Basic Theory Yusen Sung (2014/2/17)

1. Definition: Public Goods (PGs)

e Mathimatical definition:
Ui(xz'a y)7 Uj(xjv y)

e “Non-rival” and “non-excludable” goods:

‘ Excludable Non-excludable
Rival | Private good  Impure PG
Non-rival | Club good Pure PG

— Impure PGs: driving, smoking, pollution
Ui(z, s, 5), S= Zsj
J

— “Consumptive” v. “productive”

— “Continuous” v. “binary/threshold/discrete”
e Entension: altruistic preferences
— One-way:
Up(wp,7r), Uk(rk)
— Bilateral:

Ur(zgr,xy), Us(xs, zR)
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2. Optimality Condition

2.1. Samuelson FOC

e Utility function:
UA(:CA7 y)? UB(ZUB, y)

> Pure altruism (v. pure eogoism)

> Continuous public goods

e Resource allocation:

(4, 7B, Y)
e Aggregate budget constraint:
P lza+ap] + Py < W = Iy +1p
> Feasible allocation set:

F = {(xa,2p,y) | Pelta+ap)|+ Py < W}

e Pareto optimality:

Ug(zp,y) > Ug

max Uy(xa, s.t.

TA,TB,Y

Lagrangian:

L = Uy(za,y) )
+ A1 {UB(xBay) - UB}
— M {Plxa+ap)+Py—W}
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foc:

0Us
8xA

oUp
AM—— = P, 2
18:63 2 ( )

oU 4 oUpg
=4 N — =
9y + A Dy

Substitute (1) into (2) then into (3):

oU,/0y N oUup/dy P,
OU 4 /0x 4 oUp/0xp P,

e Samuelson foc: [Samuelson 1954, 1955, 1958]
P,
> MRS/ = = MC(y)
i By
or, with production possibility frontier (PPF), F(z,y) = 0:

F,
> MRS = —L = MRT"”
i Fx

YA

F(x,y)=0
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Alternatively, PO allocations can also be formulated as:
max  AUa(za,y) + AgUp(zp,y)

TA,ZB,Y

st. Plra+ap]l+Py < W

for any convex combination of (A4 > 0, Ap > 0) with
A+ Agp = 1

as long as the utility possibility set (UPS) is convex.

A A
Us Us

cl
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2.2. Market Equilibrium

e Individual provision incentive:

P
MRSV® — =&
Sp =

T

e Samuelson foc is violated

e Private PG provision is inefficient

2.3. Generalization: n-person Economy

e To determine unique optimal allocation:
(flk? T 7x7>;7 y*)
e Need (n + 1) equations: given W =5 " I;

1. Samuelson foc:

Z an/ay o Py

2. Aggregate budget:
Pxei + Py = W

3. (n — 1) income distribution rules about (z1,---,x,)
Equal consumption:

W — P,y*
x

e In general, y* depends on income distribution/transfer.
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3. Kolm’s Triangle

3.1. Graphic Presentation
e Resource allocation:
{xA7 B, y}

e Assume:
Pz = Py = 1

e Feasible set:

{(ZCA,xB,y)’ZCA+xB +y = W}
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3.2. Optimality

e Consider common tangency at point 7'

e Move from T to S: (Axy, Axp, Ay)

Ax 4 Azp
MRSY* = —=  MRS%" = —=
S Ay’ 55 Ay
> Samuelson foc:
A A A A
MRSY® + MRSy = S04 208 _ SWATATE

AX
60°
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4. Government Economic Functions

4.1. Richard Musgrave and Peggy Musgrave [1989]

e Resource allocation: efficiency
e Income redistribution: equity
e Economic stability: macro goal

when is “efficiency rule” independent from “equity rule”?
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4.2. Example 1: quasi-linear utility

Uc(zc,y) = xc+ fo(y); f’c>0, fg<0

Up(zp,y) = xzp+ fp(y); fp >0, f)H <0

MRSE" = fo(y), MRSE" = fp(y)
foc for optimal y*:
fe(y) + foly) = B,
Private consumption:
roc+axp=W—-PF, -y

Total utility:

Uc+Up = lzc+ fely)] + [xp + [o(y")]
= W =P,y l+[fey") + fo(y")]

> Linear utility possibility frontier (UPF)

UDA

Xc=0

UPF (y=y*)

» Uc
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4.3. Example 2: C-D utility

Uc(ﬂic,y) = 370‘92; UD(SUD,?J) = Ip-Y

Samuelson foc:

> MRS/ = =1 (4)
; )
with:
o+ xp+ Yy = %4 (5)
We only know:
« _ TcTt w
YT T
Assuming xo = xp:
. 3w, . W
Y 5 C D 5

4.4. Example 3: Identical C-D utility

Uz(xlay) - x?yl—a7 0<a<l

ayl—axd ay
Samuelson foc:
1l -« 1l -«
MRS?* = ;= X = MC 6
g: i ” gﬁ ” (y) (6)

We can then solve for X* and y* with aggregate budget:

PX+Py =W

10
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4.5. Bergstrom-Cornes [1981]

e Gorman-form utility:!

