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Abstract
Finite element models are developed for designing electrically rectified piezoelectric energy
harvesters. They account for the consideration of common interface circuits such as the standard
and parallel-/series-SSHI (synchronized switch harvesting on inductor) circuits, as well as
complicated structural configurations such as arrays of piezoelectric oscillators. The idea is to
replace the energy harvesting circuit by the proposed equivalent load impedance together with
the capacitance of negative value. As a result, the proposed framework is capable of being
implemented into conventional finite element solvers for direct system-level design without
resorting to circuit simulators. The validation based on COMSOL simulations carried out for
various interface circuits by the comparison with the standard modal analysis model. The
framework is then applied to the investigation on how harvested power is reduced due to
fabrication deviations in geometric and material properties of oscillators in an array system.
Remarkably, it is found that for a standard array system with strong electromechanical coupling,
the drop in peak power turns out to be insignificant if the optimal load is carefully chosen. The
second application is to design broadband energy harvesting by developing array systems with
suitable interface circuits. The result shows that significant broadband is observed for the parallel
(series) connection of oscillators endowed with the parallel-SSHI (series-SSHI) circuit technique.

Keywords: finite element modeling, piezoelectric energy harvesting, interface circuits, array of
piezoelectric oscillators, equivalent load impedance
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1. Introduction

Significant research efforts have been made for developing
vibration-based piezoelectric energy harvesting due to the
ubiquitous presence of ambient vibrations as well as high
electromechanical coupling in piezoelectric materials
[9, 46, 55]. These include the analytic and experimental
models of energy harvester structures [6, 8, 19, 37, 43, 45,
47, 50, 53, 58, 70], the search of suitable piezoelectric
materials [18, 36, 41], the circuit designs for maximum power
transfer [3, 12, 13, 23, 26, 27, 30, 33, 42, 49, 52, 54, 60, 62],
and the advanced fabrications for creating micro-/nano-power
generators [15, 24, 32, 44, 69].

However, the bottleneck for developing such techniques
is that it requires the frequency matching between the

resonance of a device and that of an ambient excitation
source. This gives rise to the consideration of designing
structures with complex configurations for frequency tuning
[5, 10, 14, 17, 22, 25, 39, 40, 61]. Another approach, which
has recently received significant research attentions, is to use
multiple piezoelectric oscillators with slightly different reso-
nances for enlarging bandwidth [2, 4, 11, 34, 38, 51, 56,
66, 68]. However, the increasing number of degrees of free-
dom of structures together with the consideration of interface
circuits resulted in limited works for analyzing electrically
rectified array systems [28, 29, 31, 59, 63, 64]. As a result, it
raises an issue on the need for convenient numerical tools
used for the system-level design of complicated configura-
tions either in structures or circuits.

Indeed, a number of finite element techniques commonly
used in engineering practice have been recently applied to the
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simulations of electromechanical response of a piezoelectric
energy harvesting device. For example, Zhu et al [71]
developed a coupled piezoelectric-circuit finite element model
to analyze the effect of different magnitudes of load resistors
on harvested power output. They used the commercial finite
element solver (ANSYS) to execute simulations and proposed
several design guidelines that enabled the harvesting of higher
power output by varying geometric parameters of a cantilever
bimorph [72]. Abdelkefi et al [1], Schoeftner and Buchberger
[48] and Xiong and Oyadiji [65] also used ANSYS/ABAQUS
to perform simulations for either model validation or para-
meter identification in their analytic models. Instead of using
commercial finite element solvers, De Marqui et al [16] and
Kim and Kim [21] developed finite element models suitable
for plate-like/beam harvesters with moderate aspect ratios. In
addition, Lumentut and Howard [35] recently presented new
numerical techniques to improve the finite element model of
laminated beam type. They used this model to simulate the
response of a cantilevered piezoelectric energy harvester with
tip mass offset.

