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Abstract
This paper investigates the electrical response of a series connection of piezoelectric energy harvesters
(PEHs) attached to various interface electronics, including standard and parallel-/series-SSHI
(synchronized switch harvesting on inductor) circuits. In contrast to the case of parallel connection of
multiple oscillators, the system response is determined by the matrix formulation of charging on a
capacitance. In addition, the adoption of an equivalent impedance approach shows that the capacitance
matrix can be explicitly expressed in terms of the relevant load impedance. A model problem is proposed
for performance evaluation of harvested power under different choices of interface circuits. The result
demonstrates that the parallel-SSHI array system exhibits higher power output with moderate bandwidth
improvement, while the series-SSHI system delivers a pronounced wideband at the cost of peak
harvested power. The standard array system shows a mild ability in power harvesting between these two
SSHI systems. Finally, comparisons between the series and parallel connection of oscillators are made,
showing the striking contrast of these two cases.

1. Introduction

Piezoelectric energy harvesting based on the resonant
vibration of a single piezoelectric oscillator has received
significant research attention recently [8, 9, 38–40, 42, 48,
49, 51]. It has many merits over other vibration-to-electricity
transduction methods due to the high electromechanical
coupling, no requirement for external voltage sources and
ease of implementation in tiny devices [6, 17, 23, 35, 36,
41, 43, 54, 61, 63]. As a result, improvements in the use of
piezoelectric elements for power harvesting have witnessed
a dramatic rise. These include the development of suitable
designs of oscillators [1, 7, 15, 18–20, 28, 37, 46, 65] and
efficient energy harvesting circuits for power optimization [2,
12, 22, 31, 34, 44, 50, 58, 59].

While this approach has enjoyed great success in many
aspects, there are two shortcomings. The first one is the
low power area density and the second is the pronounced
power reduction at off-resonance. The former is hard to
improve due to limitations in the area of devices and the
latter requires sophisticated techniques for frequency tuning
by developing adjustable stiffness structures [3, 4, 13, 16,
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21, 24, 64] or the use of nonlinear techniques [5, 14, 33,
45, 52, 55–57]. This has motivated a prototype based on
the use of multiple piezoelectric oscillators, since such a
design allows three-dimensional deployment of structures to
give increased power area density in a confined space. In
addition, the overall bandwidth of an array structure can be
enlarged by suitably adjusting the resonance of each oscillator.
As a result, numerous research works have described the
design of piezoelectric power generators based on the use
of multiple oscillators [10, 11, 47, 53, 60, 62]. However,
most of these studies replace practical energy harvesting
circuits by a resistor, resulting in the neglect of the reaction
of interface circuits on the dynamics of the mechanical
system [25–27]. The consideration of DC power output in
a few other studies lacks sufficient analysis, giving rise
to no estimates on harvested power. Hence, there is an
urgent need to develop a suitable methodology to study
this problem. Indeed, Lien and Shu [29, 30] have recently
investigated piezoelectric energy harvesting based on the
design of multiple oscillators. They have proposed two
approaches to study this problem. One is based on the direct
integration of the system equations [29] and the other utilizes
the idea of equivalent load impedance [30]. Several analytic
estimates on harvested power have been proposed for the
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Figure 1. A series connection of an array of piezoelectric energy harvesters attached to the standard interface (a), the parallel-SSHI
interface (b), and the series-SSHI interface (c).

parallel connection of a piezoelectric energy harvester (PEH)
array structure attached to various energy harvesting circuits,
including standard and parallel-/series-SSHI (synchronized
switch harvesting on inductor) interfaces. They have shown
that the electrical response of a PEH array can be changed
from the power-boosting mode to the wideband mode by
adjusting the system parameters of each oscillator.

