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This paper  presents  a novel  and  simplified  method  to predict  the damping  ratio  and  power  output  of  a
cantilever-based  electromagnetic  vibration  energy  harvester  through  finite  element  analysis.  A strong
relationship  was  determined  between  the mechanical  damping  of  a structure  and  the  resonant  stress  at
the clamped  end  of the structure  under  critically  damped  condition,  otherwise  described  as  the  critically
damped  stress.  This  relation  was  used  as  a basis  to develop  a  material-specific  damping  stress  equation.
The  equation  was  then  integrated  into  FEA  to analyse  a  certain  electromagnetic  vibration  energy  harvester
design  by  considering  the  variation  in  damping  and  power  output  for  every  structural  change.  The  effect
of the  phase  difference  on  the  power  output  of  the  electromagnetic  harvester  was  also  considered.  The
inite element analysis
lectromagnetic vibration energy harvester

FEA design  that  recorded  the  highest  power  output  prediction  (11.1%  higher  than  the  initial  structure)
was  then  verified  experimentally,  displaying  a good  agreement  with  experimental  results,  recording  an
error of  less  than  5.0% for the amplitude  and voltage  evaluation  and 8.0%  for the power  output  assessment.
Hence,  this  validates  the  accuracy  of  the  proposed  method  in  predicting  not  only  the  mechanical  damping
of  regular  cantilever  beams,  but also other  cantilever  beam-based  structures.

© 2018  Elsevier  B.V.  All  rights  reserved.
. Introduction

Research in vibration energy harvesting has been increasingly
opular in the past decade due to its abundance from the surround-

ng [1]. The concept of vibration energy harvesting is to simply
onvert the mechanical energy of a vibrating structure into elec-
rical power [2]. Normally, the harvester is designed to respond
o external vibration input, hence utilising the theory of forced
ibration. Many researches have designed these harvesters based
n different mechanical-to-electrical conversion methods, with the
wo most common methods being piezoelectric conversion and
lectromagnetic induction. While electromagnetic harvesters gen-
rally consume more space than piezoelectric harvesters, their
utput current is several times higher due to low impedance [3].

Cantilever beam-based harvester designs are commonly studied
ue to its simplicity and effectiveness [4]. However, in an attempt

o increase the power output and operational bandwidth of vibra-
ion energy harvesters, many researches have proposed different
esigns to address the problems [5–7]. A mathematical model is

∗ Corresponding authors.
E-mail addresses: ckthein@gmail.com (C.K. Thein), yichung@iam.ntu.edu.tw

Y.-C. Shu).

ttps://doi.org/10.1016/j.sna.2018.12.041
924-4247/© 2018 Elsevier B.V. All rights reserved.
usually desired for a proposed design as it provides the means to
predict or optimise the performance of the design. To predict the
power output of a vibration energy harvester, three main mathe-
matical models are required which are the vibration response of
the harvester, the power equation and the damping equations. The
power equation is dependent on the type of transduction method
used whereas the vibration response equation strongly relies on the
properties of the structure. While there exist several mathemati-
cal models to describe the vibration response of a simple cantilever
beam-based harvesters, it may be difficult to model the response of
complex structures. In addition, the mathematical models derived
even for simple cantilever beam vibrations are usually limited
by the assumptions used. Hence, several researches have leaned
towards the use of finite element analysis (FEA) as this method
enables researchers to simulate the response of any vibrating struc-
ture with good accuracy [8–12]. The only drawback of this method
is the time required to generate the results.

A typical vibration energy harvester have two sources of damp-
ing which are the electrical damping and the elastic damping. Many
models have been developed to predict the electrical damping

based on the chosen transduction method [13–16]. However, the
main problem lies in modelling the mechanical damping equation
of a structure. Despite the importance of mechanical damping, little
is known about its characteristics. In any mathematical model or

https://doi.org/10.1016/j.sna.2018.12.041
http://www.sciencedirect.com/science/journal/09244247
http://www.elsevier.com/locate/sna
http://crossmark.crossref.org/dialog/?doi=10.1016/j.sna.2018.12.041&domain=pdf
mailto:ckthein@gmail.com
mailto:yichung@iam.ntu.edu.tw
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EA, this form of damping is usually an input parameter required
o predict the response of the structure and is normally obtained
rom experiment. In a way, this actually defeats the purpose of using
he mathematical model or FEA for predictions as one would have
lready performed the experiment to obtain the damping value.
n an earlier study, Lazan [17] proposed a method to identify the

echanical damping of a structure based on its maximum stress
esponse during vibration. He then developed a generalised damp-
ng stress equation to predict the damping of metals. A similar
quation was also derived by Kume et al. [18]. Gounaris and Anifan-
is [19] applied Lazan’s equation to the FEA method to predict the
amping of beam like structures. The downside of this method is
hat the maximum stress parameter is also a function of damping.
ence, several iterations are required to obtain the correct damp-

ng, which may  not be convenient for FEA applications. In addition,
he damping stress equation developed by Lazan is a generalised
quation of many different tested metals and may  compromise in
erms of accuracy due to its generalisation.