The above mentioned works are, however, applied only
to the device that is directly connected to a load resistor. This
gives rise to the estimation of AC power output that an energy
harvester can achieve. On the other hand, the need of DC
power output limits the application of finite element method
to electrically rectified piezoelectric elements. Hence, certain
research efforts are made on the combination of finite element
solvers and circuit simulators. But the direct combination of
these two is not an easy task due to the use of nonlinear
interface circuits. Hence, indirect finite element approaches
by Elvin and Elvin [7] and Yang and Tang [67] were
developed with the help of the SPICE software for circuit
simulation. Specifically, the former approach requires trans-
ferring data between the finite element solver and SPICE
simulator at each iteration and, therefore, may limit the
applicability of this framework. The latter approach involves
a two-step process which requires the finite element simula-
tions to obtain the system parameters used in the circuit
simulations by SPICE. This two-step approach was later
improved by Kim [20] proposing an efficient identification
algorithm realized as a software module. Finally, Wang et al
[57] recently extended this two-step approach to the case of
an energy harvester with two electrical output ports.

To avoid these inconveniences, a direct finite element
model is developed here based on the use of equivalent load
impedance proposed by Lien and Shu [28]. It suffices for the

system-level design and takes into account practical energy
harvesting circuits with the standard/parallel-SSHI/series-
SSHI (synchronized switch harvesting on inductor) interfaces.
The energy harvesting circuit is replaced by an equivalent
load impedance together with the parasitic piezoelectric
capacitance of negative value. As the expression of the
equivalent load impedance is explicitly derived, the frame-
work can be implemented conveniently in commercial finite
element softwares without resorting to circuit simulators. In
addition, the extensions to complicated structures such as
array configurations are straightforward and are provided
here. The proposed model is later validated by comparing it to
that developed by Yang and Tang [67]. Finally, the frame-
work is applied to the design of energy harvesting devices
with ability either in power enhancement or broadband
improvement by developing array configurations with sui-
table interface circuits.

2. Equivalent circuit models

Consider a piezoelectric oscillator connected to a rectified
circuit. Under the steady-state excitation around the resonance
mode, the device is commonly modeled as a mass-spring-
damper-piezo-structure as illustrated in figure 1 [52, 54]. Its
electromechanical response is governed by

Mu t u t Ku t V t F t¨ ( ) ˙ ( ) ( ) ( ) ( ), (1)m pη Θ+ + + =

u t C V t I t˙ ( ) ˙ ( ) ( ), (2)p pΘ− + = −

where u is the displacement of the mass M, Vp is the voltage
across the piezoelectric element, F t( ) is the applied forcing
function, and mη , K, Θ and Cp are the mechanical damping
coefficient, the stiffness, the piezoelectric constant and the
parasitic capacitance of the piezoelectric device. In addition,
I t( ) is the current flowing into the specified energy harvesting
circuit whose representative one is shown in figure 1(a). It
consists of the standard interface including a rectifier followed
by a filtering capacitance Ce for AC/DC conversion. The
terminal load is presented by a resistor RL and Vc is the DC
voltage across the resistor. The rectifying bridge is assumed to
be perfect here and Ce is large enough to maintain constant
DC voltage Vc across RL. Another common interface circuit
used as an impedance modifier for enhancing electromecha-
nical response is the SSHI circuit. It consists of adding up a
switching device (an inductor L in series with a switch) in
parallel (series) with the piezoelectric harvester structure, as

Figure 1. The parameter model of an electrically rectified piezoelectric energy harvester. The energy harvesting circuit with the standard
interface as in (a), the parallel-SSHI interface as in (b), and the series-SSHI interface as in (c).
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also shown in figure 1(b) for parallel-SSHI, and in figure 1(c)
for series-SSHI. The details on how the SSHI interface
circuits work can be found in [3, 12, 30, 54]. Finally,
equation (2) can be realized from the electrical perspective
and is explained next.

2.1. Equivalent current model

Introducing the equivalent velocity current I t( )p
* by

I t u t( ) ˙ ( ), (3)p
* Θ=

equation (2) can be rewritten as

I t C V t I t( ) ˙ ( ) ( ). (4)p p p* = +

From Kirchhoffʼs current law, the relation between the
equivalent velocity current I t( )p

* and the real current I t( ) is
schematically demonstrated by figure 2(a).