Although the case of parallel connection of multiple
piezoelectric oscillators has been investigated in detail [30],
there are certain disadvantages in this design. First, the
optimal voltage of oscillators connected in parallel is much
smaller than that of oscillators connected in series, giving rise
to a difficulty in overcoming the forward threshold voltage of
diodes under weak levels of excitation. Besides, the optimal
impedance of the former is smaller than that of the latter,
giving rise to the need to consider electrical loss due to
diodes and switches. Thus, there is a need to analyze the
latter case. Indeed, here we study the electrical response of a
series connection of multiple piezoelectric oscillators attached
to various interface circuits, as illustrated in figure 1. The
methodology is based on the direct integration of the system
equations, including the consideration of balance of charge,
energy and electromechanical dynamics. The steady-state
response of an array system connected in series is obtained
analytically and explained by the equivalent impedance. It
is shown that the system response is determined by the
matrix formulation of charging on a capacitance. This is
very different from the case of parallel connection of a PEH
array system, where the system behavior is formulated by the
matrix form of the generalized Ohm’s law [30]. Finally, the
proposed estimates are applied to a model problem in which
the performance evaluation is carried out for different energy
harvesting circuits. In addition, the results are compared to
the case of parallel connection of oscillators, showing an
interesting contrast in the electrical response in these two
cases.

2. Model

Consider an array of piezoelectric oscillators connected
in series, as shown in figure 1. It is assumed that there
are no significant differences in the parameters of each
piezoelectric oscillator and the modal density of each
oscillator is widely separated. Further assume that the
structure is vibrating at around the resonance frequency.

In this case, the array system can be modeled as a
mass + spring + damper + piezostructure, with governing
equations described by [30, 48]

Mnün(t)+ ηnu̇n(t)+ Knun(t)+2nVpn(t) = Fn(t), (1)

−2nu̇n(t)+ Cpn V̇pn(t) = −In(t), (2)

Fn(t) = F̄n cos(wt − τn), (3)

where n= 1, 2, . . . ,N and N is the total number of oscillators,
un the displacement of the nth mass Mn,Vpn the voltage
across the nth piezoelectric element, Fn(t) the forcing function
applied to the nth oscillator and In(t) the current flowing into
the specified circuit. In addition, in equations (1) and (2),
ηn,Kn, 2n and Cpn are the mechanical damping coefficient,
the stiffness, the piezoelectric coefficient and the capacitance
of the nth piezoelectric oscillator. The forcing function Fn(t)
is assumed to be harmonic, with w as the angular frequency
(in radians per second) and τn as the given phase shift angle.
However, for a vibrating source with its energy distributed
over a wide spectrum of frequencies, the proposed framework
is not suitable. Instead, oscillators with nonlinear stiffness
have been recently proposed to enhance power extraction
under random-frequency excitations [5, 33, 55, 57].

Next, as the array system is connected in series, the
overall piezoelectric voltage Vp(t), capacitance Cp and current
Ip(t) flowing into the specified circuit are

Vp(t) =
N∑

n=1

Vpn(t),
1

Cp
=

N∑
n=1

1
Cpn

,

Ip(t) = Ipn(t), ∀n.

(4)

In addition, we define

V∗pn
(t) =

2n

Cpn

un(t), V∗p (t) =
N∑

n=1

V∗pn
(t), (5)

where V∗pn
(t) is the equivalent voltage source due to

mechanical vibration of the nth oscillator and V∗p (t) is the
overall equivalent voltage source due to vibration of an array
of oscillators. Therefore, equation (2) can be rewritten as

V̇∗p (t) = V̇p(t)+
1

Cp
Ip(t). (6)

Now under the steady-state operation, the displacement
of each oscillator is set to be

un(t) = ūn cos(wt − τn − θn), (7)

2
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Figure 2. Typical waveforms of the overall equivalent voltage source V∗p (t) and piezoelectric voltage Vp(t) for the standard interface (a), the
parallel-SSHI interface (b), and the series-SSHI interface (c).

where ūn is the magnitude of displacement and θn is the
relative phase shift. Thus, from equation (5), the overall
equivalent voltage source due to vibration can be expressed
as

V∗p (t) = V̄∗p cos(wt − α), (8)

where α is the phase shift and V̄∗p is the magnitude of V∗p (t)
and is related to ūn by

V̄∗p =
N∑

n=1

2n

Cpn

ūnej(α−τn−θn), j2 = −1. (9)

Indeed, the substitution of equation (7) into equation (5)
together with equation (8) provides

V∗p (t)

=

N∑
n=1

[cos(τn + θn) cos wt + sin(τn + θn) sin wt]
2n

Cpn

ūn

= [cosα cos wt + sinα sin wt] V̄∗p .

