] - [Z Cje - Z xj,t’,k(t)] € AIb(Xy) =] =p~'()
=)

teJ; k= te]; k=1

for every t € Ufj = Uy n U}’. Each 0;; defines a local section of p : J — B over Ul?’j, which extends to a
local section over Uj;. By construction, the 1-cochain ¢ := {0;;} with coefficients in j is a 1-cocycle. Let

f? : X° — B be the bimeromorphic J-torsor twisted by o.

Lemma-Definition 4.12. — The bimeromorphic class ®(0) = [f°] € &(B, A, H) is independent of o, as long as each
local 1-cycle of multi-sections o; defining o satisfies deg(o;) = m. Moreover, if n € H'(B, _#) satisfies ®(1)) = [f],
then ®(m - 1) = [f°].

A bimeromorphic J-torsor f,, : X,y — B representing [f°] € &(B, A, H) is called a multiplication-by-m of
f + X — B, which coincides with the usual definition (see e.g. [6, p.482]) when f is smooth.

Proof. — Let
ol = Z CipZi, € Z1(Xi)
tej;
be another collection of 1-cycles of multi-sections over U; such that deg(a;) = m for each i. For every i and

t € U7, consider the Albanese image

di d;,
O(t) := oi(t) - ol(t) 1= (Z G-y xl«,f,ka)] =X e Y x| € Alb(X) = J,
Ce]; k=1 teJ! k=1

where d] , and 7, (t) are defined for ¢’ the same way we define d;; and x; /(t) for 0.
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Each 0; defines a local section of p : J — B over Ulf’, which extends to a local section over Uj;, so the
translation by 0; defines a bimeromorphic map tr(6;) : J; - J; := p~(U;) by [16, Proposition 1.6]. By
construction, we have the commutative diagram of isomorphisms

tr(o;) -

Jij=p ' Uyp) — Jij

tr(6;) tr(6;) (4.11)
_l tr(a}) l ]
Jij ——— Jij,

so we can glue the bimeromorphic maps tr(6;) : J; --» J; along J;; through tr(c;;) and tr(az’.].), and form a

bimeromorphic map X’ --> X over B.

Now we prove the second statement. By assumption, there exist a 1-cocycle {n;;} representing n €
HY(B, / ) and bimeromorphic maps 7n; : X; --» p’l(ui) =: J; over U; such that 7); is an isomorphism over
U;NB* and n; o 1]]71 = tr(n;;) over Ujj. Let Z; C X; be the image of the 0-section of Ji = U; under 7;. By

choosing o; := m - Z; in the definition of o, we have ¢ = m - 1, which proves that ®(m - ) = [f°]. a

Let m € Z,y and let f, : X, — B be a multiplication-by-m of f : X — B. There exists a finite étale
morphism X* — X called multiplication-by-m [6, p.482] defined on the smooth part of f and by [16,
Proposition 1.6], this map has a meromorphic extension m : X --» X,, over B. As a consequence, we obtain

the following result.

Lemma 4.13. — Ifn € H'(B, _#) is a torsion element, then the bimeromorphic J-torsors represented by ®(n) have

multi-sections.

Proof. — Let f : X — B be a bimeromorphic J-torsor represented by ®(n). If mn = 0 for some m € Z, then
since ®(0) = [p : ] — B], we have a multiplication-by-m map m : X --> ] over B. As m is generically finite,

the pre-image of a global section of ] — B under m is a multi-section of X — B. m]

The following lemma could be considered as a version of [6, Remark 2.3] for bimeromorphic J-torsors.

Lemma 4.14. — Let f : X — B be a bimeromorphic |-torsor. Assume that X is smooth and the singular fibers of
f are normal crossing divisors. Let 1 : X* < X be the inclusion. Let € H°(B, R¥ f.Z) and let n € Z denote the
image of the restriction H*(B, R¥ f,Z) — H(B*,R¥ f*Z) ~ Z. Then there exists d € Z such that if n € H'(B, #)

denotes the image of d - B under the composition
H°(B,R¥ f.Z) —— H°(B, R¥(f 01).Z) ~ H(B, H?7(X/B)) LI H'\(B, 7) (4.12)
induced by Lemma 4.6 and the short exact sequence (4.6), then ®(n) = [f4.] € &(B, A, H).

