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1. t5? Gerber-Wichardt [JPubE 2009] 5 �ƒÀœ„�� cqs¾‘6

(1, 2) 5^àƒbÌu:

Ui(xi, y) = xiy

w2 xi Ñ®A5’�¾‘ (g�Ñø), 7 y uø‹,�tu‹ (g�?Ñ

ø)� IsA5F)®Ñ:

I1 = 200; I2 = 300

Dtu‹ââsAAâœ.ßÞ:

y = y1 + y2

• (10%) Nash Ì©5®Aœ.¾ (y1, y2) Dtu‹,¾ ŷ ®uÖý?

(Ans) By individual foc, in equilibrium:

MRSy,x
i =

xi

y
= 1

hence:

x1 = x2 = y = y1 + y2

Along with the individual budget constraints:

x1 + y1 = I1

x2 + y2 = I2

we have:

ŷ1 =
2I1 − I2

3
=

100

3
, ŷ2 =

2I2 − I1

3
=

400

3

ŷ = ŷ1 + ŷ2 =
I1 + I2

3
=

500

3

x̂1 = x̂2 = ŷ =
I1 + I2

3
=

500

3

Û1(I1, I2) = Û2(I1, I2) = x̂iŷ =
[I1 + I2]

2

9
=

250, 000

9
2

1
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• (10%) Pareto |_5u‹,¾ y∗ @uÖý?

(Ans) Any PO level y∗ must satisfy Samuelson foc:

∑

i

MRSy,x
i =

x1 + x2

y
= 1

then with aggregate budget:

[x1 + x1] + y = I1 + I2

we have:

y∗ = x∗

1
+ x∗

2
=

I1 + I2

2
= 250 2

• (20%) à‹5;b‚à �ƒÀœ„� ésA5œ.,¾¯¯|_¾, sA

ƒÀ (d̄1, d̄2) 5ª?¸ˇÑS? óú@5œ.¾ (y∗1, y
∗
2) @àSdì?

(Ans) The deposit design can support any Pareto-superior (x∗

1
, x∗

2
, y∗).

Take the “equal utility allocation” (x∗

1
= x∗

2
= y∗/2, U∗

1
= U∗

2
) as example:

x∗

1
= x∗

2
=

I1 + I2

4

y∗

1
= I1 − x∗

1
=

3I1 − I2

4
, y∗

2
= I2 − x∗

2
=

3I2 − I1

4
, y∗ =

I1 + I2

2

U∗

1
= U∗

2
= x∗

i y
∗ =

[I1 + I2]
2

8
> Û1 = Û2

Now to implement this goal, we must set deposits (d1, d2) such that:

U∗

1
≥ Û1(I1 − d1 | y

∗

2
)

U∗

2
≥ Û2(I2 − d2 | y

∗

1
)

To calculate the “deviation” utility Û1(I1 − d1 | y
∗

2
), note that 1 will choose:

x1 = y = y1 + y∗

2
= y1 +

3I2 − I1

4

subject to her lower (deviation) budget:

x1 + y1 = I1 − d1

2
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Hence:

x1 = y1 +
700

4
, x1 + y1 = 200 − d1

and we get:

x1 =
1500 − 4d1

8
, y1 =

100 − 4d1

8
, y =

1500 − 4d1

8

Finally for d1:

U∗

1
=

5002

8
≥ Û1(I1 − d1 | y

∗

2
) =

[1500 − 4d1]
2

64

therefore:

I1 = 200 ≥ d1 ≥ 21.45

We can solve for d2 in the same way. 2

2. A D B sAu�¤� A ¿¡‚�, O B À:�â; ó¥Ë, B ¿¡=¹Û—,

O A ºnÀ¹Û—íÇß� I s [ý A í‚�¾, y [ý B =ß—ívÈ;

ÇÕJ xi (i = A, B) [ý A D B í_A’�¾‘� cqsAíF)îÑ

1000 j, 7‚�íÀPA…Ñ ps = 20, =ß—íÀPA…Ñ py = 5� sA

í^àƒb®u:

UA = xA + 200 ln s − 10y

UB = xB + 150 ln y − 20s

• (15%) ~j| Pareto |_5 s∗, y∗ D x∗
i ?

(Ans) By Samuelsom foc:

200

s
− 20 = 20,

150

y
− 10 = 5

we have:

s∗ = 5, y∗ = 10

This is where:

MBA(s) = MDB(s), MBB(y) = MDA(y)

Hence:

x∗

A + x∗

B = 2000 − 20 · 5 − 5 · 10 = 1850 2
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• (15%) JsAÌ¶›¼, †¤v5j s̄ D ȳ ÑÖý?

(Ans) Consumer A’s utility-max problem is:

max
s, xA

UA s.t. xA + 20s = 1000

while B’s goal is:

max
y, xB

UB s.t. xB + 5y = 1000

Therefore:

s̄ = 10, ȳ = 30 2

• (15%) JsAÝ)ƒújí°<Ì¶*9 s D y 5º�, ~½¤v5 s

D y øuÖý? ¤v A D B ú s D y A…}V®Öý?

(Ans) This is the Lindahl equilibrium.

Let individual prices for s and y are (ps
A, py

A) and (ps
B, py

B), respectively, with

the supply-side constraints:

ps
A + ps

B = 20, py
A + py

B = 5

Their util-max problems are now:

max
xA,sA,yA

UA = xA + 200 ln sA − 10yA s.t. xA + ps
A · sA + py

A · yA = 1000

max
xB ,sB,yB

UB = xB + 150 ln yB − 20sB s.t. xB + ps
B · sB + py

B · yB = 1000

subject to the equilibrium condition:

sA = sB, yA = yB

Then we have:

ps
A = 40, ps

B = −20

py
A = −10, py

B = 15

and efficient levels of the activities:

s∗ = sa = sB = 5, y∗ = yA = yB = 10

That is, for each unit of s consumption, A has to compensate B $20 (total

payment $100). And for each unit of y consumption, B must compensate A

$10 (total payment $100). 2
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• (15%) DsAªAâ*9w s D y 5º�Ìâújí', ~j|¤v5

s D y, J£¤v5A…}Vj�?

(Ans) Same as above:

ps
A = 40, ps

B = −20

py
A = −10, py

B = 15

and

s∗ = 5, y∗ = 10

But now compensation goes in opposite direction as s (y) drops below s̄ (ȳ).

That is, B will pay A $20 for each unit of s reduction below s̄ = 10 (total

payment $100). And for each unit of y reduction below ȳ = 30, B must com-

pensate A $10 (total payment $200). Note that ps
A and py

B are their respective

opportunity cost of consumption. 2
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2. (50%) Bergstrom et al. [Econometrica 1982] ítu‹Û°,l˙å‡
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1“Putting Free-riding to Work: A Partnership Solution to the Common-property Problem,” Journal

of Environmental Economics and Management, 2009, 57:309–320.
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