Next, let Z1 be the equivalent impedance of the circuit
elements consisting of the piezoelectric capacitance Cp in
parallel with the energy harvesting circuit, as also illustrated
by the red rectangle in figure 2(a). Therefore, the voltage Vp

across Z1 is related to the current Ip
* by

V I Z· . (5)p p
* 1=

Suppose the base excitation is harmonic with a single signal,
the forcing function can be presented by F t F e( ) jwt

0= , where
F0 is the real magnitude, w is the angular frequency and
j 12 = − . The steady-state solution can be realized by setting
[28]

u t ue V t V e( ) ¯ , ( ) ¯ , (6)jwt
p p

jwt= =

where ū and V̄p are the complex magnitudes of displacement
and piezoelectric voltage, and from equations (3) and (5), are
related by

( )V jw Z u¯ ¯. (7)p 1Θ=

Therefore, the substitution of equation (6) with the help of
equation (7) into equation (1) gives the magnitude of

displacement in terms of Z1 by

{ }( ) ( )
u

F

K w M w Z w w Z

¯ .

(8)

m

0

2 2
1I

2 2
1R

2
1
2Θ η Θ

=

− − + +

Above Z1R and Z1I are the real and imaginary parts of the
complex impedance Z1 defined by

Z Z jZ . (9)1 1R 1I= +

However, the expression of complex impedance Z1 is still
not yet decided. Fortunately, the magnitude of displacement
ū∣ ∣ has been explicitly provided by equation (28) in [52] for
the standard interface, by equation (19) in [54] for the par-
allel-SSHI interface, and by equation (19) in [30] for the
series-SSHI interface. Thus, the comparison between
equation (8) and the existing formulas gives the equivalent
impedance Z1 by

Z
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C wR
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2
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for the standard interface circuit,
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Figure 2. The schematic interpretation of an equivalent current model (a) and an equivalent voltage model (b).

3

Smart Mater. Struct. 24 (2015) 094008 P H Wu and Y C Shu



for the parallel-SSHI interface circuit,

Z
C w

q

q
C wR

Z
C w

2

2

1

1

,

1
(12)

p

I

I
p L

p

1R
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⎛
⎝
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⎞
⎠
⎟⎟π

=
−
+

+

= −

−

−

for the series-SSHI interface circuit [28]. Above q eI Q2 I=
π−

and QI is the electric quality factor introduced in the SSHI
circuits [12, 30, 54]. It is used for measuring the extent of
energy loss from the inductor in series with the switch.

Finally, notice that the current flowing into the equivalent
impedance Z1 is not the real current I t( ). It is the equivalent
velocity current I t( )p

* as also illustrated in figure 2(a). Its

magnitude Ī p
* related with the DC voltage Vc can be obtained

by integrating the equation of charge balance in equation (4)
over the semi-period of oscillation. This gives

V
R

C wR
I

2

¯ , (13)c
L

p L
p

Standard *

⎛

⎝
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⎞

⎠
⎟⎟⎟π=
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q
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for the cases of standard, parallel-SSHI and series-SSHI
circuits (see equations (7), (12) and (13) in [52, 54] and [30],
respectively). The harvested average power Ph is then
evaluated once the DC voltage Vc is known. It is

P
V

R
. (16)c

L
h

2

=

Later in section 3.1 it will be shown that this equivalent
current model can be extended to the case of parallel con-
nection of piezoelectric oscillators, since both velocity current
I t( )p

* and real current I t( ) are the sum of each individual one,
as demonstrated in figure 5.

2.2. Equivalent voltage model

The previous equivalent current model can also be revisited
by introducing the equivalent displacement voltage Vp

* by

V t
C

u t V t
C

u t( ) ( ) or ˙ ( ) ˙ ( ). (17)p
p

p
p

* *Θ Θ= =

Thus, equation (2) can be rewritten as

V V t
C

I t V
C

I t V˙ ˙ ( )
1

( ) or
1

d . (18)p p
p

p
p

p
* * ∫− + = − − =

The relation between the equivalent displacement voltage Vp
*

and the piezoelectric voltage Vp is schematically illustrated by
figure 2(b).

Next, let Z2 be the equivalent impedance of the circuit
elements consisting of the piezoelectric capacitance Cp in
series with the specified energy harvesting circuit, as also
illustrated by the red rectangle in figure 2(b). Thus, from
Ohmʼs circuit law,

V I Z· . (19)p
* 2=

Under the steady-state operation, the complex magnitudes of
ū and V̄p in equation (6) are, from the consideration of
equations (17)–(19) , related by

V
C

u j
wC Z

u¯ ¯ ¯. (20)p
p p

2
2

Θ Θ= +

Now substituting equation (6) with equation (20) into
equation (1) gives the magnitude of displacement by