This paper presents a novel method to predict the mechani-
al damping of beam-based structures. The method emphasise on
he use of the maximum critically damped stress parameter to
dentify damping. Since this parameter is obtained from the crit-
cally damped condition, it is not a function of damping. Hence,
his method becomes more efficient for finite element analysis
pplications as only a single simulation is required to determine
he unknown damping of a structure. This method depends on a

aterial-specific empirical equation that was derived from exper-
ments conducted using a simple cantilever beam structure. The
roposed damping evaluation method was then applied to analyse
he effects of structural change on the damping and power out-
ut of an electromagnetic vibration energy harvester through finite
lement analysis. The result from the analysis that predicted the
ighest power output was then compared to experiment to verify
he validity of the proposed method.

. Mean power output equations for electromagnetic
ibration energy harvester

It was discussed earlier on the need of three mathematical mod-
ls to fully describe the behaviour of a vibration energy harvester.
f the FEA method was applied, two of the mathematical models
an be eliminated as any common FEA software would be able to
ompute the corresponding results for a given input. These two
odels are the vibration response model and the power equa-

ion. Nevertheless, for a typical electromagnetic circuit, the induced
oot-mean square (RMS) voltage output at the load resistance, Vrms
nd its corresponding mean power output, Pave, can be defined by
he following equations [7].

rms = 1√
2
NBLcvcCf

RL
Rc + RL

(1)

ave = Vrms
2

RL
(2)

here N is the number of turns of coil, B is the average strength
f the magnetic field, Lc is the effective length of the coil, vc is the
elative cutting speed of the coil moving through the magnetic flux,
f is the coil fill factor [20] and RL is the load resistance and Rc is
he coil resistance. Overall, only vc is dependent on the mechanical
roperties of the vibrating structure. Therefore, it is more practical
o apply these equations for the power evaluation of an electro-

agnetic harvester instead of simulating an electromagnetic FEA.

ast literatures have showed that there exists an optimum RL value,
opt
L , that corresponds to the maximum power output [21–24]. This
alue is dependent on the properties of the coil, magnets and the
ibrating structure itself. The cutting speed of the coil, vc , is usu-
tors A 286 (2019) 220–231 221

ally associated with the velocity of a vibrating structure and can be
described by

vc = ωsz (3)

where ωs and z are the vibrating frequency and displacement of
the vibrating structure. Normally, this term can easily be extracted
from FEA. However, it is strongly dependent on the damping input
provided in the simulation. The problem now lies in defining the
damping of an electromagnetic harvester.

3. Damping equations

Normally, an electromagnetic harvester would have two main
sources of damping which are the mechanical damping and the
electromagnetic damping. These damping sources are usually eval-
uated separately, and summed up as a single damping value to
define the total damping of the harvester.

3.1. Electromagnetic damping

The electromagnetic damping arises from the interaction
between the induced eddy currents in the coil and the magnetic
flux of the magnets, resulting in a force that retards motion [23].
For the nth mode of vibration (n = 1, 2, 3. . .),  this form of damping
can be described by Eq. (4) as below

�ne =
(
NBLcCf

)2

2meff ωn (Rc + RL)
(4)

where �ne is the nth mode electromagnetic damping ratio, meff is
the effective mass of the electromagnetic harvester and ωn is the
nth mode natural frequency of the harvester. Note that Eq. (4) can
be derived from references [15,25] and the inclusion of the coil fill
factor Cf is introduced for considering the total magnetic flux in
a wounded coil [20]. The full derivation of Eq. (4) is provided in
Appendix A.

3.2. Mechanical damping

The mechanical damping of a harvester is typically the sum
of several damping component contributions such as external
fluid damping, thermoelastic damping, stick-slip damping, squeeze
damping and material damping [26–29]. While some of these
dampings have been well modelled in the past, others such as
material damping are still obscure. For most cases in optimization,
the overall damping parameter is obtained once from experiment
and is assumed constant regardless of the change in geometry and
mass of the structure [30]. For macro sized structures (>100 mm3),
the material damping component is the main contributor towards
mechanical damping whereas other forms of damping contribu-
tions are small enough to be assumed negligible [31]. Material
damping arises from the internal frictional interaction between
molecules and grain boundaries within a material during defor-
mation, resulting in energy loss. Hence, material damping is highly
dependent on the material properties of a structure.

Many damping models have been proposed to describe the
damping of a structure such as Rayleigh damping viscous damping
or coulomb damping [32]. However, the hysteretic and viscoelastic
damping models are usually used to describe the material damp-
ing of a structure [33]. The major difference between these two
damping models is their dependence on the driving frequency of
the vibrating structure. Hysteretic damping model assumes that

the damping capacity of a material in independent on its vibrating
frequency whereas the viscoelastic damping model presumes oth-
erwise. For most structural materials, the damping can be described
by the hysteretic damping model [34]. Hysteric damping is often
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Fig. 1. Hysteretic damping model.

elated to the nonlinear phenomenon during deformation. It was
ound that the deformation of a structure differs during loading and
nloading, forming a closed loop in the stress-strain (� - ε) relation
s shown in Fig. 1. The area bounded within this loop is described as
he energy loss per unit volume, otherwise known as the damping
nergy.