This leads to

cos(−α)V̄∗p =
N∑

n=1

cos(−τn − θn)
2n

Cpn

ūn

sin(−α)V̄∗p =
N∑

n=1

sin(−τn − θn)
2n

Cpn

ūn

which in turn gives the desired result of equation (9).

2.1. Standard circuit

Suppose the array of oscillators is connected to a standard
circuit consisting of a rectifier followed by a filtering
capacitance Ce for AC/DC conversion, as shown in figure 1(a).
The terminal load is represented by a resistor RL and Vc

is the DC voltage across it, as also shown in figure 1(a).
The rectifying bridge is assumed to be perfect here. Under
the steady-state excitation of a single signal, the typical
waveforms of the equivalent voltage source V∗p (t) and
overall piezoelectric voltage Vp(t) are shown schematically in
figure 2(a).

Now let ti and tf be two time instants such that V∗p (t) goes
from the minimum −V̄∗p to the maximum +V̄∗p , as shown in
figure 2(a). Let T denote the period of mechanical excitation.
Hence, T

2 =
π
w = tf − ti. From the principle of balance of

charge conservation, we have∫ tf

ti
Ip(t) dt =

T

2
Vc

RL
=
π

w

Vc

RL
. (10)

Thus, the integration of equation (6) from ti to tf gives

2V̄∗p = 2Vc +
1

Cp

π

w

Vc

RL
. (11)

This gives the relation between the DC voltage Vc and the
magnitude of overall equivalent voltage source V̄∗p as

VStandard
c =

(
CpwRL

π
2 + CpwRL

)
V̄∗p . (12)

3
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Next, the use of equation (2) to eliminate Vpn from
equation (1) gives

Mn
d
dt

ün(t)+ ηn
d
dt

u̇n(t)+ Kn
d
dt

un(t)+
22

n

Cpn

u̇n(t)

−
2n

Cpn

Ip(t) =
d
dt

Fn(t). (13)

By using equations (7), (10) and (12), the integration of
equation (13) over the half-cycle from ti to tf provides

F̄n cos(α − τn) =
−π

2
2n

Cpn

(
Cp

π
2 + CpwRL

)
V̄∗p

+

[(
Kn − w2Mn +

22
n

Cpn

)
× cos(α − τn − θn)− ηnw

× sin(α − τn − θn)

]
ūn. (14)

Finally, we consider the formulation from the principle of
balance of energy. However, different from the case of parallel
connection of the PEH array, where equation (1) is multiplied
by current for the consideration of energy balance, here we
consider a different formulation. Indeed, we first eliminate
Vpn from equation (1) by using equation (2) and multiply
equation (1) by V̇∗p (t). This gives∫ tf

ti

(
Mnün(t)+ ηnu̇n(t)+ Knun(t)+

22
n

Cpn

un(t)

+
2n

Cpn

Qp(t)− Fn(t)

)
V̇∗p (t) dt = 0, (15)

where Qp = Qpn and Ip(t) = − d
dt Qp(t) due to the characteris-

tics of series connection of piezoelectric oscillators. Next, the
balance of energy gives [48, 49]∫ tf

ti
Ip(t)Vp(t) dt =

π

w

V2
c

RL
(16)

and the repeated use of equation (6) provides

1
Cp

∫ tf

ti
V̇∗p (t)Qp(t) dt

=

∫ tf

ti
V̇∗p (t)Vp(t) dt −

∫ tf

ti
V̇∗p (t)V

∗
p (t) dt

=

∫ tf

ti

(
V̇p(t)+

1
Cp

Ip(t)

)
Vp(t) dt −

1
2

[
V∗p (t)

]2
∣∣∣∣tf
ti

=
1
2

[
Vp(t)

]2 ∣∣∣∣tf
ti

+
1

Cp

(
π

w

V2
c

RL

)
−

1
2

[
(V̄∗p )

2
− (−V̄∗p )

2
]

=
1
2

[
(Vc)

2
− (−Vc)

2
]
+

(
π

CpwRL

)
V2

c

=

(
π

CpwRL

)
V2

c (17)

by observing the waveforms of V∗p (t) and Vp(t) in figure 2(a).
Now substituting equations (7) and (8) into equation (15)

together with the aid of equations (12) and (17) provides

F̄n sin(α − τn) =
2n

Cpn

2C2
pwRL(

π
2 + CpwRL

)2 V̄∗p

+

[(
Kn − w2Mn +

22
n

Cpn

)
× sin(α − τn − θn)+ ηnw

× cos(α − τn − θn)