Proof. — First we prove that there exists d € Z such that locally, 4 - § is some linear combination of classes

of multi-sections.
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Lemma 4.15. — There exists d € Zq such that for every t € B, there exist a neighborhood t € U C B of t and a finite
number of (holomorphic) multi-sections Z; C Xy := f~(U) of Xu Lu together with some integers c; such that

Y cilzjl =d- fu € H'(U, R¥ £.Z).

]

Proof. — Let X C B be the finite subset parameterizing singular fibers of f. Givent e L, lett € U C Bbea
contractible neighborhood of ¢ such that f is smooth over U\{t}. Then
HO(U, R¥ £.2) = H¥(f(U), Z) ~ H¥(f (1), 2) ~ (H 2
Fie]
where ] is the set of irreducible components of X; := f~1(f). Through this isomorphism, fju € H(U, R¥ £.Z)
is sent to the intersection numbers m; := By - [F;] with F; running through J. Since f is locally projective
by assumption, up to shrinking U we can also assume that f; := fix, is projective. So for every irreducible
component F}, there exists a multi-section Z; C Xy; of fy; : Xy — U which only intersects with F; (atd; > 0
points, counted with multiplicity) and disjoint with other components F; of X;. Let d; := lem{d; | F; € |} and
letd :=lem{d; | t € Z}. Then
d-pu =Y cilZj] € H'(U,R¥ £.Z)
i€l

with ¢; = m;d/d;, which are integers.

Finally if t € B\L, then f is smooth over a contractible neighborhood U C B of t and we have
HY(U,R¥f.Z) ~ H*(f7(t),Z). Up to shrinking U, we can assume that fi; : Xy — U has a section
Z C Xy, and thusdn - [Z] =d - Bu. |

Back to the proof of Lemma 4.14, as before let {U;} be a good open cover of B such that U;; := U;NU; C B*.
By Lemma 4.15, we can write
d-Bu, = ) cijlZi) € HU;, R¥£.2)

j
for some multi-sections Z; ; over U; and some ¢;; € Z.

By definition, a 1-cocycle {1);;} with respect to the open cover {U;} which represents 1 can be constructed
as follows. Let §’ € H'(B, R¥(f o1).Z) be the image of § € H'(B, R f.Z) under (4.12). Then o; := }.; ¢; /[Z; ] €
R» fiDyxp(9)(Us) is a lift of d - B, by virtue of (4.6) and Lemma 4.6. We define {r;;} to be the 1-cocycle
obtained by taking the Cech differential of {0}, which, by construction, represents € H'(B, #). Hence
D(n) = [fan] € £(B, A, H) by Lemma-Definition 4.12 together with the construction of {;;}. O

The following lemma is the analogue of [6, Proposition 2.5] for bimeromorphic J-torsors.

Proposition 4.16. — Let f : X — B be a bimeromorphic |-torsor such that X is Kihler. Let ¢ : H'(B, #) —
H?(B, j.H) be the morphism induced by (4.1). There exist 1 € H'(B, #) and m € Z.q such that ®(n)) = [f,,] and
c(n) =0 € H*(B, j.H).

Proof. — Up to replacing X by a strong Kahler desingularization of it, we can assume that X is a compact

Kéhler manifold and the singular fibers of f are normal crossing divisors. The Gysin morphism f, :
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H%(X, Q) — H°(B, Q) has the factorization
fo : H¥(X,Q) — H°(B,R¥ £.Q) — H(B, Q) (4.13)

through the restriction to the space of global sections of higher direct image. Since X is a compact Kéhler
manifold, the composition (4.13) is surjective, so there exists &« € H*(X, Z) such that f.a = n € Z.o c H(B, Z).

Let:: X* < X be the inclusion. By Lemmas 4.5 and 4.6 we have the commutative diagram

HY(X,Z) — H(B, R¥ f.Z) —=— H2(B,R¥"' £.Z)

! !

H° (B,R¥(f 01).Z) — H? (B, R¥(f 01).Z) (4.14)

! !

H'(B, /) ———— H*(B, j.H).
Let ' € H'(B, _#) be the image of @ € H¥ (X, Z) following the arrows in (4.14). By Lemma 4.14, there exists
deZ,gsuchthatif n:=d-n and m :=dn € Z,, then ®(n) = O(f,,).

The composition of the arrows of the first row of (4.14) vanishes. Indeed, let {Ef’q} denote the Leray
spectral sequence associated to f : X — B. As every Leray differential which goes to E?’zg is zero whenever
i > 2, we have Eg;zg - Eg’2g = ker(dy) C Eg’zg . Since the first arrow H¥(X,Z) — H°(B,R¥f.Z) is the
composition H¥(X,Z) — E%’ < Ey*
n € H'(B, #) is the image of some element of H¥(X, Z), it follows that c(n) = 0. i

, the map vanishes when further composing with d,. Finally, as

We will also need the following lemma in the proof of Theorem 1.2.