Assuming a perfectly narrow elliptical hysteretic loop and con-
idering Hooke’s law where tan� ≈ �/ε = E, the damping energy,
, can be determined by

 = ��max�ccos�

sin�
≈ �

E
�max�c (5)

here, E is the Young’s modulus of the structure, �max is the maxi-
um  stress experienced in the structure and �c is the intersection

etween the hysteretic loop with the stress axis. A similar equa-
ion was also reported by Maghami [35]. The shaded area in Fig. 1
epresents the maximum stored strain energy in the structure, W ,
hich is described by

 = �max2

2E
(6)

The loss factor of the structure then is defined as

 = D

2�W
≈ �c
�max

(7)

here � is the loss factor of the structure. Lin and Zhu [36] stated
hat if proportional damping was assumed, the damping ratio of

 structure is equal to half of its loss factor. Hence for first mode
ibrations,

1 ≈ �c
2�max

(8)

here �1 is the first mode damping ratio of the structure. For cases
f a clamp-free cantilever beam, �max generally refers to the stresses
t the clamped end of the beam. Lazan [17] showed that a strong
elation exist between �max and �1 of a beam structure. As stated
arlier, the problem with defining damping in terms of �max is that

max is also a function of �1. Since a strong relation exist between
max and �1, it would not be wrong to assume that a strong relation
ould also exist between �c and �1. Nevertheless, �c have yet to be

efined.

Fig. 2. Cantilever beam with a tip mass p
tors A 286 (2019) 220–231

To evaluate �c for beam structures, a clamp-free cantilever beam
with a tip mass placed on its free-end was considered as shown in
Fig. 2, since this configuration is commonly applied in vibration
energy harvesting applications. The L and h terms in Fig. 2 refers to
the length and the thickness of the beam.

The transverse motion of the clamp-free cantilever beam sub-
jected to a harmonic-base excitation at position x and time t can be
described by the following equation.

z (x, t) = zabs (x, t) − Y0e
iωt (9)

where z (x, t) is the actual vertical displacement of the beam with
respect to its clamped base, zabs (x, t) is the absolute vertical dis-
placement of the vibrating beam, and Y0 (t) and ω are the vertical
amplitude and driving frequency of the harmonic base excitation.
For simplicity, the base excitation is assumed to be in harmonic
motion. Assuming the length of the beam to be much larger than its
thickness and width, the vibration response of the clamp-free beam
under base excitation can be modelled using the Euler-Bernoulli
beam theory. Using the method of separation of variables, the term
z (x, t) can be separated into its spatial and temporal components.

z (x, t) =
∞∑
n=1

ϕn(x)�n(t) (10)

where ϕn(x) is the cantilever beam’s modal shape eigenfunction
and �n(t) is the regular-response function. These terms can be
described as the following equations

ϕn(x) = Pn

[
cosh

ˇn
L
x − cos

ˇn
L
x − Bn

Cn

(
sinh

ˇn
L
x − sin

ˇn
L
x

)]
(11)

�n(t) = ω2Y0eiωtFn
ωn2 − ω2 + i2�nωnω

(12)

where Pn, ˇn, Bn, Cn and Fn are modal terms derived from the bound-
ary conditions and the inertial effect of the beam mass system [37].
�n corresponds to the modal mechanical damping ratio of the struc-
ture. Substituting Eqs (11) and (12) into Eq. (10) and considering
only the first mode parameters at resonance (ω = ω1) results in

z (x, t) = Y0eiω1tϕ1 (x)
2�1

F1 (13)

The Euler-Bernoulli beam theory states that the bending stress
experience by a beam at position x and y (along the thickness of the
beam) can be defined as

� = Ey
d2z(x)
dx2

(14)
where � is the stress experienced on the beam and y is the dis-
tance from the centre of the beam along the thickness. Substituting
Eqs. (13) into (14) and considering the stresses on the clamped
end surface of the beam (x = 0 and y = h/2) results in an equation

laced on the free-end of the beam.
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Table  1
Material properties and thickness of the stainless steel beam used in experiment.
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Material E (GPa) 
 (kgm−3) h (mm)

Stainless Steel 316 180 7850 1.0

escribing the maximum stress of a vibrating beam for first mode
ibration

max = E
h

2
Y0

�1

(
ˇ1

L

)2

P1F
1

(15)

Relating Eqs. (15) to (8), �c can now be defined as Eq. (16) for
antilever beam structures under first mode vibrations.

c = EhY0

(
ˇ1

L

)2

P1F
1

(16)

Since �c is actually equal to twice the clamped-end stress value
t resonance under critically damped condition (�1 = 1), this term
ill be defined as the maximum critically damped stress. Eq. (16)

lso states that �c is not a function of damping. Therefore, defining
amping in terms of �c may  be better than �max as no iterations
ould be required to solve for the damping.

Previous studies have emphasised on a strong relationship
etween �max and �1. At this point, it is still unclear if �c would
lso display a similar trend with �1. Therefore, an experiment was
onducted to compare the relation between �1 and �c and �1 and
max for a stainless steel 316 cantilever beam with a tip mass. The
pecification of the beam is listed in Table 1 below.