]
ūn. (18)

The magnitude of displacement of each oscillator is then
obtained by the simplification of equations (9), (14) and (18).
This gives

F̂n =

[(
Cpn

2n

)2 (
Kn − w2Mn + jwηn

)
+ Cpn

]
ûn

+

[
−
π

2

Cp(
π
2 + CpwRL

) + j
2C2

pwRL(
π
2 + CpwRL

)2
]

×

(
N∑

k=1

ûk

)
, (19)

where

F̂n =
Cpn

2n
F̄nej(α−τn), ûn =

2n

Cpn

ūnej(α−τn−θn). (20)

The explanation of equation (19) will be furnished in
section 3.

2.2. Parallel-SSHI circuit

Suppose a series connection of a PEH array is connected
to another interface circuit, parallel-SSHI, as shown in
figure 1(b) [12, 50]. In this case, a switching device and an
inductor L are added in parallel between the array and the
rectifier. Unlike the case of a single oscillator, in which the
switch is triggered when the displacement reaches its extreme
values, here the switch is triggered at the extremes of the
overall equivalent voltage source V∗p (t). In addition, the switch
stays closed for a time very much shorter than the period
of excitation; i.e., 1t = π

√
LCp �

T
2 =

π
w . Therefore, the

overall capacitance Cp and the inductor L are able to form
an electric oscillation to transfer energy within1t. As a result
of electric oscillation, this leads to the inversion of Vp(t) at
the extreme values of V∗p (t), giving rise to a 90◦ phase shift
between these two, as illustrated in figure 2(b). Note that
the voltage inversion is not perfect because of energy loss
from the inductor in series with the switch. Hence, letting
t+i = ti +1t, we have

Vp(t
+

i ) = qIVc, qI = e
−

π
2QI , (21)

where QI is the inversion quality factor. Such an imperfect
inversion is also shown in figure 2(b).

From the balance of charge conservation, integrating
equation (6) from t+i to tf gives

2V̄∗p = (Vc − qIVc)+
1

Cp

π

w

Vc

RL
.

4
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Thus, the relation between the magnitude of the overall
equivalent voltage source V̄∗p and the rectified voltage Vc is

VP-SSHI
c =

 CpwRL

π
2 +

(
1−qI

2

)
CpwRL

 V̄∗p . (22)

Next, integrating equation (13) for the formulation of the
electromechanical dynamics from t+i to tf gives

F̄n cos(α − τn) =
−π

2
2n

Cpn

 Cp

π
2 +

(
1−qI

2

)
CpwRL

 V̄∗p

+

[(
Kn − w2Mn +

22
n

Cpn

)
× cos(α − τn − θn)− ηnw

× sin(α − τn − θn)

]
ūn. (23)

Finally, consider the formulation of the generalized
balance of energy given by equation (15). Different from the
result of equation (17), here

1
Cp

∫ tf

t+i

V̇∗p (t)Qp(t) dt

=

∫ tf

t+i

V̇∗p (t)Vp(t) dt −
∫ tf

t+i

V̇∗p (t)V
∗
p (t) dt

=

∫ tf

t+i

(
V̇p(t)+

1
Cp

Ip(t)

)
Vp(t) dt −

1
2

[
V∗p (t)

]2
∣∣∣∣tf
t+i

=
1
2

[
Vp(t)

]2 ∣∣∣∣tf
t+i

+
1

Cp

(
π

w

V2
c

RL

)
−

1
2

[
(V̄∗p )

2
− (−V̄∗p )

2
]

=
1
2

(
1− q2

I

)
V2

c +

(
π

CpwRL

)
V2

c (24)

from the observation of the waveforms of V∗p (t) and Vp(t) in
figure 2(b). Now substituting equations (7) and (8) into (15),
where the integration period is from t+i to tf, we have

F̄n sin(α − τn)

=
2n

Cpn

[
2+

(
1−q2

I
π

)
CpwRL

]
C2

pwRL[
π
2 +

(
1−qI

2

)
CpwRL

]2 V̄∗p

+

[(
Kn − w2Mn +

22
n

Cpn

)
sin(α − τn − θn)

+ ηnw cos(α − τn − θn)

]
ūn (25)

with the help of equations (22) and (24).