Lemma 4.17. — Let f : X — B be a bimeromorphic J-torsor and assume that f is G-equivariant with respect to the
action of some finite group G. Let n € HY(B, _#) be any lift of f by @. Then

®(Gl - ) = fb[z g

9€G

Proof. — As before, let {U;} be a good open cover of B such that U;; := U; N U; C B* and that fx, : X; :=
f‘l(Ui) — U; has a section ¢; : U; — X; for every i. We assume that the open cover {Uj}ie is G-invariant
and let G act on I by Uy = g7'(U;). Letp : ] — B be the Jacobian fibration associated to f and fix
isomorphisms 1; : X; — J; over U; sending o; to the 0-section. By construction, 7 is represented by the
1-cocycle 1 = 1oi(Us)) — (0 (Us).

The G-action on f induces a natural G-action on | — B* and on _#. Since the G-action on | — B*
preserves the 0-section, it extends to a meromorphic G-action on | — B by [16, Proposition 1.6]. For every

g€G,lety,: X - Xand ¢, : ] --» ] denote the action of g on X and on ] respectively. Then

nioygomodyt:Ji- Ji=p (L)
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is the translation by some section 171.9 of J; = U; and the 1-cocycle {ni;} satisfies
nij = My =1} = 17. (4.15)
where (7°1)ij := g - Nivgj) € F (Uij), which represents g*n. Summing up (4.15) over g € G, we have

Gl 1 = Y (g = ¢ =S,
geG

where 171,G =Yy 7€G nl.g , which is a section of J; — U;. So if X; = Band X, — B are the bimeromorphic J-torsors
twisted by |G| - 1; and ). ,c(9°7);; respectively, then the translations tr(n®) : Ji --> J; glue to a bimeromorphic
map X; --» X, over B, which proves Lemma 4.17. |

Finally, we construct the tautological family associated to a G-equivariant bimeromorphic J-torsor.

Proposition-Definition 4.18. — Let G be a finite group and f : X — B a G-equivariant bimeromorphic |-torsor.

There exists a family of bimeromorphic J-torsors
M: 25 BxV - V:=H(B,J&C
parameterized by V which satisfies the following properties.

i) The family contains f : X — B as the central fiber and for all t € V, the bimeromorphic J-torsor Z; — B

parameterized by t corresponds to
@ (1(f) + exp()) € £(B, A, H)

wheren(f) € HY(B, #) is one (hence any) lift of [ f] € &(B, A, H) by @ (see Lemma 4.11) and exp : H'(B, &) —
HY(B, #) is the map induced by exp : & — _¢ in (4.1).
ii) The family I1 extends the G-action on f and is G-equivariantly locally trivial over B.

The family I is called the G-equivariant tautological family associated to f.

Proof. — The construction of the tautological family is similar to the one constructed for smooth torus

fibrations. By abuse of notation, let pr, denote both the first projections B X V — B and B* x V — B*. Let
£ e H'(B,8)® H(V,0y) ~ H' (Bx V,pr; &)

be the element corresponding to the inclusion V — H'(B, &).
Let U := {U}ie; be a G-invariant good Stein open cover of B such that U;; C B* for every i # j and let G
act on I such that g~'(U;) = U;.

Lemma 4.19. — With respect to the good Stein open cover UX V = {U; X V}icr of B XV, the element & is represented
by a G-invariant 1-cocycle {5,-]- V- g'(ui]»)} such that &;;(0) = 0 (or equivalently, 51'J'|u--><{01 =0).
ij
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Proof. — We have the commutative diagram

B (Ux V,pri &) — 21 (ux V,pr;é)” — H! (Bx V,pr; &)
O—)(x,prl)—)(x,prl)—)(X,prl)—)O
J/"T J/ﬂz \J/n3 (4.16)
0— B (,8)° ——— 721 (,8)° ——— H'(B,&)° ——— 0
where Z! (resp. B') is the space of Cech 1-cocycles (resp. 1-coboundaries) and the vertical arrows are
defined by the restriction to B = B x 0 C B X V. The rows are exact as the functor (e)° is left exact and we
have H(G, B(, £)) = 0 (indeed, H!(G, B}(!, £)) is a C-vector space and H'(G, B/(1l, %)) is torsion because
G is finite [1, Corollary I11.10.2]) and H'(G, B x V, pr] &)) = 0 for the same reason. As 7, is surjective, the
induced map ker(r,) — ker(m) is surjective by the snake lemma. Therefore since &jpxjo; = 0 € H! (B, &)°

by definition of £, £ can be represented by a 1-cocycle in ker(7;), which proves Lemma 4.19. m|