One end of the stainless steel beam was clamped to a shaker to
nduce a base-excitation vibration. The beam was vibrated within

 specified range of frequencies to make certain that resonance
ould occur. The maximum displacement of the free-end tip of

he vibrating beam during resonance and its corresponding base-
xcitation amplitude were recorded. To ensure a consistency in the
amping ratio results, the damping ratio was calculated using Eq.
13). The maximum stress and the maximum critically damped
tress was then determined using Eqs (15) and (16). The experi-
ent was repeated using different beam width (12–20 mm),  beam

ength (60–100 mm),  tip mass (9–60 g) and base excitation acceler-
tion (0.5 – 7.0 ms−2) to induce different damping and stress levels.
ig. 3 shows the comparison between the experimental result for
1 against �c and �1 against �max. An empirical curve was fitted to
he experimental data.

Visually, a stronger correlation can be observed between �1
gainst �c in Fig. 3. The recorded coefficient of determination, R2,

or the correlation between �1 against �c and �1 against �max were
2 = 0.99 and R2 = 0.89 respectively. In addition, the plot of �1
gainst �max displayed a more dispersed result as compared to �1
gainst �c . This proves that the maximum critically damped stress

Fig. 3. Comparison among the relation betw
tors A 286 (2019) 220–231 223

parameter is actually a better parameter to use to define the damp-
ing of a structure as it will result in a more accurate prediction for
the damping of unknown structures. The proposed method here is
not limited to stainless steel material and can be adapted to other
material that exhibit a non-complex hysteretic damping behaviour.
It is important to note that some structures may experience the
maximum critically damped stress at a different location than the
clamped end due to notches or sharp edge corners. In practical
applications, small fillets are usually introduced in these regions to
significantly reduce the stress. However, suggesting that damping
would also reduce in relation to the decrease in stress at the follow-
ing regions would be physically incorrect. In addition, stresses in
sharp corners are local stresses which arise due to geometrical con-
straint, whereas stresses at the clamped end of a vibrating structure
represents the global overall stress of the structure and is strongly
related to the vibration amplitude and damping. Therefore, it is
more appropriate to relate damping to the stress at the clamped
end of a structure instead of the actual maximum stress at the said
regions. Previous authors have also reported damping to be related
to the clamp end of a vibrating structure based on their derivation
of the damping stress equation [17–19]. Nevertheless, for a simple
beam structure, the critically damped stress at the clamped end of
the beam corresponds to the maximum critically damped stress.
In this paper, the proposed mechanical damping ratio prediction
method was integrated into FEA. Fig. 4 illustrates the flowchart of
the overall process to determine the vibration response of a beam-
based electromagnetic harvester using FEA.

The process begins by modelling the structure and assigning the
necessary material properties and boundary conditions. The finite
element model is then subjected to a modal analysis to determine
its natural frequencies and effective mass. For complex structures,
FEA provides an advantage in evaluating these parameters which
may  prove to be analytically difficult to obtain. Using the results
from the modal analysis, the structure is then subjected to a har-
monic analysis under critically damped conditions (�1 = 1), and �c
is taken as twice the maximum stress at the clamped end of the
structure under resonance frequency. The damping stress equa-
tion is then applied to evaluate the structure’s mechanical damping
ratio. The electromagnetic damping ratio can be determined using
the results from the simulated magnets in the FEA electromagnetic
analysis and the structural modal analysis. The obtained damping
values are then updated into the finite element model to sim-
ulate its true vibration response, which be substituted into Eqs.
(1) and (2) to determine the power output of the harvester. This
shows how the power output of the harvester is strongly related to
the structure’s damping capacity, as the damping of the structure

determines its output vibration response.

een �1 against �c and �1 against �max .
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Fig. 4. Overall flow chart in estimating the vibratio

. Finite element modelling of an electromagnetic
ibration energy harvester

In this paper, an electromagnetic vibration energy harvester
esign shown in Fig. 5 was analysed using FEA by considering
he effect of structural change on the damping and power output
rediction of the harvester. The design that recorded the highest
ower output was then verified through experiment. The design
as initially proposed by Wu et al. and have the advantage of sig-

ificantly reducing the first mode natural frequency and producing
 larger bandwidth due to its multiple degree of freedom [38]. In
ddition, this structure can also validate the effectiveness of the
resented mechanical damping evaluation method in predicting
he mechanical damping ratio of a different cantilever beam-based
tructure rather than a regular cantilever beam. This design can

e modelled as a three degree of freedom structure as shown by
he schematic representation in Fig. 5. The terms m1, k1 and c1
n the schematic representation from Fig. 5 corresponds to the
ffective mass, stiffness and damping of the main frame and the
onse of an electromagnetic harvester through FEA.

additional mass. Similarly, m2 and k2 relates to the coil beam, coil
holder and coil wire whereas m3, k3 and c3 defines the magnet
beam, magnet holder, magnets and steel plates. Nevertheless, the
design was not modelled as so since the mechanical damping eval-
uation method developed in Section 3.2 requires the assessment
of the structural stress. The harvester consists of a pair of mag-
nets which are attached at the clamped end of the main frame
with a set of coil wire extended from the free end of the main
frame. The overall practical volume of the harvester measures by
110 × 60 × 25 mm (length × width × thickness). The materials used
in the model are stainless steel 316 for the main frame, coil beam
and magnet beam, four 25 × 10 × 5 mm of neodymium (NdFeB)
magnets, a 0.25 mm diameter enamelled copper wire for the coil,
and two 5 × 24 × 22 mm steel plates placed used to concentrate the
magnetic field strength in air gap between the magnets [39].
The properties and dimensions of the coil holder, magnet holder,
steel plates, magnets and coil were modelled based on the real
available parts. Additional properties of the coil are tabulated in
Table 2.
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Fig. 5. Actual design and schematic spring-mass representation of the electromagnetic harvester.