( )u F

K w M
C C w

Y

w
C w
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¯
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Above Y2R and Y2I− are the real and imaginary parts of the
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Again, the complex impedance Z2 can not be determined
without the explicit expression of displacement magnitude in
terms of the system parameters. Using the arguments similar
to deriving the equivalent impedance Z1, Z2 can be provided
by comparing equation (21) with equation (28) in [52] for the
standard interface, equation (19) in [54] for the parallel-SSHI
interface, and equation (19) in [30] for the series-SSHI
interface. This gives

Y
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for the standard interface circuit,
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for the parallel-SSHI interface circuit,
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for the series-SSHI interface circuit [31].
Finally, the voltage across the equivalent impedance Z2 is

not the real piezoelectric voltage V t( )p . Instead, it is the

equivalent displacement voltageV t( )p
* as also demonstrated in

figure 2(b). Its magnitude V̄p
* can be related with the DC

voltage Vc by integrating the balance of charge conservation
as in equation (18) over the semi-period of oscillation. This
gives

V
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for the cases of standard, parallel-SSHI and series-SSHI
circuits (see equations (7), (12) and (13) in [52, 54] and [30],
respectively). The harvested average power Ph is therefore
evaluated by equation (16) once the magnitude of displace-
ment voltage V t( )p

* across Z2 is determined.
Later in section 3.2 it will be shown that this equivalent

voltage model can be extended to the case of series connec-
tion of piezoelectric oscillators, since both displacement
voltage V t( )p

* and piezoelectric voltage V t( )p are the sum of
each individual one, as demonstrated in figure 8.

3. Finite element models

The idea based on the use of the equivalent load impedance
introduced in the previous section is applied to the finite
element modeling of rectified piezoelectric energy harvesters.
Two types of models are developed as below: one is the
current type based on the use of impedance Z1, and the other
is the voltage type based on the use of impedance Z2.

3.1. Type I model: equivalent current approach

Introducing

R L
M

C
K

V
F* , * , * , (29)m

2 2

2

source
η

Θ Θ
Θ

Θ
= = = =

as an equivalent resistance, an equivalent inductance, an
equivalent capacitance, and an equivalent voltage source.
From the definition of I t( )p

* as in equation (3), equation (1)

can be presented in terms of Ip
* by

V V L
dI

dt
R I

C
I t* * 1

*
d .p

p
p psource

*
* *∫= − − −

Its schematic interpretation based on Kirchhoffʼs voltage law
is shown in figure 3(a). Thus, the combination of the
equivalent current model presented in figure 2(a) gives the
equivalent circuit model of a piezoelectric oscillator, as
shown in figure 3(b).

Next, as explained in section 2.1, the impedance of the
piezoelectric capacitance in parallel with the backward energy
harvesting circuit is presented by Z1, as shown by the red
rectangle in figure 2(a). Therefore, figure 3(b) can be replaced
with figure 3(c) which provides a full description of the
equivalent circuit model for a piezoelectric energy harvesting

Figure 3. (a) The circuit model describes the dynamic response of a piezoelectric oscillator. (b) The circuit model stands for the
electromechanical response of a piezoelectric oscillator. (c) The equivalent circuit model of the current type represents an electrically rectified
piezoelectric energy harvesting system.
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system. Notice that figure 3(c) is equivalent to figure 4(a)
whose red rectangle stands for a piezoelectric oscillator as
explained by figure 3(b). Hence, figure 4(a) can be interpreted
as an energy harvester attached to a negative piezoelectric
capacitance ( Cp− ) in parallel with an equivalent load
impedance Z1. This gives the proposed finite element model
of the current type schematically described by figure 4(b).
The electromechanical frequency response around the first
mode can be simulated using the harmonic analysis by finite
element solvers. But note that the current flowing into the
impedance Z1 is not the real piezoelectric current I t( ).
From figure 4(b), it is the the equivalent velocity current I t( )p

*

defined by equation (3) whose magnitude is related to the
DC output voltage Vc by equations (13)–(15) for the
standard, parallel-SSHI and series-SSHI interfaces, respec-
tively. Thus, at the post-processing stage, it needs the
evaluation of the magnitude of Ip

* to obtain Vc, which
in turn gives the harvested average power from equation
(16).