Let p : ] = B be the Jacobian fibration associated to f. Recall from (4.10) that we have biholomorphic
mapsn; : Xi == f ~}(U;) — J; such that n; o 1]]71 = tr(1);;) for some Cech 1-cocycle n(f) = {n;;} with coefficients
in _¢#. By construction, we have ®(1(f)) = [f] € £(B, A, H). Let fj;; € /pr;lﬂ/va(Uij x V) be the pullback of
nij under U;; X V — U;;. Let {é,-]- Vo & (Ul-]-)} be a G-invariant 1-cocycle representing & as in Lemma 4.19.
Finally, let

Aij = 1jij + exp(U;; X V(&) € /prle/BXv(Uij X V)
where exp : Eortb/Bxv = P prtHyBxv 1S the exponential map.

Let J; = p™'(U;) and Jij = p~'(U;j). We define g : 2° — B x V to be the fibration obtained by gluing
the J; x V. — U; x V along J;; x V — Ujj x V via the 1-cocycle of translations tr(A;) : J;; X V — Ji; x V. By
construction, the central fiber of ITis f : X — B and for all ¢ € V, the bimeromorphic J-torsor parameterized

by t represents 1(f) + exp(t) € H'(B, _#), which proves i).
To construct the G-action on 2" and prove ii), we fix biholomorphic maps A; : X; X V — Ji X V such that
Aio )\]71 = tr(A;j). For every g € G, let lj}; : Xyi — X; be the restriction to X; of the action of g on X. Define
Wl = A o (s o o 1) xTdy) 0 Ayi s Xy X V> Xy X V.

Then we can glue the \I’; together and obtain a biholomorphic map W, : 2" — 2" such that g = W, is a
G-action on 2~ extending the G-action on X. With this G-action on 27, q is G-equivariant. It follows from

the construction that IT is G-equivariantly locally trivial over B, which proves ii). m]

5 The tautological family is an algebraic approximation

We continue to use the notations introduced in Section 4. Now we prove that the tautological family

constructed at the end of Section 4 is an algebraic approximation.

Proof of Theorem 1.2. — Let B* C B be the Zariski open subset parameterizing smooth fibers of f and let
] — B* be the Jacobian fibration associated to fix« : X* := f7!(B*) — B*. Then f is a G-equivariant
bimeromorphic J-torsor. Let (f) € H'(B, _#) be a lifting of [f] € &£(B, A, H) under @ (see Lemma 4.11). By
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Proposition-Definition 4.18, the G-equivariant tautological family
I[1: 2 - BxV — V:=H(B,&)°¢

associated to f : X — B is a deformation of f which is G-equivariantly locally trivial over B, and each t € V
parameterizes a bimeromorphic J-torsor f; : Z; — B such that @ (1(f) + exp(t)) = [f;]. Since the fibers of f;
are projective, by Corollary 2.7 it suffices to show that there exists a dense subset Viors C V parameterizing
bimeromorphic J-torsors with multi-sections in the tautological family.

For every & € H'(B, _#), let f¢ : X — B be a bimeromorphic J-torsor such that (&) = [f*] € £(B, A, H).
By Proposition 4.16, there exists m € Z., such that [f,] € &(B,A,H) can be lifted to some element
1n(fm) € H'(B, #) satisfying c(1(f)) = 0. By Lemma-Definition 4.12, we have ®(m - n(f)) = ®(n(fu)). Let
1 := Xgec 9°1(fm)- For each t € V, there exists a generically finite map

% _m N Xm~(1](f)+exp(t)) _ > X(n(f,,,)+m exp(t)) _ |_G_| N X|G|.(q(fm)+m exp(t)) _ > Xﬁ+exp(m~|G|-t) (51)

over B, where the first (resp. third) map is the multiplication by m (resp. by |Gl), the second map is the
bimeromorphic map which follows from ®(m - 1(f)) = P(n(fin)) and the fourth one is the bimeromorphic

map given by Lemma 4.17. So according to Lemma 4.13, it suffices to show that the subset
Viors i= {t € V | 1+ exp(m - G| - £) € H'(B, 7 )eors)

is densein V.