Fig. 6. Mesh and boundary conditions of the finite element model.

Table 2
Properties of the coil section.
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Parameters N Lc (mm) Cf Rc (�)

Value 250 44 0.65 6.5

.1. FEA structural modelling

The design was modelled in ANSYS workbench 17.2 using a 10-
ode SOLID187 quadratic elements for round surface and a 20-node
OLID186 elements for the main frame with 0.5 mm  element size.
he total number of elements recorded for the finite element model

s 31,039. A fixed boundary condition was applied on the clamped
nd of main frame and the magnet beam as seen in Fig. 6. Since the
amping of the harvester would be evaluated based on the stresses
n the main frame and the magnet beam, a denser mesh size was
pplied here. The magnet beam will have a different damping value
han the main frame as it acts as a separate entity. Since the coil
eam is actually part of the main frame, the mechanical damping
f the coil beam and the main frame were evaluated as a single
amping value.

It  is important to note that the magnets and the coil were
odelled as structural masses in ANSYS. Hence, there exist no elec-

romagnetic interaction between them. In this paper, the vibration
f the magnet beam and the main frame were simulated separately.

 harmonic base acceleration input of 4.905 ms−2 was applied all
he fixed boundary conditions to induce a base excitation motion.
he mechanical damping of the structure was evaluated using the
ethod presented in Fig. 4.

.2. FEA electromagnetic modelling
To calculate the electromagnetic damping, the magnets and the
teel plates were simulated in CST Studio Suite 2017 using FEA to
stimate its average magnetic field strength. The distance between
he left and right magnets are 14 mm whereas the distance between
Fig. 7. Magnetic field strength contours of the permanent magnets and steel plates.

the top and bottom magnets are 5 mm.  Fig. 7 describes the results
of the FEA simulation. The orientation of the magnetic poles are
inscribed onto each magnet. The black dashed boxes in Fig. 7 rep-
resents the areas covered by the coil in the magnetic field.

Based on the simulation results, the average magnetic field
strength contacted by the coil was determined to be B = 0.26 T. The
optimum load resistance, RoptL , of the design was determined by
simulating the design under different RL values. A change in RL value
would produce a different electromagnetic damping ratio value for
the same structure, hence resulting in a different vibrating ampli-
tude. The power output of the harvester can then be calculated

using Eqs. (1) and (2) based on the simulated amplitude. The RL
value that resulted in the highest power output was  taken to be
RoptL [40].
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Fig. 8. Visual description on ML , CL , Wside and ma .

Table 3
Dimensions of Design 1.
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Model CL (mm)  ML (mm)  Wside (mm)  ma (g)

Design 1 25 35 6.0 0.986

. Analysis of the electromagnetic harvester design
hrough FEA

A harmonic analysis was performed on the finite element
odel with the following dimensions shown in Table 3 using an

nput damping ratio of �1 = 1 to determine the maximum critically
amped stress at resonance. This design is the initial design of the
arvester and will be designated as Design 1.

Here, ML refers to magnet beam length, CL refers to the coil beam
ength, Wside refers to the side width of the main frame and ma is
he mass of the additional mass added to the harvester as described
y Fig. 8.

Since the vibration of the magnet beam and the main frame are
ndependent to each other, the mechanical damping ratio of the

agnet beam and the main frame needs to be evaluated separately.
sing the empirical curve fit equation from Fig. 3, the mechanical
amping ratio of the main frame and the magnet beam was  deter-
ined to be 1.5106 × 10−2 and 1.7370 × 10-2 respectively. These

amping values correspond to the first vibration mode. To estimate
he mechanical damping of the second mode vibration for the main
rame, the Rayleigh damping model was considered as shown by Eq.
17). This reason for this choice was because proportional damping
as assumed earlier, and the Rayleigh damping model is commonly

elated to proportional damping [32]. The second mode vibration
or the magnet beam was not considered due to its high natural
requency.

n = �

2ωn
+ 
ωn

2
(17)

here �n represents the modal mechanical damping ratio and
 and 
 are constants corresponding to the mass and stiffness
roportional damping. In many structural problems, the mass pro-
ortional damping can usually be ignored (� = 0) [41]. Hence, the
econd mode mechanical damping can be determined as follows

2 = �1ω2

ω1
(18)

As stated previously, the electromagnetic damping in the sec-

nd vibration mode would be lower than the first vibration mode
ue to the increase in natural frequency. The same trend in electro-
agnetic damping at higher modes was also reported by Sadano

t al. [42]. The modal damping was applied in ANSYS using the
Fig. 9. Average simulated power against input load resistance for Design 1.