The magnitude of displacement of each oscillator is then
obtained by the simplification of equations (9), (23) and (25).
This gives

F̂n =

[(
Cpn

2n

)2 (
Kn − w2Mn + jwηn

)
+ Cpn

]
ûn

+

{
−πCp[

π + (1− qI)CpwRL
]

+ j
4
[

2+
(

1−q2
I

π

)
CpwRL

]
C2

pwRL[
π + (1− qI)CpwRL

]2


×

(
N∑

k=1

ûk

)
, (26)

where F̂n and ûn are defined by equation (20).

2.3. Series-SSHI circuit

We now turn to the final case of implementing a series-SSHI
interface to a series connection of a PEH array. In this case,
a switching device and an inductor are connected to the array
structure in series, as shown in figure 1(c) [2, 31]. The switch
is set to be triggered at the extreme values of the equivalent
voltage source V∗p (t), giving rise to locking of a 90◦ phase
shift angle between V∗p (t) and Vp(t). Note that once the switch
turns off, the array is in an open-circuit condition, leaving no
current flowing out of it. But when the switch is on at time
instant ti, the overall piezoelectric voltage Vp(ti) = −VM is
reversed to Vp(t

+

i ) = Vm during the inversion process, where
t+i − ti = 1t = π

√
LCp �

π
w . From these observations, the

typical waveforms of V∗p (t) and Vp(t) are shown in figure 2(c).
Finally, the electrical oscillation of this switching device
gives [2, 31]

− (VM − Vc)qI = −(VM − Vc)e
−π
2QI = −Vm − Vc, (27)

where qI is defined by equation (21), with QI as the inversion
quality factor due to electric loss in the switching process.

To analyze the electrical response of this array system,
first note that from the balance of charge conservation during
the inversion process,

1Q = Cp1Vp = Cp(VM + Vm) =
T

2
Vc

RL
=
π

w

Vc

RL
. (28)

Next, integrating equation (6) from t+i to tf gives

2V̄∗p = VM − Vm (29)

since Ip(t) = 0 within the time interval (t+i , tf). Thus, from
equations (27)–(29), we have

VM =
2

1− qI
V̄∗p −

(
1+ qI

1− qI

)
Vc,

Vm =
2qI

1− qI
V̄∗p −

(
1+ qI

1− qI

)
Vc,

VS-SSHI
c =

2(1+ qI)CpwRL

(1− qI)π + 2(1+ qI)CpwRL
V̄∗p .

(30)

5
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Now integrating equation (13) for the formulation of the
electromechanical dynamics from t+i to tf gives

F̄n cos(α − τn) =

[(
Kn − w2Mn +

22
n

Cpn

)
× cos(α − τn − θn)− ηnw

× sin(α − τn − θn)] ūn. (31)

Finally, consider the generalized balance of the energy
formulation in equation (15). Different from the previous two
cases, here

1
Cp

∫ tf

t+i

V̇∗p (t)Qp(t) dt

=

∫ tf

t+i

V̇∗p (t)Vp(t) dt −
∫ tf

t+i

V̇∗p (t)V
∗
p (t) dt

=

∫ tf

t+i

(
V̇p(t)+

1
Cp

Ip(t)

)
Vp(t) dt −

1
2

[
V∗p (t)

]2
∣∣∣∣tf
t+i

=
1
2

[
Vp(t)

]2
|
tf
t+i
+ 0− 1

2

[
(V̄∗p )

2
− (−V̄∗p )

2
]

=
1
2

(
V2

M − V2
m

)
(32)

by observing the waveforms of V∗p (t) and Vp(t) in figure 2(c).
The substitution of equations (7) and (8) into (15), where the
integration period is from t+i to tf gives

F̄n sin(α − τn)

=
2n

Cpn

[
4(1+ qI)Cp[

π(1− qI)+ 2 (1+ qI)CpwRL
]] V̄∗p

+

[(
Kn − w2Mn +

22
n

Cpn

)
sin(α − τn − θn)

+ ηnw cos(α − τn − θn)

]
ūn (33)

with the aid of equations (30) and (32).
The magnitude of displacement of each oscillator is then

obtained by the simplification of equations (9), (31) and (33),
therefore,

F̂n =

[(
Cpn

2n

)2 (
Kn − w2Mn + jwηn

)
+ Cpn

]
ûn

+ j

[
4(1+ qI)Cp[

(1− qI)π + 2 (1+ qI)CpwRL
]]

×

(
N∑

k=1

ûk

)
, (34)

where F̂n and ûn are defined by equation (20).