The proposed finite element model offers several
advantages. First from the model itself, it is simply enough to
be implemented in many more commercial finite element
solvers without resorting to circuit solvers. Second, it mimics
the electromechanical response of a rectified piezoelectric
oscillator excited harmonically. The equivalent load impe-
dance Z1 is explicitly provided by equations (10)–(12) for the
standard, parallel-SSHI and series-SSHI interfaces.

Thus, the proposed approach provides a convenient tool
for performance evaluation of a practical energy harvester
device. Design guidelines can be drawn from simulations
prior to assembling and testing. Finally, another advantage of
the proposed model is the easy extension to the case multiple
piezoelectric oscillators, as described below.

Consider an array of piezoelectric oscillators connected
in parallel as shown in figure 5(a), where each subscript i
refers to the ith oscillator and n is the total number of oscil-
lators. Thus, the equivalent current model of a single oscil-
lator described by equation (4) is extended to

I t C V t I t( ) ˙ ( ) ( ), (30)p p p* *= +

where

I t I t I t u t

C C I t I t

( ) ( ), ( ) ˙ ( ),

, ( ) ( ). (31)

p

i

n

p p i i

p

i

n

p

i

n

i

*

1

* *

*

1 1

i i

i

∑

∑ ∑

Θ= =

= =

=

= =

Above, I t( )p
*

i
is interpreted as the equivalent velocity current

of the ith oscillator, I t( )p
* is the overall equivalent velocity

current, andCp
* is the overall piezoelectric capacitance. Due to

the type of parallel connection of oscillators, the piezoelectric
voltage of each oscillator is identical (V V ···p p1 2

= = =
V Vp pn

= ) and the overall current I t( ) is the sum of individual
current I t( )i of each oscillator. The schematic interpretation of
equation (30) is illustrated by figures 5(b) and (c).

Let the red rectangle shown in figure 5(c) represent the
elements including the overall piezoelectric capacitance Cp

* in
parallel with the backward energy harvesting circuit. Its
equivalent load impedance can be shown to be exactly
identical to Z1 as long as the piezoelectric capacitance is
replaced by the overall capacitance Cp

* in equations (10)–(12)
[28]. Therefore, following the arguments similar to the case of
a single oscillator, figure 6 describes the finite element model
of the current type for the parallel connection of multiple
piezoelectric oscillators. The inclusion of the negative pie-
zoelectric capacitance C( )p

*− is necessary, since from
figure 5(c) the composition of Z1 incorporates the impedance
of Cp

*. The magnitude of the overall velocity current I t( )p
* can

be determined by the harmonic analysis of finite element
solvers. Thus, at the post-processing stage, the DC output
voltage Vc is evaluated by equations (13)–(15) for various
interfaces as long as Cp is replaced by Cp

*.

3.2. Type II model: equivalent voltage approach

The finite element model can also be developed based on the
equivalent voltage approach introduced in section 2.2. Later,
we will show that this approach is essential for the extension
to the case of series connection of piezoelectric oscillators.

Firstly, figure 7(a) is the combination of figure 3(b) and
the voltage model presented by figure 2(b). It describes a full
description of a rectified piezoelectric energy harvesting
system with Z2 as the equivalent load impedance. In addition,
the red rectangle shown in figure 7(a) stands for a

Figure 4. (a) is equivalent to the one in figure 3(c). (b) is the finite element model of the current type for the case of a single piezoelectric
oscillator.
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piezoelectric oscillator as illustrated in figure 3(b). Thus,
figure 7(a) can be explained as an energy harvester attached to
a negative piezoelectric capacitance ( Cp− ) in series with an
equivalent load impedance Z2. This gives the proposed finite
element model of the voltage type and is schematically
described by figure 7(b). Next, the impedance Z2 is explicitly
provided by equations (23)–(25) for the standard, parallel-
SSHI and series-SSHI interfaces. Hence, there is no difficulty
for implementing the proposed finite element model into
commercial finite element solvers. But different from the
previous type I model, the voltage across the impedance Z2 is
not the real piezoelectric voltage Vp. It is the equivalent
displacement voltage V t( )p

* defined by equation (17).

Its magnitude can be computed by the harmonic analysis of
finite element solvers and is related to the DC output voltage
Vc by equations (26)–(28) for various interface circuits.
Therefore, the evaluation of DC harvested average power by
equation (16) can be carried out at the post-processing stage
of finite element simulations. Finally, the introduction of type
II model is mainly for the extension to the case of series
connection of piezoelectric oscillators, as described below.