Rayleigh damping option by re-determining the � and 
 constants
from Eq. (17) based on the pre-determined total damping (mechan-
ical damping + electromagnetic damping) of vibration mode 1 and
2. Note that at this point, the determination of the � and 
 is only
to ensure that the pre-determined total damping of vibration mode
1 and 2 is applied to the simulation, and would not be applicable
for higher vibration modes. The effective mass of the main frame
and the magnet beam obtained from the simulation was  32.4 g and
94.4 g. These values were used to determine the electromagnetic
damping of both structures.

Design 1 was then simulated using different RL values to deter-
mine RoptL . Since the magnets and the coil are both vibrating, RoptL
was determined based on the structure that resulted in a higher
individual power output (by assuming that their counter compo-
nent is fixed to the base) to simplify analysis. Although the power
output of the whole design would depend on the relative motion
between the two components, the peaks in the overall power
output would still correspond to the maximum individual power
outputs of the vibrating coil and the magnets. Fig. 9 shows the curve
of the average simulated power against the input load resistance
value for Design 1.
RoptL was determined to be 10.5 �, resulting in an electromag-

netic damping ratio value of 1.8630 × 10−2 and 0.4110 × 10−2 for
the main frame and the magnet beam. The harmonic analysis

was then repeated using the determined mechanical and elec-
tromagnetic damping ratio values within a frequency range of
20 Hz–50 Hz. The results recorded maximum actual amplitude of
2.25 mm on the top surface of the coil and 2.15 mm on the top
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urface of the magnets under first mode resonance. The first and
econd mode natural frequency of the main frame was  determined
o be 26.8 Hz and 60.6 Hz respectively, where the fundamental
atural frequency of the magnet beam was 41.7 Hz. The result
escribes a 33.8 Hz difference between the first and second mode
atural frequency of the main frame. It is worth to mention that Wu
t al. [38] recorded an anti-phase motion between the coil beam and
he main frame when using a similar model. However, the simula-
ion results of the Design 1 did not record such occurrence which

ay  be due to different material and geometry application. Within
he given frequency range, Design 1 recorded two significant peaks
n its power output prediction corresponding to the first vibration

ode of the main frame and the magnet beam, with a magnitude of
.0 mW and 19.7 mW respectively. The presence of distinct peaks
re commonly observed in vibrating systems with more than a sin-
le degree of freedom [43]. The second vibration mode of the main
rame did not contribute to the power output of the design as its
atural frequency was beyond the set frequency range.

The design was then modified by adjusting the length of the
agnet beam and the coil beam while maintaining the same practi-

al volume of the design (110 mm × 60 mm × 25 mm).  The distance
etween the magnets and coil was also fixed. The first mode natural
requency of the main frame in the altered designs was tuned to be
qual to the initial design by increasing the mass of the additional
ass or by increasing the side width of the main frame inwards or

oth. The natural frequency of the magnet beam was not tuned in
ny manner due to the large frequency gap between each design
aking it practically difficult. For each modified design, the modal
echanical damping ratio for the main frame and the magnet beam
as re-evaluated using the proposed method from Section 3 and

q. (3). The optimum load resistance for whole structure was  also
eassessed. Tables 4 and 5 tabulates the parameters of the initial
nd modified main frame and magnet beams for all designs.
Simulation results showed that the maximum critically damped
tress for Design 4 was not located at the clamped end of the main
rame as seen in Fig. 10. Nevertheless, the mechanical damping was

Fig. 10. Correct evaluation on the critically damped stress

Fig. 11. Actual amplitude and phase angle for Designs 0–4. The dotted lin
tors A 286 (2019) 220–231 227

evaluated base on the critically damped stress at the clamped end
due to the reasons discussed earlier.

The magnet beam length was  not decreased beyond 10 mm  as
this length in the minimum beam length required to clamp the
magnet holder. Similarly, the coil beam length was not decreased
further than 10 mm as well. Fig. 11 illustrates the phase angle (ϕ)
and the actual amplitude (z) of the coil and the magnets.

It can be seen that the actual amplitude and phase angle of
the magnets for Designs 2, 3 and 4 are significantly lower than
the coil amplitude within the given frequency range. The phase
angle of Designs 0 and 1 are exactly the same. Due to the vibra-
tion of both the coil and the magnet, the output voltage or power
of the harvester would be dependent on the relative velocity of
the vibrating coil with respect to the vibrating magnet. Under the
same frequency, Eq. (3) shows that this velocity can be defined in
terms of relative amplitude. The relative amplitude of the vibrating
component is determined by

zrel =
[
zcoil

2 + zmag
2 − 2zcoilzmagcos(�ϕ)

]0.5
(19)

where

�ϕ =
∣∣ϕcoil − ϕmag

∣∣ (20)

where if zrel is the relative amplitude between the coil and the mag-
nets, �ϕ  is the phase difference between the coil and the magnets,
zcoil and ϕcoil is the actual amplitude and phase angle of the vibrat-
ing coil and zmag and ϕmag represent the similar parameter for the
magnets.

No occurrence of anti-phase was  recorded for all modified
designs. Table 4 shows that increasing the coil beam length results
in a decrease the electromagnetic damping of the harvester due to
the increase in effective mass. Moreover, the natural frequency of
the second vibration mode decreases when the coil beam length

was increased. There was  no clear relationship observed between
each design in terms of the harvester’s mechanical damping ratio.
Fig. 12 describes the relative amplitude and the phase difference
between the vibrating coil and magnets for all designs, which were

 parameter for mechanical damping determination.

es (··) represent the coil and the dashed lines (–) are the magnets.
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Fig. 12. Relative amplitude and phase difference of Designs 0–4.