As c(n(fin)) = 0 and the map c is G-equivariant, by the exact sequence

H'(B, j.H) —=3 H'(B, &) —23 H\(B, 7) — H*(B, j.H) (5.2)

induced by (4.1), there exists f € H'(B, £)® = V such that exp(f) = 1. Let ¢ : H'(B, j.H)q — H!(B, &) be the
Q-tensorization of ¢z and let W := H'(B, j*H)g. Since G is finite, we have Im(¢h) = ¢(W). By Corollary 4.3,
we have Im(¢) ® R = H!(B, &), so

d(W)®R = Im(¢p)° ® R = H'(B,&)° = V.

In particular since ¢p(W) is a Q-vector space, p(W) is dense in V, so (W) — is dense in V.

By (5.2), we have exp(¢p(W)) C HY(B, / )tors, SO P(W) — % C Viors. Therefore Vi, is dense in V. m]

Proof of Corollary 1.3. — First we show that to prove Corollary 1.3, we can freely modify f : X — B along
fibers of f.

Claim 5.1. — Let ¥. C B be a finite subset and let f' : X’ — B be a bimeromorphic modification of f such that the
underlying map u : X' --» X is an isomorphism over B\L. If f" has an algebraic approximation which is locally trivial

over B, then f also has an algebraic approximation which is locally trivial over B.

Proof. — Let 2 7, Bx A — Abean algebraic approximation of f* which is locally trivial over B. Let
0 € A be the point parameterizing f’ (namely 4'1(B X {o}) — B X {o} is f’ : X’ — B). Since the deformation is
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locally trivial over B, for every p € L, there exist a neighborhood U, of p and an isomorphism
Gp: U = q 7 Uy x A) = f7H(U,) X A

over U, X A. We can assume that the restriction of ¢, to q"l(UP X {o}) = f"l(Up) x {0} is the identity. Up to
shrinking U, we can assume that U, N U, = @ whenever p # g € Z. Let

o U = fH U)X A > fH(U) XA =: %,

where the dashed arrow is the bimeromorphic map ps-1q,) X Ida (over U, x A). Finally, let % :=
77 (B\L) X A).

Since each py, is an isomorphism onto its image and since %, N %, = 0 whenever p # g4, we can

uUnu
glue the bimeromorphic maps i, : %p’ --> U, (over U, x A) and Ido : % — % (over (B\Z) x A) and form a
bimeromorphicmap fi : 27 --» Z over BXA. Letg : 2~ — BXA denote the structural map. By construction,

over B X {o} the restriction g'"1(B x {o}) --> g7'(B x {o}) of {i is isomorphic (over B) to i : X" --> X.

Since
G Uy x A) = % = U)X A 225 U, x A — A

is clearly locally trivial over U, for every p € ¥ by construction and since

-1 LR :’7\,%
g (B\Z)XA)=% —— (B\L) XA —> A
is locally trivial over B\L by assumption, it follows that their gluing 2" I Bx A — Ads locally trivial over
B as a deformation of f : X — B. Finally, as 2" --» 2" is bimeromorphic over A and 2" — A is an algebraic

approximation of f’, necessarily 2~ — A is an algebraic approximation f. m]

Let {U;} be a good open cover of B. Since the fibers of f : X — B are algebraic, by [2, Corollaire
du Théoreme 2] the restriction of f to f~'(U;) is Moishezon. Thus for each i, there exists a connected
multi-section Z; C X; := f~}(U;) of fix,. Up to refining the open cover, we can assume that each Uj is a disc
and the multi-section Z; is étale over U; — {o0;} where 0; is the center of U;. We can also assume that 0; € U; if
and only if i = j.

Let X := {o; | i € I} C B be the set of centers of U;. Let d; denote the degree of Z; — U; and d := lem{d;}. Up
to adding more points to X, the fundamental group 7t1(B\X) is free, so there exists a cyclic cover 7 : B — B
of degree d branched along X by Riemann’s extension theorem; let G := Gal(B/B) denote the corresponding
Galois group. Let f : X — B denote the base change of f : X — B by B — B. By construction, the fibration f
is G-equivariant and a general fiber of f is still an abelian variety. Also, the pre-image of the multi-section
Z; € X; = U; in X contains a local section of f : X — B for each i. Finally, let v : X’ — X be a strong

G-equivariant Kahler desingularization of X (see Theorem 2.5).

By construction, f’: X’ 5 X L Bisa G-equivariant fibration satisfying the hypotheses of Theorem 1.2.