Ui(zi,y) = A(y)zi + Bi(y), Vi

e MRS:
MRS/ = = a(y)z; + Gi(y)

SO

ZMRS%Q“ = a(y)X+Z/J’i(y) = f(X,y)

> Optimal y* depends only on X (=W — P,y*)

e UPF(y*) is a simplex: transferable utility

ZUi = A(yH)X + ZBi(y*) = K

LA representative consumer exists and has aggregate demand:
X(PI) = > ai(P 1)
i

instead of
X(P I, In) = Y @i(P 1)
1

when individual consumers have Gorman-form utilitiy functions.

11
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5. Individualized Prices: Lindahl Equilibrium

5.1. Transformation

e Public-good economy:
Uc(zc,y), Up(zp,y)
re + xp + pyy = We + Wp
e Private good economy with joint production/consumption:

Uc(zc,yc), Up(xp,yp)

5.2. Equilibrium
(xz’v an yé& yEa PC'7 PD)
e Demand-side: util-max
(vehye) = argmax, . Uc(zc,yc) st. xc+ Po-yo=We
(zp,yp) = argmax,, , Up(xp,yp) st. xp+Pp-yp=Wp

e Supply-side:
Pc + Pp = P,

e Equilibrium:

12
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5.3. Example

e 2 roommates: C, D

2 goods: x,y

e Rent share:

10, TD(= 1 —70)
e Utility-max:

max Uc(zc,yc) st xze+ Po-yo=We

rc,yc
e Demand:
rvo(FPe), yo(Fe)
>
Yo = yo(FPe) = yolre)
N N
dl
C
. E
y
d ]
C
R T < |

13
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e Lindahl equilibrium/prices:
ve(re) = yp(mn) = ¢

7c+71p =1

e n-consumer generalization:

(1) = pa(n) = - Yn(Tn)
ZTZ' =1
i=1
e Efficiency:
MRS}" = Po = 7¢P,
MRS%x = PD = TDPy
> Samuelson foc:

MRSZ" + MRSY' = [t + 7P, = B,

14
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6. Impure PG: Congestion

6.1. Context
e Fxample: smoking, driving, littering, having babies
Ui(x;, s, 5); S = Zsj
J

> Diminishing marginal (dis-)utility:

oU; 0%U;
75, > 0, 35,2 <0
oU; 0*U;
59 <0, 532 >0

e Cornes-Sandler [1996/2¢, Chapter §]
U](l'],d],C(D,H)), j=1-n

with:
Ul >0, U} >0, U, <0

and congestion effect:

CD>O, CH<O

15
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6.2. Optimality v. Equilibrium

e (n+ 1) Samuelson FOCs:

Z oU;/0H
oU;/0x;

Z ou,jod
ou,;jox; 7

or:

Uj
(H) Z# Cy = Py

Ui+ ULC _"Uj_
YatYctn yo =

(dz) U% Uj CD = PD; izl,...,n

| JF#i

e Define
_ vy MRS
n = Z i Z (<0)
and
n—i = » MRS (<0)
j#i
we have:
(H) nCyx = Py

Ui+ ULCp

d; oD _po_
(d;) i p — N—iCb

e Optimal driving d;:
Ué-FUéCD _p _E.CDPH

Ui n Cu

MRS?* = > Pp

16
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1] Market outcome: individual choice

MRS!" = Pp

> Too much driving without government regulation

6.3. Government Intervention

e Driving tax for efficiency:
MRS = Pp+T,

> Individual-specific tax rate:

T = n-i Cp-Py (
U Cu

>0)
e Identical-consumer symmetric equilibrium: uniform tax rate

o —[n—l] CDPH - —CDPH
— - o~ T > 0 (as n— o0)

T*

17
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6.4. Government Budget
e Budget balance/surplus/deficit:
T*-D* 2 Py-H'
e Assume: C(D, H) is a homogeneous function of degree k:

C(tD,tH) = t"-C(D, H)

—Ifk=0:

C(tD,tH) = C(D,H)
—Ifk>0:

C(tD,tH) > C(D,H)
- Itk <O0:

C(tD,tH) < C(D,H)
e Euler equation:

D-Cp+H-Cy = k-C(D,H)

>
D-Cp2 —H-Cy <= k20
o At T™:
-D. . P _[—H . P
R =T"D = O Py ZIZH CulPu _ p g k20

Ch < Ch
— k = 0: budget balance

— k > 0: budget surplus
— k < 0: budget deficit

18
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7. Information Asymmetry

e Consumer preference:
Ui( @i, y | oq) (7)
> Goct knows U;, but not o;?
e Self-reporting: &;, tax price ¢;(&;)
e Consumer util-max:

Uf(6w) = max U(w,y) st. x4+ q(d)y =W, (8)

ZiyY

e Incentive:

_ oU; dWi — qi()y(ay)] 1 ou; dy
_ 8U¢,{_ dy dqz}Jr@Ui_ dy
= Or; U Yda;  Yda;] T oy dag
_ [_an } dg; n {(9(]@' _ ,an] dy

e By consumer foc:

oU; /0y
M y,a: — — i
RS, ou, [0z, !

dUj  [-0U; 1 dg
o, | om Y| da
> dU} /d&; and dg;/dé; have opposite sign

(10)

2For example:
Do
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