Consider an array of piezoelectric oscillators connected
in series, as shown in figure 8(a) where each subscript i refers
to the ith oscillator and n is the total number of oscillators. The
equivalent voltage model introduced by equation (18) is
replaced by

V
C

I t V
1

d , (32)p
p

p*
*
∫− =

where

V t V t V t
C

u t

C C
V t V t

( ) ( ), ( ) ( ),

1 1
, ( ) ( ). (33)
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i
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p p
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p
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p i
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p
p
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p

*

1

* *

*
1 1

i i

i

i

i

∑

∑ ∑

Θ
= =

= =

=

= =

Above V t( )p
*

i
is interpreted as the equivalent displacement

voltage of the ith oscillator, V t( )p
* is the overall equivalent

displacement voltage, and Cp
* is the overall piezoelectric

capacitance. The series connection of oscillators guarantees
I t I I I( ) ··· n1 2= = = = and the overall piezoelectric voltage
V t( )p is the sum of the individual voltage V t( )pi

of each
oscillator. The schematic interpretation of equation (32) is
provided by figures 8(b) and (c).

Figure 5. (a) An array of piezoelectric oscillators connected in parallel. (b) The equivalent current model of parallel connection of
piezoelectric oscillators. (c) The overall equivalent current model of parallel connection of piezoelectric oscillators.

Figure 6. The schematic interpretation of the finite element model of
the current type for the parallel connection of piezoelectric
oscillators.
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The red rectangle shown in figure 8(c) consists of circuit
elements including the overall piezoelectric capacitance Cp

* in
series with the backward energy harvesting circuit. It can be
shown that its equivalent load impedance is also exactly
identical to Z2 whenever the energy harvesting circuits shown
in figure 1 are considered [31]. However, the piezoelectric
capacitance has to be replaced byCp

* in the expression of Z2 in
equations (23)–(25) for various interface circuits. Therefore,
following the arguments similar to the case of a single
oscillator, the finite element model of the voltage type is
schematically presented by figure 9 for the series connection
of piezoelectric oscillators. Once again, the inclusion of the
negative piezoelectric capacitance C( )p

*− is necessary for

avoiding repetition since Z2 incorporates the impedance of Cp
*

from figure 8(c). Finally, under the harmonic analysis from
the standard finite element solver, the overall displacement
voltage V t( )p

* across the load impedance Z2 can be computed.
Thus, at the post-processing stage, the DC output voltage Vc

across the external load RL is then obtained by recalling
equations (26)–(28) for the standard/parallel-SSHI/series-
SSHI interface circuits. Again, Cp has to be replaced by Cp

* in
these formulations.

4. Results

4.1. Validation

The validation of the proposed approach is carried out
numerically by comparing it to the two-step finite element
model proposed by Yang and Tang [67]. Their approach first
carries out finite element simulations to identify the equiva-
lent system parameters required for the equivalent circuit
model as in equations (1) and (2). The electric response is
then simulated based on the standard SPICE circuit solver.
Instead, our approach provides direct finite element simula-
tions without circuit solvers.

Consider a model example that is a piezoelectric canti-
lever bimorph consisting of a Cu substrate with two piezo-
electric patches made of PZT-5H on the top and bottom
surfaces. The geometric properties of the cantilever
bimorph are given by table 1 and the material parameters of
Cu and PZT-5H are chosen from the standard data base
installed in the commercial COMSOL software, as listed in

table 2. The device is excited harmonically with the level of
the base acceleration at 2 m s 2− . The loss factor is set to be
0.014 and the inversion quality factor is chosen to be q 0.6I =
for the SSHI interfaces. For comparisons, table 3 lists the
equivalent parameters identified by the simulations of Yang
and Tangʼs finite element approach [67].

The commercial finite element solver COMSOL is
employed and around 2600 triangular elements with
Lagrange-Quadratic type are used for simulation.

The electric response of the device attached to the stan-
dard/parallel-SSHI/series-SSHI interfaces is shown in
figure 10 where harvested power is against frequency for
various resistive loads. The results based on the Yang and
Tangʼs two-step finite element model are presented by various
continuous lines of different colors, while the simulations
based on the present model of the current and voltage types
are marked by and X◯ , respectively. It is obvious to see that
the agreement among these simulation results is excellent,
confirming the accuracy of the proposed finite element model.