3. Interpretation as an equivalent impedance

The results obtained from section 2 can also be explained
using the concept of an equivalent impedance, and we use
the case of a standard circuit to illustrate it in terms of
space saving. From equation (6), the circuit model of a series

Figure 3. (Top) Equivalent circuit model of a series connection of a
PEH array endowed with a standard circuit. (Bottom) Replacing the
piezoelectric capacitance and the energy harvesting circuit of the
previous circuit model by an equivalent impedance Z.

connection of a PEH array is schematically shown at the top
of figure 3. Now let Z be the equivalent impedance of the
circuit elements consisting of the piezoelectric capacitance Cp
and the harvesting circuit, as also illustrated at the bottom of
figure 3. Therefore, from Kirchhoff’s circuit law,

V̄∗p = ĪpZ, (35)

where Īp is the complex magnitude of Ip(t). The substitution
of equations (7)–(9) and equation (35) into (13) gives[(

Cpn

2n

)2 (
Kn − w2Mn + jwηn

)
+ Cpn

]
ûn

−
1

jwZ

(
N∑

k=1

ûk

)
= F̂n, (36)

where F̂n and ûn are defined by equation (20). Note that
equation (36) can be rewritten in the matrix form as

Q = CV, Q = {F̂n}, V = {ûn}, (37)

and the matrix C = {Cmn} is defined by

Cmn =

{
CI if m 6= n,

C(n)O + CI if m = n,
(38)

where CI is related to the types of interface circuit and C(n)O
is associated with the properties of oscillators. They are given
by

CI = −
1

jwZ
, (39)

C(n)O =

(
Cpn

2n

)2 (
Kn − w2Mn + jwηn

)
+ Cpn . (40)

6
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Table 1. Input data used for numerical validation.

Mn (kg) ηn (N s m−1) Kn (N m−1) 2n (N V−1) Cpn (nF) Fn (N)

Oscillator 1 0.009 73 0.073 16 786.319 0.001 22 25.78 0.050
Oscillator 2 0.008 95 0.076 82 762.730 0.001 34 26.81 0.051
Oscillator 3 0.010 22 0.074 62 786.319 0.001 28 24.49 0.049

However, the equivalent impedance Z is still unknown.
To determine it, consider the case of a single energy harvester;
i.e., N = 1. In this case, equation (36) is simplified to

F̄

ū
=


(

K − w2M +
22

Cp
+
22

C2
pw

ẐI

)2

+

(
wη +

22

C2
pw

ẐR

)2


1
2

, (41)

where both ẐR and ẐI are defined by

1
Z
= ẐR − jẐI. (42)

Note that in this case the analytic steady-state solution of a
piezoelectric oscillator connected to the standard interface has
been proposed by Shu and Lien (equation (28) in [48]) and is
given by

F̄

ū
=

{(
K − w2M +

w22RL
π
2 + CpwRL

)2

+

(
wη +

2w22RL(
π
2 + CpwRL

)2
)2


1
2

. (43)

Thus, the comparison between equations (41) and (43) gives

ẐStandard
R =

2C2
pw2RL(

π
2 + CpwRL

)2 ,
ẐStandard

I =
−πCpw

2
(
π
2 + CpwRL

) . (44)

In fact, from the approach proposed in section 2.1, the
comparison between equations (19) and (36) gives the same
load impedance Z as in equation (44). In addition, using an
approach similar to the case of the standard circuit, it can be
shown that

ẐP-SSHI
R =

4
[

2+
(

1−q2
I

π

)
CpwRL

]
C2

pw2RL[
π + (1− qI)CpwRL

]2 ,

ẐP-SSHI
I =

−πCpw[
π + (1− qI)CpwRL

]
(45)

for the case of a parallel-SSHI interface and

ẐS-SSHI
R =

4(1+ qI)Cpw[
(1− qI)π + 2 (1+ qI)CpwRL

] ,
ẐS-SSHI

I = 0

(46)

for the case of a series-SSHI interface.

