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基 本 模 型

1. Definition: Public Goods (PGs)

• Mathimatical definition:

Ui(xi, y), Uj(xj, y)

• “Non-rival” and “non-excludable” goods:

Excludable Non-excludable

Rival Private good Impure PG

Non-rival Club good Pure PG

– Impure PGs: driving, smoking, pollution

Ui(xi, si, S), S ≡
∑
j

sj

– “Consumptive” v. “productive”

– “Continuous” v. “binary/threshold/discrete”

• Entension: altruistic preferences

– One-way:

UP (xP , xK), UK(xK)

– Bilateral:

UR(xR, xJ), UJ(xJ , xR)
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2. Optimality Condition

2.1. Samuelson FOC

• Utility function:

UA(xA, y), UB(xB, y)

� Pure altruism (v. pure eogoism)

� Continuous public goods

• Resource allocation:

(xA, xB, y)

• Aggregate budget constraint:

Px [xA + xB] + Pyy ≤ W ≡ IA + IB

� Feasible allocation set:

F ≡ { (xA, xB, y) | Px[xA + xB] + Pyy ≤ W }

• Pareto optimality:

max
xA, xB ,y

UA(xA, y) s.t.

{
UB(xB, y) ≥ ŪB

Px[xA + xB] + Pyy ≤ W

Lagrangian:

L = UA(xA, y)

+ λ1 {UB(xB, y)− ŪB}
− λ2 {Px[xA + xB] + Pyy −W}
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foc:
∂UA

∂xA
= λ2Px (1)

λ1
∂UB

∂xB
= λ2Px (2)

∂UA

∂y
+ λ1

∂UB

∂y
= λ2Py (3)

Substitute (1) into (2) then into (3):

∂UA/∂y

∂UA/∂xA
+

∂UB/∂y

∂UB/∂xB
=

Py

Px

• Samuelson foc: [Samuelson 1954, 1955, 1958]

∑
i

MRSy,xi =
Py

Px
= MC(y)

or, with production possibility frontier (PPF), F (x, y) = 0:

∑
i

MRSy,xi =
Fy

FX
= MRTy,x

F(x,y)=0

X

Y
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N Alternatively, PO allocations can also be formulated as:

max
xA, xB ,y

λAUA(xA, y) + λBUB(xB, y)

s.t. Px[xA + xB] + Pyy ≤ W

for any convex combination of (λA ≥ 0, λB ≥ 0) with

λA + λB = 1

as long as the utility possibility set (UPS) is convex.

UA UA

UB UB

U
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2.2. Market Equilibrium

• Individual provision incentive:

MRSy,xi =
Py

Px

• Samuelson foc is violated

• Private PG provision is inefficient

2.3. Generalization: n-person Economy

• To determine unique optimal allocation:

(x∗
1, · · · , x∗

n, y
∗)

• Need (n+ 1) equations: given W =
∑

i Ii

1. Samuelson foc: ∑
i

∂Ui/∂y

∂Ui/∂xi
=

Py

Px

2. Aggregate budget:

Px

∑
i

xi + Pyy = W

3. (n− 1) income distribution rules about (x1, · · · , xn)

E Equal consumption:

x1 = · · · = xn =
W − Pyy

∗

nPx
�

• In general, y∗ depends on income distribution/transfer.

5



Basic Theory Yusen Sung (2014/2/17)

3. Kolm’s Triangle

3.1. Graphic Presentation

• Resource allocation:

{xA, xB, y}

• Assume:

px = py = 1

• Feasible set:

{ (xA, xB, y) | xA + xB + y = W }

A B

W

x x

O

y

I

I

A B

A

B

60
O
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3.2. Optimality

• Consider common tangency at point T

• Move from T to S: (ΔxA,ΔxB,Δy)

MRSy,xA =
ΔxA

Δy
, MRSy,xB =

ΔxB

Δy

� Samuelson foc:

MRSy,xA + MRSy,xB =
ΔxA

Δy
+

ΔxB

Δy
=

ΔxA +ΔxB

Δy
= 1

60
o

60
o

60
o

xa

xb

y

S

T
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4. Government Economic Functions

4.1. Richard Musgrave and Peggy Musgrave [1989]

• Resource allocation: efficiency

• Income redistribution: equity

• Economic stability: macro goal

Q when is “efficiency rule” independent from “equity rule”?
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4.2. Example 1: quasi-linear utility