Two remarks are made from the simulation results shown
in figure 10 and will be further discussed in the next section.
First, from table 3, the ratio of electromechanical coupling

factor k( )e KC
2

p

2

= Θ to the mechanical damping ratio

( m KM2
mζ = η

) is
ke

m

2

>
ζ

10. It is in the range of strong electro-

mechanical coupling, giving rise to two identical peaks of
optimal harvested power in the case of the standard interface
[52], as illustrated in figure 10(a). The first optimal power
occurs at a frequency close to the short circuit resonance with
small load resistance as presented by the blue curve, while the
second optimal power appears at around the open circuit
resonance with large load resistance as presented by the red
curve. The next observation is about the relation between the
system using the standard interface and that using the SSHI
interface. Indeed, the optimal response of a parallel-SSHI
system is similar to that based on the use of standard interface
and operated at the short circuit resonance [54] (see the
comparison between two blue curves in figures 10(a) and (b)).
On the other hand, the optimal response of a series-SSHI
system is similar to that based on the use of standard interface
and operated at the open circuit resonance [30] (see the
comparison between two red curves in figures 10(a) and (c)).

Figure 7. (a) The equivalent circuit model of the voltage type represents an electrically rectified piezoelectric energy harvesting system. (b)
The finite element model of the voltage type for the case of a single piezoelectric oscillator.
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4.2. Simulations of dissimilar oscillators

The proposed finite element models offer several advantages
of designing electrically rectified piezoelectric energy har-
vester devices consisting of dissimilar oscillators. Indeed,
connected multiple piezoelectric oscillators have been used
for enhancing harvested power or for improving bandwidth
[2, 4, 11, 28, 31, 34, 64].

Consider the first case where three connected piezo-
electric bimorphs are attached to the standard interface circuit.
If all the bimorphs are identical, harvested power is expected
to be three times larger than that of a single bimorph. How-
ever, power reduction arises due to deviations in sizes and
materials, and this example shows how the fabrication errors
affect it. The geometric and material properties used for the
first bimorph are chosen to be the same as those in table 1 and
table 2, and therefore, from table 3 the system falls in the
range of strong electromechanical coupling. However, it is
assumed that there are 1± deviations in length for the second

Figure 8. (a) An array of piezoelectric oscillators connected in series. (b) The equivalent voltage model of series connection of piezoelectric
oscillators. (c) The overall equivalent voltage model of series connection of piezoelectric oscillators.

Figure 9. The schematic interpretation of the finite element model of
the voltage type for the series connection of piezoelectric oscillators.

Table 1. Geometric properties of a piezoelectric bimorph.

substrate (Cu) 40 mm × 10 mm × 0.1 mm
piezoelectric patch (PZT-5H) 40 mm × 10 mm × 0.2 mm

Table 2. Material constants of Cu and PZT-5H.

Substrate material : Cu
Density, ρ [kg m−3] 8580
Youngʼs modulus, E [GPa] 120
Poissonʼs ratio, ν 0.35
Piezoelectric material : PZT-5H
Density, ρ [kg m−3] 7500
Relative dielectric constant

S
11 0ϵ ϵ 1704.4
S

33 0ϵ ϵ 1433.6
Piezoelectric constant [C m−2]
e31 −6.62
e33 23.24
e15 17.03
Elastic constant [GPa]
C11 127.2
C12 80.2
C13 84.7
C33 117.4
C44 23.0
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and third bimorphs. In addition, there are ±10% deviations in
piezoelectric and permittivity constants for the second and
third bimorphs when compared to the first bimorph.

Under the harmonic excitation with 2 m s 2− acceleration,
harvested power against frequency evaluated around the
optimal load is shown in figure 11(a) for the parallel con-
nection of oscillators and in figure 11(b) for the series con-
nection of oscillators. The blue curves refer to the case

without deviations in geometric and material properties, while
the red curves refer to the case allowing deviations in para-
meters. For the case of identical bimorphs, figure 10(a) has
indicated that a strongly coupled system has two identical
peaks in harvested power (see the continuous and dashed blue
lines in figure 11). But at the first thought, power reduction
would be significant due to large deviation (10%) in piezo-
electric material properties. Remarkably, the present finite

Figure 10.Numerical validation of the present finite element model compared to that based on [67]. Harvested power is against frequency for
various resistive loads in the case of the standard interface as in (a), the parallel-SSHI interface as in (b) and the series-SSHI interface as
in (c).