By Theorem 1.2, there exists an algebraic approximation

n: 2’ ->Bxv-ov
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of f” which is G-equivariantly locally trivial over B. So the quotient of ITby G is an algebraic approximation

of X’/G — B, which is locally trivial over B by Lemma 2.2.

Finally, since f : X — B is smooth over B\r"!(Z U X’) where X’ C B is the finite subset parameterizing
singular fibers of f : X — B, and since v : X’ — X is a strong Kéahler desingularization of X, the
bimeromorphic modification v : X’ --» X is an isomorphism over B\r~}(Z U X’). So the quotient X’/G is
isomorphic to X over B\(Z U L’). Hence by Claim 5.1, f : X — B has an algebraic approximation which is

locally trivial over B. O

6 Appendix: A lemma about the Grothendieck spectral sequences
Let F : &/ — % be a left exact functor of small abelian categories. We assume that & has enough
injectives. The following result is presumably well-known, yet a proof is difficult to find in the literature.

Lemma 6.1. — Let
0 > L* > M* > N* >0 (6.1)

be a short exact sequence of bounded complexes in <7, which induces the long exact sequence

Y

s HI(L*) — HI(M®) —3 HI(N®) — -
62)

s HITNLY) =2 HO (M) — HITANY)

Then
da

RPE(H(M®)) > RPF2F(HI~1(M*))

hT l (63)
RPF(ker(y)) —— R**F(Im(p) —— RP*2F(coker(¢))

is commutative where the morphism in the top row is the d, map of the spectral sequence
EY" = RPF(H(M®)) = RPYTF(M®),

and the bottom row are the connecting morphisms induced by the exact sequences

0 — coker(¢) — HIH(N*) —— Im(p) —— 0 (6.4)
0 > Im(p) > H1(L*) — ker(yp) —— 0. (6.5)

Proof. — Let
0 —— (L**,61,02) —> (M™*,61,62) ——> (N**,61,62) —> 0 (6.6)

be an exact sequence of Cartan-Eilenberg resolutions extending (6.1). We define [** := F(L**), J** := F(M**)
and K** := F(N**). Since there will be no ambiguity, let 6; also denote F(5;). We set

ker(y)" := ker(H'(M**,61) — HI(N**,61)),

Im(5)® := Im(HT ' (N**,61) — HI(L*", 61)),
coker(¢h)* := coker(HTH(L**,51) — HI"'{(M**, 61)),
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which are injective resolutions of ker(y), Im(6) and coker(¢) respectively.

The map g o f is constructed as follows. Let a € RPF(ker(y)) which is represented by some element
ag € F(ker(y)P). By the right-exactness of (6.5), ap is further represented by some element & in the image
of the monomorphism [%# — Ji#. By definition, f(a) is represented by some element in F(Im(p)P*!) which
is further represented by &7 () as an element in [7*1. Now by the right-exactness of (6.4), there exists
Bo € K771#*1 which represents a pre-image of the class of 6."(a) in HI(I*"*!
HI"Y(K*P*1,51) — HI(I*P*1,5). Since J9~1#*1 — K1-1r+l jg surjective, we can find f € Ja-lp+l mapping
to fo € K771#*1. Again by definition, the class of 62_1”7 +1 (B) in F(coker(¢)*?) is an element representing

(g0 fa).

Next we recall the construction of the map d». Let

,01) under the morphism

a € RFF(HY(M®)) ~ HY (H(]"7, 61), 62)
which is represented by a € J97. Since 67 (@) = 0 in H1(J*/*1,61) there exists p € [1~7*1 such that
87T (p) = o (@) € J.
Letp := 63_1’p+1(ﬁ). Note that
o 1B = o) o] (B = 8} 8 @) = 0,
we have f’ € ker (5?_1’“2. Let f3 be the class of g’ in H1~}(K**2,6;). Since
oF Rp) = 0y ) =0,

we have
f € ker (62 s HI7L(J*P*2,61) — HI7L(J*P*3, 51))/

and d,(a) is defined to be the class of § in RP-F(H7*2(M®*)) ~ HP~! (H“z(]”’*z""l, 51), 62).

The construction of d; () is independent of the choices of & and f. If a = h(a’) for some a € RPF(ker(y)),
then we can choose the same & and f8 as in the construction of (g o f). Therefore (g o f)(a’) and (d; o h)(a’)

are both represented by 577+ ), which proves that (6.3) is commutative. O
P Y 0, p
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