Finally, equation (37) is a matrix formulation for charging
on a capacitance with the vector Q related to the excitation
force and the vector V related to mechanical displacement.
As a result, a series connection of a PEH array works like a
capacitance. As the array structure is excited, charge pours
into the capacitance, raising the voltage across it. Now, to
obtain the harvested power, first the unknown displacement
can be obtained from equation (37) by matrix inversion, and
subsequently the magnitude of the equivalent voltage source
by equation (9). Next, the rectified voltage Vc is obtained from
equation (12) for the standard circuit, equation (22) for the
parallel-SSHI circuit and equation (30) for the series-SSHI
interface. Finally, the harvested power for each case is
therefore

P =
V2

c

RL
. (47)

4. Validation

The validation of the proposed analytical estimates can
be carried out numerically through a conventional PSpice
circuit simulation. Consider a case where three piezoelectric
oscillators are connected in series with the parameters listed in
table 1. Its system equations formulated by equations (1)–(3)
are replaced by the standard R∗L∗C∗ equivalent circuit model
with R∗n =

ηn
22

n
as the resistor, L∗n =

Mn
22

n
as the inductance,

C∗n =
22

n
Kn

as the capacitance and Vn
source =

F̄n
2n

as the voltage
source [32, 61]. The device is connected to different electronic
interfaces, including standard, parallel-SSHI and series-SSHI
circuits, respectively. For the cases of SSHI interfaces,
qI = 0.3. Finally, the circuit simulation is performed by
the standard software PSpice, which is based on the
SPICE (simulation program with integrated circuit emphasis)
algorithm.

The results for the different interface circuits are
demonstrated in figure 4, where the harvested average power
is plotted against the frequency evaluated at various resistive
loads. The predictions of the proposed theory are presented
as lines, while the simulation results are presented as marked
points. Clearly, the proposed estimates agree well with the
numerical simulations. Thus, it is concluded that the analytical
estimates are appropriate for evaluating the electrical response
of multiple piezoelectric energy harvesters connected in series
and, therefore, provide a useful guidance for design analysis.

5. Results

To demonstrate the model results under various conditions,
consider a harvester array consisting of three piezoelectric
oscillators connected in series. For the purpose of comparison
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Figure 4. Numerical validation of the proposed analytical estimates of harvested power against frequency evaluated at various loads.
(a) standard interface, (b) parallel-SSHI interface and (c) series-SSHI interface.

Figure 5. Harvested power against frequency for different values of resistance. Response of a single piezoelectric oscillator attached to the
standard interface (a), the parallel-SSHI interface (b) and the series-SSHI interface (c). Response of a series connection of three identical
piezoelectric oscillators attached to the standard interface (d), the parallel-SSHI interface (e) and the series-SSHI interface (f).

with the case of parallel connection of multiple oscillators,
we take the same parameters from [30]. In other words,
the piezoelectric oscillators have the identical system
parameters except that the masses are different; i.e.,
Mn = (0.006 514)λn kg, ηn = 0.126 28 N s m−1,Kn =

481.207 N m−1, 2n = 0.001 587 N V−1, Cpn = 45 nF, Fn =

0.045 79 N, τn = 0 and qI = 0.5. The parameter λn is adjusted
to distinguish the various extents of the deviation in mass.

First we consider the case of no deviation in mass; i.e,
λ1 = λ2 = λ3 = 1. Before we carry out the comparisons
for the harvester array, the electrical responses of a
single piezoelectric harvester connected to the standard and
parallel-/series-SSHI interfaces are shown in figures 5(a)–(c),

8
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Figure 6. Harvested power is plotted against frequency under different values of resistance. (a)–(c) Results from series connection of three
piezoelectric oscillators attached to the standard interface, parallel-SSHI and series-SSHI interfaces, respectively. (d)–(f) Results from a
parallel connection of three piezoelectric oscillators attached to the standard interface, parallel-SSHI and series-SSHI interfaces,
respectively. In each case, the system parameters of each oscillator are almost identical, apart from a 10% deviation in mass.

respectively. The peak power in each case is around 1.8 mW.
On the other hand, if three identical piezoelectric oscillators
are connected in series, the harvested power against frequency
under various resistive loads is shown in figures 5(d) (standard
circuit), (e) (parallel-SSHI circuit) and (f) (series-SSHI
circuit), respectively. Obviously, the plots at the bottom of
figure 5 indicate that the power harvested by the array
system is boosted by three times over that based on a single
piezoelectric oscillator. In each case, the magnitude of optimal
load can also be shown to be increased by a factor of three
over the original value. Finally, similar to the case of a single
harvester, both parallel-SSHI and series-SSHI systems exhibit
different extents of bandwidth improvement, showing their
advantage over the standard circuit system [31].