Figure 11. Investigation of power reduction due to fabrication deviations in geometric and material properties. Harvested power is against
frequency evaluated at around the optimal load for the device with strong electromechanical coupling. (a) Parallel connection and (b) series
connection of three oscillators.

Table 3. Equivalent system parameters.

M (kg) mη (N·sec/m) K (N/m) Θ (N/V) Cp (nF) F0 (N) ke
2

mζ
3.8 10 4× − 4.7 10 3× − 314 8.4 10 4× − 26 0.0012 0.0864 0.0068
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simulations reveal that power reduction turns out to be small
if the operating condition is carefully chosen. For example,
from figure 11, the one with large (small) optimal load should
be chosen to avoid significant power reduction in the case of
parallel (series) connection of oscillators. This gives an
important guideline for designing an array system with ability
in power boosting.

The second model example is to design a wideband
energy harvester device. For example, consider a device
consisting of six identical piezoelectric bimorphs. But the
resonance is slightly adjusted by attaching different magni-
tudes of proof mass. The geometric properties of a piezo-
electric bimorph and the magnitude of attached proof mass
are provided in table 4 with material constants listed in
table 2. The device is attached to the different interface cir-
cuit, including the standard/parallel-SSHI/series-SSHI inter-
faces (the electric inversion quality factor q 0.7I = for the

SSHI systems). Under the harmonic excitation with 2 m s 2−

acceleration, harvested power against frequency evaluated
around the optimal load is shown in figure 12(a) for the
parallel connection of oscillators and in figure 12(b) for the
series connection of oscillators. The different color lines refer
to the cases connected to various interfaces. From
figure 12(a), the present finite element simulations reveal
significant broadband for the parallel connection of oscillators
attached to the parallel-SSHI interface. On the other hand,
figure 12(b) indicates the use of series-SSHI interface for

wideband improvement when the oscillators are connected in
series. This gives further guidelines for designing wideband
energy harvester devices.

5. Conclusion

This article develops several finite element models suitable
for the direct system-level design of electrically rectified
piezoelectric energy harvesters. It is based on the proposed
equivalent load impedance Z1 and Z2 derived from the
equivalent current and voltage models. The common energy
harvesting circuit with the standard/parallel-SSHI/series-SSHI
interface is replaced with the load impedance Z1 (Z2) in par-
allel (in series) to the piezoelectric capacitance of negative
value. It follows that the proposed framework is capable of
being implemented into conventional finite element solvers,
and therefore, provides a useful tool for performance eva-
luation without resorting to circuit simulators. Another
advantage of the proposed framework is the easy extension to
the case of multiple piezoelectric oscillators. It is demon-
strated that the finite element model of the current (voltage)
type is extendable to the case of the parallel (series) con-
nection of oscillators.

The validation is carried out numerically by comparison
to the two-step finite element approach by Yang and Tang
[67]. Figure 10 shows good agreement for various interface

Figure 12.Harvested power is against frequency evaluated at around the optimal load for the device attached to the standard (black), parallel-
SSHI (blue) and series-SSHI (red) interface circuits. (a) Parallel connection and (b) series connection of oscillators.

Table 4. Geometric properties of a piezoelectric bimorph and the magnitude of attached proof mass.

substrate (Cu) 40 mm × 10 mm × 0.4 mm
piezoelectric patch (PZT-5H) 40 mm × 10 mm × 0.05 mm
proof mass 0.002 g, 0.011 g, 0.020 g, 0.029 g, 0.038 g, 0.047 g
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circuits. The framework is then applied to the design of
energy harvesting devices with ability either in power
enhancement or broadband improvement. The first case dis-
cusses how harvested power is reduced due to inevitable
fabrication deviations in geometric and material properties of
each cantilever bimorph. Remarkably, figure 11 reveals that
the reduction in peak power turns out to be small if the large
(small) optimal load is carefully chosen for the parallel (ser-
ies) connection of bimorphs. The second design demonstrates
how broadband energy harvesting is achieved by developing
array systems with suitable interface circuits. Figure 12
exhibits significant broadband for the parallel (series) con-
nection of oscillators endowed with the parallel-SSHI (series-
SSHI) circuit technique.
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