UC(xC, y) = xC + fC(y); f ′
C > 0, f ′′

C < 0

UD(xD, y) = xD + fD(y); f ′
D > 0, f ′′

D < 0

MRSy,xC = f ′
C(y), MRSy,xD = f ′

D(y)

foc for optimal y∗:

f ′
C(y) + f ′

D(y) = Py

Private consumption:

xC + xD = W − Py · y∗

Total utility:

UC + UD = [xC + fC(y
∗)] + [xD + fD(y

∗)]
= [W − Py · y∗] + [fC(y

∗) + fD(y
∗)]

� Linear utility possibility frontier (UPF)

Uc

UD

UPF (y=y*)

Xc=0

X =0D
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4.3. Example 2: C-D utility

UC(xC, y) = xC · y2; UD(xD, y) = xD · y

Samuelson foc: ∑
i

MRSy,xi =
2xC + xD

y
= 1 (4)

with:

xC + xD + y = W (5)

We only know:

y∗ =
xC +W

2

Assuming xC = xD:

y∗ =
3W

5
; x∗

C = x∗
D =

W

5

4.4. Example 3: Identical C-D utility

Ui(xi, y) = xα
i y

1−α, 0 < α < 1

MRSy,xi =
[1− α]y−αxα

i

αy1−αxα−1
i

=
[1− α]xi

αy

Samuelson foc:

∑
i

MRSy,xi =
1− α

αy

∑
i

xi =
1− α

αy
X = MC(y) (6)

We can then solve for X∗ and y∗ with aggregate budget:

PxX + Pyy = W
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4.5. Bergstrom-Cornes [1981]

• Gorman-form utility:1

Ui(xi, y) = A(y)xi + Bi(y), ∀ i

• MRS:

MRSy,xi =
A′(y)xi +B′

i(y)

A(y)
= α(y)xi + βi(y)

so ∑
i

MRSy,xi = α(y)X +
∑
i

βi(y) = f(X, y)

� Optimal y∗ depends only on X (= W − Pyy
∗)

• UPF(y∗) is a simplex: transferable utility

∑
i

Ui = A(y∗)X +
∑
i

Bi(y
∗) = K

1A representative consumer exists and has aggregate demand:

X(P, I) =
∑

i

xi(P, Ii)

instead of
X(P, I1, · · · , In) =

∑

i

xi(P, Ii)

when individual consumers have Gorman-form utilitiy functions.
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5. Individualized Prices: Lindahl Equilibrium

5.1. Transformation

• Public-good economy:

UC(xC, y), UD(xD, y)

xC + xD + pyy = WC + WD

• Private good economy with joint production/consumption:

UC(xC, yC), UD(xD, yD)

yC = yD ≡ ȳ

xC + xD + Pyȳ = WC + WD

5.2. Equilibrium

(x∗
C, x

∗
D, y

∗
C , y

∗
D, PC , PD)

• Demand-side: util-max

(x∗
C, y

∗
C) = argmaxxC ,yC UC(xC, yC) s.t. xC + PC · yC = WC

(x∗
D, y

∗
D) = argmaxxD,yD UD(xD, yD) s.t. xD + PD · yD = WD

• Supply-side:

PC + PD = Py

• Equilibrium:

y∗C = y∗D
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5.3. Example

• 2 roommates: C,D

2 goods: x, y

• Rent share:

τC , τD(≡ 1− τC)

• Utility-max:

max
xC ,yC

UC(xC , yC) s.t. xC + PC · yC = WC

• Demand:

x∗
C(PC), y

∗
C(PC)

�

y∗C = y∗C(PC) = y∗C(τC)

c

y*

d

o 1

d'

c'

� �
�c Dc*

E
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• Lindahl equilibrium/prices:

y∗C(τC) = y∗D(τD) = y∗

τC + τD = 1

• n-consumer generalization:

y1(τ1) = y2(τ2) = · · · = yn(τn)

n∑
i=1

τi = 1

• Efficiency:

MRSy,xC = PC = τCPy

MRSy,xD = PD = τDPy

� Samuelson foc:

MRSy,xC + MRSy,xD = [τC + τD]Py = Py
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6. Impure PG: Congestion

6.1. Context

• Example: smoking, driving, littering, having babies

Ui(xi, si, S); S ≡
∑
j

sj

� Diminishing marginal (dis-)utility:

∂Ui

∂si
> 0,

∂2Ui

∂si2
< 0

∂Ui

∂S
< 0,

∂2Ui

∂S2
> 0

• Cornes-Sandler [1996/2e, Chapter 8]

Uj(xj, dj, C(D,H)), j = 1, · · · , n

with:

U j
x > 0, U j

d > 0, U j
C < 0

and congestion effect:

CD > 0, CH < 0
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6.2. Optimality v. Equilibrium

• (n+ 1) Samuelson FOCs:

(H)
n∑

j=1

∂Uj/∂H

∂Uj/∂xj
= PH

(di)
n∑

j=1

∂Uj/∂di
∂Uj/∂xj

= PD; i = 1, . . . , n

or:

(H)

⎡
⎣∑

j

U j
C

U j
x

⎤
⎦CH = PH

(di)
U i
d + U i

CCD

U i
x

+

⎡
⎣ n∑

j �=i

U j
C

U j
x

⎤
⎦CD = PD; i = 1, . . . , n

• Define

η ≡
∑
j

U j
C

U j
x

=
∑
j

MRSC,xj (< 0)

and

η−i ≡
∑
j �=i

MRSC,xj (< 0)

we have:

(H) ηCH = PH

(di)
U i
d + U i

CCD

U i
x

= PD − η−iCD

• Optimal driving d∗i :

MRSd,xi ≡ U i
d + U i

CCD

U i
x

= PD − η−i

η
· CDPH

CH
> PD
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! Market outcome: individual choice

MRSd,xi = PD

� Too much driving without government regulation

6.3. Government Intervention

• Driving tax for efficiency:

MRSd,xi = PD + Ti

� Individual-specific tax rate:

T ∗
i = −η−i

η
· CD · PH

CH
(> 0 )

• Identical-consumer symmetric equilibrium: uniform tax rate

T ∗ =
−[n− 1]

n
· CDPH

CH
≈ −CDPH

CH
> 0 (as n → ∞)
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6.4. Government Budget

• Budget balance/surplus/deficit:

T ∗ ·D∗ >−< PH ·H∗

• Assume: C(D,H) is a homogeneous function of degree k:

C(tD, tH) = tk · C(D,H)

– If k = 0:

C(tD, tH) = C(D,H)

– If k > 0:

C(tD, tH) > C(D,H)

– If k < 0:

C(tD, tH) < C(D,H)

• Euler equation:

D · CD +H · CH = k · C(D,H)

�

D · CD
>−< −H · CH ⇐⇒ k >−< 0

• At T ∗:

R ≡ T ∗·D =
−D · CD · PH

CH

>−<
−[−H · CH ]PH

CH
= PH ·H � k >−< 0

– k = 0: budget balance

– k > 0: budget surplus

– k < 0: budget deficit
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7. Information Asymmetry

• Consumer preference:

Ui( xi, y | αi ) (7)

� Goct knows Ui, but not αi
2

• Self-reporting: α̂i, tax price qi(α̂i)

• Consumer util-max:

U ∗
i (α̂i) ≡ max

xi, y
Ui(xi, y) s.t. xi + qi(α̂i)y = Wi (8)

�

xi(α̂i), y(α̂i), U ∗
i (α̂i) = Ui(xi(α̂i), y(α̂i))

• Incentive:

dU ∗
i

dα̂i
= ∂Ui

∂xi
· dxi
dα̂i

+ ∂Ui
∂y

· dy
dα̂i

= ∂Ui
∂xi

· d[Wi − qi(α̂i)y(α̂i)]
dα̂i

+ ∂Ui
∂y

· dy
dα̂i

= ∂Ui
∂xi

·
[
−qi

dy
dα̂i

− y
dqi
dα̂i

]
+ ∂Ui

∂y
· dy
dα̂i

=
[−∂Ui
∂xi

y
]
dqi
dα̂i

+
[
∂Ui
∂y

− qi
∂Ui
∂xi

]
dy
dα̂i

(9)

• By consumer foc:

MRSy,xi =
∂Ui/∂y

∂Ui/∂xi
= qi

�

dU ∗
i

dα̂i
=

[−∂Ui

∂xi
y

]
dqi
dα̂i

(10)

� dU ∗
i /dα̂i and dqi/dα̂i have opposite sign

2For example:
Ui(xi, y) = x1−αi

i yαi
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