Fig. 13. RMS  voltage and mean pow

Table 4
Design parameters of the initial and modified main frame of the harvester.

Model Design 0 Design 1 Design 2 Design 3 Design 4

CL (mm)  10 25 35 45 50
ML (mm)  50 35 25 15 10
Wside (mm)  7.2 6.0 5.5 5.0 5.0
ma (g) 0.579 0.986 1.169 0.758 0.000
ω1 (Hz) 26.8 26.8 26.8 26.8 26.8
ω2 (Hz) 80.5 60.6 49.0 40.3 38.5
�c (MPa) 6.0160 7.0842 7.4290 7.4858 6.8478
meff (g) 30.7 32.4 33.6 35.1 35.2
Ropt
L

(�) 11.5 10.5 23.0 23.5 22.0
�1 (× 10−2) 1.3324 1.5106 1.5675 1.5768 1.4714
�1
e (× 10−2) 1.8587 1.8630 1.0362 1.0091 1.0229
�2 (× 10−2) 4.0009 3.4158 2.8660 2.3711 2.1138
�2
e (× 10−2) 0.6182 0.8239 0.5662 0.6704 0.7120

Table 5
Design parameters of the initial and modified magnet beam of the harvester.

Model Design 0 Design 1 Design 2 Design 3 Design 4

ω1 (Hz) 28.1 41.7 58.9 95.9 140.5
�c (MPa) 10.8372 8.4664 6.4918 4.6074 3.3402
meff (g) 98.8 94.4 90.0 83.2 77.5

c
p
(
p
a
e
D
f

�1 (× 10−2) 2.1157 1.7370 1.4120 1.0908 0.8663
�1
e (× 10−2) 0.5503 0.4110 0.1759 0.1189 0.0828

alculated using Eqs. (19) and (20). The RMS  voltage and mean
ower outputs of Designs 0 to 4 were calculated using Eqs. (1) to
3) and plotted in Fig. 13. Compared to all the designs, Design 4 dis-
layed the highest relative amplitude, recording a 81.0% increase

s compared to Design 1. Consequently, this resulted in the high-
st power output generated by Design 4, being 11.1% higher than
esign 1. In addition, Design 4 also recorded a smaller frequency

or the second vibration mode. Nevertheless, the contribution from
er output of the Designs 0–4.

the second vibration mode in terms of power output was small and
not very significant. The contribution from the magnet vibration in
Design 4 was also insignificant due to its high natural frequency
and very low vibration amplitude for the given frequency range.
Hence, this causes the bandwidth of Design 4 to be significantly
lower than Design 1.

Design 4 recorded the lowest first modal damping for both the
main frame and the magnet beam as compared to all designs. Nor-
mally, concluding that a harvester with the lowest damping would
produce the maximum power is too simplistic as there are many
other parameters that need to be considered, although this infer-
ence was observed in Fig. 13 [44–46]. However, the concluding
statement holds true for the case of linear electromagnetic single
degree of freedom systems if the natural frequency, phase angle,
inertial effects and electromagnetic factors are alike. Since the har-
vester design analysed in this study causes both the coil and the
magnets to vibrate, it would be more accurate relate the relative
amplitude of the harvester to its resonant power output. In this case,
it was  observed that the increase in relative amplitude for Designs
0–4 under the first mode natural frequency of the main frame cor-
responded to the increase in the Design’s maximum power output
at this frequency.

It is worth to mention that the maximum relative amplitude of
Design 0 is 10.6% lower and its maximum magnet actual ampli-
tude. This significant drop in amplitude is attributed to the small
phase difference between the coil and the magnets of Design 0 near
its respective natural frequencies. In addition, the small amplitude
difference between the coil and the magnets also contributed to
the decrease in relative amplitude. This also caused the relative

amplitude of Design 0 below its first resonance mode to be signifi-
cantly deteriorated as compared to other designs. This shows that
under the condition of a small phase difference, it is more desir-
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Fig. 14. Experiment setup of the proposed electromagnetic vibration energy harvester.

Fig. 15. Comparison between FEA simulation and experimental average power against load resistance and actual amplitude at location A.
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Fig. 16. Comparison between FEA simulation and experime

ble to maximise the amplitude difference between the coil and
he magnets.

Overall, it is difficult to justify the best design among Designs
–4. However, it can be concluded for the proposed harvester that
nder the same fundamental natural frequency, maximising the
oil beam length will result in the maximum power output whereas
ompromising the coil beam length for magnet beam length can
mprove its operational bandwidth. For this study, Design 4 was
hosen to be verified with experiment due to its highest power
utput.