Next, consider the case where the deviation in mass
is relatively high, at around 10%; i.e.; λ1 = 1.1, λ2 = 1
and λ3 = 0.9. The harvested power against frequency under
various resistive loads is illustrated in figures 6(a) (standard
circuit), (b) (parallel-SSHI circuit) and (c) (series-SSHI
circuit), respectively. These results deliver several important
messages for system design to attain optimal power. First, the
increase of harvested power is not as significant as that in
the previous case. It is around twice as large as that based

on the use of a single piezoelectric oscillator. Second, the
deviation in mass causes different resonant frequencies of
the oscillators. The open-circuit resonances of each oscillator
are around 43.5 Hz, 45.7 Hz and 48.2 Hz, respectively.
Interestingly, the standard system exhibits roughly three
different peaks of power, corresponding to the different
resonances of the component oscillators, as demonstrated in
figure 6(a). Also, the maximum of these three peaks is driven
at around the smallest open-circuit resonant frequency of the
oscillator. Next, from figure 6(b), the electrical response of a
parallel-SSHI system is similar to that of the standard system.
However, the parallel-SSHI array delivers a higher peak power
as well as a better wideband effect than the series-SSHI array.
Finally, the series-SSHI array system exhibits a significant
bandwidth improvement in power harvesting, as shown in
figure 6(c). However, its peak power output is reduced by
more compared to the other two cases.

Finally, under the same circumstances, the simulation
results are compared to those delivered by an array system
connected in parallel. They are shown in figures 6(d) (standard
circuit), (e) (parallel-SSHI circuit) and (f) (series-SSHI
circuit), respectively [30]. Several observations are drawn
from these plots. First, in contrast to the case of series
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connection of multiple oscillators using the standard interface,
the optimal peak for parallel connection of a standard array
system is close to the largest resonance of oscillators. Next,
the comparison between figures 6(b) and (f) shows that the
electrical response of a series connection of a parallel-SSHI
array system is like the mirror image of that of a parallel
connection of a series-SSHI array system. Similarly, the
comparison between figures 6(c) and (e) shows that the
electrical response of a series connection of a series-SSHI
array system is also like the mirror image of that of a parallel
connection of a parallel-SSHI array system. Thus, if a device
that is able to switch the connection from parallel to series and
vice versa is added to an array system, it is expected that both
the harvested power and bandwidth can be further improved.

6. Conclusion

The electrical response of a series connection of multiple
piezoelectric oscillators is investigated, accounting for the
effect of different interface circuits on the harvested power.
Three energy harvesting circuits are investigated, including
the standard and parallel-/series-SSHI interfaces. The analysis
is based on the consideration of the balance of charges, energy
and electromechanical dynamics. In addition, the results are
explained by the equivalent impedance approach. It shows a
key difference in the analysis between series connection and
parallel connection of oscillators. The vibration of oscillators
in the former case is modeled as an effective voltage source,
while that of the latter is formulated as an effective current
source [30]. In addition, the system response of a series
connection of a PEH array is determined by the matrix
formulation of charging a capacitance. Various forms of
capacitance matrix in terms of load impedance are proposed
explicitly for the different interface circuits. The theoretical
predictions are validated numerically by circuit simulations.

The performance evaluation is carried out for a model
problem consisting of three piezoelectric oscillators. The
results show that the parallel-SSHI array system exhibits a
higher power output with moderate bandwidth improvement,
while the series-SSHI system exhibits a pronounced wideband
at the cost of peak harvested power. The standard array system
demonstrates a mild ability in energy harvesting between
these two SSHI systems. Finally, comparisons between the
series and parallel connection of oscillators are made and
show striking contrast in these two cases. As a result, the
performance can be further improved if a switching circuit is
implemented to change the connection from series to parallel
and vice versa.
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