. Experimental verification
The main frame for Design 4 was manufactured and tested
xperimentally. The prototype was fixed onto a Data Physics (V20)
lectromagnetic shaker as shown in Fig. 14. The shaker was vibrated
MS voltage and mean power output at the load resistance.

using an analogue output NI-USB 6341 frequency generator with
a feedback system established using an accelerometer (500 mV/g).
The frequency generator and the feedback accelerometer was con-
nected to an analogue input NI9229 data acquisition (DAQ) card.
The DAQ card was linked to the computer and controlled through
LabVIEW. The displacement of the vibrating coil was separately
measured and recorded using a Fiber Optic MTI  2100 Fotonic Sen-
sor. In the experiment, the coil displacement was measured at
location A as shown in the zoomed in section of Fig. 14. Conse-
quently, the amplitude readings at point A was also extracted from
the FEA simulation.

The prototype was  vibrated using the same base accelera-
−2
tion input as the simulation, which was  4.905 ms . Experimental

results recorded 26.8 Hz and 37.5 Hz as the corresponding first and
second mode natural frequency of the prototype. These results
show a good agreement between the simulation and the experi-
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ent with less than 3.0% error. Fig. 15 shows that the comparison
etween the simulation and the experiment result for the aver-
ge power against load resistance and actual amplitude of the coil
t location A. Fig. 16 displays the comparison of between experi-
ental and simulation results for the RMS  voltage output and mean

ower output at the load resistance. Again, a good agreement can be
bserved in both figures especially under the first vibration mode.
herefore, this verifies the effectiveness of the damping prediction
ethod presented in this paper and highlights the success of the

resented mechanical damping evaluation method in predicting
he mechanical damping ratio of a complex cantilever beam-based
tructure. A higher error was recorded at the second vibration mode
eak as compared to the first peak which may  due to the use of the
ayleigh damping approximation. In previous works, some authors
ould assume a constant damping parameter when optimising or

valuating a vibration energy harvester [30,47], regardless of its
arametric changes. If the same method was applied in this study,

t would inevitably lead to larger discrepancies between the exper-
ment and simulation result. Hence, this shows the importance of
roperly defining the damping of a structure to improve the accu-
acy in analytical predictions.

. Conclusion

A novel method in predicting the mechanical damping ratio and
ower output of an electromagnetic vibration energy harvester was
roposed in this paper. It was found that based on the hysteretic
amping model, it was possible to relate the damping of a struc-
ure to its critically damped stress. An experiment was  performed
o verify the relation between the mechanical damping ratio of
tainless steel cantilevers beams with the critically damped stress.
esults displayed a strong agreement between these two parame-
ers, recording a high coefficient of determination of R2 = 0.99. In
ddition, the critically damped stress parameter is independent of
amping, making it more suited for FEA applications. The empirical
amping relation derived from the experiment was implemented

nto FEA to analyse the damping and power output of a cer-
ain vibration energy harvester design. The result that predicted
he highest power output was then manufactured, experimen-
ally tested and compared to the FEA simulation result. A strong
greement was recorded between the simulation and the experi-
ental results in terms of natural frequency, vibration amplitude

nd mean power output amounting to an error of less than 8.0%.
ence, this confirms the effectiveness of the proposed method pre-

ented in this work. Since the structure of the harvester analysed
n this study represents a complex cantilever beam-based struc-
ure, it shows that the damping prediction method proposed here
s not only valid for regular cantilever beams but can be applied for
antilever beam-based vibration energy harvesters or structures.
owever, the electrical damping ratio must be modified if other
echanical to electrical conversion methods are used. Based on the

amping evaluation method developed here, future works will con-
ider a study in shape and sizing optimisation of vibration energy
arvesters using FEA.

cknowledgements

The authors would like to acknowledge the funding body from
he Taiwan Fellowship program, Ministry of Foreign Affair in

aiwan for funding this research and the partial support from
ational Taiwan University and Ministry of Science and Technology
nder Grant Nos 105-2923-E-002-006-MY3 and 105-2221-E-002-
28-MY3.

[

[

tors A 286 (2019) 220–231

Appendix A

Appendix A describes the derivation of the electromagnetic
damping ratio equation as illustrated by Eq. (4). From Faraday’s law
of electromagnetism, the induced voltage of an electromagnetic
circuit

V = BTLcvc (A1)

where V is the induced voltage and BT is the total magnetic flux
in the coil. Owens and Mann defined the total magnetic flux in a
wounded coil as BT = NBCf [20]. Hence,

V = NBCf Lcvc (A2)

The power generated in the coil, P, can be related to the electro-
magnetic damping coefficient, Ce, as [15,25]

P = Cevc2 (A3)

According to ohm’s law, the power output can also be related to
the induced voltage by

P = 1
Rc + RL

V2 = 1
Rc + RL

(
NBCf Lcvc

)2
(A4)

Therefore,

Ce =
(
NBCf Lc

)2 1
Rc + RL

(A5)

and the electromagnetic damping ratio is thus equal too

�ne = Ce
2meff ωn

=
(
NBLcCf

)2

2meff ωn (Rc + RL)
(A6)

Note that the electromagnetic damping coefficient, Ce, is con-
stant for a fixed electromagnetic component. It is independent
of the structures modal parameters. This means that for any
vibration mode, Ce remains the same. Therefore for the same struc-
tural geometry, the modal electromagnetic damping ratio, �ne , only
depends on the modal natural frequency of the structure. On the
other hand, the mechanical damping coefficient is strongly depen-
dent on the structure’s modal parameter. The Rayleigh damping
model provides a means to estimate the mechanical damping coef-
ficient for different modes.
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